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SPECTRAL PROPERTIES OF THE GRADIENT OPERATOR WITH
NONCONSTANT COEFFICIENTS

F. COLOMBO, F. MANTOVANI, AND P. SCHLOSSER

ABSTRACT. In mathematical physics, the gradient operator with nonconstant coefficients
encompasses various models, including Fourier’s law for heat propagation and Fick’s first law,
that relates the diffusive flux to the gradient of the concentration. Specifically, consider n > 3
orthogonal unit vectors e1,...,e, € R", and let @ C R™ be some (in general unbounded)
Lipschitz domain. This paper investigates the spectral properties of the gradient operator

T =37, eiai(z) 5> with nonconstant positive coefficients a; : @ — (0,00). Under certain

regularity and growth conditions on the a;, we identify bisectorial or strip-type regions that
belong to the S-resolvent set of T'. Moreover, we obtain suitable estimates of the associated
resolvent operator. Our focus lies in the spectral theory on the S-spectrum, designed to
study the operators acting in Clifford modules V' over the Clifford algebra R,,, with vector
operators being a specific crucial subclass. The spectral properties related to the S-spectrum
of T are linked to the inversion of the operator Q,(T) := T? — 2s0T + |s|?, where s € R"*!
is a paravector, i.e., it is of the form s = s¢o + sie1 + -+ + spen. This spectral problem is
substantially different from the complex one, since it allows to associate general boundary
conditions to Qs(T), i.e., to the squared operator 1.
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1. INTRODUCTION

Quaternionic and Clifford operators encompass vector operators, which arise in numerous
scientific contexts. Contrary to complex holomorphic function theory, there are different pos-
sible notions of hyperholomorphicity in the noncommutative setting of R,,. Noncommutative
spectral theories then rely on various concepts of spectra, based on distinct Cauchy kernels
depending on the type of hyperholomorphicity being considered.

The spectral theory, grounded in the notion of S-spectrum and associated with slice hyper-
holomorphicity, initiated its development in 2006, showing that this noncommutative frame-
work is not merely an extension deducible from complex operator theory, especially when
dealing with unbounded operators, see [30]. The identification of the S-spectrum emerged
through methodologies in hypercomplex analysis, although its roots were initially hinted by
quaternionic quantum mechanics, see [9]. An exhaustive description on the discovery of the
S-spectrum can be found in the introduction of the book [18]. The spectral theory on the
S-spectrum was developed in several papers and it is systematically organized in the books
(2, 3, 17, 18, 24], where one can find also the development of the theory of slice hyperholo-
morphic functions. It is also important to point out that the quaternionic and the Clifford
1
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spectral theorems are based on the notion of S-spectrum as well, see [1, 20]. However, this
spectral theory goes beyond the quaternionic and the Clifford setting, as shown in [19].

Let us give a short explanation of the differences between complex and S-spectral theory.
The resolvent operator of a complex linear operator A is directly linked to the definition of
its spectrum via the invertibility of the operator A — A. In particular, if A is bounded, the
inverse of this operator admits the series representation

S AN = A=A, A > AL
n=0

However, this identity is not true for Clifford operators 7. In this case there rather holds
o
S T = (TP = 25T + [sP) ' 5 =T),  |s| > ||T], (L1a)

n=0
oo

D s = (5 =TT = 2507 + [s) 7, s > ||Tl, (1.1b)
n=0
for s € R,, of the form s = sy + s1e1 + - - - + spe,. This relation suggests, that in contrast to
the complex spectral theory, the definition of the S-spectrum is connected to the invertibility
of the second order operator

Qs(T) :=T? — 250T + |s/°. (1.2)
That is, for every T' € B(V), the S-spectrum and the S-resolvent set of T' are defined as
ps(T) == { s e R"** | Qs(T) ' eB(V)} and os(T) := R"\ pg(T).

Here V is a Clifford module and B(V') the set of all bounded right-linear operators T : V' — V.
For every s € pg(T), the inverse Qs(T)~! is called the pseudo S-resolvent operator.

A second main difference between complex and S-spectral theory, lies in the fact that

ps(T) 35— Qy(T)7",
is not a (operator valued) slice hyperholomorphic function. The operator Q4(7') is only used
for the definition of the S-spectrum, while the left and the right S-resolvent operators are
motivated by the series representations (1.1a) and (1.1b)
S5, T) = Qs(T) " '(3-1) and Spl(s,T) == (3 -T)Qs(T) !, s € ps(T).
These resolvent operators now preserve the slice hyperholomorphicity and are used in the

definition of the S-functional calculus for Clifford operators.

Clifford operators that are sectorial, bi-sectorial or strip-operators, can be defined in analogy
to complex operators, but in this case the estimates are associated with the S-resolvents

_ C B C
1S5 (s, T)|| < ol and  ||S5'(s,T)|| < it

where the parameter s belongs to suitable sectorial, bi-sectorial or strip-type subsets of pg(T).

In this paper we will study the spectral properties of the first order differential operator

T= Ze,a,-(m)%, x € Q, (1.3)
i=1 !
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with Dirichlet, Neumann and Robin boundary conditions associated to Qs(T"). Here ey, ..., e,
are the imaginary units of the Clifford algebra R,, and the coefficients a1, ..., a, are defined
on some minimally smooth domain @ C R”™ in the sense of [45, Section VI.3.3], in n > 3
dimensions. The restriction to n > 3 is necessary since the crucial Sobolev inequality in
Lemma 2.3 only holds true in those dimensions. For the coefficients of 7" in (1.3) we require
that ay,...,a, : Q — (0,00) belong to C1(Q) and satisfy the bounds

— min inf a;(z) > 0, 1.4
M z'e{Hl?.I.{n};gﬁal(x) (1.4a)

1

::(Z; Hai\|go)§ < 0, (1.4b)
Ma ::(szleaj% in

where || - ||n is the usual Lebesgue norm of real valued functions and || - || is the supremum
norm of continuous functions. The Clifford module in which we will be working is

=

-

)é < 00, (1.4c)

L2(Q):{f:Q—>Rn

z)[2dx < oo } ,

that is the space of square integrable functions with values in the Clifford algebra R,,.

In this paper we will interpret the invertibility of the operator Qs(7) in (1.2) in the weak
sense. That is, we ask whether the partial differential equation

Qs(T)u(z) = (T? = 25T + |s|*Ju(z) = f(x), =z €, (1.5)
equipped with boundary conditions of Dirichlet, Neumann or Robin type, admits a unique

weak solution for every f € L?(2). In order to derive this weak formulation, we first note
that the square of the operator T in (1.3) is given by

Z Y 9 (e’“’aa->

n
Oa; O 0?
ejeij—n— + g €;€i0;a;

i,j=1
a S
J axj axz 83;]8351

n

= — CLZ (
Z Ox; i
Z:1 7.7 17.] Z 27.]:17-7¢Z

5r) *
Zal ( axl) ( elalgai> ail =0 (1.6)

where the third sum in the second line vanishes due to anti-commutation property of the
units of the Clifford algebra eje; = —e;e; for every j # ¢, and in the last line we used the
abbreviation

B; :Zejaja—a, ie{l,... n. (1.7)
= O
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Applying this operator to some u € H?(f2), testing with v € H'(Q2) and using integration by

parts with the outer unit normal vector 7/ = (vy,...,v,) of the boundary 0%, gives
n n
0 ou da;\ Ou
2 — ) ) _ ) R
(T u,v)2 = — ;:1 <a2 oz, (al 8$i)’U>L2 ;:1 <eZ (BZ €;ia; axi) axi’U>L2

- En: <aig—z, %(aiv)>L2 - Enj <’/i“i3—;’aw>m(am

1= 1=

"0 0 - 0
= 2 <8—:Z’a228—; — Bieiv>L2 — 2; <1/2-8—;Li, G?U>L2(aﬂ)'

1= 1=
Consequently, the weak formulation of the problem (1.5) is connected to the form
n n
ou v ou
qs(u,v) == Z <8—azz’ a?a—mi +(2s0a; —Bi)eiv>L2 + 8] (u, v) 12 —Z <Vi8—a:,-’ av

1= 1=

>L2(am' (18)
The primary objective of this paper is to delve into this spectral problem with Dirichlet,
Neumann and Robin-type boundary conditions, establishing bi-sectorial estimates for the so-
lution and hence the S-resolvent operator. These findings are an extension of the quaternionic
framework explored in prior publications such as [8, 14, 15, 21|, and in some cases contains
results never investigated in previous works.

The structure of the paper is outlined as follows: In Section 2, we present the main results
concerning modules over the Clifford algebra R,. Among those is the Lax-Milgram lemma,
which will be crucial for the solvability of the form (1.8) in Section 3 and Section 4. Section 3
focuses on the S-spectral problem (1.5) with Dirichlet boundary conditions v = 0 on 02,
and similarly, Section 4 investigates Robin-type boundary conditions > 7" ; l/iai% +bu=0
on 0f2. Additional to the unique weak solvability, for both kinds of boundary conditions,
L?- and H'-estimates of the solution are established. Consequently, sectoriality estimates
of the resolvent operators can be deduced. For the readability of the paper, an auxiliary
maximization problem is put in Section 5. The final Section 6 contains concluding remarks
on the current state of this theory.

2. FUNCTIONAL SETTING IN CLIFFORD MODULES OVER R,,

In this section we consider for n € N, n > 3 the Clifford algebra R,,, generated by n imaginary
units ey, ..., e, which satisfy the relations

el =—1 and eiej; = —€je;, i#je{l,...,n}

More precisely, R,, is given by

R, ::{ZAeA:cAeA(erR,AeA}, (2.1)

using the index set

AZ:{(’il,...,’ir)|7"€{0,...,’I’L},1§Z'1<---<Z'r§n},
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and the basis vectors e4 := e;, ...e;,.. Note, for A = () the empty product of imaginary units
is the real number ey := 1. Moreover, we will consider the set of all paravectors

n
R .= { xo + E Tt

For any Clifford number z € R,,, we define

xo,ml,...,mneR}.

Sc(z) :== zp = o, (scalar part)
T = ZAG.A TACA, (conjugate)
1
o= (30, Jeal?) = (Se(am)t = (Se(ma))’, (norm)

where €4 = €;, ...¢; and & = —e;. It is now obvious that for any Clifford number z € R,,
one can calculate its coefficients x4 by

Sc(xea) = Sc (ZBEA xBeBa) = ZBEA xpSclepen) = x4, (2.2)
where in the last equation we used that

1, f B=A

S €q) = ’ ’ 2.3

c(esea) {0, if B# A (23)

For any real Hilbert space Vg with inner product (-,-)g and norm | - || = (-, -)r, we define

the Clifford module

V::{ZAEAUA(X)(BA‘UAEVR}.

For any vector v = 4. 4va ® ea € V and any Clifford number z = }_ 1 s z4ea € Ry, we
equip this space with a left and a right scalar multiplication

U= ZA,BGA(:EBUA) ® (epea), (left-multiplication) (2.4a)

VT = ZA,BGA(UA:EB) ® (esep). (right-multiplication) (2.4b)
Moreover, we define the inner product
(v, wy = ZA,BGA@A’meaeB’ v,w eV, (2.5)

and the norm )

— 2\2 _ 3

lol = (D, Ileald)” = (Sew,))2,  vew. (2.6)

The sesquilinear form (2.5) is clearly right-linear in the second, and right-antilinear in the
first argument, i.e. for every uw,v,w € V, x € R,,, there holds

(u, v +w) = (u,v) + (u, w), (v,wz) = (v,w)x,
(v+w,u) = (v,u) + (w,u), (v, w) = T(v,w).
Moreover, there also holds
(v, zw) = (Tv, w). (2.7)
Next we provide some more basic properties of the inner product (2.5) and the norm (2.6).
Lemma 2.1. For every v,w € V, x € R,,, there holds

. n n
i) Jozl) < 2= |zf[lol| — and  flzv] < 22 jz[[[oll,
i) [lvz|l = ool = |=fljoll, o =R,
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i) |(0, w)] < 2% o] [|uwl],
iv) | Sc{v,w)| < vl [Jw]].

Proof. i) Analogously to (2.2), one can write for every A € A the component (vz)4 as
(vx)a = Sc(vaez) = Sc <Z (vp(zea)c) ® (eBec)> = Z (—1)

where in the last equation we used that egec € R if and only if B = C. In this form, we can
estimate every component of the product as

lea)ale <3, IopGemsls =, lvslsl@em)s
1

1
22 —— 12)2 _ .
< (X, lwosl)* (X, [@Emsl)? = ol lzex] = llollal.

Consequently the norm of the whole product admits the upper bound
2 _ 2 21212 — 97 |pl12 |22
ozl =3, I@o)ald <3 lolPla = 2"]le]?lel

The second inequality ||zv|? < 2"|v||?|z|? can be proven in the same way.

[BI(1B]+1)
2

vp(zea)p,

B,CeA BeA

ii) If we assume that x is a paravector, it clearly satisfies 27 = |z|?, and we have
Jvz||* = Sc(vz,vz) = Sc (T(v, v)z) = Sc (2Z(v,v)) = |z|* Sc(v,v) = |z|*||v]|>.
For the second identity, we use (2.7) and get
|lzv||? = Sc(zv, zv) = Sc(Fzv,v) = |z|> Sclv,v) = |z|?||v|%.

i11) Using the representation (2.2) for the Clifford number (v, w) as well as the already proven
results i) and ii), gives

—\\2 — n
) =Y, (w2 =Y, (Scwwem)’ <3 follwel? = 2ol ul®
iv) It follows from (2.3) and the Cauchy-Schwarz inequality of (-,-)r, that

[Sefw o) =[Se}, ,_ (vawn)eEaes| = | Y, wawa)x| <Y, lloalxlwalz

L 1
< 2)2 ( 2)2 _ ‘
< (3, eal)* (3, Jhwal2)® = loll ol N

Next, we come to the main result of this first section, the Lax-Milgram lemma for Clifford
modules. We will need this result in the later sections to proof unique solvability of the
spectral problem for the S-spectrum, in particular to detect regions of S-resolvent set and
related estimates of the S-resolvent operator. Although the Lax-Milgram lemma is a well
known result in complex functional analysis, for its Clifford algebra version, we cannot provide
a precise reference, hence we give a short proof.

Lemma 2.2 (Lax-Milgram lemma). Let ¢ : V x V. — R,, be right-linear in the second and
right-antilinear in the first argument. Moreover, we assume that there exists constants C > 0
and k > 0, such that

2
|

Scq(v,v) = klfv and —|q(v,w)| < Clloflflwll,  v,we V.

Then for every right-linear bounded functional ¢ : 'V — R, there exists a unique vector
u, €V, satisfying

1
Jugpll < ;H Sco| and  q(up,v) = p(v), forallveV.
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Proof. Note that it is possible to consider V' together with the inner product Sc(-,-) as a real
Hilbert space, by simply restricting the scalar multiplication to real numbers. In this sense,
the scalar part Scq(-,-) : V x V — R turns out to be a real bilinear mapping, which satisfies
for every v,w € V the estimates

Scq(v,0) 2 wlv]*  and  |Scq(v,w)| < |g(v,w)| < Cllv] |[w].

Since also Scp : V' — R is a linear and bounded functional, the classical Lax-Milgram lemma
ensures the existence of a unique u, € V, satisfying

1
|lup] < EH Sc | and Scq(ugp,v) = Scp(v), for all v e V.

Using now the components p(v)a = Sce(vea) and q(ug,v)a = Scq(uy,ven), see (2.2), we
can extend this representation result to

q(ug,v) = ZAGA Scq(ugp, vea)ea = ZAG.A Scp(vex)ea = p(v), foralveV. O
We will end this section with two basic lemmas, which will be crucial throughout the paper,

namely the Sobolev and the Poincaré inequality. In order to state these inequalities we will
need for every function u € H(Q) the Sobolev-seminorm

Jullp o= <Z |2~ )

Lemma 2.3 (Sobolev inequality). Let n > 3 and @ C R™ be a minimally smooth domain in
the sense of [45, Section VI.3.3]. Then there exists a constant C's > 0, such that

[l L2 < Csllu|p, u € Hy(Q), (2.8a)
Hu” 2n < Cs||ul| g, U € Hl(Q) (2.8b)
. . . o 1 I'(n)\ 2
In (2.8a) the constant is explicitly given by Cg = 7\/m(”%)) .

Proof. The basic Gagliardo-Nirenberg-Sobolev inequality on 2 = R" is
lull, 2, < Csllullp,  we HI(R™), (2.9)

where the optimal constant Cg is for example calculated in [46]. If we now consider u € H{ (),
the zero-extension of u is an element in H!(R™) and the inequality (2.8a) follows immediately
from (2.9) with the same constant. If on the other hand v € H'(f2), we have to use the
extension operator E : H1(Q) — H(R"™) from [45, Section V1.3.1,Theorem 5], to get

Jull g < 1], 2y < CsllBuliseny < CllB o 0
Lemma 2.4 (Poincaré inequality). [10, Corollary 9.19 & Remark 21] Let 2 C R™ be open and

either bounded in one direction or of finite measure. Then there exists a constant Cp > 0,
such that

lull 2 < Cpllullp,  u € Hg(). (2.10)
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3. DIRICHLET BOUNDARY CONDITIONS

In this section we study the weak formulation of the spectral problem (1.5) with Dirichlet
boundary conditions, on some minimally smooth domain Q C R™, n > 3, in the sense of Stein
[45, Section VI.3.3]. Precisely, we equip the form (1.8) with Dirichlet boundary conditions,
that is, for every s € R"*! we consider the form

"/ Ou ov
q? (u,v) := Z <87’ a?% + (2spa; — Bi)ew>L2 + Is)* (u, v) 2, (3.1)

with dom ¢? := H}(Q) x H}(Q). We study the connection between regularity and growth
conditions of the coefficients of the operator 7" in (1.3) and the most extended portion of the
S-resolvent set of T'.

Problem 3.1. Determine regularity and growth conditions on the coefficients ay,...,a, in
(1.3) and on the spectral parameter s € R""1 such that for every f € L?(S)) there exists a
unique solution uy € H}(SY) of

g (ug,v) = (f,v)r2,  for all v € Hy(Q).
Furthermore, determine L?- and H'-estimates of uy, depending on the parameter s.

Theorem 3.2. Let the bounds of the coefficients ay, ..., a, in (1.4) satisfy

mz > CSMC/“
] > i Ms 1 n+1 ;
with Cg > 0 from Lemma 2.3. Let us set K, : N and consider s € R with
|s| > Kqlsol. (3.2)
Then for every f € L*(Q) there exists a unique uy € H}(Q) such that
g (ug,v) = (f,v)r2,  for allv € Hy(Q). (3.3)
Moreover, this solution satisfies the bounds
[1f 12 Kals|[|f| 2
urllre < ——=—=—= and urllp < . 3.4
|| fHL |S|2 — Kgsg H f” Ma(|8|2 — Kgs%) ( )

A visualization of these estimates can be seen in Figure 1.

Proof. For the proof of the weak solvability (3.3), we will verify that the form ¢2 satisfies the
assumptions of Lemma 2.2. For the boundedness, we use the Cauchy-Schwarz type inequality
in Lemma 2.1 iii), as well as the bound M, in (1.4b), to obtain

st < 52 (1

n
Lo T 2Malsoll[vllzz + HBz‘GWHL2> +22 s |[ull g2 |v]| 2

n 1/2
< 2zuuuD(M3uqu T 20y sollfoll 2 + (Z uBiewuiz) ) T 23 (sl e ol o

i=1
Since B; and e; are both paravectors, we conclude from Lemma 2.1 ii), that

| Bieiv| = |Billeiv| = [Billeil[|v]] = [Bi[[]-
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T Im(s) T Im(s)

\\j’// >~

T

FIGURE 1. Since the S-spectrum is axially symmetric we only visualize its inter-
section with the plane C; for some arbitrary J € S. In the pictures are plotted the
lines |s| = K,|so0| obtained by the condition (3.2). These lines separate the dark cone
region, which is part of the S-resolvent set, from the white region that contains the
S-spectrum (the S-spectrum can be strictly contained in the white zone). The two
pictures also visualize the level lines of the coefficients 71 (s) := (|s|? — K2s2)~! and
72(8) 1= Kg|s|(Ma(|s|? — K2s3))~! from (3.4), 71 on the left and 72 on the right. Here,
dark colors indicate large values, light colors indicate small values. In particular, one
sees that 71 and 72 tend to infinity, as s approaches the lines |s| = K,|sg|. Also the
O(|s]~?)-behaviour of 7; compared to the slower O(|s|~1)-behaviour of 75 for |s| — oo
can be seen.

n

Holder’s inequality with p = 5§ and ¢ = 5= n, the Sobolev inequality (2.8a), as well as the
bound M/ in (1.4c), then give the estimate of the term

S || Biesal 2 :Z/ |Bieiv|2d:v:Z/ Bloffdr = 3 / 0 00
i=1 i=179 i=179 ij=1"9 i

n n
da; (|2 Oa;
< aj || |Jv]|? 2o < C% aj
J S J
“~ 8:1,‘]' Ln Ln=2 = al'j
3,j=1 3,j=1

Hence, we conclude the boundedness

|v|2dz

|| Ih < CEMZ|vllD.  (3.5)

|45’ (u, v)| < 2% |lull p (Mg |[v]lp + 2Malsoll|vll 12 + CsMgllvllp) + 27 |s[|ful] 2 [[v]] .2
< 23 (M + 2M|so| + Cs My, + |s[*) l[ull g2 ]l (3.6)

Next, for the coercivity of the scalar part Sc¢?, we use the lower bound m, in (1.4a) and the
Cauchy-Schwarz type inequality of Lemma 2.1 iv), to get

seat) 23~ (vt 5 o I e

> (mj — CsMé)IIUII% — 2Ma|soll|ullplul L2 + s/ ul, (3.7)

201 0| 2 IBiccule ) + Pl

L2 L2

where in the second inequality we again used (3.5). By the assumption (3.2) on s, there is

KZlsol _ _Isl?

oo :=
0 Ma Ma|50‘

=: 4. (3.8)
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Note, that we interpret d; = oo if s9 = 0. Hence, for § € (g, d1), we use Young’s inequality

fullpllullze < ol + Slhula,
to further estimate the lower bound (3.7) by
M M ‘SO’
Seq? (u,u) 2 (75— =5 lullh + (1l — Malsold) Jull (3.9)

Note, that dp and d; in (3.8) are chosen exactly in the way that both brackets on the right
hand side of (3.9) are positive. Hence we have proven that Sc¢? is coercive in Hg(Q2). Fixing
now any function f € L?(Q2), we can consider the corresponding functional

pr(v) = (f,v)2,  ve Hy(9).
Then by Lemma 2.1 iii), this functional is bounded in H}(9), i.e.
s () = 1{fsv) 2l < 22| fll2llvllzz < 27| fllellolln, v € Ho(®). (3.10)

Hence, the assumptions of Lemma 2.2 are satisfied and there exists a unique weak solution
up € H}(Q), which satisfies

qs (ug,v) = pr(v) = (f,v) 2, for all v € Hy(S). (3.11)
For the L%-estimate in (3.4), we test (3.11) with v = uy. Using also Lemma 2.1 iv), this gives
Scqg (ug,up) = Sc(fyup)pe < | fllr2llugllze. (3.12)
Combining this inequality with the coercivity estimate (3.9), furthermore gives
(Is* — Malsold) llugll7z < Seqs (ug, ugp) < || fllzzllugllz=.

However, since 6 € (dg, d1) was chosen arbitrary, we can maximize the left hand side by taking
the limit § — §p = M' 50l and get

/122
lurllre < ———. (3.13)
A = 5P - K233
For the || - || p-estimate, we get from (3.9), (3.12) and (3.13) for every § € (dg,d1) the estimate
M? Ma]so\> 1£117

- lugll < Scal (ug,up) < | fllz2llugllee <€ —5—=5-

<Kg 5 D = 20 W d 5|2 — K253
Maximizing the left hand side with respect to d € (dp, d1), i.e. taking the limit 6 — &; = %,

gives
M ML?S%) 1£1172
< 7
(75— T sl < s lug s < =

Rearranging this inequality gives exactly the second estimate in (3.4). g

In the special case of minimally smooth domains 2 C R™, which are either bounded in one
direction or of finite measure, we even get stronger results. In particular, the double sector of
Theorem 3.2 is modified and disconnected at the origin s = 0, which means that the Dirichlet
form ¢? is uniquely solvable also in a vertical strip around the imaginary axis.
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Theorem 3.3. Let 2 C R"™ be a bounded minimally smooth domain in n > 3 dimensions and

let the bounds (1.4) of the coefficients aq,...,an in (1.4) satisfy

m(21>CSM/,

with Cg > 0 from Lemma 2.3. Let us set K, := —Ms __ yge the Poincaré constant

/m2—CsM!’

Cp € (0,1] from Lemma 2.4, and consider s € R"*1 with

2M, 50| M2 . M,
|S|2 > { é’lpo 02K27 Zf‘80| S Cpla(za

K33, if 1sol > o

a
Then for every f € L?(Q) there exists a unique uy € HY(SY), such that
gt (up,v) = (f,v) 2, for all v € H}(Q).
Moreover, this solution admits the norm estimates

[1f1lz2

fllz2
laplpe < 22 gng gy < —2__
ko (s)

ko(s)r1(s)

where

2M, .
woto) o [P gl sl < e
0 = .
o2 if s0] > G,

2M, M2 . M,
Ch(lsf — 22 + i), if 15 < 22,

R1(8) = 3 ap(s2— K282 : M,
sy i >

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

FIGURE 2. Since the S-spectrum is axially symmetric we only visualize its intersec-
tion with the plane C; for some arbitrary J € S. The dark color in the two graphics
indicates a region of points in the S-resolvent set, while the white region contains the
S-spectrum (but can be strictly contained in it). The two pictures also visualize the
level lines of the coefficients 74 (s) := ko(s) ™" and 72(s) := (ko(s)r1(s))~'/? appearing
in the estimate (3.16), 71 on the left and 72 on the right. Here, dark colors indicate
large values, light colors indicate small values. In particular, one sees that 7 and 7o
tend to infinity as s approaches the boundary of the dark region. Also the O(|s|~2)-
behaviour of 71 compared to the slower O(|s|~!)-behaviour of 7, for |s| — oo can be
seen. Compared with Figure 1, we see that here the S-spectrum has a gap at the
origin which is generated by the use of the Poincaré inequality.
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Proof. In the same way as in (3.6), one proves the boundedness
|2 (u,0)| < 2% (M7 +2M|sol + Cs Mg + |sP) ull i o, w0 € Hy (),

Also for the coercivity of Sc¢?, we start as in (3.7) with the inequality

M2
Scqs(u,u) > 25 [[ullp — 2Malsoll[ullp ull 2 + [s*[lulZ2, (3.19)
a
where K2 = %—Mi(/;sl\/lg For any a € [0,1] and 6 > 0, we now use Young’s inequality
< £ _
Jullololze < S lully + ol
as well as the Poincaré inequality (2.10) in the coercivity estimate (3.19), to get
2

M,
SwﬂMUPEKWM%—ZM%MMMMWMH—2ﬂ—aﬂﬁmmﬂmwhr+Mﬂﬂ§
a

M, B aCplso B

adM,|so]
K? )

ool
(3.20)

> M, 2(1 = a)Cplsol )l + (Isf* -

In order to get an H'-coercivity lower bound, both brackets on the right hand side have to
be positive, i.e. we have to choose a € [0,1] and § > 0 such that

M, aCplsg 1 M, —2(1—-a)CpK2|sg|
[: —2_ PP 91— a)Cplse| > 0 = =< o
K2 5 (1= a)Cplsol 5 aCpK2|so]
adM,|so| Cpls|?
II: |s)? - —2 59 = §< =t
i Cp aMy|so|

However, such a choice is only possible if
aCpK2|s Cpls|?
Ma—Q(l—a)CpKC2L|SQ| OéMa|80|.

M, —2(1 —a)CpK2|so| >0 and

If we now set

M, Cp|s|?
x = C’pTgLs(ﬂ and Y= %, (3.21)
these conditions turn into
r—2+2a>0  and (x —2)y + 20y — a® > 0. (3.22)
Taking now Lemma 5.1, the second condition is satisfied if and only if
1 ifz <1,
y>{2—% if 2> 1,

which, plugging back in (3.21), turns into the assumed condition (3.14). Moreover, if we

choose the values ap < «a; € [0,1] from (5.3), then for every a € (ap, ) also the first

condition in (3.22) is satisfied. Altogether, for every a € (g, 1) and ¢ in between
aCpK2|sg| <5<1lﬂﬂﬂi::5ﬂa%

M, —2(1 — a)CpK2|so| aM,|sol

both brackets in (3.20) are positive and we have proven the coercivity of the scalar part

ScqP?. Let now f € L?(9), and consider the functional ¢ (v) := (f,v);2, v € H}(Q), which

50(&) =
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is bounded in H}(£2) by the same estimate as in (3.10). Lemma 2.2 then states the existence
of a unique uy € H{ (), which satisfies

qs (ug,v) = pr(v) = (f,v) L2, for all v € Hy (). (3.23)

Next, we will prove the bounds (3.16) of this solution. Using the Poincaré inequality (2.10)
in the form |luf||p > Cp llurl|L2 on the coercivity estimate (3.20), gives

2M,|so| M? aM,|sol 1

2 a a 2

Scqy (up,up) > (ISI .t 0123;(3 =, <2— 5 —5)>||uf\|L2. (3.24)
This lower bound can now be maximized with respect to the two free parameters o € (g, 1)
and § € (do(),d1()). However, the maximization problem (5.5b) with the values (3.21),
already states that

1 0, if |80| < CM]%Qy
B R

a€(ag,aq) — S — i if ’30‘ > Mo
5€(8g(a),81 () CpK2|so| C K

This maximization problem now transforms (3.24) into

Ma|so\ . M,
|8|2 2 + 2 29 if |80| < CpK2’
Sl (ugup) > fugla |, Cr " COFKE PIE = ko) |fug 12,
|S| - Ka 50s if |30| > Cp K2’

where in the second equality we used the constant ko(s) from (3.17). Combining this inequality
with (3.12), then gives the final L%-estimate of the solution

D
”ufHLz < SCQS (ufvuf) < HfHL2H’UJf||LQ7
HO(S) HQ(S)

which is exactly the || - || 2-norm estimate in (3.16). For the | - || p-estimate of the solution
uf, we once more use the coercivity (3.20), use the nonnegativity of the second term, and get

Mg anMa S0
Seq?(ug,uy) > (e — CCEM] o1 ) 0patlsol) sl

(3.25)

Also this lower bound will now be maximized with respect to the free parameters o and
6. Maximizing with respect to ¢, means choosing the maximal possible value, i.e. the limit

00— 1(a) = acj\;ﬂ;. This gives

M? aM,ls
ScqP(up,up) > (K2 — 2Cp M, |so| + acpMa\soy@ - %)) ug||2. (3.26)

a

The maximization problem (5.5a) with the values (3.21) gives

C 2 .
5 aMa]so\> _ MIZ||Z‘O\= if |s|2
sup (0% C ’8’2 - 9 _ MG‘SO‘ if 2
ag(ap,a1) P Cpls|2? 1 |S|

Ma|sol
Cp
Ma|sol
Cp °

(AVARRVAN

This maximization problem allows us to also maximize (3.10) with respect to «, and get

M?2 ) o

SC D > 2 KZQ‘ - 2CPM |80| + C%|S|27 lf |S|2 < g"S(ﬂ7 )

qs (Uf,Uf) - Huf”D Mg Mgs(z) . 2 Ma\so| Kl(s)Huf”Dy
Kg \s|2 ) if |3| > o
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where in the second equality we used the constant x1(s) from (3.18). Rearranging now this
inequality and using again (3.12) and the already calculated L?-estimate (3.25), finally gives
the || - || p-estimate of the solution

Scqf(ug up) _ I lezllugllee _ 11z
K1(s) - K1(s) = ko(s)k1(s)

g5 <

4. ROBIN-LIKE BOUNDARY CONDITIONS

In this section we study the weak formulation of the spectral problem (1.5) with Robin-like
boundary conditions

n
0
Z Vialza—u' + bu =0, on 0€. (4.1)
i=1 Li
The domain 2 C R", in n > 3 dimensions is assumed to be minimally smooth in the sense

of Stein [45, Section VI1.3.3]. Precisely, if we plug in the boundary conditions (4.1) into (1.8),
means that for every s € R"*! we are dealing with form

"L/ Ou v
qf(u,v) := Z <a—%, a?(?—:vi + (2spa; — Bi)eiv>L2 + |52 (u, v) 2 + (bTpu, Tpv) 12(90), (4.2)

defined on dom ¢ := H'(Q) x H'(Q). Here 7 : H'(Q) — L?(09Q) is the bounded Dirichlet
trace operator, see [41, Equation (4)].

Problem 4.1. Determine regularity and growth conditions on the coefficients ay,...,a, in
(1.3), the Robin parameter b in (4.1) and on the spectral parameter s € R"*1 such that for
every f € L*(Q) there exists a unique solution uy € H'(Q) of the problem

0 (ugp,0) = (f,0) 2, forallv e HY(Q).
Furthermore, determine the L?- and H'-estimates of uy, depending on the parameter s.

Theorem 4.2. Let b € L>®(99Q) be real valued and a1, ... ,a, € C*(Q) be positive coefficients.
With the Sobolev constant Cs > 0 from (2.8b) and the upper bound M. from (1.4c), we
assume that there holds

mg > CsM}, + |min{b, 0} o (a0 170 [I* =: Dap-

We now consider s € R" T with

mZ—Dab o

Then for every f € L*(Q) there exists a unique uyp € H'(Q) such that
a5 (up,v) = (f,v) 2, for allv € H(Q). (4.4)

Moreover, this solution satisfies the bound

2[|f |l 2
ugllm <

< . 45
s+ m2 — 2Dy, — /(52 — m2)? + 40253 )
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\

Im(s)

7"\

FIGURE 3. Since the S-spectrum is axially symmetric we only visualize its intersec-
tion with ‘;’h2e plane C; for some arbitrary J € S. Here it is the two lines given by
5 = e
consisting of points in the S-resolvent set, from the white region, (in general strictly)
containing og(T"). The gap between the two regions is of size 2,/ D, , and comes on the
one hand from the negative part min{b, 0} of the Robin parameter and also from the
upper bound M of the derivative of the coefficients. The picture also visualizes the
level lines of the coefficients 7(s) := 2(|s|* + m2 — 2D, — /(|s]*> — m2)? + 4Ma23(2))_1
in the estimate (4.5). Here, dark colors indicate large values, light colors indicate small
values. In particular, one sees that 7 tends to infinity as s approaches the boundary
of the dark region. Also the decay of 7 for |s| — oo can be seen.

+ D, from the condition (4.3), which separate the dark region, only

Proof. For the proof of the weak solvability (4.4), we will verify that the form ¢ satisfies the
assumptions of the Lemma 2.2. We start by estimating the third term in (4.2) by

[(bTou, ToV) L2 a0 | < 22 [|bl| Lo a0 1 Toul L2060 17001 L2 002

n
< 22[b]| oo a0 | 7 |l 1 0] 11

Moreover, similar to (3.5), we can use the Sobolev inequality (2.8b), to estimate

Z | Bieiv||22 < Z Hagg;; || ||2 < C3 Z Haﬂ gzl

7]_

Nl < CEMElvl7p. (4.6)

Equipped with these two estimates, we arrive in the same way as in (3.6) with the boundedness
|z (u, v)| < 22 (Mg +2M|so| + Cs My + [s|* + [[b]| oo o) 170 1) [l [0l (47)

For the coercivity of the scalar part Sc¢f, we start with the estimate

Sc(bTpu, Tou) 12(90) :/ b|7'Du|2dJZ/ min{b, 0}|rpul?do

v

~[lmin{b, 0} o= (o) I 7ol 229 = —min{b, 0} o< oy | 7o I 71
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Using also the estimate (4.6), we end up with the coercivity

Scqf(u,u >Z<

+ |s[|ull 72 + Sc(brou, Tou) 12(00)

—2M, |SO|H

||Bz-eiuuLz)

el = H -

L2 Ox; L2
> mp|[ullh — 2Ma|soll|ullpllull 2 — CsMyllullpllull g1

+ |s[|lull 72 — llmin{b, 0} | Lo ag) 170 ] [l ull1
> mg|[ullh — 2Malsolllullpllullrz + |s|*[lull 72 — Dapllul?-

For any § > 0 we now use Young’s inequality

lullpllullr2 < 25Hu||D +5 ||UH%2,
to further estimate this lower bound by
M S0
Seq () > (m2 — Y0 ju, 1 (52 — Malsollule ~ Daslully.  (48)

The optimal choice on § to get an H'-lower bound, is when the two brackets in (4.8), i.e. for
s[> —ma + /(]2 — m2)? + 4MZs5
2Ma‘80’ ’
Clearly, there is 6 > 0 and if we plug it into (4.8), we get
1
Sl (u,u) = 5 (Jsf> + m3 = 2Dgp — /(52 = m2)2 + AM2S3 )l (49)

This bracket term is positive if and only if

o=

s+ m2 = 2D, — /(s — m2)? + 4M253 > 0
o (IsP4+m2—2D,3)" > (Is? —m2)? +4M2s3 & |s|> +m2 > 2D,y

2 MQS% 2 2
& >—2- D & s ms > 2D,
i m2 — Dy T Zab I+ mg “
M?2s2
2 a°0
o > % 4 po 4.10
|s| 3_ Dab + a7b ( )

)

2.2
where the last equivalence follows from Q/[_“SO + Dgp > 2Dy, —m?2, which is true by (4.3).
m Da,b ) s a

However, the condition (4.10) is exactly the stated assumption (4.3), which means that we
have proven the coercivity of the Robin form ¢f. Let now f € L?(f2), and consider the
functional ¢ (v) := (f,v)z2, v € H*(Q2), which is bounded in H'(£2) by the same estimate as
n (3.10). Lemma 2.2 then states the existence of a unique uy € H'(Q), which satisfies
a5 (ug,v) = py(v) = (f,v)p2,  forallve H'Y(Q).

Testing this equation with v = uy, using the coercivity estimate (4.9) as well as the analogous
estimate (3.12) for g%, gives the H'-norm estimate of the solution

2[| fl g2 llugllz2
+m2 = 2Dgp — /(s[> = m2)> + 4M2s3’
which is exactly (4.5) if we estimate |[us||z2 < [Jug| g1 on the right hand side. O

2
u <
gl B
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If the coefficients ay, . . . , a, of the operator T"in (1.3) are constant, and if the Robin parameter
b > 0 is nonnegative, which in particular includes Neumann boundary conditions b = 0, the
results of Theorem 4.2 can be refined. In particular the gap at s = 0 closes, see Figure 3.
Also observe that that the norm estimate (4.5) of the solution can be improved.

Corollary 4.3. Considerb € L>(99Q) with b > 0 and constant coefficients ay, ..., a, € (0,00)
in (1.3). In this case we have m, = min{ay,...,a,}, M, = max{ay,...,a,} and M, = 0,
for the values of (1.4). Let us consider s € R"T! with
M,
> —|So|- 4.11
5] > —=]so| (4.11)

a

Then, for every f € L%*(XY), there exists a unique uy € H*(Q) such that
gy (ug,v) = (f,v) 2, for all v € H(Q). (4.12)

Moreover, this solution satisfies the bounds

(AR [s| 1/ 1l 2

lugle < — 22 and gl < — A (4.13)
|51 = =z ma(|s]? — 552%)
The visualization of these estimates is the same as in Figure 1 with K, = %—Z
Proof. Since we assumed b > 0 and ay, ..., a, € (0,00) being positive and constant, it is clear

that [|min{b, 0}||z a0y = 0 and M; = 0. Hence also the constant D,p = 0 in Theorem 4.2
vanishes and the condition (4.3) turns into (4.11). This immediately yields the unique solv-
ability (4.12) from Theorem 4.2. Moreover, to verify the estimates (4.13), we note that the
coercivity estimate (4.8) looks like

Ma|80|

5
for every 6 > 0. For the L2-estimate in (4.13), we choose § = %, which turns (4.14) into

a

Scqf(ug,up) = (m2 = =20 ) fugllh + (sl — dMalsol) 132, (4.14)

M?2s?
Seq(upug) 2 (15 = =50 ) usl-.

a

Together with the analog estimate (3.12) for ¢7, this leads to the stated bound

Scqg(up,up) _ [ llz2llugllee
2 Y L2IBfIL
lusllze < == vz <7 e
S L e
For the || - || p-estimate in (4.13), we choose § = Mljzo\’ which turns (4.14) into
2 2.2
m MZzs
Seal(ug,ug) = 1 (15 = =250 fus|.
s \UfHr Uf B m2 f

Together with the analog estimate (3.12) for ¢F, this leads to the second bound in (4.13),
namely

oy < e ) Pl RIS
= M?2 — 2 < L :
m3 (|sf? — 228) T 2 (s — MEB) T 2 (152 — Ui

where in the last inequality we used the already calculated L?-estimate in (4.13). O
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5. AN AUXILIARY MAXIMIZATION PROBLEM

In this section we collect an auxiliary maximization problem that we have used in the proofs
of the main theorem.

Lemma 5.1. For every x,y > 0, there holds the equivalence

3046(071)2(x—2)y+2ay—a2>0<:>y>{xv if v <1,

5.1
2—x, ifx>1. (5:1)

More precisely, if the two equivalent conditions in (5.1) are satisfied, then x +y > 2, and
{ae(0,1) | (x —2)y + 2ay — o? >0} = (oo, ), (5.2)

where ap < oy € [0,1] are given by

- _27 ] <27 _27 ' <lv
ao:{y Vyle+y=2), ifz<2, w“:{y+vy@+y ), Wy<g (5.3)

0, if x> 2, 1 ify > 1.
For every o € (g, 1) we now have x — 2+ 2a > 0 and there exists a gap between
o)
do(a) i = ———— Y, o (). (5.4)

<
r—2+4+2a0 «
Moreover, for every 0 < C' <1 we have the two maximization problems
Yy

: ify <1
| sup a<2 — g) S 1 z.fy - (5.5a)
| a€(a,an) Y 2 - Yo ny > 1,
1 4+ 0 g mmemecmrm e e e - -
1 0 if v >1
sup a<2 - = - 6) =<7 L Z,f:E — 7 (5.5b)
el N a€(ag,a1) 1) 2—x— 4, ifx <1.
‘ ) s€(8p(a),61 ()

1 2

Proof. Let us define the polynomial
pla) = (z — 2)y + 2ay — o2, a e (0,1). (5.6)

In the first step we calculate the maximal value sup,¢ (g 1y p(@). To do so, we first note, that
the (possible) zero of the derivative

Pla) =2(y — ), (5.7)
is given by o = y. However, since we only consider the polynomial on the interval o € (0, 1),
the maximum value is attained at « = y if y < 1 and at the right endpoint « — 1 if y > 1.
This then gives the maximal value

%mm ﬁy<1,_{mx+y—2% ify <1,

= 5.8
p(1), ify>1, zy — 1, if y > 1. (58)

sup p(a) =
ae(0,1)

In the second step we will prove the equivalence (5.1). Using the already calculated maximal
value (5.8) allows us to rewrite (5.1) as

. 1 .
0<{y(m—|—y—2), 1fy§1,<:> >{§, ifx <1,

: . (5.9)
zy — 1, if y >1, 2—zx, ifx>1.

The proof of this equivalence will be done for the two cases of the left hand side separately.
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o If y <1, the equivalence looks like

1 .

= fz<l1
O<z4+y—2y><{" -
4 4 {2—x, if > 1,

It is true, because for x > 1 both inequalities are the same, and for < 1 both inequalities
are never satisfied.

o If y > 1, the equivalence (5.9) looks like

1 .
= ifr<l1
O<zy—1ley>% -
Y Y {Z—x, if 2> 1,

It is true, because for x < 1 both inequalities are the same, and for x > 1 both inequalities
are always satisfied.

In the third step we prove (5.2). The zeros of p, if we forget about the constraint o € (0, 1)

for the moment, are given by
ar =yt Vylx+y—2). (5.10)

Since we assumed that (5.1) is satisfied, there exists at least one point a € (0,1), for which
p(a) > 0. Since moreover lim,_,+ p(a) = —o0, the zeros (5.10) have to be real valued, i.e.
x +y > 2 is satisfied and the interval where p is positive is exactly between those zeros,
{aeR|pla)>0} = (a_,ay).
Restricting now again to the interval o € (0,1), we get
{ae(0,1) | p(e) >0} = (max{0,a—}, min{1l, o }).

It is left to check when we have a— > 0 and a4 < 1 respectively. The condition a— > 0 is
equivalent to

a_>0 & y>Vylr+y—-2) & Jy>yr+y—-2 & <2 (5.11)
and the condition a4 < 1 is equivalent to

ar <1 & y+yyle+y—-2)<1
& 1-y>0 and ylz+y—2) < (1—y)?
< y<1 and zy<1
1
&S y< - (5.12)
x
where in the last equivalence we used that the combination y > 1 and y < % is not allowed,
since in this case we have 1 < y < %, consequently x < 1, which is a contradiction to the
assumed (5.9), see also the shaded region in (5.5). The two equivalences (5.11) and (5.12) now
show that max{0,a_} = oy and min{l, oy } = ay coincide with the values in (5.3). Hence
(5.2) is proven.

In the fourth step, we will solve the first maximization problem (5.5a), i.e. we will maximize
flay=a(2-7), e (anm)

The zero of the derivative

flla) = 2<1 - %) (5.13)
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is given by o = y. We now have to check if this value y is contained in the interval (g, )
of allowed values. First,

= o, is always satisfied. (5.14)

— -2 if x <2
s 1Y y(x+y ),?w_,
0, ifx > 2,

The second condition y < a; can be characterized by

y+Vylz+y—2), ify<

1 ity >

K|~

y<oap & y<{

& (y < %) or (y > % and y < 1) (5.15)

& oy <1,

where in the last equivalence we used that the combination y > 1 and y < % is not allowed,
similar to the argument below equation (5.12). Hence, the maximal value of f is attained at
a =y if y <1 and at the right endpoint a — a3 = 1 if y > 1. This means, we get

{f<y>, ify<1,_{y, if y <1,

e JOZ G, s T 2o ity

a€(ag,a1)

In the fifth step we first note that for every o € (v, aq), there holds

x—242y—2/ylx+y—2), ifz<2, -0
T2, ifz>2 =

Y

$—2+2a>x—2+20z0:{

where the right hand side is nonnegative because a + b — 2v/ab > 0, for every a,b > 0.
Moreover, there holds

a <¥_ 01(), a € (ag,a1),

%o(a) ::x—2+2a «

which is a simple rearrangement of the inequality (z — 2)y + 2ay — a? > 0 in (5.2). Now, we
will solve the second maximization problem (5.5b), i.e. we want to maximize the function

1
9(0,0) = a(2-5-3),  ae(aoa), )€ ([Ga),d(a).
First, we will fix « € (g, @1) and maximize g(«,-) with respect to . The only positive zero
of the partial derivative

is given by 0 = 1. The maximum value of g(c,-) now depends on the location of this zero
with respect to the interval (dp(cx),d1()) of allowed d-values. If 1 < dp(a), the maximum is
attained the left endpoint § — dg(a)™, if 1 € (dp(x),d1()) is an allowed value, the maximum
is attained at exactly this point 6 = 1, and if 1 > ;1(«), the maximum value is attained at
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the right endpoint § — 1 (). Le., we get

g(a,do(@)™) if 1 < do(a),
h(a) == sup g9(a,8) = 4 gle, &), if dp(a) < 1 < 61(aw),
0€(do(@)01(e)) g(a,01(a)), if 1> 61(a),
2—3;—%, ifa<2-—u,
=<0, if2—z<a<y,
2@—0‘72—31, ifa>y.

Note, that we were allowed to replace the <-inequalities by <-inequalities in the second case
since h(a) is continuous at &« = 2 —x and o = y. Next, we want to maximize this function h
with respect to the parameter o. Therefore, we calculate its derivative
2a(2—z—a) .
m, if [0 S 2 — Z,
R (a) = <0, if2—z<a<y, (5.16)

21-5), ifazy.

In the first two cases « <2 —z and 2—x < a < y in (5.16), we obviously have a nonnegative
derivative h'(«) > 0. Only in the third case o > y, there exists the possible zero apax = y of
the derivative. It is already calculated in (5.14) and (5.15), that

amax € (ap, 1) &y <1 and Qmax > 1 &y > 1.

Hence, we conclude that for y > 1 the function h(«) is monotone increasing on the whole
interval (o, ), which means that its supremum is attained at the right endpoint & — o = 1.
In the case y < 1 on the other hand, the maximal value is attained at the interior point
& = amax = Y- The solution of the maximization problem is then given by

2—zx—1 ify>1& z<1,

x’

h(1), ify>1, 0, ify>1 & z>1,
sup h(a) = ) = 1 )
a€(ap,ar) h(y)7 if y < 17 2 - y Y, if Yy >1 & 1 > Y,
0, if y <1,
B Y D
_ 2—x— o, ?f r <1, 0
0, ifx>1.

6. CONCLUDING REMARKS

We conclude this paper with some considerations that contextualize the estimates we have
derived within the framework of the H°°-functional calculus, which manifests in various set-
tings. In the realm of hypercomplex settings, depending on the spectral theory under con-
sideration, this calculus takes on several distinct formulations and the estimates for sectorial
and bi-sectorial operators are crucial for establishing H°°-functional calculi.

We recall that the H°°-functional calculus for complex operators on Banach spaces, introduced
by A. McIntosh [42] and further investigated in [5, 6, 7, 31], holds significant relevance across
multiple disciplines. For more information and the developments one can consult the books
(36, 37, 38].
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Regarding the spectral theory on the S-spectrum [2, 3, 17, 18, 24, 25, 33, 34|, which has its
roots in the theory of slice hyperholomorphic functions, the H*°-functional calculus has been
considered in the papers [4, 16].

The spectral theory concerning the monogenic spectrum, introduced in [39], relies on mono-
genic functions [29]. Further exploration of this topic, including the H-functional calculus
within this framework can be found in the books [35, 40].

In recent times, a novel branch of spectral theory concerning the S-spectrum has emerged
in connection with the factorizations of the second mapping in the Fueter-Sce extension
theorem, see [23, 32, 43, 44]. This branch, referred to as the fine structures on the S-spectrum,
revolves around sets of functions characterized by integral representations, from which the
corresponding functional calculi are defined. The development of this new theory and its
associated functional calculi is elaborated in the papers [11, 12, 13, 26, 27], while recent
investigations into the H°°-functional calculus linked with the functional calculi of the fine
structures are studied in [22, 28].
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