2406.10983v1 [quant-ph] 16 Jun 2024

arXiv

Expressibility of linear combination of ansatz circuits

Peng Wang! and Ruyu Yang? *

! Department of Mathematics and Physics, North China Electric Power University, 102206 Beijing, People’s Republic of China
2 Graduate School of China Academy of Engineering Physics, Beijing 100193, China

Variational Quantum Eigensolver is considered promising for medium-scale noisy quantum com-
puters. Expressibility is an important metric for measuring the capability of a variational quantum
Ansatz circuit. A commonly used method to increase expressibility is to increase the circuit depth.
However, increasing the circuit depth also introduces more noise. We propose to use a linear com-
bination of ansatzes to improve the expressibility of variational circuits, thus avoiding the increase
of circuit depth. Concurrently, we introduce a novel measurement strategy that circumvents the
necessity for the Hadamard test, thereby significantly diminishing the reliance on two-qubit gates,
which are presently the predominant contributors to quantum noise. We also provide a correspond-
ing gradient calculation method, which makes it convenient to update the parameters. Compared
with the method of increasing the circuit depth, our method of improving expressibility is more
practical. Numerical simulations demonstrate the effectiveness of our method.

I. INTRODUCTION

The physical realization of quantum computing has un-
dergone rapid development in recent years, and scientists
are now able to create quantum computers with over one
hundred qubits in the laboratory [10]. Due to limitations
in the number of qubits and the precision of quantum
gates, we are currently in the Noisy Intermediate-Scale
Quantum (NISQ) era [1, 21, 33], and there is still a way
to go before fault-tolerant quantum computing can be
achieved. An important example of an algorithm suit-
able for NISQ quantum computers is Variational Quan-
tum Eigensolver (VQE) [6, 12, 26, 32, 39, 41]. VQE
itself is a broad and active research field. From an ap-
plication perspective, VQE can be used to solve prob-
lems in quantum chemistry [5, 8, 25, 31, 34] , condensed
matter and materials physics [4, 7, 40, 43], and nuclear
physics [23, 35, 40]. VQE itself is not a deterministic al-
gorithm. An important factor affecting the performance
of VQE is the design of the ansatz circuit. In order to
make VQE achieve better performance, various ansatz
have been designed [2, 14-16, 19, 30, 42]. In Ref [37],
the authors propose the concept of expressibility of pa-
rameterized quantum circuits. In addition to this defi-
nition method, there are other definitions of expressibil-
ity [9, 13]. Intuitively, expressibility measures the ability
of a parameterized quantum circuit to generate quantum
states. Generally speaking, when little is known about
the target state, the higher expressibility the ansatz cir-
cuit is, the more likely it is that it covers the potential
target state. Only when the target state is covered it can
be possible to solve the corresponding problem through
VQE. A natural way to improve the expressibility is to
increase the depth of the ansatz circuit [9, 37]. However,
in the NISQ era, increasing quantum circuit depth will
also increase noise and reduce circuit fidelity. This signif-
icantly increases the resources required to mitigate these
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noises [11, 22, 38].

To overcome this difficulty, we propose to improve
expressibility through linear combinations of different
ansatzes. Intuitively, using the linear combination of
ansatzes (LCA) as a new ansatz can greatly increase the
number of trainable parameters without increasing the
depth of the circuit. Correspondingly, more quantum
states can be reached by changing the parameters than
single ansatz (SA). Our numerical results provide evi-
dence for that and exhibit LCA has higher expressibility
than SA. For a fixed system size, increasing the ansatzes
number in linear combination can rapidly improve the
expressibility without increasing the circuit depth, until
the ansatzes number reaches the threshold that is linear
to the system size.

In the past, the implementation of unitary linear com-
binations often relied on the Hadamard test. However,
the Hadamard test relies on the implementation of the
Control-U gate (in the LCA algorithm, U is an ansatz
circuit). In the circuit that implements Control-U gates,
a single-qubit gate in U becomes a two-qubit gate, and
a CNOT gate becomes a Toffoli gate. This means that
the Hadamard Test circuit requires a large number of
two-qubit gates, which are the main source of noise in
quantum circuits. To further reduce the impact of noise,
we propose a new sub-algorithm, named phase consistent
measurement (PCM) for LCA to replace the Hadamard
test. PCM avoids the use of Control-U gates, thereby
reducing the use of two-qubit gates. PCM relies on
the observation that the phase difference between the
final states corresponding to different ansatz does not
affect the results of VQE. Because we never derive the
phase difference between the final states when calcu-
lating the average value of the Hamiltonian, the com-
monly used parameter shift rules cannot be applied di-
rectly [3, 17, 20, 28, 36]. Based on our specific question,
we propose a corresponding parameter update scheme
that works with common ansatz to reduce the number of
measurements required to update parameters.

In Sec. II, we revisit the core concept employed in this
article. Subsequently, in Sec. III, we numerically inves-
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tigate the Expressibility of LCA. Moving on, Sec. IV
demonstrates the implementation of LCA without an-
cilla qubits, highlighting the reduction in the number of
CNOT gates required. Lastly, we provide a comprehen-
sive summary of this work in Section V.

II. PRELIMINARIES

A. The linear combination of ansatz

Ansatz is the key part of VQA. It is a parameterized
quantum circuit U(0) generating a trial state [ig) =
U(0)|¢o), where 0 is a parameter vector 8 ={61,0s, ...},
|po) is a reference state. VQA minimizes the cost func-
tion C' = (9| A |[tbg) by training the parameter vector 0
according to the formula

9k — Hk — oa?kC, (1)

where 0;,C = 0C/90), and « is the learning rate, until the
cost function approaches the exact result with acceptable
accuracy.

In this article, we introduce the combined ansatz, i.e.
the linear combination of several ansatz circuits. Given
a set of ansatz circuit {U%(0'),i = 1,---, M}, the com-
bined ansatz is
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where ¢ = {c1,¢a,...,car} is the vector of complex co-
efficients, 8 = {0, 02 -,0M ¢} is the set of parame-
ter vectors. (1 is the ngrngalizgtipn coefficient and de-
termined through (¢o| (U(0))TU(0) |#o) = 1. Note that
Re(c;), Im(c;) and €% (i = 1,2,...) are trainable. The
Hardware efficient ansatz (HEA) is a type of ansatzes
that are easily implementable and not tailored to specific
problems. In this work, we adopt 14 HEAs described
in Ref. [37] as U? to construct the linear combination of
ansatzes. The schematic diagram of the 14 HEAs with
system size Q = 4 is shown in Fig. 1.

B. Expressibility

The concept of expressibility serves as a key metric
for evaluating the efficacy of ansatz circuits. An ansatz
circuit is deemed ”good” for a given problem if the gen-
erated ensemble of trial states harbors the true solution.
However, in many practical scenarios, access to the solu-
tion of the problem might be limited. As an alternative,
we use expressibility to evaluate the quality of parameter
circuits. Expressibility can be defined as the capability to
generate pure states, encompassing the ability to compre-
hensively and uniformly explore the entire unitary space.
In this paper, we use Kullback-Leibler (KL) divergence
to quantify expressibility [37],

EXpr:DKL( est( )”PHaar(F)) (3)

which measures the distance between two discrete prob-
ability distributions of fidelity. Pegt(F') is the estimated
probability distribution of the fidelity F = |(1hg [¢g)|*,
where |¢9) and |¢b4) are obtained by independently sam-
pling a pair of parameter vectors in ansatz circuits.
Piaar(F) is the probability distribution of the fidelity
F for the Haar-distributed random states, which can be
obtained by the analytical form Pyaar(F) = (N —1)(1 —
F)N=2 where N = 29 is the dimension of the Hilbert
space. The discretization implies splitting the probabil-
ity distributions into npi, parts, then the value of Dk,
can be numerically calculated according to the definition
Dy, (P||P") = Y™ P;In(P;/P!). Dk, can be visualized
using a histogram with bin number of npy,. Fig. 2 ex-
hibits the histogram where Pey are generated by ansatz
circuit 10 with qubit number @ = 12.

The value of Dk, in Eq. (3) depends on the bin num-
ber of npin. One can use a fixed bin number such as di-
viding [0, 1] into npi, parts and assign each part a value
according to the probability distribution [37]. However,
in multi-qubit systems, the estimated probability distri-
bution is nonzero only in a narrow region, and the zero
region does not contribute to Dgy,. Therefore, we use
an unfixed bin number dividing the nonzero region into
npin parts. Fig. 2 and the inset imply that the histogram
or Dkp, with an unfixed bin number more clearly distin-
guishes the difference between two probability distribu-
tions than that with a fixed bin number when the bin
size is larger than the width of the nonzero region.

The common method to enhance the expressibility is
increasing the depth of the ansatz circuit, such as re-
peating ansatz U(f) of L times. Taking circuit 10 as an
example, we shows the numerical results of Dki, varying
with the repetitions number L and system size @ in Fig. 3
b. For a fixed system size, the expressibility of [U(6)]*
tends to stabilize after reaching a threshold value of L.
The inset suggests that the threshold Ly, = a@Q + b is
linearly dependent on the system size, where @ is the
qubit number, and a and b are constant. However, in-
creasing the number of repetitions L will exponentially
increase the noise, making the system unusable due to
excessive noise. In the following text, we will show that
LCA can improve expressibility with L = 1 for any num-
ber of qubits.

III. EXPRESSIBILITY OF LCA

In this section, we extend the expressibility defined in
Eq. (3) for SA to a linear combination of LCMA. The
combined trial state, used for sampling the estimated dis-
tribution is obtained by applying Eq. (2) to the reference
state:
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FIG. 1. Schematic diagram of 14 ansatzes of which the linear combination is studied in this work. The box represents a layer
of the circuit. These circuits can be generalized to multi-qubit cases.
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FIG. 2. Histograms of estimated fidelities are shown, over-
laid with fidelities of the Haar-distributed ensemble, with the
computed KL divergences.

Here, U%(6%) represents a hardware efficient ansatz. We
employ 14 of 19 HEAs studied in Ref. [37]. These
ansatzes in Ref. [37] with high expressibility, such as cir-
cuit 5,6, 13,14, and unchanged expressibility as increas-
ing repeating layers, such as circuit 15, are ignored. The

expressibilities of the chosen 14 ansatzes are shown in Fig.
3(a), calculated with unfixed bin number. For the sake of
convenience, the ansatzes involved in linear combinations
in Eq. (4) are denoted by the ansatz set M = {4, j, k...},
where i represents the ith HEA and M is the size of
ansatz set. In the following subsections, we exhibit the
numerical simulation to compare the expressibility of SA
and LCM A through the calculation of Dy and ground
state energy estimation.in Fig. 3 (b)

A. Demonstration with single-qubit case

In this subsection, we first present a single-qubit case
to demonstrate that the expressibility of LCM A is supe-
rior to that of SA.

Consider the scenario where M = 2 with U'(6)
R.(0) and U?(¢) = R.(¢). Let the reference state be
lpo) = (V20) + [1))/V/3, depicted as the orange point
in Fig. 4. 1000 sample pairs of parameterized states

{U(0) |¢0) U (0") |90)} and {U(¢) |¢0) U*(¢') |¢0)}

drawn in Fig. 4. Notably, these parameterized states
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FIG. 3. The numerical results of KL divergence (i.e., Dkr)
with the unfixed bin number. (a) Dxr, for single ansatz. The
x-axis represents the circuit ID. (b) Dxr, as a function of the
circuit layer L for qubit numbers N = 4,8,12,16 and 20. The
black dotted line serves as a reference line for the threshold
of high expressibility. The inset suggests that the threshold
value is linear in the qubit number.

form distinct circles (red for U' and blue for U?) on the
Bloch sphere, indicating a one-dimensional subspace ex-
ploration. We calculate numerically the distribution of
1000 fidelities | (1o [109)|* and get Dgp = 2.18 (for U')
and 0.34 (for U?). As for the combined parameterized
states, we sample 1000 pairs of parameter vectors {6, 6}
and obtain the corresponding 1000 pairs of parameter-
ized states {|¢(0)) , [v(0"))}, where 8 = {61,602}, |1(0)) =
1/QUUN01) + U?(02)) |¢po) and 1/ is a normalization
coefficient. The combined parameterized states fill the
Hilbert space, which indicates that LCA can explore
more space than SA. This coincides with the numeri-
cal result Dy, = 0.047 indicating the LCA has a higher
expressibility than SA.

B. The improvement of the expressibility for two
ansatzs

This subsection presents a detailed comparison be-
tween LC2A (i.e., M = 2) and SA based on the numerical
results of expressibility and ground state energy estima-
tion.

We numerically calculate the KL divergence of LC2A

FIG. 4. 2000 parameterized states were plotted on the Bloch
sphere using QuESTLink [18]. The red and blue data re-
spectively represent the parameterized states R.(0)¢(0) and
R.(0")¢(0), where ¢(0) = (v/2]0) + |1))/v/3. The brown
data are the parameterized states [c1 Ry (0) +c2 R=(0)]/Q¢(0)
where () is a normalization coefficient.

and SA to compare their expressibilities. The numerical
simulation involves 14 common HEAs, with LC2A repre-
senting the linear combination of every two HEAs. The
expressibility of the ith SA is denoted by D%, while
that of LCMA is denoted by D}, . The improvement in
expressibility is thus defined by

D?(ZL - Min[{D%La D;(LPDIIC(L? 3 '

Ry = - . 4
Min[{Di 1, D, Dicps -]

(5)

The term Min[D%,, D, D% . ..] denotes the max-
imum expressibility among the ansatzes combined.
Eq. (3) demonstrates that the expressibility of the
LCMA for the ansatz set 1, j, k... is improved by at least
a degree of Ry over the SA expressibility. For M = 2,
the numerical values of R5 are depicted by the blue tri-
angles in Fig. 5. The color block for ansatz i, ansatz j
signifies R; ;, indicating the improvement in expressibil-
ity of the ansatz set 4, j over the highest SA expressibility
between the ith and jth ansatzes. The magnitude of R5
is indicated by the color bar.

For instance, Ry; in the first column, where M =
{i,14} and i = 1,...13, means the expressibility of ansatz
14 has a R;; x 100% improvement when ansatz 14 is
linearly combined with other ansatzes. Among the 13
ansatzes, ansatzes 1,2,3,7,8,11, 13 exhibit lower im-
provements in expressibility than others. This can be
explained by the fact that ansatz 14 has relatively high
expressibility (see Fig. 3(a)), while the above-mentioned
seven ansatzes have lower expressibility (Dxr > 0.2)
than the remaining six ansatzes (Dgy, < 0.2) and ansatz
14 (D < 0.1). The stronger the expressibility of the
ansatz involved in the linear combination, the greater the
improvement in the expressibility of ansatz 14. This pat-
tern holds true for R;; in other columns. These numer-
ical results suggest that the expressibility of LC2A sur-
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FIG. 5. (Color online) Plot of numerical results demonstrat-
ing the superiority of LCA over SA. In the blue triangle, the
colored block corresponding to ansatz {i, j} represents Ry; ;3.
The magnitude of Rj; can be seen in the first color bar and
indicates that LCA {4, j} has higher expressibility than the
highest one among ansatz ¢ and j by a percentage of Ry;. Sim-
ilarly, in the brown triangle, the colored block corresponding
to ansatz {i, j} represents Ly, ;3. The magnitude of Ry can
be seen in the second color bar and indicates that the ground
state energy estimated using LCA {i, j} is more accurate than
the most accurate using ansatz i or j by a percentage of L ;.

passes that of SA by 50% to 90%, predominantly around
80%.

To demonstrate LC2A’s superiority, we compare its
calculated ground state energy with that of simulated
SA using the transverse-field XY model as a benchmark.
The Hamiltonian for this model is defined as

N N N
H=) (JoaXiXip1+ JyyYiYorr) + 0o D Xi+ .y 7,
i=1 i=1 i=1
(6)
and Xyy1 = X1, Yny1 = Y:. Such a Hamiltonian does
not have an eigenstate that is easy to prepare, so the
previous method of measuring amplitude that does not
require auxiliary qubits cannot be used [24].
We define

Ejly —Min{{Ej¢p By, Bley, ]
Min[{Ej, Efcp, Bfeps -]

(D

Lip=

where Ei; (E},) denotes the estimated ground state
energy of Hamiltonian H obtained by the Variational
Quantum Eigensolver (VQE) with the i-th ansatz (the
linear combination of ansatzes set M = {i, j,k,...}).
The notation Min[E%;, E%;, EX ;.. .] signifies the clos-
est approximation to the ground state energy within the

0.3
Lyt
202 Ryt
E
(]
QO
o
[a
0.1
0

10% 30% 40% 70% 80% 90%
percentage of improvement

FIG. 6. Histogram showing the percentages linked to en-
hancements in expressibility and the estimated ground state
energy. Orange and blue rectangles indicate improvements in
expressibility and estimated ground state energy, respectively,
achieved by the three-ansatz LCA over the SA, quantified by
percentages Rj; for expressibility and L;; for ground state
energy.

set E%; E%.;,E%,,.... The numerical simulation for
Ly;, as illustrated by the brown triangle in Fig. 2 for
M = 2, indicates that the ground state energy estima-
tion from LC2A are more precise than those from SA
by 0.1% to 10%, predominantly around 5%. This sug-
gests that enhancements in the expressibility of ansatz
sets corresponds to increased accuracy in ground state
energy estimation.

C. The improvement of the expressibility for
multi-ansatzs

This subsection evaluates the expressibility enhance-
ment of the LCMA for M > 3. For M = 3 and N = 4,
our numerical simulations, depicted in Fig. 5, were per-
formed on 100 sets of three ansatzes randomly selected
from 14 HEAs. The improvements in expressibility and
estimated ground state energy for each set are repre-
sented as orange and blue rectangles, respectively, in Fig.
5. The expressibility data, with Rj; averaging around
90%, demonstrates that LC3A’s expressibility surpasses
that of SA by over 90% and also indicates superior ex-
pressibility compared to LC2A. Meanwhile, the L ; data,
averaging around 3%, suggests a modest expressibility
enhancement over SA by 3%. Notably, a few Lj; values
exceed 30%, attributed to the relatively high ground state
energy estimation by SA. Contrarily, the improvements
on ground state energy estimation offered by LC3A are
not markedly superior to those by LC2A, given the lat-
ter’s already high accuracy. Increasing M does not lead
to a continuous increase in the expressibility of LCMA.
Dxi, of LCMA stabilizes when M increases to the criti-
cal value M, such that the expressibilitiy of LCM A be-
comes saturated, that is, continuing to increase M will
not significantly improve expressibility. The value of M,



depends on the system size as shown in Fig. 7, where
we calculate how the expressibility of systems with qubit
numbers of 4, 6, 8, 10, and 12 changes with the num-
ber of ansatz. For each fixed-size system, we performed
four experiments, marked by different colors in Fig. 7(a)-
(e). We randomly selected and added new ansatz to the
LCA for each experiment until 14 different ansatz were
selected. Fig. 7(f) indicates that M, increases almost
linearly with the number of qubits.

IV. THE EXPERIMENTAL SCHEME OF LCA
A. The implementation of LCA

To update the parameters, we must compute the mean
value of the Hamiltonian:
| M=l ‘ ‘
(H)g = (alHlvg) = g5 D cie;(olUTHU o), (8)

i,7=0

where () is the normalization constant

M
0% =" clej (ol UTU o). (9)

]

The most common method for calculating the cross
terms (¢o|UTHU|¢o) and (¢o|UTU7|¢) where i # j
is the Hadamard test(HT). HT requires the implemen-
tation of control-U’ gate, gates, which typically involve
numerous two-qubit gates. In real devices, these con-
tribute significantly to error accumulation. To mitigate
this overhead, we propose PCM specifically designed for
LCA. PCM eliminates the need for auxiliary qubits and
minimizes two-qubit gate usage. We subsequently de-
tail efficient methods for measuring both (v;]1;) and

(@il H[1);)-

1. The algorithm begins by calculating Tr(pop;) for
i = 1,2,...,M — 1, where p;, = | {¢;] =
U™ |¢o)(¢o|U". Although Tr(popi) = |(sholwi)?, we
initially assume (¢g|¢;) = /Tr(pop;) in this step.
In fact, this equation does not necessarily hold, be-
cause there may be a relative phase between the
two states. This is valid despite potential relative
phases between the states, as the next section will
justify their irrelevance in this context. The spe-
cific implementation circuit diagram is shown in

Fig. 8(a).

2. The next step is to measure Tr(pop;p;) for i,7 =
1,2,...,M — 1 and i # j using the circuit
in Fig. 8(b). To obtain Tr(popip;) we im-
plement the circuit consisting of {Uy, (U;)f,I —
x10) (0], U;, (U;)T}, where x = 1 — € and T —
z|0)(0| = €®19Ol The unitary operator applied
to p is actually U; (I — z|0)(0))US = I —z|;) (0| =

I — xzp;. What the circuit outputs are

Te((I = xpi)po(I — x"pi)p;) (10)
= Tr(pop; — zpipop; — x*popip; + x> pipopips)- (11)

Note that Tr(pop;) was already obtained and
Tr(pipopip;) = Tr(pipo)Tr(pipj) so they can be
calculated from Fig. 8(b). To extract Tr(popip;)
from the measurements, we use two different x val-
ues, treating treat Tr(pop;p;) and Tr(pipop;) as un-
knowns and solving the linear system. In our nu-
merical simulations, we set + = 2 and x = 1 — 1
respectively. The resulting system of equations sat-
isfy the following form:

{ Tf(?ﬂopipj + 2Pipopj) =R
Tr((1 +i)popip; + (1 —i)pipop;) = Rz

Where R; and Ry are derived from the measure-
ments. This system has a unique solution. With
the extracted Tr(pop;p;), we can calculate (1;]1;)
form the relation

o N (olwa) (Wil vs) (i l9o)
Wilds) = “Rgsmwats e

Tr(popip;)
V/PopiN/POP;

3. Given the Hamiltonian H = ZS asPs, where Py are
Hermitian operators, we can estimate (¢;|Ps|v;)
using the circuit in Fig. 8(c).This is similar to the
previous step but with the final measurement re-
placed by Ps. The measurement results yield:

Te((I — xpj)pi(I — 2" p;) Ps)
= Tr(piPs — xpjpiPs — 2* pip; Ps + |22 p;pip; Ps)

Both  Tr(p;Ps) and  Tr(pjpip;Ps) =
Tr(p;jpi)Tr(p; Ps) can be obtained directly from
other quantum circuits. Similar to the previous
approach, we use different x values and solve the
system of equations:

{ Te(2p;piPs + 2pip; Ps) = Ry
Te((1+i)pjpiPs + (1 —i)pip; Ps) = Ry’

Finally we calculate (1;|Ps|1);) according to the re-
lation
(yjlhi) (il Ps|thy)

(1)

_ PjpiPs
(Wjls)°

where (1;]1);) is obtainable from the previous step.

B. Unknown phase

In the previous section, we assumed phaseless (¢ |;).
Here, we justify this assumption. Suppose a method like
HT accurately determines the phase of (¢glw;). Using
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FIG. 7. Expressibility changes with the number of ansatzes under different numbers of qubits. (a), (b), (c), (d), and (e)
represent the numerical results for systems with qubit numbers of 4, 6, 8, 10, and 12 respectively. The horizontal axis is the
number of ansatzes, and the vertical axis is expressibility. Different colors represent different LCAs. (f) represents the relation

between M. and the number of qubits.

the variational method, we minimize the energy to obtain
solutions {c;, 8'}. Suppose the phase of (1g|t);) is €™ .
Ignoring the phase during calculations effectively applies
a transformation :

i) = |by) = e 7" ahy)

The calculated average energy then becomes:

(12)

1 M—-1
(H)g = (YlH|Vg) = 5z > clewilHW).  (13)

i,7=0

Thus, there still exists a set of solutions {c;e’®i, 0"}
that yields the same minimum energy value as the HT
method. In this sense, we can consider that the assump-
tion of no phase in (¢o|1);) has no impact on the algo-
rithm.

C. Two qubits gate counting

A key advantage of PCM over HT lies in the markedly
reduced need for two-qubit gates. In HT, each CNOT
gate in the ansatz transforms into a Toffoli gate, which
then decomposes into five two-qubit gates. Conversely, in
PCM, CNOT gates in the ansatz are preserved, though
the number of two-qubit gates for implementing the G(6)
gate escalates with the bit count. This distinction is crit-
ical for NISQ-era hardware.

We take circuit-2 and circuit-15 as an example of LCA
and compare the number of two-qubit gates required by
the two methods, as shown in Fig. 9(a) and Fig. 9(b). An
n-qubit G(0) gate is implemented by a series of single-
qubit gates and an n-qubit Toffoli gate. This Toffoli gate
is implemented using the method in Ref. [27] (Note that
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FIG. 8. Quantum circuits for LCA. (a) depicts the circuit for
measuring the overlap (io|1;), using a final projection mea-
surement. Similarly, (b) demonstrates the circuit for measur-
ing the overlap (t;]1;), again with a final projection mea-
surement. Finally, (c) illustrates the circuit for measuring
(1i|H|1;), where the final measurement employs Pauli oper-
ators Ps.

some other, better implementations of Toffoli gates [29]
would bring more advantages to PCM). When the ansatz
is shallow and the number of qubits is large, PCM has
no advantage over HT. However, this scenario is often
less relevant in practical applications. To achieve an ac-
curate approximation of the desired state, the ansatz
depth typically scales with the number of qubits. As
shown in Fig. 9(a), for a fixed number of qubits, the
advantage of PCM over HT becomes increasingly pro-
nounced with increasing ansatz depth. Furthermore,
Fig. 9(b) demonstrates that when the ansatz depth ex-
ceeds a critical threshold(d > 3), PCM exhibits a sig-
nificant reduction in two-qubit gates required compared
to HT as the number of qubits increases. Although this
threshold will change slightly depending on the choice of
ansatz, within the regime where the quantum advantage
is achievable(number of qubits > 50), the performance of
PCM is anticipated to significantly surpass that of HT.

D. Parameter shift rules

A straightforward approach to the optimization of vari-
ational algorithms is gradient descent, which requires the
estimation of gradients. The gradients for ¢ are relatively
simple:

aéf? - |<¢é|i%>|2 ((Yg|H|i) + hc).  (14)

The gradients for @ are relatively complex:

O(H) 1 (5<¢9|H|¢g>

A 90;.

20, (Vglvg)

3<¢é|%>> (15)
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FIG. 9. Comparison of PCM and HT. The solid lines repre-
sent data for the HT method, while the dashed lines represent
data for the PCM method. (a) The horizontal axis denotes
the ansatz depth, defined as the number of repetitions of cir-
cuits 2 and 15 within the overall circuit. The vertical axis
represents the two-qubit gate count. The number of qubits,
n, is indicated by lines of different colors. (b) The number of
qubits is shown on the horizontal axis, and the vertical axis
displays the two-qubit gate count. The depth of ansatz, d, is
represented by lines of different colors.

where
ng@ = Z ¢ %gi)ll' ;) + h.c.
; 16
_Zcrcj<¢0|g%j[]j|¢o>+h.c., 1o
7 i,
and
%fiﬁ/@ => Cfcjmgoiz!lmWﬁ + h.c.

(17)

it

= Z C;‘Cj<¢)0| (;[6] HUJ|¢0> + h.c..
5 il

As mentioned in the previous subsection, when we esti-

mate the normalization (1g|15) average the Hamiltonian

(Yp|H|1bg), we will change the final state by unknown

phases. When estimating Eq. (16) and Eq. (17), we can-

not introduce more unknown phases to ensure correct re-

sults. This can be achieved when the t-th level of U is of



the form UZT = ¢'9it%.t where 0;,1 is a known Hermitian
operator, e.g., Pauli operator. Let Ul = [], U (05.4),
then the partial differentiation BUJ /06 can be written
as

Ut oo it
Foe HUt (05,4)O0iy H Ug' (650)- (18)

t=1 t=l+1

We first consider the inner product in Eq. (16) in the case
where ¢ = j can be expressed as

Ut . S S
(9ol g, U'loo) = (ol [1 U1 @) 01 TT U @i0)160)
= (Vi1|Oi 1),

(19)
which can be estimated directly using quantum circuits.
Then we can estimate the inner product in the general
case where i # j from

out U
<¢o|aT|¢i><¢i|¢j><¢j|39—“|¢o>a (20)

which can be estimated using Step 2 mentioned in the
last section. We use

out U
<¢o|aT“|¢j><¢j|H|aT“|¢o>a (21)

to estimate (v;|H|(OU*/90;,)|¢o). Eq. (21) can be esti-
mated using Step 3 mentioned in the last section.

V. SUMMARY

To overcome the limitations of traditional approaches,
we develop a novel method for enhancing the express-
ibility of variational quantum circuits for noisy quan-
tum computers. Our key innovation lies in combining
a linear combination of ansatzes with a specialized mea-
surement scheme, effectively sidestepping the detrimen-
tal effects of increased circuit depth and noisy Hadamard
tests. This translates to reduced dependence on two-
qubit gates, leading to potentially more robust quantum
computations. Furthermore, the method is readily ap-
plicable due to its efficient gradient calculation scheme.
Numerical simulations validate the effectiveness of our
approach, paving the way for practical applications on
current noisy quantum hardware.
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