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Abstract. We introduce a local deformation called the virtualized ∆-move for
virtual knots and links. We prove that the virtualized ∆-move is an unknotting

operation for virtual knots. Furthermore we give a necessary and sufficient

condition for two virtual links to be related by a finite sequence of virtualized
∆-moves.

1. Introduction

Although the crossing change is elemental among local deformations in classical
knot theory, the virtualization replacing a real crossing with a virtual crossing
is considered as a more elemental deformation in virtual knot theory; in fact, a
crossing change is realized by two virtualizations.

In this paper, we will introduce an elemental version of a ∆-move. Here, the
∆-move is one of the important local deformations in classical knot theory. In fact,
it is an unknotting operation for classical knots, and characterizes classical links
with the same pairwise linking numbers.

Definition 1.1. A virtualized ∆-move is a local deformation on a virtual link
diagram as shown in Figure 1.1. We denote it by v∆ in figures.

v∆ v∆

Figure 1.1. A virtualized ∆-move

By definition, we see that a ∆-move is realized by a combination of two virtu-
alized ∆-moves and a generalized Reidemeister move VI. In this sense, we can say
that the virtualized ∆-move is more elemental than the ∆-move.

Definition 1.2. Two virtual links L and L′ are v∆-equivalent to each other if their
diagrams are related by a finite sequence of virtualized ∆-moves and generalized
Reidemeister moves.

For virtual knots, we have the following.

Theorem 1.3. Any virtual knot is v∆-equivalent to the trivial knot; that is, the
virtualized ∆-move is an unknotting operation for virtual knots.

Let uv∆(K) be the minimal number of virtualized ∆-moves which needs to de-
form K into the trivial knot.
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Theorem 1.4. For any integer m ≥ 1, there are infinitely many virtual knots K
with uv∆(K) = m.

For an n-component virtual link L with n ≥ 2, we will define invariants pi(L) ∈
{0, 1} (i = 1, . . . , n). Then we have the following.

Theorem 1.5. For n ≥ 2, two n-component virtual links L and L′ are v∆-
equivalent to each other if and only if pi(L) = pi(L

′) holds for any i = 1, . . . , n.

This paper is organized as follows. In Section 2, we study several properties
of virtualized ∆-moves for virtual knots, and prove Theorems 1.3 and 1.4. In
Section 3, we study the behavior of virtualized ∆-moves for virtual links, and prove
Theorem 1.5. In Section 4, we divide virtualized ∆-moves into four types, and
prove that any one of them generates the other three.

2. Virtualized ∆-moves for virtual knots

Lemma 2.1. A crossing change at a real crossing is realized by a combination of
a virtualized ∆-move and generalized Reidemeister moves.

Proof. This follows from Figure 2.1, where the symbol
R←→ means a combination

of generalized Reidemeister moves. □

R v∆ R

Figure 2.1. Proof of Lemma 2.1

Lemma 2.2. A local deformation FD as shown in Figure 2.2 is realized by a com-
bination of two virtualized ∆-moves and generalized Reidemeister moves.

FD

Figure 2.2. A local deformation FD

Proof. This follows from Figure 2.3. □

Remark 2.3. The local deformation FD in Figure 2.3 is called a forbidden detour
move [4, 11] or a fused move [1].

Lemma 2.4. A forbidden move is realized by a combination of virtualized ∆-moves
and generalized Reidemeister moves.

Proof. The sequence of Figure 2.4 shows that an upper forbidden move is realized
by a combination of two crossing changes and a forbidden detour move, where the

symbol
cc←→ means a combination of crossing changes. By Lemmas 2.1 and 2.2,

we have the result for the case of an upper forbidden move. The case of a lower
forbidden move is proved similarly. □
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R v∆ R

R R v∆ R

Figure 2.3. Proof of Lemma 2.2

cc FD cc

Figure 2.4. An upper forbidden move

Proof of Theorem 1.3. Since the forbidden move is an unknotting operation for
virtual knots [6, 8], we have the conclusion by Lemma 2.4. □

Remark 2.5. It is proved in [11] that the forbidden detour move is also an un-
knotting operation for virtual knots. By using this result, Theorem 1.3 is a direct
consequence of Lemma 2.2.

By Theorem 1.3, any two virtual knotsK andK ′ are v∆-equivalent to each other.
We denote by dv∆(K,K ′) the minimal number of virtualized ∆-moves needed to
deform a diagram of K into that of K ′. It is called the v∆-distance between K and
K ′. In particular, we denote dv∆(K,O) by uv∆(K), and call it the v∆-unknotting
number of K, where O is the trivial knot.

We briefly recall the definitions of the n-writhe Jn(K) and the odd writhe J(K)
of a virtual knot K from [9]. Let G be a Gauss diagram of K and γ a chord of G.
If γ admits a sign ε, we assign ε and −ε to the terminal and initial endpoints of γ,
respectively. The endpoints of γ divide the underlying oriented circle of G into two
arcs. Let α be the one of the two oriented arcs which runs from the initial endpoint
of γ to the terminal. The index of γ is the sum of the signs of all the endpoints of
chords on α, and denoted by Ind(γ). For a nonzero integer n, the n-writhe Jn(K)
of K is the sum of the signs of all the chords γ with Ind(γ) = n, and the odd writhe
J(K) of K is defined to be

∑
n:odd Jn(K). We remark that J(K) is always even [3].

We give a lower bound for dv∆(K,K ′) by using the odd writhes of K and K ′ as
follows.

Proposition 2.6. Let K and K ′ be virtual knots. Then we have the following.

(i) dv∆(K,K ′) ≥ 1
2 |J(K)− J(K ′)|.

(ii) uv∆(K) ≥ 1
2 |J(K)|.



4 TAKUJI NAKAMURA, YASUTAKA NAKANISHI, SHIN SATOH, AND KODAI WADA

Proof. Let G and G′ be Gauss diagrams of K and K ′, respectively. It is sufficient
to prove that if G and G′ are related by a virtualized ∆-move, then the odd writhes
satisfy J(K)− J(K ′) ∈ {0,±2}.

We may assume that G′ is obtained from G by removing three chords corre-
sponding to three real crossings involved in a virtualized ∆-move. See Figure 2.5.
It is known that among these three chords, the number of chords with index odd
is equal to zero or two (cf. [7, 10]). Furthermore, the parity of the index of any
other chord is preserved by the virtualized ∆-move; in fact, each pair of the three
chords has two adjacent endpoints on the underlying circle. See the figure again.
Therefore we have the conclusion. □

v∆

G G′

Figure 2.5. A virtualized ∆-move on a Gauss diagram

It is known that the crossing change at a real crossing is not an unknotting
operation for virtual knots (cf. [2, 5, 10]). If a virtual knot K can be deformed
into the trivial knot by a finite number of crossing changes, then we denote by
u(K) the minimal number of such crossing changes. If K cannot be unknotted by
crossing changes, then we set u(K) =∞. Then we have the following by Lemma 2.1
immediately.

Lemma 2.7. Any virtual knot K satisfies uv∆(K) ≤ u(K). □

In the following, we will construct two families of infinitely many virtual knots
K with uv∆(K) = m for any given integer m ≥ 1, which have different properties
for u(K). The following theorems induce Theorem 1.4 immediately.

Theorem 2.8. For any integer m ≥ 1, there are infinitely many virtual knots K
with uv∆(K) = u(K) = m.

Proof. For an integer s ≥ 1, we consider a knot diagram and its Gauss diagram
with 2m+ 2s− 1 real crossings (or chords) as shown in Figure 2.6. Let Ks(m) be
the virtual knot presented by this diagram.

2m
real

crossin
gs

2s− 1 real crossings

2
m

ch
ord

s

2s− 1 chords

Figure 2.6. A diagram of Ks(m) and its Gauss diagram
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Since Ks(m) can be unknotted by m crossing changes at m real crossings among
2m half twists in the knot diagram, we have u(Ks(m)) ≤ m. By Lemma 2.7, we
have

uv∆(Ks(m)) ≤ u(Ks(m)) ≤ m.

On the other hand, the 2m horizontal chords of the Gauss diagram have the
sign −1 and indices ±1, and the 2s − 1 vertical chords have index 0. Since
J(Ks(m)) = −2m holds, we have uv∆(Ks(m)) ≥ m by Proposition 2.6(ii), and
hence uv∆(Ks(m)) = u(Ks(m)) = m.

Now it is enough to prove that the virtual knots Ks(m)’s are mutually distinct.
By a straightforward calculation, the Jones polynomial fKs(m)(A) ∈ Z[A,A−1] of
Ks(m) is given by

fKs(m)(A) = A8m + (A−4 −A−8)

(
m∑
i=1

A8i

)−A8s−2 +

2s−1∑
j=1

(−1)jA4j

 .

Since the maximal degree of fKs(m)(A) is equal to 8m+ 8s− 6, we have Ks(m) ̸=
Ks′(m) for any s ̸= s′. □

Theorem 2.9. For any integer m ≥ 1, there are infinitely many virtual knots K
with uv∆(K) = m and u(K) =∞.

Proof. For an integer s ≥ 2, we consider a long virtual knot diagram and its Gauss
diagram with 2s+3 real crossings (or chords) a1, a2, a3 and b1, . . . , b2s as shown in
Figure 2.7. Let Ts be the long virtual knot presented by this diagram, and Ks(m)
the virtual knot obtained from the closure of the product of m copies of Ts.

Since Ts can be unknotted by a single virtualized ∆-move involving the three
crossings a1, a2, and a3 in the long knot diagram, we have uv∆(Ks(m)) ≤ m.

On the other hand, since we have

Ind(a1) = 1, Ind(a2) = 2s, Ind(a3) = −2s− 1, and Ind(bi) = 2 (1 ≤ i ≤ 2s),

it follows from [9, Lemma 4.3] that

Jn(Ks(m)) =


−m if n = 2s,

2ms if n = 2,

m if n = 1,−2s− 1,

0 otherwise.

This induces J(Ks(m)) = J1(Ks(m)) + J−2s−1(Ks(m)) = 2m. Therefore we have
uv∆(Ks(m)) ≥ m by Proposition 2.6(ii), and hence uv∆(Ks(m)) = m. Further-
more, since J1(Ks(m)) = m ̸= 0 = J−1(Ks(m)) holds, we have u(Ks(m)) = ∞ by
[9, Theorem 1.5].

Since J2(Ks(m)) = 2ms holds, we have Ks(m) ̸= Ks′(m) for any s ̸= s′. □

3. Virtualized ∆-moves for virtual links

Lemma 3.1. A local deformation as shown in Figure 3.1 is realized by a combina-
tion of a virtualized ∆-move and generalized Reidemeister moves.

Proof. This follows from Figure 3.2. □

Lemma 3.2. Let γ be a chord of a Gauss diagram G.

(i) If a Gauss diagram G′ is obtained from G by reversing the orientation of γ,
then G and G′ are related by a finite sequence of virtualized ∆-moves and
Reidemeister moves.
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a1 a3

a2

b1

b2s−1

b2s

a1
a2 a3

b1
b2

b2s

Figure 2.7. A diagram of Ts and its Gauss diagram

Figure 3.1. A local deformation considered in Lemma 3.1

R R

R v∆

R R

Figure 3.2. Proof of Lemma 3.1

(ii) If a Gauss diagram G′′ is obtained from G by changing the sign of γ, then
G and G′′ are related by a finite sequence of virtualized ∆-moves and Rei-
demeister moves.

Proof. (i) This follows from Lemma 3.1.
(ii) Let G′′′ be a Gauss diagram obtained from G by reversing the orientation and

changing the sign of γ. By Lemma 2.1, G and G′′′ are related by a finite sequence
of a virtualized ∆-move and Reidemeister moves. Furthermore G′′ is obtained from
G′′′ by reversing the orientation of γ. Therefore we have the conclusion by (i). □

Lemma 3.3. Let γ and γ′ be chords of a Gauss diagram G such that an endpoint of
γ is adjacent to that of γ′. If a Gauss diagram G′ is obtained from G by switching
the positions of these consecutive endpoints, then G and G′ are related by a finite
sequence of virtualized ∆-moves and Reidemeister moves.

Proof. This follows from Lemmas 2.2 and 2.4. □
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For n − 1 integers a2, . . . , an ∈ {0, 1} with n ≥ 2, let H(a2, . . . , an) =
⋃n

i=1 Hi

be the Gauss diagram of an n-component virtual link such that

(i) H(a2, . . . , an) has no self-chords,
(ii) there are no nonself-chords between Hi and Hj (2 ≤ i < j ≤ n),
(iii) if ai = 0, then there are no nonself-chords between H1 and Hi,
(iv) if ai = 1, then there is a single nonself-chord between H1 and Hi which is

oriented from H1 to Hi with a positive sign, and
(v) if ai = aj = 1 (2 ≤ i < j ≤ n), then we meet the endpoint of the chord

between H1 and Hi before that between H1 and Hj along H1.

Figure 3.3 shows the Gauss diagram H(1, 0, 1, 1, 0) with n = 6. Let M(a2, . . . , an)
be the n-component virtual link presented by H(a2, . . . , an).

H1

H2 H3 H4 H5 H6

Figure 3.3. The Gauss diagram H(1, 0, 1, 1, 0)

Proposition 3.4. Let n ≥ 2 be an integer. Any n-component virtual link L =⋃n
i=1 Ki is v∆-equivalent to M(a2, . . . , an) for some ai’s.

Proof. Let G =
⋃n

i=1 Gi be a Gauss diagram of L. By using Lemma 3.3 and
Reidemeister moves I, we can remove all the self-chords from G. Therefore we may
assume that G has no self-chords (up to virtualized ∆-moves and Reidemeister
moves).

If there is a nonself-chord between Gi and Gj (2 ≤ i < j ≤ n), then we can
replace it with a pair of nonself-chords one of which connects between G1 and Gi,
and the other between G1 and Gj . In fact, this is achieved by observing a sequence
of link diagrams as shown in Figure 3.4. Therefore we may also assume that there
are no nonself-chords between Gi and Gj (2 ≤ i < j ≤ n).

Kj Ki

K1

R

Kj Ki

K1

v∆

Kj Ki

K1

Figure 3.4. A sequence of link diagrams

By using Lemmas 3.2, 3.3, and Reidemeister moves II, we can reduce the number
of nonself-chords between G1 and Gi (2 ≤ i ≤ n) to zero or one.

Finally, any Gauss diagram G of L can be deformed into H(a2, . . . , an) for some
ai’s by Lemmas 3.2 and 3.3. □

For n ≥ 2, let L = K1 ∪ · · · ∪ Kn be an n-component virtual link, and G =
G1 ∪ · · · ∪ Gn a Gauss diagram of L. For each i = 1, . . . , n, the ith parity of L
is defined to be the parity of the number of endpoints of nonself-chords on Gi,
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and denoted by pi(L) ∈ {0, 1}. Since a self-chord has two endpoints on the same
component, pi(L) is coincident with the parity of the number of endpoints of self-
/nonself-chords on Gi.

Lemma 3.5. For any i = 1, . . . , n, the ith parity pi(L) is an invariant of the
v∆-equivalence class of L.

Proof. Since the chord(s) involved in a Reidemeister move or a virtualized ∆-move
have an even number of endpoints on each Gi, this move preserves pi(L). □

Remark 3.6. For n ≥ 2, any n-component virtual link L satisfies

p1(L) + p2(L) + · · ·+ pn(L) ≡ 0 (mod 2).

In fact, the number of endpoints of all self-/nonself-chords is even.

Proof of Theorem 1.5. The only if part follows from Lemma 3.5.
We will prove the if part. By Proposition 3.4, L and L′ are v∆-equivalent to

M(a2, . . . , an) andM(b2, . . . , bn) for some ai’s and bi’s, respectively. By assumption
and Lemma 3.5, it holds that

ai = pi
(
M(a2, . . . , an)

)
= pi(L) = pi(L

′) = pi
(
M(b2, . . . , bn)

)
= bi

for any i = 1, . . . , n. Therefore L and L′ are v∆-equivalent to M(a2, . . . , an) =
M(b2, . . . , bn). □

The following is an immediate consequence of the proof of Theorem 1.5.

Corollary 3.7. For n ≥ 2, a complete representative system of the v∆-equivalence
classes of n-component virtual links is given by

{M(a2, . . . , an) | a2, . . . , an ∈ {0, 1}} .
In particular, the number of v∆-equivalence classes is equal to 2n−1. □

4. Relations among four types of virtualized ∆-moves

We can divide virtualized ∆-moves into four types rv∆, vr∆, rv∆′, and vr∆′ as
shown in Figure 4.1. Here, the rv∆- and rv∆′-moves replace three real crossings
with virtual ones, and the vr∆- and vr∆′-moves replace three virtual crossings with
real ones.

rv∆

vr∆

rv∆′

vr∆′

Figure 4.1. Four types rv∆, vr∆, rv∆′, and vr∆′

Lemma 4.1. For any X ∈ {rv∆, vr∆, rv∆′, vr∆′}, a crossing change at a real
crossing is realized by a combination of an X-move and generalized Reidemeister
moves.

Proof. For X = rv∆, a crossing change at a real crossing is obtained from the

deformation sequence in Figure 2.1 by replacing
v∆←→ with

rv∆−→. For X = vr∆, we
may follow this sequence in reverse. For X = rv∆′ and vr∆′, we may perform
the crossing change at every real crossing in the above sequences for rv∆ and vr∆,
respectively. □

Lemma 4.2. A local deformation SR as shown in Figure 4.2 is realized by a com-
bination of rv∆-moves and generalized Reidemeister moves.
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SR

Figure 4.2. A local deformation SR

Proof. Figure 4.3 indicates the proof. More precisely, the first deformation in this

figure is obtained from the deformation sequence in Figures 3.2 by replacing
v∆←→

with
rv∆−→. The second deformation is a crossing change which is realized by an

rv∆-move and generalized Reidemeister moves by Lemma 4.1. □

cc

Figure 4.3. Proof of Lemma 4.2

Remark 4.3. The local deformation SR in Figure 4.2 is called a sign reversal
move [1].

Theorem 4.4. For any X ̸= Y ∈ {rv∆, vr∆, rv∆′, vr∆′}, a Y -move is realized by
a combination of X-moves and generalized Reidemeister moves.

Proof. We use the notation “X ⇒ Y ” if a Y -move is realized by a combination of
X-moves and generalized Reidemeister moves. Then we have the following.

• rv∆ ⇒ vr∆: The sequence in Figure 4.4 shows that a vr∆-move is re-
alized by a combination of an rv∆-move, three sign reversal moves, and
several generalized Reidemeister moves. Therefore we have rv∆⇒ vr∆ by
Lemma 4.2.

• vr∆⇒ vr∆′: The sequence in Figure 4.5 shows that a vr∆′-move is realized
by a vr∆-move and three crossing changes. Therefore we have vr∆⇒ vr∆′

by Lemma 4.1.
• vr∆′ ⇒ rv∆′: We may follow any sequence for rv∆⇒ vr∆ with opposite

crossing information in reverse.
• rv∆′ ⇒ rv∆: We may follow any sequence for vr∆⇒ vr∆′ with opposite

crossing information in reverse.

Therefore we have the cycle

rv∆⇒ vr∆⇒ vr∆′ ⇒ rv∆′ ⇒ rv∆,

which induces the other eight cases immediately. □
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