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Abstract

This work combines state-of-the-art machine learning techniques with highest-level

electronic structure calculations and full-dimensional quantum tunneling calculations

to obtain a quantitative characterization of tunneling splittings for system sizes that

are currently out of reach using traditional approaches. For intramolecular hydrogen

transfer in tropolone, the best computed splitting including perturbative corrections

in the ring-polymer instanton calculations is 0.94 cm−1 and compares with 0.974 cm−1

from experiments. On the other hand, for intermolecular double hydrogen transfer in

the (propiolic acid)–(formic acid) dimer, the computations yield 0.0147 cm−1 which

is larger by 40 % compared with experiment (0.0097 cm−1) but still in much better

agreement than previous attempts (0.63 cm−1). The strategy pursued in the present

work is applicable to yet larger systems and other properties of interest and provides a

rational route for highest-accuracy energy functions for prediction and benchmarking

electronic structure methods vis-a-vis experiments.

1 Introduction

Quantum mechanical tunneling is a central concept in chemistry and physics.1 One of the

experimentally observable hallmarks of tunneling processes is the splitting of energy levels.

These tunneling splittings are measurable and can be probed, e.g., using microwave2 or in-

frared spectroscopy.3 The splittings are exquisitely sensitive to the energetics and shape of

the underlying potential energy surface (PES) and provide valuable benchmarks to validate

state-of-the-art theoretical methodology.

Accurate PESs allow to carry out quantitative molecular simulations that link directly to

experiments. One of the most successful recent approaches to devise such PESs uses a combi-

nation of electronic structure calculations and machine learning techniques to give a machine
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learning-based PES. Coupled cluster-based techniques such as CCSD(T) are among the most

accurate methods for closed-shell systems. However, due to the unfavourable scaling of such

calculations (seventh power of the number of basis functions), the necessary number of refer-

ence calculations required for training a full-dimensional PES (∼ 104 or more) at this level of

theory is only feasible for small molecules with ≲ 5 heavy atoms. However, if a small number

of calculations can be afforded at such high levels, a considerable boost in performance can

be achieved using transfer learning (TL) techniques.4–6 The essence of TL is that the overall

topographies of molecular PESs at different levels of theory are often comparable which can

be exploited by retraining a low-level (LL) PES with small amounts of data computed at a

high level. Such an approach is explored in the present work for two systems that have so

far been intractable at the CCSD(T) level of theory.

Computing accurate tunneling splittings for multidimensional systems from fully quantum-

mechanical methods is a formidable task. The ring-polymer instanton (RPI) approach pro-

vides a semiclassical approximation for tunneling calculations which scales well with system

size.7–9 As instanton theory makes a local harmonic approximation around the optimal tun-

neling pathway, it typically deviates from quantum-mechanical benchmarks by up to 20%.10

This error can, however, be significantly reduced using a new procedure to perturbatively

correct the results using information about third and fourth derivatives along the path.11

The present work reports tunneling splittings for 15-atom tropolone and 12-atom (propiolic

acid)–(formic acid) dimer (PFD) (see Figure 1) following the TL+RPI approach.12 These

molecules are related to malonaldehyde11–27 and the formic acid dimer (FAD),3,28–46 which

have been studied experimentally and theoretically in great detail. Both molecules have

been treated with RPI, which was particularly successful for malonaldehyde. Using pertur-

batively corrected RPI on two different malonaldehyde PESs11,47 gave a tunneling splitting

for hydrogen (H-)transfer of 22.1 cm−1 whereas the experimental value is 21.6 cm−1. Com-

3



Figure 1: Global minimum energy structures for tropolone (A) and PFD (B).

pared with malonaldehyde and FAD, far less theoretical and experimental work has been

devoted to their “larger siblings”, tropolone and PFD, mostly due to the difficulty of obtain-

ing CCSD(T) quality PESs for these systems of many electrons.

The experimentally reported ground vibrational state (H/D) tunneling splittings for tropolone

are (0.974/0.051) cm−1.48,49 Theoretical works include a permutationally invariant polyno-

mial PES based on 6604 B3LYP reference energies and forces.50 This was recently improved

to near-CCSD(T) quality using the molecular tailoring approach (MTA)51 to obtain approx-

imate CCSD(T) energies and ∆-machine learning based on 2044 energies.52 The (H/D) tun-

neling splitting as evaluated on the ∆-machine learned PES was (0.68/0.031) cm−1, which

was subsequently improved by scaling the action using further MTA calculations to give

(0.92/0.042) cm−1.

For PFD, the experimental energy splittings are (0.009721/0.0001117) cm−1 for H-H and

D-D exchange, respectively.53 Theoretically, PFD has, for example, been investigated using

second-order vibrational perturbation theory54 and a one-dimensional model has been em-

ployed to estimate tunneling splittings,55 which, however, were not in quantitative agree-

ment with experiment. For instance, the (H/D) tunneling splittings based on a recti-
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linear path determined from a MP2/aug-cc-pVDZ intrinsic reaction coordinate scan were

(0.63/0.0245) cm−1, and thus required a dramatic empirical scaling in a subsequent step.

2 Results and Discussion

For both tropolone and PFD, a sufficiently large number of CCSD(T)/aug-cc-pVTZ calcu-

lations is currently out of reach (e.g., for tropolone: “Ideally, we would learn the difference

between the DFT and the “gold standard” CCSD(T) level. However, this is not feasible (for

us) owing to N7 scaling ...”52). In an attempt to reach CCSD(T) quality, the present work

employs TL strategies for tropolone and PFD. First, LL reactive PESs were determined,

see Supporting Information. Schematics of the two PESs at the MP2 (low-)level including

molecular structures and the accuracy of the energy on stationary points are shown in Fig-

ures S2 and S3. Comparing the energies of the stationary points of the PESs with direct

ab initio calculations yield maximum deviations of 0.05 and 0.03 kcal/mol for tropolone and

PFD, respectively. Additional validations on a hold-out (test) set, see Table 1 and Figure S4,

feature mean absolute errors on energies (MAE(E)) well below 0.1 kcal/mol.

The barriers for H-transfer from the LL-PESs agree to within 0.001 and 0.01 kcal/mol with

those from direct ab initio calculations at the MP2 level which are 4.29 and 6.47 kcal/mol for

tropolone and PFD, respectively. Harmonic frequencies constitute an additional measure for

the quality of a PES around a stationary point. For the global minimum and the transition

state (TS) for H-transfer, the MAEs are ∼ 1 cm−1 and ∼ 0.4 cm−1 for tropolone and PFD,

respectively. Tables S1 and S2 compare the individual frequencies for tropolone and PFD.

This validates the quality of the LL-PESs compared with reference electronic structure cal-

culations at the MP2 level of theory.
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Table 1: PhysNet performance for the LL-PESs: Mean absolute and root mean
squared errors (MAE and RMSE, respectively) on energies and forces are given
for predicting the test sets of 2000 and 4000 random structures for tropolone and
PFD, respectively. The energy barrier for H-transfer is obtained from PhysNet
(EB) and from ab initio calculations (ERef.

B ) at the LL of theory. The MAEs
for the harmonic frequencies calculated from the two LL-PESs for the global
minimum and the H-transfer TS as compared to their reference ab initio values
are also reported.

kcal/mol(/Å) Tropolone PFD

MAE(E) 0.067 0.034
RMSE(E) 0.094 0.165
MAE(F ) 0.069 0.133
RMSE(F ) 0.336 1.793

EB 4.284 6.460
ERef.

B 4.285 6.470

MAE(ω)min (cm−1) 1.02 0.37
MAE(ω)TS (cm−1) 1.06 0.41

For the present work, the main target observable is the tunneling splitting ∆H
RPI for H-

transfer. Despite the remarkable accuracy of the two LL-PESs for tropolone and PFD when

compared with the reference MP2 data, the computed tunneling splittings overestimate the

experimental results by an order of magnitude: The H-transfer tunneling splittings on the

LL-PESs are 10.94 and 0.11 cm−1, whereas experimental measurements53,56 give 0.974 and

0.0097211 cm−1 for tropolone and PFD, respectively. This is a clear indication that MP2 is

not sufficient for quantitative calculations of tunneling splittings. Hence, transfer learning to

the CCSD(T) level was explored next based on comparatively small numbers of additional

high-level calculations. The iterative data selection procedure, which was identical for both

systems, is described in detail in the Supporting Information, with only a concise summary

provided here.

Based on an initial set of 25 judiciously selected structures, the data set was iteratively

extended by selecting ni structures along the refined minimum energy path (MEP) and in-
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Figure 2: Data sets used for TL projected onto a 2D cut through a representative TL-PES
for tropolone spanned by the O–O distance and the reaction coordinate q = rOAH − rOBH.
The MEPs (IPs) on the LL- and TL-PES are shown as dash-dotted (dashed) lines in black
and purple, respectively. The + signs mark stationary points on the LL- and TL-PES in
black and purple, respectively. The TL data set is iteratively extended using active learning.
Each TL data set is illustrated by a different marker, with the rectangles (brown and salmon)
representing the structures employed in the first TL (TL0), the open circles (green) are used
to extend the data used in TL0 and form the data set for TL1 and the crosses (yellow)
complement the structures used in TL1 and form the data set for TL2.

stanton path (IP), and by selecting ni,pool structures from the LL pool of structures (see

Figure S1) using active learning. Figure 2 reports sets TL0 to TL2 for tropolone together

with the MEPs (dot-dashed) and IPs (dashed) on the LL- (black) and a representative TL-

PESs (purple). All steps involving the LL- and TL-PESs are rapid whereas the high-level

ab initio calculations are computationally demanding (∼ 50 h for tropolone and ∼ 100 h
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for PFD). However, the high-level ab initio calculations for multiple structures can be run

in parallel. Due to the rather small high-level data set sizes, TL was repeated 10 times on

different splits of the data.

The H-transfer barrier heights for tropolone and PFD from all TLs are shown in Figure 3.

For tropolone (Figure 3A), the barrier height at the MP2 level is 4.28 kcal/mol, which in-

creases to 6.62 kcal/mol for TL2, i.e., after TL with 100 high-level data points. Remarkably,

the result with only 25 data points (TL0) appears converged as further addition of data

points reduces the uncertainty (the error bars) but not the average barrier height. Similarly,

for PFD the MP2 energy barrier of 6.46 kcal/mol increases to 7.76 kcal/mol on the TL3 PES.

Again, going from TL0 to TL3 reduces the uncertainty and adjustments of the energy barrier

progressively decrease. It should be noted that obtaining optimized geometries and harmonic

frequencies from brute-force electronic structure calculations at the CCSD(T)/aug-cc-pVTZ

level is not feasible for systems of the sizes studied here, but straightforward when using the

TL-PES.57 From the two TL-PESs the best estimate for the barrier heights are 6.62 kcal/mol

and 7.76 kcal/mol which compare with 6.63 kcal/mol and 7.76 kcal/mol from single-point

CCSD(T) calculations using the optimized and TS structures obtained from the TL2 and

TL3 PESs for tropolone and PFD, respectively.

Previous work reported barrier heights of 6.69 kcal/mol for tropolone58 from a single-point

CCSD(T)/aug-cc-pVTZ calculation using a MP2/aug-cc-pVTZ optimized structure. Alter-

natively, using ∆-machine learning to the MTA-CCSD(T)/aug-cc-pVTZ level yields a barrier

height of 7.18 kcal/mol.52 For PFD, preliminary calculations at the CCSD(T)-F12b/aug-cc-

pVDZ level found EB ∼ 8.0 kcal/mol for double H-transfer in PFD.55

Ring polymer instanton simulations do not involve random numbers or statistical errors

which clearly distinguishes them from path-integral molecular dynamics (PIMD) meth-
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Figure 3: Energy barriers EB for H-transfer in tropolone (A) and PFD (B) from all ten
TL-PESs (transparent circles). The corresponding averages (opaque circle) and standard
deviations (error bars as ±σ) are also indicated. An ab initio optimization and subsequent
determination of the energy barrier at the CCSD(T) level was out of reach for the two
molecular systems.

ods59–61 or Diffusion Monte Carlo (DMC) simulations.62 Hence, the instanton (once it is

converged with τ → ∞ and N/τ → ∞) is in principle uniquely determined by a given PES.

As shown in Figure 2 the IP differs from the MEP. Representative IPs on the LL- and TL-

PESs for both systems are shown in Figure 4 and as a movie in the Supporting Information.

For tropolone (Figure 4A), the instanton is mainly characterized by a hydrogen motion and

slight adjustments in the CC and CO bond lengths due to single-/double-bond migration.

For PFD (Figure 4B), more pronounced displacements of the oxygen atoms, the monomer

separation and wagging of the CCH tail occur during double H-transfer.

The H- and D-transfer tunneling splittings as obtained from the different TL-PESs for

tropolone and PFD are shown in Figure 5. For tropolone, the instanton result on the

LL-PES of 10.94 cm−1 is brought much closer to the experimental result of 0.974 cm−1 using

the TL-PESs. In particular, the experimental result is within the standard deviation of the

calculations. Note that the excellent agreement of TL0 and its rather limited fluctuation

around the mean probably appears by chance. However, it does demonstrate that even a
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Figure 4: Energy profiles (top) and corresponding instantons (bottom) with N = 4096 beads
from the LL- and (a representative) TL-PES for tropolone (A) and PFD (B). The energy
profiles are given as a function of cumulative mass-weighted path length r.

very small number of judiciously chosen structures (25 for TL0) suffices to significantly im-

prove the PES and enable accurate results to be obtained. For TL2, which is arguably the

most accurate PES for tropolone, ∆H
RPI = 1.01 cm−1 and ∆D

RPI = 0.055 cm−1, which both

overestimate experimental values by ∼ 5%, and indicate that further improvements should

be possible which is addressed further below.

For PFD, gradually increasing the data set size from TL0 to TL3 led to smaller uncertainty

and decreasing changes in ∆RPI. The final transfer learning, TL3, was performed to cap-

ture the potential along the dissociation of the dimer (see Figure S5). As anticipated this

only marginally affected the tunneling splitting. The values of ∆H
RPI = 0.014 cm−1 and

∆D
RPI = 0.00024 cm−1 overestimate the experimentally reported splittings by ∼ 50% and

a factor of 2, respectively. Nevertheless, they are considerably improved over the existing
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Figure 5: Tunneling splittings for hydrogen (left) and deuterium (right) transfer in tropolone
(top row) and PFD (bottom row) from all TL-PESs (transparent circles). The corresponding
averages (opaque circle) and standard deviations (error bars as ±σ) are also reported.

computational treatments that reported 0.63 cm−1.55

The tunneling splittings for the two systems considered here as determined on the largest

available TL data sets are summarized in Table 2. For tropolone, the tunneling splitting

of the symmetric 13C isotopologue has been determined experimentally to be 0.97 cm−1,

compared with ∆SP
RPI = 1.00 cm−1 from the present simulations. For the 18OH18O isotopo-

logue only an experimentally estimated value ∆
18O
Expt. ∼ 0.83 cm−1 is available so far.49,63

Hence, the splitting was computed and yields ∆SP,18O
RPI = 0.95 cm−1. Due to well-understood
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Table 2: Tunneling splittings ∆SP
RPI and ∆DP

RPI determined on the single- and double-
precision PESs and ∆DP

PC including perturbative corrections (PC) for tropolone
and PFD. All simulations used the largest available TL data sets. For compari-
son, results from experiments are also reported. ”n.d.” is ”not determined”.

Tropolone ⟨TL2⟩ PFD ⟨TL3⟩
H D H(13C) H D

∆SP
RPI 1.01 0.055 1.00 0.0142 0.000235

∆DP
RPI 1.07 0.058 n.d. 0.0165 0.000269

∆DP
PC 0.94 0.047 n.d. 0.0147 0.000217

Expt. 0.97456 0.05149 0.9749 0.00972153 0.000111753

error cancellations, instanton theory is normally particularly reliable in predicting isotope

effects.64 Thus, the ratio of calculated results can be used to obtain a new estimate of the

true tunneling splitting as ∆
18O
Expt. ∼ ∆H

Expt. ·∆SP,18O
RPI /∆SP,H

RPI = 0.974 · 0.95/1.01 = 0.916 cm−1.

This value is considered an improved estimate for ∆
18O
Expt. over ∆

18O
Expt. ∼ 0.83 cm−1 and is

a testable prediction for future experiments from the present simulations. In all cases, the

computed splittings are larger than those reported experimentally. This is at least partly

due to inherent approximations of instanton theory.

Recently, a correction scheme for RPI-based tunneling splittings using third- and fourth-

order derivatives was proposed.11 For cases where the higher-order derivatives are carried

out numerically, it was shown that numerically stable applications of this correction scheme

require double-precision arithmetics for training and inference of a neural network based

PES.47 This goes beyond standard procedures because machine learning models typically

operate at 32-bit accuracy (single-precision) to reduce the computational cost for training

and inference, and to lower memory requirements.65 It was found that single-precision can

have detrimental effects particularly if higher-order derivatives of the energy are required.47

For that reason, TL was repeated using double-precision for the largest TL data set sizes

and ∆DP
RPI was determined together with the perturbatively corrected value ∆DP

PC. Due to the

higher computational burden of the double-precision training/inference, the iterative data
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selection procedure was performed using single-precision.

The averaged double-precision tunneling splittings ∆DP (averaged over 10 independent TLs)

for tropolone and PFD are presented in Table 2. It is interesting to note that even the

uncorrected tunneling splittings ∆SP
RPI and ∆DP

RPI differ slightly between single- and double-

precision arithmetics. These differences are probably because single-precision does not give

the Hessians to sufficient accuracy, leading to small errors in the fluctuation factors Φ. Com-

prehensive results to support this, including energy barriers, actions S, fluctuation factors Φ,

uncorrected tunneling splittings and correction factors cPC for the individual TLs are given

in Tables S4, S5, S7 and S8.

For tropolone, the uncorrected (∆DP
RPI) and perturbatively corrected (∆DP

PC) tunneling split-

tings are in excellent agreement with experiment and are the most accurate results reported

so far. Empirically, standard RPI theory for ∆RPI was found to give splittings within ∼ 20%

of fully quantum-mechanical calculations using the same PES for typical molecular systems,

as long as the barrier height is significantly higher than the zero-point energy along the

tunneling mode.7,27,43 For malonaldehyde12 and tropolone, the deviations from experiment

are 16% and 10%, respectively, which is within the expected range. If the results are pertur-

batively corrected (∆DP
PC), they are within 2% to 3% for malonaldehyde11,47 and tropolone,

respectively. As such, contrary to earlier calculations52 that do not include perturbative

corrections, the present calculations yield the “right answer for the right reason”.

For PFD, however, the calculated splitting for H-transfer is roughly 50% larger than that

found in the experiments, even after the perturbative correction is applied. This is reminis-

cent of results for FAD43 for which ∆H
RPI = 0.014 cm−1 was found. The calculation compares

with measured splittings between 0.011 and 0.017 cm−1 3,33–35 (with 0.011 cm−1 from mi-

crowave spectroscopy35 probably being the most reliable value), which also differs by more
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than 20%. In search of possible explanations, additional calculations were carried out to

probe (i) limitations in the quantum chemical methods used (ii) PES representation errors

and (iii) limitations inherent in RPI theory and the perturbative correction.

Item (i) can be partly assessed by rescaling the action S with a more accurate estimation

of the instanton barrier height according to Snew = S ·
√
Enew

inst /Einst. The CCSD(T)/aug-cc-

pVQZ instanton barrier for PFD optimized on a representative TL-PES is Enew
B = 12.609 kcal/mol

and compares to a barrier of 12.222 kcal/mol on the TL-PES. Rescaling yields ∆RPI (∆PC) of

0.0132 (0.0117) cm−1 if cPC = 0.89 from ⟨TL3⟩ (see Table S8) is used. Although the results

are closer to the measurements, they still differ by more than 20% in particular for the lead-

ing order estimation. To put this into context, S−scaling was also applied to malonaldehyde.

Using a representative PES12 (Einst = 5.398 kcal/mol, ∆RPI = 24.2 cm−1, ∆PC = 22.0 cm−1)

and rescaling the action using Enew
inst = 5.608 kcal/mol from CCSD(T)/aug-cc-pVQZ calcu-

lations yields ∆RPI (∆PC) of 21.9 (19.8) cm−1. Comparing the results with experimental

measurements13 of 21.583 cm−1 this is a clear deterioration for ∆PC and shows that this

simple scaling approach can only be considered as a rough estimate of the error. While

inaccuracies in the level of theory cannot be ruled out completely, the errors for PFD remain

significantly higher than for, e.g., malonaldehyde.

For point (ii) - deficiencies in representing the PES - it is noted that PhysNet was used

with the same hyperparameters for both tropolone and PFD. Training on MP2 reference

data yields comparable test set errors MAE(E)/MAE(F ) of 0.067/0.069 kcal/mol(/Å) for

tropolone and 0.034/0.133 kcal/mol(/Å) for PFD (see Table 1). Hence, it appears unlikely

that representation errors lead to larger deviations in the tunneling splittings only for PFD.

The quality of the PES is also influenced by the choice of structures included. Although

the structures for both tropolone and PFD were chosen following the same procedure and

although ∆RPI is converged, it cannot be ruled out that due to the soft intermolecular modes
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present in PFD, additional sampling is required. To assess this, scans of representative soft

modes and their comparison with ab initio CCSD(T) energies are given in Figures S5 and

S6 for PFD, which show good agreement.

Finally, computed tunneling splittings can be influenced by the semiclassical approximations

underlying RPI theory, see point (iii). Given the excellent agreement between computa-

tions and experiment for malonaldehyde and tropolone and the inferior performance for the

hydrogen-bonded dimer PFD, supplementary calculations were performed for FAD. Using

a CCSD(T)/aug-cc-pVTZ level of theory PES for FAD66 and supplementing it with 667

additional structures along and around the instanton path yields ∆DP
RPI = 0.0158 cm−1 and

∆DP
PC = 0.0186 cm−1. Again and similar to PFD, this is consistently higher than the measured

value of 0.011 cm−1. Given that the soft modes are well captured by the PES (a comparison

of the PhysNet energies with their ab initio CCSD(T) energies is given in Figure S7) it seems

likely that RPI theory faces challenges when applied to H-bonded dimers, for example, due

to strongly anharmonic out-of-plane modes. This hypothesis can be tested in future work

using non-perturbative approaches such as PIMD to calculate the tunneling splittings for a

given PES.61

3 Conclusion

The present work demonstrates that combining state-of-the-art electronic structure and ma-

chine learning techniques with RPI theory yields H- and D-transfer tunneling splittings in

very good agreement with experiments. The calculations for tropolone are the most accu-

rate to date due to the high-quality PES and because they include a perturbative correction,

leading to the “right answer for the right reason.” In contrast, the best previous calculation

of 0.92 cm−1, which was carried out without these corrections, probably benefited somewhat
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from cancellation of errors (i) incurred by the instanton approximation, and (ii) arising from

the fragmentation scheme for obtaining a near-CCSD(T) quality PES.52 Key to the success

in the present work is the combination of transfer learning12 and including the perturbative

correction to RPI.11 Importantly, brute-force calculation of the required number of reference

data (energies and forces) at the CCSD(T) level of theory for training a machine learning

PES is unfeasible at present and for the foreseeable future. Likewise, the Gaussian Process

Regression instanton approach67,68 would probably also not be possible as it requires com-

putation of a few Hessians at the CCSD(T) level.

Given the excellent performance of TL combined with RPI theory and perturbative correc-

tions for tunneling splittings of intramolecular H-transfer (malonaldehyde and tropolone)

it is anticipated that the methods used in the present work can also be used to quantita-

tively predict tunneling splittings for similar systems. This is particularly relevant because

experimental information is only available for a handful of systems3,13,14,34,69–75 and reliable

predictions facilitate exploration of as of now uncharacterized systems. In a yet broader

context, together with complementary experimental information such as vibrational spec-

troscopic data, tunneling splittings provide valuable information to characterize the PES

around and away from the minimum energy structure for further refinements, for example

by using “morphing” techniques.76,77

The strategy followed here is generic and applicable to molecules for which a few dozen very

expensive ab initio calculations for judiciously chosen geometries can be carried out. Appli-

cation to yet larger molecules necessitates advancements in either hardware capabilities or

electronic structure theory. Concerning the latter, considerable effort is put into developing

linear scaling CCSD(T) methods, which are becoming competitive alternatives for accurate

computations of molecules exceeding 30 atoms.78,79 Alternatively, similarly to the GEMS

approach,80 machine learning PESs can be built from molecular fragments that allow the
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generation of ab initio reference data at higher levels of theory. Since these approximate

methods are inherently difficult to test, the framework and predictions for, e.g., tropolone

provided here serve as a valuable benchmark for future applications. Finally, the present

approach - with suitable adaptations in the data selection procedure - can also be applied

to other observables that are computationally expensive to determine (e.g., quantum bound

states of molecules or scattering cross sections) or be combined with other quantum dynam-

ics methods including wavepacket propagation or PIMD simulations.
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1 Computational Methods

In the following, the RPI method to calculate tunneling splittings is introduced, followed by

a detailed overview of the construction of the low-level (LL) and high-level (HL) PESs using

PhysNet.81

1.1 Ring-Polymer Instanton Theory

The RPI method offers a semiclassical approximation for computing tunneling splittings in

molecular systems.7–9,43 In a one-dimensional model, instanton theory is strongly related to

the WKB approximation.82 Its main advantage, however, is that it can also be applied to

multidimensional systems, in which it locates the optimal tunneling pathway.10 This pathway,

known as the instanton, is defined as an imaginary-time τ → ∞ path connecting two degen-

erate wells which minimizes the action, S. In computations, the path is constructed by using

an efficient ring-polymer optimization based on discretizing the path into N ring-polymer

beads and taking the limit N → ∞ (typically N ∼ 1000 is sufficient for convergence). The

potential UN of a ring-polymer is given by

UN(x; β) =
N∑
i=1

V (xi) +
1

2(βNℏ)2

N∑
i=1

(xi+1 − xi)
2 ≡ S(x)

βNℏ
(1)

with x = (x1, . . . ,xN) being the mass-scaled coordinates of the beads, β = 1
kbT

and

βN = β/N . The first term in Equation 1 corresponds to the sum over all single bead

S18



potentials and the second term represents the harmonic springs with frequency 1/(βNℏ)

that connect the different beads. As the potential UN and the action S are related by di-

vision with (βNℏ), S is determined by the distance between neighbouring beads as well as

the potential energy of each bead. Therefore, the action S contains information along the

instanton path (IP). A detailed description of the method is provided, e.g., in References 7

and 8.

Once the IP has been located, fluctuations around the path are computed to second order

and the information is combined into the term Φ, i.e., this is based on information around

the IP. This requires Hessians at each of the beads. The prediction for the leading order

tunneling splitting (in a double-well system) is

∆RPI =
2ℏ
Φ

√
S

2πℏ
e−S/ℏ. (2)

Because S appears in the exponent it is particularly important to determine this quantity

with high accuracy. A limitation of the RPI method for determining tunneling splittings

is that fluctuations around the instanton are treated harmonically (i.e., the Hessians enter

via Φ). To a good approximation, it is expected that this captures the dominant tunneling

contribution, except for cases in which anharmonic effects perpendicular to the instanton are

significant or where the barrier is low. For this reason, Richardson and coworkers recently

developed a perturbatively corrected RPI theory,11 that accounts for additional anharmonic-

ity by including information from the third and fourth derivatives of the potential along the

instanton. The tunneling splitting obtained from perturbatively corrected RPI theory is

denoted as ∆PC in the following, which, in practice is obtained from scaling ∆RPI with a

correction factor cPC following ∆PC = cPC · ∆RPI.

All leading order splitting calculations in the present work were carried out with N = 4096
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beads and at an effective temperature of Teff = ℏ/kBτ = 25 K. The numerical convergence

of the leading order tunneling splittings is reported in Tables S3(a) and S6(a). The pertur-

batively corrected instanton calculations were carried out at Teff = 50 K and with N = 512

beads. The convergence sets are reported in Tables S3(b) and S6(b) and show that cPC

converges significantly more rapidly than the leading order term.

1.2 Low-Level PESs

The data generation to construct PESs for tropolone and PFD (including minima and transi-

tion states (TS) for hydrogen transfer) followed similar strategies. While for tropolone sam-

pling two conformers and the corresponding TSs was sufficient, the PES for PFD involves

multiple conformational substates and dissociation products including cis- and trans-formic

acid, cis- and trans-propiolic acid. The conformations and their relative energies for both

systems are illustrated in Figures S2 and S3. Including monomers and dissociation products

for PFD is not anticipated to improve the tunneling splitting accuracy. However, accounting

for these states is essential for a global PES and desirable future investigations.

First, normal mode vectors and force constants for all vibrations were obtained at the

MP2/aug-cc-pVDZ level of theory using Gaussian.83 This information was used to carry

out normal mode sampling84 at temperatures T = [100, 300, 500, 100, 1500, 2000] K to yield

13000 and 15000 structures for tropolone and PFD, respectively. For tropolone 22 additional

structures were obtained along the CH-stretching mode to give a total of 13022 structures.

For PFD additional structures were generated by running NV T MD simulations at 1000 K

for cis- and trans-formic acid, cis- and trans-propiolic acid and PFD (9000 structures in

total) using the semiempirical GFN2-xTB method85 as available in the atomic simulation

environment.86 The region around the TS as well as the non-hydrogen bonded complex of the

monomers (van der Waals complex) constituting PFD were sampled using a biasing harmonic

potential to control structural sampling (7000 structures in total). Thus, the initial data set
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contained 31000 structures for PFD and corresponding monomers. For all these structures,

energies, forces and dipole moments were determined at the MP2/cc-pVTZ level of theory

using MOLPRO.87 For both systems two independent PhysNet models were trained.

The PES pairs were used to carry out adaptive sampling simulations.88 For tropolone these

were two rounds of (NV T ) simulations at 1000 and 2000 K, respectively. For PFD adaptive

sampling was run at 1000 K for the six stationary points on the PES (see Figure S3) and

the van der Waals complex of the (trans-) formic acid and propiolic acid monomers. Struc-

tures were saved if the predictions of the two PESs differed by more than 0.5 kcal/mol. All

adaptive sampling MD simulations were carried out using the Langevin scheme with a time

step of 0.1 fs as implemented in ASE.86 This resulted in an additional 5619 structures for

tropolone and 9013 structures for PFD (most of which cover the van der Waals complex,

i.e., 6300), respectively.

For both systems (tropolone and PFD with substates) the configurational space of the PES

was further sampled using diffusion Monte Carlo simulations (DMC),62 from which 1356

structures were extracted for tropolone whereas for PFD 277 additional structures were ob-

tained. All DMC simulations employ a GPU implementation of the DMC algorithm for

PhysNet and were run with 300 walkers, a step size of 5 a.u. and for a total of 60000 steps.

Unphysical structures were detected and added to the training dataset if the predicted en-

ergy was lower than the energy of the minimum energy structure.

Finally, for both systems two independent PESs were retrained based on a total of 19997

structures for tropolone and 40290 structures for PFD. Using the two PES pairs another

round of adaptive sampling and DMC simulations was carried out. However, no further

deficient structures were detected.
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1.3 High-Level PESs / Data Selection Procedure

It has been recently demonstrated that transfer learning a LL-PES to a higher level of

electronic structure theory can be accomplished efficiently by judiciously choosing reference

structures for which computationally expensive HL energies, forces and dipole moments are

determined.12 This was shown for malonaldehyde and it was found that transfer learning

using 25 to 100 algorithmically selected structures and corresponding CCSD(T) data per-

forms on par with a PES that was transfer-learned using ∼ 900 structures. Following the

road-map towards high-level of theory PESs presented in Reference 12, high-level informa-

tion was chosen for tropolone and PFD. Figure S1 illustrates the data selection procedure for

tropolone, which, however, is representative for both systems. Note that it is not necessary

to sample both potential wells since PhysNet handles molecular symmetry by construction.

1. The MEP (black dash-dotted) and the IP (black dashed) are determined on the LL-

PES. From these, a total of six structures (brown rectangles), including the minimum

structure, the TS structure, the structure of the IP that has the highest potential

energy (i.e., at q = 0) and three additional structures that are evenly distributed are

manually selected.

2. Without additional a priori information it is advantageous to generate an initial pool

of structures, that sample all relevant regions of the PES, to select from (note that at

this stage no ab initio calculations are performed - the structures are sampled using

MD, normal mode sampling on the low-level PES or are available as part of the LL-

PES reference data). The coverage of the ”structure pool” from which appropriate

structures are selected is shown in Figure S1. Structures are selected from the pool

such that their structural RMSD is maximized with respect to the existing set of six

structures. These 19 structures are illustrated as salmon rectangles in Figure 2.

3. The 25 structures selected above (rectangles) form the data set for the first TL, which
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is referred to as TL0 in the following. For these, CCSD(T) energies, forces and dipole

moments are calculated using MOLPRO, which are used to transfer-learn the NN.

4. Next, the MEP (purple dash-dotted) and the IP (purple dashed) are determined on the

TL0 PES. From these, a total of five structures including the new minimum structure,

the new TS structure and the new structure of the IP that has the highest potential

energy and two evenly distributed structures are manually selected.

5. The five structures above are augmented with 20 structures that are chosen with active

learning (i.e., two independent TL PESs are used to predict the pool of structures and

the structures with the highest ∆E are selected).

6. For the 25 structures selected above (green open circles), CCSD(T) energies, forces and

dipole moments are calculated using MOLPRO. They, together with the 25 structures

from TL0 form the data set for TL1. The LL-PES is transfer-learned with the 50

structures selected above (circles and rectangles).

7. The MEP and the IP are determined on the TL1 PES (not shown in Figure 2 because

they are the same as for the TL0 PES). If the minimum structure, the TS structure and

the IP structure with the highest potential energy differ from the structures selected in

the previous iteration, then they are selected again. This was not found to be necessary

here.

8. Active learning is again employed to select the N (here N = 50) structures with the

highest ∆E form the pool.

9. For the N structures selected above (yellow × symbols), CCSD(T) energies, forces and

dipole moments are calculated using MOLPRO. They, together with the 50 structures

from TL1, form the data set for TL2.

10. Repeat steps 7. to 9. until the observable(s) of interest converge. This closes the loop

of the recommended procedure to obtain spectroscopically accurate PESs.
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Figure S1: Data sets used for TL projected onto a 2D cut through the final TL PES for
tropolone spanned by the O–O distance and the reaction coordinate q = rOAH − rOBH. The
MEPs (IPs) on the low-level and TL PES are shown as dash-dotted (dashed) lines in black
and purple, respectively. The + signs mark stationary points on the low-level and TL PES
in black and purple, respectively. The TL data set is iteratively extended based on the
performance of the TL PESs. Each TL data set is illustrated by a different marker, with the
rectangles (brown and salmon) representing the structures employed in the first TL (TL1),
the open circles (green) are used to extend the data used in TL1 and for the data set for TL2

and the crosses (yellow × symbols) complement the structures used in TL2 and for the data
set for TL3. The grey symbols illustrate the coverage of the ”structure pool” from which
appropriate structures are selected.

The procedure outlined above proved to be effective but may need to be adapted for other

systems, e.g. selecting a smaller or larger number of structures in each iteration. The TL

data sets for tropolone contained 25/50/100 structures for TL0/TL1/TL2, while for PFD a

fourth TL was carried out to correct the PES in the dissociation limit of the two monomers.

Thus, the TL data sets for PFD contained 25/50/100/(106 PFD + 300 monomer structures)

for TL0/TL1/TL2/TL3. Due to the rather limited data set sizes, TL was repeated ten times
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using different data splits for each system and TL data set size.

In the present case and on the computers used, the determination of ab initio energy/force/dipole

moment for a single structure takes roughly 50 h for tropolone and 100 h for PFD. The high-

level ab initio calculations were performed at CCSD(T) level with aug-cc-pVTZ basis set

for PFD while for tropolone a slightly smaller basis set was used (aug-cc-pVTZ basis on the

atoms that are involved in the hydrogen transfer reaction (i.e., transferring H-atom and both

O-atoms), while cc-pVTZ basis sets represent the rest of the molecule.) This was necessary

because of the enormous memory requirements of such calculations.
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2 Results

2.1 Low-level PES

Figure S2: Schematic of the LL-PES for tropolone covering all configurations. The energies
in brackets correspond to ab initio values.
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Figure S3: Schematic of the LL-PES for PFD covering all configurations. The energies in
brackets correspond to ab initio values. The energies correspond to atomization energies (i.e.,
the atomic energies have been subtracted) and the energy of the minimum dimer structure
serves as reference.
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Figure S4: Performance of the LL-PESs on a hold-out test set for tropolone and PFD con-
taining roughly 2000 and 4000 samples, respectively. Here, ∆ = ERef.−EPhysNet and contains
all but a single outlier from the PFD model (that has ∆ ≈ 8 kcal/mol at -200 kcal/mol)
which was omitted for better visibility of the absolute errors. The outlier structure exhibits
a very distorted configuration and is typically generated at an early stage of the adaptive
sampling when the global PES is still insufficiently sampled. The tropolone data set covers
both conformers while the data set for PFD contains the dimer, and both monomers in cis-
and trans-conformations. PFD, propiolic acid and formic acid configurations are represented
by the point clouds at −1200, −700 and −500 kcal/mol, respectively.
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Table S1: Harmonic frequencies for tropolone at the global minimum and the TS
structure as calculated from the PhysNet PES and at the MP2/cc-pVTZ level
of theory.

Min TS

Mode PhysNet MP2 PhysNet MP2

1 116.4 115.2 1223.0i 1225.5i
2 183.0 179.4 155.4 153.0
3 352.0 352.2 180.6 177.5
4 366.0 366.2 362.2 361.5
5 375.0 371.8 390.8 387.2
6 399.2 395.3 400.5 399.9
7 443.1 442.8 409.4 408.9
8 546.5 546.9 565.2 565.3
9 581.2 578.8 588.4 583.4

10 701.1 701.6 716.2 716.8
11 723.7 722.0 745.3 745.5
12 752.6 753.4 749.2 748.0
13 770.3 767.2 761.6 760.2
14 850.4 850.0 772.0 773.0
15 872.9 872.4 867.0 866.0
16 889.4 890.0 886.7 887.1
17 937.0 940.4 941.7 945.9
18 978.2 979.3 978.8 979.3
19 984.7 983.1 994.1 990.4
20 1005.6 1004.8 994.7 995.7
21 1080.8 1081.9 1103.8 1104.3
22 1236.8 1238.1 1241.0 1242.3
23 1243.4 1243.7 1244.5 1244.5
24 1277.9 1278.6 1265.1 1266.3
25 1331.3 1331.9 1296.8 1297.3
26 1357.3 1357.7 1411.1 1411.3
27 1448.9 1448.9 1418.7 1419.1
28 1473.4 1474.0 1459.2 1459.0
29 1526.7 1526.4 1506.5 1506.2
30 1581.6 1580.7 1584.5 1584.6
31 1617.1 1617.6 1634.5 1635.0
32 1646.1 1645.6 1690.2 1690.2
33 1693.3 1693.3 1749.5 1748.7
34 3183.3 3183.8 2101.0 2100.9
35 3192.7 3193.4 3184.7 3184.3
36 3207.9 3208.7 3191.1 3191.1
37 3210.3 3211.3 3212.3 3212.4
38 3221.9 3221.9 3215.4 3215.2
39 3302.0 3302.0 3221.3 3221.3
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Table S2: Harmonic frequencies for PFD at the global minimum and the TS
structure as calculated from the PhysNet PES and at the MP2/cc-pVTZ level
of theory.

Min TS

Mode PhysNet MP2 PhysNet MP2

1 52.3 52.5 1244.4i 1242.2i
2 73.9 73.9 71.0 71.3
3 116.7 117.0 74.8 74.7
4 176.2 175.9 130.5 130.6
5 205.9 205.6 239.0 239.1
6 223.7 224.4 255.2 255.9
7 270.8 271.1 297.1 297.0
8 283.2 283.9 414.7 414.3
9 573.5 573.4 481.2 481.7

10 607.1 607.4 666.7 667.8
11 670.3 671.1 671.3 671.7
12 673.0 673.0 690.3 690.5
13 704.9 704.7 699.0 698.7
14 773.6 773.8 763.0 763.0
15 876.7 876.6 787.0 787.7
16 976.6 977.3 924.9 924.7
17 1005.2 1006.0 1090.4 1090.8
18 1109.7 1109.8 1323.1 1323.3
19 1269.7 1269.6 1355.3 1354.7
20 1323.5 1323.4 1363.2 1363.6
21 1418.8 1418.7 1421.5 1421.7
22 1466.6 1466.5 1425.5 1425.6
23 1504.9 1505.1 1465.9 1465.7
24 1715.1 1715.5 1586.9 1587.0
25 1779.8 1779.4 1697.4 1697.3
26 2157.8 2158.0 1743.4 1742.8
27 3095.7 3097.4 1780.4 1780.8
28 3136.1 3135.7 2160.6 2161.3
29 3236.5 3237.4 3152.9 3152.6
30 3493.9 3494.3 3493.9 3494.7
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2.2 High-Level PES
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Figure S5: The dissociation of PFD predicted by PhysNet (TL2 and TL3) and compared to
ab initio CCSD(T) values. TL3 includes structures along the dimer dissociation to correct
the asymptotic behaviour. Clearly, TL3 captures this correctly.
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Figure S6: The low-frequency out-of-plane puckering mode of PFD predicted by PhysNet
(TL3) and compared to ab initio CCSD(T)/aug-cc-pVTZ values. Clearly, TL3 captures this
correctly.

S32



Figure S7: Comparison of PhysNet and direct CCSD(T) energies for structures along the
low-frequency modes of FAD. q = 0 corresponds to the (planar) optimized structure and for
increasing q the structure is further displaced along the corresponding normal modes.
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3 Convergence of the RPI Calculations

The section contains the convergence of the numerical results for tropolone and PFD, re-

spectively.

3.1 Tropolone

Table S3: Numerical convergence for hydrogen transfer in tropolone on a repre-
sentative double-precision TL PES.

T = ℏ/(kBτ)

N 50 K 25 K 12.5 K

128 0.984
256 1.057 0.967
512 1.078 1.042 0.950

1024 1.083 1.063 1.029
2048 1.084 1.068 1.051
4096 1.085 1.070 1.057

(a) Leading order tunneling splitting ∆DP
RPI

in cm−1.

T = ℏ/(kBτ)

N 50 K

128 0.946
256 0.912
512 0.912

(b) Perturbative correction factor cPC

(unitless).
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Table S4: Energy barriers EB (kcal/mol), leading order tunneling splittings ∆SP
RPI

(at T = 25 K and N = 4096 beads) given in cm−1, action S/ℏ, fluctuation factor
Φ in a.u. of time ℏ/Eh and perturbative correction factor cPC for tropolone and
deuterated tropolone determined from the single-precision TL2 PESs.

H D

TL#
2 EB ∆SP

RPI S/ℏ Φ ∆SP
RPI S/ℏ Φ

0 6.619 1.01 8.68 86.36 0.055 11.23 140.87
1 6.602 1.02 8.66 87.70 0.056 11.20 144.89
2 6.621 1.02 8.67 86.56 0.056 11.22 140.20
3 6.625 1.03 8.68 85.09 0.056 11.23 138.18
4 6.617 1.03 8.68 85.57 0.056 11.23 139.44
5 6.624 1.01 8.68 86.77 0.056 11.22 141.07
6 6.626 0.97 8.68 89.95 0.053 11.24 147.37
7 6.627 0.99 8.68 88.12 0.054 11.23 144.06
8 6.624 0.99 8.68 88.19 0.054 11.23 144.70
9 6.619 0.98 8.68 89.43 0.054 11.23 145.52

⟨TL2⟩ 6.620 1.01 8.68 87.37 0.055 11.23 142.63
σ 0.007 0.02 0.01 1.59 0.001 0.01 3.05

Table S5: Energy barriers EB (kcal/mol), leading order tunneling splittings ∆DP
RPI

(at T = 25 K and N = 4096 beads) given in cm−1, action S/ℏ, fluctuation factor
Φ in a.u. of time ℏ/Eh and perturbative correction factor cPC for tropolone and
deuterated tropolone determined from the double-precision TL2 PESs.

H D

TL#
2 EB ∆DP

RPI S/ℏ Φ cPC ∆DP
PC ∆DP

RPI S/ℏ Φ cPC ∆DP
PC

0 6.622 1.07 8.70 80.49 0.79 0.84 0.058 11.25 132.99 0.83 0.048
1 6.609 1.10 8.67 80.69 0.86 0.95 0.059 11.21 134.31 0.82 0.048
2 6.628 1.08 8.69 80.44 0.89 0.97 0.059 11.24 131.86 0.88 0.052
3 6.627 1.07 8.68 81.73 0.91 0.98 0.058 11.23 133.72 0.86 0.050
4 6.622 1.05 8.68 83.07 0.86 0.91 0.057 11.23 136.91 0.57 0.032
5 6.621 1.08 8.68 81.23 0.84 0.91 0.058 11.23 134.11 0.81 0.047
6 6.620 1.04 8.68 84.35 0.91 0.94 0.056 11.23 139.80 0.87 0.048
7 6.629 1.05 8.68 83.55 0.96 1.01 0.057 11.23 137.06 0.90 0.051
8 6.623 1.07 8.68 82.35 0.88 0.93 0.058 11.23 135.28 0.83 0.048
9 6.623 1.09 8.68 80.74 0.88 0.96 0.059 11.23 132.49 0.82 0.048

⟨TL2⟩ 6.622 1.07 8.68 81.86 0.88 0.94 0.058 11.23 134.85 0.82 0.047
σ 0.006 0.02 0.01 1.40 0.05 0.04 0.001 0.01 2.45 0.09 0.005
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3.2 PFD

Table S6: Numerical convergence for double hydrogen transfer in PFD on a
representative double-precision TL PES

T = ℏ/(kBτ)

N 50 K 25 K 12.5 K

128 0.016
256 0.019 0.013
512 0.020 0.015 0.013

1024 0.020 0.016 0.015
2048 0.020 0.016 0.016
4096 0.020 0.016 0.016

(a) Leading order tunneling splitting ∆DP
RPI

in cm−1.

T = ℏ/(kBτ)

N 50 K

128 0.86
256 0.82
512 0.82

(b) Perturbative correction factor cPC

(unitless).
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Table S7: Energy barriers EB (kcal/mol), leading order tunneling splittings ∆SP
RPI

(at T = 25 K and N = 4096 beads) given in cm−1, action S/ℏ, fluctuation factor Φ
in a.u. of time ℏ/Eh and perturbative correction factor cPC for PFD and doubly
deuterated PFD determined from the single-precision TL3 PESs.

H D

TL#
3 EB ∆SP

RPI S/ℏ Φ ∆SP
RPI S/ℏ Φ

0 7.762 0.0139 14.829 17.548 0.000228 18.151 42.827
1 7.760 0.0136 14.818 18.204 0.000226 18.134 43.852
2 7.765 0.0154 14.837 15.732 0.000254 18.158 38.162
3 7.762 0.0139 14.843 17.417 0.000229 18.161 42.280
4 7.760 0.0133 14.817 18.648 0.000222 18.132 44.876
5 7.767 0.0150 14.825 16.411 0.000248 18.144 39.727
6 7.758 0.0152 14.810 16.365 0.000252 18.126 39.757
7 7.759 0.0136 14.802 18.441 0.000228 18.117 44.267
8 7.758 0.0140 14.822 17.629 0.000232 18.139 42.686
9 7.754 0.0140 14.809 17.852 0.000232 18.124 43.249

⟨TL3⟩ 7.761 0.0142 14.821 17.425 0.000235 18.139 42.168
σ 0.004 0.0007 0.013 0.966 0.000012 0.015 2.218

Table S8: Energy barriers EB (kcal/mol), leading order tunneling splittings ∆DP
RPI

(at T = 25 K and N = 4096 beads) given in cm−1, action S/ℏ, fluctuation factor Φ
in a.u. of time ℏ/Eh and perturbative correction factor cPC for PFD and doubly
deuterated PFD determined from the double-precision TL3 PESs.

H D

TL#
3 EB ∆DP

RPI S/ℏ Φ cPC ∆DP
PC ∆DP

RPI S/ℏ Φ cPC ∆DP
PC

0 7.769 0.0162 14.884 14.292 0.91 0.0148 0.000266 18.213 34.557 0.82 0.000219
1 7.776 0.0157 14.903 14.502 0.91 0.0142 0.000258 18.233 34.999 0.82 0.000211
2 7.765 0.0171 14.895 13.444 0.85 0.0145 0.000278 18.223 32.732 0.79 0.000219
3 7.763 0.0162 14.875 14.463 0.99 0.0160 0.000267 18.199 34.914 0.86 0.000230
4 7.769 0.0153 14.884 15.135 0.98 0.0150 0.000252 18.210 36.637 0.86 0.000218
5 7.770 0.0171 14.899 13.368 0.78 0.0133 0.000279 18.228 32.531 0.71 0.000199
6 7.769 0.0164 14.897 13.930 0.82 0.0135 0.000269 18.225 33.810 0.76 0.000205
7 7.764 0.0169 14.871 13.932 0.94 0.0159 0.000273 18.195 34.257 0.85 0.000233
8 7.766 0.0171 14.880 13.613 0.83 0.0143 0.000278 18.206 33.357 0.77 0.000213
9 7.771 0.0170 14.880 13.701 0.91 0.0154 0.000274 18.209 33.747 0.82 0.000226

⟨TL3⟩ 7.768 0.0165 14.887 14.038 0.89 0.0147 0.000269 18.214 34.154 0.81 0.000217
σ 0.004 0.0006 0.011 0.556 0.07 0.0009 0.000009 0.013 1.211 0.05 0.000011
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3.3 FAD

Table S9: Numerical convergence for double hydrogen transfer in FAD on the
TL (double-precision) PES

T = ℏ/(kBτ)

N 50 K 25 K 12.5 K

128 0.0147
256 0.0175 0.0124
512 0.0184 0.0148 0.0124

1024 0.0186 0.0156 0.0148
2048 0.0187 0.0158 0.0155
4096 0.0187 0.0158 0.0157

(a) Leading order tunneling splitting ∆DP
RPI

in cm−1.

T = ℏ/(kBτ)

N 50 K 25 K

128 1.07
256 1.17 1.05
512 1.18 1.18

(b) Perturbative correction factor cPC

(unitless).
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