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A broad class of systems, including ecological, epidemiological, and sociological ones, are char-
acterized by populations of individuals assigned to specific categories, e.g., a chemical species, an
opinion, or an epidemic state, that are modeled as compartments. Because of interactions and in-
trinsic dynamics, the system units are allowed to change category, leading to concentrations varying
over time with complex behavior, typical of reaction-diffusion systems. While compartmental mod-
eling provides a powerful framework for studying the dynamics of such populations and describe
the spatiotemporal evolution of a system, it mostly relies on deterministic mean-field descriptions
to deal with systems with many degrees of freedom. Here, we propose a method to alleviate some of
the limitations of compartmental models by capitalizing on tools originating from quantum physics
to systematically reduce multidimensional systems to an effective one-dimensional representation.
Using this reduced system, we are able not only to investigate the mean-field dynamics and their
critical behavior, but we can additionally study stochastic representations that capture fundamen-
tal features of the system. We demonstrate the validity of our formalism by studying the critical

behavior of models widely adopted to study epidemic, ecological and economic systems.

I. INTRODUCTION

Complex systems consist of a multitude of intercon-
nected and interacting entities that form extensive net-
works, with typical examples ranging from chemical to
ecological and social ones [1-9]. To analyze their com-
plex behavior, often characterized by collective dynamics,
phase transitions, and other emergent phenomena, com-
partmental models are usually adopted. In this frame-
work, units of the system are categorized or stratified
into distinct species, states, or groups, referred to as
compartments. Then, the concentration of units in each
compartment is studied over time, taking into account
the change of species due to either unit-unit interactions
or spontaneous transitions into other compartments.

Compartmentalization facilitates the study of dynamic
behaviors and phase transitions in some order param-
eters as a function of control parameters that directly
depend on modeling assumptions and observables. For
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instance, in the case of an epidemic outbreak, it is possi-
ble to study how the steady-state density of infected in-
dividuals depends on the transmission rate of a pathogen
by means of social contacts and the recovery rate from
the corresponding disease [10-12] (see also Ref. [13] for
an extensive review). One of the most successful frame-
works to study the behavior of such epidemic systems, as
well as those consisting of multiple interconnected com-
partments, is based on the study of the next-generation
matrix, an indispensable tool to analyze the conditions
required to favor the emergence of active states where
epidemics dynamics is sustained and infection has the
potential to scale at system level [14, 15].

Despite its successes, compartmental modeling comes
with some limitations. For instance, the aforementioned
next-generation matrix formalism, while robust, offers a
limited scope in addressing the multitude of degrees of
freedom present in large-scale interconnected systems. In
fact, the presence of this constraint requires the introduc-
tion of simplifying assumptions and approximations, of-
ten in the form of deterministic mean-field equations, to
deal with the complexity inherent in these systems. Nev-
ertheless, these approximations can still be very powerful.
For example, in the case of complex networks with a het-
erogeneous degree distribution, it is possible to consider


mailto:giorgiovittorio.visco@phd.unipd.it
mailto:manlio.dedomenico@unipd.it
https://arxiv.org/abs/2404.11366v2

Chemical reaction network Doi-Peliti Dimension reduction Study of the phase transition
f(a) RM /(b) R2M () R2ZM—2m f(d) R2 ~

1st order E 2nd order T;S E

O nm = 2 g2l B =

= °g g2l &

12 = =

< g <> =1 ol Qi

S ' =l =0

= S
2 n2 =
17
ni
= control param. 7y

@ Compartments rfi / \ 7 g / \ Frozen \arlables \ ¢¢ global fixed point @ fixed point

FIG. 1. Dimension reduction of the mathematical description of chemical reaction networks and characterization
of their phase transitions. We transform chemical reaction networks consisting of M compartments (a), for which its
stochastic dynamics are described by the master equation (Eq. (1)), into a deterministic Hamiltonian system of dimension 2M
(Eq. (23)) using the Doi-Peliti formalism (b). Then, we introduce m constraints by “freezing” some compartments (Eq. (31))
in order to reduce the dimensions of the system (c). Using this reduced system, we can study phase transitions that the original
system exhibits by varying a control parameter 7, which determines the position of the fixed points in the phase portrait (d).
Here, the phase portraits (d, left and middle) are depicted at exactly the critical point . (d, right, dashed line), and the
obtained reduced dynamics are captured by the occupation number 7 and the noise variable 6 (see Eq. (21)). The shaded red
areas in (d) are the nonphysical regions, as they correspond to regions that cannot be attained — for example, occupation
numbers larger than the total population. The (global) fixed points are on the intersections of the trivial zero-energy lines
(black) and the nontrivial zero-energy lines (dashed purple). When the phase transition is a first-order transition, the order
parameter “jumps” to a nonzero value as the global fixed point changes abruptly (d, left). On the other hand, when the
transition is of second order, the order parameter changes continuously to nonzero values (d, middle).

classes of a specific degree and then study the dynamics calls the second quantization used in quantum field the-
of the overall system by means of the dynamics of such ory to apply the methods for studying quantum systems
classes. This approach leads to heterogeneous mean-field for the analysis of stochastic classical systems. One of

equations that allow one to model the collective behav- these methods is the path integral representation [24],
ior of a system more accurately than simple homogeneous that is particularly useful to go beyond the determin-
mean-field equations [16-18]. istic mean-field limit of a model, providing insight into

In fact, this approach shares commonalities with the its stochastic behavior. In the past years, attempts to
study of the broad class of reaction-diffusion processes to extend this formalism to systems with many degrees of
describe chemical reaction networks [19], where units are  freedom have been proposed [24-27], although providing
chemical species undergoing transitions due to chemical ~ general results remains challenging.

reactions or spontaneous transformations. This parallel Building upon these works, we develop a framework
is striking, and it is, therefore, natural to wonder if, and that describes multicompartment systems by reducing
under which conditions, it is possible to analyze popula- them to a one-dimensional effective model, showing how
tion dynamics of a variety of complex systems by means to map a CRN to a Hamiltonian problem (see Fig. 1).
of novel formalisms that overcome the inherent limita- This mapping allows us to characterize the critical be-
tions of the current ones. havior of the CRN through an elegant geometrical inter-

Chemical reaction networks, in general, have been ex- pretation. Furthermore, irrespectively of the presence, or
tensively studied using the Doi-Peliti formalism [20, 21], lack thereof, of phase transitions in the stochastic pro-
which offers a rich methodology to analyze stochastic cess of interest, our formalism provides a way to approx-
and deterministic dynamics beyond pure mean-field ap- imate its steady state with high accuracy even for sys-

proaches. However, while chemical reaction networks are tems where existing approaches cannot be readily used.
subject to strict constraints, such as the mass balance The idea of building on methods originating from quan-
of chemical elements [22, 23], this is not always the case tum physics to study complex networks, or vice versa,
for the general systems in which we are interested in this has proven successful in stretching the boundaries of sta-
work, where compartments can also be of heterogeneous tistical physics [28—-37]. Similarly, we foresee broad ap-
nature. Therefore, we anticipate that it will be necessary plications of our dimensionality reduction approach to
to adapt the Doi-Peliti formalism to deal with the variety study the critical behavior and the population dynamics
of cases of interest for network and complexity science. of multicompartment processes.
Accordingly, in the following, we will refer, in general, Before proceeding with the theoretical background, let
to chemical reaction networks (CRNs) to indicate such a  us take the opportunity here to summarize the main steps
broad spectrum of systems, from chemical to ecological  to characterize the phase transition of generic multicom-
and social ones. partment systems. A visual representation of the proce-
The dynamics of a CRN can be completely described dure is shown in Fig. 1. First, we map a generic CRN
by a master equation, and the Doi-Peliti formalism re- into a Hamiltonian problem. The corresponding Hamil-



tonian can be obtained directly from the master equation
of the original problem through the Doi-Peliti formalism
(Figs. la and 1b, Sections ITA and IIB). The second
step is to perform an effective dimension reduction of
the original problem by defining a reduced Hamiltonian
through a proper parametrization (Fig. 1¢). To facilitate
the analysis of the phase portrait, we apply a transfor-
mation that yields new variables with a clear physical
interpretation (Section IIE). Finally, we identify criti-
cal points within the phase portrait as locations where
multiple zero-energy lines of the reduced Hamiltonian
intersect, signaling qualitative changes in the system’s
dynamics, i.e. phase transitions. Then, the order of the
phase transition(s) can be determined by investigating
the zero-energy lines as function of the control param-
eter (Fig. 1d and Sect. IID). A schematic overview of
these steps, with additional details, is presented in Ta-
ble I. We stress that readers interested in the technical
details continue to Section II, while those interested in
the applications can proceed directly to Section III.

II. THEORETICAL BACKGROUND
A. Stochastic compartmental models

Many natural, biological and sociotechnical phenom-
ena are stochastic processes. Through a probabilistic
representation, one focuses on a macroscopic quantity
n whose dynamics is described by a distribution p(n, t)
that depends on the features of the system. Some ex-
amples include the spread of disease, where n represents
the number of infected individuals, or ecological systems,
where n describes species abundance. From a mathemat-
ical point of view, n is the output of a discrete random
variable, whereas p(n, t) is the probability of finding that
random variable with value n at time t. Generally, we
can take n as a discrete quantity. We will focus on ho-
mogeneous Markovian systems only and, therefore, the
dynamical behavior of the systems is governed by a mas-
ter equation

atp(nvt) = ZHnmp(mvt)a (1)

where the sum is evaluated over all possible states and
H,,., are the elements of a matrix defined by the system
interactions. This matrix can be written in terms of the
transition rates w(n|m) that represent the probability per
unit of time of transitioning from the state m to the state
n # m, that is,

Hym = w(nlm) — dpm Zw(m’|n), (2)

where 0y, is the Kronecker delta and w(n|n) = 0. This
compartmental representation is very flexible, and the
evolution of the system narrows down to keeping trace

of the number of elements that belong to each state-
compartment.

Now consider M to be the number of compartments
necessary to fully characterize a system. In this case,
n = (ny,...,np) is the (multidimensional) variable of
interest, with n; being the population, abundance, or
occupation number of its corresponding compartment 3.
For a generic system, M can be arbitrarily large, and
the interaction network very complex. For the sake of
simplicity, in this work we limit ourselves to the case of
well-mixed chemical reaction networks, given by (a set
of) transitions of the form

M M
S kA 2> 1B, (3)
i=1 i=1

reactions where k; and [; represent the stoichiometric co-
efficients for the chemical reactions [27], and A represents
the rate of a specific reaction. Note that these are mass-
action reactions, which means that the rates are propor-
tional to the population numbers.

In general, studying the time evolution and the crit-
ical behavior of generic CRNs in the form of Eq. (3) is
difficult. However, in what follows, we illustrate that our
proposed formalism will simplify such analyses by focus-
ing on the effective dynamics of a few compartments and
“freezing” all the others (Fig. 1). In its essence, we first
employ the Doi-Peliti formalism and its corresponding
path integral representation. Then, we take a Wentzel-
Kramers-Brillouin (WKB) approximation in order to ob-
tain a set of Hamilton’s equations, and we show that one
can freeze a specific set of compartments to obtain the
reduced dynamics. This scheme effectively reduces the
original problem of dimension M to a problem of dimen-
sion 2M — 2m, where m is the number of frozen com-
partments. It, furthermore, allows us to study the phase
transition geometrically, by looking at the intersections
of the zero-energy lines of the Hamiltonian in a phase
portrait. These intersections are the fixed points of the
reduced system, and we can readily identify the order of
the phase transition and the location of the critical point.
In certain cases, we are additionally able to approximate
with high accuracy the distribution of the order parame-
ter at stationarity, thus readily obtaining its fluctuations.
As such, our proposed formalism provides more informa-
tion on the system than a mean-field approach can of-
fer. An overview of the dimension reduction scheme and
the characterization of the phase transition(s) is depicted
in Fig. 1.

B. The Doi-Peliti formalism and the path integral
representation

The Doi-Peliti (DP) formalism has been introduced as
a means to tackle generic CRNs of the form provided
above (see, e.g., [20, 21]). Briefly, the formalism describes
the dynamics of a compartment using creation and anni-



hilation operators, which are denoted by a' and a, respec-
tively. Hence, analogously to the second quantization, an
element of the system can be created or destroyed as de-
fined by the transition rules encoded in the master equa-
tion. This approach has been extensively covered in the
literature (for detailed reviews, see Refs. [24, 38]). Note
that we adhere to the standard definitions employed by
others (e.g., [21, 24, 27, 39]). To this end, let us first
develop the usual path integral representation.

Let us introduce the bra-ket notation to describe the
state of a system, i.e.,

‘le>:‘n1,...,n]u>. (4)

The corresponding bra is given by the normalization con-
dition

M
(n|n') = Hnilénmé (5)
i=1

With this normalization condition, the creating and an-
nihilation operators are defined, respectively, by

allm)=n+TL), aln)=niln-T), (6)
where [; is the canonical vector with the i-th component
equal to 1 and all others zero. Thus, within the context
of compartmental models, a;( and a;, respectively, create
and annihilate an element belonging to compartment i,
and follow the usual bosonic commutation relations

lal, al] = [ai,a;] =0, [a;,al] = 3, (7)

where the commutator is defined as [a,b] = ab — ba. To
obtain a path integral representation, let us introduce the
generating function

G) = p(n,t)[n), (®)

and, by using Eq. (5), the probability distribution of at-
taining a specific state at time ¢ reads

(nlG) o
Thus, |G) fully determines the statistical behavior of the
system. By employing the master equation of Eq. (1),
we obtain a “Schrodinger-like” equation within the Doi-
Peliti representation, which reads

p(’m t) =

0, |G) = H|G), (10)

where
1
H :;T g 1) Hom (] (11)

is the Doi-Peliti Hamiltonian (DPH). For a generic CRN,
‘H can be written as a polynomial function of the creation
and annihilation operators (Appendix A).

4

To have an explicit expression of |G), it is necessary to
choose a basis for the Fock space. We work with

M
m) = [T, (12)
i=1

where © = (z1,...
tion, we have that

w-I@.

Under these bases, the path integral representation for
the generating function is given by [24]

,Zar). Using the normalization condi-

t) )
Q) = /[O Dle, ] e SEia+ T, moslogzo; (1)

where i is the imaginary unit, ng is the initial state of the
stochastic process, D[z, g] is a suitable measure [24, 39],
and § is the action of the system defined as

t
S[m’jq]:—/ dr Zinaij—f—H(w,iq) R (15)
0

J

where z; = z;(7) and ¢; = ¢;(7). Further details on the
derivation of the generating function and on the notation
are reported in Appendix B.

Within the path integral representation, the operators
a; and a; are replaced by two fields z;(7) and ig;(7).
They are linked to the occupation numbers n; through
the formal relation

igjzj = ny, (16)

which is derived from the definition of the number op-
erators N; = a;aj, where Nj|n) = n;|n). Note that,
despite handling Eq. (14) being generally difficult, we
show that in the case of chemical reactions we can use an
approximation similar to the WKB one. Doing this re-
duces the study of a stochastic process to a Hamiltonian
problem.

C. WKB approximation and stationary paths

The path integral representation is formally exact, but,
to obtain explicit results, one has to resort to approxi-
mations. Recently, it has been shown that the WKB
approximation for the study of stochastic systems is a
good candidate [26, 40-42]. In Appendix C, we show
that this approximation can be applied to CRNs such as
those in Eq. (3), thus greatly simplifying the path integral
representation. In brief, this approach is valid when the
system size (e.g., the total population) N > 1 and when
the transition rates between k reagents scale as N*~1.



When these assumptions hold, the generating function
|G) can be approximated as

|G) ~ exp(—§>7 (17)

where S is the action S evaluated over the solutions (Z, )
of the Hamilton equations

oz _ o o7 _ oM
o oq’ ot oz’

and H is the Doi-Peliti Hamiltonian (Eq. (11)). Although
this system of equations might appear complicated, it
actually represents a reduced description of the master
equation and, as we show, provides valuable informa-
tion about the dynamical and critical properties of the
stochastic process.

As we work with chemical reaction networks where the
WKB approximation applies, we consider only stationary
trajectories, i.e., those in which the system size N and
the time ¢ are sufficiently large. In Appendix D, we show
that (x,q) can be taken as real functions satisfying the
important relation

(18)

n; = ;q;. (19)

Note that this relation differs from Eq. (16). Indeed,
as is discussed in detail in Appendix D, we find that
by applying the WKB approximation and changing the
Fock space basis, we can substitute ig with a real field q,
thereby providing a more intuitive description.

It is possible to show that the trajectory =; = 1 is a
solution of Eq. (18) (Appendix A). This trajectory plays
an important role from a statistical point of view, as the
average value of n; is given by

)= 52| =3, (20)

=1

where we use Eq. (17). Thus, in the phase space, the
deterministic behavior of the system — that is to say,
the mean-field behavior — is contained on the mean-
field manifold * = 1. Put otherwise, * = 1 contains
all deterministic (mean-field) trajectories. As we illus-
trate in Section II D, this manifold is key in the analysis
of the critical behavior of CRNs.

To provide a more intuitive physical interpretation of
our variables, we employ the Cole-Hopf (CH) transfor-
mation [43], which reads
%, ig; = nje_iej. (21)
We stress that this transformation is a formal procedure,
since there are no real variables that satisfy such relation.
Yet, in doing so, we replace the field (x,iq) by (n,i6),
where 7); represents the population number n;. With this
transformation in place, the action S now becomes

_ i
Trj=¢€

t
S= [ dr |> i0;0-n; — H| +i6mo —i6n  (22)
to ]

5

where 7 is the Hamiltonian after applying the Cole-Hopf
transformation. As was done for (x,iq), in the stationary
limit we can replace (n,160) by the (real) solutions of

om  oH

ot 99’

ot on

which is the Hamiltonian system of Eq. (18) rewrit-
ten using the Cole-Hopf variables. With this change
of coordinates, the mean-field dynamics is recovered on
0 = 0. Note that the mean-field manifold = 1 and
0 = 0 are always solutions of Egs. (18) and (23), respec-
tively. Therefore, this manifold is a universal feature of
CRNs [44] (see also Appendix A). As such, the physical
interpretation of @ relates to the degree in which the dy-
namical behavior of the system is close to the determinis-
tic one. That is, 8 expresses the role of stochastic fluctu-
ations beyond the mean-field approximation. Therefore,
by studying the phase portrait of Egs. (23), we can in-
vestigate the time evolution by means of its attractors.
Moreover, we show that we can probe the role of fluctu-
ations (Section ITF).

As we work with systems wherein we can use the WKB
approximation (see Appendix D), we can replace the
fields (x,iq) with the real fields (x,q). Going forward,
to simplify notation, we drop the tilde and simply use
(z, q) to denote the real fields that are the stationary so-
lutions of Eq. (18) (and (7, @) their corresponding Cole-
Hopf variables admitting Eq. (23)), such that now we
have n; = z;¢;. In addition, in the following sections,
we freely alternate between the (&, g) representation and
the Cole-Hopf (n,0) one. Generally, the former tends
to be more suitable for analytic computations, while the
latter is often more convenient for visualizing the phase
portraits and for investigating the critical behavior.

D. Characterization of phase transitions under
general constraints

Following the ideas put forward in Ref. [25], we build
on the formalism presented so far to develop a mathe-
matical framework for the analysis of phase transitions.
Using our proposed formalism, we obtain a strategy for
studying the phase transitions of generic chemical reac-
tion networks.

We first write the Doi-Peliti Hamiltonian of the sys-
tem and use it to find the fixed points on the zero-energy
sets. When looking for the zero-energy sets, it is essential
to account for all possible constraints. Within the con-
text of CRNs, such constraints typically are related to
the conservation of the total number of elements. After
identifying and imposing the constraints, the dimension
of the system will be reduced to 2M — 2m, where m is
the number of constraints, yielding a reduced Hamilto-
nian H*. In Section ITE, we provide more details on how
to select the constraints and build the reduced Hamilto-
nian. Then, we consider the simplified dynamical system



(Eq. (18)) with H*, for which we define the Jacobian
relative to the reduced system as

_OH* oW
oxd 0qo
3 rdq  0q0q (24)
OH* OH*
Oxdx  Odxdq

We then look for the conditions that make the determi-
nant of J null, which occurs when J has at least one
null eigenvalue. Finally, we look for the parameter rela-
tions that characterize the phase transition. We assume
that our system always converges to a stationary state,
and we describe it by means of a nonequilibrium order
parameter @, which denotes the asymptotic density of a
specific compartment. If we take, without loss of gener-
ality, n; = N, then

(n1)
2y, (25)

p=1— lim

For instance, in the context of an epidemiological CRN,
we would assume that, when an outbreak of a new disease
is about to occur, the number of susceptible individuals in
a population is very large, ng ~ N. Then, our framework
allows us to study the dynamics and the critical behavior
of the system when a small number of infected individuals
is introduced in the populations. By varying the (control)
parameters near the critical point(s), we can determine
whether there is a first- or second-order phase transition,
as we describe below. As we are interested in the large
time behavior, we consider only the null eigenvalue of the
Hamiltonian system; that is, we focus our attention on
the zero-energy sets where
H*=0  (or H*=0) (26)

Within the WKB approximation regime, we can study
the topology of these sets to obtain information about
the system at large times. Here, by topology, we mean
the trajectories on the phase portrait related to H*. The
fixed points of the Hamiltonian system on the level set
H* = 0 play an important role, since they are related
to the stable and the unstable manifolds that determine
the evolution of the system [45]. In particular, the dy-
namics converges at the hyperbolic fixed point on the
stable manifold, and diverges from it on the unstable
one. Therefore, when modifying the control parameters,
such as the transition rates, the configuration of the fixed
points can change. As a result, the dynamics of the sys-
tem will strongly vary as its attractors are modified, sug-
gesting the presence of phase transitions. Recall that
x = 1 is the mean-field manifold for which H* = 0 and,
thus, represents the mean-field dynamics (see Eq. (20)).
By studying the fixed points on this manifold, we recover
the mean-field phase transitions. Moreover, by analyzing
the topology of the stable and unstable manifold, we are
able to characterize these transitions [25] (see also Fig. 1
and Section III). If new global attractors suddenly ap-
pear when the control parameters are modified, then the

dynamics of the system radically changes and, thus, the
system admits a first-order phase transition. If new at-
tractors do not appear and the positions of the existing
ones change continuously, the system instead displays a
second-order phase transition.

We stress that we consider systems that have absorbing
states; hence, they are out of equilibrium and cannot be
treated using the standard tools of equilibrium statistical
mechanics. The nonequilibrium properties, however, can
be addressed by leveraging the Doi-Peliti mapping to the
Hamiltonian representation.

The considered constraints that helped us reduce the
system dimension need to be taken into account in the
description of the phase transitions. We represent these
by an equation of the form C = C(x, q), where C is now
an m-dimensional vector. Assuming that the implicit
function theorem holds, we can find a function @ such
that, for m components of q, we have

(@15 3Gm) = Q(@m+t1s---sq0m, X1, 20, C)  (27)
Furthermore, constraints represent first integrals of the
Hamiltonian system. By substituting Eq. (27) into H, we
obtain a Hamiltonian that is independent of these vari-
ables; therefore, the time derivatives of the correspond-
ing conjugate coordinates (x1,...,Z,,) are all zero, and,
thus, we can let ; = 1 for all ¢ = 1,...,m. Each con-
straint reduces the dimension of the system by 2, project-
ing the DPH onto a new, reduced Hamiltonian H* that
depends on 2M — 2m variables. Under these premises,
the system reads

Oz, H* =0, 0q, H* =0, (28)
with the constraints
zj =1, det(J) =0, (29)

where J the Jacobian depends on « and q (see Eq. (24)).
By treating the coefficients of the transition rates as vari-
ables, the system of Eq. (28) gives us the critical points
for possible phase transitions. In the same way, we can
build this system by using the Cole-Hopf coordinates.
A more technical discussion of how to use a Hamiltonian
representation to study CRN phase transitions, including
conservation quantities and bias, is explored in Ref. [46].

The approach presented so far is a generalization of
the results discussed in Ref. [25] to multicompartment
systems that include m constraints. In order to exploit
these results and apply the framework to arbitrary multi-
dimensional CRNs, we first need to find a way to system-
atically identify these constraints. In the next section, we
present our novel method for finding m = M — 1 conser-
vation laws, thus reducing the system’s dimension to a
single effective degree of freedom that focuses solely on
the order parameter.



E. Dimension reduction

Dynamical models with many components are com-
mon, and their characterization as Hamiltonian systems
can be complicated. Moreover, only in the case of single-
compartment systems, are we able to find a graphical
visualization of the level sets with the tools presented so
far. In the previous section, we have observed that the
presence of first integrals helps simplify multicompart-
ment systems. We employ this property to build our own
dimension reduction method, which is based on using
the deterministic equations as first integrals to effectively
“freeze” the degrees of freedom that are not inherent to
the order parameter (Fig. 1). Within this context, freez-
ing a variable (or compartment) is equivalent to saying
that one constrains this variable to live on the mean-field
manifold where z; = 1 (or 6; = 0; see Eq. (20)). Using
this approach, we obtain an effective, or reduced, Hamil-
tonian H* that captures the fundamental features of the
system.

To show this, let us initially consider a Hamiltonian H
of a general process. The deterministic trajectories are

O (ni) = fi((n1), ..., (nar)), (30)

where f; are functions of the occupation numbers ob-
tained as the solutions of the Hamilton’s equations by
setting ; = 1 and ¢; = (n;) for all j # 4. Since we as-
sume that a steady state is asymptotically reached when
t — oo, this set of equations admits the solution for
0¢(n;) = 0. Without loss of generality, we focus on the
first compartment. Then, for large ¢, we rewrite the pre-
vious system as

9¢(n1)y = fr({n1), ..., (nar)) (31a)
Oy({n;) =0 (31b)
meaning that now f;((ni1),...,(na)) = 0 for all j > 1.

That is to say, all compartments but the first (i.e., the one
related to the order parameter) are frozen, again meaning
that z; = 1 (see above, and see Fig. 1 and Eq. (20)). In
doing so, we are imposing constraints on the average val-
ues of the occupation numbers, from which we derive the
set of first integrals. We stress again that imposing these
constraints is equivalent to saying that all compartments
but the one related to the order parameter are confined
to the mean-field manifold where z; = 1. Hence, the dy-
namics of all these compartments can be described as a
function of ny and, therefore, letting n, converge to its
steady state means that all other compartments simulta-
neously converge to their steady state as well.

Further physical insights can be gained by studying
what occurs near this limit. Let x; and g; be the only
variables related to the order parameter, while all the
other degrees of freedom are frozen. From an analytic
point of view, using Egs. (31) we can rewrite ¢; for all
j > 1 as functions of ¢; and x;. Although this is not al-
ways possible, we show that we can add a suitable transi-
tion rate to make Eqs. (31) solvable without altering the

critical environment (see Appendix E for more details).
In other words, we can define a parametrization A such
that

A(.T1,(]1) = {zlamj = 1aQ17Qj = Qj($17Q1)}7 (32)

where j > 1, and recall that z; =1 and ¢; = Q;(z1,¢1)
with @, as defined in Eq. (27). By applying this
parametrization to the original DPH, we obtain the re-
duced Hamiltonian, which, thus, reads

H*=HoA (33)
where o is the composition operator, i.e., we have

H* = H(.’E17.’17j = 17%7%‘ = Qj(xhql)) (34)

and, thus, H* depends only on z; and ¢;. Since the
generating function is defined in terms of the (z,q)-
coordinates, it is natural to employ this notation to repre-
sent the parametrizations and the reduced Hamiltonian.
We then proceed with the Cole-Hopf transformation to
obtain a more transparent physical interpretation.

In some cases, the solutions of Eq. (31) can yield dif-
ferent parametrizations. These may represent different
states of the system, where the corresponding reduced
Hamiltonians have different hyperbolic fixed points. To
construct the correct Hamiltonian, we can investigate
the stability of the fixed points of the full problem, and
choose the parametrization such that H* has the same at-
tractor(s) as the complete system. More specifically, we
select as a domain of the parametrization A the one corre-
sponding to the set of parameters for which the equilibria
of the full system are recovered. If, for a point in the pa-
rameter space, two parametrizations yield the same equi-
librium, then this point is generally a critical point. In
fact, if varying the system’s parameters leads to the same
stationary states for different parametrizations, it is im-
plied that there is a superposition of distinct fixed points.
As previously discussed in Section IID, this indicates
that a phase transition occurs. Since for many systems
we have a number m of conservation laws, the dimension
of the problem is reduced by 2m. We have extra degrees
of freedom, since we can derive different parametrizations
A depending on the first integrals that we are choosing
when deriving an effective one-dimensional system. This
selection is not entirely arbitrary. In fact, we must ensure
that the set of stationary equations and the conservation
laws admit a non-null solution (for a more detailed dis-
cussion, see Section IITC). Once the unusable stationary
equations are discarded, we find a degeneration of possi-
ble parametrizations and reduced Hamiltonians.

Even if the dimension reduction of some CRNs admits
several parametrizations, we highlight that this fact does
not change the deterministic description. Despite the
multiplicity of reduced Hamiltonians H*, if the corre-
sponding A satisfies the condition discussed above, the
fixed points and the asymptotic behavior of the sys-
tem do not vary. From a stochastic point of view (see
also Section ITF below), we obtain different Langevin



and Fokker-Planck equations for each parametrization.
This means that the stochastic information that we get is
related to the conditional probability p(ni|na,...,na),
which we are taking as an approximation for p(n;) in
the stationary limit. Different parametrizations lead to
different constraints and, thus, to different conditional
probabilities.

Remarkably, once the parametrization degeneracy is
overcome, our dimension reduction scheme proves to be
a useful way to describe the stochastic behavior of a large
variety of models. Using this, we are indeed able to prop-
erly characterize both the order parameter of the phase
transition via the mean value of the population of a sin-
gle compartment (Eq. (25)), and its fluctuations. As we
discuss in the next section, under some assumptions, we
are able to approximate the distribution p(n;) incredibly
well, meaning that all its moments are accessible. On the
other hand, when the parametrization degeneracy cannot
be settled, higher moments of the occupation number ny
are not properly captured and additional assumptions
must be made. The physical intuition behind this is that,
when the dimensions are reduced, we fix not only the av-
erage but also the noise of all degrees of freedom other
than the order parameter by setting z; = 1 (or, ; = 0),
and, thus, some information is unavoidably, and perhaps
unexpectedly, lost.

Finally, we remark that the dimension reduction is not
able to describe the transient dynamics of the systems,
as it describes only its stationary limit. However, as we
show, it remains very useful for the study of critical be-
haviors.

F. Fokker-Planck and Langevin representations

Now that we have illustrated our dimension reduction
scheme, let us illustrate how it can be applied to ob-
tain reduced Fokker-Planck and Langevin descriptions
of the dynamics. We apply the largest possible dimen-
sion reduction m = M — 1. That is to say, we freeze all
but a single compartment related to the order parameter.
Then, recall that the reduced Hamiltonian H* defines a
Hamilton system in the Cole-Hopf variables. These vari-
ables allow us to represent the fluctuations around the
mean-field dynamics bZ means of 8. We have seen that
the first derivative of H* with respect to 8 evaluated on
the mean-field manifold describes the mean-field dynam-
ics of the reduced system. Next, we show that its second
derivative allows us to capture the systems’ fluctuations
(see also Refs. [24, 27]).

When the populatiog number n is sufficiently large, the
reduced Hamiltonian 7* in the Cole-Hopf representation
can be approximated by a continuous variable. In doing
so, we can rewrite the master equation of Eq. (1) using

a Kramers-Moyal expansion [24]:

o) = 3 EV 0 i yp(n, )]

m! on
m>1
= Hxm(n, Op)p(n, t) (35)
with
Win(n) = / dy y™eo(n + yln), (36)

and where Hkys is the Kramers—AMoyal operator. In this
limit, there is a link between H and Hxy. Using the
definition of H and considering Eq. (11), one can show
that for a one-dimensional system (Appendix A 3)

Hion(n,0) = H*(1,9), (37)

where ’HLM is the adjoint operator of Hky. Note that
under this mapping, we have n =n and 0 = J,.

Interestingly, the same reasoning can be applied to sys-
tems with more degrees of freedom by using the dimen-
sion reduction presented above. If we consider the av-
erage (n1) = n as the order parameter, we can expand
H* up to the second order of § around 6 = 0 to obtain a
Fokker-Planck equation [47]

Oip(n,t) = —0,[OeHsp(n, t)] + 02 [303H;p(n, )], (38)

where, with some slight abuse of notation, we have
OFHy = [8§ﬁ*]9:0 and p(n, t) is the conditional probabil-
ity distribution constrained by the stationary conditions.
Hence, by expanding the reduced Hamiltonian, we can
write an effective one-dimensional Fokker-Planck equa-
tion for the multicompartment stochastic process, which
makes further calculations considerably easier. From
the Fokker-Planck equation, we can readily obtain the
Langevin equation of the problem [47]

dn

E:’U—’—\/E'Etv (39)
where we have defined the drift and noise strength
v=0gHs,  w= M, (40)

respectively, and & = £(t) Gaussian white noise in the
1t6 representation. More details on these derivations
are given in Appendix F. Formal steady-state solutions
of Eq. (38) are known to be [48]

i — —Vi(n)
Jm p(n,t) = Ze ; (41)

with the potential

Oy (OFHE) — 209 H}
Vi) = [ay 2L 20N gy
6’%0

and Z a normalization factor. From this, it is clear that
O3 H* is related to the system’s fluctuations, and, by em-
ploying the Doi-Peliti formalism, we can have access to
both the deterministic and the stochastic descriptions.



It is important to note that Eq. (41) is valid at equi-
librium and represents an excellent approximation of the
stationary distribution when 7 is sufficiently far from the
absorbing state (if any exist). In systems with absorbing
states, the stationary distribution collapses into a Dirac
delta at the absorbing point. However, the transition rate
to the absorbing state within the active regime scales as
e~ with N the system size (e.g., see [49], where N
is the total population for an epidemiological model).
Therefore, for intermediate times large enough to find
stationary behavior but lower than the absorbing time,
we can accurately approximate the stationary distribu-
tion with Eq. (41).

We note that the fluctuations experienced by the in-
dividual elements within the compartments of typical
CRNs can be highly correlated. To see this, let us de-
scribe the (high-dimensional) stochastic dynamics as an
Ito stochastic differential equation, or chemical Langevin
equation, as

om=V+W/2.¢g (43)

where V is the drift and W the correlation matrix. When
W is a diagonal matrix, each degree of freedom will have
a single noise term in the corresponding Langevin equa-
tion. Hence, freezing the degrees of freedom is equivalent
to replacing, in the Langevin dynamics of the order pa-
rameter, all stochastic variables but the nonfrozen one
by their averages. However, the correlation matrix W
may not be diagonal. This occurs when CRNs contain
spontaneous reactions. These reactions give rise to fluc-
tuations in a specific compartment that also depend on
the occupation numbers of other compartments in addi-
tion to its own. For instance, in the spontaneous reaction

J RN S, fluctuations in S are correlated with fluctua-
tions in I. As our reduced Langevin equation describes
the noise as a (potentially complicated) second derivative
of the reduced Hamiltonian on the mean-field manifold,
O2HMs, the stochastic dynamics of such CRNs may not
be well approximated by the reduced Langevin equation
of Eq. (39). In contrast, when a CRN does not contain
spontaneous reactions — which typically occurs in sys-
tems where compartmental changes cannot occur, such as
in ecological models like the (generalized) Lotka-Volterra
model — the dimension reduction scheme results in a re-
duced Langevin equation (Eq. (39)) that readily captures
stochastic effects, and, hence, reliably provides informa-
tion beyond the mean-field dynamics of a system.

III. RESULTS AND DISCUSSION

Having put forward the theoretical foundations of our
formalism, let us now demonstrate its power and flexibil-
ity by highlighting its ability to describe a broad spec-
trum of critical phenomena with both theoretical and
practical significance across diverse CRNs from multiple
fields (Table II). In Section IITA, we begin by illustrat-
ing how to handle continuous phase transitions. We then

proceed, in Section III B, to explore the emergence of a
tricritical point and a discontinuous transition mediated
by higher-order interactions. Finally, in Section III C, we
address a case involving degenerated parametrizations.
Further details about the phenomenology encountered in
these sections are provided in Appendices H to J.

A. Continuous phase transitions: The SIS model

The well-known ST.S model has been addressed in sev-
eral works using the WKB formalism (e.g., [49]) to in-
vestigate its stochastic properties. Here, we employ it to
illustrate how to identify second-order phase transitions
through the Hamiltonian representation. In the SIS
model, a susceptible individual (S) can become infected
upon the interaction with infected individuals (I) with
some rate /N, where N is the total number of individu-
als at t = 0 and is constant. We consider the closed sys-
tem wherein infected individuals can recover with some
rate p to become susceptible again. This means that we
consider the elementary reactions (the CRN) to be

S+1 2% 91 (44a)
I4s (44b)

Using the creation and annihilation operators (Eq. (6))
we find the DPH to be (see also Eq. (Al))

x
N

a}(a} - aTS)aIaS + p(aTS - aJ})aI (45)

H =
Next, we replace the operators by their respective real
fields (see Section IIC), i.e., a;r & z; and a; & ¢;. This

makes the Hamiltonian read
H= %fﬂz(fﬂz —xs)qrqs +p(rs —xr)qr  (46)

Next, recall that the total population is conserved, i.e.,
ng +ny = N, with n; = x;¢; the population number of
the considered compartments.

Now we need to freeze the infectious compartment,
which means to apply the constraints

rr=1, qr =N — zgqs (47)

In combination with the Cole-Hopf transformations, we
write for  and q the following relations

0

rg=¢€’, (48a)

(48b)

qs =ne?,

z; =1, qr = N —n,

where we have suppressed the subscript, i.e., n = ng and
0 = 0g. This gives us the reduced Hamiltonian

He = (1— )V — ) (j@e-e - p) (19)

Note again that this Hamiltonian describes a reduced
system in the (7,0) plane, as we have effectively frozen
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Steps output, input Refs.
1. construct Doi-Peliti Hamiltonian IIA,IIB
a write master equation using the transition matrix Hym, Op(n,t) =3, Hump(m, t) Eq. (1)
b. introduce creation and annihilation operators a!, a; al ln)=n+1), a;|n) =n;|n—1;) Eq. (6)
c. compute the generating function |G) |G) =3, p(n,t)|n) Eq. (8)
d. apply Doi-Peliti formalism to obtain the Hamiltonian 0 |G) = H|G) Eq. (10)
2. compute reduced Doi-Peliti Hamiltonian #* IIE
a identify order parameter' ¢ p=1—(n;)/N Eq. (25)
b apply field transformations T & aj, ¢ & a; Eq. (16)
c. freeze all compartments but compartment 4 z;=1forall j #1 Eq. (29)
d. apply constraints® and obtain parametrization A A={zi,z; =1,q¢, Qs (xi,qi)} Eq. (32)
e apply A to obtain the reduced Hamiltonian H* H" =HoA Eq. (33)
3. analyze phase portrait and characterize phase transitions IID
a. apply Cole-Hopf transformations to obtain H = H*(ni,0:,) xi=e%, q=me " Eq. (21)
b find zero-energy lines of reduced Hamiltonian H* H* =0 Eq. (26)
c. b identify critical points where zero-energy lines cross — .

it inspect critical points by changing control parameter(s) — Fig. 1d
4. analyze fluctuations around steady state 0:n; = 0 IIF
a. compute partial derivatives of 7* at 6 = 0 Of My = [05H o=o —
b obtain (reduced) drift v and noise strength w v = 0gHs, w=0zH} Eq. (40)
c write reduced Langevin equation O = v+ Vw- & Eq. (39)

TABLE I. Methodological overview of our approach. Detailed work flow with the steps one needs to take to characterize
phase transitions and analyze fluctuations of generic multicompartment chemical reaction networks (for more technical details,
see Section II). After constructing the Doi-Peliti Hamitonian (1, Figs. 1la and 1b, Appendix A), we reduce the dimensions of
the problem and obtain an effective, reduced, Hamiltonian H* (2, Fig. 1c), which can be used to analyze the phase portrait
(3, Fig. 1d) and, under some conditions (see Section IIF and Appendix J), the fluctuations around the steady state (4).
"While ¢ = 1 — (n;)/N is common, other functional forms of the order parameter exist, and the form depends on the system
one considers. *A common constraint often applied to reduce the dimensions of the system is population conservation, i.e.
N = 3. n;. Here, we additionally use fixed points of the mean-field dynamics, i.e. 9¢(n;) = [0H"/0x;]a=1 = 0 to obtain
additional constraints (see Eq. (31)). Note that these constraints result from freezing all compartments but the one related to
the order parameter.

model compartments reactions order parameter critical behavior section

SIS 2 2 1—(ns)/N second order  Sec. IITA

modified SIS 2 3 1— (ns)/N tricrital point  Sec. III B

predator-prey® 3 4 (na) second order Sec. IIIC

generalized Lotka-Volterra® 24 600 (n1) second order  Sec. IIID
tax evasion 3 5 1—(nu)/N tricritical point ~ App. H
higher-order STRS 3 4 1— (ns)/N tricritical point ~ App. J1

TABLE II. Overview of the models we study with our formalism, in order of appearance. For each model, we
list the number of compartments, the number of elementary reactions, the compartment related to the order parameter (with
its average taken at the stationary limit, ¢ — c0), and the type or order of the phase transitions that we identified with our
approach. *The predator-prey model is a spatial variant of the Lotka-Volterra model and consists of prey species A, its predator
B, and empty patches E. When prey goes extinct (na = 0), predators will follow, hence prey population serves well as the order
parameter. "The generalized Lotka-Volterra is a general model with M compartments (species) and M x (M + 1) reactions
and, without loss of generality, any of the compartments can be chosen to define the order parameter — here we choose n;.

the infectious compartment by setting x; = 1, and have
thereby reduced the dimensions of the problem. We can
extract the zero-energy lines of the reduced Hamiltonian,
i.e., the curves at which H* = 0. They occur for n = N,

6 =0, and

(50)

_ m
8=log <pN>



We call the zero-energy lines for which n = N and 6 =0
the trivial zero-energy lines, as they are easily obtained
by taking a glance at the Hamiltonian and correspond
to a trivial fixed point (typically fixation, at n = N, or
extinction, at n = 0) and the mean-field approximation
(at 8 = 0, see Eq. (20)). On the trivial zero-energy line
at 6 = 0, we find two fixed points, given by F; = (N,0)
and F = (pN/v,0). The third fixed point is at the
intersection of the curve 6(n), which we call a nontriv-
ial zero-energy line, with = IV and, thus, we obtain

F3 = (N,log(v/p))-

To gain information on the critical behavior, we in-
troduce the order parameter ¢ = 1 — (ng)/N and the
control parameter 7, and investigate the phase portrait
in the (n,0) plane, which is depicted in Fig. 2. From
the phase portrait, we can see that the global attractor
changes smoothly as we vary the infection rate v, thus
indicating that the phase transition is of second order,
as expected. Note that, in Fig. 2, we have imposed the
normalization N = 1. This is equivalent to saying that
we consider instead the population density n/N, which,
for N > 1, can be approximated as a continuous vari-
able whose dynamics is described by the same mean-field
equations as n.

This simple model illustrates how one should go about
applying the dimension reduction scheme, and how to
analyze the phase portraits in order to reason about the
nature of the phase transition.

FIG. 2. Second-order phase transition of the SIS
model. Phase portrait in the (), 8)-plane of the SIS model
with recovery rate p and infection rate . (left) When v < p,
only 7 = 1 is the global attractor on the mean-field manifold
0 = 0, as n > 1 is forbidden as it rests in the nonphysical
region (see the text and Fig. 1). (middle) When v — p, the
fixed points on the mean-field manifold converge continuously
until they have merged at v = p, and (right) when v > p the
global attractor lies on the intersection with the mean-field
manifold at n = p/v. As there exists no discontinuous change
of the global attractor, this phase transition is of second order.
For more clarification on the phase plots, see Fig. 1. The
parameters used are N =1 and p = 1.
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B. Emergence of discontinuous transitions: A
modified SIS model

At odds with second-order phase transitions, there ex-
ist scenarios where abrupt changes occur in the structure
of the critical points of phase portraits upon the varia-
tion of some parameters. As we see next, this behavior
hints to first-order, discontinuous phase transitions.

To illustrate this, we modify the SI.5 model by includ-
ing an additional reaction that helps spread the infection.
In addition to the reactions in Eq. (44), we also consider
the reaction

2
S 421 N 31 (51)

Such a reaction facilitates the spread of infections by
means of a higher-order interaction. Do note that in this
case, whether a fixed point of the dynamics is globally
attracting or not may depend on the initial conditions
(see Appendix G). However, as we assume ng ~ N at
t = 0, the fixed points that we investigate here always
correctly reflect the dynamics.

When including the additional reaction, the DPH for
this system now reads

«

H="Hsis + N2

(a))*(a] — ak)atas, (52)
with Hg;s the Hamiltonian of the SIS model, as
in Eq. (45). As before, we freeze the infectious compart-
ment, replace the creation and annihilation operators by
their respective fields, apply the Cole-Hopf transforma-
tion, and obtain the reduced Hamiltonian

H = (1—e )N —n)((ne® —p) (53)
where we have defined

Nla+v) —an

¢= N2 (54)
As in the SIS model, the trivial zero-energy lines are
obtained for # = 0 and n = N, but now the nontrivial

zero-energy line is given by the curve

0 = log <Cp”> , (55)

which crosses the trivial zero-energy line at § = 0 at val-
ues of 1 that depend on the system parameters (Fig. 3).
At the critical point v = p, we find that, after normal-
ization (N = 1) these values are

n=1,  n=p/a, (56)
and, hence, one can see that if « > p a new fixed point
in the physical region emerges, thereby indicating a first-
order transition. On closer inspection of the order pa-
rameter, this phenomenon is indeed confirmed (Fig. 3).
As such, this model illustrates how one can expect the
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FIG. 3. Analysis of the modified SIS model displays first-order phase transition. The order parameter ¢ = 1 — (ng)
versus the control parameter v for (left) o < p, and (right) a > p, on the mean-field manifold 8 = 0 (z; = 1, see the text). For
some values of v, we have drawn the phase portrait in the (7,6) plane. On the left, one can observe that the global attractor
(red star) changes continuously as the nontrivial zero-energy line (dashed purple) crosses the trivial one, and thus the system
admits a second-order phase transition at v = p when « < p. Instead, on the right, the global attractor changes abruptly at
v = p as the leftmost attractor becomes the new global attractor, which thus indicates a first-order phase transition. Note that
these phase portraits can be observed without solving or simulating the dynamics themselves. For more clarification on the
phase plot, see Fig. 1. The parameters used are N =1, p =1, a = 0.5 (left), and o = 2 (right).

phase portraits to resemble when the system at hand dis-
plays discontinuous phase transitions.

The last two sections have been presented for illustra-
tive purposes. In Appendix H, we provide a detailed ex-
planation of how our dimension reduction method can be
applied to a tax evasion model featuring a more complex
CRN [50], which exhibits both first- and second-order
transitions.

C. Overcoming parametrization degeneracy in a
simple predator-prey model

As anticipated in Section ITE, finding the solutions
of Eq. (31) after imposing the constraints may lead to
different parametrizations. In this section, we introduce
an example in which two possible parametrizations arise
and show how to use physical reasoning to find the cor-
rect one that reproduces the actual critical behavior in a
specific regime.

For this endeavor, we use an ecological metapopula-
tion model. Let us assume that, in this model, there is a
limited number of patches N. We consider two distinct
species that inhabit these patches, one of the prey species
A, and one of its predator B. We shall furthermore in-
troduce a factor D < N that represents the amount of

destroyed, uninhabitable patches (cf. Ref. [51], i.e., the
total number of available patches equals N — D). Note
that, while we focus mainly on the parametrization and
the characterization of phase transitions, this model is
additionally of ecological interest, as its analysis will al-
low one to reason about the effects of habitat loss on
species maintenance. This aside, we assume that prey
species colonize empty patches E with rate ¢ and they
are predated upon with rate k. For simplicity, we con-
sider that both the predator and the prey die with rate
€. This system is, thus, described by the elementary re-
actions

A+ E N 0n (572)
A+B N 9p (57b)
ASE (57¢c)
BSE (57d)

Note that these reactions can be interpreted as reactions
that describe a spatially explicit Lotka-Volterra model,
where N — D represents the carrying capacity of the prey
species. However, as we work under a well-mixed as-
sumption, these reactions instead describe a simplified,
space-agnostic version of the stochastic lattice Lotka-
Volterra model (see, e.g., Refs. [52, 53]).
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FIG. 4. Phase portraits of the Lotka-Volterra model display parametrization degeneracy. Phase portraits in the
(n,0) plane of the Lotka-Volterra model (Eq. (57)) for different amounts of habitat loss and different parametrizations A; and A,
(see the text). Zero-energy lines defined by the reduced Hamiltonians that are obtained when using a specific parametrization
(i.e., Hi2 = HoA12). (left) When D < Dy, both species persist, and we find that all fixed points are physically meaningful
and that they are all correctly identified by As. On the other hand, the parametrization A; fails to capture one of the fixed
points (F», right purple point) and hence cannot be used to characterize the phase transition in this regime (see the text
and Appendix I for more details). (right) When D1 < D < Da, the predator species goes extinct and only the prey species
remains. Despite the parametrization A2 describing the correct critical behavior, it does not include the absorbing conditions
of the equilibria, therefore it displays a nonphysical fixed point (purple cross) and A; must be used instead. Finally, when
D > D, both species go extinct and 7 = 0 remains the only physical attractor. Note that the nonphysical domain (red)
changes depending on the control parameter D as fewer patches become available. For more clarification on the phase plot,
see Fig. 1. Parameters are ¢ = 1, k = 0.5, and € = 0.2, which define D; = 0.4 and D, = 0.8, and from left to right we have
D =0,0.15,0.4,0.65 and 0.8.

Using these reactions, we construct the Doi-Peliti By solving these equations and including the population
Hamiltonian, which reads conservation of Eq. (59), we obtain the system’s fixed

c 4 points F = (na,ng,ng) as

H= NCEA(GL - aE)aAaE + S(Cl}r; - GL)GA
ko+o+ f (58) Foy=(0,0,N - D) (62a)
+ —ag(ay —aly)apas +e(al; —ak)ap. N N
N\ —ay E 0B F1:<N—D—E,0,E> (62b)

Following the steps of our dimension reduction scheme,

we consider the control parameter D and the order pa- P = eN c(N - D) _eN k(N — D) (62¢)
rameter ¢ = 1 — (ny)/N. We freeze all other compart- Tk etk k' c+k

ments by letting xp g = 1, and note that one of the

constraints on the occupation number is given by We now apply our framework to analyze the criti-
cal behavior. As discussed above, the image of the
N—=D=na+np+ng. (59) parametrization must include all the fixed points of the

complete system, which, in this case, depend on the order
parameter D (Appendix I). We can see that, solving the
system given by the stationary equation for the preda-

This constraint alone is not sufficient to reduce the sys-
tem to a one-dimensional model, and, thus, we have to
include the mean-field dynamics obtained by solving the -
Hamilton equations. That is to say, we look for station- 018 O <”B> =0 (Eq. .(61b)) and using Eq. (59)7 the first
ary trajectories on the mean-field manifold @ = 1, which ~ Parametrization obtained after normalization (N = 1)
are those that abide reads

= [z ..,

After applying the substitution ¢; = (n;) (Eq. (20)), the
mean-field dynamics read

Al :{./,CA7 rB :1a xE:17

(60)
qa, g8 =0, qg =1 —D — qaxa}

(63)

The corresponding reduced Hamiltonian H} = H o A; is
easily obtained and reads

Buina) = o{madin) — o (na)(np) —elna)  (61a) * — (1= ) (e + ), (64)
Oi(np) = %(n@(nB) —e(np) (61b)  where we have used x = ¢(n+ D — 1). However, note

that this parametrization captures only the states where
Oi(np) = —(0(na) + 0 (np)) (61c) predators are extinct as gg = 0. This is a consequence



of Eq. (61b) having a null kernel, which leads to gz = 0
when using (x4,qa) as variables.

When using the stationary equation for the empty
patches E instead (Eq. (61c)), we find another
parametrization A that does include all the fixed points
(see also Fig. A4), i.e.,

A2:{$A7 TB :]-a I'E':]-v

qA,
1-D— —€
a5 = CqA( -TAQA) ‘]A7 (65)
cqat+e¢
5 = 1—D—$AqA—QA}
B cga +¢€

We can then derive the corresponding reduced Hamilto-
nian H% = H o A,, which reads

Hy = n(1 — €’ )Hu, (66)
with

(xee? +e(e — cn) — ne™? [k — ec + xk])

How =
ot cn + ee?

(67)

the part of the Hamiltonian that defines the nontrivial
zero-energy line and x as defined above. We again em-
phasize that this reduced Hamiltonian captures all fixed
points through its nonzero-energy lines (Fig. A4), while
the previous parametrization did not.

Next, using the fixed points (Eq. (62)) we can identify
three distinct regions in the phase space that depend on
the value of the control parameter D. These regions are
separated at Dy and Ds, where the first is obtained by
checking for what value of D one finds F» = F; (predator
extinction, i.e. ng = 0), and the second is obtained by
checking for what value of D one gets Fy = Fy (full ex-
tinction, i.e. ny g = 0). In doing so, we find two critical
values for the order parameter (see also Appendix I for
more details)

Dy=1---°2,

€
Dy=1-— - 68
k ¢ 2 c (68)

By studying the phase portrait (Figs. 4 and A4), we
note that, as the global fixed point varies smoothly when
increasing D, and since no other fixed point appears at
Dy nor at Dy, both phase transitions are second-order
transitions. Still, when D; < D < Ds, we see that the
fixed point corresponding to F» remains (Fig. A4), yet
in this regime the prey population ng becomes negative.
Thus, although Ay correctly identifies all fixed points of
the dynamics — which, importantly, allow us to char-
acterize the phase transition — its accompanying phase
portrait includes a nonphysical fixed point. This phe-
nomenon arises from the fact that the absorbing bound-
ary condition at predator extinction (i.e., when Fy = Fj
for D = D») is not properly taken into account. To re-
cover the actual dynamics in this parameter regime, we
must instead choose A; as the parametrization, as we
have done in Fig. 4.
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Before closing this section, we briefly expand on the
ecological intuition behind these results. We have seen
that, for some levels of destroyed habitat, both the preda-
tor and its prey can coexist. When the available habitat
decreases, the predator eventually goes extinct, and only
the prey remains. Further destruction of suitable habi-
tat eventually leads to the extinction of the prey as well.
These results are seen when integrating the (mean-field)
dynamics as well (see Appendix I). This model, thus,
highlights that fragmentation is generally detrimental to-
ward coexistence and system stability, and the fact that
these extinctions occur through phase transitions at fi-
nite values of D illustrates the fragility of ecosystems
exposed to these kinds of phenomena [54]. We consider
a more thorough investigation on the ecological ramifica-
tions of this model out of the scope of this manuscript,
and we refer those interested to related studies on phase
transitions in ecological systems to Refs. [51, 55-57].

Concretely, let us summarize parametrization degener-
acy and how it may be resolved. When studying a CRN
for which multiple parametrizations arise when reduc-
ing its dimensions, it is important to know that not all
parametrizations are equal and that they may not cor-
rectly represent the true dynamics, or they may not iden-
tify all fixed points of the system. In order to characterize
the phase transition, we must choose the parametrization
that allows us to visualize all fixed points, being certain
that the possible absorbing states are being taken into
account when these become relevant.

In fact, absorbing states drastically change the system.
For example, fluctuations in prey abundance originating
from predation simply cease to exist because there are
no predators. Hence, a different system is to be studied
instead, which often requires a change in parametriza-
tion and, subsequently, the choice of a different reduced
Hamiltonian, which leads to a different phase portrait.
We close this section by noting that, even if we success-
fully resolve the degeneracy and characterize the phase
transition for this predator-prey model, a significant open
challenge remains, namely, addressing the emergence of
degeneracy in its full generality and developing a sys-
tematic approach to handling absorbing boundary con-
ditions.

D. Effective dynamics in the absence of
spontaneous transitions

Finally, we highlight that the effective one-dimensional
dynamics can provide information beyond the mean-
field description of the dynamics, as we argued in Sec-
tion ITF. Recall that we approximate the true (high-
dimensional) stochastic dynamics, as described by the
chemical Langevin equation (Eq. (43)), using a Langevin
equation wherein both the drift and noise strength are
captured by the reduced Hamiltonian (Eq. (39)). In ad-
dition, we noted that spontaneous transitions manifest
themselves as off-diagonal entries in the correlation ma-



trix of the original (nonreduced) problem, and that our
dimension reduction scheme fails to capture fluctuations
arising from these kind of transitions (see also Section ITF
and Appendix J).

However, CRNs without spontaneous transitions are
just as plentiful as those with, and our reduced Langevin
equation in fact fully captures fluctuations around the
fixed points, even for systems with a high number of dis-
tinct compartments. To illustrate this, we consider a
well-known and well-studied ecological model, the gen-
eralized Lotka-Volterra model, and focus on the fluctua-
tions about a steady state. Briefly, the generalized Lotka-
Volterra model pertains an ecological system of M inter-
acting species with abundances N;, and is described by
the following set of M x (M +1) elementary reactions [27]:

N; 25 2N; (69a)
N; + N; 7 N, (69b)
Ni'f'Nj L/M)Nj (69C)

where r; the growth rate, x; the carrying capacity, and
a;; the coupling coefficient that defines the (negative)
effect of species j on species i (note that a;; = 0). Note
the absence of spontaneous transitions as species growth
and competition between distinct species always depends
on the focal species involved.

One can follow the steps of our dimension reduction
scheme to obtain the effective, or reduced, Langevin
equation (Appendix J2), and comparison of numerical

o X 10 2
10° B reduced
4 - full
= = -~ (n)
x 10
Q‘ 0 T T T
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2
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FIG. 5. Reduced dynamics capture stationary fluc-
tuations. Comparison between typical realizations of the
full dynamics and the reduced dynamics for the generalized
Lotka-Volterra model with M = 24. The inset shows typical
trajectories of the full dynamics (black line), reduced dynam-
ics (purple line), and the mean-field dynamics (red line). Note
that the reduced dynamics captures both the mean-field dy-
namics and the fluctuations about a feasible steady state, as
the distributions of fluctuations of both systems are nearly in-
distinguishable. See Appendix J2 for additional details and
parameters.

15

integration of the full system and the reduced one re-
veals essentially identical fluctuation statistics (Fig. 5).
That is to say, in the absence of spontaneous transitions,
the effective one-dimensional dynamics accurately cap-
tures the original systems’ fluctuations, illustrating that
our dimension reduction scheme captures stochastic phe-
nomena well beyond a mean-field description, even for
complex systems with many compartments.

IV. CONCLUSIONS

In this work, we have presented a unifying framework
that shows how to systematically apply the Doi-Peliti for-
malism to a broad class of compartmental models. Sev-
eral studies have proven how path integral approaches
can offer advantages when describing stochastic systems,
characterizing phase transitions, and giving information
beyond the deterministic limit. Yet, dealing with sys-
tems with many compartments is generally complicated,
especially regarding the visualization of the geometry of
phase portraits to identify the nature of the phase transi-
tions. Here, we have derived a novel strategy that allows
us to unify these descriptions thanks to the introduction
of a dimension reduction scheme. In practice, our method
provides information about the nature of the phase tran-
sitions, and we can analyze both qualitatively and quan-
titatively the stochastic dynamics. We do so through a
transparent physical interpretation: Since the observable
of interest, the order parameter, corresponds to a single
compartment, one can freeze all other degrees of freedom
and study only the compartment corresponding to the
observable.

We have furthermore illustrated the usefulness of this
methodology by applying it to several relevant multicom-
partmental stochastic processes of increasing complexity
and of different nature, including epidemiological, ecolog-
ical and sociotechnical ones. Starting from the simplest
case of two-compartment systems, we explored the role
of three-body interactions in epidemic-inspired models,
which have recently been reported to significantly im-
pact the behavior of many empirical systems [58]. This
opens the door to systematically analyze systems whose
interactions are beyond pairwise. For systems with more
than two compartments, our dimension reduction pro-
posal offers very good approximations for the station-
ary probability density function of the order parameter
and successfully captures their critical properties (Ap-
pendix J).

To derive our dimension reduction scheme, we have
used some approximations that do not impact the pre-
dictions of the critical behavior, yet they do have an ef-
fect on the transient dynamics. Indeed, many methods
that reduce the dimensions of a system aim to describe
not only the stationary limit but also to provide infor-
mation about the dynamics, which is, however, often at
the expense of needing more assumptions. Hence, there
is a compromise between the amount of information one



can retrieve and the generality of the model one can ac-
tually study. Our method positions itself in a place in
which it can be generally applied to a range of systems
that is wider than what traditional methods offer, such as
those based on timescale separation [59, 60], but misses
the possibility of an accurate prediction of the transient
phase. Offering insights on the transient dynamics from
the point of view developed here remains a topic for fu-
ture research. Additionally, our method is most useful
in scenarios in which only one degree of freedom is ef-
fectively operating in the long-time behavior, so it is not
yet clear to what degree we can freely reduce the dimen-
sionality in cases with coupled degrees of freedom.

Another aspect that we believe is worth further con-
sideration is related to the parametrization A and the re-
duced Hamiltonian H*. More specifically, the difficulties
are associated with the definition of the validity domain
and the potential degeneration of A. An open question
that remains that we foresee to have a great impact due
to the wealth of potential applications, is the generaliza-
tion of this dimension reduction scheme to structured,
networked populations that interact beyond the all-to-all
limit [61].

In conclusion, we have exploited the combination of
the path integral representation of stochastic processes
with a dimension reduction scheme to better understand
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the critical properties and the stationary behavior of cou-
pled compartmental stochastic processes. We hope that
our formalism will provide new perspectives and physical
insights into, and beyond, the characterization of phase
transitions and fluctuations of multicompartment com-
plex systems.
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Appendix A: Details for the derivation of the
Doi-Peliti Hamiltonian

Here, we demonstrate how one constructs the Doi-
Peliti Hamiltonian (DPH) for chemical reaction net-
works. For most chemical reaction networks, including
the ones within the scope of our work, we can identify five
fundamental processes (elementary reactions). Each of
these processes are automatically mapped to a combina-
tion of operators, according to the definitions in Eq. (6),
which appear in the DPH. One can show that they cor-
respond to

elementary reaction DPH

p— A aly, —1 (Ala)
A= (1—al)as (Alb)
A—2A aly(aly = 1aa (Alc)
A— B (al, —al)aa (A1d)
A+B—-A+C aL(aTC—aE)aAaB (Ale)

where we have considered the rates to be implicit — that
is to say, the elementary reactions occur with some rate
A, and these reactions are considered to be mass-action
reactions.

To derive the DPH for a chemical reaction network
with multiple transitions, one starts by explicitly writing
the master equation (Eq. (1)) that corresponds to the
elementary reaction(s), as we now illustrate below.

1. The Doi-Peliti Hamiltonian for birth processes

Let us focus on the birth process (Eq. (Ala)). We let

n denote the amount of A, such that one obtains
dp(n) = Afp(n —1) —p(n +1)], (A2)

where the first term corresponds to the probability of ar-

riving in the state n and the second term the probability
of leaving n. Then,

0:1G) =Y _Alp(n —1) —p(n)]|n), (A3)
and using the definition in Eq. (6), we obtain
0 |G) =H|G) (Ada)

=Y Xalp(n—1)[n—1) = Ap(n)[n)  (Adb)

= \a, - 1)[G) (Ade)

where we have used the definition of the generating func-
tion |G) = ", p(n)|n). Thus, the DPH readily follows

and reads H = )‘(GL —1).
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2. The Doi-Peliti Hamiltonian for a transformation
process

Reactions involving multiple compartments complicate
the structure of the master equation, which is conse-
quently reflected in the DPH. As an example, we consider
the reactions in Eq. (Ald), whose master equation reads

Op(n) = A(na+1p(n+14 —1p) — Inap(n). (A5)
By letting n’ = n+14 — 5, we write the time derivative
of the generating functional as

0;1G) =Y Ana+1)p(n’) [n) = Mnap(n) [n). (A6)

Again, by applying the definitions of the creation and
annihilation operators one finds

(na+1)|n) =ahaa|n'), naln)=alaaln), (A7)
which can be used to rewrite

9, 1G) = Malas —alaa)|G). (A8)
Thus, the DPH follows as H = /\(aTBfaL)aA, as indicated
in Eq. (Ald). For other reactions, the same steps will
yield the appropriate Hamiltonian.

3. The Doi-Peliti Hamiltonian for more general
reactions

The above derivations can be generalized to systems
with several compartments and more complicated inter-
actions, such as those introduced in Section IIIB. We
next show how to proceed in more general cases.

Let us first consider a model with two compartments,
A and B. The Kramers-Moyal expansion of the master
equation reads

—1)Im
Do) = S L ()
ma,mp ’ ’
|m|>0

(A9)

where |m| =ma + mp, and

WA () = / dya dys wn + ya+ ysn)yiayne.

(A10)
Here, we denote ya,p = ya,Bl4,5, with 14 g defined as in
the main text and y 4, p real variables. When considering
a two-body interaction

pA+qB 5 (p+k)A+ (¢—1)B,
the transition rate can be written as

w(n +ya +ypn) = ynfingé(ya — k)o(ys +1). (All)



Hence,

Wmame (p) = ynhnE k™A (=1)"2, (A12)
and, by replacing 0, = if, we find an expression for
'H}(M:

. (10 ak)™a (—i0pl)™mB
H] ,10) = nhn
Kk (m,i0) m;nB malmp! TAN B
|m|>0
= ynhing (e94F71080 1), (A13)
On the other hand, the DPH for this reaction is

H=(al)?(ah) ™ ()"~ (ah)) ahaly  (Alda)
=7 ((@})*(a}) ™ = 1) (@)t (a})%af,  (AL4D)

By applying the Cole-Hopf transformation (Egs. (21)),
we substitute az,’B =el%.5 and as p = e %48, p into
Eq. (A14) obtaining the same expression of the Kramers-
Moyal expansion Eq. (A13).

The above arguments can be extended to more com-
plex and general interactions

M M
D piAi B (pitki)A
i=1 i=1

with M representing the number of compartments A;,
and k; can be any integer. In this case we define the
vector k = (k1,ke,...,kyn) and the transition rate is
given by

(A15)

M
w(n +yn) = H (A16)

where f a suitable function of the occupation numbers.
Thus

Wml,...,mM n+y|n) ( )

)= [y Hyj
n) H ki,
j=1

and the adjoint of the Kramers-Moyal operator is

Z Hl@k (n)

mi,M2,...,MM j=1
|m|>0

= Heig"’“f—l f(m).
j=1

(A17)

Hh 0 (n,10) =

(A18)

In terms of the Doi-Peliti representation, the correspond-
ing DPH is

(A19)
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which can also be written as a function of the Cole-Hopf
variables,

H et f(n)

This is equal to the KM operator (A18). Eq. (A19) shows
that the mean-field manifold 8 = 0 (x = 1) is always a
zero of H. For a generic CRN, we can build the Doi-Peliti
Hamiltonian by simply adding the terms corresponding
to each transition.

H(n,i0) (A20)

Appendix B: Details for the derivation of the path
integral representation

Here, we show the derivation of the path integral rep-
resentation for the generating function |G) using the
Doi-Peliti formalism [24]. Let us take the simplest one-
compartment case |n) = |n) with the basis (12). We also
take H in its normal ordered form. By writing the time
dependency explicitly |G) = |G(t)), and by splitting ¢ in
infinitesimal intervals t = €K with ¢ — 0 and K — oo,
we have

G(1)), =
= / dzge_1eH@9)§(x —x 1) |G(t —€)), + O(e?)
R

e @) |Gt — ) (Bla)

(B1b)

_ / M ee’}-L(mK,qu—l) (BlC)
R2 21

x ¢"lax -1 (Tr-1—TK) |G(tK71)>xK_1 + 0(52)
/ H dxy dQ7 eZg 0 ( H(zj+1,i05)—ig; xr:’”l)
R2K 50
x |G(to)),, + 0(e%) (Bld)
t) .
= Dz, q] e~ Sl |G(t0)) s, » (Ble)

[to

where in the last equation we have taken the continuous
limit by introducing the measure

and S is the action defined by Eq. (1 ) With this nota-
tion, the upper and lower bounds of the integral indicate
that we include the initial condition (z¢,qp) within the
integration while the final state (2, ¢x) is excluded. For
the multidimensional case, the derivation is trivially the
same.

Appendix C: WKB approximation for CRNs

Here, we follow the reasoning of [26] and demonstrate
that similar arguments can be applied to extend the



WKB to the case of chemical reaction networks (3) as
well. Let us denote by wy the transition rate related to
the reaction between k reagents and by IV the total pop-
ulation in the system. For illustrative purposes, let us
consider a simple contact process
A+ A; 5 4 (C1)
The transition rate is proportional to the number of
elements, n;, times the probability of finding another
element in the heterogeneous network, (n;, — 1)/N.
Thus, assuming n;, N > 0 and n; < N, we have
wa(n—1Tjn) = Bn;(n; —1)/N o n?/N. Generalizing the
same reasoning for a contact process between k elements,
the transition rate is wy o nf /N*~1. Since the Doi-Peliti
Hamiltonian is a polynomial function of z; and ig;, we
conclude that the term related to the highest power of ig;
inside H is proportional to (igy)*N " (= N=*1ay ).
Furthermore, with these rates, we can write the DPH and
the action (15) as extensive quantities with respect to N
as done in [26]. If we define the concentration variables
n; = n;/N, then the transition rate reads
Wy & Bn;?N . (C2)
This scaling law for the transition rates is the main as-
sumption for applying the WKB approximation. Us-
ing Eq. (2) and Eq. (11), we can see that
with h,,, and s being functions of the concentrations
only. Using the ansatz |G) = exp(—Ns), we obtain

% exp(—Ns)
“JNT = N(=0y,5)" + O(1) = N(=0,,s)~.
(C4)

Inserting the same ansatz in Eq. (10), the relation
igj = —0,,S holds for any j and we find the Hamilton-
Jacobi equation

S = —H (x,—0;S), (Ch)
with 0, S = (04, S, 05,5, .. .). As such, for CRNs, we can
always take the stationary action defined by the solutions
of Egs. (18) and |G) = exp(—3S).

Appendix D: A basis for the stationary paths

Let us now consider the basis for the WKB approxi-
mation presented in [24]. Considering for simplicity the
one-dimensional case and denoting by Z(t) and ¢(¢) the
solutions of the Hamilton equations (18), we take the
following basis:

) = (Az + &(t)) e 1O (AetE®)
(A = (Oax +d())",
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where Az represents the fluctuations of z(t) around the
stationary trajectories. Similarly, we denote the fluctu-
ations of ig(t) by iAq. The creation and annihilation
operators act according to, respectively,

aln) =mn|n—1) = (8 + 4(t)) [7)
at|n) = |7+ 1) = (z + 2(1)) 7).

(D3)
(D4)

With this basis, in the derivation of the path integral
representation we still have to include the contribution
resulting from the time dependence of |n). For the sake
of simplicity, we write Z(t) = & and ¢(t) = ¢, and, by
taking the time derivative of |71), we have

8, |i) = [n@ﬁc(Am +i )
— (Aw + )" (Od(Ax + F) + §F) | e T
=ndii i — 1) — (0G(Az + 7) + G047 |R)
= (8tf a — 3t(j CLT - qat'f) ‘ﬁ>

=Bln), (D5)

where B is the time evolution operator of the basis.
Within this representation, the master equation Eq. (1)
becomes

8 |G) = (H+B)|G). (D6)

Now, by replacing (z, ig) by (Az, iAq), and by substitut-
ing H with H 4 B in the steps presented in Appendix B,
we obtain the path integral representation with this new
basis. In detail, the action reads

=S[Z + Ax,§ +1Aq]

t
= / driAqO; Az + H(Z + Az, G+ 1Aq)

to
+ B(Z 4+ Az, G+ iAq)

t
- / ar [iAq@TAx +H(F,§) + ArdasH(F, §)

to

+iAGOiAH(E, §) + AH + §0,7 + 0D, &
— Azd.G — #0.G — q‘a@}

t
- / dr [iAq@TA:c L H(F,§) + Ard, G — iAD, T

to

+AH +iAqDF — Axd. G — faTq}

t
/ a7 [M(#,4) + §0:3] — F(0dt) + Fodo
to
t

+ / dr [iAanAac + AH}

to
= =8 — Z(t)q(t) + Todo

t

v [ ar [iAanA:c + AH} 7

to

(D7)



where in the second equality we have expanded
H(Z + Az, + iAq) around the stationary trajecto-
ries, and AH includes all the contributions of orders
O(Ax?, Aq?, AxAq). Note that S satisfies the Hamilton-
Jacobi equation (C5).

Let us now rewrite the generating function in terms of
the basis |71),

(1), = "7 pln, ) |) |

n

(D8)

x=0
Thus, the path integral expression is
(DY)

) t ;
678 \/[' D[A(ﬂ, Aq] ef‘O dr (1A113TA$+AH) ‘n0> Aw(t)—o *
t

0 Z(t)=x

If we assume a fixed initial condition, then
In), = |fg)eto® = erolog@o Within the assump-
tions of the WKB approximation — namely that the
rates scale as in Eq. (C2) and N > 1 — the fluctuating
part does not contribute, and we have |G) = exp (—S),
where x and iq are replaced by the real trajectories &
and q.

Appendix E: Closing the transition diagrams

The conditions to apply the WKB approximation (e.g.
Eq. (C2)) are not always sufficient for our formalism to
be used to investigate the system critical properties, and
additional constraints on the compartment interactions
are necessary. Here, we present a mathematical trick that
allows one to extract information on the critical behavior
in some of these cases.

Let us take a CRN with M compartments
{A1,As,..., Ay} wherein only spontaneous transi-
tions and contact interactions occur. We assume that
Ajps is connected to other compartments by a single
spontaneous transition A; Yy Apr, and, thus, A,y is the
termination of the model diagram. We consider fixed
system size N and we choose the order parameter ¢ as
in Eq. (25). Now, we focus on A; and Ay to understand
if, and when, a phase transition occurs.

We rewrite the diagram of the system as in Fig. Al(a),
where for simplicity we have replaced the M — 2 com-
partments As,..., Ay;_1 by an effective one Aeg. The
system is active when A.g becomes asymptotically pop-
ulated, and we can write

at<neff> = f(wa Ala Aeff)7 (El)

with w representing the transition coefficients of the
model, and f is a suitable function depending on the sys-
tem we are considering. However, the mean-field equa-
tions include

O(nar) = wj{ng), (E2)
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FIG. Al. Diagrammatic representation of (a) an SIR-like
diagram for the effective open process, and (b) an STRS-like
diagram for the effective closed process.

from which, at the stationary limit, (n;) = 0. The pres-
ence of null terms like this one leads to a degeneration of
the system of Eqgs. (28). Thus, det(J) = 0 for any fixed
point, and we cannot use the strategy presented in the
main text to analyze the critical behavior. To overcome
this problem, we introduce an auxiliary transition rate
that closes the model diagram, connecting A, directly
to A; by means of a spontaneous transition Ay, — Aj.
In doing so, we obtain a STRS-like model, as depicted
in Fig. A1(b). Following a classical treatment (as in, e.g.,
[13]), one can show that the STR and SIRS models have
the same critical condition (see also Section IITA).

Moving to more general processes, we can assume,
without loss of generality, that n; ~ N for ¢ ~ 0, and
take as order parameter ¢ = 1—(n1)/N. This is a general
assumption in epidemiology when, for example, an out-
break of a new disease is about to occur and the number
of susceptible individuals in a population is very large.
Then, the critical behavior is defined by the system of
equations

Oe(ner) = f(w, Aegr),  O(nn) = e(n;), (E3)

where we consider that A; € Aeq is the only compart-
ment linked to A, by a spontaneous transition with rate
e > 0. As we show below, these arguments can be gen-
eralized for systems with several terminating compart-
ments. As for the STRS model, by adding a refilling
reaction with rate wys, the system of Eq. (E3) becomes

8t<nAeff> = f(wa Aef‘f)a
Oc(nnr) = e(ny) — wamr{nar)

(E4a)
(E4b)

Since the phase transition occurs when A.g changes
from 0 to a positive quantity or vice versa, the critical
condition is independent of Aj; and is determined by
the first equation. Thus, we conclude that the critical
condition for such a system is the same as for the cor-
responding closed diagram. We can generalize these ar-
guments to more complex systems by imposing only two
conditions, namely,

1. each extremity of the open diagram is linked to the

main process by a spontaneous transition;



2. the closed diagram is given by adding spontaneous
transitions from the extremity to the initial empty
state.

The first condition ensures the inner part of the process
is independent of the population numbers of the extrem-
ities. For example, with pair interactions, f(w) would
depend on the population of the ends. The second condi-
tion guarantees that one obtains the same diagrammatic
structure as the STRS model.

In conclusion, while the critical behavior of some CRNs
might initially appear unsuitable to be tackled with our
approach due to the problems in identifying the appro-
priate parametrization, we demonstrate here that this
issue can be effectively overcome by introducing auxil-
iary rates. However, we emphasize that although they
accurately capture the critical behavior, they do alter
the system dynamics, such as the trajectory toward the
steady state.

Appendix F: Langevin equation from the Doi-Peliti
Hamiltonian

By means of the relation of Eq. (37), we can show the
link with the Langevin equation of Eq. (39). While the
procedure for deriving Langevin dynamics from Hky has
been discussed in several works (see, e.g. Refs. [24, 27]);
for completeness, we sketch the derivation below.

In the simple one-dimensional case, we can develop
a path integral representation of the probability dis-
tribution starting from the Kramers-Moyal expansion
of Eq. (35). Following the same steps reported in Ap-
pendix B, we write

t) )
Dln, 0] e Skl ¥5(n — (1)), (F1)
(0]

p(n, t) =
where the action is defined as
t
Sk = [ Ari0(r)00(r) = Moy (1(7).67)  (F2)
As discussed in the main text, we know that the deter-
ministic limit is recovered for # — 0. To obtain the

Langevin expression, we expand ST around if = 0 to sec-
ond order and integrate with respect 6(7), which leads to

t)

pnt)= | Pl e=%6(n — (1)), (F3a)
0
where we have defined
2
t <ar77 - 819H}(N1|9:0)
S = / dr —— ) (F3b)
0 205 H 1 prlo=o

and D[n] is the renormalized measure. We recognize
from Eq. (F3a) the Feynman-Kac formula [24]

p(n,t) = (6(n = n(t)))n, (F4)
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FIG. A2. Phase plot of a simple SIS5-like model illus-
trates dependence on initial conditions. Phase portrait
in the (n,0) plane of the model of Eq. (G1) at the critical
point o = 4p (see the text). Note that when the initial con-
dition ng > 1 (here, equivalent to n = 3 at ¢t = 0) the only
attractor is (1,0) and no phase transition can be observed.

Relevant parameters are N =1, p =1 and o = 4.

where (-),, is the average over the trajectories defined by
the following Ito process

dn(t
% = i9,HI<M|0:O + \/m -E(t),  (F5)

with £(t) denoting the standard white noise. We can
replace i0 with 6 and, including the relation of Eq. (37),
we recover Eq. (39).

Appendix G: The role of initial conditions on phase
transitions

Generally, chemical reaction networks can exhibit
highly complex phase portraits with many distinct at-
tractors, especially when the number of compartments
grows. In some cases, this may lead to behavior that af-
fect the procedure described in this work. Notably, as
we are considering systems that are typically out of equi-
librium, the systems’ stationary state may depend on
the initial conditions. Subsequently, the topology of the
phase space may vary in such a way that the asymptotic
behavior of the system changes as well. This, in turn,
thus also determines whether a specific phase transition
is observed or not, or can change the characterization of
the observed phase transition.

To illustrate the effect that initial conditions can have
on a phase transition, let us consider again the modified
SIS model (Section ITIB). We choose v = 0 in order
to simplify the model, which leaves only the three-body
interaction to be the sole mechanism. That is, our system



can be captured by the following elementary reactions

2
S4or 2N ar

145

(Gla)
(G1b)

For this system, one can identify three fixed points in the
(n,0) plane along the mean-field line with 8 = 0, which
for N =1 read

1 a—4
Fi=(1,0) and Fi(2ﬁ: 4ap

o) @

The critical condition is, thus, obtained when F; = F_|
which occurs for o = 4p. At this point, new fixed points
emerge, and we, thus, expect to see a first-order tran-
sition. However, when assuming that ng ~ 1, which
indicates the imminent outbreak of a new disease, the
phase transition is not observed when numerically in-
tegrating the system dynamics. This can additionally
be observed by inspecting the fields in the phase plot
(Fig. A2). The lack of phase transition can be under-
stood by realizing that when we vary the rates, we actu-
ally determine whether a fixed point attracts or repels.
More specifically, for a < 4p, we find that F} is the sole
attractor, while for a > 4p the fixed point depends on the
initial condition. When n% = ng(t = 0) > %, F} remains
the sole attractor and, thus, one can conclude that there
is no phase transition. This can be more closely examined
by solving for the critical rate o’ for which Fy = (n,0),
which reads

’ P
D) (3
Clearly, when n2 ~ 1, we have that o/ — oo, and, hence,
the system effectively does not display a phase transi-
tion. If instead n% < % (see Fig. A2), F_ becomes the
attractor, and we find a phase transition at o = 4p.

The simple model discussed here illustrates that initial
conditions can play a crucial role in the characterization
of phase transitions. However, it is also clear that our
dimension reduction scheme provides a straightforward
graphical interpretation of the problem. Using the phase
plot that is obtained by this procedure allows us to in-
tuitively assess under what conditions the initial condi-
tion modify the fixed points and, subsequently, the phase
transitions of a system. This stands in stark contrast
with other approaches that often need to rely on brute-
force inspection of the fixed points, such as numerically
integrating the system for a set of initial conditions.

Appendix H: Identifying phase transitions in a
model of tax evaders

Although the epidemiological SIS model (Sec-
tion IITA), and its modification (Section IIIB) are in-
teresting from an illustrative perspective, they do not
warrant a dimension reduction as there is only a single
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effective compartment, as N = ng+ny. Here, we treat a
more challenging, multicomparment CRN that displays
both continuous and discontinuous phase transitions. In
particular, we analyze a model for tax evasion introduced
elsewhere [50]. It includes three compartments, namely,
honest individuals H, susceptible ones S, and evaders E.
The dynamics are described by the following elementary
reactions:

E+HYY Bys (Hla)
S%E (H1b)
ESH (Hlc)

H+EYY om (H1d)

H+8<Yon (Hle)

The DPH is given by

€ 0
H :Na}{(a}{ —al)agas + Na}](a}[ —al)agag
A
+ Nag(ag - a‘LH)aHaE + a(a}rf — ag)as
+ Bla; — aj)ag, (H2)

and the mean-field equations read

Out) = () 57 15) + 3 ng) — 5 nz) ) + B

(H3a)
Outns) = ~(ns) (@ + ) + sy lma) ) (H3D)
ulng) = ~(ug) (5 gt ) +alns)  (10)

In this model, N is fixed and we consider the order
parameter ¢ = 1 — (ny)/N. After rescaling (N = 1), we
take as first integrals the last mean-field equation and the
population conservation, obtaining the parametrization

(1 —quzy)(B+ dqm)
a+ B+ dqn

_ 00T

9% =  a+B+6qu

The corresponding reduced Hamiltonian subsequently
reads

b (=101 =)

T f(a+ B)+on (@9 [a(B 4 dn) + Benl+n [0ne — al] ),

(H5)
and the trivial zero-energy lines are n = 1 and 6 = 0.
The nontrivial zero-energy lines are described by

 Sen?2
6 = log < aln — den >

aff 4 adn + Bne
We denote by F_ and Fy the intersection of the

nontrivial energy curve with the mean-field line, where
nr_ < np,., and F; = (1,0) is the usual absorbing state

(H6)
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(b)

FIG. A3. Second- and first-order phase transition in a model of tax evaders. The order of the transition depends on
the value of €, where for € < €. a second-order transition is observed, and for € > €. a first order. Note that the second-order
transition was overlooked by the original authors of Ref. [50]. (a) The phase portrait in the Cole-Hopf variables. For more
clarification on the phase plot, see Fig. 1. (b) The order parameter ¢ = 1 — (ng)/N versus the control parameter A. Other
relevant variables are « = 1, § = 0.5 and § = 0.5. For these variables, we have e. = 1 and A\; = 1.5 for € < ¢, and \2 = 4 for

€ > €c.

(Fig. A3). By considering A as control parameter, we
find that § = 0 when

(a+e)(B+9)

«

Ae = (H7)
For A < A, the system converges to F; and there is no
phase transition. Moreover, at the critical point, which
occurs at

(H8)

the nontrivial curve is tangent to the mean-field line and
F, = F_ = Iy, yielding a tricritical point. For € < €., we
find that, at the critical point, F_ = F;. By studying the
eigenvalues, we observe that F_ becomes the attractor
(Fig. A3a) and a second-order phase transition occurs.
Instead, if € > epsilon. we see that Fy = F; and the
dynamics jumps to the new attractor F_. Therefore,
there is a discontinuity of the asymptotic behavior, which
indicates a first-order transition (Fig. A3b).

We point out that, while the critical value A\, corre-
sponds to the result predicted in [50], our method finds a
continuous critical transition for low € that had not been
reported before. This clearly underscores the advantage
of our proposal, as it provides a transparent method for
detecting critical points that could otherwise be over-
looked due to the lack of exploration in certain parameter
regions.

Appendix I: Details on global attractors and
parametrizations of a Lotka-Volterra model

As discussed in Section IIIC, one can overcome
parametrization degeneracy through a careful inspection
of the dynamics of the system within a specific region of
the parameter space. In practice, this means that one

needs to make sure to choose the parametrization that
correctly identifies all fixed points, even when some of
these fixed points cannot be physically attained. In this
specific model, unphysical fixed points are those that de-
scribe negative predator abundances, and, hence, prey
abundances that exceed the total number of available
patches N — D. While in some cases these attractors
are easy to identify, in other cases the dynamics may
need to be solved. Yet, it is important to note that our
proposed method alleviates the need to resort to brute-
force methods such as numerical integration, as one can
identify unphysical fixed points.

As discussed in the main text, we obtain two
parametrizations for the model, namely, A; and A;. Only
Ay correctly identifies all fixed points (Fig. A4), but some
of them are not within the physical domain. Close inspec-
tion of the mean-field dynamics can additionally be used
to garner intuition (Fig. A5). Indeed, we see that there
is only a single global attractor for all values of D, and
that the nonphysical fixed points for which n > N — D
cannot be obtained. Therefore, the (mean-field) dynam-
ics cannot be easily gathered from phase plots that are
defined by As, yet they can still be used to identify the
phase transitions.

Recall that in this model, two phase transitions occur
for distinct values of the control parameter D (see Sec-
tion IITC and Figs. A4 and A5). For D = D, we note
that the fixed point varies smoothly and that no addi-
tional fixed point appears, and, thus, the transition from
coexistence to only the prey remaining is of second or-
der. The same reasoning applies to the critical point at
D = D, and the transition from positive prey abun-
dances to full extinction is also of second order.

Finally note that this specific model, only a sin-
gle parametrization, and subsequently a single reduced
Hamiltonian, remains valid, and, therefore, the degener-
acy is completely resolved.
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FIG. A4. Phase portraits of the Lotka-Volterra model after resolving the parametrization degeneracy. Phase
portraits in the (7, 0) plane of the Lotka-Volterra model (Eq. (57), see also Section III C for more details) for different amounts
of habitat loss. Here, we show only the parametrization that resolves the degeneracy, as Az is the only parametrization that
correctly identifies all fixed points of the system. For more clarification on the phase portrait, see Fig. 1, and for more details

on the model and its parameters, see Fig. 4.
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FIG. A5. Mean-field dynamics of the predator-prey
model of Eq. (57). Curves are shown for the three dis-
tinct regions of interest. In the first region, D < D;, both
prey A and predator B coexist, while in the second region,
Dy < D < Dj, the predator goes extinct while the prey
species remains. In the final third region, D > Da, there
are not enough patches to sustain either prey or predator,
and both go extinct. Note that the steady states obtained
by investigating the dynamics are always physical. Dynamics
are shown for values of the order parameter D = 0.1 (top),
D = 0.5 (middle), and D = 0.9 (bottom). All parameters are
as in Fig. 4.

Appendix J: On the accuracy of the dimension
reduction to capture stationary fluctuations

As explained in Section IIF, the dimension reduction
process yields reduced Langevin and Fokker-Planck equa-
tions. The reduced description consistently captures the
correct mean-field dynamics of the original system and its
critical behavior, if any. Nevertheless, the accurate char-
acterization of stochastic behavior is CRN dependent. In
brief, when the CRN includes spontaneous reactions, i.e.,
there are reactions of the type A — B, the reduced de-
scription may fail to accurately capture equilibrium fluc-
tuations and the transient to stationarity. In contrast,
when such reactions are absent, the reduced description
reliably encapsulates these aspects of the dynamics. To
illustrate this, we examine two distinct models: one de-
rived from epidemiology, which includes spontaneous re-
actions, and another from ecology, which is free of such
reactions.

1. Dynamics with spontaneous reactions:
higher-order SI/RS model

Here, we discuss an epidemiological model that incor-
porates more realistic features than those studied in Sec-
tion IIT A and Section IITB. We use it to illustrate the
mismatches that spontaneous reactions introduce.

We consider a modified STRS model that, compared
to a standard STRS, includes an extra spreading mecha-
nism that can be represented by a three-body interaction.
A slight modification of this model has recently been put
forward to replicate nonlocal spreading behavior of cas-
cading failures in network infrastructures [62]: For ex-
ample, in real-world power grids, failures are known to
spread nonlocally [63, 64]. The elementary reactions read
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We proceed as usual by finding the Doi-Peliti Hamilto-
nian. The components to freeze are the infected and the
recovered ones, and this is equal to specifying the con-
straints

1’]:1'3:1, (J2a)
and
(1 —xsqs) p(l —x5qs)
_ 27 = - =227 J2b
u“ pto i p+o ( )

where the constraints on ¢y g have been obtained by in-
vestigating the mean-field equations and applying our
dimension reduction scheme by setting 0;(ngr) = 0. Af-
ter applying the Cole-Hopf transform and normalizing by
setting NV = 1, we find that the reduced Hamiltonian has
trivial zero-energy lines at § = 0 and i = 1, and that the
nontrivial zero-energy line is given by the curve

g ((Maa(l = 1) +7(a +0)]
o=1 g( p(p+0) ) (33)

The inspection of the zero-energy lines and their intersec-
tions reveals that these display the same structure as the
modified SIS model, as expected. We, therefore, recover
the same topology that we reported in Section III B, and
the phase portraits are equivalent. Briefly, it means that
for some a < a,. a second-order transition is observed,
while for a > a. the transition is of first order, where
a. = p(p+o0)/o. Finally, at @ = ., we find a tricritical
point.

Because the original system includes spontaneous re-
actions, the resulting correlation matrix of the Langevin
equation contains off-diagonal elements, leading to some
expected discrepancies between the full multicompart-
mental description and the reduced one. Although the
expression for the stochastic dynamics of 7 is lengthy, the
drift and noise term can be written as functions of the
system parameters, and can be numerically integrated by
using, for example, an Euler-Maruyama scheme. Upon
performing such an integration (see Fig. A6), we confirm
that the time evolution of the reduced dynamics devi-
ates from that of the full system. Notably, in this spe-
cific case, the reduced description yields a transient curve
with a decay timescale of the same order of magnitude
as that of the full system, and the largest mismatch in
the histogram of ng is approximately 10% at its peak.
While these results may appear acceptable, we antici-
pate that the level of mismatch depends on the specific
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FIG. A6. Reduced dynamics and distributions of fluc-
tuations in the higher-order SIRS model (a) Compari-
son between typical realizations of the full dynamics, the re-
duced dynamics, and the mean-field dynamics of the higher-
order STRS model in Eq. (J1). While the full dynamics essen-
tially describes fluctuations around the mean-field dynamics,
the reduced dynamics typically does not, and follows a slight
different evolution in time. (b) Histograms of the fluctuations
of the susceptible compartment. Both histograms have been
obtained by numerical integration of the stochastic dynamics
using an Euler-Maruyama scheme with At = 0.01, and have
been computed after discarding the first 10° steps. Note that
only the first moments of the distributions coincide, indicat-
ing that the reduced dynamics does not go beyond the mean
field for this specific model (see the text). The plots are cre-
ated with N =10*, y =1, « =0.2, p=0.4 and ¢ = 1.

CRN and is likely to increase with the number of compo-
nents. A comprehensive characterization of these trends
lies beyond the scope of this work, but it merits further
investigation in future studies.

2. Dynamics without spontaneous reactions:
Generalized Lotka-Volterra model

Let us now illustrate the opposite scenario, namely, a
CRN with a large number of compartments but without
spontaneous reactions. As expected from our theoreti-
cal derivations, the reduced description should perfectly
approximate the one of the full system.

Let us take a generalized Lotka-Volterra model with
M distinct species. The (chemical) Langevin equation



of the generalized Lotka-Volterra model is known, and
reads [27]

dn;  riny
a - fii—ﬂi—zaijnj +vni &, (J4)

K .
J#

where r; and k; are, respectively, the growth rate and the
carrying capacity of species ¢, and a;; are the interaction
coefficients. Note that the noise function depends only
on n; itself. This is the key fact that renders the reduced
dynamics an incredibly good approximation for the full
stochastic system.

When writing down the elementary reactions, one
should be mindful of the fact that the deterministic part
of this model contains a quadratic term in n;. Following
the steps highlighted in Ref. [27], the reactions are

N; 5 2N; (J5a)
N; + N; D N, (J5b)
N + N; 2805 N (J5¢)

and, thus, the Doi-Peliti Hamiltonian of such a system is
"= Y

Q;
+ Z a

The final sum can be reconciled with the sum within the
stochastic differential equation (which excludes j = 1)
simply by considering «;; = 0, or by appropriate scaling
of diagonal elements of the interaction matrix. Here, we
choose the former.

By again using the field transformations aj & x; and
a; < q;, we can readily apply our dimension reduction
formalism and, without loss of generality, freeze all com-
partments but ¢ = 1. Then, the reduced Hamiltonian H*
is the Hamiltonian evaluated at z; = 1 and ¢; = Q(¢1, @),
where @ follows from the constraints. The constraints to
determine g; are obtained from the mean-field equations
for (n;), i.e.,

a -1 al—l—Z—a 1—a)a1al

(J6)
)alaj

O¢(nj) = { 0

Recalling that we chose to freeze all compartments but
the first, we solve the mean-field equations for g; after
setting 0y(nj) = 0. Generally, the parametrizations of
the form ¢; = Q(q1,x) are lengthy but can be solved
either numerically or symbolically.

In the case of the generalized Lotka-Volterra, one needs
to take some additional care by ensuring that the param-
eters define a feasible system, i.e., a system where each
n; > 0 up until large ¢. If this is not the case, then some
g; must equal zero, yet one would need to inspect the
full (mean-field) dynamics in order to know which species
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FIG. A7. Reduced dynamics and distributions of

fluctuations in the generalized Lotka-Volterra model
(a) Comparison between typical realizations of the full dy-
namics, the reduced dynamics, and the mean-field dynamics
of the generalized Lotka-Volterra model with M = 24 species.
In this case, both the full (stochastic) dynamics and the re-
duced dynamics are essentially fluctuations around the mean-
field dynamics. In addition, both the first and second mo-
ments of distribution of fluctuations capture the full dynam-
ics. (b) Histograms of the fluctuations of the first species n;.
Interactions are such that the mean-field describes a feasible
equilibrium (see text). Note that the distribution of fluctua-
tions of the reduced dynamics is indistinguishable from that
of the full dynamics. Both histograms have been obtained
by numerical integration of the stochastic dynamics using an
Euler-Maruyama method with At = 0.01. We have integrated
the system up to t = 5 - 10°, and the histograms have been
computed after discarding the first 10* steps. Positive inter-
action coefficients were randomly sampled with the same seed
for both the full system and the reduced one. We set r = 1
and k = 10% for all species, and pa = 1 and 04 = 0.1 for the
interaction coefficients. On average, 10% of the species inter-
acted — i.e., ¢ = 0.1 — hence a could be considered sparse,
and we were able to compute the drift and noise term for the
reduced dynamics symbolically.

go extinct. Effectively, this means that the approach de-
scribed above holds in the weak-interaction limit [65-67].
More specifically, one considers interactions to occur with
some probability ¢, and some strength that is sampled
from a distribution with finite moments. Typically, a
Gaussian distribution is chosen for the interaction coeffi-
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where z;; is a standard normal variable with mean 0 and
variance 1. While a thorough investigation of the gen-
eralized Lotka-Volterra model is well beyond the scope
of this work (but see, e.g., Refs. [68, 69] for pedagogical
reviews on the topic), the essence is that our dimension
reduction scheme applies to scenarios in which g4 and o4
define systems with a unique feasible equilibrium that is
globally attracting [65, 66].

Putting these technicalities aside, we proceed with the
pipeline of our dimension reduction. The reduced dy-
namics are obtained by applying the Cole-Hopf trans-
formation on the reduced Hamiltonian and deriving the
drift and noise functions, the reduced Langevin equation
is

(J8)

Q5

d
L= 00HG + /O3 H; - . (J9)
where OFHE = [05H*]o—0. Because of the absence of

spontaneous reactions, the diffusion term is diagonal, and
we expect that Eq. (J9) yields an accurate approximation
of the full dynamics.

Indeed, when observing the histograms of the equilib-
rium fluctuations, we show in Fig. A7 that both the time
evolution and the fluctuation distributions, of the full and
the reduced dynamics are essentially indistinguishable,
even if we have chosen a large number of compartments
M = 24. In fact, upon close inspection, the first two
moments are exactly equal up to numerical precision, a
clear indication that the reduced dynamics captured phe-
nomena well beyond the mean-field dynamics.
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