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Error Correction Decoding Algorithms of RS Codes
Based on An Earlier Termination Algorithm to Find
The Error Locator Polynomial

Zhengyi Jiang, Hao Shi, Zhongyi Huang, Linqgi Song, Bo Bai, Gong Zhang, Hanxu Hou

| Abstract—Reed-Solomon (RS) codes are widely used to
correct errors in storage systems. Finding the error locator
polynomial is one of the key steps in the error correction
procedure of RS codes. Modular Approach (MA) is an effective
algorithm for solving the Welch-Berlekamp (WB) key-equation
problem to find the error locator polynomial that needs 2t steps,
where ¢ is the error correction capability. In this paper, we first
present a new MA algorithm that only requires 2e steps and
then propose two fast decoding algorithms for RS codes based
on our MA algorithm, where e is the number of errors and e¢ < t.
We propose Improved-Frequency Domain Modular Approach (I-
FDMA) algorithm that needs 2e steps to solve the error locator
polynomial and present our first decoding algorithm based on the
I-FDMA algorithm. We show that, compared with the existing
methods based on MA algorithms, our I-FDMA algorithm can
effectively reduce the decoding complexity of RS codes when
e < t. Furthermore, we propose the ¢o-Shortened I-FDMA (¢(-SI-
FDMA) algorithm (¢ is a predetermined even number less than
2t—1) based on the new termination mechanism to solve the error
number e quickly. We propose our second decoding algorithm
based on the SI-FDMA algorithm for RS codes and show that
the multiplication complexity of our second decoding algorithm
is lower than our first decoding algorithm (the I-FDMA decoding
algorithm) when 2e < to + 1.

I. INTRODUCTION

Reed-Solomon (RS) codes [2] are widely used in data
storage systems because of their powerful error correction
capability. An (n, k) RS code encodes k data symbols into n

coded symbols, and can correct any e errors, where e < ¢ and
t= L"T_’“J is the error correction capability. Many decoding

algorithms have been studied in [3]-[12] to correct the errors
for RS codes.

Finding the error locator polynomial is the key part of the
error correction process of RS codes. The Berlekamp—Massey
algorithm [3] and the Modular Approach (MA) [4] are two
typical algorithms for solving error locator polynomial when
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decoding RS codes. The existing literature [7] has proved that
the Berlekamp—Massey algorithm can stop the iteration and
find the error locator polynomial in at least ¢ 4 e steps.

The key equation derived in the process of RS code
error correction can be regarded as a special case of Welch-
Berlekamp (WB) key equation, and the MA algorithm is
effective for solving the WB key equation problem. Based on
MA method and LCH-FFT fast algorithm [9], the Frequency
Domain Modular Approach (FDMA) algorithm is proposed in
[L3] to solve the error locator polynomial, which is suitable
for decoding short RS codes and hardware implementation.
The FDMA algorithm [[13] needs to iterate 2¢ steps to get the
error locator polynomial. Recently, Chen et al. [12] proposed
an early termination mechanism for MA algorithm which
can find the error locator polynomial by iterating only ¢ + e
steps. Similar to the FDMA algorithm, they [12] proposed
the enhanced FDMA (eFDMA) algorithm based on their
termination mechanism and LCH-FFT algorithm.

The main contributions of this paper are summarized as
follows.

o We first theoretically show that the MA algorithm can
find the error locator polynomial by iterating only 2e
steps when e < ¢ and propose a new termination
mechanism to stop the algorithm at step 2e.

e We propose Improved-FDMA (I-FDMA) algorithm
based on our new termination mechanism and present
our first decoding algorithm based on [-FDMA algorithm.
We show that our I-FDMA decoding algorithm has 5.64%
to 41.79% multiplication reduction, compared with the
existing eFDMA algorithm for evaluated parameters
(n,k) = (256,224) and e € {1,2,---,10}.

o We propose the ty-Shortened I-FDMA (SI-FDMA) algo-
rithm, which can be used to quickly find the number
of errors e. Based on the ty-SI-FDMA algorithm, we
propose our second decoding algorithm, which has lower
decoding complexity than our first decoding algorithm
when 2e < tg + 1. We show that our second de-
coding algorithm has 22.49% to 46.41% multiplication
reduction for evaluated parameters (n, k) = (256, 224),
e € {1,2,---,8} and 26.71% to 59.22% multiplication
reduction for evaluated parameters (n,k) = (128,96),
e € {1,2,--- 8}, than our first decoding algorithm.

The rest of the paper is organized as follows. Section
reviews the WB key equation problem and MA algorithm.
Section derives the new termination mechanism for MA
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algorithm. Section [[V] presents I-FDMA algorithm and our
first decoding algorithm. Section [V] presents the ¢o-SI-FDMA
algorithm and our second decoding algorithm. Section [V eval-
uates our two decoding algorithms and the existing decoding
algorithms based on MA methods. Section [VIIl concludes the

paper.

II. PRELIMINARY

In this section, we first review the WB key equation
problem [13], then we introduce the classic MA algorithm
and some related results.

Consider the binary finite fields Fom with 2™ elements. Let
{Ui};lal be the basis of Fom over Fg, and Fom = {w; ?:0*1,
in which

Wi =10 Vg+ 11 V1 +Flyp_1 Up_1

foreach i = ig+i1-2+- - +iy_1-2m 1 € {0,1,--- ,2m—1},
where (ig,41,...,4m—1) is the binary representation of i.

A. The WB Key Equation Problem and MA Algorithm

The Welch—Berlekamp key equation problem can be de-
scribed as follows. Given that positive integer p > 1, find a
polynomial pair (w(z),n(x)) with w(z),n(x) € Fam|[x] and
deg(n(z)) < deg(w(z)) such that the following equations
hold,

where {(x;,y;)}/_, are given p nonzero points over Fam.

Consider an (n, k) RS code over the field Fam, we have that
the error correction capability ¢ = L”—gkj and n < 2™. In the
error correction process of an (n, k) RS code, find the error
locator polynomial [13] is equivalent to find a polynomial
pair (A(z),z(z)) with deg(z(z)) < deg(A(z)) such that the
following equation holds,

2t—1

z(x) = s(x)A(r) mod H (x — wi), )
=0

where s(z) € Fam[z] is the syndrome polynomial, A(x) €
Fam[2] is the error locator polynomial and z(z) € Fom[x] is
the error evaluation polynomial. The equation problem in Eq.
@) is called the key equation problem. We can see that the
key equation problem in Eq. is a special WB key equation
problem in Eq. with p = 2t and z; = w;—1,y; = s(w;i—1)
fori=1,2,---,2t.

Suppose that there are e errors in an (n, k) RS code, where
e < t. The element w; € Fam is the error position if and
only if w; is the root of the error locator polynomial A(x),
ie., AMw;) =0. Let

E = {il]Aw;) =0,i € {0,1,--- ,n—1}}

be the index set of all e error positions. Similar to the
assumption in [12], suppose that E C {i}}'=,. In fact, we
can always obtain an (n, k) RS code as a shortened code of
(2™, k+2"™—n) RS code by deleting the first 2™ —n codeword
symbols. If the number of shortened symbols 2™ — n is not

less than 2¢, then the indices of both data symbols and parity

symbols of (n, k) RS code are > 2¢, and we can always have
E C {i}{ 2

We can employ the MA method to solve the key equation
problem in Eq. (@). It inputs 2¢ values {s(w;)}7-," and outputs
polynomial pair (A(z),z(z)) satisfying Eq. @). We review
the MA algorithm [13] in Algorithm [ which requires 2¢
iterations. Please refer to the literature [[13]] for the idea behind
the MA algorithm.

Algorithm 1 The MA Algorithm [13]

Require: {s(w;)}7,"

Ensure: (A(x),z(x)) satisfying z(w;) = s(w;)A(w;) for i =

0,1,---,2t — 1 and deg(A(z)) < t,deg(z(z)) < t.
1: Initialization:
L, (wO@ nO@Y 10y () _
: U(O)(ZC) m(o)(x) - 0o 1)/’ giO) =

(0)
—s(wi)\ . _ [ Ro
( 1 ),Z = 0,1,---,2t — 1; <R§O)>

:forr=0,1,---,2t — 1 do

4 ifd" =0or (RY) > R{") and ¢! # 0) then
_ ) d’“)

5: Let \IJT_< gr r )

0 T — Wy

(5]

IR
6: and\I/T(wi):( gr " )forz':r—i—l,r—i—
0 Wi — Wy
2,00 21
7 RYTV =R R = R 42
8:  else

(r) (r)
9. Let U, = ( g’ dr
T — Wy 0

N CORN (D)
10: and U, (w;) = < gr A > fori=r+1,r+
Wi — Wy 0
2,21
n R R REFD R 4y
12:  end if

132 fori=r+1,r+2,---,2t—1do

dl(r+l) dz(r)
14: (g(T—H) =V, (wi) - ie

l

15:  end for

16:
W (@) @)\ _ o (wP@) n ()
U(T‘H)(:v) m(r+1)(x) - T ’U(T)(SC) m(r)(x)
17: end for

18: if R < RP" then

19:  return (w®)(z),n)(z))
20: else

21: return (v (2),m (x))
22: end if

B. Some Results of MA Algorithm

In the following, we review some existing results about
MA algorithm in Algorithm [Il which are useful for deriving
our new termination mechanism in the next section. The four
variables gff), dgf), R(()T) and RY) are used in Algorithm
which affect the iterations, where » = 0,1,---,2{. The



two variables gy) and d\”) are in Fom, while R((f) and RY)
are nonnegative integers, for r = 0,1,--- ,2t. Please refer
to the literature [[13] for the detailed meaning of these four
parameters.

The next lemma shows that gy) and dS’”) cannot be both
Zero.

Lemma 1. [/3| Lemma 4] Either gy) or dﬁ’”) is nonzero for
r=0,1,---,2t — 1.

Lemma [2] shows the relationship between R’ and R{"”
after each iteration.

Lemma 2. (I3 Lemma S|R’ + R{") = 2r +1 for r =
0,1,---,2t and ife <t, min{R((ft),Rth)} —9

Lemma [3 reveals the key criterion about the termination
mechanism of the MA algorithm.

Lemma 3.

12 Lemma 1] If e < t, then there exists some
r <t+ e such that RY

) — 9t 4 1.

Theorem 4 [12| Theorem 1] If e < t, assume that E C
{i}iZ 2,5, (R(()He) R(He)) (2,2t + 1), and the roots
of w t+€)( ) are all e error positions.

Together with Lemma [3] and Theorem ] we can see that
Algorithm [T] can be executed with ¢ + e steps.

III. THE NEW TERMINATION MECHANISM

In this section, we first show that we can execute the MA

algorithm by only 2e steps to find the error locator polynomial.

Note that e is unknown in the error correction procedure, and
we further derive a sufficient condition for the MA algorithm
to be executed with 2e steps.

According to Lemmal2] we can see that the sum of R( 0 and
R(Z is an odd number for 0 < ¢ < 2¢. Therefore, either R(Z

or Rg " is an even number. Let Even(R((f)7 R{") be the element

in {R{”, R} which is an even number, where 0 < i < 2¢.

We can obtain the following lemma.

Lemma 5. For 0 < i < j < 2t, we have that
Even(Réi),R(i)) < Even(R(j) R(j)).

Proof. Without loss of generahty, suppose that R(Z =
Even(R\”, R{"), where i € {0,1,---,2t — 1}. If line 4 in
Algorithm [ is true, then line 7 will be performed, and we
have

R(()i+1) _ R((Ji) _ Even(R((Ji-i-l)’Rgi-i-l))’

ie., Even(R(()Hl), Rg”l)) = Even(R(()i), Rgi)).
On the other hand, if line 4 is false, then line 11 will be
performed, and we have

R = RY 4 2 = Even(R( Y, RUHY),

ie., Even(R(()Hl), Rgiﬂ)) > Even(R(()i), Rgi)). Therefore, the
lemma is proved. o

The following lemma shows a sufficient condition for
finding the e error positions.

Lemma 6. If Ry®) = 2¢ and R{" > 2e+ 1, where 0 < i <
2t, then the roots of w'™)(x) are all e error positions.

Proof. When R — 2¢ and RW > 2e + 1, we have
Even(R{, R(“S) = 2e. According to Lemma 3] and Lemma
Bl we have 2¢ = Even(RY”, R\")) < Even(R{”,R") <
Even(R(Qt) R(Qt)) = 2e, for any 1 > 19. Therefore, for any
1 > 19, wWe can obtain that R(() R(ZO) 2e. According
to Lemma ] we have R(l) + R(l) 2i + 1 for i > iy,
R(lo) = 249 + 1 — 2e, and further obtain that

R = 2i+1—2¢=2(i —io) + R >2¢+1> R
3)

Since R((f) = R(“)) = 2e for any i > iy, line 7 of Algorithm [I]
must be performed Therefore, the condition in line 4 of
Algorithm [I] must be true. Note that for ¢ > g, we have
R((f) < R(l) by Eq. (). Then we obtain that d(l) = 0;
otherwise, the condition i 1n line 4 of Algorithm [T is false We
can further obtain that g ;é 0 according to Lemma [1l By
line 16 of Algorithm [T} for ¢ > ig, we have

w(Hl)(I) n(iJrl)(I)
(v(i-i-l)(x) m(i-l—l)(x)):

—g"¥ 0 w®(z) n(z)
( 0 =z —wi) . (v(i)(x) m(i)(x)> ‘
Thus w(+D(z) = —¢Pw®(z), and two polynomials
w1 () and w® () have the same roots.

To sum up, w (z) and w(*+¢)(x) have the same roots for
any 7 > ig. According to Theorem [, we have that the roots

of w(t+€)(z) are all e error positions. Therefore, the roots of
w() (z) are all e error positions. (]

According to Lemma[6] we need to find a value of ig such
that the condition in Lemma [6] holds. The next lemma shows
that the condition in Lemma [6| holds when 79 = 2e.

Lemma 7. When ig = 2e, we have (R(()Qe), Rgze)) _
1), i.e., the condition in Lemma [6] holds.

(2¢,2e+

Proof. Let vy be the smallest integer such that R(T“) = 2e.

Obviously, 79 <t + e since R<t+e = 2e according to Theo-

rem 4] Next, we show that Rg o) — = 2e + 1 by contradiction.
On the one hand, suppose that RY“) < 2e+ 1, then

Ré’r‘o) + Rg"‘o) — 27*0 +1< 2e —+ (26 + 1),

where the above equality comes from Lemma 2l We obtain
that 79 < 2e from the above inequality. According to
Lemma 3 for any 2t — 1 > i > rg, we have

2¢ = Even(R{™®, R") < Even(R{"”, R")
< Even(RSY, RPY) = 2.

Therefore, R = R{") = 2¢ and R\" = 2i+1—2¢ for 2t >
i > ro. Since 1y < 2e, we have (R(()Qe) R%)) = (2¢,2¢ + 1).
On the other hand, suppose that Rg %) > 9¢ + 1. Note that

R{" = 2¢and R{""™" < 2e. According to line 7 and line 11,

(ro—1) _

we can obtain that R = RYO) — 2; otherwise, we have



R{™Y = R{) = 2¢, which contradicts with R\ < 2e.

Therefore, when » = rog — 1 in line 3, we will perform line

11 and the condition in line 4 is false. Since RY“) is an odd
number, we have R{"™ > 2¢ + 3 and
R{O™Y =R _9>2¢ 41> 2 =RV,

™ 1 ro—1
then we have d °.Y 0 and gi o ) =
r=ryg—1, Wehave

wt) ()l (x) _
(U(”’)(fv) m(“)(éﬂ)) -

0 dVY (w0 D@) nCo ()
(omts 50 ) (Gl i)
and w0 (z) = dg‘i—ll)v(r“*l)(a:). Therefore, two polynomi-
als w(™)(z) and v("0~1)(z) have the same roots. According
to Lemma [6 the roots of w(")(z) are all e error positions,

thus the roots of v("0~1)(z) are also all error positions.

When r» = rg — 2, if the condition in line 4 is true, then
we have v("0"D(z) = (z — wy,_2)v"™ "2 (z) by line 16,
which contradicts with the assumption that v("~1)(z) does
not contain the root whose index less than 2¢. Otherwise, if
the condition in line 4 is false, then we have v("0~1(z) =
(2 —wyp,—2)w™~2)(z) by line 16, which also contradicts with
the assumption that the root index of v("0~1)(z) is no less than
2t.

Therefore, we have R(m) = 2e + 1. According to Lemma
i} R(TO) + R(T“) 219 + 1 = 4e + 1, then we have ro = 2e.
The lemma is proved. O

= 0. By line 16 with

Combining Lemma [ to Lemma [7] we can know that
(RP9, R*) = (2e,2¢ + 1) and the roots of w(2®)(z) are
all e error positions when e < ¢ and E C {i}}_,;. Therefore,
we can obtain the error locator polynomial after 2e iterations
in Algorithm [II However, the value of e is unknown. Next,
we present a sufficient condition to find the error locator
polynomial by only 2e iterations.

Lemma 8. Given an integer i1 with 2t — 1 > i1 > 0, if
d;_n) =0 for all 2t — 1 > j > iy, then w'")(x) is the error
locator polynomial.

Proof. Since d§i1) =0 for any 2t — 1 > j > 41, according to
line 14 in Algorithm [1l with 7 = 7, we have

d§i1+1) gl(ll)d( 1) dgil)gj(n) =0,

for any 2t — 1 > j > 41 + 1. By analogy, we can know that

d) = 0foranyi; <i<2t—1landi<j<2t—1by

repeatedly using line 14 in Algorithm
Therefore, for any r > i;, we have d&” = 0 and the

condition in line 4 of Algorithm [Ilis true. Then we have

(38 )-
n((’“))(x) ) 7
m® (z)

m(r-l—l)(x)
S0 0 (e
0 T — Wr v (2)
ie., wrt(z) = —gMw™ (). By Lemma [Il we can see
that g{") 0 for r > 4,. Therefore, polynomials w("+1 (z)

and w( (z) have the same roots for any » > 4;. We can
obtain that w(")(z) and w®* (z) have the same roots. Since
w®!) () is the error locator polynomial, then w(*t) (z) is also

an error locator polynomial.
O

Next, we show that the condition in Lemma [8| holds for
il = 2e.

Lemma 9. For any 2t — 1 > j > 2e, we have d(-ze) =0.

Pro { According to Lemma [6] and Lemma [7, we have that
= 2e, the roots of w(?®)(x) are all e error positions,
and d() = 0 for all 2e < ¢ < 2¢ — 1. Next, we show that
d§2e) = 0 for any j > 2e by contradiction.
Suppose there exists jp with 2e < jo < 2¢ — 1 such that
(2@) . . . .
d;; " # 0. According to line 14 in Algorithm [Il we have
(26) (2e) (2e) (26) (26) (2e)
d;, " +dy, — d;, -

2e

(26+1)
d jo

Similarly, we can obtain

2e+2 2e+1 2e+1 2e+1 2e+1
d;o ) _ _géeﬂ )d( ) + d(e+1 ) J(‘(J )
- (2e+1)d(2e+1)
- 2e+1
2e+1 2e 2e
= (—g5eh U(—gée N,
and further, obtain
) Jjo—1 . )
diy’ = IL (o) -3 @
j=2e

By Lemma [Il we have gj(-j) # 0 for all 2¢ < j < jg — 1.
Since dgie) # 0, i.e., the right side of Eq. is non-zero,
which contradicts with d%“) = 0. Therefore, the lemma is
finished. O

According to Lemma [§] and Lemma Bl we only need to
check whether d;r) =0 for all r < j < 2t — 1 in iteration

r. If dg-r) =0 for all »r < 5 <2t —1 in iteration r, then we
have r = 2e and we can stop Algorithm [I] to output the error
locator polynomial.

IV. OUR FIRST DECODING ALGORITHM BASED ON
I-FDMA ALGORITHM

In this section, we present our first decoding algorithm
for LCH-FFT-based RS codes [9]. We first review the LCH-
FFT related algorithms [9], [[13], then propose the I-FDMA
algorithm based on the new termination mechanism derived
in Section [} and finally give our first decoding algorithm
based on the LCH-FFT related algorithms and the I-FDMA
algorithm.

A. LCH-FFT Related Algorithms

The encoding of LCH-FFT-based RS codes [9]
is based on LCH-FFT algorithm under LCH-basis
X = {Xo(x),Xi(x), -+, Xom_1(x)} in linear space
Fom[x]/(x?" — ), where

i) = im0 T T

bi o



m—1 .

for any i = >3 d; -2/ € {0,1,---,2™ — 1}, and for
any j € {0,1,---,m}, the subspace polynomial s;(z) :=

291
[T (z—w)).

The LCH-FFT algorithm is used to calculate the fol-
lowing estimation problem: given a polynomial f(z) =
Y2 £ X (x) in Fam[2]/(2?" — 2) with deg(f(x)) < 2F,
k < m, and any 8 € ]Fgm calculate the values of f(x)
at 2% points {w; + B3 ie, {f(wi + B)}5 Let
fx = (fo, f1, -+, far_1) represent the coefficient vector
of polynomial f (:v) under basis X. We give the LCH-FFT
algorithm in Algorithm

The inverse process of LCH-FFT algorithm, namely LCH-
IFFT algorithm, corresponds to the interpolation problem:
given 2% values {d; = flwi+pB)} i 2" 71 in Fom, where 3 € Fom
and k < m, calculate the coefﬁ01ent vector fg of polynomial

f(x) = Zfio_l f:X;(z) based on basis X. We give the LCH-
IFFT algorithm in Algorithm [3]

Tang et al. proposed the LCH-Extended IFFT algorithm
[13] to solve the 2¥ 4 1-point interpolation problem, which is
based on LCH-IFFT Algorithm [3] and can be applied to the
decoding process of RS codes. We give the LCH-Extended
IFFT algorithm in Algorithm @ Let h = 2%, the complexity

of each of Algorithms 2] Bland M is O(hlg(h)) [91, [13].

Algorithm 2 FFT5(f%,k,3) 9]

Require: fg = (fo, 1, far—1), 0 <k <m, B € Fam
Ensure: 2% values: (f(w0+ﬁ)7 f(w1+ﬂ)7 e 7f(w2k—1 +ﬁ))

1: if £ = 0 then

2:  return fy

3: end if

4 fori=0,1,---,21 — 1 do
5: QEO) = fi+ figor—1-
6
7
8

sp—1(8)
1) ) sp—1(vk—1)
9 =9; + figor
: end for
Vo = FFT(X Ok — 1,8), where ¢© =
97,0l )
oV = FFT(X( g,k — 1,B8), where ¢ =
(g(()1)7g§ )a' : 792?—1,1)

10: return (Vp,V4)

In the following, we consider the encoding of LCH-FFT-
based (n = 2™,k = 2™ — 2#) RS codes over Fom whose
error correction capability is ¢ = 27!, where u < m.
Let T := n—Fk = 2". Any 1 x n codeword vector F
can be represented as F = (F{,Fa,--- Fymn—y), where
F; = (f(wi-1y2n), f(@i—1)2u41), -, fwigu—1)) for any
1€ {1,2,---,2m "}, The following lemma [9, Lemma 10]
is the key to the encoding of systematic code.

Lemma 10. /9 Lemma 10]
IFFT5%(Fy, p,wo) + IFFT5(Fa, p,wau )+
~+ IFFT ) (Fom-u, pt,wam _2i) = O1x2n, S)

in which the addition between two vectors means adding the
elements corresponding to each position, and 0,y denotes
a %X b matrix with each element being 0.

Algorithm 3 IFFTx (D, k, ) [9]

Require: D,x = (dg,dy, - ,dor_1), where d; = f(w; + 3)
and 0 <k <m,fB € Fom

Ensure: fyg = (fo, f1,---,, far_1)
1: if £ = 0 then
2 return d
3: end if
4 (g9, g0, ... ’gég) 1) =IFFTg(Vo,k—1, ), where
Vo = (do,dy, -+ ,do—1_1)

o

(9(()1)’99)7"',9;)1 ) =IFFTg(Vi,k—1,3), where

‘/1 (dzk 1 dzk 1+1," 7d2k—l)
6: fori =0,1,--- ,2k"1 — 1 do
S, _ <$ 1)
7. f1+2k*20)_ 9; gz
s fi= g+ R fe
9: end for
10: return (fo, f1,---,, for_1)

Algorithm 4 Extended IFFTX(k:, 3) [13]

Require: {f(w; + 3)}2_ 0, 0<k<m,pBe€lFom
Ensure: f5 = (fo, f1,-+*,, far)
1: Call Algorithmid with input (f(wg + f), f(w1 +
By flwar_1 + B)), k, B to obtain f(z)
2: Calculate f(wor + ) - A
% f(@) = (Flwne + B) — flwm + B)) - Ko@) + (o) -
SO (F(wge +B) — flune + ) - Xo(a)
4: return f(z)

According to Lemma we can perform systematic en-
coding for (n = 2™ k = 2™ — 2#) RS codes by setting
Fy,F3, -+ ,Fom—u as data symbols, and the parity symbol
vector F'; can be calculated as follows

F\ = FFTx(IFFTx (Fa, 1, won) + - -
+ IFFTX(FQ'HL*;L,/,L, W27n_2y), ,u,,wo).

Since the encoding process involves (n/T — 1) T-point
LCH-FFT algorithms and one T-point LCH-IFFT algorithm,
its complexity is O(T'1g(T)) + (n/T — 1)O(T'1g(T)) =
O(nlg(n — k)).

B. The I-FFDMA Algorithm

In the following, we present the I-FDMA algorithm for
solving the error locator polynomial, which is based on our
new termination mechanism of MA method in Section [l

We show the I-FDMA algorithm in Algorithm[3] Recall that
in Eq. @), when e < ¢, we have deg(z(z)) < deg(A(x)) =
e <t =271 Our I-FDMA algorithm only needs to update
t + 1 evaluations {w(™ (w;), v (w;)}i_, of w((z),v) (x)
for r € {1,2,---,2t}, and output the ¢ + 1 evaluations
{Mwi)}:_, of the error locator polynomial. Note that our
I-FDMA algorithm does not need to update the evaluations
of two polynomials n(")(x) and v(")(z). Given an integer
r with r € {0,1,---,2t — 1}, when d” = 0 for all
1t =mr7r+1---,2t — 1, then our [-lFDMA algorithm can
output {w(™ (w;)}_y = {Mwi)}i_,. This is because the roots



of w(™ (x) are the e error positions when 7 = 2e according
to Lemma [8] and Lemma [0 Once {\(w;)}!_, are obtained,
we can solve the error locator polynomial A\(x) by employing
Algorithm

Note that in Algorithm line 14 requires three mul-
tiplications and two additions, and line 17 requires three
multiplications and two additions. Therefore, the number of
multiplications involved in I-FDMA algorithm is

2e—1
> (B2t —r—1)+3(t+ 1)) = 18et — 6¢* + 3¢,  (6)
r=0

and the number of additions involved in I-FDMA algorithm
is
2e—1

> @@t —r—1)+2(t+ 1)) = 12et — 4e® +2e. ()
r=0

Algorithm 5 The I-FDMA Algorithm

Require: {s(w;)}?";!

Ensure: (AU (wo), A0 (w), - -
1 I 1t1al>zat10n

AT (wp))

:( S(“’Z)> i=0,1,--,2t—1;
1
w®
1
3: ) (0 N

) kg

2: (0

5: forr=0,1,---,2t—1 do
6 if (@7 =0)or (R” > R{")) and ¢\") # 0) then
(r) (r)
7: Let U,.(w;) = <_gT dr > fori=r+4+1,r+
0 Wi — Wy
9,2t —1
s Ry =R, R =R 42
. else
NG
10: Let U, (w;) = ( gr " > fori=r+1,r+
Wi — Wy 0
2,021
. RYTY =R R = R 42
12:  end if
132 fori=r+1,r4+2,---,2t—1do

d(TJFl) dET)
" <g(T+1) = Trlwi) - g&)
15:  end for
16: fort=0,1,---,t do

(r+1) (r)
Wz Wz
17: (V(”l)) U, (wi) - (V.(T)>

i =0forr+1<i<2t—1Dor(r=2t—1)
then

20 return (Wérﬂ), Wl(TJ“l), o ,Wt(TH))

21:  end if

22: end for

C. Our First Decoding Algorithm

In the following, we introduce our first decoding algorithm
for LCH-FFT-based RS codes based on the I-FDMA algo-
rithm.

Assume that the received vector is

r= (7'0,7'1, e 7T27”—1)

=F+e

= (f(w())a f(wl)a o
where e is the error pattern vector. The index set of error posi-
tions is £ = {i|e; # 0,7 € {0,1,---,2™—1}} C [2¢t,2™—1],
and |[E| = e <t Let r; := {riou, riouq1, -
fori € {0,1,---
process.

First, we compute the syndrome polynomial s(z) by Algo-
rithm [2] as follows [13]],
241

Z IFFTx(ri, p, wion)/pam—2u.
1=0

anmfl) + (605 €1, " 5627"*1)7

7Ti»2u+2u—1},
,2m~#—1}. Now, we introduce the decoding

Then we can calculate 2¢ syndromes {s(w;)}7%," (i.e., the
input of Algorithm[3) by FF T (s%, t, wo). Then we can get
the ¢ + 1 values {\(w;)}i_ of the error locator polynomial
A(z) by I-FDMA Algorithm[3 Next, according to Eq. (@), we
can compute

2(wi) = s(wi)Awi) = s(wiw(wi),i=0,1,--- ¢ (8)

Then we can compute z(z) and A(z) by Algorithm @l After
obtaining A\(x), we can use the Chien search method to find
the roots of A(z) by Algorithm [2] as follows,

FFTy(Ag, pywion), 1 =0,1,--- 2m7H —1. )

Finally, we use Forney’s formula to compute the error values
as follows,

flwe) — 2(ewe)

) = S TN @)

where N (z) represents the formal derivative of A(z). Please
refer to [13]] for the derivation of the above processes.

We summarize our first decoding algorithm in Algorithm [6l
The computational complexity of computing syndrome poly-
nomial and syndromes, Chien search, formal derivative, and
Forney’s formula is O(nlg(n — k)) [9], [13]. Note that
Algorithm [6] can be generalized to any parameters n and k
with asymptotic complexity O(nlg(n—k)+(n—k)lg?(n—k))
[14]. Please refer to [14] for relevant details.

VlEF, (10)

V. OUR SECOND DECODING ALGORITHM

In this section, we give our second decoding algorithm for
RS codes. Our second decoding algorithm has lower decoding
complexity than our first decoding algorithm when e < ¢.
In the following, we still consider the LCH-FFT-based (n =
2™ k= 2™ — 21) RS codes as in Section [Vl

The general idea of our second decoding algorithm is as
follows: Step (1): we first determine the number of errors e by
the ¢p-Shortened I-FDMA (to-SI-FDMA) algorithm (which is
presented in the next subsection); Step (2): then we iterate the



Algorithm 6 Our First Decoding Algorithm

Algorithm 7 The ¢o-SI-FDMA Algorithm

Require: Received vectorr = F + e
Ensure: The codeword F
1: Compute the syndrome polynomial s(x) and syndromes
{s(w)}iso"
2: Compute {\(w;)}2"," by I-FDMA Algorithm 3] and get
the error locator polynomial A(z) by Algorithm [
3: Compute {z(wi)}?igl, and get z(z) by Algorithm @]
4: Find all error positions by Chien search
5. Compute the formal derivative of A(x), and then get the
error pattern e by Forney’s formula
6: return The codeword F =r 4 e

Early-Stopped Berlekamp—Massey (ESBM) algorithm [7] 2e
steps to find the error locator polynomial; Step (3): finally, to-
gether with LCH-FFT related algorithms in Section [V-A] we
find the e error locations and error values. The main difference
between our second decoding algorithm and our first decoding
algorithm in Algorithm [6] is as follows. We employ I-FDMA
algorithm to solve the error locator polynomial in our first
decoding algorithm. While in our second decoding algorithm,
we first propose the ty-SI-FDMA algorithm to determine the
number of errors e and then employ ESBM algorithm to solve
the error locator polynomial. We will show that our second
decoding algorithm has lower multiplication complexity than
our first decoding algorithm in Algorithm 6] when e < t.

A. The to-SI-FDMA Algorithm

In the following, we propose the tyo-SI-FDMA algorithm
that can quickly determine the number of errors e.

The idea behind the tp-SI-FDMA algorithm is based on
the following two observations. First, we can see that lines
16 to 18 in I-FDMA Algorithm [5 do not affect the values of
{d&”, ", R((JT)7 RY) 2t , which are the core parameters that
affect the iterations of Algorithm [3l Note that lines 16 to 18
in Algorithm [5] are just updating the ¢ + 1 values of the error
locator polynomial. Therefore, if we delete lines 16 to 18 from
Algorithm B and when the algorithm terminates, we output
R\ /2 (note that R(()Qe) = 2¢ according to Lemma [§), then
Rgr) /2 must be the number of errors e. Second, for a given
even number ¢y and tg < 2t, we will show (refer to Theorem
that Algorithm [3] does not need to input all 2¢ syndromes
{s(w;)}2,", but only t + 1 syndromes {s(w;)}"2,, and we
can still output the number of errors e after 2e iterations when
2e < tg+ 1.

We give the to-SI-FDMA algorithm in Algorithm [7l The
following theorem shows the key properties of Algorithm [7]

Theorem 11. Let tg be an even number. When 2e < to+1, Al-
gorithm [l can output the number of errors e; if the algorithm
has no output, then there must be 2e > to + 1.

Proof. If 2e < to + 1, we can see that d;ze) =0 for j =
2e,2e+ 1, ,to by Lemma 9 which means that line 15 of
Algorithm [7] is true when r = 2e — 1, and Algorithm [7] must
be terminated in no more than 2e iterations. Note that the

Require: {s(w;)}",
Ensure: The number of errors e
1: Initialjzation:

dEO) —s(wl-) .

z g(O) :< 1 )7120717"'7t0;
rR™\ /0

rO) T \1)

4: for r=0,1,--- ,ty do
5. if (@) = 0) or (R > R") and g{") # 0) then

3:

G RO
6: Let\I!T(wi):( gr " )forz':r—i—l,r—i—
0 Wi — Wy
e Sto
7: RUHY = U R — R 1o
8: 1
ese ENCRe
9: Let\IJT(wi)_< gr r )fori_r—l-l,r—l-
Wi — Wy 0
y " 7t0
o RO S RO R Z R 4

11:  end if

122 fori=r+1,r+2,---,ty do
d(r+l) d(r)

13: < ?r-l—l)) = \Ijr(wi) ! <gz(7‘)>

14:  end f:)r '

15 if d"Y =0 for r 4+ 1 < < t, then

16: return R /2
17:  end if
18: end for

above analysis has shown that if Algorithm [7] does not output
any value, it means that there must be 2e > ¢y + 1.

Next, we only need to show that Algorithm [7] will be termi-
nated strictly after 2e iterations. We prove it by contradiction.
Assume that Algorithm [7] terminates after v iterations, where
u < 2e. Then we have d§u) =0forj =u,u+1--,to.
According to line 13, we have

for j = v+ 1,u+ 2,---,t. By analogy, for any a =
w,u+1,--- ,tgand b = a,a+1,--- ,tg, we have dl()a) = 0. By
taking a = 2e—1 < tg and b = a, we have d\*) = d>*7" = 0.
Then, the judgment condition of line 5 in the 2e-th iteration
(i.e., r = 2e — 1) of Algorithm[7lis true, so that line 7 is exe-
cuted, and thus there is R((Jze) = Ré%_l). However, according
to Lemma [7] the smallest integer r such that R(()TO) = 2e is
ro = 2e, which contradicts with R*” = R{**™" = 2¢. To
sum up, Algorithm [7] will terminate strictly after 2e iterations

and the theorem is proved. o

According to Theorem given an even number %, the
to-SI-FDMA algorithm is more suitable for the case where e
is relatively small (i.e., 2e < to + 1). If the ¢o-SI-FDMA
algorithm does not return any value, it means that e is
relatively large (i.e., 2e > ¢y + 1), then we can employ the
first decoding algorithm in Algorithm [6l Note that the values



of {d\”, ¢!} =+ " have been calculated by the to-SI-
FDMA algorithm and they do not need to be calculated again
when performing I-FDMA Algorithm in our first decoding
algorithm. Therefore, the computational complexity of Algo-
rithm [6] will not be increased, when 2e > tg + 1.

B. Parity-Check Matrix and Syndromes

In the following, unless otherwise specified, we assume that
2e < to+1. After Step (1), we can get the number of errors e
by tp-SI-FDMA algorithm. We first analyze the parity-check
matrix and the corresponding syndromes for LCH-FFT-based
(n=2m k =2™ —2+) RS codes to show that we can apply
the ESBM algorithm [[7] to find the error locator polynomial
in Step (2).

First, we introduce the key Theorem [15} p.167] for deriving
the parity-check matrix of LCH-FFT-based RS codes.

Theorem 12. [[I3 p.167] Consider any (n, k) RS code over
Fom = {wi}?2 ' (0 < k < n < 2™) which is given by

=0
{f(wo), flwi), -+, flwn—1)|f(x) € Fam[z], deg(f(z)) < Kk},

then the dual code of the (n,k) RS code can be given by

{rog(wo), p1g(wi), -+, pn—19(wn—1)|
g(l‘) € Fom [:v],deg(g(:v)) <n-— k}v
where 1; = T

i;éj(“’i*“’j)'

According to Theorem [I2, when n = 2™, {wi}?gol form
a linear space over o, then pg = p1 = -+ = pp—1, and
the parity-check matrix of LCH-FFT-based (n = 2™,k =
2™ —21) RS codes H is an (n — k) x n Vandermonde matrix,
specially,

1 1 1 1 1
wWo w1 wo wWom _1
H= wh wi wh Win_y | | (11)
n;kf nf.kf n;kf n;kf
wo ! 1 ' ' Wom 1 !
Based on Eq. (II), we have
Hr=H F +H-e"=H- €. (12)

Let H-rT := (S, 51, -+ ,S2_1)7, and {Si}figl be the 2¢
syndromes. Suppose there are e < %’ errors, and e;; # 0 for
any j € [e], where E' = {i;};c[q € [2t,n — 1]. Let 8 := w;,

and 0; = e;,, for j € [e]. According to Eq. (I2), we have

S; = Bioy + Bida + -+ Bi6e, Vi€ {0,1,---,2t —1}.

13)
Let
o(x) = H(l—ﬁjx) =1+ox+o9a?+-- +o0ea°
j€le]

be the error locator polynomial of our second decoding
method (which differs from that of Algorithm [6). Once the
unknown coefficients {c;};c[) of o(x) are found, all error
positions can be obtained by searching the roots of o(z).

According to the definition of o(xz) and Eq. (03D, the
relationship between the syndromes and the coefficients of
the error locator polynomial o(z) can be obtained as follows
[16l p.261],

> 01Sjrer =0, Vj€{0,2t —1—e},
£=0

(14)

where, we define og = 1.
Let S be the t x (¢t + 1) Hankel matrix [[7] formed by all

2t syndromes {S; ?:01, ie.,
So  S1 Si1 Sy
Sl SQ St St+1
S = . . . .
St—l St S2t—2 S2t—1

Next, we show that the e X e sub-matrix in the upper left
corner of S is invertible.

Lemma 13. The matrix Scx. is invertible, where Scxe
represents the e X e sub-matrix in the upper left corner of

S, ie,

So  S1 - Se—1
S Sy - S,
Se><e - . . . .
Sefl Se S2€*2
Proof. Let W be the e x e Vandermonde matrix as follows,
1 1 e 1
B B2 o PBe
W= . o )
s Bet

Then we can verify that
W diag(5la 627 T 366) : WT = Se><€7

where diag(d1,da, - -
whose main diagonal elements are 1, da, - -
Therefore, we have

,0.) represents the diagonal matrix
-, 0. respectively.

det(Sexe) = det(W)? - T ;-
j=1

Note that §; = e;; # 0, and the Vandermonde matrix W is
invertible since §8; # [, fori # j € [e]. We have det(Sex.) #
0, i.e., Scxe is invertible. O

According to Eq. (I4), we have

—0, Se
—0Oe—1 SeJrl
Se><e : . = . (15)
—01 Soe—1

Recall that S.yx. is invertible by Lemma thus Eq. (13)
has a unique solution, and we can see that we only need to
calculate 2e syndromes {Si}fial to solve the e coefficients
{o:}¢_; of the error locator polynomial o(z).



C. The S-ESBM Algorithm

In the following, we review the Early-Stopped
Berlekamp—Massey (ESBM) algorithm [7], which can
be used to efficiently solve Eq. (I3) to get the error locator
polynomial o(z).

We summarize the problem that can be solved by ESBM
algorithm in Theorem [14] Please refer to [7] for more details.

Theorem 14. [7] Given a positive integer t and a t x (t+1)
Hankel matrix S, where

So S St—1 Sy
Sl SQ te St St-i—l

S = ) . ) )
Si—1 S Sor—o  Sa—1

Forie€ {1,2,--- ,t+1}, let & represent the i-th column of S.
If there exists a positive integer e < t, and an e X 1 unknown

vector (Ae,Ae_1,-++ , A1), such that:
(1) The e x e sub-matrix in the upper left corner of S is
invertible;

2) Forany 1 <j<t+4+1—e
A&+ Ao 181+ +F Areqj1 +E&eqj = Opxa.

Then, if e is unknown, the ESBM algorithm needs to iterate
t + e steps to obtain (Ae,Ae_1,---,A1)T; if e is known,
the ESBM algorithm needs to iterate 2e steps to obtain
(AeyAe_1,---,Ap)T.

According to Lemma the matrix S.x. is invertible.
According to Eq. (I4), we can verify that for any 1 < j <
t+1—e,

0elj + 18541 + -+ 018etj—1 + Eets = Otx1.

Therefore, the two conditions of Theorem [14] are satisfied,
and we can use the ESBM algorithm to solve Eq. (I3) and
obtain (o¢,0e¢—1, - ,01). Note that the number of errors e
is known according to the ?p-SI-FDMA algorithm, so the
ESBM algorithm only needs 2¢ syndromes {S;}7°;' and
2e iterations to output the e unknown coefficients of o(z).
Recall that ESBM algorithm [7]] needs ¢+ e steps to solve the
error locator polynomial, where e is unknown. We propose
the Shortened-ESBM (S-ESBM) algorithm which is given
in Algorithm [8 that can solve the error locator polynomial
with 2e steps, where e is known. In Algorithm [§] for any
1 x n vector, the notation v|, (¢{ < n) represents the right
{-truncate of the vector v, i.e., V|g = (Un—p41, "+ ,Vn—1,Un)-
The multiplication complexity of S-ESBM is 2¢? — 1 [17].
Remark: Note that the operation in line 17 of I-FDMA
Algorithm [3] requires three field multiplications. Therefore,
compared with the ty-SI-FDMA algorithm, solving the error
locator polynomial by I-FDMA algorithm requires at least

2e-3(t+1) =6e(t+1)

more multiplications. When e < ¢, we have 2 -1 < Ge(t+
1), which means that the new algorithm for solving the error
locator polynomials (i.e., using the #o-SI-FDMA algorithm
and S-ESBM algorithm) will further effectively reduce the
multiplication complexity for the case of e < ¢, which is also

Algorithm 8 The S-ESBM Algorithm

Require: ¢, {S; figl

Ensure: The coefficient vector of error locator polynomial A

1: for r =1 to 2e do

2:  Calculate d, by d, = A - (S,—p,...,S;)
3:  if d. =0 then

4: A — (A,0)

5. elseif d. # 0 and r < 2L then

6: A(—A—dT'D_l-(A,O)|L+1

7: A (A,0)

8: elseif d. # 0 and r > 2L then

9: Atemp — A B
10: A (01x(r—20),A) —dp - D"+ (A, 0)|r— 41
1 A (OIX(T—QL)a Atemp)

12: D « d,

13: L+r—1L

14:  end if

15: end for

16: return A

a major reason for the multiplication complexity reduction in
our second decoding algorithm.

D. Transformation of Coefficient Vector

Note that the coefficient vector (1, 01,09, - ,0.) of o(x)
is based on the standard basis {1,z,22% - -, 22" ~!} in
Fom /(2?™ — ). In order to employ the LCH-FFT algorithm
in Section in our second decoding algorithm, we need
to convert the coefficient vector into the form based on the
LCH-basis X. According to the definition of X, there exists
(e +1) x (e + 1) invertible matrix T4 such that

1
X
G(I):(15017027"' 508)' .
1€
):(0(50)
Xl(ZC
:(15017027"' 506)'T6+1' : (16)
Xe(z)

Note that T.;; is a lower triangular matrix and can be pre-
calculated, and the element in the first row and the first
column of T,y is 1 since Xo(x) = 1, so the number of
multiplications of the coefficient vector transformation of o ()
is less than or equal to 62—“2“36 To distinguish, in the following,
for any polynomial f(z), let fg be the coefficient vector of
f(z) under the basis X and f be the coefficient vector under
the standard basis.

E. Our Second Decoding Algorithm

Let s := |log(e)] + 1 and R := 2%, then e < R < 2e <
to + 1.

We present decoding process for Step (3) of our second
decoding algorithm as follows. Once o is calculated by



S-ESBM Algorithm [§] and Eq. (I6), we can find the roots
{ﬁj_l = wi_,l}j-:l of o(z) through the Chien search and FFT
Algorithm [2] as follows,

FFTX(0X787(“)@25)1 Vé:0117 72m—s_17 (17)

and the complexity is O(nlg(R)). Then we can calculate the
error locator polynomial A(z) = []j_,(z — ws;) (here, we
still call A(x) as the error locator polynomial as in Section
V), in which the number of multiplications is LQ_E Then
we can get Ay according to Eq. (I6). Next, we can obtain
zg by following three steps: first, we compute {\(w;)}"
by FFTx(Ag,s,wo); second, we compute {z(w;)}i," by
Eq. @); finally, we get z;x by [FFT5(Dg,s,wp), wWhere
Dgr := (2(wo),2(w1), -+ ,2(wr-1)), and the complexity of
these three steps is O(nlg(R)). Finally, we can obtain the
error values {e;; }5_, by Forney’s formula by Eq. (I0), and
the complexity is O(nlg(R)).

We summarize our second decoding algorithm in Algorithm
Note that we can use the Reed-Muller (RM) transform [[17]]—-
[19] to calculate the 2e syndromes in line 3 in Algorithm
Ol to further reduce the number of multiplications. When
e = 1, the number of multiplications is 3 |log(n)] — 1
[17], and when e > 2, there is no exact expression for the
number of multiplications of RM transform. The asymptotic
multiplications of RM transform for e > 2 is given in [19],
please refer to [19] for more details.

Algorithm 9 Our Second Decoding Algorithm

Require: Received vectorr = F + e
Ensure: The codeword F
1: Compute the syndrome polynomial s(z) and syndromes
(5w}
2: Compute the number of errors e by ¢o-SI-FDMA Algo-
rithm [7]
3: Compute 2e syndromes {S;}7%*
4: Compute the coefficient vector based on the standard basis
of o(z) by S-ESBM Algorithm [8 and obtain o 5
5: Find all error locations by Chien search
6: Compute {\(w;)}Z" by FFTx(Ag,s,wo), then we
compute {z(w;)}7" by Eq. @), and get zg by IFFT
Algorithm 3]
7: Compute the formal derivative of A(z), and then get the
error pattern e by Forney’s formula
8: return The codeword F =r + e

VI. COMPARATIVE ANALYSIS
A. Comparison of MA-based Algorithms

In the following, we focus on evaluating the decoding
complexity for our I-lFDMA algorithm and eFDMA algorithm
[12]. The difference between our I-FDMA algorithm and
eFDMA algorithm is that our [-FDMA algorithm only needs
2e steps to find the e error positions, while eEFDMA algorithm
requires ¢t + e steps. Therefore, the decoding complexity of
our I-FDMA algorithm is strictly less than that of eFDMA
algorithm when e < t.

First, we show the number of multiplications and the
number of additions involved in finding the e error positions
by FDMA algorithm [13], eFDMA algorithm [12], and I-
FDMA algorithm in Table [l for (n, k) RS code with error
correction capability ¢, where e < t.

TABLE I: The number of multiplications and additions in-
volved in finding the e error positions by FDMA algorithm
[13], eFDMA algorithm [12] and I-FDMA algorithm for (n, k)
RS code with error correction capability ¢, where e < ¢.

MA-based Multiplication Addition
algorithms complexity complexity
FDMA [13] 12t2 + 3t 8t2 + 2t
(72 4 26et+ | 1(5t% + 16et—
FDMA [12 2 2
© [L2] 3(e+t) — 9r?) 5e2 + 3e + t)
Our -FDMA | 18et — 6e? + 3e | 12et — 4e? + 2e

According to Table [ when e < ¢, the complexity of I-
FDMA algorithm is only O(t) level, while the complexity of
FDMA and eFDMA algorithms is both O(t?) level.

Because the multiplication in finite fields is more time-
consuming than the addition, we show the number of mul-
tiplications involved in finding the e error positions by our
I-FDMA algorithm and eFDMA algorithm for (n = 256, k =
224) RS code in Table[[ll The results in Table [ demonstrate
that our I-FDMA algorithm can reduce the number of multipli-
cations by 9.94%-74.67%, compared with eFDMA algorithm.

TABLE II: The number of multiplications involved in finding
the error positions by I-FDMA algorithm and eFDMA algo-
rithm for (256,224) RS code. In the table, the improvement
is defined as the ratio of the multiplication reduction to
the number of multiplications involved in finding the error
positions by eFDMA algorithm.

e (t=16) | eFDMA | I-FDMA | Improvement
1 1125 285 74.67%
2 1321 558 57.76%
3 1508 819 45.69%
4 1686 1068 36.65%
5 1855 1305 29.65%
6 2015 1530 24.07%
7 2166 1743 19.53%
8 2308 1944 15.77%
9 2441 2133 12.62%
10 2565 2310 9.94%

Moreover, we show the total number of multiplications
involved in our first decoding algorithm in Algorithm [6 of
(256,224) RS code and eFDMA algorithm in Tabel [IIl The
results show that our first decoding algorithm can reduce the
number of multiplications by 5.64%-41.79%, compared with
that based on eFDMA algorithm.



TABLE III: The number of multiplications involved in our first
decoding algorithm in Algorithm[6] and eFDMA algorithm for
(256,224) RS code. In the table, the improvement is defined
as the ratio of the multiplication reduction to the number of
multiplications involved in the decoding algorithm based on
eFDMA algorithm.

e (t=16) | eFDMA | Our Algorithm Improvement
1 2010 1170 41.79%
2 2352 1589 32.44%
3 2549 1860 27.03%
4 2935 2317 21.05%
5 3130 2580 17.57%
6 3316 2831 18.12%
7 3493 3070 14.62%
8 4125 3761 12.10%
9 4324 4016 8.82%
10 4514 4259 5.64%

B. Algorithm Q] VS Algorithm

Next, we compare the multiplication complexity for the
proposed two decoding algorithms, namely our first decoding
algorithm in Algorithm [6] (based on I-FDMA algorithm) and
our second decoding algorithm in Algorithm [9] (based on #¢-
SI-FDMA algorithm and S-ESBM algorithm). We take ¢ty = ¢
in the following comparisons.

In Table we give the number of multiplications of
decoding Algorithm [6] and decoding Algorithm [0 for (n =
256,k = 224) RS code error correction procedure, and we
take e € {1,2,---,8}. In Table [Vl we give the number
of multiplications of decoding Algorithm 6] and decoding
Algorithm 0] for (n = 128,k = 96) RS code error correction
procedure, and we take e € {1,2,---,8}.

TABLE IV: The number of multiplications of decoding Algo-
rithm [6] and decoding Algorithm Q] for (n = 256,k = 224)
RS code error correction decoding process. In the table, the
improvement is defined as the ratio of the multiplication
reduction to the number of multiplications by Algorithm

Decoding Decoding
e (t=16) Algorithm Algorithm Improvement
1 1170 769 34.27%
2 1589 1057 33.48%
3 1860 1193 35.86%
4 2317 1591 31.33%
5 2580 1707 33.83%
6 2831 1928 31.89%
7 3070 2117 31.04%
8 3761 2931 22.06%

According to Table [V] and Table [Vl when e < ¢/2, the re-
sults show that Algorithm[9]can reduce the number of multipli-
cations by 22.06%-35.86% for parameters n = 256, k = 224

TABLE V: The number of multiplications of decoding Algo-
rithm [6] and decoding Algorithm [ for (n = 128,k = 96)
RS code error correction decoding process. In the table, the
improvement is defined as the ratio of the multiplication
reduction to the number of multiplications by Algorithm

e (t=16) All)ge(fr(i)td}jrr;g All)g?r(i)g:r?)g@ Improvement
1 786 449 42.87%
2 1141 673 41.01%
3 1412 809 42.70%
4 1805 1143 36.67%
5 2068 1259 39.11%
6 2319 1480 36.17%
7 2558 1669 34.75%
8 3185 2419 24.05%

and by 24.05%-42.87% for parameters n =
compared with Algorithm

To sum up, our second decoding algorithm in Algorithm
[0 is more suitable for the case of 2e < t; + 1. We
summarize the essential reasons as follows: (1) I-FDMA
algorithm needs to multiply matrix and vector to iterate the
value of the error locator polynomial, which will cause much
more multiplication operations when e < t, while the -
SI-FDMA Algorithm [[1] and the S-ESBM Algorithm [8] have
lower multiplication complexity when e < ¢; (2) when e < ¢,
the RM transform can effectively reduce the multiplication
complexity for syndrome calculation (i.e., line 3 of Algorithm
[9), while with the increase of e, the number of multiplications
required by RM transform will also increase rapidly [19].

128,k = 96,

VII. CONCLUSION

In this paper, we propose an efficient termination mecha-
nism of the MA method to find the error locator polynomials
by only 2e steps in the error correction decoding process of
RS codes, where e is the number of errors. Based on the
new termination mechanism, we propose two types of error
correction decoding algorithms for LCH-FFT-based RS codes,
which have lower multiplication complexity than the existing
correlation decoding algorithms.
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