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The genuinely multipartite nonlocality of graph states is model-dependent
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Bell’s theorem proves that some quantum state correlations can only be explained by bipartite non-
classical resources. The notion of genuinely multipartite nonlocality (GMNL) was later introduced
to conceptualize the fact that nonclassical resources involving more than two parties in a nontrivial
way may be needed to account for some quantum correlations. In this letter, we first recall the
contradictions inherent to the historical definition of GMNL. Second, we turn to one of its redefi-
nitions, called Local-Operations-and-Shared-Randomness GMNL (LOSR-GMNL), proving that all
caterpillar graph states (including cluster states) have this second property. Finally, we conceptu-
alize a third, alternative definition, which we call Local-Operations-and-Neighbour-Communication
GMNL (LONC-GMNL), that is adapted to situations in which short-range communication between
some parties might occur. We show that cluster states do not have this third property, while GHZ
states do.

Beyond its technical content, our letter illustrates that rigorous conceptual work is needed before
applying the concepts of genuinely multipartite nonlocality, genuine multipartite entanglement or
entanglement depth to benchmark the nonclassicality of some experimentally-produced quantum
system. We note that most experimental works still use witnesses based on the historical definitions

of these notions, which fail to reject models based on bipartite resources.

Introduction— Bell’s 1964 theorem [2] proved that two
space-like separated parties can produce nonlocal corre-
lations by performing local measurements on an appro-
priately entangled quantum system. This discovery of
the nonlocality of quantum correlations has had a pro-
found and lasting impact. At a fundamental level, quan-
tum nonlocal correlations resist explanations in terms
of local-hidden-variable models: they can score higher
at Bell games (e.g. the CHSH game) than classical cor-
relations [3-5]. In terms of concrete applications, Bell
nonlocality allows for the certification of the properties or
functionalities of quantum devices (e.g. entanglement of
a state [6-8] or a measurement [9, 10], security of a quan-
tum key distribution protocol [11-13]) based solely on the
objective operational correlations between experimental
events.

In this device-independent (DI) paradigm [14], the cer-
tification is obtained without making any assumptions
on the measurement apparatus. Here, one does not even
make any assumptions on the physical theory governing
them (only assuming it satisfies causality [15]), allowing
one to consider and test alternative descriptions of nature.
As a result, DI is seen as the most secure way to assess
the progress of quantum technologies, e.g. to benchmark
a quantum device without needing to trust its designer
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or the measurement apparatus used to characterize it.
This contrasts with the device-dependent (DD) paradigm,
where quantum theory is accepted (e.g. Tsirelson’s 2v/2
bound for the CHSH game holds, while a score of up
to 4 is possible in the DI paradigm [16]) and the detec-
tors are trusted. Intermediary concepts of semi-device-
independence have also been introduced [17, 18].

The ability to manipulate large nonclassical quantum
systems is seen as a key resource in many applications
of quantum theory. The desire to certify this ability in
a DI way has motivated the concept of nonlocality of
depth n (which we abbreviate as GMNL,,). Systems that
are GMNL,, are systems that produce correlations whose
nonlocality cannot be understood as being ‘obtained by
combining many states composed of at most (n — 1)-
partite constituents’. Furthermore, when a system of n
parties exhibits GMNL,, correlations, we say the system is
(maximally) genuinely multipartite nonlocal (GMNL). A
typical example of a state that should intuitively produce
GMNL;3 (hence GMNL) correlations is the three-party
|GHZ3) = (|000) + |111))/+/2 state, while, by contrast,
the state |¢) ® |0), which is composed of an EPR pair
and an (independent) ancillary qubit, should intuitively
produce only GMNLs correlations.

The task of extending this preliminary idea into a general
classification of all states, that is, proposing a universal
mathematical definition for the concept of GMNL, is not
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b. Causal model of the
LOSR redefinition

c. Novel LONC explanatory causal model,
inspired by distributed computing

FIG. 1. Three different formulations of the notion of genuine multipartite nonlocality. _

a. Svetlichny’s LOCC causal explanatory model defines as GMNL the correlations P = {p(a,b, c|z,y, 2)} that cannot be
obtained in a causal structure in which one stochastically chosen party (selected by the die) is independent from the other
two parties (e.g. if the die rolls p4, then B is independent from A, C). Svetlichny’s GMNL correlations can thus be written as
P+ Jdx Qrp0d + Jdu ﬁ%cﬁi + [dv 5405%, where e.g. Qg = {¢"(a, bz, y)}» may be a signalling distribution.

b. In the LOSR redefinition [1], P= {p(a, b, c|lx,y, z)} is GMNL if it is not compatible with the represented causal model, where
the principles of causality (also called No-Signalling and Independence) and of device-replication are assumed (see the proof of
Theorem 1 and Fig. 3). Here, the shared randomness ) is tripartite and the three bipartite sources are arbitrary no-signalling
resources.

c. In this letter, we introduce the Local-Operations-and-Neighbour-Communication (LONC) framework, in which we define the
LONC-GMNL correlations for a given underlying graph. Here we illustrate the correlations P = {p(a,b,c,d,...|z,y,z,w,...)}
that can be generated in two rounds of one-way synchronous communication on a path (i.e. the correlations are LONC-GMNL,

for the directed path).

trivial. It is, however, of critical importance, as many ex-
perimental works assess the large nonclassicality of their
experimentally-produced systems based on the notion of
GMNL [19-22]. An appropriate definition requires first
the introduction of a concrete physical model expressing
what is meant by ‘obtained by combining many states
composed of at most (n — 1)-partite constituents,” which
we call the causal explanatory model. Then, by definition,
a state producing correlations that cannot be explained
in this causal explanatory model will be called GMNL,,.
The first historical definition of GMNL was proposed by
Svetlichny [23] (see Fig. la for a detailed description) in
the context of Local Operations and Classical Communi-
cation (LOCC). It characterizes GMNL as the direct DI
counterpart to the DD definition by Seevinck and Uffink of
genuine multipartite entanglement [24]. As we detail later,
the LOCC definition by Svetlichny, as well as the one by
Seevinck and Uffink, are known (since at least a decade
ago [25]) to be paradoxical when used to assess the large
nonclassical nature of practical quantum systems. This
has motivated the redefinition of these concepts in the
framework of Local-Operations-and-Shared-Randomness
(LOSR), which resulted in a total redefinition of the un-
derlying causal explanatory model to be excluded [1, 26],
inspired by the concept of quantum network nonlocal-
ity [27-32]. The LOSR-GMNL definition is detailed in
Fig. 1b.

Very few states are known to produce GMNL correla-
tions under the LOSR framework. In [26] and [1] it
was proven that |GHZ) is GME and GMNL according to
the redefinitions of Fig. 1b, which we denote by LOSR-

GME and LOSR-GMNL respectively. The existence of
LOSR-GMNL correlations has also been demonstrated
experimentally [33, 34]. Recent results have shown that
n-partite graph states, a well-studied family of multi-
partite quantum states [35] which we recall below, are
LOSR-GMEj3 [36, 37]. Importantly, while appropriate in
some situations, the new LOSR definition of Fig. 1b may
not be suitable for all experiments. One could consider,
for example, a 1D condensed matter system, in which
subsystems are so close to each other that short-range
communication between adjacent sites cannot be ruled
out. In such a scenario, an alternative causal explanatory
model should be used which allows for communication
between neighbours.

In this letter, we focus our analysis on the (more demand-
ing) DI paradigm, discussing the implications for the
(weaker) DD paradigm when applicable. We show that
all cluster states, and in fact, all caterpillar graph states
(shown in Fig. 2), are LOSR-GMNL, in a noise-robust
way. Our results improve significantly on previous tech-
niques, which could only provide lower bounds of degree 3
on the nonlocality of those states, and were restricted
to the weaker device-dependent setting of GME [36, 37].
This is thus the main technical contribution of our letter.
Second, motivated by experimental considerations, we
introduce a new framework allowing Local Operations
and Neighbour Communication (LONC). Its associated
causal explanatory model (see Fig. 1c) follows ¢ communi-
cation steps along a given network. This leads us to a new
notion of certifiable multipartite nonlocality which we call
LONC-GMNL, according to which states can be classified



quantitatively as LONC-GMNL; for a given network. We
prove that, in this new LONC-GMNL definition, |GHZ)
and cluster states belong respectively to opposite ends of
the complexity spectrum: for the directed path commu-
nication graph, |GHZ) is maximally LONC-GMNL while
the cluster state is only LONC-GMNL; (this finding im-
proves a result of [38]). Characterizing this distinction by
introducing the LONC framework is the main conceptual
contribution of our letter.

LOCC and LOSR lead to two different notions of GMNL—
The historical Svetlichny definition of GMNL is anchored
in the LOCC framework and is based on the explana-
tory model of Fig. la. There are two important is-
sues with this model. First, multiple copies of few-
partite states distributed among different parties can
simulate many-partite GMNL. For example, the compo-
sition [¢F) 45, ® [¢T) g o of two bipartite EPR states,
where A, C respectively own one qubit and B owns two
qubits, is Svetlichny-GMNL3 despite comprising only bi-
partite sources (more generally, n copies of |¢+) can be
Svetlichny-GMNL,,;1). This is highly problematic in a
device-independent context where the large nonclassical-
lity of a quantum source should be benchmarked without
trusting its designer or the measurement apparatus. In-
deed, a designer only able to produce bipartite |¢™) states
could claim to produce GMNL,, states with arbitrarily
large n '. Second, more conceptually, this definition in-
volves signalling distributions (see caption of Fig. 1b),
which is not physically motivated. While the latter short-
coming was addressed in [39], patching the first issue
required a shift of the concept of GMNL from the LOCC
framework towards the LOSR framework. This led to the
introduction of the causal explanatory model which we
detail in Fig. 1b.

Graph states and cluster states— Graph states are a family
of states corresponding to graphs where vertices repre-
sent subsystems and edges determine the entanglement
between these subsystems (see Fig. 2). Due to their inher-
ent symmetries, as well as due to the simplicity of applying
Clifford gates on graph states, these states have found
numerous applications in quantum computation [40-43],
quantum error correction [44, 45|, quantum cryptogra-
phy [46, 47], and even quantum metrology [48, 49]. Fur-
thermore, their high degree of nonclassicality has made
them a frequent subject of entanglement [50, 51] and
nonlocality [52-54] studies.

In our main text, we focus for simplicity on the 4-cluster
state |Cy), which is a graph state corresponding to four
vertices on a line. For a particular choice of local basis, it

1 Note that while the bipartite structure of |¢+>ABl ® |¢+>BQC
is apparent, B could obfuscate that structure by encoding their
state in a four-level system and applying some local unitary.
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a. A 4-line graph b. A caterpillar graph

FIG. 2. a. Graph states are defined from graphs. An n-cluster
state corresponds to a line over n vertices.

b. A caterpillar graph is a connected acyclic graph whose
vertices of degree greater than one form a path (the “spine”
in black above). All vertices of degree 1 (the “legs”, in blue
above) hence connect only to the spine.

can be written as

1
)= (067 + o)), @)
where |¢pF) = %(|00> 4+ |11)). For a more detailed

introduction to graph states, see Appendix A.

All caterpillar graph states are genuinely multipartite
nonlocal— This section contains the main technical contri-
bution of our letter, which is to prove that all caterpillar
graph states are LOSR-GMNL in a noise-tolerant way.
Here, we present the proof idea (for the detailed proof,
see Appendix B) using as an example the 4-partite cluster
state |C4), which is one of the simplest representatives
of caterpillar graph states. The general proof for any
caterpillar graph state is relegated to Appendix C.
Theorem 1. All caterpillar graph states are LOSR-
GMNL in a noise-robust way.

In particular, any state violating the following is GMNLy,

2(AgBo) + 2(CoDy) + 2(A; B1 D) + I8P <8, (2)

where IPCP .= (Cy D) +(CoD1)+(ByCyDg) —(ByC1 Dy)
s a distributed variant of the CHSH inequality.

Under suitable measurements, the |Cy) cluster state vio-
lates this bound by reaching 6 + 2v/2 > 8.

Proof. The proof of Eq. (2) is based on the inflation tech-
nique [1, 55, 56]. We assume that in the underlying causal
model, the alternative explanation for the observed corre-
lations is compatible with the principle of causality [15],
also called No-Signalling and Independence [57, 58]. Its
intuition is illustrated in Fig. 3. The quantum violation
can be obtained by measuring on the state |C4)4p5cp
the following observables: Z for Ag, By, Cy, D2; X for
Ay, By, Cy; and, respectively, (Z + X)/v2,(Z — X)/V2
for l)o7 D1~ O]

Higher dimensions— We show in Appendix D that cluster
graph states of higher local dimensions (beyond qubits)
are LOSR-GMNL for any prime local dimension and any
number of subsystems, and in Appendix E we show that
the GHZ state is LOSR-GMNL for any local dimension
and any number of subsystems.
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FIG. 3. Intuition for the proof of Ineq. 2 in Thm. 1. We
assume here by contradiction that the quantum violation
<A(]B()> = <C()D2> = <AlB1D2> = 17 IBCD = 2\/5 can be
obtained without any 4-way nonclassical cause, that is, it
can be obtained from four 3-way nonclassical causes as in
the networks Zy,Z3, where the colored disks represent gen-
eral tripartite nonsignalling sources (the inclusion of classical
randomness shared between all parties would not change our
proof). We show that this would imply that in the rightmost
inflated scenario J, C would be part of the violation of a
distributed variant of the CHSH inequality I {}%D (the quan-
tity 74P is defined as TP°P but with Bob replacing Alice),
but his output could be guessed by A’, B’ together, which is
impossible as it contradicts the monogamy of CHSH corre-
lations. We reach this conclusion by following two different
lines of inflation reasonings: Zo — Z1 — Zo — J (top) and
I3 — Iy — Is — J (bottom). We repeatedly use the argu-
ment that the behaviour of two subgroups of parties in two of
these networks 7y, Z; must be identical whenever their associ-
ated subnetworks are isomorphic. For instance, isolate B, C
and D in Zp and Z;. As their associated subnetworks (that is,
the subnetworks in Zy,Z; that are composed of B,C, D and
the sources they are connected to) are isomorphic, we must
have I(E}%D = Ig?)D. Since we assumed that IFIS)D =22, we
deduce that I (BI‘E)D =2V/2.

By repeatedly using this type of argument along these net-
works, it is possible to show that () : (41B1Co)(7) =1 and
(4) : I(“}yC)D = 2/2. (i) implies that the product of the outputs
of A’, B’ on their input 1 is equal to the output of C on his
input 0. (é¢) shows that the output of C on input 0 is part of
a violation of the distributed variant of the CHSH inequality
I&C;D < 2. This directly contradicts the monogamy of non-
local correlations, which states that outputs violating CHSH
cannot be guessed with high probability by a third party [59].

From LOSR to LONC— We now turn to the main concep-
tual contribution of our letter, which is to adapt the con-
cept of GMNL to the Local-Operations-and-Neighbour-
Communication (LONC) framework, which relaxes the
no-signalling assumption of the LOSR framework. We re-
call that the concept of LOSR-GMNL, shown in Fig. 1b,
relies on the assumption that absolutely no communi-
cation occurs between any of the parties. This can be
overly restrictive in experimental setups with a high num-
ber of parties in close proximity. For instance, in a 1D
condensed matter system, one could imagine that each
site cannot be realistically prohibited from exchanging

information carriers with its neighbours during the time
window separating the choice of the measurement setting
(i.e. the input) and the reading of the measurement out-
come (i.e. the output). As we explain below, even though
cluster states are LOSR-GMNL when no communication
is allowed (see Theorem 1), they can be prepared in only a
few rounds of communication between neighbouring sites,
and this communication can even be synchronous.

The above considerations motivate the introduction of
the concept of Neighbour-Communication Genuine Mul-
tipartite Nonlocality (LONC-GMNL), which is inspired
by synchronous distributed computing [38, 60-62]. As
detailed in Fig. 1c, our LONC model is based on a com-
munication graph along which the parties, represented by
nodes, can communicate with their neighbours during ¢
synchronous communication steps (of unbounded band-
width), and have access to shared randomness. Parties
can transmit classical, quantum, or, more generally, any
causal resource: the communication is only restricted by
constraints of the no-signalling type [56, 58]. The edges of
the graph, which can be oriented or not, indicate the com-
munication flow. Importantly, the parties receive their
measurement inputs before the communication rounds,
so inputs can be leaked to neighbours residing up to a
distance t away.

Hence, the notion of LONC-GMNL is always relative to
a specific communication graph, based on which the no-
tion of neighbour communication is defined. This graph
should, in practice, be selected according to the experi-
ment topology. For simplicity, in the following, we focus
on the 1D-local scenario, where all parties form a line
and where communication flows in one direction only.

All cluster states are only LONC-GMNLsy; but GHZ states
are mazimally LONC-GMNL— We show in Appendix F
that two rounds of one-way quantum communication on a
directed path are enough to prepare a cluster state |C),):
Theorem 2. All cluster states |C.,) can be prepared in two
rounds of one-way synchronous quantum communication.

This strengthens a result in [38], where two-way commu-
nication was considered, and it shows that, while |C,,) is
hard in the model of Fig. 1b, it is easy in that of Fig. 1c.

Note that Theorem 2 even allows one to prepare |C,)
with quantum communication. Hence, it only uses a very
restricted part of what our LONC-GMNL model allows
for: more generally, super-quantum communication can
be used (as long as it does not allow for signalling), and
it is sufficient to merely simulate the correlations (e.g. by
leaking the input). For instance, it is evident that |GHZ,,)
cannot be constructed in the same way with less than
n— 1 communication steps (because |GHZ,,) is a coherent
superposition of perfect correlations between all parties);
it is, however, not straightforward to show that |GHZ,,)
is hard in the LONC-GMNL model. In particular, the
leaking of inputs up to a distance t offers many ways to
simulate some |GHZ,,) correlations without necessarily
constructing the state.



Despite these difficulties, we conclude this letter by show-
ing that |GHZ,,) is maximally LONC-GMNL for the ori-
ented path graph.

Theorem 3. |GHZ,) produces correlations that are in-
compatible with the LONC model along an oriented path
with t < n — 1 communication steps.

Proof. We prove this theorem in Appendix F 1, where we
provide a Bell-like inequality that holds for correlations
produced with ¢ <n —1 communication steps on the
path A — ... — A but that is violated by suitable
measurements of the |GHZ,,) state. O

Discussion— In this letter, we presented three definitions
of genuinely multipartite nonlocality, based on three dif-
ferent frameworks (i.e. LOCC, LOSR, and LONC) and
on which causal explanatory model is to be rejected (see
Fig. 1). After discussing the contradictions inherent to the
standard Svetlichny LOCC definition (Fig. 1a), we turned
to the model of Fig. 1b and showed in a noise-robust way
that in this LOSR definition, caterpillar graph states are
LOSR-GMNL. We then proposed the new LONC model
of Fig. 1c, which allows communication between nearest
neighbours. We showed that, in the directed path graph,
cluster graph states are trivial while the |GHZ,,) state is
maximally LONC-GMNL.

While we only discussed the theory-agnostic DI setting
(which does not limit the underlying causal explanatory
model of Fig. 1 to quantum mechanics, and where, for ex-
ample, nonlocal boxes could be transmitted), it is straight-
forward to adapt our results and concepts to the DD
setting considered in [26, 36, 37].

Let us conclude with a discussion of experimental bench-
marking based on the concept of GMNL, often used to
assess the large, nonclassical behavior of experimental
systems [19-22]. As we have discussed, many different
definitions of GMNL can be considered, leading to radi-
cally different conclusions. This begs the question, “ Which

definition is the right one?” We are convinced that no
definitive answer can be given a priori. To select the
most appropriate framework, one must first carefully re-
flect on the experimental setup under observation and
on which causal explanatory model of the experimen-
tal observations should be ruled out. As we discussed,
Svetlichny’s LOCC definition, designed to reject the causal
explanatory model of Fig. 1a, is often ill-adapted as it fails
to reject causal explanations based on bipartite sources.
While an LOSR definition based on the causal explanatory
model of Fig. 1b is appropriate under strict conditions of
no-signalling, experimentalists working with many sub-
systems in close proximity might be more interested in
refuting models allowing communication between nearest
neighbours, as in the LONC causal explanatory model of
Fig. 1c. Some other experimental situations might require
the definition of a novel, custom model. Hence, before
discussing the nature (or depth) of the genuine multipar-
tite entanglement and genuinely multipartite nonlocality
of a quantum system produced by some experiment, it is
essential to do some rigorous conceptual work to identify
a framework and definition that justify, in alignment with
the experimental setup, which causal explanatory model
is sensible.
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Appendix A: Introduction to graph states

In this section, we give a comprehensive introduction to the graph states relevant from the perspective of our work.
However, to properly define graph states, we first have to introduce the basic notions of graph theory. A graph G is
defined as a pair of sets G = (V, E) where V is a set of elements called vertices, while E is the set consisting of edges
connecting elements from V. In this work, we make the most commonly used assumption that each individual edge
connects exactly two, different vertices. However, in contrast to what is usually assumed, we consider graphs in which
two vertices can be connected by more than one edge. Such graphs are commonly referred to as multigraphs, but here
we do not make that distinction and refer to them simply as graphs.
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Among the many properties of graphs that are commonly studied, three are of particular interest in the context of our
work. The first one is connectivity: we say that a graph is connected if there exists a path from any vertex to any other
vertex in the graph, i.e. we can get from any vertex to any other vertex by traveling along the edges of the graph.

The second definition of interest to us is that of an induced subgraph Gg = (Vs, Eg) of a graph G = (V, E), which is
defined by the following relations:

Ve CV, Es ={{i,j} € Eli,j € Vs}. (A1)

In descriptive terms, an induced subgraph Gg is constructed from the graph G by removing some vertices of G and all
edges related to the removed vertices. The third important graph property is the neighbourhood N of a vertex 4. It is
defined as a set of all vertices in V' connected to ¢ by at least one edge

Ni={jeVi{ij} e E}. (A2)

Using these three properties, we can define the classes of graphs on which we focus in our work. The first class, called
linear graphs (or path graphs), is pretty self-explanatory: it is a graph that forms a line. In more technical terms, a
graph G = (V, E) is a linear graph if it is connected and if, for exactly two vertices i,j € V, we have |N;| = |N| =1,
while [Ny =2 for all k € V' \ {i,7}. In order to define the second class, we first need to consider the induced subgraph
Gs = (Vs, Eg) of G = (V,S) defined by

Vs = {i € V| > 2}. (A3)

If G is connected and the induced subgraph Gg is a linear graph, then we call G a caterpillar graph. In other
words, a caterpillar graph is a path graph with additional vertices attached to it, such that the only vertex in their
neighbourhood is one of the vertices in the path graph. See Fig. 2 for an example of these two classes.

While the formal definition of a graph and its graphical description both prove useful for some applications, they are
unsuitable for an efficient mathematical analysis of a graph structure. To that end, one considers an adjacency matrix
I' of a graph G. The matrix I is defined element-wise: a matrix element I'; ; corresponds to the number of edges
{i,j} € E, connecting vertices i,j € V, where we label vertices as V = {1,2,...,N}.

There are three properties of I' worth highlighting. First, each element I'; ; has to be a natural number (including
zero), as vertices can be connected only by a discrete number of edges, but this number can be larger than one, as we
consider multigraphs. Second, I' has to be symmetric, as the number of edges connecting i and j is the same as the
number of edges connecting j and ¢. Lastly, since we exclude edges that connect a vertex to itself, we have I'; ; = 0 for
alli e V.

With that, we are ready to define graph states. Let us consider a Hilbert space H = C?N and generalised Pauli
matrices

d—1 d—1
X= li+0Gl, 2= il (A4)
7=0 j=0
where w = exp(2r7i/d) and |d) = |0). Given H and a graph G, a graph state |G) € H is defined as the unique state
fulfilling
9:1G) = 1G) (A5)

for all 4, where
N
g=X]]2" (A6)
j=1

and X; is an operator acting with a generalised Pauli matrix X on the i’th subsystem (qudit) and with an identity
operator 1 on every other qudit (similarly for Z;). Note that only the number of edges I'; ; mod d matters in (A6), so
we are free to restrict our consideration to graphs for which I'; ; < d — 1 holds for all 4, j.

One of the most important properties of graph states is that some of them are equivalent to each other via local unitary
operations. For example, we point out that the state |C4) described in the main text (and repeated in Eq. (B18) in
Appendix B) is described by a set of stabilizers equivalent to S ={ZZII,XXZI,IZXX,11ZZ}, whereas applying



Eq. (A6) would define the four-party linear graph state as stabilized by S’ = {XZII, ZXZ1,I1ZX Z,I1ZX }. However,
S and §', and therefore their associated states, are equivalent up to the local unitary U = HIITH, where H is the
Hadamard matrix. (Note that in the above, we have omitted the tensor product symbol ® to lighten the notation.)

Interestingly, the equivalence under local unitaries can also be studied on the graphs themselves, i.e. for some graph
transformations G — G’ we know that there exists a local unitary operation LU : |G) — |G’} (see [63] for more details
on this topic).

The first such operation is called local complementation (see Fig. 4a). This operation acts on a chosen vertex n € V
such that the edges in the graph are modified according to the following formula

;=T +Tinljn modd, (A7)

where I' is the adjacency matrix of the graph after the transformation. Notice, that this changes only the neighbourhood
of n (or more formally, the induced subgraph Gg = (Vs = N,,, Es)) while keeping the rest of the edges in the graph
unchanged.

The second transformation of this type is vertex multiplication (see Fig. 4b), whose action on a vertex n is described by
I, =0bl, modd foraliecV, I, =T, foralli,j#n, (A8)
where b € {1,...,d — 1} can be chosen freely.

Using both of these transformations, one can find graph states that are related to each other via local unitaries. While
this is a very difficult task in general, for some examples it is fairly straightforward. Let us consider one of the simplest
examples relevant to our results: let us show that, given that d is prime, every graph state corresponding to a linear
graph, where the number of vertices [N can vary, is equivalent up to local unitaries to a graph state corresponding to a
linear graph in which two consecutive vertices are connected by a single edge (called cluster state).

Without loss of generality, we can take that
Tiit1=Ti+1,#0 modd forallie{l,...,N—1}, (A9)
and I'; ; = 0 for all other ¢ and j. Let us start by acting on vertex 2 with vertex multiplication such that
[My=0l12=1 modd. (A10)

Notice that we can always find such a b as long as d is prime. Next, we act on vertex 3 with vertex multiplication such
that

F/273 = bF273 =1 modd. (All)
We can repeat this procedure until we get
Fi,i+1 =1 forallie {1,,N—2} (A12)

Lastly, to make 1"’1\,717 ~ = 1, we act with an appropriate vertex multiplication on the vertex V.

Appendix B: LOSR-GMNL detection for a 4-qubit cluster state

In this section, we derive a proof of LOSR-GMNL for an informative example of the 4-qubit cluster state, in order to
show readers unfamiliar with the inflation technique how it works. Let us begin by recalling the monogamy relation
from [59, Theorem 1],

19P 4 2(CoEp) < 4, (B1)

where €D is the CHSH inequality [64]
1P = (CyDy) + (CoDy) + (C1 Do) — (C1Dy) (B2)
and Cy, C; are dichotomic observables with eigenvalues +1 representing measurements of the party C (likewise for

Dy, Dy, Ey). By substituting Cy = Cy, C1 = AgC4, Ey = A, B}, where A;, Al are observables belonging to parties A
and A’ respectively, we get the following inequality

I4°D 1L 2(AV B Cy) < 4, (B3)
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FIG. 3 from the main text. It represents the inflation method used here in Appendix B.

where

1P = [ACP = (C) Do) + (CoD1) + (AoCi Do) — (AoCiD1) . (B4)

Let us now consider the inflations presented in Fig. 3. From the assumption that parties in a network cannot
communicate with each other classically, we can conclude that the monogamy relation (B3) has to hold for any
correlation originating from the inflation 7. The task now is to express the above inequality in terms of correlations
originating from the original network, represented in Fig. 3 by Z,.

Let us begin by considering the CHSH-like term I4¢P calculated for the correlations originating from the inflation Z;.

Since we assume that each copy of a party performs the same measurements and each copy of a source generates the
same correlations, if the value of 4¢P is different for two inflations, it has to be due to the different network structures
between two inflations. Moreover, notice that if the value I4P depended on which sources B is connected to, B could
manipulate this value by choosing to perform measurements on some local correlations rather than correlations sent
by the sources in the network. This way B could send information to the rest of the parties, and since we assume
that parties cannot communicate with each other, we can conclude that the value of T4 can only depend on the
structure of the subnetwork of parties A, C and D.

Consequently, since the subnetwork of parties A, C and D in J is equivalent to the same subnetwork in 7y, it follows
that the value of 4¢P is the same over correlations originating from 7 and Z;:

150 = P (B5)

Furthermore, looking at each expected value in I4¢? individually, we can see that for (CyDp) and (CoD;) the only
relevant subnetwork is actually the subnetwork of parties C' and D, and since this subnetwork is equivalent in 7, Z;
and Zy we have

(CoDj) 7 = (CoDj)z, = (CoDj)1, (B6)

for j € {0,1}. However, the same cannot be said for the expected values (AgC1 Do) and (AoC D1), since the subnetwork
of parties A, C and D in Ij is inequivalent to the same subnetwork in Z;. Luckily, we can overcome this problem using
an inequality from [26]

(AoC1 Do)z, = (AoBo)z, + (BoCiDo)1, — 1, (B7)

(see Lemma 1 in Appendix C for a general formulation of this inequality).

Now, we can again argue that the subnetwork of parties A and B is equivalent in both Z; and Z,, and that the
subnetwork of parties B, C and D is also equivalent in these two inflations, hence

(AoBo)z, = (AoBo)z, » (BoC1 Do)z, = (BoC1 Do)z, - (B8)
We can follow the same argument to get

_<A001D1>Il > <AOBO>IO — <B()01D1>Il —1. (Bg)
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Putting it all together, we conclude that the value of I ;‘CD is bounded from below by
1590 > IBCP + 2(AgBo)z, — 2, (B10)
where
IPCP = (CyDy) + (CoD1) + (BoC1Do) — (BoCi D) . (B11)

Let us now look at the term (CoA} Bf) in (B3). Since the subnetwork of parties A’, B’ and C' is the same in J as in
T4, we have

(CoA|By)g = (CoA\By)z, - (B12)
Next, we can use the inequality from [26] to get the following:
(CoA1By)z, = (CoDo)z, + (A1 B1D2)z, — 1. (B13)
Since the subnetworks of C' and D and of A’, B’ and D are the same in 73 as in Z,, we have

<COD2>I4 = <COD2>I:3 ) <A/131D2>I4 = <A/1B1D2>Is . (B14)

Moreover, since Z3 can be transformed into Zy by relabeling parties A’ and B’ to A and B, we can conclude that
(CoD32)z, = (CoD2)z, , (A1 B\ D2)z, = (A1 B1D3)z1, , (B15)
therefore
(CoA1By) g = (CoD2)z, + (A1 B1Do)z, — 1. (B16)

Combining this with Ineq. (B11) and (B3), we get the final inequality, that has to be fulfilled for any correlations
originating from Zg,

I2YP +2(AgBo)z, + 2(CoD2)z1, + 2(A1B1Ds)z7, < 8. (B17)
We can now use this inequality to show that the cluster state
1
|Cy) = 3 (|0000) + |0011) + |1100) — |1111)) (B18)

is LOSR-GMNL. To this end, we take the observables
1 1
V2 V2

Computing the left-hand side of Ineq. (B17) for those observables and a state |Cy) gives us the value 2v/2 + 6 which
violates the inequality. This implies that measurement statistics of |C), cannot be reproduced by the network Zy, or,
in other words, that |Cy) is LOSR-GMNL.

Ay=By=Co=Dy=2, Ay =B =C,=X, Dy=-—(Z+X), D (Z - X). (B19)

Appendix C: All caterpillar states are LOSR-GMNL

In this section, we show that all graph states corresponding to caterpillar graphs (including, as a special case, all
cluster states) are LOSR-GMNL. To this end, we first construct an inequality based on the monogamy relation from
[59, Theorem 1] that has to be satisfied by any behavior originating from an N-partite network with (N — 1)-partite
sources of non-signalling correlations and an N-partite source of classical correlations. We then show that there exists
a choice of measurements under which caterpillar states violate that inequality.

Let us begin by establishing the notation. An N-partite caterpillar state |{n) is a graph state corresponding to
a caterpillar graph with N vertices (see Appendix A for more details on graph states, including the definition of
caterpillar graphs).
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It will be convenient for the purposes of the proof to denote those vertices/parties not with a single number, but with
a pair of numbers. To this end, we first need to find the longest induced line subgraph of the caterpillar graph. We
denote the vertices belonging to this subgraph by [¢,0] for < € {1,..., L}, where L is the order (the number of vertices)
of the line subgraph. We denote vertices that do not belong to said linear graph by [é, j] for j > 1, where ¢ is chosen
such that [z, j] is connected by an edge only to the vertex [¢,0]. Notice that since vertices {[1,0],[2,0],...,[L,0]} form
the longest induced line subgraph, there are no vertices [i, j] such that ¢ = 1,L and j > 1. See Fig. 5 for a visual
example.

Under this notation, the state [{x) is uniquely defined by the relations gj; ;) [fn) = |fn) for
g0 = X101 22,005

90,0) = Z1i—-1,01X[1,01Z[i+1,0] H Ziig forief2,....L—1},
j=1

9li 4] :Z[i,O]X[iJ‘] fOI‘j S {1,...,77,1‘},

91,0 = Z1-1,00X[L,0] »

(C1)

where X|; j1, Z; ;) are Pauli operators acting on the [, j]'th qubit (see Eq. (A4) for d = 2), n; = [Nj; )| — 2 and N g
is the neighbourhood of [z, 0] (see Appendix A for the definition).

The scenario considered in the proof is the following: an N-partite network O with N, (N — 1)-partite sources of
non-signalling correlations and an N-partite source of classical correlations. We label each party with the index [¢, j], as
explained above, and we denote by 7; ;) a source distributing correlations to every party except party [4, j|. Moreover,
we assume that the party [L — 1,0] can perform one of three measurements, Ajz_1 050, Aj—1,0;;1 O Ajz—1,0];2, While
the rest of the parties [i, j] can perform one of two measurements, Ay ;1,0 or Ay jj.1-

The main method we use to construct the inequality capable of detecting LOSR-GMNL is the inflation technique.
Given a network O described above, an inflation Z of O is a network consisting of multiple copies of each party, multiple
copies of each (N — 1)-partite source of non-signalling correlations, and one global source of classical correlations. We
assume that each copy of a given party is performing the same measurements as the original party in O and that each
copy of a given source is distributing the same correlations as the original source 7(; ;; in O.

On top of the standard assumptions associated with the inflation technique, we also put additional assumptions on the
inflations Z. First, we only consider inflations consisting of exactly two copies of each party [i, j], which we denote by
[i,5] and [, j], and exactly two copies of each source 7j; ;, which we denote by 7j; j; and 77,7 ;). Next, we require that
party [i, j] receives correlations from either 7y, or 14y for all [k, 1] # [i, j]. Together, these two assumptions imply
that if party [4, j] receives correlations from 7y, ;; (7p,y7) then [¢, j] receives correlations from 7y jy (7pk,17)-

Let us consider a set of parties in 7 to which the source 7j; ;) distributes correlations. Notice, that, using the above
assumptions about Z, we can uniquely identify a source 7; 5 just by the set of non-primed parties that receive
correlations from this source. Leveraging this fact, we introduce the notation 7; j = S, where S is a set of non-primed
parties that receive correlations from 7j; ;. From the symmetry of 7 it follows that 7j; ;) U rpir ) = P\ {[4, j]}, where P
is the set of all non-primed parties, which implies that the set {7}; j1}i,jjep uniquely identifies Z.

To make the description of 7j; ;) and other sets more concise, let us define the following sets:

(nvm)l :{n+’L,Z€ {071,...7777,*71}},
(n,m)a ={n+2i;i €{0,1,...,(m —n)/2}},

FIG. 5. Notation used for the vertices of a caterpillar graph. Note how the extremal vertices [1,0] and [6, 0] have degree 1 by
definition.

(C2)
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where we take (n,m); =0 = (n,m)z if n > m.

Lastly, we are going to use the following Lemma, which follows directly as a consequence of the results in [26].
Lemma 1. Let My, My and Ms be observables with outcomes +1. Then the following inequality holds true:

(M1 Ms) > (M1 Ms) + (MaM3) — 1. (C3)

With this, we can formulate the main result of this section.

Theorem 4. Let us consider an N-partite network with (N — 1)-partite sources of non-signalling correlations and an
N -partite source of classical correlations. Given that the party [L — 1,0] can perform one of three measurements while
the rest of the parties have access to two measurements each and that L > 3, the resulting measurement probabilities
are constrained by

N1 Nk42
In o 1,0 +2 Z < <A[k 01:0AR+1,001 Ak +2,0); H Alkt1,5]; 0> +2 Z Alg2,01:0Ak+2,0; 1>>

ke(0,L—3), =1 =t (C4)
+2(A—1,004,01) <202N - L),
where
nr—1
In—or-10 = {A_1,0aA41L01)+ <A[L—Q,O];OA[L—I,O];lA[L,O];O H A[L—1,j];o>
=t (C5)

nr—1
— (A —1,0241L,011) + <A[L—2,O];0A[L—1,O];QA[L,O];O H A[L—l,j];0> :

j=1

We divide the following proof into two parts. First, we give a complete proof for even L, then we give a proof for odd
L where we skip some steps if the derivation is the same for even and odd L.

Proof. Part 1: even L

Let us begin by considering a network inflation Z;y defined as

. o (1, —2)2U (¢, L)1,-] \ {[{,7]} for odd i and all j,
o T {[m2>2u<i,L>1,'1\{[i,j1} for even i and all j, v

where for an arbitrary set S we have [S,-] = {[l,7]}ics,re(0,n),- Using [59, Theorem 1], we can write a monogamy
relation that holds true in Zg

I 1, pitla,—(—1)t +2 <A[1', : H Al o)1 H Al j); 0>

1€(2,L)2

<4
a.=(—1)t

where

A = T awon [T awio H A[L-1,;0 (C8)

i€(1,L—3)2 J=1

where a[; ), is a measurement result of Ay; j.5, and
In—1,04 = (Ap—1,0:14m,01) + (CDA—100141,.0:0) — (An-1,0241m,01) + (1) (A_1,0:24m010) - (C9)

We multiply both sides of (C7) by P(a. = (—1)%) and we sum over ¢ € {0,1}

IL—l,L;aV +2 <A[1’, 0];0 H A[z 0];1 H A [2,4]; 0> X T (ClO)

1€(2,L)2



14

where

In 1.pav = ZP D114

av=(—1)* (C11)

Our goal is to formulate an inequality similar to Ineq. (C10) but for the original network O rather than an inflation
Zp. To this end, we have to bound the value of both terms on the left-hand side of (C10) by some other expected
values calculated over correlations from O.

First, let us focus on Iy, _1, .av. Using the fact that

1
> Plac=(=1)") (Ar-r05Aw o) =1 = (Ar-ro15 AL oj) (C12)

t=0
for j € {1,2}, we can rewrite I,_1 1.4y as

1

1
I 1Ly = Z(*l)tp(ae = (=" (AL—1,0:1 A[L,00) lae=(-1)t + Z = (—1)") (Ai—1,012A4[L.,0}:0) lae=(-1)¢
t=0 t=0

+ (A 10 AL,0a) — (Az—102A4mLo) -
(C13)

Let us focus on the first sum. We can expand the expected value in terms of probabilities which yields

M-

1
> (=1)'Plac = (=1)") (Air—1,051A[L.010) (=)™ P(a. = (=1)")Plagz—1,0110(z,000 = (—=1)*|ac = (=1)")

a.=(—-1)t =

t=0 t,k=0
1
= Z 1)"**P(a a[L—1,0);10[L,0];0 = (—1)F, a. = (-1)")
t,k=0
1
=) (—1)'P(aca_1 0101050 = (1)) = (AcAiL—1,01A1L010) »
1=0
(C14)
where
nr—1
A, = H A [4,0];1 H A [4,51;0 H A[Lfl,j];O . (015)
7.6(1 L— 3)2 j=1
Applying the same technique for the second sum in (C13) allows us to conclude that
In1,pav = (Ap—1,0:141m,01) + (AeAr—1,0:141,010) — (A—1,0241,011) + (AcA—1,0124(L,05:0) - (C16)

Notice that this expression depends on measurements on parties [(1, L —1)2, -] and on a party [L,0]. Since a subnetwork
consisting of those parties in Zy has the same structure as a subnetwork consisting of the same parties in Z;, defined as

. L [(1,L)1,-]\ {[¢,4]} for odd ¢ and all j,
o ] {[(@L)h J\{[i,§]} for even i and all j, (C17)

we conclude that the value of (C16) calculated over correlations from Zg is equal to the value of (C16) calculated over
correlations from 7Z;.

While we cannot relate the value of (C16) calculated over Z; directly to the value of (C16) calculated over O, since
the structure of a relevant subnetwork is different for Z; and O, we can achieve it by performing an intermediate step.
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The plan is to bound the value of (C16) from below by a function of other expected values in Z;, which then can be
related to the same expected values in O. To this end, we make use of Lemma 1 to formulate the following inequality:

It 1Ly = <A[L71,O];1A[L,O];1> + <A6A[L71,0};1A[L,O];O> - <A[L71,0];2A[L,O];1> + <A6A[L71,0];2A[L,0];0>
> (Ain—1,01Aw,01) + (ToAcAL_1,01:14L,010) + (To) — 1
— (Aj—1,0241011) + (ToAeAL—1,0124L010) + (To) — 1

> (AiL-1,0:141L,01) + <A[L—2,0];OA[L—l,O];lA[L,O];O H A[L—l,j];0>

= (c1s)
nr—1
— (A-1,0241L01) + < (L—2,01,0A1L-1,0;24[L,0],0 H AlL-1,5); o> Z ((Tk) — 1)
ke(0,L—4),
=Ip or-1,0+2 Z (Tx) — L +2,
ke(0,L—4)s
where I;,_o 1,1 1, is defined in (C5),
Nk+1
Ty = Ak 01:0A+1,0:1 Ak 12,0050 H Alt1,470 5 (C19)
j=1
for any k € (0, L — 1)1 and Ajg 0,0 = A[z41,0;0 = 1, and we used the fact that
nr—-1
A, = AL H AlL-14]0 H Ty . (C20)

ke(0,L—4)5

Let us now consider the original network O

O: g = [(L L)y, AL A1) (C21)

Notice that the subnetwork consisting of parties [L — 2,0], [L — 1,-] and [L, 0] has the same structure in both Z; and
O, which implies that the value of I,_2 ;1 1 is the same in both of these networks. As for the terms (T%), they
cannot be related to O directly, as the subnetworks on which the T} terms act nontrivially are different in Z; and in O.
However, this problem can be averted by using a set of inflation tailored individually for each Tj.

Let us consider the following set of inflations

m UG Dy, )N\ ALiy 4]} fori=k+2and all j > m+1,
Tt T[z‘j]_{[(1’11)1,.]\{[1-7]-]} else . (C22)

Based on the equivalence of the relevant subnetworks, we have that, for k € (0, L — 4)2, expected values (T};) calculated
over a state from Z; and from [ are equal. We can now use Lemma 1 to get the following inequality:

Nk+1

(Ty) = <A[k 004k 1,001 A k2,17, H Alkt1,51; o> <A[k+2,o];oA[k+2,1];1> -1. (C23)

Since the subnetworks {[k + 2, 0], [k +2,1]} in J and O are equivalent, we get that the second expected value on the
right-hand side of the inequality calculated over correlations from J? and O yields the same value. As for the first
expected value on the right-hand side, we can conclude that the expected value calculated over correlations from J?
equals the same expected value calculated over correlations from J;!.

We can again use Lemma 1 to bound this expected value by

N1 Nk41

<A[k 010 A+ 1,001 Ak +2,1); H Alkg1,); 0> z <A[k 00 A+ 1,011 Ak +2,2); H Alkg1,); o> + (A2, Apg2,21) — 1.

(C24)
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Again, we can relate the second expected value on the right to the same expected value calculated over correlations
from O, while relating the first expected value to the same expected value calculated over correlations from the inflation

T2

We repeat this procedure until we get to the following inequality,

Nk+1 Nk+1
<A[k:,O];OA[k+1,O];1A[k+2,nk+21];1 H A[k+1,j];0> > <A[k,O];OA[kJrl,0];1A[k+2,nk+2];1 H A[k+1,j];0>
j=1

P (C25)
+ (Apr2,mp o111 Akr2mp 1) — 1,
where the expected values are calculated over correlations from 7, ,? #+271 We can now use the same technique again

to conclude that both expected values on the right side of the inequality are equal to the same expected values but
calculated over correlations from O.

In order for the final inequality to be well defined for any value of niyo we have to use Lemma 1 twice more:

N41 Nk+1
<A[k,O];OA[Ic+1,O];lA[k+2,nk+2];1 H A[k+1,j];0> > <A[k,o];OA[kJrl,O];lA[k+2,0];0 H A[k+1,j];0>

j=1 j=1

(C26)
+ (Apt2,00Alkt+2,mp5201) — 1

and

(Apgo,n Apr2,11171) = (At Appr2,000) + (Ape2,4101 Apeta,050) — 1 (C27)
for all I € (1,ng42 — 1)1.

The above method can be applied for all k& € (0, L — 4)s meaning that every expected value (T}) calculated over
correlations from 7; can be bounded from below by expected values calculated over correlations from 0. Putting it all
together we get

MNk+1
(Io-1,L,av)70 2 I—2,0-1,0 +2 Z <<A[k,O];OA[k:+1,O];1A[k+2,O];O H A[k+1,j];0>
j=1

k€(0,L—4)2 (C28)

Ngt2
+2 Z (Apt2,0:1 Apt2,000) — 2nk+2> -L+2,
=1

where by writing (I,—1,1.av)7,, we emphasize that the left-hand side of the inequality is calculated on correlations
from Zy while the right-hand side is calculated on correlations from O.

We now come back to Ineq. (C10) and we focus on the term (A1 g};0 HiE(Z L) Al o)1 H?:1 Al j;0) in the inflation Zo.
Let us consider the following inflation:

L ({[1,01} U (¢, L)1, ) \ {[¢, 4]} for odd i and all j,
1y [4,4] {[(27 N1, I\ {51} for even 7 and all j. (C29)

Due to the equivalence of the relevant subnetworks in Z; and Z;, we have that the expected value
(Aps o0 Hie(Z,L)z Api o)1 H;“:l Al ;00 calculated over correlations from Zy is equal to the same expected value calcu-
lated for the correlations from Zs.

Let us now consider

. [(4,L)1,-]\ {[i,4]} for odd i and all j,
h ol {[(1,1\7)1,']\{[@]’]} for even i and all j. (C30)

This inflation is derived from Zy by simply swapping the labels of parties 1 and 1’ We
therefore have that (Ap o0 Hi€(2,L)2 Api o H;L:1 Api o) calculated over correlations from 7, equals
(ArL050 Hz’e(Z,L)z Apiop51 H?=1 Al; j:0) (notice the lack of a prime in the first observable) calculated over correlations
from Zs.
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We can bound this expected value using Lemma 1 and the fact that

Apo); H Ap o)1 H Afi o = H T, (C31)

i€(2,L)2 ke(1,L—-1)2

which gives us

< oo | Awon HA[” >/<A[1,0]0 II Auox HA”]OALN > +(Tp—1) -1
i€(2,L)2 i€(2,L—2)2 (C32)

= Z <Tk>_§+1.

ke(1,L—1)2

In order to bound the expected values (T}) by correlations from O, we once again make use of the inflations J;™ in
the exact same way as before, which results in the following inequality,

Nk+1
<A[1/ ; H Ap o H Api g, > > Z <<A[k 0:0A k11,0051 Afk+2,00; H Alkr1,50; o>
1€(2,L)2 7 ke(1,L—1), (033)
Nk+42 I
+2 lz_; (Ao, Apt2,0:0) — 2nk+2> -3 +1,
where expected values on the right-hand side of the inequality are calculated over correlations from O.
We can finally combine Ineq.s (C10), (C28) and (C33) into a single inequality
Nkg+1 Nk+2

I o1, +2 Z <<A[k:,()];OA[kJrl,O];lA[kJrQ,O];O H A[k+1,j];0> +2 Z <A[k+2,o];oA[k+2,l];1>>

ke(0,L—3)1 j=1 1=1 (C34)

+2(A-1,00A4L011) < 202N —L).

Part 2: odd L

Let us begin by considering network inflation Zy defined in Eq. (C6). Using [59, Theorem 1], we can write a monogamy
relation that holds true in Zg,

Ip 1 pitla,=(—1) +2 < H A o H Al 4); > lag=(—1)t <4, (C35)

i€(1,L)2
where
n; nr_1
a,=apopo | [[ e [Tawao | T aw-1i0- (C36)
i€(2,L—3)3 j=1 j=1

We multiply both sides of (C35) by P(a, = (—1)*) and we sum over ¢ € {0,1}

IL—l,L;av + 2 < H A [¢,0];1 H A[z,] > X T (037)

1€(1,L)2

where
I 1, Lav = Z P(a D1, 0itla, =(—1)t - (C38)

Using the same technique as in the first part of the proof, we get

I av = (Ain—1,0:1Aw,01) + (AoA—1,0:141,00) — (Ain—1,0241,011) + (AoAL—1,024[L,00:0) - (C39)
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where

g nr-—-1

A, = Ao H Apiop1 H Al g0 H AlL-1,40- (C40)
j=1

1€(2,L—3)2

Our goal is to formulate an inequality similar to Ineq. (C37) but over correlations from the original network O rather
than an inflation Zg.

Let us first focus on I,_1 1.av. Notice that this expression depends only on measurements on parties [(2,L — 1), ],
[1,0], [L,0]. Since a subnetwork consisting of those parties in Zy is equivalent to a subnetwork consisting of the same
parties in Zy, defined by Eq. (C29), we conclude that the value of I1,_; ..y calculated over correlations from Zy is
equal to the value of I, r.av calculated over correlations from Zs.

Moreover, I,_1 1.av calculated over correlations from 7 is equal to

I = (Apn—1,014m,051) + <A0A[L71,0];1A[L,O];0> — (Ap-1,02A1L0) + <AOA[L71,O];2A[L,O];O> (C41)

calculated over correlations from Z3, where

nr—1
Ao = A[l,O];O H A [4,0];1 H A[z 7l; H A[L*l,j];o . (C42)
i€(2,L—3)2 Jj=
As was the case for even L, here we can bound the value of I},_1 1.4 from below by
Ip 1 pav 2 1Ip—21-10 +2 Z (Ty) —L+3, (C43)
ke(1,L—4)y

where In_2 y_1, n is defined in (C5).

Let us now consider the original network O (C21). Since the relevant subnetwork for Ir_s 1_1 1 is equivalent in Z3
and O, the value of I,_5 1,1, 1 calculated over correlations from Z3 and O is the same. As for (T}), these expected
values can be bounded from below by utilizing inflations J;™ (C22) for m € (0, ngy2 — 1), which at the end gives us

Nk+1
(Ip-1,pav)z0 = I—2,0-1,0 +2 Z ( <A[k 01:0 A k41,0151 Alk+2,m00); H Alet1,5]; 0>

ke(1,L—4)y (C44)

Nk+2

+2 Z e+2,0051 Al +2,0]:0) —an+2> - L+3,

where the left-hand side is calculated over correlations from O.

We now come back to Ineq. (C37) and we focus on the term (J[;¢(q 1), Aji,0p1 H;L:1 Aj;j:0)- Notice that it depends
only on parties [(1, L)z, -]. Since Zy (C6) and Z; (C17) differ only by connections to parties [(2, L — 1)2,-], we can
conclude that

< H Ali o HAZJ]0> < H Alijop1 HA”]O> . (C45)

i€(1,L)2 T i€(1,L)2

We then use Lemma 1 to bound this expected value from below

< II Ason HA,J10>/ > <Tk>_%- (C46)

i€(1,L)2 ke(0,L—1)2

Next, each (T}) can itself be bounded from below using the inflations J;™ (C22), which in the end results in

MNk+41
< H Api o)1 H Ali j); o> > Z ( <A[k,o];oA[k+1,o];1A[k+2,nk+2];1 H A[k+1,j];o>
S To

(1,L)2 ke(0,L—1)2 j=1 (ca7)

"ot L—-1
+2 Z 2,01 Alk+2,0:0) — 2nk+2> -
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where the right-hand side is evaluated over correlations from O.

Putting (C44) and (C47) together, we get the following inequality fulfilled by correlations from O

Ng41 Nkt2
It 2110 +2 Z (<A[k,o];oA[k+1,o];1A[k+2,o];o H A[k+1,j];0> +2 Z <A[k+2,0];OA[k+2,l];1>>

ke(0,L—3), j=1 =1 (C48)

+ 2 <A[L—1,O];OA[L,O];1> < 2(2N - L) .
O

After deriving an inequality detecting LOSR-GMNL, we can now show that the caterpillar state |{x), as well as any
state p sufficiently close to it, is LOSR-GMNL.
Corollary 1. Let us consider a state py, (n) defined as

pix (M) =nlin)(En]+ 12_—N771. (C49)

Given that L > 3, p: (1) is LOSR-GMNL for

N ON — L
ON —L++v2-1"

7 (C50)

Proof. We take the measurements as follows:

A[i,j];O =7, A[z’,j];l =X for [4,7] € [(1,L)1,-] \ {[L — 1,0]},
1 1 C5s1
Aip—1000 =2, App-101 = \ﬁ(X +Z), Ap-102= \ﬁ(X —Z). (G5

and then, using the stabilizing operators (C1) of a caterpillar graph state, we calculate each term in Ineq. (C4) for the
state pi, (n):

I orn 10 =2V2n, ()=mn, (C52)

where by (-) we mean that it holds true for all expected values in Ineq. (C4). Substituting this into (C4) yields Ineq.
(C50). O

Appendix D: Cluster states are LOSR-GMNL for any prime local dimension

In this section, we prove that a cluster state for any prime local dimension is LOSR-GMNL. We achieve this by
utilizing the inflation technique to show that the assumption that the cluster state is not LOSR-GMNL violates a
monogamy relation from [59]. Most of the details concerning the considered scenario (the inflation technique, etc.) are
the same here as in Appendix C, so we will not repeat them here. There are only three substantial changes that need
to be highlighted: different party labels, different quantum states under examination, and a generalized monogamy
relation suitable for subsystems with local dimension higher than two.

First, here we label all of the parties simply using a set of numbers {1,..., N}. Second, here we consider the cluster
state ’C’JC@ a state of prime local dimension d which is stabilized by

g1 =X123,
g; = i—lXiZi+1 for i € (27N — 1)1, (Dl)
gN = ZNn-1 XN,
where X and Z are defined in (A4) (for an overview of graph states see Appendix A).

Third, the aforementioned monogamy relation [59, Theorem 1] is given by

Lon + d(l — P(an;i = al;k)) >d-—1, (D2)
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where a;.; € {w’ }?;3 denotes the measurement outcome of measurement k of any party [ # m,n and

d—1 2

Z Z k( Ui = = wFa,, i)+ Plap,; = wk+57‘*1am;i+1)) >d-1 (D3)

k=0 i=1

is the Collins, Gisin, Linden, Massar, Popescu (CGLMP) inequality [65], where a,,, 8= = @yn;1. Measurements that lead
to a v1olat10n of CGLMP mequahty m,n by a maximally entangled state |¢T) := f >_;137) [65] can be presented as

the following observables
Ay = Ua, XTUL_, Apj = UﬁjXU;j , (D4)

where Uy = >~ w/X[j)(j] for any x, and a1 =0, ag = 1/2, 1 = 1/4, o = —1/4.

For the purposes of our proof, we need to slightly adjust these observables. First, we need the first measurement of
party n to be equal to X. To this end, we make use of the property V* @ V [¢pT) = |¢T) that holds for all unitary
matrices V. Taking V = Up, gives us a set of observables that also violate CGLMP with [¢™). In terms of Eq. (D4)
the new observables are described by the following set of coefficients oy = 1/4, ag =3/4, 51 =0, fo = —1/2.

The last adjustment that we need to make is that we need a violation of CGLMP (D3) for the state ’C’g> rather than
|¢T). We use the relation |C§) = F @ 1|¢T), where F is the discrete Fourier transform matrix

d—1
F=Y wli)jl, (D5)
i,j=0
to find that the state |C’2d> violates CGLMP inequality (D3) with observables
Apyj = FUL, XTUL FT, Any = Ug, XU}, (D6)

with coefficients ay = 1/4, ap =3/4, f1 =0 and o = —1/2.

With that, we can proceed to the main result of this section.
Theorem 5. A cluster state }C’f@ is LOSR-GMNL for all prime d and N > 3

As was the case in Appendix C, here we also split the proof into two parts. We first show a complete proof for even N,
after which we show a proof for odd N in which we omit derivations common for the cases of even and odd N.

Proof. Part 1: even N

We begin by describing correlations that can be produced by the cluster }CJ"\Z,>, and we then prove by contradiction
that these correlations cannot be produced in the network.

From Eq. (D1), it follows that, from the projection of |C’]”f,> onto the state |0) ,_,, we get a state |¢) fulfilling

[¥) = 110) 5o (0] [CR) =110)y_5(0] gi |CR) =n9:10) x_o (0] |CK) = g: 1) (D7)

for all i # N — 2, where 7 is the normalization constant. From this relation it follows that |¢) is stabilized by

= X1Z2, g; = i—lXiZi—i-l for 1 € (2,N — 4)1,
gN—3 = ZN-_4XN_3, gN-—2=2ZN_2, (D8)
gn—1=XnN-1ZN, gn = Zn-_1XnN.
Therefore, we have that
V) =1CN-3); N 3@[0)n o ® ‘C2> . (D9)

Let us choose the following observables:
Ay =XIZ"7 forie (1,N=2)1,  Ay_1;=FUl XUy F',  Ayao=2, Ay, =U[ XU, . (D10)
Under this choice of observables, we have

IN-1Nlay_g0=1 <d—1, (D11)
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and, from the stabilizing operators (D1) of |C’ > we can infer the expected values
(AioAir11Aigo0) =1 v i€ (0,N—-3), (D12)
which imply that
P(a;00i41:1Gi42:0 =1) =1 v i€ (0,N—3), (D13)

where a;,; is the measurement result of measurement A;,; and we take a0 := 1. We also have (Ay_1,04n,1) = 1, and
therefore

P(G,Nfl;oa]\];l = ].) =1. (D14)

We will now show that the (D11), (D13) and (D14) cannot be satisfied simultaneously by any correlations originating
from a network O consisting of N parties connected with (N — 1)-partite sources of non-signalling correlations and an
N-partite source of shared randomness. We will achieve this by assuming the contrary, i.e. that (D11), (D13) and
(D14) hold true for some correlation from O, which will lead us to a contradiction.

More specifically, we consider a network inflation

_ o (1,i—=2)2U (4, L)1 \ {i} forodd i,
To: 7= {(272’ —2)oU(i,L); \ {i} for even i, (D15)

in which we will show that the above set of assumptions leads to the violation of the following monogamy relation
(D2):

Incinl e e gev-a_y (1= Plaligaialy . okl = =1]afafy ... a¥ s, = 1) =d -1, (D16)

where In_1 n is the CGLMP inequality defined in (D3),

1 forn=1,2 mod 4
= ’ ’ D17
An {d—l for n=0,3 mod 4, ( )
and §; = —xjxj}ag mod d, with Xf\,{?) the multiplicative inverse of xny_3 in Zy (since d is prime, this inverse is

guaranteed to exist).
We begin by considering what we can infer about the value of IN,LN|LL£1 W63 aEN-8 from the assumptions (D11),
1;193:1°

10N _317~

(D13) and (D14). To this end, let us consider the original network O and its inflation Z;

. o (1, L)1 \ {¢} for odd i,
Ii: 1= {(i,L)l \{i} for even i. (D18)

Notice that the subnetworks consisting of three consecutive parties 4,7 4+ 1,7+ 2 for ¢ € (0, N — 2)5 (we ignore party 0)
have the same structure in O and in Z; (D18). Therefore, by the assumption that (D11), (D13) and (D14) are true in
O, we conclude that conditions

IN,11N|GN_2:0:0 <d-— ]., Q;0054+1;1344-2;0 = 1 Vi€ (O,N — 2)2 (Dlg)
hold in Z;. It follows then, that
(a1;102:0)*" (2,003;10450)* . .. (AN —4;00N 310N —2;0) V3 = 1 (D20)

where x; are defined in Eq. (D17), and the equality follows from the fact that each term in parentheses equals 1.
Using Eq. (D17), we can then conclude that

XN-3 faXl X3 XN—-3 _XN-3 1’ (D21)

(@1;102,0)* (a2,003;1Q4:0)* . .. (AN_4,00N—3,1GN—2,0) 14371 -+ - AN _3.10N_0.9 =

which in turn implies:

AN-2;0 = H af& ) (D22)
i€(1,N—3)5
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where, as a reminder, & = —Xivalig mod d. Substituting for ay_2,0 in IN*I,N|UIN—2;0:1 gives us
INfl,N‘ & 53 gN 54 <d-1. (D23)
Ay 03 AN _3,17

Notice that this expression depends only on the measurement results of odd-numbered parties and the party N. The
subnetwork consisting of the relevant parties is equivalent in Z; and Zy (D15), so we conclude that (D23) holds true
for Z if (D11), (D13) and (D14) hold in the original network.

Coming back to the monogamy relation (D16), we can now calculate the value of the term

P(afigaziayy .. ay), = 1|a1 1(153 Laf)” S =1). (D24)

We start again from O and use the consequences of our assumption that (D11), (D13) and (D14) can be fulfilled by a
correlation originating from O. In particular, this means that

ai;0@i+1;10i+2,0 = 1, foralli€ (1,...,N —3)a, an-1;,00N;1 = 1 (D25)

hold true in O. Since the subnetwork containing any three parties ¢,7 + 1,4+ 2 for i € (1,..., N — 1)2 (we ignore the
party N + 1) has the same structure in O as in Z3, where

o )G L)\ {i} foroddi,
B o= {(1,N)1 \ {i} for even i, (D26)

we conclude that (D25) also holds true in Zs. Furthermore, since Z,

. {1 u L)\ {i} for odd i,
Biom= {(Z,Nh \ {i} for even i, (D27)

and Z3 can be transformed into each other by swapping parties 1 and 1/, we find that
a17,042;103;0 = 1, Ai;00541;1A54-2;0 = 1 forallie (3, cee ,N - 3)2, AGN—-1;00N;1 = 1 (D28)
hold true in Zs.

Taking a product of all of the relations in Z, with appropriate powers gives us

(a17;0a2;103,0)* (a3;004:105:0) %" . . . (an—p;0an8;1) N = af/loa%@ﬂfl aN 1 =1, (D29)

where we use the fact that y; = x2. This relation depends only on measurements by even-numbered parties plus the
party 1. Since the appropriate subnetworks in Zo and Z; are equivalent, this implies that Eq. (D29) holds true for Z;.
Therefore,

P(ai(/loaﬁau aNl 1)=1 (D30)
for Zy. Since this probability is strictly 1, it follows that

P(aﬁoaﬁaﬁ aN 1= 1|‘11 1a€3 a?\JIV ;1 =1)=1. (D31)

Combining this result with (D23) results in the following bound,

In_1 N a$ a5, QN3 +d(1_ (ai(/l aézoaﬁ) aNO_1|a1 1“31 a;é\zfv 31—1))<d—1, (D32)
N 31

which violates monogamy (D16).
Part 2: odd N

Since this part of the proof is very similar to the case of even N, we only showcase a general proof technique while
skipping details explained in the previous part.

Our goal is to perform a proof by contradiction: we show that the assumption that (D11), (D13) and (D14) is fulfilled
by a correlation originating from O results in a violation of the following monogamy relation:

1
In—1,n] a8} af2alt oSN 1 +d(1 - P(at}a3] - aN 1= 1|a1, 0“321%51 1ooan_gg =1)2d-1, (D33)
;0 —33
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where In_; n is the CGLMP inequality (D3), x; is defined in Eq. (D17), and §; = —ijx,173.

Looking at the subnetworks consisting of parties i,4 + 1,4+ 2 for i € (1, N — 2)2 in O and Z3 (D26), we can conclude
that, by our assumption, the relations

IN_1Nlay_no=1 <d—1, A3;00i4+1;10i42;0 = 1 fori € (1, N —4)z, (D34)

hold true in Z3. Swapping parties 1 and 1’ gives us the equivalent relations in Zy (D27), which we can use to derive
the following;:

X1 X2 X4 XN-3 _XN-3 __
1700315 - - QN 31N 90 = 1. (D35)
We use this to derive a formula for ax_2,0, which allows us to show that

INCAN] 0 oo yoa gevs _ <d—1 (D36)

Ay7,092:1%;1 -+ Nosn=1

holds true in Z,. Next, analysing the appropriate subnetworks of Zo and Zy (D15), one can conclude that the above
relation also holds in Zg.

On the other hand, from our assumptions and from the equivalence of the appropriate subnetworks, we can conclude
that

Qi;005+1;105+42;0 = 1 forallie (0, N — 3)2, aN-1;,00N;1 = 1 (D37)
holds true in Z; (D18). Taking a product of these expressions with appropriate powers gives us
athazh ... az; = 1. (D38)

This can be shown to hold true in Zy by the equivalence of subnetworks containing only odd-numbered, non-primed
parties in inflations Z; and Zy. We therefore have that

En—
P(athads ... a3 = 1lajgashafl ...y 5, = 1) =1. (D39)

Combining the above with (D36), we get

EN—
INfl,N|af}AO W, d(1 - P(athads ... aY = laashafy .. .oy 5, = 1)) <d—1, (D40)
which violates Ineq. (D33). O

Appendix E: The GHZ state is LOSR-GMNL for any local dimension

In this section, we generalize the results from [56] to show that a generalized Greenberger-Horne-Zeilinger (GHZ) [66]
state

d—1
IGHZE) = 17)*Y (E1)
=0

is LOSR-GMNL for any d. Crucially, this state is stabilized by the following operators

glzXlXQ...XN,

1 . (E2)
g9; = j,le for VS (Q,N)l,

where X and Z are defined in Eq. (A4).

As was the case in Appendix D, here we also make use of the CGLMP inequality [65] defined in (D3). For more details
on this inequality, see Appendix D. We also use the same assumption and notation for inflations as established in
Appendix C.

Theorem 6. A GHZ state |GHZ%) is LOSR-GMNL for any d and N > 3.
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Proof. We prove the theorem by contradiction. To this end, let us take the observables as follows:
Ay = FlULXTUL F, Ay =FUs XUL F', Ayo=2, Ay=2"7X7 | (E3)

where k € {1,2}, j € {0,1}, i € (3, N)1, F is the discrete Fourier transform matrix and Uy = >~ w/X [5)(j| for any x,
with a; =0, ag = 1/2, B1 = 1/4, Ba = —1/4. Note that A1 = FTXTF = Z. Let us denote by |¢>3N the state on

parties 3,..., N after the measurement that results in as;1a4,1 ... an;1 = 1. From (E2), it follows that the global state
|t) after the measurement fulfills
V) =n |¢>3,4..,N <¢)||GHZ§,> =" |¢>3,.4.,N (¢l g1 |GHZ§</> =nX1X2 |¢>3,...,N <¢||GHZJG€/> = X1 X5 [Y) (E4)
where 7 is a normalization constant. Similarly, using g2, one can show that [1)) = Z; Z; ' [)), therefore
1) = 16", 5 185, (E5)

where [pF), , = 1/Vd Z?;é |77). We can then use the fact that FF®@ FT|¢T) = |¢T) to conclude that, using observables
A1, Avyg, Ao, Ay from Eq. (E3), we get

@I glasyass.caya=1 <d—1. (E6)
Moreover, from (E2) we have
(A1nAsg) =1, (AiA L) =1 forie(2,N—1). (E7)
Note that measuring the observable Z~! is equivalent to measuring Z but assigning to each outcome the multiplicative
inverse of the corresponding outcome of Z, so from (E7) we have
arnagzy =1, aioa;o=1 forie (2,N—1), (E8)
and therefore
a1 = a0, Qo =aiy1;0 fori € (2,N—1);. (E9)

We will now show that the correlations (E6) and (E9) cannot be produced simultaneously by a network O consisting
of N parties connected by (N — 1)-partite sources of non-signalling correlations and an N-partite source of shared
randomness.

Let us consider the following inflation of O

First, we use the results of [59] to establish the following monogamy relation,
@I 2lasyasy...ana=1 + d(1 — P(aiy = anvyolasasn .. .ang = 1)) > d—1, (E11)

which holds in Zy. The CGLMP term does not depend on any primed parties, and, since Z; consists of two disconnected
copies of O, we have that its value is exactly the same in Zjy as in O. If we assume then that (E6) can be achieved in
O, it must also be achieved in Zy. Consider now the intermediary inflation

Il : Ti:(Z’—Fl,N)l. (E12)

Notice that any subnetwork consisting of two parties j,j 4+ 1 for all j € (1, N — 1); has the same structure in O and
in Z;. Hence, if the correlations (E9) hold in O, they will also hold in Z;. What’s more, one can combine all of the
equalities in (E9) to find

ai;1 = an;o - (El?))

In Z;, parties 1 and N do not share any common source, which is also true for parties 1 and N’ in Zy. Therefore, in Zg
we have

ai;1 = an’;o, (E14)
so, trivially,
P(a1,1 = anrplasaaan ...ang = 1) = Pla1q = anvy) = 1. (E15)
Combined with (E6), this implies that
@I 2las ass..ana=1 + d(1 — P(ay = anvolasiaa .. .ang = 1)) <d —1. (E16)

This contradicts the monogamy relation (E11) and proves that ‘GHZJ‘@ is LOSR-GMNL. O
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Appendix F: LONC-GMNL setting
1. |GHZ,) is maximally LONC-GMNL on a directed path

We prove Theorem 3 which appears in the main text.
Theorem 7 (Full statement of Theorem 3). In the LONC-GMNL model, the following inequality holds if we
allow t < n — 1 rounds of synchronous communication along an oriented path, where the n parties are named

(AR ATTYAP) (A APV AT (A AT — (A AYY) 2 ATY) <4 (F1)

1t is violated by the quantum state |GHZ,) when measuring the observables Z for A(()l), Aé") ; X for Agl), PN Ag"_l);
—X\;%Z for A§n); and —X\;iz for Agn).

Proof. The quantum violation is straightforward. We prove the inequality by invoking the monogamy of bipartite CHSH
non-signaling correlations [59]. We first remark that ¢ < n — 1 implies that no causal resources, except for the starting
classical shared randomness, can be shared by the extremal parties A) and A™ in an oriented path. An external party
A having access only to the shared randomness can thus achieve the same correlation 2<A(()1)A(()n)> = 2<A(()1)flén)>.
Then, we observe that the first four terms of the left-hand side of Eq. (F1) are reducible to the CHSH inequality
by regrouping the parties into two groups: (A™M ... A™=1D) and A™. We note that the oriented path structure
prevents signalling between those two groups. More precisely, the inputs a € {0,1} given to AWM starts too far to
reach A in t < n — 1 steps and a thus cannot effect the marginal probability distribution P(Al()n)|a) = P(A;()"));
and the other input, let it be b € {0,1, 2}, given to A cannot effect the joint marginal probability distribution
pAY ... A§n71)|b) = PAY ... Agnfl)) because the signalling is only left to right. We conclude by applying the
monogamy inequality for bipartite non-signaling correlations that are given in [59, Equation 2]. O

2. Cluster states are (only) LONC-GMNL; on a directed path

Here we show a way of generating a cluster state in 2 rounds of communication on an N-partite line network in which
communication is allowed only in one direction. For simplicity, we take that the first party can send information to the
second, the second to the third, etc. Each party ¢ # 1, N has access to two qubits, which we denote (i,1) and (4, 2),
each of them initially in a state |[+). As for the first and last party, the first one starts with three qubits in a state |+),
which we denote by (1, 1), (1,2) and (0, 1), while the party N starts with no qubits. We thus start with a graph state
corresponding to an edgeless graph with 2N — 1 vertices. In what follows, we give an algorithm to generate a cluster
state in one-way line networks; however, we will describe the operations in terms of graph transformations. Afterward,
we comment on how these transformations relate to the operations performed on qubits.

1. Each party ¢ connects vertices (4, 1) and (¢,2) with an edge. The first party additionally connects (0,1) and (1, 1).
2. Each party ¢ # N sends vertex (qubit) (4,2) to the party ¢ + 1.

3. Each party ¢ # 1, N connects (4,1) and (i — 1,2) with an edge.
4

. We perform local complementation on vertices (4,2) which in turn connects vertices (i,1) and (i 4+ 1, 1) for all
i # 0.
. Each party ¢ # 1, N disconnects vertices (i,1) and (i — 1,2).

[Sa8

6. Party ¢ sends vertex (i,1) to the party i + 1.

7. Each party i # 1 disconnects vertices (i — 1,1) and (i — 1,2). The remaining graph is a linear graph of qubits
(i,1) for all ¢ € {0,..., N — 1} and isolated vertices (¢,2) for all : € {1,...,N}.

The procedure is illustrated for N = 4 in Fig. 6. The operation of connecting and disconnecting vertices corresponds
to the action of Cz = diag(1,1,1, —1) on the corresponding qubits. In the above algorithm, this operation is always
performed locally, i.e. on qubits that a given party has access to. As for the local complementation, it is known that
this operation corresponds to action with local unitaries on individual qubits (see Appendix A for more details).
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Alice X Bob X Charly . Dave

Initial.

Final.

FIG. 6. An illustration for N = 4 of our quantum algorithm to prepare a cluster state with local operations and two rounds of
synchronous communication on a directed path.
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