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Abstract Does 20 have a friend? Or is it a solitary number? A folklore con-
jecture asserts that 20 has no friends i.e. it is a solitary number. In this ar-
ticle, we prove that, a friend N of 20 is of the form N = 2 · 52a · m2, with
(3,m) = (7,m) = 1 and it has at least six distinct prime divisors. Furthermore, we

show that Ω(N) ≥ 2ω(N) + 6a− 5 and if Ω(m) ≤ K then N < 10 · 6(2K−2a+3−1)2 ,
where Ω(n) and ω(n) denote the total number of prime divisors and the number
of distinct prime divisors of the integer n respectively. In addition, we deduce
that, not all exponents of odd prime divisors of friend N of 20 are congruent to
−1 modulo f , where f is the order of 5 in (Z/pZ)× such that 3 | f and p is a
prime congruent to 1 modulo 6. Also, we prove necessary upper bounds for all
prime divisors of friends of 20 in terms of the number of divisors of the friend. In
addition, we prove that, if P is the largest prime divisor of N then P < N

1
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1 Introduction

Two distinct positive integers a and b are said to be friendly if I(a) = I(b), where I(q)
is the abundancy index of q, which is defined as I(q) = σ(q)/q, where σ(q) is the sum of
positive divisors of q. Solitary number refers to a number that has no friends. A number
n is said to be perfect if it has an abundancy index of 2. A number n is said to be deficient
or defective if its abundancy index is less than 2. A number n is said to be abundant or
excessive if its abundance index exceeds 2.
The number 10 is the smallest known suspected solitary number. Various properties and
constraints on a potential friend of 10 have been explored in [2, 5–7, 9, 10], but no such
number has been found. Moreover, 10 is not the only suspected solitary number, several
others (e.g. 14, 15, 20 etc.) are known, though their status remains unresolved. The only
large known family of solitary numbers comes from n such that σ(n) and n are relatively
prime.

© 2025 The Authors.
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A positive integer N > 20 is said to be a friend of 20 if I(N) = I(20) = 21/10. It is
believed that whether 20 is solitary or not is as difficult as to finding odd perfect numbers.
If any of the suspected solitary numbers up to 372 is actually a friendly number, then
its smallest friend must be strictly greater than 1030 [12]. In this article, we prove the
following results related to friends of 20

Theorem 1. A friend N of 20 is of the form N = 2 · 52am2, with (3,m) = (7,m) = 1,
where a,m ∈ Z+. Further, N has at least six distinct prime divisors.

The above theorem depicts that 20 cannot have an odd friend. In the next theorem,
we give a lower bound for the total number of prime divisors of any such friend N of 20.
Here is the statement of the theorem:

Theorem 2. Let N = 2 · 52am2 be a friend of 20, then

Ω(N) ≥ 2ω(N) + 6a− 5

where Ω(n) and ω(n) denote the total number of prime divisors and the number of distinct
prime divisors of the integer n respectively.

As an immediate corollary, we get the following upper bound for N .

Corollary 3. If N = 2 · 52am2 is a friend of 20 where a,m ∈ Z+ and Ω(m) ≤ K then

N < 10 · 6(2K−2a+3−1)2 .

In addition, we also give a lower bound for N using the following theorem:

Theorem 4. Let p ≡ 1 (mod 6) be a prime, also let order of 5 in (Z/pZ)× be f such
that 3 | f . If v5(N) ≡ −1 (mod f), where N is a friend of 20, then there exists an odd
prime divisor of N (say q) such that vq(N) ̸≡ −1 (mod f), where vp(N) = k denotes for
pk | N but pk+1 ∤ N .

Remark 5. The preceding theorem implies that not all exponents of odd prime divisors
of friend N of 20 are congruent to −1 modulo f , where the order of 5 in (Z/pZ)× is f
such that 3 | f and p ≡ 1 (mod 6) is a prime.

Corollary 6. If N = 2F 2 is a friend of 20, then F is not square-free.

Theorem 7. Let N be a friend of 20 and qr (r ≥ 3) be the r-th smallest prime divisor
of N . Then necessarily qr < L(logL+ log logL), where

L = ⌈Uω(N)

V
⌉, U

V
>

1

28
25

·
∏

5≤i≤r+1

(1− 1

pi
)− 1

where pi is the i-th prime number, U
V
∈ Q+ \ Z+, and (U,V) = 1 such that UV(r − 2) +

2U+ V > V2.

Theorem 8. Let N be a friend of 20 and let P be the largest prime divisor of N . Then
P < N

1
4 .
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2 Definition and Notation

In this section, we introduce some notations and definitions.
Let q be an odd prime. Define

Fq(x) = {p : p odd prime, p | x, q | σ(pη), η ≥ 2, η even}

and |Fq(N)| denotes the cardinality of Fq(N).

Let

An,a(r) :=

{
r∑

i=1

aci − r :
r∑

i=1

ci = n, ci ∈ N

}
and

Hn,a :=
n⋃

r=1

An,a(r).

Notation:

• vp(N) denotes the integer k such that pk | N but pk+1 ∤ N .

• f q
p is denoted for the multiplicative order of q modulo p.

Throughout this article, we use p, p1, . . . , pω(N), q, q1, . . . , qω(N) for denoting prime num-
bers. Further, we assume that the numbers a, b,m, a1, . . . , aω(N) are positive integers.

3 Preliminaries

In this section, we state some of the useful results which will play a significant role in
proving our main theorems.

Lemma 9 ( [4, 11]).

1. I(n) is weakly multiplicative, that is, if n and m are two coprime positive integers
then I(nm) = I(n)I(m).

2. Let a, n be two positive integers and a > 1. Then I(an) > I(n).

3. Let p1, p2, p3,. . . , pm be m distinct primes and a1, a2, a3 ,. . . , am be positive
integers then

I

( m∏
i=1

paii

)
=

m∏
i=1

( ai∑
j=0

p−j
i

)
=

m∏
i=1

pai+1
i − 1

paii (pi − 1)
.

4. If p1,...,pm are distinct primes, q1,...,qm are distinct primes such that pi ≤ qi for all
1 ≤ i ≤ m. If t1, t2, ..., tm are positive integers then

I

( m∏
i=1

ptii

)
≥ I

( m∏
i=1

qtii

)
.
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5. If n =
m∏
i=1

paii , then I(n) <
m∏
i=1

pi
pi − 1

.

Lemma 10 ( [2], Theorem 1.1). Let p, q be two distinct prime numbers with pk−1 || (q−1)
where k is some positive integer. Then p divides σ(q2a) if and only if 2a+1 ≡ 0 (mod f)
where f is the smallest odd positive integer greater than 1 such that qf ≡ 1 (mod pk).

Corollary 11 ( [2], Corollary 1.2). Let p, p∗ and q be three distinct prime numbers with
pk−1 || (q − 1) and p∗k

∗−1 || (q − 1) (k, k∗ ∈ Z+) also let p | σ(q2a) and p∗ | σ(q2a∗)(
a,a∗∈ Z+) with f q

p , f
q
p∗ respectively in Lemma 10. If f q

p∗ | f q
p then pp∗ | σ(q2a).

Lemma 12 ( [2], Theorem 1.5). If p and q are two distinct prime numbers with q > p,
then p divides σ(q2a) if and only if for r ̸= 1, q ≡ r (mod p) and 2a + 1 ≡ 0 (mod f)
where f is the smallest odd positive integer greater than 1 such that rf ≡ 1 (mod p) and
for r = 1, q ≡ r (mod p) and 2a+ 1 ≡ 0 (mod p).

Corollary 13. σ(q2a) is divisible by 5 if and only if q ≡ 1 (mod 10) with 2a + 1 ≡ 0
(mod 5).

Proof. In Lemma 12, we set p = 5 and q > 5 then as for r = 2, 3, 4 we have no odd
integer f > 1 such that rf ≡ 1 (mod 5), hence the only choice for r is 1, and therefore
the result follows.

Lemma 14. If pn is n-th prime number then

pn < n(log n+ log log n)

for n ≥ 6.

Proof. See [1] for a proof.

Definition 15. An odd number M is said to be an odd m/d-perfect number if σ(M)
M

= m
d
.

Lemma 16. If M is an odd m/d-perfect number with k distinct prime factors then

M < d(d+ 1)(2
k−1)2 .

Proof. See [8] for a proof.

4 Basic properties of friends of 20

Before we start proving our main theorems, it is convenient to deduce some of the basic
properties of friends of 20. Note that, If N is a friend of 20, then

I(N) =
σ(N)

N
=

21

10
= I(20)

which implies that,
10 · σ(N) = 21 ·N

so 10 | N. Therefore, N has the form: N = 2a · 5b ·m, where (2,m) = (5,m) = 1.
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Lemma 17. Let N be a friend of 20, then 2 || N .

Proof. Let N be a friend of 20, then we can write N = 2a ·5b ·m with (2,m) = (5,m) = 1.
Note that, N > 20. If possible, assume that a ≥ 2. Then we have from Lemma 9 that
I(N) > I(22 · 5) = 21

10
but this is absurd. Therefore, N cannot have more than one 2 in

its prime factorization. This completes the proof.

Lemma 18. A friend N of 20 is of the form N = 2 · 52am2.

Proof. Let N be a friend of 20, with ω(N) = s, then I(N) = 21
10

implies,

10 · σ(N) = 21 ·N. (4.1)

Therefore using Lemma 17 and (4.1) we get that N = 2 · 5a ·m. Note that m > 1 as if
m = 1 then

I(N) = I(2 · 5a) = I(2) · I(5a) < 3 · 5
2 · 4

=
15

8
<

21

10
.

Let m =
s−2∏
i=1

paii . Then, from (4.1) we obtain 10 · σ(2 · 5a ·
∏s−2

i=1 p
ai
i ) = 21 · 2 · 5a ·

s−2∏
i=1

paii ,

which implies, σ(2) · σ(5a) ·
∏s−2

i=1 σ(p
ai
i ) = 21 · 5a−1 ·

∏s−2
i=1 p

ai
i . Since σ(2) = 3, we have

σ(5a) ·
s−2∏
i=1

σ(paii ) = 7 · 5a−1 ·
s−2∏
i=1

paii . (4.2)

If possible, suppose that one of a, a1, . . . , as−2 is odd. Without loss of generality,
suppose that ak, 1 ≤ k ≤ s− 2 is odd. Then from (4.2) we can write

(1 + 5 + ...+ 5a) · · · (1 + pk + ...+ pakk ) · · · (1 + ps−2 + ...+ p
as−2

s−2 ) (4.3)

= 7 · 5a−1 ·
s−2∏
i=1

paii . (4.4)

Since all pi > 2 and ak is odd, it implies (1 + pk + ... + pakk ) is even and so does the left
hand side of (4.3) but the right hand side of (4.3) is an odd integer, which is absurd.
Therefore a, a1, . . . , as−2 are even positive integers. This proves that, the form of N is
N = 2 · 52am2.

Remark 19. If N is a friend of 20, then it is easy to see from (4.2) that, the prime
divisors of σ(q2aq) belong to the set {7, p : p | (N

2
)}, where q2aq || N .

Lemma 20. Let N be a friend of 20 then it is co-prime to 21.

Proof. At first, we show that N is co-prime to 3. Assume that N = 2 · 52a · 32b ·m2, then
σ(N)
N

= 21
10

implies

σ(2) · σ(52a) · σ(32b) · σ(m2) = 21 · 52a−1 · 32b ·m2
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which is equivalent to,
σ(m2)

m2
=

21 · 52a−1 · 32b

σ(2) · σ(52a) · σ(32b)
.

Since σ(m2) ≥ m2, we must have 21 · 52a−1 · 32b ≥ σ(2) · σ(52a) · σ(32b), since σ(2) = 3,
we have 7 · 52a−1 · 32b ≥ σ(52a) · σ(32b) that is,

7

5
≥ I(52a · 32b). (4.5)

By Lemma 9, we have 7
5
< 9

5
= I(5 · 3) ≤ I(52a · 32b) which contradicts (4.5). This proves

that (N, 3) = 1.

Assume that N = 2 · 52a · 72b ·m2, then σ(N)
N

= 21
10

implies

σ(2) · σ(52a) · σ(72b) · σ(m2) = 21 · 52a−1 · 72b ·m2

which is equivalent to,
σ(m2)

m2
=

21 · 52a−1 · 72b

σ(2) · σ(52a) · σ(72b)
.

Since σ(m2) ≥ m2, we must have 21 · 52a−1 · 72b ≥ σ(2) · σ(52a) · σ(72b), since σ(2) = 3,
we have 7 · 52a−1 · 72b ≥ σ(52a) · σ(72b) that is,

7

5
≥ I(52a · 72b). (4.6)

By Lemma 9, we have 7
5
< 1767

1225
= I(52 · 72) ≤ I(52a · 72b), which contradicts (4.6). This

proves that (N, 7) = 1.
Consequently, we have N is co-prime to 21. This completes the proof.

5 Proof of the main theorems

5.1 Proof of theorem 1

If N = 2 · 52a ·
ω(N)∏
i=1

p2aii is a friend of 20, then an upper bound for each prime pi can be

obtained by the method discussed in the Appendix section. Note that, if any prime pi
exceeds the given bound then immediately, I(N) < I(20). For more details we refer the
reader to the Appendix section.
We shall direct mention the upper bound for each prime pi in upcoming proofs, depending
on the distinct prime divisors of N . Further, we shall heavily use Corollary 11 in the
proof of this theorem. The required f q

p , for primes p and q can be found in the Appendix
section.
In order to prove this theorem, we require the following lemmas:

Lemma 21. Let N be a friend of 20 then it has at least six distinct prime divisors that
is ω(N) ≥ 6.
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Proof. Let N be a friend of 20. Assume that ω(N) = 3, then N = 2 · 52a · p2b for some
prime p. Then

I(N) ≤ I(2 · 52a · 112b) = 3

2
· I(52a · 112b) < 3 · 5 · 11

2 · 4 · 10
=

33

16
<

21

10
.

Therefore ω(N) = 3 is not possible. Assume that ω(N) = 4, then N = 2 · 52a ·
2∏

i=1

p2aii ,

where p1 and p2 are prime numbers with p1 < p2.
Note that p1 ≤ 17 and p2 ≤ 53 (for any other choice of p1 or p2 gives I(N) < I(20)).

Then σ(N)
N

= 21
10

implies,

σ(52a) · σ(p2a11 ) · σ(p2a22 ) = 7 · 52a−1 · p2a11 · p2a22 . (5.1)

Since 5 ∤ σ(52a), either 5 | σ(p2a11 ) or, 5 | σ(p2a22 ). Note that, Corollary 13 implies p ≡ 1
(mod 10), whenever 5 | σ(p2α), where p > 5 is a prime number and α ∈ Z+. Suppose
that 5 | σ(p2a11 ) then p1 = 11 but 71 | σ(52a) whenever 11 = p1 | σ(52a). Thus p2 = 71
but which is absurd as p2 ≤ 53.
This implies that p1 can not be 11 and 5 ∤ σ(p2a11 ). Therefore, 5 | σ(p2a22 ) (as 5 |
σ(52a) · σ(p2a11 ) · σ(p2a22 )). Since p2 ≤ 53, p2 can be either 31 or 41. Note that, for any
choice of 11 ̸= p1 ≤ 17, p1 ∤ σ(52a). Therefore p2 must divide σ(52a), which implies that
p2 = 31. Then either p1 = 13 or p1 = 17 but neither of these choices can divide σ(312a2).
This proves that N cannot have exactly four distinct prime divisors.

If possible, assume that ω(N) = 5, then N = 2 · 52a1 ·
3∏

i=1

p2αi
i , where p1 < p2 < p3. Note

that 11 ≤ p1 ≤ 19. We shall prove the theorem by eliminating the following possible cases:

Case 1.
For p3 = 11

Note that, if p3 = 11 then 13 ≤ p4 ≤ 109. For 13 ≤ p4 ≤ 37, I(N) > I(52112p22) >
7
5
,

therefore we shall consider 41 ≤ p4 ≤ 109. The following figures describe the possible
subcases when p3 = 11.

Subcase 1.1: If N = 2 · 52a2 · 112a3 · 412a4 · p2a55 , then p5 ≥ 43. Our claim is that
a2 = 1. Suppose that a2 ≥ 2, then

I(N) > I(2 · 54 · 112 · 412) = 3

2
· I(54 · 112 · 412)

=
48810867

23113750
>

21

10

therefore claim follows. For a2 = 1, since σ(52) = 31, it implies that p5 = 31 but this
is impossible as p5 ≥ 43. Hence, this case is impossible.

Subcase 1.2: If N = 2 ·52a2 ·112a3 ·432a4 ·p2a55 , then p5 ≥ 47. Similar argument given
in subcase 1.1 implies that N cannot be a friend of 20.
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Figure 1: Possible subcases when p3 = 11

Subcase 1.3: If N = 2 ·52a2 ·112a3 ·472a4 ·p2a55 , then p5 ≥ 53. Similar argument given
in subcase 1.1 implies that N cannot be a friend of 20.

Subcase 1.4: If N = 2 ·52a2 ·112a3 ·532a4 ·p2a55 , then p5 ≥ 59. Similar argument given
in subcase 1.1 implies a2 ≤ 2. If a2 = 1, then σ(52) = 31, it follows that p5 = 31 but this
is absurd since 59 ≤ p5. If, a2 = 2 then σ(54) = 781, it follows that p5 = 71. But then

I(N) ≥ I(2 · 54 · 112 · 532 · 712) = 3

2
· I(54 · 112 · 532 · 712)

=
5840769081

2742286250
>

21

10
.

Hence this case is impossible.

Subcase 1.5: If N = 2 · 52a2 · 112a3 · 592a4 · p2a55 , then 61 ≤ p5 ≤ 1069. Now if
p3 = 11 | σ(52a2), immediately 71 | σ(52a2) which means p5 = 71, but then

21

10
< I(2 · 52 · 112 · 592 · 712) < I(2 · 52a2 · 112a3 · 592a4 · 712a5).

Hence 11 ∤ σ(52a2). If 59 | σ(52a2), immediately 35671 | σ(52a2) and it implies that
p5 = 35671 but p5 ≤ 1069. Therefore p5 must divide σ(52a2). Note that, if 5 | σ(q2aq),
then q ≡ 1 (mod 10) due to Corollary 13. Therefore, 5 | σ(112a3) is possible but then
3221 | σ(112a3), which is impossible. Hence 5 must divide σ(p2a55 ).
Therefore p5 must belong to {p : p is a prime such that p ≡ 1 (mod 10), 70 < p < 1062}.
Note that, 7 ∤ σ(52a2), σ(592a4). If 7 | σ(112a3) then immediately 19 | σ(112a3), which is
impossible. Hence 7 must divide σ(p2a55 ). Since 5 | σ(p2a55 ) and 7 | σ(p2a55 ) we have p5 ∈
{71, 151, 191, 211, 281, 331, 401, 421, 431, 491, 541, 571, 631, 641, 701, 751, 821, 911,
991, 1031, 1051, 1061}. The following table summarizes the subcase when p5 ∈ {71, 151,
191, 211, 281, 331, 401, 421, 431, 491, 541, 571, 631, 641, 701, 751, 821, 911, 991, 1031,
1051, 1061}.
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Case Assumption Contradiction

1 7 | σ(712a5) 883 | σ(712a5), which is impossible.

2 7 | σ(1512a5) Then 3 | σ(1512a5), which is absurd due to
Lemma 20.

3 7 | σ(1912a5) 31 | σ(1912a5), which is impossible.

4 7 | σ(2112a5) 307189 | σ(2112a5), which is impossible.

5 7 | σ(2812a5) 29 | σ(2812a5), which is impossible.

6 7 | σ(3312a5) 3 | σ(3312a5), which is impossible due to
Lemma 20.

7 7 | σ(4012a5) 23029 | σ(4012a5), which is impossible.

8 7 | σ(4212a5) 797310237403261 | σ(4212a5), which is
impossible.

9 7 | σ(4312a5) 397 | σ(4312a5), which is impossible.

10 7 | σ(4912a5) 617 | σ(4912a5), which is impossible.

11 7 | σ(5412a5) 3 | σ(5412a5), which is impossible due to
Lemma 20.

12 7 | σ(5712a5) 3 | σ(5712a5), which is impossible due to
Lemma 20.

13 7 | σ(6312a5) 6032531 | σ(6312a5), which is impossible.

14 7 | σ(6412a5) 58789 | σ(6412a5), which is impossible.

15 7 | σ(7012a5) 16975792017452101 | σ(7012a5), which is
impossible.

16 7 | σ(7512a5) 3 | σ(7512a5), which is impossible due to
Lemma 20.

17 7 | σ(8212a5) 211 | σ(8212a5), which is impossible.

18 7 | σ(9112a5) 81750272028928231 | σ(9112a5), which is
impossible.

19 7 | σ(9912a5) 3 | σ(9912a5), which is impossible due to
Lemma 20.

20 7 | σ(10312a5) 97 | σ(10312a5), which is impossible.

21 7 | σ(10512a5) 29 | σ(10512a5), which is impossible.

22 7 | σ(10612a5) 160969 | σ(10612a5), which is impossible.
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Hence p5 cannot be belong to the set {71, 151, 191, 211, 281, 331, 401, 421, 431, 491,
541, 571, 631, 641, 701, 751, 821, 911, 991, 1031, 1051, 1061}, which is a contradiction.
Hence this case is also impossible.

Subcase 1.6: If N = 2·52a2 ·112a3 ·612a4 ·p2a55 , then 67 ≤ p5 ≤ 661. Now if 5 | σ(112a3)
then immediately 3221 | σ(112a3), which is impossible. If 5 | σ(612a4) then immediately
21491 | σ(612a4), which is impossible. Therefore 5 | σ(p2a55 ) also note that, 7 ∤ σ(52a2) and
7 ∤ σ(612a4) . If 7 | σ(112a3) then immediately 19 | σ(112a3), which is impossible. Hence
7 | σ(p2a55 ). Therefore, similar argument given in subcase 1.5 proves that, N cannot be a
friend of 20.

Subcase 1.7: If N = 2 · 52a2 · 112a3 · 672a4 · p2a55 , then 71 ≤ p5 ≤ 331. If 5 | σ(112a3)
then immediately 3221 | σ(112a3), which is impossible. Since 5 ∤ σ(672a4), we must have
5 | σ(p2a55 ) and it implies p5 ≡ 1 (mod 10). Note that, if 7 | σ(112a3) then immediately
19 | σ(112a3), which is impossible. Again if 7 | σ(672a4) then 3 | σ(672a4), which is impos-
sible. Hence 7 | σ(p2a55 ). Similar argument given in subcase 1.5 implies that, N cannot
be a friend of 20.

Subcase 1.8: If N = 2 · 52a2 · 112a3 · 712a4 · p2a55 then 73 ≤ p5 ≤ 257. If 5 | σ(112a3)
then immediately 3221 | σ(112a3), which is impossible. Now if 5 | σ(712a4) then imme-
diately 2221 | σ(712a4), which is impossible. Therefore 5 | σ(p2a55 ) which implies p5 ≡ 1
(mod 10). Note that, 7 ∤ σ(52a2) and if 7 | σ(112a2) then immediately 19 | σ(112a3),
which is impossible. Also if 7 | σ(712a4) then 883 | σ(712a4), which is impossible. Hence
7 | σ(p2a55 ). Therefore, similar argument given in subcase 1.5 proves that, N cannot be a
friend of 20.

Subcase 1.9: If N = 2 ·52a2 ·112a3 ·732a4 ·p2a55 then 79 ≤ p5 ≤ 233. If 5 | σ(112a3) then
immediately 3221 | σ(112a3), which is impossible. Since 5 ∤ σ(732a4), implies 5 | σ(p2a55 )
and p5 ≡ 1 (mod 10). Note that, 7 ∤ σ(52a2),732a4 and if 7 | σ(112a2) then immediately
19 | σ(112a3), which is impossible. Hence 7 | σ(p2a55 ). Therefore, similar argument given
in subcase 1.5 proves that, N cannot be a friend of 20.

Subcase 1.10: If N = 2 · 52a2 · 112a3 · 792a4 · p2a55 , then 83 ≤ p5 ≤ 181. If 5 | σ(112a3)
then immediately 3221 | σ(112a3), which is impossible. Since 5 ∤ σ(792a4), implies 5 |
σ(p2a55 ) and p5 ≡ 1 (mod 10). Note that, 7 ∤ σ(52a2). If 7 | σ(112a2) then immediately
19 | σ(112a3), which is impossible. If 7 | σ(792a4) then immediately 3 | σ(792a4), which is
impossible. Hence 7 | σ(p2a55 ). Therefore, similar argument given in subcase 1.5 proves
that, N cannot be a friend of 20.

Subcase 1.11: IfN = 2·52a2 ·112a3 ·832a4 ·p2a55 , then 89 ≤ p5 ≤ 167. If 5 | σ(112a3) then
immediately 3221 | σ(112a3), which is impossible. Since 5 ∤ σ(832a4), implies 5 | σ(p2a55 )
and p5 ≡ 1 (mod 10). Note that, 7 ∤ σ(52a2), σ(832a4). If 7 | σ(112a2) then immediately
19 | σ(112a3), which is impossible. Hence 7 | σ(p2a55 ). Therefore, similar argument given
in subcase 1.5 proves that, N cannot be a friend of 20.

Subcase 1.12: IfN = 2·52a2 ·112a3 ·892a4 ·p2a55 , then 97 ≤ p5 ≤ 149. If 5 | σ(112a3) then
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Figure 2: Possible subcases when p3 = 11 (continue)

immediately 3221 | σ(112a3), which is impossible. Since 5 ∤ σ(892a4), implies 5 | σ(p2a55 )
and p5 ≡ 1 (mod 10). Note that, 7 ∤ σ(52a2), σ(892a4). If 7 | σ(112a3) then immediately
19 | σ(112a3), which is impossible. Hence 7 | σ(p2a55 ). Therefore, similar argument given
in subcase 1.5 proves that, N cannot be a friend of 20.

Subcase 1.13: If N = 2 · 52a2 · 112a3 · 972a4 · p2a54 , then 101 ≤ p5 ≤ 131. If
5 | σ(112a3) then immediately 3221 | σ(112a3), which is impossible. Since 5 ∤ σ(972a4),
implies 5 | σ(p2a55 ) and p5 ≡ 1 (mod 10). Note that, 7 ∤ σ(52a2), σ(972a4). If 7 | σ(112a2)
then immediately 19 | σ(112a3), which is impossible. Hence 7 | σ(p2a55 ). But there is no
prime 101 ≤ p5 ≤ 131 such that 5·7 | σ(p2a55 ). This proves that, N cannot be a friend of 20.

Subcase 1.14: If N = 2 ·52a2 ·112a3 ·1012a4 ·p2a55 , then 103 ≤ p5 ≤ 113. If 5 | σ(112a3)
then immediately 3221 | σ(112a3), which is impossible. If 5 | σ(1012a4) then immediately
491 | σ(1012a4), implies 5 | σ(p2a55 ) and p5 ≡ 1 (mod 10). Note that, 7 ∤ σ(52a2), σ(1012a4).
If 7 | σ(112a2) then immediately 19 | σ(112a3), which is impossible. Hence 7 | σ(p2a55 ). But
there is no prime 103 ≤ p5 ≤ 131 such that 5 · 7 | σ(p2a55 ). This proves that, N cannot be
a friend of 20.

Subcase 1.15: If N = 2 ·52a2 ·112a3 ·1032a4 ·p2a55 , then 107 ≤ p5 ≤ 113. If 5 | σ(112a3)
then immediately 3221 | σ(112a3), which is impossible. Since 5 ∤ σ(1032a4), implies
5 | σ(p2a55 ) and p5 ≡ 1 (mod 10). Note that, 7 ∤ σ(52a2), σ(1032a4). If 7 | σ(112a2) then
immediately 19 | σ(112a3) which is impossible. Hence 7 | σ(p2a55 ). There is no prime
107 ≤ p5 ≤ 131 such that 5 · 7 | σ(p2a55 ). This proves, N cannot be a friend of 20.

Subcase 1.16: If N = 2 ·52a2 ·112a3 ·1072a4 ·p2a55 , then 109 ≤ p5 ≤ 113. If 5 | σ(112a3)
then immediately 3221 | σ(112a3), which is impossible. Since 5 ∤ σ(1072a4), implies
5 | σ(p2a55 ) and p5 ≡ 1 (mod 10). Note that, 7 ∤ σ(52a2). If 7 | σ(112a2) then immedi-
ately 19 | σ(112a3), which is impossible. If 7 | σ(1072a4) then immediately 13 | σ(1072a4),
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which is impossible. Hence 7 | σ(p2a55 ). But there is no prime 109 ≤ p5 ≤ 131 such that
5 · 7 | σ(p2a55 ). This proves , N cannot be a friend of 20.

Subcase 1.17: Assume that N = 2 ·52a2 ·112a3 ·1092a4 ·1132a5 . If 5 | σ(112a3) then im-
mediately 3221 | σ(112a3), which is impossible. Since 5 ∤ σ(1092a4), implies 5 | σ(1132a5),
which is absurd since 113 ̸≡ 1 (mod 10). Therefore this proves , N cannot be a friend of 20

Case 2.
For p3 = 13

If p3 = 13 then 17 ≤ p4 ≤ 59. Note that for p4 = 17, 19, 23, we have I(N) > 21
10
.

Therefore, we have to consider 29 ≤ p4 ≤ 59. The following figure describes the possible
subcases when p3 = 13.

Figure 3: Possible subcases when p3 = 13

Subcase 2.1: If N = 2 ·52a2 ·132a3 ·292a4 ·p2a55 , then p5 > 29. Similar argument given
in subcase 1.1 forces a2 = 1. For a2 = 1, as σ(52) = 31, it follows that p5 = 31. But then

I(N) >
21

10
.

Therefore, this case is impossible.

Subcase 2.2: If N = 2 · 52a2 · 132a3 · 312a4 · p2a55 , then 37 ≤ p5 ≤ 2011. Note,
5 ∤ σ(132a3). If 5 | σ(312a4) then immediately 17351 | σ(312a4), which is impossible as
p5 ≤ 2011. Hence 5 | σ(p2a55 ). Again note that, 13 ∤ σ(52a2) and 13 ∤ σ(312a4), implies
13 | σ(p2a55 ). Also, 7 ∤ σ(52a2), σ(132a3), σ(312a4), which implies 7 | σ(p2a55 ). So, we have
5 · 7 · 13 | σ(p2a55 ). Hence p5 ∈ {191, 211, 911, 991, 2011}. But note 5, 13 ∤ σ(312a4),
implies p5 | σ(312a4). Hence p5 ∈ {911, 991, 2011}. If 911 | σ(312a4) then immediately
11 | σ(312a4), which is absurd. If 991 | σ(312a4) then immediately 3 | σ(312a4), which is
absurd. If 2011 | σ(312a4) then immediately 11 | σ(312a4), which is absurd. Hence this
case is impossible.
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Subcase 2.3: If N = 2 · 52a2 · 132a3 · 372a4 · p2a55 , then 41 ≤ p5 ≤ 167. Note
that, if 5 | σ(q2aq), then q ≡ 1 (mod 10) due to Corollary 13, therefore there must
exists a prime p ≡ 1 (mod 10), it follows that p5 ∈{41, 61, 71, 101, 131, 151}. But
13, 37, 41, 61 ∤ σ(52a2), therefore p5 must be one of 71, 101, 131, 151. But 11 | σ(52a2)
whenever p5 = 71, 101, 131, 151 | σ(52a2). Hence this case is impossible.

Subcase 2.4: If N = 2 · 52a2 · 132a3 · 412a4 · p2a55 , then 43 ≤ p5 ≤ 113. Since
13, 41 ∤ σ(52a2), therefore we must that p5 | σ(52a2). Therefore p5 ∈ {59, 71, 79, 101, 109}.
All the cases except when p5 ∈ {59, 79, 109} have already been discussed in subcase 2.3.
Now if p5 = 59 | σ(52a2) then 35671 | σ(52a2), if p5 = 79 | σ(52a2), then 31 | σ(52a2) and
if p5 = 109 | σ(52a2), then 19 | σ(52a2), therefore, for all the possible values of p5, we get
absurd result. Hence this case is impossible.

Subcase 2.5: If N = 2 · 52a2 · 132a3 · 432a4 · p2a55 , then 47 ≤ p5 ≤ 103. Since
there must exists a prime p ≡ 1 (mod 10), it follows that p5 ∈ {61, 71, 101}. But
13, 43 ∤ σ(52a2), therefore we must that p5 | σ(52a2). Since p5 = 61 ∤ σ(52a2), we have
p5 = 71 or, 101 | σ(52a2). By essentially identical logic to subcase 2.3, we conclude that
this case is impossible.

Subcase 2.6: If N = 2 · 52a2 · 132a3 · 472a4 · p2a55 , then 53 ≤ p5 ≤ 83. Since there must
exists a prime p ≡ 1 (mod 10), it follows that p5 ∈{61,71}. By essentially identical logic
to subcase 2.3, we conclude that this case is impossible.

Subcase 2.7: If N = 2 · 52a2 · 132a3 · 532a4 · p2a55 , then 59 ≤ p5 ≤ 67. Since there must
exists a prime p ≡ 1 (mod 10), it follows that p5 = 61. But 13, 53, 61 ∤ σ(52a2). Hence
this case is impossible.

Subcase 2.8: Assume that N = 2 · 52a2 · 132a3 · 592a4 · 612a5 . Since 13, 61 ∤ σ(52a2), it
follows that 59 | σ(52a2) but it forces 35671 | σ(52a2). Therefore, this case is impossible.

Case 3.
For p3 = 17

If p3 = 17 then 19 ≤ p4 ≤ 31. The following figure describes the possible subcases
when p3 = 17.

Subcase 3.1: If N = 2 ·52a2 ·172a3 ·192a4 ·p2a55 , then p5 > 19. Similar argument given
in subcase 1.1 forces a2 = 1. For a2 = 1, as σ(52) = 31, it follows that p5 = 31. But then

I(N) >
21

10
.

Therefore, this case is impossible.

Subcase 3.2: If N = 2 · 52a2 · 172a3 · 232a4 · p2a55 , then 29 ≤ p5 ≤ 113. Since there
must exists a prime p ≡ 1 (mod 10), it follows that p5 ∈ {31, 41, 61, 71, 101}. But for
p5 = 31, 41 we have

I(N) >
21

10
.



On Characterizing Potential Friends of 20 14

Figure 4: Possible subcases when p3 = 17

Therefore p5 ∈{61, 71, 101}. Since 17, 23 ∤ σ(52a2) , we must have p5 | σ(52a2). Therefore
p5 can be 71 or 101. Note that 11 | σ(52a2) whenever 101 | σ(52a2) or 71 | σ(52a2). There-
fore, this case is impossible.

Subcase 3.3: If N = 2 · 52a2 · 172a3 · 292a4 · p2a55 , then 31 ≤ p5 ≤ 53. Note that
17 | σ(N), but 17 ∤ 52a2 , 292a4 , p2a55 , for any 31 ≤ p5 ≤ 53. Hence this case is impossible.

Subcase 3.4: If N = 2 · 52a2 · 172a3 · 312a4 · p2a55 , then 37 ≤ p5 ≤ 53. This subcase is
also impossible by the similar argument given in subcase 3.3.

Case 4.
For p3 = 19

If p3 = 19 then 23 ≤ p4 ≤ 31. The following figure describes the possible subcases when
p3 = 19.

Subcase 4.1: If N = 2 · 52a2 · 192a3 · 232a4 · p2a55 , then 29 ≤ p5 ≤ 67. Since there must
exists a prime p ≡ 1 (mod 10), it follows that p5 ∈ {31, 41, 61}. If 19 | σ(52a2), then
829 | σ(52a2), therefore 19 ∤ σ(52a2). As 23 ∤ σ(52a2), it follows that p5 | σ(52a2). Note
that, p5 = 31 as for any other p5 = 41, 61, 19, 23, p5 ∤ σ(52a2). Note that, 7 | σ(232a4) only
but it forces, 79 | σ(232a4). Therefore, this case is also impossible.

Subcase 4.2: If N = 2 · 52a2 · 192a3 · 292a4 · p2a55 , then 31 ≤ p5 ≤ 41. Since there
must exists a prime p ≡ 1 (mod 10), it follows that p5 ∈{31, 41}. If 19 | σ(52a2), then
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Figure 5: Possible subcases when p3 = 19

829 | σ(52a2), therefore 19 ∤ σ(52a2). As 29 ∤ σ(52a2), it follows that p5 | σ(52a2). Note
that p5 = 31 as for p5 = 41, 19, 23, p5 ∤ σ(52a2). Since, 7 | σ(292a4) only but it forces
88009573 | σ(292a4). Hence this case is impossible.

Subcase 4.3: Assume that N = 2 · 52a2 · 192a3 · 312a4 · 372a4 . Note that 7 | σ(372a5)
only but it forces 67 | σ(372a5). Therefore, this case is impossible.

This proves that any friend N of 20 has at least six distinct prime divisors.

The proof of the Theorem 1 now follows from Lemma 21, Lemma 18 and Lemma 20.

5.2 Proof of Theorem 2.

We begin with the following lemmas:

Lemma 22. Let a function ψ : [1,∞) → R defined by ψ(x) = ax−ax then ψ is a strictly
decreasing function of x in [1,∞) for all a > e.

Proof. Let ψ : [1,∞) → R is defined by ψ(x) = ax− ax, then clearly

ψ′(x) = a− ax log a < 0; ∀x ∈ [1,∞) and ∀a > e.

Hence, ψ is a strictly decreasing function of x in [1,∞) for all a > e.
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Lemma 23. Let (c1, c2, ..., ck) be any partition of n i.e;
∑k

i=1 ci = n for 1 ≤ k ≤ n and
all ci ∈ N, then for any integer a > e we have

an <
k∑

i=1

aci .

Proof. By Lemma 22, for each ci ≥ 1 and for each a > e, we have

aci < aci . (5.2)

Since (c1, c2, ..., ck) is a partition of n, we have a
k∑

i=1

ci = an. Now from (5.2), we have

a

k∑
i=1

ci = an <
k∑

i=1

aci .

This completes the prove.

Lemma 24. The minimum element in the set H2a−1,5 is 8a− 4.

Proof. If
k∑

i=1

ci = 2a− 1, then from Lemma 23, we get

5(2a− 1) <
k∑

i=1

5ci . (5.3)

Now since k ≤ 2a− 1, from (5.3) we have 5(2a− 1)− (2a− 1) <
k∑

i=1

5ci − k. Thus,

4(2a− 1) <
k∑

i=1

5ci − k.

This completes the prove.

Remark 25. The minimum element in the set H2a−1,5 is from the set A2a−1,5(2a− 1).

Now we have enough materials to prove the theorem. Let N = 2 · 52a ·
s−2∏
i=1

p2γii be a

friend of 20 with ω(N) = s, then σ(N)
N

= 21
10

which implies,

σ(52a)
s−2∏
i=1

σ(p2γii ) = 7 · 52a−1

s−2∏
i=1

p2γii . (5.4)

In the right hand side of (5.4), there are 2a − 1 numbers of 5. Now we consider the
problem case by case.
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Case 1. There is only one prime divisor of N (without loss of generality, we may
assume p1) such that 52a−1 ∥ σ(p2γ11 ) i.e; |F5(N)| = 1 and p1 ≡ 1 (mod 10). Clearly,
v5(σ(p

2γ1
1 )) = 2a− 1 where 2γ1 + 1 ≡ 0 (mod 52a−1).

Case 2. There are two prime divisors of N (without loss of generality, we may assume
p1, p2) such that 52a−1 ∥ σ(p2γ11 )σ(p2γ22 ) i.e; |F5(N)| = 2 and p1 ≡ p2 ≡ 1 (mod 10).

Clearly, v5(σ(p
2γ1
1 ))+v5(σ(p

2γ2
2 )) = 2a−1, where 2γi+1 ≡ 0 (mod 5v5(σ(p

2γi
i ))) for i = 1, 2

.
Continuing like this manner we have case 2a− 2.
Case 2a-2. There are 2a−2 numbers of prime divisors ofN (without loss of generality,

we may assume p1, p2, p3,..., p2a−2) such that

52a−1 ∥ σ(p2γ11 )σ(p2γ22 ) · · · σ(p2γ2a−2

2a−2 )

i.e; |F5(N)| = 2a−2 and p1 ≡ p2 ≡ · · · ≡ p2a−2 ≡ 1 (mod 10). Clearly,
2a−2∑
i=1

v5(σ(p
2γi
i )) = 2a− 1,

where 2γi+1 ≡ 0 (mod 5v5(σ(p
2γi
i ))) for i = 1, 2, ..., 2a−2 . In this case, all v5(σ(p

2γi
ki

)) = 1

except one v5(σ(p
2γj
j )) which is 2.

Case 2a-1. There are exactly 2a − 1 numbers of prime divisors of N (without loss
of generality, we may assume p1, p2, p3,..., p2a−1) such that

52a−1 ∥ σ(p2γ11 )σ(p2γ22 ) · · · σ(p2γ2a−1

2a−1 )

i.e; |F5(N)| = 2a−1 and p1 ≡ p2 ≡ · · · ≡ p2a−1 ≡ 1 (mod 10). Clearly,
2a−1∑
i=1

v5(σ(p
2γi
i )) = 2a− 1,

where 2γi+1 ≡ 0 (mod 5v5(σ(p
2γi
i ))) for i = 1, 2, ..., 2a−1. In this case, all v5(σ(p

2γi
i )) = 1.

If we consider all the cases mentioned above and choose the minimum value of
t∑

i=1

2γi

such that 52a−1 ∥ σ(p2γ11 )σ(p2γ22 )σ(p2γ33 ) · · · σ(p2γtt ) satisfying
t∑

i=1

v5(σ(p
2γi
i )) = 2a− 1, for

1 ≤ t ≤ |F5(N)| = 2a − 1 and while excluding the primes with exponent 2 that are not
included in those cases (except 2, since 2 has exponent 1), we can obtain the minimum
possible value for Ω(N).

To find the minimum value of
t∑

i=1

2γi, it is enough to consider 2γj = 5v5(σ(p
2γj
j )) − 1

since 2γi + 1 ≡ 0 (mod v5(σ(p
2γi
i ))), for j = 1, 2, ..., t.

A careful calculation gives the minimum value as following:

t∑
i=1

2γi =
t∑

i=1

(
5v5(σ(p

2γi
i )) − 1

)
=

t∑
i=1

5v5(σ(p
2γi
i )) − t. (5.5)

Now, the sum in (5.5) is same as the minimum element in the set H2a−1,5.
From Lemma 24 we know that the minimum element in the set H2a−1,5 is 8a − 4.

Hence, the minimum value of Ω(N) is 2ω(N)+ 6a− 5 i.e.; Ω(N) ≥ 2ω(N)+ 6a− 5. This
completes the proof.
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Remark 26. Since we have Ω(N) ≥ 2ω(N) + 6a− 5, now using the completely additive
property of Ω(N) we have Ω(2) + Ω(52a) + Ω(m2) = 1 + 2a + 2Ω(m) ≥ 2ω(N) + 6a − 5
i.e;

Ω(m) ≥ ω(N) + 2a− 3. (5.6)

Finally, using additive property of ω(N)and from (5.6) we get,

Ω(m) ≥ ω(m) + 2a− 1. (5.7)

5.3 Proof of corollary 3.

Since N = 2 · 52am2 is a friend of 20, N/2 = 52am2 is an odd integer with abundancy
index 7/5, so, it is an odd 7/5-perfect number and since Ω(m) ≤ K, from (5.6) we get,

K−2a+3 ≥ ω(N). Now using Lemma 16, we have N/2 < 5 ·6(2ω(N)−1)2 < 5 ·6(2K−2a+3−1)2 ,
implies N < 10 · 6(2K−2a+3−1)2 . This completes the proof.

5.4 Proof of Theorem 4.

Let N be a friend of 20 and also, let that exponent of 5 in the prime factorization of friend
N of 20 is congruent to −1 modulo f . Therefore, if v5(N) = 2a, then 2a ≡ −1 (mod f)
that is, 2a+ 1 ≡ 0 (mod f) where 5f ≡ 1 (mod p). Thus p | σ(52a) follows from Lemma
10. Therefore, assume that vp(N) = 2ap. If 2ap ̸≡ −1 (mod f), then the theorem holds.
Suppose that 2ap ≡ −1 (mod f) that is, 2ap + 1 ≡ 0 (mod f). We are given that p ≡ 1
(mod 6) therefore

σ(p2ap) ≡ 1 + 1 + · · ·+ 1 = 2ap + 1 (mod 3).

Since 3 | f we have that 2ap + 1 ≡ 0 (mod 3) this implies that σ(p2ap) ≡ 0 (mod 3). It
follows that 3 is a divisor of N but this is impossible due to Lemma 20. Therefore, we
must have 2ap ̸≡ −1 (mod f). This proves the theorem.

5.5 Proof of Corollary 6.

Let N = 2F 2 be a friend of 20. If possible, assume that F is square-free, then since the
order of 5 in (Z/31Z)× is 3 and v5(N) = 2 ≡ −1 (mod 3) by Theorem 4 there exists an
odd prime divisor of N (say q) such that vq(N) ̸≡ 2 (mod 3) but vq(N) = 2 which is a
contradiction. Therefore, our assumption that F is square-free is wrong and thus F must
be a non square-free positive integer. This completes the proof.

5.6 Proof of Theorem 7

Let
N = 2 · 52a ·

∏
3≤i≤ω(N)

q2aii
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be a friend of 20, such that no qi = 3, 7. To prove this theorem, it suffices to show that
qr must be strictly less than pL by Lemma 14. Suppose that qr ≥ pL where

L = ⌈Uω(N)

V
⌉, U

V
>

1

28
25

·
∏

5≤i≤r+1

(1− 1

pi
)− 1

(where pi is the i-th prime number),

U
V
∈ Q+ \ Z+, and (U,V) = 1 such that UV(r− 2) + 2U+ V > V2. Note that U > V > 1.

Using Property (4) and Property (5) we get,

I(N) ≤ I

2 · 52a · p2a35 · p2a46 · · · · p2ar−1

r+1 ·
∏

r≤i≤ω(N)

p2aiL+i−r


<

3

2
· 5
4
·

∏
5≤j≤(r+1)

pj
pj − 1

·
∏

r≤i≤ω(N)

pL+i−r

pL+i−r − 1
.

This implies that,

I(N) <
3

2
· 5
4
·

∏
5≤j≤(r+1)

pj
pj − 1

·
∏

r≤i≤ω(N)

L+ i− r

L+ i− r − 1

=
3

2
· 5
4
·

∏
5≤j≤(r+1)

pj
pj − 1

· L+ ω(N)− r

L− 1
.

Now we shall show that for any ω(N) ∈ Z+, the following holds,

L+ ω(N)− r

L− 1
<

U+ V

U
.

Since U
V
∈ Q+ \ Z+, we can write U = Vk + δ, where k, δ ∈ Z+ and δ ∈ {1, . . . ,V − 1}.

Note that, (V, δ) = 1 as (U,V) = 1. Then we get,

L+ ω(N)− r

L− 1
=

(k + 1)ω(N)− r + ⌈ δω(N)
V

⌉
kω(N)− 1 + ⌈ δω(N)

V
⌉

.

We now consider the following cases, where we essentially observe the behavior of

(k + 1)ω(N)− r + ⌈ δω(N)
V

⌉
kω(N)− 1 + ⌈ δω(N)

V
⌉

,

based on the divisibility of ω(N) by V.

Case 1.
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If V ∤ ω(N) then δω(N)
V

̸∈ Z+, therefore we have,

(k + 1)ω(N)− r + ⌈ δω(N)
V

⌉
kω(N)− 1 + ⌈ δω(N)

V
⌉

=
(k + 1)ω(N)− r + 1 + δω(N)

V
− { δω(N)

V
}

kω(N) + δω(N)
V

− { δω(N)
V

}

=
(Vk + V+ δ)ω(N) + (1− r)V− V{ δω(N)

V
}

(Vk + δ)ω(N)− V{ δω(N)
V

}

=
(U+ V)ω(N) + (1− r)V− V{ δω(N)

V
}

Uω(N)− V{ δω(N)
V

}
.

Note that for any positive integer Q which is not divisible by V can be written in the
form Q = Vq + v, where q ∈ Z≥0 and v ∈ {1, 2, . . . ,V − 1}. Therefore in particular for

Q = δω(N), we have { δω(N)
V

} ∈ { 1
V
, 2
V
, . . . , V−1

V
} and thus,

1 ≤ V{δω(N)

V
} ≤ V− 1

that is,

(U+ V)ω(N) + (1− r)V− V{δω(N)

V
} ≤ (U+ V)ω(N) + (1− r)V− 1 (5.8)

and

Uω(N)− V+ 1 ≤ Uω(N)− V{δω(N)

V
}. (5.9)

Using (5.8) and (5.9) we finally get

(U+ V)ω(N) + (1− r)V− V{ δω(N)
V

}
Uω(N)− V{ δω(N)

V
}

≤ (U+ V)ω(N) + (1− r)V− 1

Uω(N)− V+ 1
.

Define ϕ : [1,∞) → R by ϕ(t) = (U+V)t+(1−r)V−1
Ut−V+1

. Note that ϕ′(t) = UV(r−2)+2U+V−V2

(Ut−V+1)2
as

UV(r−2)+2U+V > V2, we have ϕ′(t) > 0 and thus ϕ is a strictly increasing function of
t in [1,∞). Since limt→∞ ϕ(t) = U+V

U
we have ϕ(t) < U+V

U
for all t ∈ [1,∞). In particular

for t = ω(N) we have

(U+ V)ω(N) + (1− r)V− 1

Uω(N)− V+ 1
<

U+ V

U
,

which immediately implies that

L+ ω(N)− r

L− 1
<

U+ V

U
.

Case 2.
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Now if V | ω(N) then δω(N)
V

∈ Z+. Therefore,

(k + 1)ω(N)− r + ⌈ δω(N)
V

⌉
kω(N)− 1 + ⌈ δω(N)

V
⌉

=
(k + 1)ω(N)− r + δω(N)

V

kω(N)− 1 + δω(N)
V

=
(Vk + δ + V)ω(N)− Vr

(Vk + δ)ω(N)− V

=
(U+ V)ω(N)− Vr

Uω(N)− V
.

Define τ : [1,∞) → R by τ(t) = (U+V)t−Vr
Ut−V

. Then τ ′(t) = UVr−UV−V2

(Ut−V)2
as r ≥ 3 and U > V,

UV(r− 1)−V2 > UV(r− 1)−UV = UV(r− 2) > 0 it follows that τ ′(t) > 0 and thus τ is
a strictly increasing function of t in [1,∞). Since limt→∞ τ(t) = U+V

U
we have τ(t) < U+V

U

for all t ∈ [1,∞). In particular for t = ω(N) we have

(U+ V)ω(N)− Vr

Uω(N)− V
<

U+ V

U

which immediately implies that

L+ ω(N)− r

L− 1
<

U+ V

U
.

Therefore for any ω(N) ∈ Z+ we have

L+ ω(N)− r

L− 1
<

U+ V

U
.

which shows that

I(N) <
3

2
· 5
4
·

∏
5≤j≤(r+1)

pj
pj − 1

· U+ V

U
=

3

2
· 5
4
·

∏
5≤j≤(r+1)

pj
pj − 1

· (1 + V

U
),

since
U

V
>

1
28
25

·
∏

5≤i≤r+1(1−
1
pi
)− 1

,

we get

I(N) <
3

2
· 5
4
·

∏
5≤j≤(r+1)

pj
pj − 1

· (1 + V

U
) <

3

2
· 5
4
·

∏
5≤j≤(r+1)

pj
pj − 1

· 28
25

·
∏

5≤i≤r+1

(1− 1

pi
) =

21

10
.

Therefore, for qr ≥ pL, N can not be a friend of 20. Hence, necessarily qr < pL. This
completes the proof.

5.7 Proof of Theorem 8

Let P be the largest prime divisor of N . Since vP (N) is even, if vP (N) ≥ 4 then we
are done, therefore, we may assume vP (N) = 2. Since (P 2, σ(P 2)) = 1, 5 ∤ P and
σ(N) = 21

10
N we have that 5P 2σ(P 2) | σ(N). Then

5P 2σ(P 2) < σ(N) =
21

10
N
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since σ(P 2) > P 2 we obtain

5P 4 <
21

10
N

that is

P < (
21

50
)
1
4N

1
4 < N

1
4 .

This completes the proof.

6 Appendix

To deduce possible prime divisors of friend of 20, at first we need to discard the prime
numbers for which I(N) < 21

10
. Since the friend N of 20 is of the form

N = 2 · 52a ·
s−2∏
i=1

p2aii

at first we have to deduce necessary upper bound for p1. The simple algorithm to do so
is that, find the least qk = p1, where qk is the kth prime, so that

I(N) ≤ I(2 · 52a ·
s−2∏
i=k

q2aii ) <
3 · 5
2 · 4

·
s−2∏
i=k

qi
qi − 1

<
21

10
.

For example, suppose that ω(N) = 4. Note that if p1 = 19 then

I(2 · 52a ·
2∏

i=1

p2aii ) = I(2 · 52a · 19a1 · p2a22 ) ≤ I(2 · 52a · 19a1 · 232a2) < 3 · 5 · 19 · 23
2 · 4 · 18 · 22

<
21

10
.

Since 19 is the smallest prime for which I(N) < 21
10
, we take 19 to be an upper bound for

p1. To bound p2, observe that it depends on p1, in fact we have three possible choices for
p1. The algorithm to obtain an upper bound for p2 is, fix p1 and choose the least qr = p2,
where qr is the r

th prime, so that

I(N) ≤ I(2 · 52a · p2a11 ·
s−3∏
i=r

q2aii ) <
3 · 5 · p1

2 · 4 · (p1 − 1)
·
s−3∏
i=r

qi
qi − 1

<
21

10
.

For example, suppose that ω(N) = 4. Since p1 ≤ 17, we fix p1 = 17. Then we choose
p2 = qr(r

th prime) so that

I(2 · 52a ·
2∏

i=1

p2aii ) = I(2 · 52a · 172a1 · q2a2r ) <
3 · 5 · 17 · qr

2 · 4 · 16 · (qr − 1)
<

21

10
.

Calculating the inequality, we get that 19 < q4. It follows that we can’t choose p2 ≥ 23,
whenever we choose p1 = 17. Therefore for p1 = 17 we have p2 ≤ 19.
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To obtain an upper bound for p3, we fix p1, p2 and choose smallest lth prime ql = p3 so
that

I(N) ≤ I(2 · 52a · p2a11 · p2a22

s−4∏
i=l

q2aii ) <
3 · 5 · p1 · p2

2 · 4 · (p1 − 1) · (p2 − 1)
·
s−4∏
i=l

qi
qi − 1

<
21

10
.

Note that, the upper bound for p3 also depends on the choices of p1 and p2. Repeating
this method we eventually get an upper bound for every pi.

The following table contains all necessary f q
p , for primes p and q that are used in the

proof of Theorem 1.

f 5
11 = 5 f 5

31 = 3 f 5
71 = 5 f 5

59 = 29 f 5
35671 = 29

f 11
5 = 5 f 11

3221 = 5 f 11
7 = 3 f 11

19 = 3 f 5
8971 = 23

f 71
7 = 7 f 71

883 = 7 f 151
7 = 3 f 151

3 = 3 f 191
7 = 3

f 191
31 = 3 f 211

7 = 7 f 211
307189 = 7 f 281

7 = 7 f 281
29 = 7

f 331
7 = 3 f 331

3 = 3 f 401
7 = 3 f 401

23029 = 3 f 421
7 = 7

f 421
797310237403261 = 7 f 491

7 = 7 f 491
617 = 3 f 541

7 = 3 f 541
3 = 3

f 571
7 = 3 f 571

3 = 3 f 631
7 = 7 f 631

6032531 = 7 f 641
7 = 3

f 641
58789 = 3 f 701

7 = 7 f 701
16975792017452101 = 7 f 751

7 = 3 f 751
3 = 3

f 911
7 = 7 f 911

81750272028928231 = 7 f 991
7 = 3 f 991

3 = 3 f 1031
7 = 3

f 1031
97 = 3 f 1051

7 = 7 f 1051
29 = 7 f 1061

7 = 3 f 1061
160969 = 3

f 61
5 = 5 f 67

7 = 3 f 67
3 = 3 f 71

5 = 5 f 71
2221 = 5

f 79
7 = 3 f 79

3 = 3 f 101
5 = 5 f 101

491 = 5 f 107
7 = 3

f 107
13 = 3 f 31

5 = 5 f 31
17351 = 5 f 31

911 = 65 f 31
11 = 5

f 31
991 = 99 f 31

3 = 3 f 31
2011 = 335 f 31

11 = 5 f 5
79 = 39

f 5
31 = 3 f 5

109 = 27 f 5
19 = 9 f 5

101 = 25 f 5
71 = 5

f 23
7 = 3 f 23

79 = 3 f 29
7 = 7 f 29

88009573 = 7 f 37
7 = 3

f 37
67 = 3 — — — —

Table 1: List of f q
p

7 Concluding Remarks

In conclusion, we have established that if N is a friend of 20, it must have at least six
distinct prime factors. This condition significantly narrows the search space for poten-
tial friends of 20, while also highlighting the complexity of identifying such a number.
Moreover, we have provided necessary upper bounds for all prime divisors of friends of 20
which can be used to determine which prime numbers can occur in the prime factorization
of friend of 20 for some choices of first few smallest prime divisors of friend of 20.
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The methods used to prove ω(N) ≥ 6 can be further applied to eliminate cases such
as ω(N) = 6, 7 and so on, although this approach may be lengthy but it is expected to
be effective.

8 Data Availablity
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9 Competing Interests

The authors confirm that they have no competing interest.

Acknowledgement

The authors are grateful to the anonymous referee for the careful reading of the manuscript
and for the valuable suggestions that greatly improved the clarity and presentation of the
paper. The authors also thank the referee for Theorem 8. This work was initiated during
the visit of the third author to the first author as part of a summer research internship
(Ref. No. IITRPR/CEOA/SI/2024/68), held from May 28, 2024, to July 15, 2024, at
IIT Ropar. The second author contributed to the work remotely during this period.

References

[1] J. Barkley Rosser and Lowell Schoenfeld, Approximate formulas for some functions
of prime numbers, Illinois J. Math. 6 (1962), 64–94.

[2] T. Chatterjee, S. Mandal, and S. Mandal, A note on necessary conditions for a friend
of 10, arXiv:2404.00624 (submitted).
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