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SINGULAR SYSTEMS OF LINEAR FORMS OVER
GLOBAL FUNCTION FIELDS

GUKYEONG BANG, TAEHYEONG KIM, AND SEONHEE LIM

ABSTRACT. In this paper, we consider singular systems of linear forms
over global function fields of class number one and give an upper bound
for the Hausdorff dimension of the set of singular systems of linear forms
by constructing an appropriate Margulis height function on the space of
lattices over global function fields.

1. INTRODUCTION

An m x n matrix A € M, ,(R) is called singular if for any € > 0 there
exists Ty = 1 such that for all T > Tj, there exist p € Z™ and q € Z" such
that

|Aq+p| <eT™™™ and 0<|a <T,

where |- || denotes the sup norm. In 1926, Khintchine [[{hi20] introduced the
notion of singularity and showed that the set of such matrices has Lebesgue
measure zero. On the other hand, the computation of the Hausdorff dimen-
sion of the set of singular matrices has been a challenge until the break-
through by Das, Fishman, Simmons, and Urbanski [DFSU24]. Before this
breakthrough, it was proved in [Chell] that the Hausdorff dimension of the
set of singular pairs (i.e., m = 2 and n = 1) is 4/3. This result was extended
to the m-dimensional singular vectors (i.e., n = 1) in [CC16], where the au-
thors proved that the singular set has the Hausdorff dimension m?/(m + 1).
For general singular matrices, it was shown in [I[<ICL.V17] that the Hausdorff
dimension of m x n singular matrices is at most mn — ;" and finally, it
was shown in [DFSU24] that the upper bound is sharp.

In contrast to the intensive research mentioned above, there have been
fewer results on singular sets over function fields (see, for example, [DX241]).
In this article, we pursue the method in [IXIXLM17] in the function field
setting and prove that the Hausdorff dimension of m x n singular matrices
over function fields is at most mn — "=

Let us first introduce the function field setting we will consider. Let K be
any global function field over a finite field F, of ¢ elements for a prime power
q, that is, the function field of a geometrically connected smooth projective
curve C over F,. We fix a discrete valuation v on K and denote by K, and
O, the completion of K with respect to v and its valuation ring, respectively.
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Fix a uniformizer 7, € K such that v(m,) = 1 and denote k, = O, /7,0,
and ¢, = Cardk,. The absolute value | - | associated with v is defined by

|z| = 0" for any = € K,. For any positive integer s, we denote by |- | the
sup norm on K and denote by dimy the Hausdorff dimension of subsets of
K7 with respect to the sup norm.

Let R, be the affine algebra of the affine curve C \ {v}. Then R, is
discrete in K, and plays a similar role to the ring of integers Z in R. We
remark that R, is a Dedekind domain in general, but we will assume that
R, is a principal ideal domain, that is, the ideal class group of R, is trivial
(see [ , I1.2] and | , Chapter 1]). The assumption is only needed
in order to use the submodularity of the covolume function established in
[ I

We say that a matrix A € M, ,(K,) is singular if for any € > 0 there
exists Tp > 1 such that for all T > Tp, there exist p € R and q € R}
satisfying

|JAqQ+p|| <eT™™ and 0<|q| <T.
Denote by Sing(m,n) the set of all singular matrices in My, ,(K,). The
main result of this article is the following:

Theorem 1.1. Assume that R, is a principal ideal domain. Form,n € Z>1,
mn

dimg Sing(m,n) < mn — .
H g( 7) m+n

In fact, we will prove a stronger statement for the dimension of the set
of lattices with trajectories “escaping on average”. See Proposition 6.5 and
the definition just before the proposition.

In order to estimate the upper bound of the Hausdorff dimension of the
singular set, we mainly use the connection (Subsection 2.2) between homo-
geneous dynamics and Diophantine approximation, so-called Dani’s corre-
spondence, and the construction (Corollary 5.2) of an appropriate height
function satisfying a certain contraction property, so-called a Margulis func-
tion which originated in | ].

We basically follow the approach of | ] to construct an appro-
priate Margulis function. The first step is to obtain a certain contraction
property (Proposition 3.1) at the linear algebra level, and then move to a
contraction property (Corollary 5.1) in homogeneous space using submodu-
larity.

Gaussian random variables were used in | | to make calculations
simpler at the linear algebra level. In contrast, we will use a restriction of
the Haar measure instead. We will prove that some analogous properties of
the Gaussian measure still hold for the Haar measure. This is the main step
(Theorem 3.2) to obtain the linear algebra level contraction property.

The article is organized as follows. In Section 2, we introduce terms and
definitions related to global function fields, homogeneous dynamics to inter-
pret the singularity in terms of dynamics, and exterior algebra to develop
the linear algebra level contraction property. Throughout Sections 3 and 4,
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we will prove the contraction property (Proposition 3.1) at the linear alge-
bra level. In particular, Section 3 is devoted to key linear algebra estimates
(Theorem 3.2), and in Section 4, we prove the linear algebra level contraction
property (Proposition 3.1) by establishing the Hodge duality over function
fields. Section 5 is devoted to the construction of Margulis functions under
the assumption that R, is a principal ideal domain. Finally, in Section 6,
we estimate the upper bound of the Hausdorff dimension of the singular set
using the Margulis function.
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uscript and for valuable suggestions that improved the exposition, in partic-
ular for pointing out a more precise and simpler proof of Claim 2 in Propo-
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S.L. by RS-2023-00301976, RS-2025-02293115, and RS-2025-00515082. S.L.
is an associate member of Korea Institute for Advanced Study.

2. PRELIMINARIES

2.1. Global function fields. As in the introduction, we consider a global
function field K over a finite field F, of ¢ elements for a prime power ¢q. We
denote by g the genus of C. Recall that we consider a discrete valuation v
on K, the completion K, of K for v, its valuation ring O,, a uniformizer
m, € K, the residual field k, = O, /7,0, its cardinality ¢, = Cardk,, the
absolute value | - | associated with v, and the affine algebra R, of the affine
curve C \ {v}.

Then the completion K,, of K for v is the field k, ((7,)) of Laurent series
T =Dz z;(m,)" in the variable 7, over k,, where z; € k,, is zero for i € Z
small enough. It follows that

—sup{jeZ: Vi<j, x;=0
|| = ¢ 5Pl 7, @i =0}

and O, = k,[[m,]] is the local ring of power series x = )| z;(m,)" in the
variable 7, over k,,.

For any positive integer s, we denote by us the Haar measure of K
normalized so that ys(O;) = 1 and by fis = us|os the restriction of s on
O;. A lattice A in K is a discrete free R,-submodule in K} that generates
K? as a K,-vector space. The covolume of A, denoted by cov(A), is the
Haar measure p, of a fundamental domain of A in K;. Note that R; is a

lattice in K and by | , Lemma 14.4] we have

i€Z>O

(2.1) cov(RS) = ql971s.

We say that a lattice A in K is unimodular if cov(A) = cov(R3).
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2.2. Homogeneous dynamics. Fix m,n € Z->1. Let
G =SLpn(Ky,), T =SLpin(R)), and X =G/T.

The homogeneous space X can be identified with the G-orbit of R”**" in the
space of unimodular lattices in K"*". Note that the homogeneous space
X may not be the full space of unimodular lattices in K™ as one can
multiply the standard lattice R”"t™ by a constant which is not in R, but
has absolute value 1. In order to relate Diophantine approximation and
homogeneous dynamics, we consider the following diagonal flow:

B 71.;mf:[m
gt = < Wﬂ“%) for t € Z.

Then ¢; acts on X by left multiplication and the unstable horospherical
subgroup for g; in G is given by

U= {u = (Im Ii) 'se Mm,n(K,,)}.

Lemma 2.1 (Dani’s correspondence). A matriz s € My, ,(K,) is singular
if and only if the trajectory {giusl' : t € Z=1} is divergent in X, that is,
leaves every compact subset of X.

Proof. The same proof from | , §2] works verbatim in our setting with
Mahler compactness criterion over global function fields as in | , The-
orem 1.1]. O

2.3. Exterior algebra. Given i,d € Zxo with ¢ < d, we denote [[i,d] =
{i,i+1,...,d}. For any finite subset S of Z> satisfying |S| > i, denote the
set of subsets of ¢ elements in .S by

pi(S) ={8"cS:|5 =1}
and denote pf = ;([1,d]).

Denote v = vj, A -+ A vy, for I = {j1,...,ji} € p¢ with j; < -+ < j;
and vj,,...,v;, € K& An element v € /\Z K¢ is called decomposable if
v = v[ 4 for some vy,...,v; € K?. Arbitrary elements of /\l K¢ are linear
combinations of decomposable elements. Let {ej,...,e;} be the standard

basis of K%. Then {e;} Jept 18 the standard basis of A K. Define the norm
on A\'K¢ by
Iv]| = max]o].

[

for v = Zlepg vrer € N"K2.
Note that any element g € SLq(K,) acts linearly on K?. The action
naturally extends to A’ K¢ by

g.-(Vi A AV =(gVi) A A (gVvy).
We denote the orthogonal group for a non-Archimedean field by
(2.2) GL4(0,) = {Ae My 4(0,) : |det A| = 1},
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and the special orthogonal group by SLy(O,) = GL4(O,) n SLy(K,). Note
that the non-Archimedean norm on K¢ is invariant under GLg4(O,) (see
[ ]), and thus, the restriction measure fig is GL4(O, )-invariant.

3. KEY LINEAR ALGEBRA ESTIMATES

Throughout Sections 3 and 4, we will prove the following proposition,
which is a global function field analog of [ , Proposition 3.1 and
Lemma 3.5]. We remark that all statements in Sections 3 and 4 actually hold
for all non-Archimedean local fields, including p-adic fields and completions
of global function fields, without any condition on the class number.

Proposition 3.1. For any i€ [1,m +n — 1], let

{T ifi <m,

n -
e if i > m.

i im

Then there exists ¢ > 0 depending only on m,n such that
| gy (o) < et
Mm,n Oy

for any t € Z>1 and any decomposable v € /\l K7,

The goal of this section is to prove Proposition 3.7, which is the first step
of Proposition 3.1. Note that Proposition 3.7 is an analog of | ,
Proposition 3.1], but restricted to wedge vectors of dimension at most m,

due to the fact that the Hodge dual operator is no longer equivariant under
the orthogonal group GL4(O,). For example, for A = <(1) 1) e GL2(0,),
x(Aey) # A(xe1) (see Lemma 4.2 for detail).

Another remark is that while the Gaussian measure is used in [ ]
to control an integral over O4(R), we will use the restricted Haar measure
[iq as an analog. In | , Theorem 4.2], it is shown that every GL4(O,)-
invariant probability measure on K¢ whose coordinate projections are in-
dependent is a normalized restricted measure of the Haar measure on a
O,-module 77,0% for some r € Z. Considering Maxwell’s characterization of
the Gaussian distribution in the real case, Tig is the right analog of (real)
Gaussian measure.

Throughout this section, let i,d € Z>1 with i < d. Given a matrix s, we
denote the j-th column and j-th row vectors by s; and s?, respectively. For
s€ Mg;(O,), let cf(s) be the coefficient corresponding to ey of sy A--- As; €

AK? ie.,
S A AS = Z cr(s)er.

Iepf

In order to prove Proposition 3.7, we need the following measure estimates:
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Theorem 3.2. Given (0’ € Z=q with ¢ < ', let Ey(d, 1) be the set of i-tuples
of vectors of O whose wedge product has norm bounded by ¢~*, and Fy o be
its subset with the absolute value of the “first” coordinate cpy 4 (s) bounded

by g~ ¢:
(3.1) Ey(d,i) = {s = (s1,...,8)) € Mg;i(O,) : |s1 A -+ Asi| < qug};
Fop(d,i) = Ey(d,i) n{s€ Mg;(Oy) : e (s)| < 0"}

For each i € [1,d], there exists a constant Cy(d,i) > 0 depending on d and
t such that

UV—0+1

In particular, pqa;(Ei(d,i)) < C’zq;ad_iﬂ) for a constant Cy = Ca(d, i) > 0.
Consequently, taking C1(d) := maxi<;<q C1(d,7) and Ca(d) := max;<i<q C2(d, 1)
yields constants depending only on d.

. =0+ Y\ _yairv
lu’di(Ff,E’(dvz))<01< (Z)>ql/£(d ) 5_

4 of non-negative integers, consider even more

Given a (?)—tuple (1) 1

refined subsets

D}(0) = {s € My;(O,) : les(s)| = q,“} and D{((n1)r) = ] Df(nr).
Iepff

In other words, the set DZ((n;);) is the subset of A'O,? consisting of
elements whose coefficient c; has absolute value exactly ¢~"/, for all I.
Since we use the sup norm for A\' K¢, the set F y/(d, 1) is partitioned into

F&gl(d,i) = H Dfl((nf)f)

d
[ S . d
(TL])IGW? EZ>7‘1 : n[[l’i]] 2@’, VIE@Z ,TL]ZZ

We will simultaneously prove the following estimate of pg;(DZ((n)1)). We
define exp,, (v) = q;, for every z € R.

Lemma 3.3. Ford,i € Z=1 withi < d, there ezists a constant C = C(d,i) >

0 such that for any (d) -tuple (ny)

i Tepd of non-negative integers, there exists

i

I' € p¢ such that we have

pai(Df((n1)1) < Cexpgy, (= maxny — (d—i)np).
Gpi
Remark 3.4. The proofs of Lemma 3.3 and Theorem 3.2 are carried out
simultaneously: while Lemma 3.3 for (d,i) implies Theorem 3.2 for (d, 1),
the proof of Lemma 3.3 for (d,7) uses (3.1) from Theorem 3.2 for (d,i — 1).

Proofs of Theorem 3.2 and Lemma 3.3. We proceed by induction on (d,1)
with 1 < ¢ < d, using the following four steps.

Step 0 : Lemma 3.3 holds for (d,1) with d > 1.

Step 1 : If Lemma 3.3 holds for (d,) with 2 < ¢ < d, then Lemma 3.3
holds for (d + 1,1).
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Step 2 : If Lemma 3.3 holds for (d,i) with 1 < i < d, then Theorem 3.2
holds for (d, 7).

Step 3 : If Lemma 3.3 and Theorem 3.2 hold for (d + 1,d) with d > 1
then Lemma 3.3 holds for (d + 1,d + 1).

By Step 0, Lemma 3.3 holds for (d, 1) with d > 1. In particular, Lemma
3.3 holds for (2, 1), which implies Theorem 3.2 for (2,1) by Step 2. Then,
Step 3 ensures that Lemma 3.3 holds for (2,2). For the remaining cases
2 < j < d, assume by induction that Lemma 3.3 holds for (7, j) with j > 2.
Then Lemma 3.3 holds for (d',j) with 2 < j < d' by iterating Step 1, and
in particular for (j + 1,7) if j < d. Hence, Theorem 3.2 holds for (j + 1, j)
by Step 2. Therefore, Lemma 3.3 holds for (j + 1,5 + 1) by Step 3. The
two results follow by induction.

Proof of Step 0. Denote n; := ny;,. Since

DY ((nr)1) ={s = (s1,...,80) € OL: |sj| = ¢, je[L.d]},
the Haar measure of this set is

d
. 1 1
(Dl n Hﬂl {s;€Ov:lsjl=aq 7}) = H(Tj - Tn].ﬂ)

j=1 ¥

nMg

< exp,, (— max nj — (d — 1) min ny),

< exp
QV 1<j<d 1<y<d

which implies Lemma 3.3 for (d, 1) for any d € Z>;.

Proof of Step 1. Suppose that Lemma 3.3 holds for (d,7) with 2 <i < d.
We will divide (d + 1)i variables into di and 7 variables in several ways,
and apply Fubini’s theorem. We will obtain several upper bounds of partial
integral (Claim 1), and find an appropriate bound among them (Claim 2).
Finally, we use the induction hypothesis for another partial integral such that
we have the required upper bound for the measure of D& ((nr)r).

Fix w € [1,d + 1]. We will choose an optimal w later in Claim 2. Let
{erh1<k<dri<i<ir {fuiti<k<di<i<i, and {e;}1<i<; be the standard O,-bases
of Mgi1:(0y), Mai(O,), and O, respectively. Define O,-linear maps ¢ =
¢(d,i,w) from Mgy1,;(0,) to Mg;(O,) suppressing w-th row and shifting
the following rows by 1, and ¢ = ¥(d, i, w) from M4;1,(0,) to O, as follows:
let the map 6, : [1,d] — [1,d + 1] be given by 0, (k) = k if k < w and
0w (k) = k + 1 otherwise, and define

f9_1 ifk#w e ifk=w
IR Y _ )
d(ew) {0 if k = w, Y(ex) {0 if k # w.

Note that these maps are well-defined for any integers d,i > 1 and w €
[1,d + 1], independently of the assumption 2 < 17 < d used in this step.
Denote 0, (pd) = {0,(1) : I € p¢}, i.e., the set of indices I € p™ which
do not contain w. Note that the product map ¢ x ¢ from Mgyyq,(0,) to
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Mg;(0,) x O is simply shifting the w-th row to the last row and shifting
the other rows accordingly. It is clearly bijective, linear and the pushforward
measure of fig; x i; by (¢ x ¢)~!is r(d+1); by the uniqueness of probability
Haar measure on Mgy1,;(0,).

Let D = D¢ ((ng);) and D,, = Dzd((naw(f))fepg)' By ignoring the con-
ditions for indices I containing w, we have

Dc () D{(ng) = ¢ ' (Duw).
Ie@w(pf)

Then (¢ x 1)(D) € D, x O!. Using Fubini’s theorem, we have

td+1)i(D) = f _ 1p(s)dpa+1)i(s)
(32) (¢><T/J)_1(Dw><oﬁ)
[ ol x 6) srse)dus(se) (o).
Dy Y
For a matrix s € Dy, an index J = {k1,--- ,k;_1} € pg_l with k1 < --- <

ki—1 and v € O%, let M;(s,v) be the i x i matrix whose j-th row is the k;-th
row vector of s for j € [1,i— 1] and the last row is v. Given H € ( J;5; 4 @?7
define

Xu(s) ={ve O :|detM;(s,v)| = exp,, (—ng,()ufw})> ¥J € pi—1(H)}.
Observe that for any s; € Dy, and s, € (’)f,, we have
(3:3) Ip((¢ x )7 (s1,82)) < Lxy, y(s0)(S2)
since if s = (¢ x )~ !(s1,82) € D, then for any J € p¢ |,

[det M (s1,82)| = [co, (1)ufw} (8)] = expg, (=19, (1)ufw})s

where the first equality follows from the definitions of ¢ and : indeed,
s1 = ¢(s) consists of the rows of s with indices in 0,,(J) and sy = 1(s) is the
w-th row of s; and the second equality follows from the assumption s € D
and the definition of the set D.

Claim 1. For s€ Dy, and [ € pgl, we have

(X1()) < expg, (= Dy = D) o) )-
JEpifl(f)

Proof of Claim 1. Set I = {11,...,1;}. Consider an (i,)-matrix s; obtained
by keeping the i-th rows of s, for i € I. For each 1 < k,l < i, let pri(s)
be the (k,[)-entry of the adjugate matrix adj(s;) of s;. Note that for any
ke[l,i] and v = (v;) € O;,,

’deth_{Lk}(SaV)\ = |pr1(s)v1 + - + pri(s)vil-
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Set ng := Mg (i~ (i ufw) for the rest of the proof of Claim 1. By consid-
ering adj(s;) as a linear transformation,

Xj(8) = {v e 0L [detM;_y,  (5,v)] = 5™, ke [1,i]}
= {VGOZV : |Zpkl s)u| =q,™, ke [[l,iﬂ}

= adj(s;) " ({(v1,- - 0) € K+ o] = ¢, ke [L,4]).
By the property of the adjugate matrix, we have

pi(X5(s)) = Idet(adj(s;) ™) p H{vk okl =, })

(3.4) < |det(adj(s;) )| H q,""

7

= |det(s;) "D expg, (= ) mp)

Since s € Dy, and I € % we have s € D}l(newm), and thus |det(s;)| =

Gw(I)

lcj(s)| = Qv Combining with (3.4), we have

pi(Xj(s)) < expy, ((' Dy, i 2 "9, (1 {Lk}>u{w})

Hence, for any I € od, it follows from (3.2), (3.3), and Claim 1 that

pasn(D) < [ f (o) (82)dps (52)dptas(s1)

< j f Ly (sy) (s2)dpi(s2)dpai(s1)

(3.5) |
< j expy, ((1 = Dng, iy — > nOw(J)u{w})d,udi(Sl)
w Jepifl(j)
= exp,, ((i — Dng, 7y — > new(J)u{w})udi(Ew).
Jepi1(I)

Claim 2. There exist wg € [1,d + 1] and Iy € 0y, (p?) satisfying

(3.6) (it —Dng, — Z NJifwe} S = MAX 7.
Jepi_l(lo) IEKJ,L-

Proof of Claim 2. Let Iyax be an element in pf“ such that ny, = max 7np.
Tep;

Consider the subset Q of p?” whose element [ differs from I,,x by one digit,
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ie., |[Imax N I| = 1. Let Iy € Q be such that ny, = Ilniéln]. Note that by
€

construction, there exist wg,w; € [1,d + 1], and Jy € p;—1(Jmax) satisfying
Inax = Jo u {wo}, Io = Jo u{wr}, wo ¢ In, and wy ¢ Imax.

We claim that the pair (wp, Ip) satisfies (3.6). Since Iy does not contain
wo, clearly Iy € Oy, (9F). Let J € pi—1(Io) ~ {Jo}. Then we have w; € J and
J~A{wi} € Jy © Imax. By definition, we have (J~{w1})w{wo} € pi—1(Imax)-
Hence, J U {wp} = ((J ~ {w1}) u {wo}) u {w1} € Q, which implies that

NJo{wo} = II%IS ny = np,-.

Since Jo u {wp} = Imax, it follows that

D Nigwe) = Meu{uwo) + > NJ{we} = Mmax T (0 — D0y,
Jepi—1(Io) Jepi—1(lo)~{Jo}
which shows that (wo, o) satisfies (3.6). O

Hence, it follows from (3.5) and Claim 2 that
(3.7) ti(a+1)i (D) < exp, (— ax, ny )i (Do )-
€p;
By the induction hypothesis that Lemma 3.3 holds for (d, 1), there exist
a constant C' = C(d,i) > 0 and I’ € p¢ such that

'U“di(DU)O) S Cequu (_ Ifrézz(n@wo(i) o (d o Z)newo(f,))

< Cequu <—(d — 1+ 1)n9w0(i/))
Combining with (3.7), we obtain

pa+1)i(D) < Cexp,, (— Ig;gicl nr—(d—1i+ 1)n9w0(1~,)).

Therefore, by letting I’ := 6, (I') € ¢!, Lemma 3.3 holds for (d + 1,1),
which concludes Step 1.

Proof of Step 2. Suppose that Lemma 3.3 holds for (d,7) with 1 <i < d.
Denote pf = {I1, I3, - , I} with k = (?) and define

Tow = 1 D{((n1)r)

od
(n1) e EZ; Hsny <oSnpy, USnp g
and for r € [0, k],
Se(r) = D{((np)1)-

d

p.
(nI)IE@C.l €2y h<ny <-<np, <U<ng <--<ngy
1

Since [1,4] € pf and ¢’ < npy ;5 in Ty, we have

k—1
(38) Tg’gl = U S&gl(?“).
r=0
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By Lemma 3.3 for (d, 1), there exists a constant C' = C'(d, i) > 0 such that

pai(DY((nr)1)) <

Cexp,, (—maxn; — (d —
Tep?

i)minny).
[epl

i

Hence, we can estimate the Haar measure of Sy ¢ (r) as

pdi(See (1)) =

t<np <-<np.<O<ng, <<npy,

< 5

€<TL11 <-Snp. <<ng 1SS

nr,
Z Z >
y=tna, =t
nr,
Z 93 >
np=tng, =V
nr,
SR
nr,. =4 np, =¢
<C(1*qu ) g _ZI
_C(

where the last equality holds by setting my,

simplicial polytopic number

7L[2

0 —0+1

> pai(DF((n1)1))
Cexp,, (—maxn; — (d — i) minny)
v Iepd Iepd
n[k
i Cq @
N =Ny 4
& —(d—i)¢

oo -g Y e

NI =Ny _o

chrrq;E’ (d—i)¢

7’L[2

ZZl

nr. =4

) kq;gl ( ) (E/—K‘FT),

r

= ny; — (£ — 1) and using a

m12

Z Zl_ Z Zl_<€—£+r>

myp,.=1

mry =1

Hence, it follows from (3.8) and Fermat’s identity that

pdi(Ty )

r

k—1
—IN—k —¥'—(d—i E’—E-l—r
<C(l—gqt)hg 70 VZ( )

r=0

— — _py —7 gl—g‘i‘k
<C’(l_tlul) quf (d )£< )a

k—1

and thus, we obtain by symmetry that

. | —f’—(d—i)é 6/ — 6 + k
(3.9) pai(Fee(d, i) < (K pai(Tee) < Chg, o1 )
where C; = C max k!(1 — ¢, 1)~* is a constant depending on d and i.

1<i<d
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For Ey(d, i), apply £ = ¢' to (3.9). Then
pai(Bo(d,9)) < Crkg, (471D < Cyg, (D8

where Cy = C] max k depends on d and 1.

<i<

Proof of Step 3. Suppose that Lemma 3.3 holds for (d+1,d) and consider
the case of (d 4+ 1,d + 1). Since pgﬁ = {[1,d + 1]}, it is sufficient to show
that there exists a constant C' = C(d) > 0 such that for any N > 0, we
have

H(d+1)2 (Dﬁ[if:éﬂ]] (N)) < Cq;N

Let D = Dﬁ[i;rc}ﬂ]]( ). Define a partition {Ry}s>o of D by

d —

I = a3}
where s/ is the j-th row vector of s. Denote by ¢ = ¢(d,d + 1,d + 1) and
Y = (d,d + 1,d + 1) the O-linear maps as in Step 1, that is, ¢ is the
projection to the (d + 1)-th row, and ¢ is the projection to the remaining
rows. Then it follows from Fubini’s theorem that

Ri={seD:|s'n---ars

H(d+1)2 (Ry) = 1g, (S)du(d+1)2 (s)

f(¢xw)1(¢(Re>x05“)

(3.10)
[ i <0 s a2 dinann (50)
o(Ry) Jog+t

For s € ¢(Ry) and v € OL, let My gi(s, v) be the (d+ 1) x (d + 1) matrix

with rows s, ..

.,s% and v. Consider the following set
X[1,q)(s) := {v e O |det My g(s,v)| = ¢, '}
Similarly to (3.3), for any s; € ¢(
(3.11) LR, ((¢ x )"} (s1,82)) < Ly, (e (52):
s)

For j € [1,d + 1], let 7(441), j(s) be the (d + 1,j)-cofactor of My 41(s, V).
Since s € ¢(Ry), we have max (|T 1), j(S)) = st A A s?| = ¢;¢. Note

Ry) and sy € 0%+ we have
S1

that for any nonzero Vector a = (a;)1<j<d+1 € O such that ||a| = |aj,|
for some jo € [1,d + 1], if we denote by (v;)1<j<d+1 the coordinates on O4F1
and set v/ = (v1,...,Vj,,...,V4+1), then by Fubini’s theorem we can write

d+1
pac1({(vj)1<j<ar1 € 0L Z avil < ¢, ™))

— . . ,
- Jog Jo,, How: oviot & agvsl<ai ™y (Vio) dp1 (Vg )dpea(v').
For each fixed v/ € 0%, the inner integral equals the measure of

By = {vj, € O, : |ajyvj, + Z ajvj| < q
J#jo

—N}
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which is either the whole O, or a ball of radius |aj,| g,V centered at

—-N

—1 . 1 . . /.
— Djtjo Yo @5Vj- Since p1(By) < |aj,| "¢, , integrating over v’ gives

dr1
par1({(vj)1<jcas € OF 1| D ajui| < ¢, N}

q—N —N
< C—dpa(v') =
fog |ajo | H I

Hence, by the cofactor expansion of det M[; 41(s, v) along (d + 1)-th row,
we have

dr1
par(Xpa)(s) = par({(v)) € 0P | 7qpm), (vl = ¢, ™))
(3.12) . =t
< 9 — N+
max (|7'(d+1),j(s)|) Y

1<j<d+1
Therefore, it follows from (3.10), (3.11), and (3.12) that

ta+1)2 (Re) < L(R ):ud+1(X[[1,d]] (s1))diaa+1)(s1)
7

< q;NHMd(dH)(éf)(Ré))-

Observe that ¢(Ry) < {'A: A€ E;(d+1,d)}, where ‘A denotes the transpose
of A. By the induction hypothesis on (d + 1,d) of Step 3 and by Step 2
for (d +1,d), we have

ta(da+1)(P(Re)) < H(d+1)d(Ez(d +1 d))
Therefore, for any N > 0, it follows from (3.13) and (3.14) that

(3.13)

(3.14)

I(d+1)2 Z f(ar1)2 (Re) < Z 0, " pagarn) (@(Re))

< Z Ny (d+1,d)q; % = Co(d+ 1,d)(1 — ¢y V) g N,

which completes Step 3 with C(d+1,d+1) = Co(d+1,d)(1—¢,; 1)~ O

Now, we will prove the analogs of Lemma 3.2 and Lemma 3.4 in | .
Recall from Section 2 that the restriction measure fig of the Haar measure
is a SLy(O, )-invariant probability measure on O%.

Lemma 3.5. Let i € [1,d] and x1,...,%; be independent, identically dis-
tributed SLy(O,)-invariant random variables on K& with law Jig. Then

E(|x1 A - A x| ™?) <0

forall B <d—i+1.
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Proof. Recall that s; is the j-th column vector of s € My;(O,) for every
je[1,i]. We will compute

E(fx1 A - A x5] ) = f I A\ sl dai(s)
Mg (K,

jfl

H /\ 577 duai(s

Md,i( V =

Since the norm takes values in ¢% U {0}, consider the partition {E;}s=¢ of
M;i(O,), where

(3.15) Ey = Ey(d,i) = {s € My;(O,) || /\sju = ¢4

By Theorem 3.2, there exists a constant Cy = Ca(d) > 0 such that pg;(Ep) <

C’gq;e(d_iﬂ) for any ¢ > 0. Hence, we have

E(| /\xju D=3 [ Al dat) = 3 j (67 dpais)
] =0 Y Ee

=0 Z]l

e}
= >4 nai(Er) < 022% g, Y,
=0 =0

which is finite for any < d —1i + 1. O

Lemma 3.6. Let x1,...,X; be random variables as in Lemma 3.5 and Coy =
Csy(d) the constant as in Theorem 3.2. Then for every k € Z=1, we have

—(d—i+1)

E(|x1 A+ Ax L(|x1 A - Axi]| > ¢, 7)) < Cak.

Proof. Recall Ey as in (3.15). Since pg;(Ep) < Caqy Hd=i+1) ond

{s € Myi(0 ||/\st > g%} = UEg,
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we have

E(| /\ x|~ 01() A x50 > ¢,7))
j=1 J=1

= | A s 7 @01 A sl > ¢5") diai(s)
J]\4cl,i(1<u) ]/\1 ’ j/\l ’

|\ s 70 A sjll > 6,%) dpai(s)
J]Wd,i((gu) ]/—\1 ’ j/—\l !

Kk—1 7
=3 [ IASI T duats
=0 VEe =1
g (d—i+1)
— - —1
= f (QVZ) d dz(s)
=0 VE¢
ol - At . .
_ qﬁ(d H_l),ufdz(Eé) < Z qﬁ(d—zﬂ)czq;z(d—zﬂ) < Oyk
=0 =0
O
Now we obtain an analog of [ , Proposition 3.1] in the global

function fields, but only for wedge vectors of small dimensions. Let A be the
normalized Haar measure on the compact group SLy,1,(O,).

Proposition 3.7. Forie€ [1,m], let 8; = %. Then there exists a constant

C > 0 depending only on m,n such that
| Jgrkev]| = dA(K) < Ctg, ™ v]
Lm+n(ou)

for any t € Z=1 and any decomposable i-vector v e N\ KM+,

Proof. Set
1) - |. Jgtkv] P (k)
SLm+n (OV

for each t € Z>, and decomposable i-vector v e A"K™t". By | )
Corollary 2.11] (see also [HP’, Lemma 2.7] for the transitivity on Grassma-
nian), for any decomposable i-vectors v, v’ satisfying ||v| = ||v/|, there exist
c € K, with |¢] = 1 and g € SL;;,4,(0,) such that v = cgv’. Using the
SLyn4n (O )-invariance of A and the homogeneity of the norm, we have

L(v) = f o e ) —j lgek(cgv')| 5 dAK)
m—+n v

SLm+n(OV)

:f lgikgv' |7 dA(k) = f |lgekv’ | P dA (k)
Lin+n(Oy Lm+n (O

= It(V/)
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Thus, for any decomposable i-vectors v,w € A" K™*", we have
v w
V[P 1(v) = Ti(-—) = Li(i—) = [w]7 L(w).
Iv] [wl

Hence, we have
(3.16) Li(v) = C(t)|v] ™"

for some function C(t).

Let v =x1 A -+ A Xy, where X1, ...,X; are independent random variables
on K" whose distribution is Jim,1q,. Since f8; = T<m+n—i+1for
every i < m, we obtain O] := E(|x; A -+ A x;|7%) < o by Lemma 3.5.
Taking the expectation on (3.16), and since the distributions of xi,...,x;
are SLy,4n (O, )-invariant, we obtain
1 1

—E(Li(x1 A AX)) = —
C] o
Hence, it suffices to show that there exists a constant ¢ depending only on
m and n such that

(3.17) E(lge(x1 A - A xp)[77) < etg, ™™

for all t e Z>.

Let V,, and Vi be the subspaces of K]'*" spanned by {e;}i<j<m and
{€m+j}1<j<n, respectively. Let p(l) K7t — V, and pgl) K" — Vg be
the projections correspondmg to the direct sum K" = V,, P Vs. Define
the projection pu CATK™ 5 ATV, by

= /\ pu (ebk)
k=1

and extending it linearly. Define the pro-

C(t) = E(lge(x1 A - A xi)| 7).

+n

for each I = {u1,...,4} € p"
jection pgz) cAYK,™ > A"V, in a similar way. Note that

(3.18) V[[1 i) /\pu (v;)

. m+n
for any vq,...,v; e K™

For 1 < i < m, since pq(f Vis a projection, we have

(3.19) Ip¢ gt/\x] ) = [P ( /\gtxj < Jlge( /\ %]
7j=1

Note that p( )( 1)yens p& )(xi) are independent random variables on K
whose distribution is 7i,,,. Thus, applying Lemma 3.5 with d = m, we
obtain

(3.20) Bi:=E([p{ (1) A -+ A pi) ()| 75) < o0
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since B; = %t <m —i+1for 1 <i < m. Hence, it follows from (3.18),
(3.19), (3.20) and the equality p )(gtxj) = ot )( x;) that
Blloe( A %)) < B A o o))
(3.21) 7= 7=
_ nzﬁlt (1) 51 7mnt
I /\p I g, """ max Bj,

which satisfies (3.17) since ¢ > 1 and maxj<j<y, B; depends only on m.
Now, assume ¢ = 1 or ¢ = m. First, by (3.19) and since g; dilates the
norm of every vector at least by g, ™, observe that

lg:( /\x] > max( ] gepld( /\x] R /\xju

Thus, for any k € Z>1, we can separate the left hand side of (3.17) into
i
(3.22) E(g(/\x))I~%) < Br + By,

where
i

Er = E(|gin (/\ )l PP (N x)| > 4,));

j—l j=1
By = ¢;" 'K /\x PPN\ =)l < 07,
j=1
By Lemma 3.6 for d = m with random variables p&l)(xl), . ,p&l)(xi) and
by (3.18) we have
(323)  E(Ipl(N\x)I™" () /\X] > 4,")) < Cont

Since f; = % = m — i+ 1 and gtp( )( i) = ﬂ;"tpg)(xj) for j € [1,1], it

follows from (3.23) that
i i
B =E(| /\ ap 0e)l P (\ x| > 0,))
Jj=1 j=1

(3.24) g
At (| /\pu (x;)] =P (plP( /\x] )| > ;"))

J=1
< g, " (Cyrt) = Cyrtg, ™™,

To estimate E5, we use a direct calculation applying Theorem 3.2, which
is a different method from | , Proposition 3.1] using conditional
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expectation. First, assume ¢ = 1. We have
By = ¢ E (x| 1 (IpV (x1)] < g;*)

m? —-m —Kt\ J
SIS )] < )
Kym+n

[ )] < 6 )
(3.25) or
2 —m i
—a 3 [ = 0] < 0 )

— " thy pman({s € O 5| = ¢, %, [pM(s)] < 4,1},
/=0

Let Byt = prmsn({s€ O |s| = ¢, ,Hpu (s)| < q,"}). If £ > kt, since
_ _ 1
0" < q;™ and [pi(s)] < [s]. we have

(3.26) Byt < Lm+n({s € (’)l’j”” :s| < f}) m+n)z_
If £ < rit, since 5] = max(|pi) (s)], [p{" (s)]) for any s € OF ", we have

(3:27) Brwe = pmen({s: [PV ()] = 47" IV (5)] < g7} < g7
Therefore, it follows from (3.25), (3.26) and (3.27) that

2 Kt—1 0
qu t(Z q —nﬁ mmt Z qlcné(qy—(m-&-n)é))
(=Kt
2 Kt—1
(328) o qV t(qymnt Z (m— n)é+ 2 q—nﬁ>
l=kKt
) kt—1 —nkt
t t Z
_ qlr/n (q,/ mkK Z (m—n) ﬁ)
Note that
(m n)kt (m—n)rkt
t—1 qv 3
/c (m e (m 1 < " ifm>n
e 0 < 5 *j;n if m<n.
Hence, it follows from (3.28) that
< (1 — g™ Lgm*t (2¢; ™) ifm>n
2= (1 —q; ) 1ql7/n t(F‘:th mekt q;nnt) it m <n,
which implies
(3.29) Ey <2(1 — g, ™) trtq, ™

for any m,n € Z>; and k > maX(T"(:’;:F”)7 m(”z—ﬁ-n))‘
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Now assume 7 = m. Define

m

Z = {s € Muninm(O0) : [P0 (N sp)| < 4,"}.
j=1

Consider a partition {R¢}s=0 of My 4nm(O,) defined by
Ry = {s € Mii1nm(Oy) 1 || /\SjH = q;e}-
j=1

Then, we have
(3.30)

m 0
m?2 — m?
Ey =q, tJZ H /\SjH ldu(ern)m(s) =4 ! Z Q£M(m+n)m(R€ N Z)
j=1 £=0

Note that Ry < Ey(m + n,m) and Ry n Z < Fy,(m + n,m) which are

defined in Theorem 3.2; indeed, the latter inclusion follows from (3.18),

since pSI”)( Tysi) = /\;-”:lpq(})(sj) = cpm) (/N1 8j)epm)- I £ > kt, we

have R, < Z since \|p&m)(v)]| < ||v| for any v e A" K™ Hence, by
Theorem 3.2, there exists a constant Cy = C)(m,n) > 0 such that

(3.31) Imanym(Be 0 Z) < pmnym (Ee(m + n,m)) < Chg D),

If ¢ < kt, by Theorem 3.2 again, there exists a constant C1 = C1(m,n) > 0
such that

:U’(m—&—n)m(RZ N Z) < M(m+n)m(FZ,nt(m +n, m))

(332) il Kt — g —+ (m+n)
< —Rl—"N. m .
1y ( kt—0+1 )

Note that given a € Zx1, there exists a constant C'(a) > 0 depending only
on a such that

z+a (z +a)*? iz
<2TY < Cla)g
<x + 1) CESERCL

for any x € Z>1 since the exponential growth is faster than the polynomial
one. Hence, there exists a constant C3 > 0 depending only on m and n such
that

kt— 0+ (") L(kt—0)
m ) < Caqp
( kt—0+1 Csa

for any 0 < ¢ < st — 1.
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Therefore, it follows from (3.30), (3.31) and (3.32) that
Kt—1

m —Kt—n 1 rt—0 & _tn
By < qi( Y, ab(Crgy ™ (Coa2 ™) + Y by )
£=0 L=kt

) 1 Kt—1 _
= ¢ (C1Cs00 2" ) a
£=0 l=Kt

(n-&-%)é

) 1
=g (C1C3q,

2 — Lyt q
< ¢ '(C1Csq0 %" ——— +C§1 —)
1—(]1/ 2 —qv

e

2 — t _
<Cuql g 2" + g™,

C(n+l
where Cy = max(C1C3(1 — qy( +2))*1, Ch(1 — q;™)71). Hence, we have
(3.33) By < Cyq,™™

for any & = 2(m? + mn).
As a summary, it follows from (3.22), (3.24), (3.29) and (3.33) that when
i =1ori=m, we have

E(lge(x Ao ax)| ™) < (Ciat + max(2(1 — ¢, ™) kt, Ca))g, ™™

for any t € Z>1 and any x > 2(m? + mn). Thus, by fixing some x >
2(m? 4+ mn), we obtain

(3.34) E(lge(x1 A -+ A xi)[77) < Ctg, ™

for all t € Z~1, where C' is a constant depending on m and n.
Therefore, from (3.21) and (3.34), we reach the goal (3.17). O

4. THE HODGE DUALITY AND THE PROOF OF PROPOSITION 3.1

We let d = m + n for this section and the remaining sections. While
[ , Proposition 3.1] covers all 1 < i < d using the equivariance of
the Hodge duality under SO4(R), the Hodge dual operator is not equivariant
under the ultrametric orthogonal group SL4(O,). Instead, we apply the
duality to horospherical subgroups.

Note that the exterior powers and their natural basis can be defined for
any free R-module with scalar in a commutative ring R with unity. Thus, we
can define the standard Hodge dual operator between /\Z K¢ and /\d_i K¢
in the same way as a linear map, even though there is no inner product
structure.

Definition 4.1. Let {e;};c[1,4q) be the standard basis of K¢. For each i €
[1,d], we define the Hodge dual operator  : N'K% — A% K% linearly by

x(er) = orere,
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where I = {a; < -+ < a;} € p¢, I° = [1,d] ~ I, and o] = (—l)i(i;1)+2§=1“5.

Note that the above definition is the same one as in the real case and the
term oy comes from ey Aejc = o 1€[1,d]- The following lemma says that some
properties related to exterior powers still hold for the global function fields.
This property of the Hodge dual operator is well-known, but we cannot find
a suitable reference for non-Archimedean spaces.

Lemma 4.2. For anyie [1,d—1], ve A'K,?, and g € SLy(K,), we have

(1) | v =|vl;
(2) #(gv) ="(g")(+v).

Proof. (1) Let v =Y, vrer € A" K¢ be an i-vector. Since
¥V = *(Z vrey) = ZU[*(G]) = Z'I}[U[e]c
i 1 i

and |o7] = 1 for all I € pf, it follows that

| vl = Y vrorere| = max|vror| = max for| = |v].
I

(2) It is enough to show that for any g € SL4(K,) and I € p¢, we have

(4.1) +(ger) = ‘(g7 ) (xer).

First, observe that

(4.2) ge; = Y. (detgys)ey,
Jep‘f

where det gy s is the (/, J)-minor of g. Hence, its Hodge dual is
x(ger) = *(Z(det girey) = Z(det grr)*(ey) = ZO’J(det gJr)ee.
J J J
On the other hand, using (4.2) with !(g?), we have

‘g (xer) =ar' (g N(er) = Y. ordet((g7) ey
Jepg_i

= Z or det(t(gfl)){]cheJc.
Jep?

Therefore, to prove (4.1), it suffices to show that

(4.3) detg;; = ooy det(t(g_l))Jc7IC
for any I,J € p¢. Since detg = 1, (4.3) is Jacobi’s identity, which holds
over any commutative ring (see for instance | , Lemma A.1]). O

Remark 4.3. The Hodge dual operator preserves the decomposability. In-
deed, if w = v{ A -+ A Vv; is a nonzero decomposable vector, then vi,...,v;
are linearly independent over K,, and thus it can be extended to a basis
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{vi,...,vq} of K& Let v be the (d,d)-matrix with columns vy, ..., vg.
Then w = ve; ;) and v is invertible. Hence, by Lemma 4.2, we have

W = t(V_l)G[[l,i]]e[[i+1,dﬂ = (U[[Lz‘]}t(v_l)ez‘Jrl) Aen (H(vTYeq),
which implies that *w is decomposable.

Now, we are ready to prove Proposition 3.1 using the Hodge dual operator.

Proof of Proposition 3.1. First, let i € [1,m] in order to apply Proposition
3.7. Define P(O,) and U(O,)) by

b
U(0,) = {(Ig ISn) se Mmm(C’),,)}.

Using the fact that O, is a compact subring of K,, one can easily show
that P(O,) and U(O, ) are compact subgroups of SL;(O, ). Moreover, there
exists an open neighborhood of I; in SL;(O,) contained in P(O,)U(O,).
For instance, if we take

V= (Id + Md,d(ﬂ-uou)) N SLd(OV)‘

as an open neighborhood of I; in SL4(O,), then V' is contained in P(O,)U(O,).
I,+a b

c I,+d
formula for the determinant to I,, + a and I,, + d, we have

det(I, +a) — 1,det(I, +d) —1em0,,

P(O,) = {(a 2) ca€ Mym(0,),be Myn(0,),ce M,,(0,),detadet c = 1} :

Indeed, let x € V' and write x = . Applying the Leibniz

which implies that |det(I,, + a)| = |det(I, + d)| = 1, and thus, I,, + a €
GL,(0,) and I, + d € GL,(0,). Hence, we have the following decomposi-
tion

I,+a b (I, +a 0 I, (I,+a)'b
c I,+d/) c I, +d—-c,+a)"'b 0 L,

e P(O,)U(O,).

Since SL4(0,), P(O,) and U(Q,) are compact groups, they are unimod-
ular. Let A\p and Ay be the normalized Haar measure of P(O,) and U(O,),
respectively. Since I € V < P(0,)U(O,) and P(O,) nU(O,) = {14}, we
have by | , Lemma 11.31] that

(4.4) ANpo,)u©,) = APO)U(O,))ds(Ap x Av),

where ¢ : P(O,) x U(O,) — SL4(0O,) is defined by ¢(p,u) = pu. Note that
Cy = \NP(0,)U(0,)) is a constant depending only on d.

Denote by |x|,, the operator norm for x € My 4(K,) induced by the
ultrametric norm in KZ. Note that |gpg—tllop < |Pllop < 1 for any p =
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(f; 2) € P(O,) since the following equality holds:

7, "L, a 0\ (7,1, 71: a 0
™, ) \b ¢ T, ity )

Hence, it follows from (4.4) and Fubini’s theorem that for any ¢ > 1 and
decomposable v e A" K" we have

f lgekv]| PN (k) > f lgekv| =P dA (k)

SLq(Oy) P(O)U(0,)

SO [ ] e ) pu)
P(O,)xU(O

= J f |(gepg—t)gruv|Pid\p(p)dAy (u)
U(0,)

>0, fU( f I

= CAJ Hgtpg—tl\o_p ‘d\p(p) f |geuv]| =i dAy (u).

P(Oy) U(Oy)

v

> 0 f lgeuv]~FidAy (u).
U(Oy)

Using the identification between M, ,,(O,) and U(O,), Ay equals fimy. It
follows from (4.5) and Proposition 3.7 that

_3 1 5
J lgrusv| ™% dpimn(s) < - f gk P dA (k)
(4.6) M, (Oy) A JSLg4(0,)

c, _ B,
< Gota

Now, consider the case when i € [m + 1,d — 1]. Note that we can assume
that n > 2 since we can apply (4.6) toalll <i<m=d—-1ifn = 1.
Denote

~  (m™L, 0 \ ~ (I, l—ImO-E— 0 I,
=00 ap,) T o I s L))" " \In, 0
for s € M, ;,(0,). Observe that for s € M, ,,,(0,) and w € A K%, we have

(4.7) Eg_lsw = giusEw.
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Thus, for each i € [m + 1,d — 1], we have

[ oyl s
M ,n(Oy)

= j | # (geusv)| P dptman(s) by Lemma 4.2 (1)
m,n Oy)
= f Hg—tl(—ts)(*V)\rﬁid/ﬁmn(s) by Lemma 4.2 (2)
an OV
= f HEg_tl(,ts)(*V)H*ﬁid,umn(s) by | , Lemma 2.5]
Mp,n Ou)
[ B B i) by (4.7
Mm,n(OV)

| Bl
Mn,m y)

< Ctg, ™™ |E(wv)| 7% = Ctg, ™™ v |7,

where the last inequality follows from (4.6) by exchanging the roles of m
and n, by replacing i by d — i € [1,n], v by E(xv) € A K%, and 5; by
7. O
(2
5. CONSTRUCTION OF MARGULIS FUNCTIONS

In this section, we construct Margulis functions satisfying a contraction
hypothesis with an optimal contraction rate, which implies the upper bound
of the Hausdorff dimension of the set of singular systems of linear forms over
global function fields. We follow the construction in [ , Section 3].

Recall that X = G/ is the G-orbit of R? in the space of unimodular
lattices in K% as in Subsection 2.2. For a lattice * € X, we say that a
subspace L of K¢ is z-rational if L n x is a lattice in L. For any i € [1,d]
and x € X, let us denote by F;(x) the set of all i-dimensional x-rational

subspaces in K. For any L € Fj(z), let |[L| = |vi A --- A vi| for an
R,-basis {vi,...,v;} of L nx, which is independent of the choice of basis.
Define

i) = max{‘i” Le E(x)}.

Note that ag(x) = 1, thus we set ap(x) = 1. We remark that the alpha
function was constructed in | | using the covolume of sublattices,
which coincides with the norm of the wedge product of a basis in real cases.
While the covolume of L n x in L is different from ||L| in global function
fields (see, e.g., (2.1)), the norm |L| can be seen as the normalized covolume
(see [HP] or [Bang25)).

The following corollary is a function field version of [ , Corollary
3.6]. We assume that R, is a principal ideal domain only since we need
to use the submodularity of the covolume function established in | ]
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under this assumption. Therefore, in this section and the next section,
Assumption:
R, is a principal ideal domain.

Corollary 5.1. Leti, 8; and ¢ > 0 be as in Proposition 3.1. For anyt € Z>1,
xe X andie€[l,d— 1], we have

| g diina(s) < et ai(0)
M, (Oy)
Bi
2mnt3; ( L L. )
+ ma; « T)oy_i(x .
ay 1<j$min?{(d—i,i} z+J( ) ]( )

Proof. Fix i€ [1,d—1] and x € X. Let L; € F;(x) be such that a;(z) = HLl'H
and let

U = {L e Fi(w) [ L] < g™ | Li]}-
For any L € Fi(z) \V¥; and s € My, ,(O,), since us € SL4(O,), it follows for
instance from | , Lemma 2.5] that
(5.1) lusLill = | Lill < ¢ ™™ | L] = g, > JusL].
Observe that for any j € [1,d] and I € p?, we have ¢, ™" < |grer| < ¢q
hence for any v e A? K%, it follows that

mnt
v b

(5-2) " IvI < gev] < g™ v
Thus it follows from (5.1) and (5.2) that
(5.3) lgeusLill < g™ |lusLi|l < g5 usL| < | geusL].

We consider two cases ¥; = {L;} and ¥; 2 {L;}, separately.
Case V¥; = {L;}: Using (5.3) and Proposition 3.1, we have
| g ) < | gL i)
My (O) M n(Oy)

< ctq;mntHLiH*Bi = ctq;m”tai(:ﬂ)ﬁ".
Case ¥; 2 {L;}: Take L' € ¥; such that L’ # L;. Since dim(L’' + L;) =i+
for some j > 0, it follows from | , Theorem 1.4] using the above
assumption that for all s € M, ,,(0,),

mnt 2mnt

| mnt 4 _ql/ ql/
ulgruse) < g™ eil@) = T < e

2mnt

< L
VIL o Lif [ + Li]
Thus it follows from fiyn (M n(O,)) = 1 that

2mnt
<q,

it g (.’L‘)O&Z;j (l‘) .

Bi 2mnt3; b
( )ai(gtusw) idpmn(s) < ¢ i max ( aHj(x)ai,j(m)) .
Mm,n Oy

1<j<min{d—i,i}

Combining the two cases, we obtain Corollary 5.1. (|



26 GUKYEONG BANG, TAEHYEONG KIM, AND SEONHEE LIM

Using Corollary 5.1 and | , Proposition 4.1], we have the following
corollary.

Corollary 5.2. Let 8;’s and ¢ > 0 be as in Proposition 3.1. For anyt € Z>1,
one can choose constants wy, . ..,wq > 0 and T > 0 such that for any x € X
with & = Z?:O(wiai)ﬁi satisfying a(x) > T, we have

f &(gtusx)dﬂmn(s) < Sth;m”t&(z‘).
Mm,n(ou)

Proof. Fix t € Z=1. To use [ , Proposition 4.1], we set H = X,
d=m+n, fi = a; so that fy = fg = 1, the linear operator A on the linear
space of real functions on H given by

(Af)(x) = jM o, F0ms

for 5(i) = 1/p;. Note that i — £(i) is concave. It follows from Corollary 5.1
that for each i € [1,d — 1], we have

AP () = fM o, s 3

) Bi
<ctq, @) + (@) max (4 fis@)fin(@)

1<j<min{d—i,i}

Setting a = ctq, ™, w = ¢™, and a’ = 2ctq, ™, and using | ,
Proposition 4.1], we can choose wo,...,wg > 0 and Cp such that f =

Zfzo(wifi)ﬁi satisfies that

(Af)(z) <d f(z) +Cy forall x € X.
Thus the function & = Z?:o (wic;)P satisfies that for all z € X
| Slgnt)dumnls) < 2etq, ™ @) + Co.
Mm,n(ou)

Cogpr™ 0

By choosing T' = ==%—, we can conclude Corollary 5.2.

6. COVERING ESTIMATES USING MARGULIS FUNCTION

In this section, we fix ¢ > 0 as in Proposition 3.1 and for a given t € Z>1,
fix wy,...,wqg and T as in Corollary 5.2, and write & = Zfzo(wiai)ﬁi. For
any € X, M >0, N € Z>1, let us define

Zy(M,N,t) :={s € Mp,(O,) : ¥l e [1,N], a(guusz) > M}.

By Mabhler’s compactness criterion for the space of unimodular lattices over
global function fields (e.g., see | , Theorem 1.1]), & is a proper map,
hence the set

X<y i={xeX:a(xr)< M}

is compact. Similarly, we define X=r = X ~ X<
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First observe that for any s € M, ,(O,) and x € X, it follows from the
fact that us € SL4(O,) and from | , Lemma 2.5] that
(6.1) a(usz) = a(z).

We have the following main proposition. Unlike in the previous sections,
from this point on, s; are matrices rather than column vectors of a matrix.
We also denote djin,,(s) by ds for simplicity.

Proposition 6.1. Let t € Z=>1 be fized. For all x € Xo7, N € Z>1, and
M =T, we have

] —mnt\N ~
J a(gNtusx)d,Ufmn(S> < (3thy t) Oé(ﬂj’)
Zx(M,N—1,t)

Remark 6.2. This proposition is a function field version of [ , Propo-
sition 5.1]. It is worth noting that while a certain recursive property of
Gaussian measures was used in [ |, we use convolutions of measures
inspired by [ ]-

Proof. For a fixed t € Z=1, let us denote
Z ={(s1,...,5N) € Myun(O)N : &(gus, - - grus,x) > T Vke [1,N —1]}.
Using Corollary 5.2 repeatedly, we have

(6.2) J . J a(grusy - - grus, T)dsy - - - dsy < (3ctq,jm"t)N a(z).
Z

Observe that
JtUsy =" GtUs; = GNtUgp(sy,...,sn)>

where ¢(s1,...,sy) = SN, 7D, Thus we have

Following | , Section 5], for each i € [1, NJ, let fi; be the Radon measure
on My, n(O,) defined by

j F()dfis(s) = f F(ali D) s
M n(Oy)

Mm,n (Ou)

for f € C(Mpmn(O,)). Note for future use that iy = fimy,. Let N =
AN * -+ % [I] be the measure on My, ,(O,) defined by iterated convolutions.
Observe that

6.4) N :f f f(p(s1,...,sn))dsy - --dsy.
M n(O) Mmn(Oy)

Claim 1. {(s1,...,8N) € My n(O,)N : ¢(s1,...,s8) € $(Z)} = Z.
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Proof of Claim 1. Clearly, the set Z is contained in the left hand side set.
If (s1,...,sy) is an element of the left hand side set, then there exists
(s},...,sly) € Z such that ¢(s1,...,sny) = ¢(s],...,sy). Hence for any
ke[l,N —1],

Qe

a(grus,, - - - grus, ©) = a(grus,, - gtusl(gtu ) ’gtus’l)ilgtusgg o 'Qtusfll’)

(gk:tuzk (Zfl)dt(si_s{)g—]ﬂf)gtus;C o 'gtus/lx)

Qe

Qe

T i=1T

Qe

= o(U_—kd i—1)dt Ug! *** GtUg! T
LDy >N k+ (L ) (ngsi)gt s gt s )

(
(
(u Skt sk (=Dt S;)gtusgc-“gtusflx)
(
(

Qe

grug, gtu/a:) >T.

The fourth line holds since ¢(s1,...,sn) = @(s},...,s)y) and the last line

since 7, #dt ZZ bt i 1)dt( '—8;) € My, n(O,) and (6.1). Thus (s1,...,sn) €
Z. ]

Let us denote by ¢, (s) = 1z (s)a(gniusr). Using Fubini’s theorem, it
follows from (6.3), (6.4), and Claim 1 that

(6.5) [ oty g addsy - dsy = ¥ (),

While 7i*VN is absolutely continuous with respect to fimm, the ultrametric
property implies that they coincide. Such an exact coincidence does not
occur in the real case. See [ , Lemma 5.5].

Claim 2. We have i*N = Timn.

Proof of Claim 2. Since [iy = Jimpy, is invariant under translations on M, ,,(O,),
it follows that for any f e C(M;,,(0,)),

N
N (f) = j J f(s1+ Z n(~Vits;)dsy - dsy
Mm,n(Oy) Mpm.n(Oy)

=2

—f J f(sl)dsl...dSN
M’m,n(ou) ’m,n(OV)
= fimn(f)-

It follows from Claim 2 and the fact that ¢(Z) < M, ,(O,) that

(6.6) B (02) = (o) = | Lo (&) gvres)ds.
We need the following claim.

Claim 3. For any se Z,(M,N —1,t), $~1(s) c Z.
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Proof of Claim 3. Tf (sy,...,sy) € ¢~ 1(s), then 3N | r{i Vit e Zy(M,N—
1,t), hence for all £ € [1, N — 1],

(67) a <<ggtuzf_\f:“1 ﬂ_](j_1)dtsig,gt> gztUZfZI ﬂ_l(/i—l)dtsix> > M.
Note that
(6.8) ggtuz . AliDatg J—et = uzl le(b 1)t
and Z MPIRE s (Z 1-)at Si € My, ,(0,). Thus it follows from (6.1), (6.7), and
(6.8) that

&(ggtuze LG-nar, ) = &(gus, - grus, x) > M =T,

i=1Tv i

which proves (si,...,sy) € Z. O

Combining (6.2), (6.5), (6.6), and Claim 3, we have

(seta ™) 8(0) = 1V (22) > [ Loz (5)al i)

> f a(gniusx)ds.
Zo(M,N—1,t)

U
Corollary 6.3. Let t € Z>1 be fized. There exists My = My(t) > T such
that for all x € X, N € Z=1, M > My, the set Z,(M,N,t) can be covered
by a(x)(?) ct)Nq (m+n DmntN galls in My, n(Oy) of radius g, , (mAmtN,

Proof. Using (5.2), (6.1), and the construction of & in Corollary 5.2, it fol-
lows that for any x € X and s € M, ,(O,), we have

(6.9) Hgrsr) < max g3 ().

Setting My = My(t) = T max; MBS T it follows that a(grusr) < My for
any € X<r and s € M, ,(O,). Hence, if x € X< and M > My, then the
set Z,(M, N,t) is empty, so the corollary follows.

For fixed x € Xop and M > My > T, it follows from Proposition 6.1 that

f Glgniusz)ds < (3ctq, ™)V a(x),
Z(MN )

hence

(6.10) fmn (Z2(M, N, t)) < ]54) (3ct)Ng, ™.

Now observe that for any ¢ € Z=; we can partition O, into ¢/, disjoint
balls of radius ¢;* as follows:

-1

(6.11) o,= || Dar+xlo,.

a07...,ag_1ekl, =0
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Thus we can partition M, ,(O,) into p := q£m+n)mntN disjoint balls D1, ..., D,

of radius ¢, AN g et p1 be the number of the balls D;’s contained in

Zx(M,N,t). Since pimn(D;) = q;mn(m+n)tN for all 4, it follows from (6.10)
that
O‘]f;) (3Ct)ngln(m+nfl)tN‘
Reordering the D;’s if necessary, we may assume that {D1,..., D, } = {D; :
D; © Zy(M, N, t)}.

Now fix any ¢ > p1, then we can take sg € D; such that sg ¢ Z,(M, N, t),
which means that &(gpus,z) < M for some ¢ € [1, N]. By the ultrametric

P1 <

property, for any s € D;, s = s1 + s¢ for some s; with [|s;| < ¢ ~(mam)tN.
Hence
GetUs = GetlUs, J—etGuttsy = U ~(minjety GotUs s
which implies &(gpnusz) = a(guus,x) < M by (6.1). Thus
+(M, N, 1) Ua,
which proves the corollary. O

For a given compact subset Q of X, N € Z>1, d € (0,1), and z € X, define
the set

Z.(Q,N,t,0) := {s € My, (0,) : %Hée [1, N] : greusz ¢ Q}| = 5}.

Theorem 6.4. There exist to > 0 and a function C" : X — R, such that
the following holds. For any t > to, there exists a compact set Q = Q(t) of
X such that for any N € Z=1, 6 € (0,1), and x € X, the set Z,(Q,N,t,0)
can be covered by

C”( )t3N (m+n—0)mntN

balls in My, ,(O,) of radius g, ~(mAn)tN.
Proof. Let t > ty be given, with ¢ty > 2 a large real number, to be determined
later on, depending only on m,n. Let & and T be as in Corollary 5.2. We
will find large enough M > 0 such that the compact set QQ = X<ps satisfies
the conclusion of the theorem.

For a given N € Z>1 and z € X, let

Jp = {fe [[LN]] :gtfx¢Q}'
Then,
Zy(Q,N,t,0) = {s € My n(Oy) : |Juz| = IN}.
For any subset J < [1, N], let Z(J) = {s € My, n,(O,) : Jyse = J}. Note that
Z:(Q,N,t,6) =J; Z(J), where the union runs over all subsets J < [1, N]
with |J| = 6N. Since the number of such subsets is at most 2V < ¢V, it
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is enough to show that for a given subset J < [1, N|, the set Z(J) can be
covered by C"(x)t?N q£(m+n)N_‘J|)mm balls of radius ¢, (m+n)tN, for

C"(z) = max{l,max{afi(:p) ciel,m+n— 1]]}}

We decompose the sets J into ordered subintervals Ji,...,J, of maxi-
mal size such that J = | |_, J;. Let I,...,I, be the ordered maximal
subintervals of [1, N] \ J such that

P P’
LN = |7 | ]I
i=1 j=1

Claim. For any integer L < N, if

L A
(6.12) L) =| || |1,
i=1 j=1

then the set Z(J) can be covered by
(6.13) C" ()L q(mAm) L=l i = =] Jejmnt

balls of radius ¢, (mAn)tL,

Proof of Claim. We prove the claim by induction on L. In the first step, if
[1,L] = Ji, then by choosing ty = 3c and M > M, large enough so that
M > Z?zlwiﬂi hence % < C"(x), it follows from Corollary 6.3 that the
set Z, (M, L,t) can be covered by

&(:U) (3Ct)qu(lm+n—1)mntL < C//(x)tQqu(/(m+n)L—|J1|)mnt

balls of radius q;(mﬂ")w. Since @ = X<y and [1, L] < J, we have
Z(J)={s€ Mun(0,) :Vle J, a(guusr) > M} Zy(M,L,t).

Thus the claim follows. If [1,L] = I, then it follows from (6.11) that

Z(J) € Mpyn(O,) can be covered by q,(,er")me < C’”(x)tQLq,(,ern)me

balls of radius ¢, (mtn)tL,

Now, assume that the claim holds for some L < N satisfying (6.12) and
denote the covering for Z(J) by {B;}}_; for p given by (6.13). In the induc-
tion step, for the next L' > L, we have two cases: either
(614‘) [[17 L,]] = [[LL]] u Ly
or
(6.15) [1,D] = [1,L] & Jesn.

In the first case (6.14), applying (6.11), each ball B; in M,, (O, ) of radius

_ Iy . — L+|1,
Qv (m+mEL can be covered by ql(,m+n)t| o1l g Nl of radius Qv (mm)iLtlyal)

Since L' = L + |Ip41], Z(J) can be covered with
C/l(x)tQL’ql(/(m+n)L'—\J1|—---—|Jg|)mnt
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balls of radius ¢, (m+n)tL/, as wanted.

Now assume the second case (6.15). Fix any ball B; with Z(J) n B; # @
and fix sp € Z(J) n B;. Then we have &(grius,x) < M since L ¢ J by
the maximality of Jyoi1 but a(gjius,x) > M for all j € Jyp1 < J. Hence, it
follows from (6.9) that

M = a(grusy) = ming, ™ @ (g, 41yusow) > min g, ™" M.
¢ i

For a sufficiently large M so that min; ¢, """#M > My and for ¢y > 3c,
Corollary 6.3 with 2’ = grsus,x so that ag‘gj) < 1implies that Z,/ (M, |Jy41],t)
can be covered by

(Sct)|Jg+1\q’(/m+nfl)mnt|a7é+1| < t2|J4+1|q1(jm+n71)mnt\Jg+1|

balls of radius q;(m+”)t|=74+1|.
Fix any s € Z(J) n B; and note that &(gjiusz) > M for all j € J and

—(m+n)tL

Is —soll < qv . Write s’ = s — sy and observe that

a(gjrust) = Q(g(j—r)egrLetis g—Legrtts®) = A(g(j— )t —mimer ).

Since Jp,1 < J, we have m, (min)tly o Zwr (M, |Jps1],t). Therefore, we have

Z(‘]) N Bl < 7T1(/m+n)tLZx’(M7 |J€+1|7 t) + So.

Note that the set ﬂ,(,m+n)tLZm/(M, |Je41],t) + so can be covered by

P = t2lJ4+1|q,§m+"*1)m”t‘J“1'
balls of radius q;(ern)t(LHJe“l) = q;(ern)tL/. Hence Z(J) can be covered
by
oy = C//(w)tQL’ql(/(WJrn)L’—lJl|—'“—|Jz+1|)mnt
balls of radius ¢, (m+n)tL/, which concludes the claim. [l
The claim with L = N concludes Theorem 6.4 since |J| = dN. O

Now we are ready to prove Theorem 1.1. In fact, we are able to prove a
stronger proposition. For this, we introduce the following definition: Given
d € [0, 1], we say that a point x € X §-escapes on average if for any compact
subset @ in X, we have

. 1
Jim C{0€ [LNT s g # Q)| >

Proposition 6.5. Let § € [0,1] be given. For any x € X, we have

odmn
dimg{s € My, ,(K,) : usz d-escapes on average} < mn — .
’ m+n
Consequently,
omn

dimg{z € X : x §-escapes on average} < dim X — :
m+n
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Proof. Tt is enough to show the proposition for ¢ € (0,1). Let 6 € (0,1) and
x € X be given and let 5 > 0 be as in Theorem 6.4. For any ¢t > tg, choose
the compact set @ as in Theorem 6.4. Denote

Zy = {s € My, n(K,) : usx d-escapes on average}.
Let &’ € (0,4) and denote by dimp the upper box-counting dimension. Con-

sider the compact set Q' = UZ:1 a_;@Q in X. Fix any s € Z; N M, n(O,)
and observe that for any large enough N > 1, we have

| {¢e[1,tN] : grusz ¢ Q'} | = &'tN.
Since gousz € Q' if and only if iy pusx € Q for some 1 < k < t, if gpusx € Q,
then gjusxz € Q' for any (¢ — 1)t + 1 < j < £t. Thus, we have
t|{€e[1,N] : gnusz € Q}| < |{€ € [1,tN] : gousz € Q"}|.
This implies that
{0 e [1,NT : g ¢ Q)| > 6N,
Therefore, we have

Zy 0 Mnn(0)) < | [ Ze(Q,N,1,0).
No=1 N=Ny

It follows from Theorem 6.4 that

dimy Z, < dimpZ, < dimp < U N Zx(Q,N,t,é’)>
No=1 N=Ng

(C” (.’E)tSqu(,m+n_5l)mntN)

< li logy,
< sup limsup —
No=1 N—-w _ logqy (qy (m+n)tN)

3log,, t+ (m +n —d")mnt
B (m+n)t
Letting t — o0 and &' — §, we have
omn
m+n
The “consequently” part follows from the same argument as in the proof of
[ , Theorem 1.1] by considering the thickening along the weak stable
horospherical subgroup with respect to g; (we can use the neighborhood V'
of Ij,4+r, contained in P(O,)U (O, ) defined in Step 3 of the proof of Theorem
3.2). O

Proof of Theorem 1.1. It follows from Dani’s correspondence (Lemma 2.1)
that if s € M,, (K, ) is singular, then the point uszy 1-escapes on average,
where zg denotes the identity coset in X. Therefore, by Proposition 6.5, we
have

dimyg Z, < mn —

mn

dimg Sing(m,n) < mn — .
i 1g( ) m+n
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