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Abstract. In this paper, we consider singular systems of linear forms
over global function fields of class number one and give an upper bound
for the Hausdorff dimension of the set of singular systems of linear forms
by constructing an appropriate Margulis height function on the space of
lattices over global function fields.

1. Introduction

An m ˆ n matrix A P Mm,npRq is called singular if for any ϵ ą 0 there
exists T0 ě 1 such that for all T ě T0, there exist p P Zm and q P Zn such
that

}Aq ` p} ď ϵT´n{m and 0 ă }q} ď T,

where }¨} denotes the sup norm. In 1926, Khintchine [Khi26] introduced the
notion of singularity and showed that the set of such matrices has Lebesgue
measure zero. On the other hand, the computation of the Hausdorff dimen-
sion of the set of singular matrices has been a challenge until the break-
through by Das, Fishman, Simmons, and Urbański [DFSU24]. Before this
breakthrough, it was proved in [Che11] that the Hausdorff dimension of the
set of singular pairs (i.e., m “ 2 and n “ 1) is 4{3. This result was extended
to the m-dimensional singular vectors (i.e., n “ 1) in [CC16], where the au-
thors proved that the singular set has the Hausdorff dimension m2{pm` 1q.
For general singular matrices, it was shown in [KKLM17] that the Hausdorff
dimension of m ˆ n singular matrices is at most mn ´ mn

m`n , and finally, it

was shown in [DFSU24] that the upper bound is sharp.
In contrast to the intensive research mentioned above, there have been

fewer results on singular sets over function fields (see, for example, [DX24]).
In this article, we pursue the method in [KKLM17] in the function field
setting and prove that the Hausdorff dimension of m ˆ n singular matrices
over function fields is at most mn´ mn

m`n .
Let us first introduce the function field setting we will consider. Let K be

any global function field over a finite field Fq of q elements for a prime power
q, that is, the function field of a geometrically connected smooth projective
curve C over Fq. We fix a discrete valuation ν on K and denote by Kν and
Oν the completion ofK with respect to ν and its valuation ring, respectively.
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Fix a uniformizer πν P K such that νpπνq “ 1 and denote kν “ Oν{πνOν

and qν “ Cardkν . The absolute value | ¨ | associated with ν is defined by

|x| “ q
´νpxq
ν for any x P Kν . For any positive integer s, we denote by } ¨ } the

sup norm on Ks
ν and denote by dimH the Hausdorff dimension of subsets of

Ks
ν with respect to the sup norm.
Let Rν be the affine algebra of the affine curve C ∖ tνu. Then Rν is

discrete in Kν and plays a similar role to the ring of integers Z in R. We
remark that Rν is a Dedekind domain in general, but we will assume that
Rν is a principal ideal domain, that is, the ideal class group of Rν is trivial
(see [Ser77, II.2] and [Nar04, Chapter 1]). The assumption is only needed
in order to use the submodularity of the covolume function established in
[Bang25].

We say that a matrix A P Mm,npKνq is singular if for any ϵ ą 0 there
exists T0 ě 1 such that for all T ě T0, there exist p P Rmν and q P Rnν
satisfying

}Aq ` p} ď ϵT´n{m and 0 ă }q} ď T.

Denote by Singpm,nq the set of all singular matrices in Mm,npKνq. The
main result of this article is the following:

Theorem 1.1. Assume that Rν is a principal ideal domain. For m,n P Zě1,

dimH Singpm,nq ď mn´
mn

m` n
.

In fact, we will prove a stronger statement for the dimension of the set
of lattices with trajectories “escaping on average”. See Proposition 6.5 and
the definition just before the proposition.

In order to estimate the upper bound of the Hausdorff dimension of the
singular set, we mainly use the connection (Subsection 2.2) between homo-
geneous dynamics and Diophantine approximation, so-called Dani’s corre-
spondence, and the construction (Corollary 5.2) of an appropriate height
function satisfying a certain contraction property, so-called a Margulis func-
tion which originated in [EMM98].

We basically follow the approach of [KKLM17] to construct an appro-
priate Margulis function. The first step is to obtain a certain contraction
property (Proposition 3.1) at the linear algebra level, and then move to a
contraction property (Corollary 5.1) in homogeneous space using submodu-
larity.

Gaussian random variables were used in [KKLM17] to make calculations
simpler at the linear algebra level. In contrast, we will use a restriction of
the Haar measure instead. We will prove that some analogous properties of
the Gaussian measure still hold for the Haar measure. This is the main step
(Theorem 3.2) to obtain the linear algebra level contraction property.

The article is organized as follows. In Section 2, we introduce terms and
definitions related to global function fields, homogeneous dynamics to inter-
pret the singularity in terms of dynamics, and exterior algebra to develop
the linear algebra level contraction property. Throughout Sections 3 and 4,
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we will prove the contraction property (Proposition 3.1) at the linear alge-
bra level. In particular, Section 3 is devoted to key linear algebra estimates
(Theorem 3.2), and in Section 4, we prove the linear algebra level contraction
property (Proposition 3.1) by establishing the Hodge duality over function
fields. Section 5 is devoted to the construction of Margulis functions under
the assumption that Rν is a principal ideal domain. Finally, in Section 6,
we estimate the upper bound of the Hausdorff dimension of the singular set
using the Margulis function.

Acknowledgments. We thank Frédéric Paulin for insightful discussions
and for sharing his results, and the referee for a careful reading of the man-
uscript and for valuable suggestions that improved the exposition, in partic-
ular for pointing out a more precise and simpler proof of Claim 2 in Propo-
sition 6.1. This project was partly conducted during T.K.’s visit to Seoul
National University. S.L. and G.B. are supported by National Research
Foundation of Korea, under Project number NRF-2020R1A2C1A01011543,
S.L. by RS-2023-00301976, RS-2025-02293115, and RS-2025-00515082. S.L.
is an associate member of Korea Institute for Advanced Study.

2. Preliminaries

2.1. Global function fields. As in the introduction, we consider a global
function field K over a finite field Fq of q elements for a prime power q. We
denote by g the genus of C. Recall that we consider a discrete valuation ν
on K, the completion Kν of K for ν, its valuation ring Oν , a uniformizer
πν P K, the residual field kν “ Oν{πνOν , its cardinality qν “ Cardkν , the
absolute value | ¨ | associated with ν, and the affine algebra Rν of the affine
curve C∖ tνu.

Then the completion Kν of K for ν is the field kνppπνqq of Laurent series
x “

ř

iPZ xipπνqi in the variable πν over kν , where xi P kν is zero for i P Z
small enough. It follows that

|x| “ q´ suptjPZ: @iăj, xi“0u
ν ,

and Oν “ kνrrπνss is the local ring of power series x “
ř

iPZě0
xipπνqi in the

variable πν over kν .
For any positive integer s, we denote by µs the Haar measure of Ks

ν

normalized so that µspOs
νq “ 1 and by µs “ µs|Os

ν
the restriction of µs on

Os
ν . A lattice Λ in Ks

ν is a discrete free Rν-submodule in Ks
ν that generates

Ks
ν as a Kν-vector space. The covolume of Λ, denoted by covpΛq, is the

Haar measure µs of a fundamental domain of Λ in Ks
ν . Note that Rsν is a

lattice in Ks
ν and by [BPP19, Lemma 14.4] we have

(2.1) covpRsνq “ qpg´1qs.

We say that a lattice Λ in Ks
ν is unimodular if covpΛq “ covpRsνq.
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2.2. Homogeneous dynamics. Fix m,n P Zě1. Let

G “ SLm`npKνq, Γ “ SLm`npRνq, and X “ G{Γ.

The homogeneous space X can be identified with the G-orbit of Rm`n
ν in the

space of unimodular lattices in Km`n
ν . Note that the homogeneous space

X may not be the full space of unimodular lattices in Km`n
ν as one can

multiply the standard lattice Rm`n
ν by a constant which is not in Rν but

has absolute value 1. In order to relate Diophantine approximation and
homogeneous dynamics, we consider the following diagonal flow:

gt “

ˆ

π´nt
ν Im

πmtν In

˙

for t P Z.

Then gt acts on X by left multiplication and the unstable horospherical
subgroup for g1 in G is given by

U “

"

us “

ˆ

Im s
In

˙

: s P Mm,npKνq

*

.

Lemma 2.1 (Dani’s correspondence). A matrix s P Mm,npKνq is singular
if and only if the trajectory tgtusΓ : t P Zě1u is divergent in X, that is,
leaves every compact subset of X.

Proof. The same proof from [Dan85, §2] works verbatim in our setting with
Mahler compactness criterion over global function fields as in [KST17, The-
orem 1.1]. □

2.3. Exterior algebra. Given i, d P Zě0 with i ď d, we denote Ji, dK “

ti, i` 1, . . . , du. For any finite subset S of Zě1 satisfying |S| ě i, denote the
set of subsets of i elements in S by

℘ipSq “ tS1 Ď S : |S1| “ iu

and denote ℘di “ ℘ipJ1, dKq.
Denote vI “ vj1 ^ ¨ ¨ ¨ ^ vji for I “ tj1, . . . , jiu P ℘di with j1 ă ¨ ¨ ¨ ă ji

and vj1 , . . . ,vji P Kd
ν . An element v P

ŹiKd
ν is called decomposable if

v “ vJ1,iK for some v1, . . . ,vi P Kd
ν . Arbitrary elements of

ŹiKd
ν are linear

combinations of decomposable elements. Let te1, . . . , edu be the standard

basis of Kd
ν . Then teIuIP℘d

i
is the standard basis of

ŹiKd
ν . Define the norm

on
ŹiKd

ν by
}v} “ max

IP℘d
i

|vI |.

for v “
ř

IP℘d
i
vIeI P

ŹiKd
ν .

Note that any element g P SLdpKνq acts linearly on Kd
ν . The action

naturally extends to
ŹiKd

ν by

g.pv1 ^ ¨ ¨ ¨ ^ viq “ pgv1q ^ ¨ ¨ ¨ ^ pgviq.

We denote the orthogonal group for a non-Archimedean field by

(2.2) GLdpOνq “ tA P Md,dpOνq : |detA| “ 1u,
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and the special orthogonal group by SLdpOνq “ GLdpOνq X SLdpKνq. Note
that the non-Archimedean norm on Kd

ν is invariant under GLdpOνq (see
[Wei95]), and thus, the restriction measure µd is GLdpOνq-invariant.

3. Key linear algebra estimates

Throughout Sections 3 and 4, we will prove the following proposition,
which is a global function field analog of [KKLM17, Proposition 3.1 and
Lemma 3.5]. We remark that all statements in Sections 3 and 4 actually hold
for all non-Archimedean local fields, including p-adic fields and completions
of global function fields, without any condition on the class number.

Proposition 3.1. For any i P J1,m` n´ 1K, let

βi :“

#

m
i if i ď m,
n

m`n´i if i ą m.

Then there exists c ą 0 depending only on m,n such that
ż

Mm,npOνq

}gtusv}´βidµmnpsq ď ctq´mnt
ν }v}´βi

for any t P Zě1 and any decomposable v P
ŹiKm`n

ν .

The goal of this section is to prove Proposition 3.7, which is the first step
of Proposition 3.1. Note that Proposition 3.7 is an analog of [KKLM17,
Proposition 3.1], but restricted to wedge vectors of dimension at most m,
due to the fact that the Hodge dual operator is no longer equivariant under

the orthogonal group GLdpOνq. For example, for A “

ˆ

1 1
0 1

˙

P GL2pOνq,

˚pAe1q ‰ Ap˚e1q (see Lemma 4.2 for detail).
Another remark is that while the Gaussian measure is used in [KKLM17]

to control an integral over OdpRq, we will use the restricted Haar measure
µd as an analog. In [Eva01, Theorem 4.2], it is shown that every GLdpOνq-
invariant probability measure on Kd

ν whose coordinate projections are in-
dependent is a normalized restricted measure of the Haar measure on a
Oν-module πrνOd

ν for some r P Z. Considering Maxwell’s characterization of
the Gaussian distribution in the real case, µd is the right analog of (real)
Gaussian measure.

Throughout this section, let i, d P Zě1 with i ď d. Given a matrix s, we
denote the j-th column and j-th row vectors by sj and sj , respectively. For
s P Md,ipOνq, let cIpsq be the coefficient corresponding to eI of s1 ^¨ ¨ ¨^si P
ŹiKd

ν , i.e.,

s1 ^ ¨ ¨ ¨ ^ si “
ÿ

IP℘d
i

cIpsqeI .

In order to prove Proposition 3.7, we need the following measure estimates:
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Theorem 3.2. Given ℓ, ℓ1 P Zě0 with ℓ ď ℓ1, let Eℓpd, iq be the set of i-tuples
of vectors of Od

ν whose wedge product has norm bounded by q´ℓ, and Fℓ,ℓ1 be
its subset with the absolute value of the “first” coordinate cJ1,iKpsq bounded

by q´ℓ1

:

Eℓpd, iq “ ts “ ps1, . . . , siq P Md,ipOνq : }s1 ^ ¨ ¨ ¨ ^ si} ď q´ℓ
ν u;(3.1)

Fℓ,ℓ1pd, iq “ Eℓpd, iq X ts P Md,ipOνq : |cJ1,iKpsq| ď q´ℓ1

ν u.

For each i P J1, dK, there exists a constant C1pd, iq ą 0 depending on d and
i such that

µdipFℓ,ℓ1pd, iqq ď C1

ˆ

ℓ1 ´ ℓ`
`

d
i

˘

ℓ1 ´ ℓ` 1

˙

q´ℓpd´iq´ℓ1

ν .

In particular, µdipEℓpd, iqq ď C2q
´ℓpd´i`1q
ν for a constant C2 “ C2pd, iq ą 0.

Consequently, taking C1pdq :“ max1ďiďdC1pd, iq and C2pdq :“ max1ďiďdC2pd, iq
yields constants depending only on d.

Given a
`

d
i

˘

-tuple pnIqIP℘d
i
of non-negative integers, consider even more

refined subsets

Dd
I pℓq “ ts P Md,ipOνq : |cIpsq| “ q´ℓ

ν u and Dd
i ppnIqIq “

č

IP℘d
i

Dd
I pnIq.

In other words, the set Dd
i ppnIqIq is the subset of

ŹiOν
d consisting of

elements whose coefficient cI has absolute value exactly q´nI , for all I.
Since we use the sup norm for

ŹiKd
ν , the set Fℓ,ℓ1pd, iq is partitioned into

Fℓ,ℓ1pd, iq “
ž

pnIq
IP℘d

i
PZ

℘d
i

ě1 :nJ1,iKěℓ1;@IP℘d
i , nIěℓ

Dd
i ppnIqIq.

We will simultaneously prove the following estimate of µdipD
d
i ppnIqIqq. We

define expqν pxq “ qxν for every x P R.

Lemma 3.3. For d, i P Zě1 with i ď d, there exists a constant C “ Cpd, iq ą

0 such that for any
`

d
i

˘

-tuple pnIqIP℘d
i
of non-negative integers, there exists

I 1 P ℘di such that we have

µdipD
d
i ppnIqIqq ď C expqν p´max

IP℘d
i

nI ´ pd´ iqnI 1q.

Remark 3.4. The proofs of Lemma 3.3 and Theorem 3.2 are carried out
simultaneously: while Lemma 3.3 for pd, iq implies Theorem 3.2 for pd, iq,
the proof of Lemma 3.3 for pd, iq uses (3.1) from Theorem 3.2 for pd, i´ 1q.

Proofs of Theorem 3.2 and Lemma 3.3. We proceed by induction on pd, iq
with 1 ď i ď d, using the following four steps.

Step 0 : Lemma 3.3 holds for pd, 1q with d ě 1.
Step 1 : If Lemma 3.3 holds for pd, iq with 2 ď i ď d, then Lemma 3.3

holds for pd` 1, iq.
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Step 2 : If Lemma 3.3 holds for pd, iq with 1 ď i ď d, then Theorem 3.2
holds for pd, iq.

Step 3 : If Lemma 3.3 and Theorem 3.2 hold for pd ` 1, dq with d ě 1,
then Lemma 3.3 holds for pd` 1, d` 1q.

By Step 0, Lemma 3.3 holds for pd, 1q with d ě 1. In particular, Lemma
3.3 holds for p2, 1q, which implies Theorem 3.2 for p2, 1q by Step 2. Then,
Step 3 ensures that Lemma 3.3 holds for p2, 2q. For the remaining cases
2 ď j ď d, assume by induction that Lemma 3.3 holds for pj, jq with j ě 2.
Then Lemma 3.3 holds for pd1, jq with 2 ď j ď d1 by iterating Step 1, and
in particular for pj ` 1, jq if j ă d. Hence, Theorem 3.2 holds for pj ` 1, jq
by Step 2. Therefore, Lemma 3.3 holds for pj ` 1, j ` 1q by Step 3. The
two results follow by induction.

Proof of Step 0. Denote nj :“ ntju. Since

Dd
1ppnIqIq “ ts “ ps1, . . . , sdq P Od

ν : |sj | “ q
´nj
ν , j P J1, dK u,

the Haar measure of this set is

µdpDd
1ppnIqIqq “

d
ź

j“1

µ1ptsj P Oν : |sj | “ q
´nj
ν uq “

d
ź

j“1

p
1

q
nj
ν

´
1

q
nj`1
ν

q

ď expqν p´

d
ÿ

j“1

njq ď expqν p´ max
1ďjďd

nj ´ pd´ 1q min
1ďjďd

njq,

which implies Lemma 3.3 for pd, 1q for any d P Zě1.

Proof of Step 1. Suppose that Lemma 3.3 holds for pd, iq with 2 ď i ď d.
We will divide pd ` 1qi variables into di and i variables in several ways,
and apply Fubini’s theorem. We will obtain several upper bounds of partial
integral (Claim 1), and find an appropriate bound among them (Claim 2).
Finally, we use the induction hypothesis for another partial integral such that
we have the required upper bound for the measure of Dd`1

i ppnIqIq.
Fix w P J1, d ` 1K. We will choose an optimal w later in Claim 2. Let

teklu1ďkďd`1,1ďlďi, tfklu1ďkďd,1ďlďi, and telu1ďlďi be the standard Oν-bases
of Md`1,ipOνq, Md,ipOνq, and Oi

ν , respectively. Define Oν-linear maps ϕ “

ϕpd, i, wq from Md`1,ipOνq to Md,ipOνq suppressing w-th row and shifting
the following rows by 1, and ψ “ ψpd, i, wq fromMd`1,ipOνq to Oi

ν as follows:
let the map θw : J1, dK Ñ J1, d ` 1K be given by θwpkq “ k if k ă w and
θwpkq “ k ` 1 otherwise, and define

ϕpeklq “

#

fθ´1
w pkql if k ‰ w

0 if k “ w,
ψpeklq “

#

el if k “ w

0 if k ‰ w.

Note that these maps are well-defined for any integers d, i ě 1 and w P

J1, d ` 1K, independently of the assumption 2 ď i ď d used in this step.

Denote θwp℘di q “ tθwpĨq : Ĩ P ℘di u, i.e., the set of indices I P ℘d`1
i which

do not contain w. Note that the product map ϕ ˆ ψ from Md`1,ipOνq to
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Md,ipOνq ˆ Oi
ν is simply shifting the w-th row to the last row and shifting

the other rows accordingly. It is clearly bijective, linear and the pushforward
measure of µdi ˆ µi by pϕˆψq´1 is µpd`1qi by the uniqueness of probability
Haar measure on Md`1,ipOνq.

Let D “ Dd`1
i ppnIqIq and Dw “ Dd

i ppnθwpĨq
qĨP℘d

i
q. By ignoring the con-

ditions for indices I containing w, we have

D Ď
č

IPθwp℘d
i q

Dd`1
I pnIq “ ϕ´1pDwq.

Then pϕˆ ψqpDq Ď Dw ˆ Oi
ν . Using Fubini’s theorem, we have

(3.2)

µpd`1qipDq “

ż

pϕˆψq´1pDwˆOi
νq

1Dpsqdµpd`1qipsq

“

ż

Dw

ż

Oi
ν

1Dppϕˆ ψq´1ps1, s2qqdµips2qdµdips1q.

For a matrix s P Dw, an index J “ tk1, ¨ ¨ ¨ , ki´1u P ℘di´1 with k1 ă ¨ ¨ ¨ ă

ki´1 and v P Oi
ν , letMJps,vq be the iˆ i matrix whose j-th row is the kj-th

row vector of s for j P J1, i´ 1K and the last row is v. Given H P
Ť

jěi´1 ℘
d
j ,

define

XHpsq “ tv P Oi
ν : |detMJps,vq| “ expqν p´nθwpJq\twuq, @J P ℘i´1pHqu.

Observe that for any s1 P Dw and s2 P Oi
ν , we have

(3.3) 1Dppϕˆ ψq´1ps1, s2qq ď 1XJ1,dKps1qps2q

since if s “ pϕˆ ψq´1ps1, s2q P D, then for any J P ℘di´1,

|detMJps1, s2q| “ |cθwpJq\twupsq| “ expqν p´nθwpJq\twuq,

where the first equality follows from the definitions of ϕ and ψ: indeed,
s1 “ ϕpsq consists of the rows of s with indices in θwpJq and s2 “ ψpsq is the
w-th row of s; and the second equality follows from the assumption s P D
and the definition of the set D.
Claim 1. For s P Dw and Î P ℘di , we have

µipXÎpsqq ď expqν

´

pi´ 1qnθwpÎq
´

ÿ

JP℘i´1pÎq

nθwpJq\twu

¯

.

Proof of Claim 1. Set Î “ tι1, . . . , ιiu. Consider an pi, iq-matrix sÎ obtained

by keeping the i-th rows of s, for i P Î. For each 1 ď k, l ď i, let ρklpsq

be the pk, lq-entry of the adjugate matrix adjpsÎq of sÎ . Note that for any

k P J1, iK and v “ pvjq P Oi
ν ,

|detMÎ´tιku
ps,vq| “ |ρk1psqv1 ` ¨ ¨ ¨ ` ρkipsqvi|.
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Set nk :“ nθwpÎ´tιkuq\twu
for the rest of the proof of Claim 1. By consid-

ering adjpsÎq as a linear transformation,

XÎpsq “ tv P Oi
ν : |detMÎ´tιku

ps,vq| “ q´nk
ν , k P J1, iKu

“ tv P Oi
ν : |

i
ÿ

l“1

ρklpsqvl| “ q´nk
ν , k P J1, iKu

“ adjpsÎq´1ptpv1
1, . . . , v

1
iq P Ki

ν : |v1
k| “ q´nk

ν , k P J1, iKuq.

By the property of the adjugate matrix, we have

(3.4)

µipXÎpsqq “ |detpadjpsÎq´1q|µip
i
ź

k“1

tv1
k : |v1

k| “ q´nk
ν uq

ď |detpadjpsÎq´1q|

i
ź

k“1

q´nk
ν

“ |detpsÎq´pi´1q| expqν p´

i
ÿ

k“1

nkq.

Since s P Dw and Î P ℘di , we have s P Dd
Î
pnθwpÎq

q, and thus |detpsÎq| “

|cÎpsq| “ q
´nθwpÎq

ν . Combining with (3.4), we have

µipXÎpsqq ď expqν

´

pi´ 1qnθwpÎq
´

i
ÿ

k“1

nθwpÎ´tιkuq\twu

¯

.

□

Hence, for any Î P ℘di , it follows from (3.2), (3.3), and Claim 1 that

(3.5)

µpd`1qipDq ď

ż

Dw

ż

Oi
ν

1XJ1,dKps1qps2qdµips2qdµdips1q

ď

ż

Dw

ż

Oi
ν

1XÎps1qps2qdµips2qdµdips1q

ď

ż

Dw

expqν

´

pi´ 1qnθwpÎq
´

ÿ

JP℘i´1pÎq

nθwpJq\twu

¯

dµdips1q

“ expqν

´

pi´ 1qnθwpÎq
´

ÿ

JP℘i´1pÎq

nθwpJq\twu

¯

µdipDwq.

Claim 2. There exist w0 P J1, d` 1K and I0 P θw0p℘di q satisfying

(3.6) pi´ 1qnI0 ´
ÿ

JP℘i´1pI0q

nJ\tw0u ď ´ max
IP℘d`1

i

nI .

Proof of Claim 2. Let Imax be an element in ℘d`1
i such that nImax “ max

IP℘d`1
i

nI .

Consider the subsetQ of ℘d`1
i whose element I differs from Imax by one digit,
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i.e., |Imax ∖ I| “ 1. Let I0 P Q be such that nI0 “ min
IPQ

nI . Note that by

construction, there exist w0, w1 P J1, d ` 1K, and J0 P ℘i´1pImaxq satisfying
Imax “ J0 \ tw0u, I0 “ J0 \ tw1u, w0 R I0, and w1 R Imax.

We claim that the pair (w0, I0) satisfies (3.6). Since I0 does not contain
w0, clearly I0 P θw0p℘di q. Let J P ℘i´1pI0q∖ tJ0u. Then we have w1 P J and
J∖tw1u Ă J0 Ă Imax. By definition, we have pJ∖tw1uq\tw0u P ℘i´1pImaxq.
Hence, J Y tw0u “ ppJ ∖ tw1uq \ tw0uq \ tw1u P Q, which implies that

nJYtw0u ě min
IPQ

nI “ nI0 .

Since J0 \ tw0u “ Imax, it follows that
ÿ

JP℘i´1pI0q

nJ\tw0u “ nJ0\tw0u `
ÿ

JP℘i´1pI0q∖tJ0u

nJ\tw0u ě nImax ` pi´ 1qnI0 ,

which shows that (w0, I0) satisfies (3.6). □

Hence, it follows from (3.5) and Claim 2 that

(3.7) µpd`1qipDq ď expqν p´ max
IP℘d`1

i

nIqµdipDw0q.

By the induction hypothesis that Lemma 3.3 holds for pd, iq, there exist

a constant C “ Cpd, iq ą 0 and Ĩ 1 P ℘di such that

µdipDw0q ď C expqν p´max
ĨP℘d

i

nθw0 pĨq
´ pd´ iqnθw0 pĨ 1q

q

ď C expqν p´pd´ i` 1qnθw0 pĨ 1q
q.

Combining with (3.7), we obtain

µpd`1qipDq ď C expqν p´ max
IP℘d`1

i

nI ´ pd´ i` 1qnθw0 pĨ 1q
q.

Therefore, by letting I 1 :“ θw0pĨ 1q P ℘d`1
i , Lemma 3.3 holds for pd ` 1, iq,

which concludes Step 1.

Proof of Step 2. Suppose that Lemma 3.3 holds for pd, iq with 1 ď i ď d.

Denote ℘di “ tI1, I2, ¨ ¨ ¨ , Iku with k “
`

d
i

˘

and define

Tℓ,ℓ1 “
ž

pnIq
IP℘d

i
PZ

℘d
i

ě1 : ℓďnI1
ď¨¨¨ďnIk

, ℓ1ďnJ1,iK

Dd
i ppnIqIq

and for r P J0, kK,

Sℓ,ℓ1prq “
ž

pnIq
IP℘d

i
PZ

℘d
i

ě1 : ℓďnI1
ď¨¨¨ďnIrďℓ1ďnIr`1

ď¨¨¨ďnIk

Dd
i ppnIqIq.

Since J1, iK P ℘di and ℓ1 ď nJ1,iK in Tℓ,ℓ1 , we have

(3.8) Tℓ,ℓ1 Ď

k´1
ď

r“0

Sℓ,ℓ1prq.
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By Lemma 3.3 for pd, iq, there exists a constant C “ Cpd, iq ą 0 such that

µdipD
d
i ppnIqIqq ď C expqν p´max

IP℘d
i

nI ´ pd´ iqmin
IP℘d

i

nIq.

Hence, we can estimate the Haar measure of Sℓ,ℓ1prq as

µdipSℓ,ℓ1prqq “
ÿ

ℓďnI1
ď¨¨¨ďnIrďℓ1ďnIr`1

ď¨¨¨ďnIk

µdipD
d
i ppnIqIqq

ď
ÿ

ℓďnI1
ď¨¨¨ďnIrďℓ1ďnIr`1

ď¨¨¨ďnIk

C expqν p´max
IP℘d

i

nI ´ pd´ iqmin
IP℘d

i

nIq

ď

ℓ1
ÿ

nIr“ℓ

¨ ¨ ¨

nI2
ÿ

nI1
“ℓ

8
ÿ

nIr`1
“ℓ1

¨ ¨ ¨

8
ÿ

nIk
“nIk´1

Cq
´nIk

´pd´iqℓ
ν

ď

ℓ1
ÿ

nIr“ℓ

¨ ¨ ¨

nI2
ÿ

nI1
“ℓ

8
ÿ

nIr`1
“ℓ1

¨ ¨ ¨

8
ÿ

nIk´1
“nIk´2

Cp1 ´ q´1
ν q´1q

´nIk´1
´pd´iqℓ

ν

...

ď

ℓ1
ÿ

nIr“ℓ

¨ ¨ ¨

nI2
ÿ

nI1
“ℓ

Cp1 ´ q´1
ν q´k`rq´ℓ1´pd´iqℓ

ν

ď Cp1 ´ q´1
ν q´kq´ℓ1´pd´iqℓ

ν

ℓ1
ÿ

nIr“ℓ

¨ ¨ ¨

nI2
ÿ

nI1
“ℓ

1.

“ Cp1 ´ q´1
ν q´kq´ℓ1´pd´iqℓ

ν

ˆ

ℓ1 ´ ℓ` r

r

˙

,

where the last equality holds by setting mIj “ nIj ´ pℓ ´ 1q and using a
simplicial polytopic number

ℓ1
ÿ

nIr“ℓ

¨ ¨ ¨

nI2
ÿ

nI1
“ℓ

1 “

ℓ1´ℓ`1
ÿ

mIr“1

¨ ¨ ¨

mI2
ÿ

mI1
“1

1 “

ˆ

ℓ1 ´ ℓ` r

r

˙

.

Hence, it follows from (3.8) and Fermat’s identity that

µdipTℓ,ℓ1q ď Cp1 ´ q´1
ν q´kq´ℓ1´pd´iqℓ

ν

k´1
ÿ

r“0

ˆ

ℓ1 ´ ℓ` r

r

˙

ď Cp1 ´ q´1
ν q´kq´ℓ1´pd´iqℓ

ν

ˆ

ℓ1 ´ ℓ` k

k ´ 1

˙

,

and thus, we obtain by symmetry that

(3.9) µdipFℓ,ℓ1pd, iqq ď pk!qµdipTℓ,ℓ1q ď C1q
´ℓ1´pd´iqℓ
ν

ˆ

ℓ1 ´ ℓ` k

k ´ 1

˙

,

where C1 “ C max
1ďiďd

k!p1 ´ q´1
ν q´k is a constant depending on d and i.
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For Eℓpd, iq, apply ℓ “ ℓ1 to (3.9). Then

µdipEℓpd, iqq ď C1kq
´pd´i`1qℓ
ν ď C2q

´pd´i`1qℓ
ν ,

where C2 “ C1 max
1ďiďd

k depends on d and i.

Proof of Step 3. Suppose that Lemma 3.3 holds for pd`1, dq and consider

the case of pd ` 1, d ` 1q. Since ℘d`1
d`1 “ tJ1, d ` 1Ku, it is sufficient to show

that there exists a constant C “ Cpdq ą 0 such that for any N ě 0, we
have

µpd`1q2pDd`1
J1,d`1KpNqq ď Cq´N

ν .

Let D “ Dd`1
J1,d`1KpNq. Define a partition tRℓuℓě0 of D by

Rℓ “ ts P D : }s1 ^ ¨ ¨ ¨ ^ sd} “ q´ℓ
ν u,

where sj is the j-th row vector of s. Denote by ϕ “ ϕpd, d ` 1, d ` 1q and
ψ “ ψpd, d ` 1, d ` 1q the O-linear maps as in Step 1, that is, ψ is the
projection to the pd ` 1q-th row, and ϕ is the projection to the remaining
rows. Then it follows from Fubini’s theorem that

(3.10)

µpd`1q2pRℓq “

ż

pϕˆψq´1pϕpRℓqˆOd`1
ν q

1Rℓ
psqdµpd`1q2psq

“

ż

ϕpRℓq

ż

Od`1
ν

1Rℓ
ppϕˆ ψq´1ps1, s2qqdµd`1ps2qdµdpd`1qps1q.

For s P ϕpRℓq and v P Od`1
ν , let MJ1,dKps,vq be the pd` 1q ˆ pd` 1q matrix

with rows s1, . . . , sd and v. Consider the following set

XJ1,dKpsq :“ tv P Od`1
ν : |detMJ1,dKps,vq| “ q´N

ν u.

Similarly to (3.3), for any s1 P ϕpRℓq and s2 P Od`1
ν , we have

(3.11) 1Rℓ
ppϕˆ ψq´1ps1, s2qq ď 1XJ1,dKps1qps2q.

For j P J1, d ` 1K, let τpd`1q, jpsq be the pd ` 1, jq-cofactor of MJ1,dKps,vq.

Since s P ϕpRℓq, we have max
1ďjďd`1

p|τpd`1q, jpsq|q “ }s1 ^ ¨ ¨ ¨ ^ sd} “ q´ℓ
ν . Note

that for any nonzero vector a “ pajq1ďjďd`1 P Od`1
ν such that }a} “ |aj0 |

for some j0 P J1, d`1K, if we denote by pvjq1ďjďd`1 the coordinates on Od`1
ν

and set v1 “ pv1, . . . , v̂j0 , . . . , vd`1q, then by Fubini’s theorem we can write

µd`1ptpvjq1ďjďd`1 P Od`1
ν : |

d`1
ÿ

j“1

ajvj | ď q´N
ν uq

“

ż

Od
ν

ż

Oν

1
tvj0 : |aj0vj0`

ř

j‰j0

ajvj |ďq´N
ν u

pvj0q dµ1pvj0qdµdpv1q.

For each fixed v1 P Od
ν , the inner integral equals the measure of

Bv1 “ tvj0 P Oν : |aj0vj0 `
ÿ

j‰j0

ajvj | ď q´N
ν u
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which is either the whole Oν or a ball of radius |aj0 |´1q´N
ν centered at

´
ř

j‰j0
a´1
j0
ajvj . Since µ1pBv1q ď |aj0 |´1q´N

ν , integrating over v1 gives

µd`1ptpvjq1ďjďd`1 P Od`1
ν : |

d`1
ÿ

j“1

ajvj | ď q´N
ν uq

ď

ż

Od
ν

q´N
ν

|aj0 |
dµdpv1q “

q´N
ν

}a}
.

Hence, by the cofactor expansion of detMJ1,dKps,vq along pd` 1q-th row,
we have

(3.12)

µd`1pXJ1,dKpsqq “ µd`1ptpvjq P Od`1
ν : |

d`1
ÿ

j“1

τpd`1q, jpsqvj | “ q´N
ν uq

ď
q´N
ν

max
1ďjďd`1

p|τpd`1q, jpsq|q
“ q´N`ℓ

ν .

Therefore, it follows from (3.10), (3.11), and (3.12) that

(3.13)
µpd`1q2pRℓq ď

ż

ϕpRℓq

µd`1pXJ1,dKps1qqdµdpd`1qps1q

ď q´N`ℓ
ν µdpd`1qpϕpRℓqq.

Observe that ϕpRℓq Ă ttA : A P Eℓpd`1, dqu, where tA denotes the transpose
of A. By the induction hypothesis on pd ` 1, dq of Step 3 and by Step 2
for pd` 1, dq, we have

(3.14)
µdpd`1qpϕpRℓqq ď µpd`1qdpEℓpd` 1, dqq

ď C2pd` 1, dqq´ℓppd`1q´d`1q
ν “ C2pd` 1, dqq´2ℓ

ν .

Therefore, for any N ě 0, it follows from (3.13) and (3.14) that

µpd`1q2pDq “

8
ÿ

ℓ“0

µpd`1q2pRℓq ď

8
ÿ

ℓ“0

q´N`ℓ
ν µdpd`1qpϕpRℓqq

ď

8
ÿ

ℓ“0

q´N`ℓ
ν C2pd` 1, dqq´2ℓ

ν “ C2pd` 1, dqp1 ´ q´1
ν q´1q´N

ν ,

which completes Step 3 with Cpd` 1, d` 1q “ C2pd` 1, dqp1´ q´1
ν q´1. □

Now, we will prove the analogs of Lemma 3.2 and Lemma 3.4 in [KKLM17].
Recall from Section 2 that the restriction measure µd of the Haar measure
is a SLdpOνq-invariant probability measure on Od

ν .

Lemma 3.5. Let i P J1, dK and x1, . . . ,xi be independent, identically dis-
tributed SLdpOνq-invariant random variables on Kd

ν with law µd. Then

Ep}x1 ^ ¨ ¨ ¨ ^ xi}
´βq ă 8

for all β ă d´ i` 1.
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Proof. Recall that sj is the j-th column vector of s P Md,ipOνq for every
j P J1, iK. We will compute

Ep}x1 ^ ¨ ¨ ¨ ^ xi}
´βq “

ż

Md,ipKνq

}

i
ľ

j“1

sj}
´β dµdipsq

“

ż

Md,ipOνq

}

i
ľ

j“1

sj}
´β dµdipsq.

Since the norm takes values in qZν Y t0u, consider the partition tEℓuℓě0 of
Md,ipOνq, where

(3.15) Eℓ “ Eℓpd, iq “ ts P Md,ipOνq : }

i
ľ

j“1

sj} “ q´ℓ
ν u.

By Theorem 3.2, there exists a constant C2 “ C2pdq ą 0 such that µdipEℓq ď

C2q
´ℓpd´i`1q
ν for any ℓ ě 0. Hence, we have

Ep}

i
ľ

j“1

xj}
´βq “

8
ÿ

ℓ“0

ż

Eℓ

}

i
ľ

j“1

sj}
´β dµdipsq “

8
ÿ

ℓ“0

ż

Eℓ

pq´ℓ
ν q´β dµdipsq

“

8
ÿ

ℓ“0

qℓβν µdipEℓq ď C2

8
ÿ

ℓ“0

qℓβν q
´ℓpd´i`1q
ν ,

which is finite for any β ă d´ i` 1. □

Lemma 3.6. Let x1, . . . ,xi be random variables as in Lemma 3.5 and C2 “

C2pdq the constant as in Theorem 3.2. Then for every κ P Zě1, we have

Ep}x1 ^ ¨ ¨ ¨ ^ xi}
´pd´i`1q1p}x1 ^ ¨ ¨ ¨ ^ xi} ą q´κ

ν qq ď C2κ.

Proof. Recall Eℓ as in (3.15). Since µdipEℓq ď C2q
´ℓpd´i`1q
ν and

ts P Md,ipOνq : }

i
ľ

j“1

sj} ą q´κ
ν u “

κ´1
ď

ℓ“0

Eℓ,
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we have

Ep}

i
ľ

j“1

xj}
´pd´i`1q1p}

i
ľ

j“1

xj} ą q´κ
ν qq

“

ż

Md,ipKνq

}

i
ľ

j“1

sj}
´pd´i`1q1p}

i
ľ

j“1

sj} ą q´κ
ν q dµdipsq

“

ż

Md,ipOνq

}

i
ľ

j“1

sj}
´pd´i`1q1p}

i
ľ

j“1

sj} ą q´κ
ν q dµdipsq

“

κ´1
ÿ

ℓ“0

ż

Eℓ

}

i
ľ

j“1

sj}
´pd´i`1q dµdipsq

“

κ´1
ÿ

ℓ“0

ż

Eℓ

pq´ℓ
ν q

´pd´i`1q
dµdipsq

“

κ´1
ÿ

ℓ“0

qℓpd´i`1q
ν µdipEℓq ď

κ´1
ÿ

ℓ“0

qℓpd´i`1q
ν C2q

´ℓpd´i`1q
ν ď C2κ.

□

Now we obtain an analog of [KKLM17, Proposition 3.1] in the global
function fields, but only for wedge vectors of small dimensions. Let λ be the
normalized Haar measure on the compact group SLm`npOνq.

Proposition 3.7. For i P J1,mK, let βi “ m
i . Then there exists a constant

C ą 0 depending only on m,n such that
ż

SLm`npOνq

}gtkv}´βidλpkq ď Ctq´mnt
ν }v}´βi

for any t P Zě1 and any decomposable i-vector v P
ŹiKm`n

ν .

Proof. Set

Itpvq “

ż

SLm`npOνq

}gtkv}´βidλpkq

for each t P Zě1 and decomposable i-vector v P
ŹiKm`n

ν . By [Bang25,
Corollary 2.11] (see also [HP, Lemma 2.7] for the transitivity on Grassma-
nian), for any decomposable i-vectors v,v1 satisfying }v} “ }v1}, there exist
c P Kν with |c| “ 1 and g P SLm`npOνq such that v “ cgv1. Using the
SLm`npOνq-invariance of λ and the homogeneity of the norm, we have

Itpvq “

ż

SLm`npOνq

}gtkv}´βidλpkq “

ż

SLm`npOνq

}gtkpcgv1q}´βidλpkq

“

ż

SLm`npOνq

}gtkgv
1}´βidλpkq “

ż

SLm`npOνq

}gtkv
1}´βidλpkq

“ Itpv
1q
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Thus, for any decomposable i-vectors v,w P
ŹiKm`n

ν , we have

}v}βiItpvq “ Itp
v

}v}
q “ Itp

w

}w}
q “ }w}βiItpwq.

Hence, we have

(3.16) Itpvq “ Cptq}v}´βi

for some function Cptq.
Let v “ x1 ^ ¨ ¨ ¨ ^xi, where x1, . . . ,xi are independent random variables

on Km`n
ν whose distribution is µm`n. Since βi “ m

i ă m ` n ´ i ` 1 for

every i ď m, we obtain C 1
1 :“ Ep}x1 ^ ¨ ¨ ¨ ^ xi}

´βiq ă 8 by Lemma 3.5.
Taking the expectation on (3.16), and since the distributions of x1, . . . ,xi
are SLm`npOνq-invariant, we obtain

Cptq “
1

C 1
1

EpItpx1 ^ ¨ ¨ ¨ ^ xiqq “
1

C 1
1

Ep}gtpx1 ^ ¨ ¨ ¨ ^ xiq}´βiq.

Hence, it suffices to show that there exists a constant c depending only on
m and n such that

(3.17) Ep}gtpx1 ^ ¨ ¨ ¨ ^ xiq}´βiq ď ctq´mnt
ν

for all t P Zě1.
Let Vu and Vs be the subspaces of Km`n

ν spanned by teju1ďjďm and

tem`ju1ďjďn, respectively. Let p
p1q
u : Km`n

ν Ñ Vu and p
p1q
s : Km`n

ν Ñ Vs be
the projections corresponding to the direct sum Km`n

ν “ Vu
À

Vs. Define

the projection p
piq
u :

ŹiKm`n
ν Ñ

Źi Vu by

ppiq
u peIq “

i
ľ

k“1

pp1q
u peιkq

for each I “ tι1, . . . , ιiu P ℘m`n
i and extending it linearly. Define the pro-

jection p
piq
s :

ŹiKν
m`n Ñ

Źi Vs in a similar way. Note that

(3.18) ppiq
u pvJ1,iKq “

i
ľ

j“1

pp1q
u pvjq

for any v1, . . . ,vi P Km`n
ν .

For 1 ă i ă m, since p
piq
u is a projection, we have

(3.19) }ppiq
u gtp

i
ľ

j“1

xjq} “ }ppiq
u p

i
ľ

j“1

gtxjq} ď }gtp
i

ľ

j“1

xjq}.

Note that p
p1q
u px1q, . . . , p

p1q
u pxiq are independent random variables on Km

ν

whose distribution is µm. Thus, applying Lemma 3.5 with d “ m, we
obtain

(3.20) Bi :“ Ep}pp1q
u px1q ^ ¨ ¨ ¨ ^ pp1q

u pxiq}´βiq ă 8
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since βi “ m
i ă m ´ i ` 1 for 1 ă i ă m. Hence, it follows from (3.18),

(3.19), (3.20) and the equality p
p1q
u pgtxjq “ π´nt

ν p
p1q
u pxjq that

(3.21)

Ep}gtp
i

ľ

j“1

xjq}´βiq ď Ep}

i
ľ

j“1

pp1q
u pgtxjq}´βiq

“ Epq´niβit
ν }

i
ľ

j“1

pp1q
u pxjq}´βiq ď q´mnt

ν max
1ăiăm

Bi,

which satisfies (3.17) since t ě 1 and max1ăiămBi depends only on m.
Now, assume i “ 1 or i “ m. First, by (3.19) and since gt dilates the

norm of every vector at least by q´mt
ν , observe that

}gtp
i

ľ

j“1

xjq} ě maxp}gtp
piq
u p

i
ľ

j“1

xjq}, q´imt
ν }

i
ľ

j“1

xj}q.

Thus, for any κ P Zě1, we can separate the left hand side of (3.17) into

(3.22) Ep}gtp
i

ľ

j“1

xjq}´βiq ď E1 ` E2,

where

E1 “ Ep}gtp
piq
u p

i
ľ

j“1

xjq}´βi1p}ppiq
u p

i
ľ

j“1

xjq} ą q´κt
ν qq;

E2 “ qimβitν Ep}

i
ľ

j“1

xj}
´βi1p}ppiq

u p

i
ľ

j“1

xjq} ď q´κt
ν qq.

By Lemma 3.6 for d “ m with random variables p
p1q
u px1q, . . . , p

p1q
u pxiq and

by (3.18) we have

(3.23) Ep}ppiq
u p

i
ľ

j“1

xjq}´pm´i`1q1p}ppiq
u p

i
ľ

j“1

xjq} ą q´κt
ν qq ď C2κt

Since βi “ m
i “ m ´ i ` 1 and gtp

p1q
u pxjq “ π´nt

ν p
p1q
u pxjq for j P J1, iK, it

follows from (3.23) that

(3.24)

E1 “ Ep}

i
ľ

j“1

gtp
p1q
u pxjq}´βi1p}ppiq

u p

i
ľ

j“1

xjq} ą q´κt
ν qq

“ q´niβit
ν Ep}

i
ľ

j“1

pp1q
u pxjq}´βi1p}ppiq

u p

i
ľ

j“1

xjq} ą q´κt
ν qq

ď q´niβit
ν pC2κtq “ C2κtq

´mnt
ν .

To estimate E2, we use a direct calculation applying Theorem 3.2, which
is a different method from [KKLM17, Proposition 3.1] using conditional
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expectation. First, assume i “ 1. We have

(3.25)

E2 “ qm
2t

ν Ep}x1}´m1p}pp1q
u px1q} ď q´κt

ν qq

“ qm
2t

ν

ż

Kν
m`n

}s}´m1p}pp1q
u psq} ď q´κt

ν qdµm`npsq

“ qm
2t

ν

ż

Om`n
ν

}s}´m1p}pp1q
u psq} ď q´κt

ν qdµm`npsq

“ qm
2t

ν

8
ÿ

ℓ“0

ż

Om`n
ν

pq´ℓ
ν q´m1p}s} “ q´ℓ

ν , }pp1q
u psq} ď q´κt

ν qdµm`npsq

“ qm
2t

ν

8
ÿ

ℓ“0

qmℓν µm`npts P Om`n
ν : }s} “ q´ℓ

ν , }pp1q
u psq} ď q´κt

ν uq.

Let Bℓ,κt “ µm`npts P Om`n
ν : }s} “ q´ℓ

ν , }p
p1q
u psq} ď q´κt

ν uq. If ℓ ě κt, since

q´ℓ
ν ď q´κt

ν and }p
p1q
u psq} ď }s}, we have

(3.26) Bℓ,κt ď µm`npts P Om`n
ν : }s} ď q´ℓ

ν uq “ q´pm`nqℓ
ν .

If ℓ ă κt, since }s} “ maxp}p
p1q
u psq}, }p

p1q
s psq}q for any s P Om`n

ν , we have

(3.27) Bℓ,κt “ µm`npts : }pp1q
s psq} “ q´ℓ, }pp1q

u psq} ď q´κtuq ď q´mκt´nℓ.

Therefore, it follows from (3.25), (3.26) and (3.27) that

(3.28)

E2 ď qm
2t

ν

´

κt´1
ÿ

ℓ“0

qmℓν pq´nℓ´mκt
ν q `

8
ÿ

ℓ“κt

qmℓν pq´pm`nqℓ
ν q

¯

“ qm
2t

ν

´

q´mκt
ν

κt´1
ÿ

ℓ“0

qpm´nqℓ
ν `

8
ÿ

ℓ“κt

q´nℓ
ν

¯

“ qm
2t

ν

´

q´mκt
ν

κt´1
ÿ

ℓ“0

qpm´nqℓ
ν `

q´nκt
ν

1 ´ q´n
ν

¯

.

Note that

κt´1
ÿ

ℓ“0

qpm´nqℓ
ν ď

$

&

%

q
pm´nqκt
ν ´1

q
pm´nq
ν ´1

ď
q

pm´nqκt
ν

1´q´n
ν

if m ą n

κt ď κt
1´q´n

ν
if m ď n.

Hence, it follows from (3.28) that

E2 ď

#

p1 ´ q´n
ν q´1qm

2t
ν p2q´nκt

ν q if m ą n

p1 ´ q´n
ν q´1qm

2t
ν pκtq´mκt

ν ` q´nκt
ν q if m ď n,

which implies

(3.29) E2 ď 2p1 ´ q´n
ν q´1κtq´mnt

ν

for any m,n P Zě1 and κ ą maxp
mpm`nq

m , mpm`nq

n q.
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Now assume i “ m. Define

Z “ ts P Mm`n,mpOνq : }ppmq
u p

m
ľ

j“1

sjq} ď q´κt
ν u.

Consider a partition tRℓuℓě0 of Mm`n,mpOνq defined by

Rℓ “ ts P Mm`n,mpOνq : }

m
ľ

j“1

sj} “ q´ℓ
ν u.

Then, we have
(3.30)

E2 “ qm
2t

ν

ż

Z
}

m
ľ

j“1

sj}
´1dµpm`nqmpsq “ qm

2t
ν

8
ÿ

ℓ“0

qℓνµpm`nqmpRℓ X Zq.

Note that Rℓ Ă Eℓpm ` n,mq and Rℓ X Z Ă Fℓ,κtpm ` n,mq which are
defined in Theorem 3.2; indeed, the latter inclusion follows from (3.18),

since p
pmq
u p

Źm
j“1 sjq “

Źm
j“1 p

p1q
u psjq “ cJ1,mKp

Źm
j“1 sjqeJ1,mK. If ℓ ě κt, we

have Rℓ Ď Z since }p
pmq
u pvq} ď }v} for any v P

ŹmKm`n
ν . Hence, by

Theorem 3.2, there exists a constant C 1
2 “ C 1

2pm,nq ą 0 such that

(3.31) µpm`nqmpRℓ X Zq ď µpm`nqmpEℓpm` n,mqq ď C 1
2q

´ℓpn`1q
ν .

If ℓ ă κt, by Theorem 3.2 again, there exists a constant C1 “ C1pm,nq ą 0
such that

(3.32)

µpm`nqmpRℓ X Zq ď µpm`nqmpFℓ,κtpm` n,mqq

ď C1q
´κt´nℓ
ν

ˆ

κt´ ℓ`
`

m`n
m

˘

κt´ ℓ` 1

˙

.

Note that given a P Zě1, there exists a constant Cpaq ą 0 depending only
on a such that

ˆ

x` a

x` 1

˙

ď
px` aqa´1

pa´ 1q!
ď Cpaqq

1
2
x

ν

for any x P Zě1 since the exponential growth is faster than the polynomial
one. Hence, there exists a constant C3 ą 0 depending only on m and n such
that

ˆ

κt´ ℓ`
`

m`n
m

˘

κt´ ℓ` 1

˙

ď C3q
1
2

pκt´ℓq
ν

for any 0 ď ℓ ď κt´ 1.
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Therefore, it follows from (3.30), (3.31) and (3.32) that

E2 ď qm
2t

ν p

κt´1
ÿ

ℓ“0

qℓνpC1q
´κt´nℓ
ν pC3q

1
2

pκt´ℓq
ν qq `

8
ÿ

ℓ“κt

qℓνpC 1
2q

´ℓpn`1q
ν qq

“ qm
2t

ν pC1C3q
´ 1

2
κt

ν

κt´1
ÿ

ℓ“0

q
´pn` 1

2
qℓ

ν ` C 1
2

8
ÿ

ℓ“κt

q´nℓ
ν q

“ qm
2t

ν pC1C3q
´ 1

2
κt

ν
1 ´ q

´pn` 1
2

qκt
ν

1 ´ q
´pn` 1

2
q

ν

` C 1
2

q´nκt
ν

1 ´ q´n
ν

q

ď qm
2t

ν pC1C3q
´ 1

2
κt

ν
1

1 ´ q
´pn` 1

2
q

ν

` C 1
2

q´nκt
ν

1 ´ q´n
ν

q

ď C4q
m2t
ν pq

´ 1
2
κt

ν ` q´nκt
ν q,

where C4 “ maxpC1C3p1 ´ q
´pn` 1

2
q

ν q´1, C 1
2p1 ´ q´n

ν q´1q. Hence, we have

(3.33) E2 ď C4q
´mnt
ν

for any κ ě 2pm2 `mnq.
As a summary, it follows from (3.22), (3.24), (3.29) and (3.33) that when

i “ 1 or i “ m, we have

Ep}gtpx1 ^ ¨ ¨ ¨ ^ xiq}´βiq ď pC1κt` maxp2p1 ´ q´n
ν q´1κt, C4qqq´mnt

ν

for any t P Zě1 and any κ ą 2pm2 ` mnq. Thus, by fixing some κ ą

2pm2 `mnq, we obtain

(3.34) Ep}gtpx1 ^ ¨ ¨ ¨ ^ xiq}´βiq ď Ctq´mnt
ν

for all t P Zě1, where C is a constant depending on m and n.
Therefore, from (3.21) and (3.34), we reach the goal (3.17). □

4. the Hodge duality and the proof of Proposition 3.1

We let d “ m ` n for this section and the remaining sections. While
[KKLM17, Proposition 3.1] covers all 1 ď i ď d using the equivariance of
the Hodge duality under SOdpRq, the Hodge dual operator is not equivariant
under the ultrametric orthogonal group SLdpOνq. Instead, we apply the
duality to horospherical subgroups.

Note that the exterior powers and their natural basis can be defined for
any free R-module with scalar in a commutative ring R with unity. Thus, we

can define the standard Hodge dual operator between
ŹiKd

ν and
Źd´iKd

ν

in the same way as a linear map, even though there is no inner product
structure.

Definition 4.1. Let tejujPJ1,dK be the standard basis of Kd
ν . For each i P

J1, dK, we define the Hodge dual operator ˚ :
ŹiKd

ν Ñ
Źd´iKd

ν linearly by

˚peIq “ σIeIc ,
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where I “ ta1 ă ¨ ¨ ¨ ă aiu P ℘di , I
c “ J1, dK∖ I, and σI “ p´1q

ipi`1q

2
`
ři

s“1 as .

Note that the above definition is the same one as in the real case and the
term σI comes from eI^eIc “ σIeJ1,dK. The following lemma says that some
properties related to exterior powers still hold for the global function fields.
This property of the Hodge dual operator is well-known, but we cannot find
a suitable reference for non-Archimedean spaces.

Lemma 4.2. For any i P J1, d´1K, v P
ŹiKν

d, and g P SLdpKνq, we have

(1) } ˚ v} “ }v};
(2) ˚pgvq “ tpg´1qp˚vq.

Proof. (1) Let v “
ř

I vIeI P
ŹiKd

ν be an i-vector. Since

˚v “ ˚p
ÿ

I

vIeIq “
ÿ

I

vI ˚peIq “
ÿ

I

vIσIeIc

and |σI | “ 1 for all I P ℘di , it follows that

} ˚ v} “ }
ÿ

I

vIσIeIc} “ max
I

|vIσI | “ max
I

|vI | “ }v}.

(2) It is enough to show that for any g P SLdpKνq and I P ℘di , we have

(4.1) ˚pgeIq “ tpg´1qp˚eIq.

First, observe that

(4.2) geI “
ÿ

JP℘d
i

pdetgJ,IqeJ ,

where detgI,J is the pI, Jq-minor of g. Hence, its Hodge dual is

˚pgeIq “ ˚p
ÿ

J

pdetgJ,IqeJq “
ÿ

J

pdetgJ,Iq ˚ peJq “
ÿ

J

σJpdetgJ,IqeJc .

On the other hand, using (4.2) with tpg´1q, we have

tpg´1qp˚eIq “ σI
tpg´1qpeIcq “

ÿ

JP℘d
d´i

σI detp
tpg´1qqJ,IceJ

“
ÿ

JP℘d
i

σI detp
tpg´1qqJc,IceJc .

Therefore, to prove (4.1), it suffices to show that

(4.3) detgJ,I “ σIσJ detp
tpg´1qqJc,Ic

for any I, J P ℘di . Since detg “ 1, (4.3) is Jacobi’s identity, which holds
over any commutative ring (see for instance [CSS13, Lemma A.1]). □

Remark 4.3. The Hodge dual operator preserves the decomposability. In-
deed, if w “ v1 ^ ¨ ¨ ¨ ^vi is a nonzero decomposable vector, then v1, . . . ,vi
are linearly independent over Kν , and thus it can be extended to a basis
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tv1, . . . ,vdu of Kd
ν . Let v be the pd, dq-matrix with columns v1, . . . ,vd.

Then w “ veJ1,iK and v is invertible. Hence, by Lemma 4.2, we have

˚w “ tpv´1qσJ1,iKeJi`1,dK “ pσJ1,iK
tpv´1qei`1q ^ ¨ ¨ ¨ ^ ptpv´1qedq,

which implies that ˚w is decomposable.

Now, we are ready to prove Proposition 3.1 using the Hodge dual operator.

Proof of Proposition 3.1. First, let i P J1,mK in order to apply Proposition
3.7. Define P pOνq and UpOνq by

P pOνq “

"ˆ

a 0
b c

˙

: a P Mm,mpOνq,b P Mn,mpOνq, c P Mn,npOνq, deta det c “ 1

*

;

UpOνq “

"ˆ

Im s
0 In

˙

: s P Mm,npOνq

*

.

Using the fact that Oν is a compact subring of Kν , one can easily show
that P pOνq and UpOνq are compact subgroups of SLdpOνq. Moreover, there
exists an open neighborhood of Id in SLdpOνq contained in P pOνqUpOνq.
For instance, if we take

V “ pId `Md,dpπνOνqq X SLdpOνq.

as an open neighborhood of Id in SLdpOνq, then V is contained in P pOνqUpOνq.

Indeed, let x P V and write x “

ˆ

Im ` a b
c In ` d

˙

. Applying the Leibniz

formula for the determinant to Im ` a and In ` d, we have

detpIm ` aq ´ 1,detpIn ` dq ´ 1 P πνOν ,

which implies that |detpIm ` aq| “ |detpIn ` dq| “ 1, and thus, Im ` a P

GLmpOνq and In ` d P GLnpOνq. Hence, we have the following decomposi-
tion
ˆ

Im ` a b
c In ` d

˙

“

ˆ

Im ` a 0
c In ` d ´ cpIm ` aq´1b

˙ˆ

Im pIm ` aq´1b
0 In

˙

P P pOνqUpOνq.

Since SLdpOνq, P pOνq and UpOνq are compact groups, they are unimod-
ular. Let λP and λU be the normalized Haar measure of P pOνq and UpOνq,
respectively. Since Id P V Ă P pOνqUpOνq and P pOνq X UpOνq “ tIdu, we
have by [EW11, Lemma 11.31] that

(4.4) λ|P pOνqUpOνq “ λpP pOνqUpOνqqϕ˚pλP ˆ λU q,

where ϕ : P pOνq ˆUpOνq Ñ SLdpOνq is defined by ϕpp,uq “ pu. Note that
Cλ :“ λpP pOνqUpOνqq is a constant depending only on d.

Denote by }x}op the operator norm for x P Md,dpKνq induced by the

ultrametric norm in Kd
ν . Note that }gtpg´t}op ď }p}op ď 1 for any p “
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`

a 0
b c

˘

P P pOνq since the following equality holds:

ˆ

π´nt
ν Im

πmtν In

˙ˆ

a 0
b c

˙ˆ

π´nt
ν Im

πmtν In

˙´1

“

ˆ

a 0

π
pm`nqt
ν b c

˙

.

Hence, it follows from (4.4) and Fubini’s theorem that for any t ě 1 and

decomposable v P
ŹiKm`n

ν , we have

(4.5)

ż

SLdpOνq

}gtkv}´βidλpkq ě

ż

P pOνqUpOνq

}gtkv}´βidλpkq

“ Cλ

ż

P pOνqˆUpOνq

}gtpuv}´βidpλP ˆ λU qpp,uq

“ Cλ

ż

UpOνq

ż

P pOνq

}pgtpg´tqgtuv}´βidλP ppqdλU puq

ě Cλ

ż

UpOνq

ż

P pOνq

}gtpg´t}
´βi
op }gtuv}´βidλP ppqdλU puq

“ Cλ

ż

P pOνq

}gtpg´t}
´βi
op dλP ppq

ż

UpOνq

}gtuv}´βidλU puq.

ě Cλ

ż

UpOνq

}gtuv}´βidλU puq.

Using the identification between Mm,npOνq and UpOνq, λU equals µmn. It
follows from (4.5) and Proposition 3.7 that

(4.6)

ż

Mm,npOνq

}gtusv}´βidµmnpsq ď
1

Cλ

ż

SLdpOνq

}gtkv}´βidλpkq

ď
C

Cλ
tq´mnt
ν }v}´βi .

Now, consider the case when i P Jm` 1, d´ 1K. Note that we can assume
that n ě 2 since we can apply (4.6) to all 1 ď i ď m “ d ´ 1 if n “ 1.
Denote

rgt “

ˆ

π´mt
ν In 0
0 πntν Im

˙

; rus “

ˆ

In s
0 Im

˙

; ls “

ˆ

Im 0
s In

˙

;E “

ˆ

0 In
Im 0

˙

for s P Mn,mpOνq. Observe that for s P Mn,mpOνq and w P
Ź

Kd
ν , we have

(4.7) Eg´tlsw “ rgtrusEw.
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Thus, for each i P Jm` 1, d´ 1K, we have
ż

Mm,npOνq

}gtusv}´βidµmnpsq

“

ż

Mm,npOνq

} ˚ pgtusvq}´βidµmnpsq by Lemma 4.2 (1)

“

ż

Mm,npOνq

}g´tlp´tsqp˚vq}´βidµmnpsq by Lemma 4.2 (2)

“

ż

Mm,npOνq

}Eg´tlp´tsqp˚vq}´βidµmnpsq by [Bang25, Lemma 2.5]

“

ż

Mm,npOνq

}rgtrup´tsqEp˚vq}´βidµmnpsq by (4.7)

“

ż

Mn,mpOνq

}rgtrusEp˚vq}´βidµnmpsq

ď rCtq´mnt
ν }Ep˚vq}´βi “ rCtq´mnt

ν }v}´βi ,

where the last inequality follows from (4.6) by exchanging the roles of m

and n, by replacing i by d ´ i P J1, nK, v by Ep˚vq P
Źd´iKd

ν , and βi by
n
d´i . □

5. Construction of Margulis functions

In this section, we construct Margulis functions satisfying a contraction
hypothesis with an optimal contraction rate, which implies the upper bound
of the Hausdorff dimension of the set of singular systems of linear forms over
global function fields. We follow the construction in [KKLM17, Section 3].

Recall that X “ G{Γ is the G-orbit of Rdν in the space of unimodular
lattices in Kd

ν as in Subsection 2.2. For a lattice x P X, we say that a
subspace L of Kd

ν is x-rational if L X x is a lattice in L. For any i P J1, dK
and x P X, let us denote by Fipxq the set of all i-dimensional x-rational
subspaces in Kd

ν . For any L P Fipxq, let }L} “ }v1 ^ ¨ ¨ ¨ ^ vi} for an
Rν-basis tv1, . . . ,viu of L X x, which is independent of the choice of basis.
Define

αipxq “ max

"

1

}L}
: L P Fipxq

*

.

Note that αdpxq “ 1, thus we set α0pxq “ 1. We remark that the alpha
function was constructed in [KKLM17] using the covolume of sublattices,
which coincides with the norm of the wedge product of a basis in real cases.
While the covolume of L X x in L is different from }L} in global function
fields (see, e.g., (2.1)), the norm }L} can be seen as the normalized covolume
(see [HP] or [Bang25]).

The following corollary is a function field version of [KKLM17, Corollary
3.6]. We assume that Rν is a principal ideal domain only since we need
to use the submodularity of the covolume function established in [Bang25]
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under this assumption. Therefore, in this section and the next section,
Assumption:

Rν is a principal ideal domain.

Corollary 5.1. Let i, βi and c ą 0 be as in Proposition 3.1. For any t P Zě1,
x P X and i P J1, d´ 1K, we have
ż

Mm,npOνq

αipgtusxqβidµmnpsq ď ctq´mnt
ν αipxqβi

` q2mntβiν max
1ďjďmintd´i,iu

´
b

αi`jpxqαi´jpxq

¯βi
.

Proof. Fix i P J1, d´1K and x P X. Let Li P Fipxq be such that αipxq “ 1
}Li}

and let
Ψi “ tL P Fipxq : }L} ă q2mntν }Li}u.

For any L P Fipxq∖Ψi and s P Mm,npOνq, since us P SLdpOνq, it follows for
instance from [Bang25, Lemma 2.5] that

(5.1) }usLi} “ }Li} ď q´2mnt
ν }L} “ q´2mnt

ν }usL}.

Observe that for any j P J1, dK and I P ℘dj , we have q´mnt
ν ď }gteI} ď qmntν ,

hence for any v P
Źj Kd

ν , it follows that

(5.2) q´mnt
ν }v} ď }gtv} ď qmntν }v}

Thus it follows from (5.1) and (5.2) that

(5.3) }gtusLi} ď qmntν }usLi} ď q´mnt
ν }usL} ď }gtusL}.

We consider two cases Ψi “ tLiu and Ψi Ľ tLiu, separately.

Case Ψi “ tLiu: Using (5.3) and Proposition 3.1, we have
ż

Mm,npOνq

αipgtusxqβidµmnpsq ď

ż

Mm,npOνq

}gtusLi}
´βidµmnpsq

ď ctq´mnt
ν }Li}

´βi “ ctq´mnt
ν αipxqβi .

Case Ψi Ľ tLiu: Take L
1 P Ψi such that L1 ‰ Li. Since dimpL1 `Liq “ i` j

for some j ą 0, it follows from [Bang25, Theorem 1.4] using the above
assumption that for all s P Mm,npOνq,

αipgtusxq ď qmntν αipxq “
qmntν

}Li}
ď

q2mntν
a

}L1}}Li}

ď
q2mntν

a

}L1 X Li}}L1 ` Li}
ď q2mntν

b

αi`jpxqαi´jpxq.

Thus it follows from µmnpMm,npOνqq “ 1 that
ż

Mm,npOνq

αipgtusxqβidµmnpsq ď q2mntβiν max
1ďjďmintd´i,iu

´
b

αi`jpxqαi´jpxq

¯βi
.

Combining the two cases, we obtain Corollary 5.1. □
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Using Corollary 5.1 and [KKLM17, Proposition 4.1], we have the following
corollary.

Corollary 5.2. Let βi’s and c ą 0 be as in Proposition 3.1. For any t P Zě1,
one can choose constants ω0, . . . , ωd ą 0 and T ą 0 such that for any x P X

with rα “
řd
i“0pωiαiq

βi satisfying rαpxq ą T , we have
ż

Mm,npOνq

rαpgtusxqdµmnpsq ď 3ctq´mnt
ν rαpxq.

Proof. Fix t P Zě1. To use [KKLM17, Proposition 4.1], we set H “ X,
d “ m` n, fi “ αi so that f0 “ fd “ 1, the linear operator A on the linear
space of real functions on H given by

pAfqpxq “

ż

Mm,npOνq

fpgtusxqdµmnpsq

for βpiq “ 1{βi. Note that i ÞÑ βpiq is concave. It follows from Corollary 5.1
that for each i P J1, d´ 1K, we have

Apfβii qpxq “

ż

Mm,npOνq

αipgtusxqβidµmnpsq

ď ctq´mnt
ν fβii pxq `

`

qmntν

˘2βi max
1ďjďmintd´i,iu

´
b

fi`jpxqfi´jpxq

¯βi
.

Setting a “ ctq´mnt
ν , ω “ qmntν , and a1 “ 2ctq´mnt

ν , and using [KKLM17,
Proposition 4.1], we can choose ω0, . . . , ωd ą 0 and C0 such that f “
řd
i“0pωifiq

βi satisfies that

pAfqpxq ď a1fpxq ` C0 for all x P X.

Thus the function rα “
řd
i“0pωiαiq

βi satisfies that for all x P X
ż

Mm,npOνq

rαpgtusxqdµmnpsq ď 2ctq´mnt
ν rαpxq ` C0.

By choosing T “
C0qmnt

ν
ct , we can conclude Corollary 5.2. □

6. Covering estimates using Margulis function

In this section, we fix c ą 0 as in Proposition 3.1 and for a given t P Zě1,

fix ω1, . . . , ωd and T as in Corollary 5.2, and write rα “
řd
i“0pωiαiq

βi . For
any x P X, M ą 0, N P Zě1, let us define

ZxpM,N, tq :“ ts P Mm,npOνq : @ℓ P J1, NK, rαpgℓtusxq ą Mu.

By Mahler’s compactness criterion for the space of unimodular lattices over
global function fields (e.g., see [KST17, Theorem 1.1]), rα is a proper map,
hence the set

XďM :“ tx P X : rαpxq ď Mu

is compact. Similarly, we define XąM “ X ∖XďM .
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First observe that for any s P Mm,npOνq and x P X, it follows from the
fact that us P SLdpOνq and from [Bang25, Lemma 2.5] that

(6.1) rαpusxq “ rαpxq.

We have the following main proposition. Unlike in the previous sections,
from this point on, si are matrices rather than column vectors of a matrix.
We also denote dµmnpsq by ds for simplicity.

Proposition 6.1. Let t P Zě1 be fixed. For all x P XąT , N P Zě1, and
M ě T , we have

ż

ZxpM,N´1,tq
rαpgNtusxqdµmnpsq ď

`

3ctq´mnt
ν

˘N
rαpxq.

Remark 6.2. This proposition is a function field version of [KKLM17, Propo-
sition 5.1]. It is worth noting that while a certain recursive property of
Gaussian measures was used in [KKLM17], we use convolutions of measures
inspired by [GS20].

Proof. For a fixed t P Zě1, let us denote

Z “ tps1, . . . , sN q P Mm,npOνqN : rαpgtusk ¨ ¨ ¨ gtus1xq ą T @k P J1, N ´ 1Ku.

Using Corollary 5.2 repeatedly, we have

(6.2)

ż

¨ ¨ ¨

ż

Z
rαpgtusN ¨ ¨ ¨ gtus1xqdsN ¨ ¨ ¨ ds1 ď

`

3ctq´mnt
ν

˘N
rαpxq.

Observe that

gtusN ¨ ¨ ¨ gtus1 “ gNtuϕps1,...,sN q,

where ϕps1, . . . , sN q “
řN
i“1 π

pi´1qdt
ν si. Thus we have

(6.3)
ż

¨ ¨ ¨

ż

Z
rαpgtusN ¨ ¨ ¨ gtus1xqdsN ¨ ¨ ¨ ds1 “

ż

¨ ¨ ¨

ż

Z
rαpgNtuϕps1,...,sN qxqdsN ¨ ¨ ¨ ds1

Following [GS20, Section 5], for each i P J1, NK, let rµi be the Radon measure
on Mm,npOνq defined by

ż

Mm,npOνq

fpsqdrµipsq “

ż

Mm,npOνq

fpπpi´1qdt
ν sqds

for f P CpMm,npOνqq. Note for future use that rµ1 “ µmn. Let rµ˚N “

rµN ˚ ¨ ¨ ¨ ˚ rµ1 be the measure on Mm,npOνq defined by iterated convolutions.
Observe that

(6.4) rµ˚N pfq “

ż

Mm,npOνq

¨ ¨ ¨

ż

Mm,npOνq

fpϕps1, . . . , sN qqds1 ¨ ¨ ¨ dsN .

Claim 1. tps1, . . . , sN q P Mm,npOνqN : ϕps1, . . . , sN q P ϕpZqu “ Z.
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Proof of Claim 1. Clearly, the set Z is contained in the left hand side set.
If ps1, . . . , sN q is an element of the left hand side set, then there exists
ps1

1, . . . , s
1
N q P Z such that ϕps1, . . . , sN q “ ϕps1

1, . . . , s
1
N q. Hence for any

k P J1, N ´ 1K,

rαpgtusk ¨ ¨ ¨ gtus1xq “ rαpgtusk ¨ ¨ ¨ gtus1pgtus1
k

¨ ¨ ¨ gtus1
1
q´1gtus1

k
¨ ¨ ¨ gtus1

1
xq

“ rαppgktuřk
i“1 π

pi´1qdt
ν psi´s1

iq
g´ktqgtus1

k
¨ ¨ ¨ gtus1

1
xq

“ rαpu
π´kdt
ν

řk
i“1 π

pi´1qdt
ν psi´s1

iq
gtus1

k
¨ ¨ ¨ gtus1

1
xq

“ rαpu
π´kdt
ν

řN
i“k`1 π

pi´1qdt
ν ps1

i´siq
gtus1

k
¨ ¨ ¨ gtus1

1
xq

“ rαpgtus1
k

¨ ¨ ¨ gtus1
1
xq ą T.

The fourth line holds since ϕps1, . . . , sN q “ ϕps1
1, . . . , s

1
N q and the last line

since π´kdt
ν

řN
i“k`1 π

pi´1qdt
ν ps1

i´siq P Mm,npOνq and (6.1). Thus ps1, . . . , sN q P

Z. □

Let us denote by φxpsq “ 1ϕpZqpsqrαpgNtusxq. Using Fubini’s theorem, it
follows from (6.3), (6.4), and Claim 1 that

(6.5)

ż

¨ ¨ ¨

ż

Z
rαpgtusN ¨ ¨ ¨ gtus1xqdsN ¨ ¨ ¨ ds1 “ rµ˚N pφxq.

While rµ˚N is absolutely continuous with respect to µmn, the ultrametric
property implies that they coincide. Such an exact coincidence does not
occur in the real case. See [GS20, Lemma 5.5].

Claim 2. We have rµ˚N “ µmn.

Proof of Claim 2. Since rµ1 “ µmn is invariant under translations onMm,npOνq,
it follows that for any f P CpMm,npOνqq,

rµ˚N pfq “

ż

Mm,npOνq

¨ ¨ ¨

ż

Mm,npOνq

fps1 `

N
ÿ

i“2

πpi´1qdt
ν siqds1 ¨ ¨ ¨ dsN

“

ż

Mm,npOνq

¨ ¨ ¨

ż

Mm,npOνq

fps1qds1 ¨ ¨ ¨ dsN

“ µmnpfq.

□

It follows from Claim 2 and the fact that ϕpZq Ă Mm,npOνq that

(6.6) rµ˚N pφxq “ µmnpφxq “

ż

1ϕpZqpsqrαpgNtusxqds.

We need the following claim.

Claim 3. For any s P ZxpM,N ´ 1, tq, ϕ´1psq Ă Z.
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Proof of Claim 3. If ps1, . . . , sN q P ϕ´1psq, then
řN
i“1 π

pi´1qdt
ν si P ZxpM,N´

1, tq, hence for all ℓ P J1, N ´ 1K,

(6.7) rα
´´

gℓtuřN
i“ℓ`1 π

pi´1qdt
ν si

g´ℓt

¯

gℓtuřℓ
i“1 π

pi´1qdt
ν si

x
¯

ą M.

Note that

(6.8) gℓtuřN
i“ℓ`1 π

pi´1qdt
ν si

g´ℓt “ uřN
i“ℓ`1 π

pi´1´ℓqdt
ν si

and
řN
i“ℓ`1 π

pi´1´ℓqdt
ν si P Mm,npOνq. Thus it follows from (6.1), (6.7), and

(6.8) that

rαpgℓtuřℓ
i“1 π

pi´1qdt
ν si

xq “ rαpgtusℓ ¨ ¨ ¨ gtus1xq ą M ě T,

which proves ps1, . . . , sN q P Z. □

Combining (6.2), (6.5), (6.6), and Claim 3, we have

`

3ctq´mnt
ν

˘N
rαpxq ě rµ˚N pφxq ě

ż

1ϕpZqpsqrαpgNtusxqds

ě

ż

ZxpM,N´1,tq
rαpgNtusxqds.

□

Corollary 6.3. Let t P Zě1 be fixed. There exists M0 “ M0ptq ą T such
that for all x P X, N P Zě1, M ą M0, the set ZxpM,N, tq can be covered

by rαpxq

M p3ctqNq
pm`n´1qmntN
ν balls in Mm,npOνq of radius q

´pm`nqtN
ν .

Proof. Using (5.2), (6.1), and the construction of rα in Corollary 5.2, it fol-
lows that for any x P X and s P Mm,npOνq, we have

(6.9) rαpgtusxq ď max
i
qmntβiν rαpxq.

Setting M0 “ M0ptq “ T maxi q
mntβi
ν ą T , it follows that rαpgtusxq ď M0 for

any x P XďT and s P Mm,npOνq. Hence, if x P XďT and M ą M0, then the
set ZxpM,N, tq is empty, so the corollary follows.

For fixed x P XąT and M ą M0 ą T , it follows from Proposition 6.1 that
ż

ZxpM,N´1,tq
rαpgNtusxqds ď p3ctq´mnt

ν qN rαpxq,

hence

(6.10) µmnpZxpM,N, tqq ď
rαpxq

M
p3ctqNq´mntN

ν .

Now observe that for any ℓ P Zě1 we can partition Oν into qℓν disjoint
balls of radius q´ℓ

ν as follows:

(6.11) Oν “
ğ

a0,...,aℓ´1Pkν

ℓ´1
ÿ

i“0

aiπ
i
ν ` πℓνOν .
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Thus we can partitionMm,npOνq into p :“ q
pm`nqmntN
ν disjoint ballsD1, . . . , Dp

of radius q
´pm`nqtN
ν . Let p1 be the number of the balls Di’s contained in

ZxpM,N, tq. Since µmnpDiq “ q
´mnpm`nqtN
ν for all i, it follows from (6.10)

that

p1 ď
rαpxq

M
p3ctqNqmnpm`n´1qtN

ν .

Reordering the Di’s if necessary, we may assume that tD1, . . . , Dp1u “ tDi :
Di Ă ZxpM,N, tqu.

Now fix any i ą p1, then we can take s0 P Di such that s0 R ZxpM,N, tq,
which means that rαpgℓtus0xq ď M for some ℓ P J1, NK. By the ultrametric

property, for any s P Di, s “ s1 ` s0 for some s1 with }s1} ď q
´pm`nqtN
ν .

Hence

gℓtus “ gℓtus1g´ℓtgℓtus0 “ u
π

´pm`nqℓt
ν s1

gℓtus0 ,

which implies rαpgℓtusxq “ rαpgℓtus0xq ď M by (6.1). Thus

ZxpM,N, tq Ă

p1
ď

i“1

Di,

which proves the corollary. □

For a given compact subset Q of X, N P Zě1, δ P p0, 1q, and x P X, define
the set

ZxpQ,N, t, δq :“

"

s P Mm,npOνq :
1

N
|tℓ P J1, NK : gtℓusx R Qu| ě δ

*

.

Theorem 6.4. There exist t0 ą 0 and a function C2 : X Ñ R` such that
the following holds. For any t ą t0, there exists a compact set Q “ Qptq of
X such that for any N P Zě1, δ P p0, 1q, and x P X, the set ZxpQ,N, t, δq

can be covered by

C2pxqt3Nqpm`n´δqmntN
ν

balls in Mm,npOνq of radius q
´pm`nqtN
ν .

Proof. Let t ą t0 be given, with t0 ě 2 a large real number, to be determined
later on, depending only on m,n. Let rα and T be as in Corollary 5.2. We
will find large enough M ą 0 such that the compact set Q “ XďM satisfies
the conclusion of the theorem.

For a given N P Zě1 and x P X, let

Jx “ tℓ P J1, NK : gtℓx R Qu.

Then,

ZxpQ,N, t, δq “ ts P Mm,npOνq : |Jusx| ě δNu.

For any subset J Ă J1, NK, let ZpJq “ ts P Mm,npOνq : Jusx “ Ju. Note that
ZxpQ,N, t, δq “

Ť

J ZpJq, where the union runs over all subsets J Ă J1, NK
with |J | ě δN . Since the number of such subsets is at most 2N ď tN , it
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is enough to show that for a given subset J Ă J1, NK, the set ZpJq can be

covered by C2pxqt2Nq
ppm`nqN´|J |qmnt
ν balls of radius q

´pm`nqtN
ν , for

C2pxq “ max
!

1,maxtαβii pxq : i P J1,m` n´ 1Ku

)

.

We decompose the sets J into ordered subintervals J1, . . . , Jp of maxi-
mal size such that J “

Ůp
i“1 Ji. Let I1, . . . , Ip1 be the ordered maximal

subintervals of J1, NK ∖ J such that

J1, NK “

p
ğ

i“1

Ji \

p1
ğ

j“1

Ij .

Claim. For any integer L ď N , if

(6.12) J1, LK “

ℓ
ğ

i“1

Ji \

ℓ1
ğ

j“1

Ij ,

then the set ZpJq can be covered by

(6.13) C2pxqt2Lqppm`nqL´|J1|´¨¨¨´|Jℓ|qmnt
ν

balls of radius q
´pm`nqtL
ν .

Proof of Claim. We prove the claim by induction on L. In the first step, if
J1, LK “ J1, then by choosing t0 ě 3c and M ą M0 large enough so that

M ě
řd
i“1 ω

βi
i hence rαpxq

M ď C2pxq, it follows from Corollary 6.3 that the
set ZxpM,L, tq can be covered by

rαpxq

M
p3ctqLqpm`n´1qmntL

ν ď C2pxqt2Lqppm`nqL´|J1|qmnt
ν

balls of radius q
´pm`nqtL
ν . Since Q “ XďM and J1, LK Ă J , we have

ZpJq “ ts P Mm,npOνq : @ℓ P J, rαpgℓtusxq ą Mu Ă ZxpM,L, tq.

Thus the claim follows. If J1, LK “ I1, then it follows from (6.11) that

ZpJq Ă Mm,npOνq can be covered by q
pm`nqLmnt
ν ď C2pxqt2Lq

pm`nqLmnt
ν

balls of radius q
´pm`nqtL
ν .

Now, assume that the claim holds for some L ď N satisfying (6.12) and
denote the covering for ZpJq by tBiu

p
i“1 for p given by (6.13). In the induc-

tion step, for the next L1 ą L, we have two cases: either

(6.14) J1, L1K “ J1, LK \ Iℓ1`1

or

(6.15) J1, L1K “ J1, LK \ Jℓ`1.

In the first case (6.14), applying (6.11), each ball Bi in Mm,npOνq of radius

q
´pm`nqtL
ν can be covered by q

pm`nqt|Iℓ1`1|mn
ν balls of radius q

´pm`nqtpL`|Iℓ1`1|q
ν .

Since L1 “ L` |Iℓ1`1|, ZpJq can be covered with

C2pxqt2L
1

qppm`nqL1´|J1|´¨¨¨´|Jℓ|qmnt
ν
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balls of radius q
´pm`nqtL1

ν , as wanted.
Now assume the second case (6.15). Fix any ball Bi with ZpJq XBi ‰ ∅

and fix s0 P ZpJq X Bi. Then we have rαpgLtus0xq ď M since L R J by
the maximality of Jℓ`1 but rαpgjtus0xq ą M for all j P Jℓ`1 Ă J . Hence, it
follows from (6.9) that

M ě rαpgLtus0xq ě min
i
q´mntβi
ν rαpgpL`1qtus0xq ą min

i
q´mntβi
ν M.

For a sufficiently large M so that mini q
´mntβi
ν M ą M0 and for t0 ě 3c,

Corollary 6.3 with x1 “ gLtus0x so that rαpx1q

M ď 1 implies that Zx1pM, |Jℓ`1|, tq
can be covered by

p3ctq|Jℓ`1|q
pm`n´1qmnt|Jℓ`1|
ν ď t2|Jℓ`1|q

pm`n´1qmnt|Jℓ`1|
ν

balls of radius q
´pm`nqt|Jℓ`1|
ν .

Fix any s P ZpJq X Bi and note that rαpgjtusxq ą M for all j P J and

}s ´ s0} ď q
´pm`nqtL
ν . Write s1 “ s ´ s0 and observe that

rαpgjtusxq “ rαpgpj´LqtgLtus1g´LtgLtusxq “ rαpgpj´Lqtuπ´pm`nqtL
ν s1x

1q.

Since Jℓ`1 Ă J , we have π
´pm`nqtL
ν s1 P Zx1pM, |Jℓ`1|, tq. Therefore, we have

ZpJq XBi Ă πpm`nqtL
ν Zx1pM, |Jℓ`1|, tq ` s0.

Note that the set π
pm`nqtL
ν Zx1pM, |Jℓ`1|, tq ` s0 can be covered by

p1 “ t2|Jℓ`1|q
pm`n´1qmnt|Jℓ`1|
ν

balls of radius q
´pm`nqtpL`|Jℓ`1|q
ν “ q

´pm`nqtL1

ν . Hence ZpJq can be covered
by

pp1 “ C2pxqt2L
1

q
ppm`nqL1´|J1|´¨¨¨´|Jℓ`1|qmnt
ν

balls of radius q
´pm`nqtL1

ν , which concludes the claim. □

The claim with L “ N concludes Theorem 6.4 since |J | ě δN . □

Now we are ready to prove Theorem 1.1. In fact, we are able to prove a
stronger proposition. For this, we introduce the following definition: Given
δ P r0, 1s, we say that a point x P X δ-escapes on average if for any compact
subset Q in X, we have

lim
NÑ8

1

N
| tℓ P J1, NK : gℓx R Qu | ě δ.

Proposition 6.5. Let δ P r0, 1s be given. For any x P X, we have

dimHts P Mm,npKνq : usx δ-escapes on averageu ď mn´
δmn

m` n
.

Consequently,

dimHtx P X : x δ-escapes on averageu ď dimX ´
δmn

m` n
.
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Proof. It is enough to show the proposition for δ P p0, 1q. Let δ P p0, 1q and
x P X be given and let t0 ą 0 be as in Theorem 6.4. For any t ą t0, choose
the compact set Q as in Theorem 6.4. Denote

Zx “ ts P Mm,npKνq : usx δ-escapes on averageu.

Let δ1 P p0, δq and denote by dimB the upper box-counting dimension. Con-

sider the compact set Q1 “
Ťt
k“1 a´kQ in X. Fix any s P Zx X Mm,npOνq

and observe that for any large enough N ě 1, we have

|
␣

ℓ P J1, tNK : gℓusx R Q1
(

| ě δ1tN.

Since gℓusx P Q1 if and only if gk`ℓusx P Q for some 1 ď k ď t, if gℓtusx P Q,
then gjusx P Q1 for any pℓ´ 1qt` 1 ď j ď ℓt. Thus, we have

t| tℓ P J1, NK : gℓtusx P Qu | ď |
␣

ℓ P J1, tNK : gℓusx P Q1
(

|.

This implies that

| tℓ P J1, NK : gℓtusx R Qu | ě δ1N.

Therefore, we have

Zx XMm,npOνq Ă
ď

N0ě1

č

NěN0

ZxpQ,N, t, δ1q.

It follows from Theorem 6.4 that

dimH Zx ď dimBZx ď dimB

˜

ď

N0ě1

č

NěN0

ZxpQ,N, t, δ1q

¸

ď sup
N0ě1

lim sup
NÑ8

logqν pC2pxqt3Nq
pm`n´δ1qmntN
ν q

´ logqν pq
´pm`nqtN
ν q

“
3 logqν t` pm` n´ δ1qmnt

pm` nqt
.

Letting t Ñ 8 and δ1 Ñ δ, we have

dimH Zx ď mn´
δmn

m` n
.

The “consequently” part follows from the same argument as in the proof of
[KKLM17, Theorem 1.1] by considering the thickening along the weak stable
horospherical subgroup with respect to g1 (we can use the neighborhood V
of Im`n contained in P pOνqUpOνq defined in Step 3 of the proof of Theorem
3.2). □

Proof of Theorem 1.1. It follows from Dani’s correspondence (Lemma 2.1)
that if s P Mm,npKνq is singular, then the point usx0 1-escapes on average,
where x0 denotes the identity coset in X. Therefore, by Proposition 6.5, we
have

dimH Singpm,nq ď mn´
mn

m` n
.

□
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