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CRITICAL CONDITIONS OF NONLINEARITIES IN THE
JOHN PROBLEM

CHENGBO WANG AND XIAORAN ZHANG*

ABSTRACT. In this paper, we determine the sharp criteria for the non-
linearities in the John problem 87u — Agsu = F(u) so that the problem
admits global solutions for small initial data with compact support. The
criteria is of Dini type. For the situation in which the criteria is not satis-
fied, we show that the solution will blow up in finite time for some small
initial data, together with an almost sharp estimates of the lifespan.
For the proof, we mainly rely on the precise pointwise estimates of the
solution, based on the fundamental solution, John’s iteration argument
as well as an adaption of the slicing method.

1. INTRODUCTION

In the seminal work [I0], F. John studied the problem of global exis-
tence vs blow up for the small amplitude Cauchy problem with (nontrivial)
compactly supported, smooth data

{Du—F(u) ,

w(0,z) = ug, ut(0,2) =uq ,

(1.1)

where v : I x R® — R is a real scalar field and Ou := 0?u — Au is the
d’Lambertian. In [I0, Corollary II], it is shown that the problem with non-
trivial data could not admit global solutions, when F'(u) > |ulP for some
p € (1,1 ++/2), and |F(u)| < C|u for |u| < 1. On the other hand, in [I0,
Theorem II], global existence for data with sufficiently small size is shown,
whenever F(0) = F'(0) = F"(0) = 0 and F € C*% with some 6 € (v/2—1,1).
In particular, for the sample case of power functions, F(u) = |u|P, the criti-
cal power p; = 1 + /2 is determined, which inspires the Strauss conjecture
[22] for general spatial dimension n > 2. The conjectured critical power
ps(n) is the positive root of

(n—1)p>—(n+1)p—-2=0,

with ps(3) = p; = 1+ v/2. In the three dimensional case, it is also referred
to as the John problem.
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The Strauss conjecture has been systematically investigated. It is known
that the problem admit global solution for any sufficiently small data, as
long as p € (ps(n),1 +4/(n —1)]. On the other hand, such a result is not
possible for 1 < p < pg(n), in the sense that there exists a class of functions
(¢,1) € C(R™), so that the problem with data (ug,u1) = (€9, €rp) does
not admit global solutions for any € > 0. We refer interested readers to
the classical works, Georgiev—Lindblad-Sogge [8], Tataru [25] for p > pg(n),
Sideris [I7] for 1 < p < ps(n), Schaeffer [14], Yordanov—Zhang [29], Zhou
[33] for p = pg(n). The classical result for the estimate of the lifespan T'(¢)
for p = pg(n), at least for n < 8 or radial data, is

logT'(€) ~ e P(P—1) ,

see the classical works Lindblad-Sogge [12], Takamura-Wakasa[23],Zhou-
Han[34]. For more history and recent works for the Strauss conjecture on
asymptotically flat spacetimes, we refer the readers to a review by the first
author [27].

In the field of nonlinear wave equations, it has been a general phenomenon
that, the critical behavior could be likely extended beyond power functions,
see Section [I.T]for a review on the history on various related model problems.
In this paper, we are interested in investigating the criteria for the general
nonlinearity, beyond the scope of power functions, for the physical situation
n = 3.

1.1. Results for related model problems.

1.1.1. Defocusing nonlinear wave equation. One of the previous examples is
the defocusing nonlinear wave equation Cu + |u[P~1u = 0 in R™, the energy
critical power is given by 1+ 4/(n — 2), for which it is known that we have
global well-posedness for 1 < p < 1+ 4/(n — 2). It was observed that the
results could be extended for slightly supercritical nonlinearities, in the form
F(u) = [u|*™2Dulog®(2 + u?) or F(u) = |ul* " Dulog®(log(10 4 u?)) for
some « > 0, see, e.g., Tao [24], Roy [13], Shih [16], Bulut-Dodson [3].

1.1.2. Damped wave equation. Considering the damped wave equation Cu+
ug = |ulP in R™, similar to the Strauss conjecture, Todorova—Yordanov [26]
found the critical power of the problem, given by p. = 1 + 2/n. Moreover,
for the problem with the critical power p. = 1+2/n, Zhang [30] showed that
the solutions also blow up in a finite time. See Lai-Zhou [I1] and references
therein for more history, as well as the sharp lifespan estimates.

In [6], Ebert, Girardi and Reissig tried to generalize the problem from
the power nonlinearities to nonlinear function F'(u) = |ulPeu(|u|), where p :
[0,00) — [0,00) is a continuous, concave and increasing function satisfying
1(0) = 0. More precisely, for the Cauchy problem of the damped wave
equations

O+ g = [u 2/ ()
small data global existence was shown for n = 1,2, provided that u satisfies

S MO0
Xe(0.1]1 Sz, 1(A) ’
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and the Dini condition

1
(1.2) / Md)\ <00 .
D
Lo gy =

On the other hand, suppose F' is convex and fo X oo, the solution
blows up in finite time, whenever u(0) = 0 and the initial speed is nontrivial
and nonnegative.

1.1.3. Strauss conjecture on hyperbolic spaces. Another example is the ana-
log of the Strauss conjecture on hyperbolic spaces, for which we consider the
(shifted) wave equations on hyperbolic spaces H",

O*u — (Amn + (n —1)2/4)u = |ulP .

In contrast with the Euclidean case, the geometry of H" provides stronger
decay and integrability at spatial infinity, in terms of the geodesic radius.
Thanks to the improved dispersive estimates (see, e.g., Tataru [25], Anker—
Pierfelice-Vallarino [2]), the Strauss conjecture on the hyperbolic space
has been investigated in Fontaine [7], Sire-Sogge-Wang [I8], where small
data global existence is obtained for any sub-conformal powers 1 < p <
1+4/(n—1). In some sense, we can say that the critical power is given
by p. = 1. In other words, the critical behavior does not appear in the
scale of the power-type nonlinearities. We remark also that similar global
results are established for nontrapping (conformally compact) asymptoti-
cally hyperbolic manifolds, under certain natural spectral conditions, see
Sire-Sogge-Zhang-Wang [19, 20].

It turns out that the critical nature appears in the scale of logarithmic
nonlinearities, at least for H" with n = 2,3, see Wang—Zhang [28] and Zhang
[31]. More precisely, we investigate the critical behavior for the problem

Ou — (Amn + (n — 1)2/4)u = |u|(sinh ™1 1/|uf)~@=1) |
where the nonlinear function |u| (sinh_1 1/\u|)_(p_1) behaves like |u|(log |Ti|)_(p_1)
when |u| < 1. It is shown that we have small data global existence for p > 3,

while blow up phenomenon appears for p < 3. That is, the sharp critical
exponent is observed in the logarithmic scale of nonlinearity.

1.1.4. Generalized Strauss conjecture. As we have reviewed, considering
with F'(u) = |ulP and = € R", the critical power is given by pg(n). In view
of the related results for defocusing nonlinear wave equation, damped wave
equation and the Strauss conjecture on hyperbolic spaces, it is a natural
problem to investigate the similar problem with general nonlinearity, for
which we refer as the generalized Strauss conjecture.

The problem is initiated by Chen and Reissig in [5], where the authors
considered

Ou = [u?s™ p(u)

where, similar to [6], p : [0,00) — [0,00) is a continuous, concave and
increasing function satisfying p(0) = 0.

It was shown that if n > 2 and

(1.3) lim pu(s)(log1/s)"/Ps( > 1
s—0+
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the solution blows up in finite time for the problem with nonnegative, non-
trivial and compactly supported smooth data. To indicate the (possibly)
sharpness of the condition , for spatial dimension n = 3, global exis-
tence with small radial data was proven, provided that

; 1/ps(3) —
(1.4) Jim u(s)(log1/s) 0,
and
(1.5) (s)(log 1/5)/PsB)(loglog1/5)<1 , Vs < 1 .

In particular, in three space dimensions, for the problem with sample
logarithmic nonlinearity

- —
(1.6) O = [ufPs®) (log 1) = \u|1+\/i <log 1) ,

|ul |ul

the critical exponent is determined to be 7. = 1/ps(3) = v/2 — 1.

1.1.5. Generalized Glassey conjecture. Let n > 2 and p > 1. Consider the
wave equation with nonlinearity depending on the derivative of the unknown:

Ou = |OpulP

it is known that, for any nontrivial compactly supported smooth data, the
solution blows up in finite time, whenever (n —1)(p — 1) < 2. On the other
hand, for p > 14+2/(n—1), we have small data global existence when n < 3.
The high dimensional case is known for p € (14+2/(n —1),1+ 2/(n — 2))
and radial data. See Zhou [32], Hidano—Wang—Yokoyama [9] and references
therein.

With the critical power p. = 1+ 2/(n — 1) and F(s) = |s|Peu(]s|), the
generalized Glassey conjecture is recently studied, by Chen and Palmieri
[4] and Shao [15]. More precisely, let p : [0,00) — [0,00) be a continu-
ous, increasing, concave function and satisfies p(0) = 0, the nonlinear wave
equations under consideration is

Ou = F(8yu) = |8l 2/ 1(10pul) .

In [4], finite in time blow up is shown when F' is convex and the Dini con-
dition (1.2)) is not satisfied. On the other hand, when n = 3 and the initial
data are radial, small data global existence is proved when pu satisfies the

Dini condition (|1.2)) and

ky, (k)
sup bl 110 0] R
XE(0,1] 1 <o (N

The nonradial global results for n = 2,3, as well as the analogs for the
problem in nontrapping exterior domains, were obtained later in Shao [15],
by the local energy estimates and Klainerman-Sobolev inequalities.
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1.2. Investigate the sharp critical condition. After reviewing the his-
tory on various related model problems, we find that, at least for the damped
wave equations or the generalized Glassey conjecture, the sharp condition
for the problem to admit small data global solutions has been obtained for
the sample spatial dimensions, which is basically given by the Dini condition
2.

However, for the generalized Strauss conjecture in spatial dimension three,
the sharp condition is only known for the logarithmic nonlinearities
with critical power 7. = 1/ps(3) = 1/ps, which generalizes John’s result
[10].

Concerning the sharp criteria for the nonlinear functions, it remains un-
clear whether it is given by the logarithmic type nonlinearities or Dini type
conditions. This suggests that the generalized Strauss conjecture is much
more delicate.

In this paper, we try to determine the criteria for the generalized Strauss
conjecture in the physical dimension n = 3, which is corresponding to the
John problem. In this subsection, we would like to illustrate what is the
natural expected criteria, based on the fundamental solution and John’s
iteration argument.

To determine the critical condition of u for with

(1.7) F(u) = |u""Y2p(]ul)

we start from pointwise estimates of the radial solution in R3. It is well
known that the linear radial solution admits a particularly simple expression
in R3. By Duhamel’s principle, we can rewrite the integral formulation for
the solution to , with compactly supported radial data:

t—s+r
u(t,r) = u’ + LF(u) = / /t \H‘/i,u(\um(s, A)AdAds

sr|

- /:”/”rm“f (jul)) (e, )

where u” is the homogeneous solution, and & = s — X, § = s + \ are the
double null coordinates.

By sharp Huygens’ principle and the bootstrap argument, global existence
could be proved, provided that the following pointwise estimates could be
kept under iteration,

adad,@’ ,

(1.8) Ju(t, n)| St + )" h(t =)

for some function h to be determined. Here we denote (z) := 2 + |z|. It

turns out that we may choose

(1.9) fult, P)IS(E+ )T =) T2t =) TS+

Then by the iteration u™ = u" + LF(u"!), we have
1 t+r t— r

LE@ENIS, [ 7)™ [ @) () dads

Sl B
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For the purpose of closing the iteration, this appears to be closely related
to the integrability of the integral

|t ga) e

-8
which is reduced to the following condition
1, 14+v2
0

We observe that this is a Dini type condition which generalizes the logarith-
mic form in . This suggest it might be a good candidate for the sharp
condition.

On the other hand, to illustrate the blowup phenomenon, we may want to
see increasing lower bound for the solution, by the John’s iteration argument.
Beginning with certain well-chosen radial, compactly supported, smooth
initial data, we could have

ud(t,r) >t 7)1

near the light cone 0 < ¢t —r < 1. Thanks to the nonnegative nature of the
fundamental solution and nonnegative nonlinearity, we have u > u%(t,r).
Accordingly, applying the first iteration yields
1 t+r B B B B B B
bz [ AR uBT AR+ T =) YR ThR ()
t—r
for t — r > 2, see Proposition [£.1] Then the second iteration arrives at

1 t+r t—r
utr)zy [V - [ o da
T Ji—r 2
In the sample case where u(872) ~ u(871), we see that the last term will
surpass the original lower bound, provided that

t—r
/ a_1u1+\/§(a_1)doz >1.
2

This is exactly the case when p is violating . It suggests that blow up
might also closely related with this critical integral.

Based on the preceding analysis, we infer that is the sharp condition
for the problem to admit small data global solutions, under certain
natural restrictions on pu.

1.3. Our results. In this manuscript, we prove that is exactly the
sharp condition for the problem to have small data global existence.
For simplicity of the presentation, we shall simply write p = 1 4+ v/2 as the
John-Strauss critical power hereinafter.

Let us first state our positive result.

Theorem 1.1 (Global existence). Let u : [0,00) — [0,00) be a continuous
and increasing function such that F(u) = |ulPu(ju]) € C? and the Dini
type condition holds. Then the Cauchy problem enjoys small
data global existence. More precisely, for any (f,g) € C3 x C2, there exists
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go > 0 so that the problem (L.1)) with data (ug,u1) = (ef,eg) admits a global
classical solution u € C*(R x R3) for any |e| < €.

On the other hand, to illustrate the sharpness of the Dini type condition
(1.10)), we consider the classical solution to the Cauchy problem

(1.11)  Ou= F(u) := |[ufPu(ul) , w(0,2) =0, u(0,2) =u; ,z € R3.

Theorem 1.2 (Blow up and estimates of the lifespan). Let p : [0,00) —
[0,00) be a continuous and increasing function that violates the Dini type

condition (1.10), that is,

1,ps
(1.12) / KN gy = oo
0 A
Suppose also that F € C?, € C1((0,00);(0,0)) and
/
(1.13) AN =o(l), as A — 04.

ey
Then the classical solution u to the Cauchy problem blows up in finite
time, for any radial, non-negative and non-trivial data u; € C?. More pre-
cisely, for any radial, non-negative and non-trivial C? function f, and any
0 < < 1, there exist eg = eo(f,9) and positive constants ¢, C' independent
of €,0, such that for e € (0,g¢], the lifespan T'(€) is estimated by

(1.14) ce PP~ < A_(T(e)) < CePP=1)=9/p
with up = ef, where A is defined in (2.8) in Section @

Remark 1.3. Notice that the Dini-type condition (1.10f), together with the
continuity of p in Theorem already implies 1(0) = 0 in this case. On
the other hand, if (1.10]) fails, as in Theorem then u(A) > 0 for any
A> 0.

Remark 1.4. Note that 4 = 1 is also a typical example for Theorem
and there is no such loss J in the estimate of the lifespan, which is consistent
with the well known critical upper bound, see Takamura-Wakasa[23], Zhou-

Han[34]. See Remark [4.3| for details.

Remark 1.5. Compared with the results established by Chen and Reissig

[5, Theorem 2.1, 2.2], our work establishes the sharp critical condition ({1.10J).
Specifically, we would like to give typical examples of u in Theorem [I.2] for

A 1:
1
1\~ 1\~ 1\ >
1.1 = (log= loglog = | - (logk=
(1.15) pr () (ogA) (ogogA> <og A) ,

Here, we use log to represent k-th composition of logarithmic mapping.
In particular, Theorem [1.2| with p; gives us the blow up result for
with the critical power. Remark also that, for any & > 1, uj satisfies an
additional property ju(\) ~ u(A\?). For such functions, we claim that the
proof of Theorem will be much easier, and we refer the readers to a
previous version of this manuscript to the proof for uyg, see arXiv:2405.12761
v1. However, such a property is not enjoyed for general p satisfying

Sl
S
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while violating ((1.10). The absence of this property poses one of the major
difficulties in the analysis. To handle this issue, we introduce a key function
A, which is naturally connected to the integral (1.10)), see Section

Concerning the idea of the proof, we mainly rely on the precise pointwise
estimates of the solution, based on the fundamental solution and John’s
iteration argument. The proof of the global well-posedness result in Theorem
I.1] is presented in Section [3] The proof of the blow up part in Section [
is more delicate. The functional method is usually used in the blow up
analysis, instead, we turn to a precise pointwise estimate here, in a fashion
similar to that of John [I0]. In this way, we can make the blow up nature
more clear. More precisely, by exploiting the positive fundamental solution,
we obtain an improved initial bound inside the light cone in Section
To facilliate the iteration, we introduce a key function A in Section
—, which is naturally connected to the integral . Based on an
adaption of the slicing method of Agemi-Kurokawa-Takamura [I], we obtain
a sequence of lower bounds for the solution, which is increasing and
diverges to infinity in finite time in Section It is also precise enough for
us to obtain an upper bound estimate of the lifespan. Finally, in Section
we complete the almost sharp estimate by establishing the lower bound of
the lifespan.

Before concluding the introduction, let us take an outlook to the general
spatial dimension. As we have recalled, the blow up result is also known [5]
for general n > 2, under the condition . In view of the sharpness of the
Dini type condition for n = 3, as well as the sharpness of the Dini
condition for the damped wave equations and the generalized Glassey
conjecture, it seems natural to expect that it is also the sharp condition for
general n.

In conclusion, we propose the following conjecture:

Conjecture 1.6. Consider the Cauchy problem (1.1) with general spatial
dimension n > 2 and nonlinearity

F(u) = [ufPs™ p(Jul) ,

where p : [0,00) — [0,00) is a continuous and increasing function. Suppose
in addition that i € C*((0,00); (0,00)) for some k > 1 and

)\ju(j)()\)
1(A)

Then we have small data global existence if and only if the following Dini
type condition is satisfied:

(1.17) /01 M) ) < 0.

(1.16) =o(l), as A\ =04 ,V1<j<k.

A

For the high dimensional case, we may need to suppose some additional
conditions on p(A) for large A. However, for n = 2, we believe the assump-
tion is sufficient for the conjecture.
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Notation.

e We use A < B to denote A < CB for some fixed large positive
constant C which may vary from line to line, and similarly we use
A < B to denote A < C~!B. We employ A ~ B when A < B < A.
Particularly, when C' = C} only depends on parameter k, we use
A<, B and A~ B.

e We denote (z) := 2+ |z|.

e We denote z V y := max{z,y} and z A y := min{z, y}.

2. PRELIMINARY

Considering the linear wave equations
(2.1) Ru—Au=F ,xcR?,
. uw(0,2) = ug, ut (0, ) = uy ,

Duhamel’s principle tells us that (2.1]) is equivalent to the integral equation
t
(2.2)  wu(t,x) =u’(t,x) + (LF)(t,z) = u'(t,z) + / S(T)F(t — 1,x)dr,
0

where u® = 9.5 (t)uo(x) + S(t)ui(x), and S(t)ui(z) is the solution for the
linear homogeneous equation with data ug = 0.

Based on the explicit fundamental solution 5-6(t* — |z[%), we can eas-
ily obtain the following classical dispersive estimate for the homogeneous

solution Y.

Lemma 2.1 (Linear estimates). Let n = 3 and r = |z|. Suppose the initial
data (ug,u1) € C2 x C2 are supported in Br(O). Then there exists N > 0
so that

(2.3) [ (t,2)| < Nt + 1) Xjri<r »
for the solution to (2.1) with F = 0.

Next we establish the preliminary of the proof of Theorem Firstly,
based upon the assumption made on g in Theorem we derive a key
property of this function.

Lemma 2.2. Let u € C((0,00); (0,00)) be an increasing function satisfying

(T13). that is,

AN
All}& ey =0
Then
(1) for any pair (a,b) € R? with a # 0,
2. ZOW0)

A0+ are 1 ()
(2) For any dg > 0, there exists Ao € (0,1), so that
(2.5) w(OX) < p(N) < 07%u(0)), YA € (0, M), V0 € (0, 1].
In particular, we have
(2.6) (A) = AAT% u(Ng), YA € (0,A] -
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Proof. The calculation for (2.4)) is straightforward, as we have

HOEEN) b0
1) a
As for ([2.5)), we make a change of variables. Let = e, and f(\) = 5((9)3\)),
we have log f(e®) = log p(e®) — log u(e5~?). Observing that
d e (%)
el 5) —
75 log u(e’) e

then for any dp > 0, there exists Ag € (0, 1) so that for any A = e® < Ao, we
have % log pu(e®) € [0,0¢]. Thus, integrating from s — § to s gives us
0 <log f(e®) < dpd = —dplogh ,Vs < logAg .
Returning to the original variable, we get
L<fN) <07 VA< N,
which gives us the desired inequality . ([l
Based on Lemma (2), we obtain the equivalence
H(N) ~c 1(CN)

for small A. However, we emphasize that u does not satisfy the stronger
equivalence

(2.7) pN) ~ u(\?), A<,

which was crucial for the blow-up iteration in the previous works.

In any case, to connect between the scales A and A2, we introduce the
following function, which is closely related to p and the growth induced by
the blow-up assumption ([1.12). For given é > 0, we denote

(2.8) As(t) = /t 11 Mp()\(md)\.

Clearly, As : [1,+00) — [0,+00) is an increasing function, As5(1) = 0 and
tends to infinity as t — co. We observe some critical properties of As as
follows.

Lemma 2.3. Let u € C([0,00);[0,00)) be an increasing function, then we
have the following results:

(1) AL(t) = pP(3/t)
0 t
(2) For any 6 € (0,1], there exists some positive constant Cy such that
fort>2/0,

As(0t) < Aj(t) < CoAs(0t).

(3) Fort>1,
As(t) < As(17) < 245(1).
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Proof. The first identity is trivial. Then we only consider the remaining two
inequalities. Firstly, a brief calculation shows that

Lop 1/(6t) ,p
As(0t) < As(t) = /l/t & (j/\) d) = As(0t) + /m K (f)‘)
< As(0t) + (log 1/0) P (6/(61)) .

Recall that, if t > 2/6, As(0t) > 12/((9%) #p(;;)\) d\ > (log2)uP(5/(6t)), we get

dX

As(0t) < As(t) < (1 - }Oge

D) o).

which is the second inequality.
For the third one, we make a change of variable in the integral, with
A = 52 < 1, and using the fact that uP(§s%) < uP(ds), we obtain

1 ,p
As(e) < Ao = [ 24

1 p 2
2/ wP(s%)
t

-1 S

L (s
Q/t H08) 1o — o a5(t)

-1 S

X

IN

which completes the proof.

3. GLOBAL EXISTENCE: PROOF OF THEOREM [L.1]

In this section, we give the proof of Theorem For sufficiently small
e > 0, by [21} Chapter I, Theorem 5.1], for some T > 0, we have the classical
local solution v € C?([0,T] x R3) due to F € C? and F(0) = 0. Moreover,
the corresponding continuation criterion shows that a finite maximal lifespan
can occur only if the solution becomes unbounded. Therefore, to obtain
global existence, it suffices to prove that there exists a constant C such that

sup [u(t, )| < C',
€T

for all ¢ in the lifespan of the solution.

Since p is continuous on [0, 00), it is bounded on [0, 1]. Absorbing this
bound into the implicit constants, we may assume without loss of generality
that

p(s) <1, 0<s<l1,
and hence p({y)~1) < 1.

By Lemma [2.I] and without loss of generality we assume R = 1, there

exists a constant Cy > 0 such that

[u®(t, )| < eCo(t +r) " {t — r)fiu(@ —r)h = eCo®y(t,7) .

Then bootstrap argument tells us that the proof is reduced to establishing
the following boundness estimate.
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Lemma 3.1. Under the assumption of Theorem[1.1], there exists g > 0 so
that for any € € (0, 9], we have

(3.1) \LF(u)(t, )| < gc()cbo(t,r) :
whenever |u(t, z)| < 2eCoPo(t, 7).

Proof. By Duhamel’s principle and the well-known solution formula of linear
wave equation for radial data

uO(t, ) = S(t)uy + 8,5 (t)ug ,
1 t+r
(3.2) S(t)ui(z) = tMu(x) / u (v +ty)doy = — ur(A)AdA
B 2r \t—r\
where |S?| denotes the area of the sphere S%. Thus, and (3.2) imply
t—s+r
LF(u)(t2)| < — / / F(2:Co®0)(s, \)AdAds
t—

s—r|
t—s+r
< (2Co) 2600 / / (s 4+ \)"P(s — )\>_1,up(<.5‘—)\>_1)u((1>0)>‘d)‘d8’
t—s—r|

when 2¢Cy < 1. Introducing new variables of integration

(3.3) a=s—\NB=s+ A
we have
t+r t— 7'
LE(t, ) < / / “L2((0) ) u(®@o(a, B)) (A—a)dads.
Since ®g(a, B) < (B)~! < (t—7)~L, there exists a constant C; > 0 such that
P o t+r - t—r . 4
LRt 2)| < D (it —r) ) / By / (@) (o) V)dads
j6=ri -8

Under the assumption ([1.10]) of x, we can control the dominant term:

t—r B P
/ (@) P () V) das /O ()P ((0) ) das /0 & )(\)\)d/\< o .

-8
Then we get for some Cy > 0,

1 t+r
LRG| < Ot =) ) 81 ras.
t—r
When r < t/2, that is, t +r < 3(t — r),the integral can be handled by
exploiting the monotonicity of the integrand:

1 t+r

/t (BYIPdB < 2t — 1Y < 6(t 4 )1t — )2 .

r -

On the other hand, if t <2, we have r <t +1<3, (t+71) <7< 4{t—r),
similar argument gives us

1/tt+T<B>1pd,B < 2(r At) (t — 7’)1*;0 < 8<t—|—7‘>71<t . T’>27p ‘

—r| T
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For the remaining case r > t/2 > 1, we have (t +r) < 3(r) < 9r it follows
directly from integration by parts:

1 /HT 1- T R e S 9 1 2
- B) ~Pdp = < t+ry Tt — )P
r |t—r|< > (p—2)r p—2< )
With the fact of 2 — p = —%, we conclude the proof by taking £y to be
sufficiently small. O

4. BLOW UP AND UPPER BOUND OF THE LIFESPAN

Under the assumption of initial data u; = ef € C? and F € C?, for
sufficiently small € > 0, there exists T' > 2 so that we have a unique classical
local solution u € C?([0,T] x R3). The supremum of all such T is called the
lifespan of the solution, denoted by T'(¢). Without loss of generality, we will
assume that the support of u; = ¢f is in the unit ball B;(O).

In this section, we give estimates of the lifespan in an implicit expression,
where the upper bound of the lifespan implies that the solution blows up in
finite time for any small € > 0.

4.1. Initial lower bound. From the expression of solutions ([2.2)) and (3.2)),

we deduce the following pointwise lower bound estimate.

Proposition 4.1. Under the assumption of Theorem there exist con-
stants o, C,Cy € (0,1) depending only on f such that for sufficiently small
e > 0, the classical solution of the Cauchy problem (1.11)) has the pointwise

lower bound

(4.1) u(t,r)zg, VO<t—r<ro<l<t+r,
t+r

and

@9 ez e () s

Proof. As w; is supported in the unit ball B1(O), by (2.2)) and (3.2]), we have
the following lower bound for ¢ > r
€ t+r
u(t,r) > ud(t,r) = — FOADN .

2r t—r

Since f is non-trivial and non-negative, there exists ro € (0,1) such that

1

/f()\))\dA>0.

To
Then, for 0 <t —r <rg <1<t+r, we have

1

€ Ce
4. t,r)> —— A)AdA >
(13) ) > o [z 5

for any C' € (0,1) with C' < [ f(A)AdA.
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Subsequently, we employ the following iterative form with the new coor-
dinate («, ) in (3.3)):
(4.4)

t t—s+r
u(t,r)Z/ S(t—s)F(u //t l]u|p p(|ul)) (s, \)AdAds

t+r t—r
_ / (lufPa(Jul)) (o, B)(8 — o) dads.

Then the initial lower bound . 4.3]) yields
D ~P t+r
S [ [ aruicss - aydads

Cp€p7°0 t+r 1—p .
> S [t rucesas
for t —r > 2, where in the last inequality we used the fact that 8 —a > /2
for a € [0,79] and 5>t —1r > 2> 2r.

When ¢t —r > 2 and r < t/2, which means t —r < t+r < 3(t —r), thanks
to Lemma it is clear that for sufficiently small e, S Pu(CeB~1) is a
decreasing function by witha=p—1,b=1, and

p(Celt+ 1)) 2 (el = 1)) 2 Sttt — )

3
by (2.5)). Thus, we have

u(t,r) >

P
u(t,r) > TOSC eP(t + ) Pu(Ce(t +r)7h)
p
= r080 eP(t+7) Lt + )2 Pu(Ce(t +r)7h)
’r‘()Cm—~_1

> —5 3PPt 4+ )t — )2 Pu(e(t —r)7h) .
On the other hand, by (2.4) with a =p—2,0 =1, we get

1— -1 Bg_pﬂ(csﬁ )
Bl 2 o, h )

for sufficiently small €. Hence, for t/2 <r <t wehavet+r > 3(t—r), and
thus

t+r 2— -1
)= 0L [, (5 ) as
t—r -
T‘onEp
— 32(p—2)t
CPeP
2 S5ty — 2yt (=7 = e+ PP p(Cele =) )

r p+1 _ 92—p
a2t 4) (=1 ulele = 1)),

where in the second to the last inequality we used the fact that p is an
increasing function.

[(t — r)27pu(C5(t — r)fl) —(t+ T)27pu(05(t + 7“)71)}
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In conclusion, recall the fact that p—2 = 1/p, we have obtained the lower
bound (4.2) for ¢ — r > 2 with a constant Cy € (0,1) depending only on
f. O

4.2. Iteration region. We first identify a region in which the initial esti-
mate (4.2) yields a convenient lower bound for the argument of u. Fix
3—p—1 3—2v2
_3-p-1/p_3-2v2
4 4

By (2.6)), after decreasing eq if necessary (so that Cs, > Ego and Cy > ago),
we have

do :

p(ea™) > Cs, (ea™t)% > 200 ~%
whenever 0 < ¢ < ¢ and a > ¢~ L.
the initial lower bound (4.2) gives

u(a, B) > CoePt?0 ™ a1 /P00

> €p+350B—1a—1/p—60

Hence, in the null coordinates («, f3),

> €p+35072/8171/p750€2ﬁ72
(4.5) > 2872 Ya>e L
Here we used 1 —1/p — 89 = p+35 —2 >0 and B> a > ¢!, Since p is
increasing, it follows that
plu(a, B) > p(e*p72) .
Substituting this estimate and (4.2]) into the iteration formula (4.4), and

restricting the inner integration to e~! < o < t — r, we obtain

(46) u(t,r) > SO /W T e P (ca (€28 (8 — a)dads |
t

8r —r Je1

To simplify the integral in (4.6)), we first handle (8 — a) so that it behaves
like 8, by imposing a < %ﬁ’(t —7), for mg = 7! and m; > mg to be
determined later. In this case, when 8 >t — r, we have

B—a>pf—"D(t—r)> 8.

ma ma
This naturally leads to the following choice of region, that is for ¢t —r > my,

D p> o t+r %(tfr)
u(t,r) > S0~ / / Y B (ea ) u(e26?) dadB
t mo

mi1 — My

8r mi r

t+r Z—(i(tfr)

B Pu(e*B?)dp

»° C’g(ml —my)

4.7 >e a P (ea™ N da

8myr t—r mo

At first, by a change of variables, the integral over o can be bounded from
below in terms of the critical function A introduced in Section Indeed,
since mo = e 1, we see that

mq(t—r)

T P (e P (2! — —r\®
/ T pP(ea )da:/ 1 pP(efa )da:A62<t r)21A62<(t 7'))7
mo o 1 (67 mi 2 ma

where the last inequality follows from Lemma (3).
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We now proceed to compute the integral of 5. Recall that, (2.5) with

do = 1/2 implies that for sufficiently small £, we have

p (22 @0 —)?) 2 S -

On the one hand, if t < 3r, namely, ¢t +r > 2(t — r), we derive

Ly 2 B > 2 20y aaa d
By - B Pu(e"f")dp > By L, B Pu(e"f*)dp
> - ) P (2 - ) )

> 2Pt )Tt — )PPt —r)72).

On the other hand, for ¢ > 3r, that is t —r <t 4+ r < 2(¢t — r), it is similar
to obtain that

1 t+r
o | BTT(E@BTAB = () TPu (4 )7
t—r
> 217p(t + T)fl(t — r)27pu(82(t — r)fZ) .
As2—p= —%, we conclude that for t — r > mq,
(4.8)
2
p™M1 — Mo _p2 ~1(p o\ (22( _ )2 t—r
u(t,r) > C; 2P +im, e (t+r)(t—r) ruEt(t—r)"")A2 << o )

4.3. Iteration procedure. In this section, we complete the estimate of the
upper bound of the lifespan. In light of the iteration region and formulation
in Section [4.2] we establish the following lower bound of the solution by
induction.

Proposition 4.2. Let m; be a sequence of strictly increasing numbers with
mo = e and mj < 4/e. Under the assumption of Theorem suppose
that for some j > 1, the solution u(t,r) has the following lower bound esti-
mate:

2
(49) u(t,r) > Che(t+r) 7 (t — ) " p(eX(t — )2 AY <<t_r> ) ,

m;

fort —r > m;, with some constants Cj,aj,b; > 0. Then for any 6 € (0,1),
there exists eg > 0, which is independent of j € N, such that for 0 < e < g,
t—r>mjq1, (4.9) holds for j+ 1 with

M1 — My P

(4.10) ajr1 =ap+6, bjr1 =bjp+1, Cjp1= B (bp 1 Ly
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Proof. By (4.4), (4.5) and (4.9), for ¢ —r > mj41, we have

Poa;p it (¢ 2
S / T/mﬁl( " BPa P (a2 A% < . >
r t—r m; mj

8
x w(e?673)(8 — a) dadB

CPe%P(mirq —ms) [fttr
5 G (me —m) / BPu(e?B7?) dp
t

u(t,r) >

B 8myj1r -r
m

T e oy b a\?
></ a T pP(efam )AL — dov.
m; m;

The integral of 8 is independent of j, and we have already treated it in
the proof of (4.8)), that is, we have

(4 11) 1/t+7"I81p (2 243 > 9~ P-1 1y N2—p (20 =2
1) [ s = e Y.

T

Turning to the integral of «, which plays the key role in the argument.

Thanks to (2.5) in Lemma for any ¢ > 0, there exists g¢ such that for
any € < g9, « > mj and j € N,
pe’a?) ~5/p 5/
(4.12) — > >m,; > (e/4)°/P.
p(e(a/my)=2) —

Thus, it implies that

i () 1, p2, —2y 4bip a )’
apP(efam )AL p do
mj J

>(/2)° [ P (gAY ((“)2> da

mj m;

t—r

=5/ [ A (@) uAa(etda = 5 S0 DAL <<H>2> |

2(bjp+1) " Mjt1

Combined with (4.11)) for the integral of 3, we obtain that for any ¢ > 0,
there exists ¢ such that for t —r > mjq

(4.13)
2
u(t, 1) > Cpae® ot + 1) 7Lt — 1) "o p(e(t - r) ) AR <(t r) ) :
mj+1
where Cj1 = b L c? O

2FHFB (bjp+)my

Let us now complete the proof of Theorem by estimating the lifespan
of the solution. To this end, we choose a sequence of m; such that

4

(4.14) mj = g(1*2_j)’ jeNy.
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In light of Proposition and (4.8), by induction, we deduce that for
Jj €Ny, and t —r > mji1, we have (4.9)), with

) 1
aj+1=ajp+5=pj+2+p775,
p—1
. . pj-‘rl_l ]
bjy1 = jp+1=p7+p]71+---+1=ﬁ§]?7+1a
p!M1 — Mo P
¢r=0 2p+4m1 2P+5CO’
1

mMi+1 — My cP > CP
2p+4+25(bjp—|— 1)mj+1 J = 29(2p)j+1 J

Thus, the estimate of C; yields
log Cj4+1 > —9log2 — (j + 1) log 2p + plog C}

Cjt1 =

zﬁQ%q—mwm ﬁ;—w%m2;>:zf
=1

=1

Finally, for t —r > 4e=! > mji1, we have

2
u(t,r) > Cjpae®+ (t+ 1) 2t — 1) o p(e2(t — r)~2)A% <<t : ) )
Mj+1
v (m (1752 g 42

1
x (t4r) (=) TPt -r)7)
1 .
for any j > 1. According to _PJ N F and p? +51 P AN B
see that u(t,r) explodes as j Lo, provided that

T log Ao (<€(t;r)>2> > 0.

In other words, for such (¢, r), the solution u(t, ) cannot exist, which implies
that the solution blows up in finite time.

In particular, for sufficiently small &, with r = 0, the infimum of such ¢
gives an upper bound for the lifespan T'(¢). That is, we have the following
implicit upper bound for the lifespan T'(¢):

D eT(e)\? 9 0 1
< - — .
_1logA52 << 1 > <|p +p—1 logE

The change of variables eA = A and Lemma yield

S A2(CT()) < Aa(eT(6)) = A(T(e)) ~ Ac(1/2),

which shows by the upper bound (4.15]) that
A(T(2)) — Ac(1/e)SePle==0/p

> exp

pl,we

~ J
C’—i—(p +>log€+

4.15 C+
(4.15) ,
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Recall that by the expression of A.(t),

1
1
A€(1/5)5/ —d\=logl/e,
e A
we obtain the desired upper bound of the lifespan:
(4.16) A (T(e))Se P10/

Remark 4.3. When p = 1, that is, for the classical John-Strauss nonlin-

earity |u|1+‘/§, we could choose § = 0 for the lower bound in (4.12). In this
case, A_2(t) =logt and (4.15)) reduces to

~ eT'(e 1
C+Llog 2lgL <plog
p—1 4

which implies that, for some C' > 0 independent of ¢,

log €T4<€) < Qe P01

For sufficiently small &, we get the upper bound of the lifespan
T(e) < 4e L exp(Ce PP~) < exp(2Ce PP~V

which is consistent with the well known critical upper bound.

5. THE LOWER BOUND ESTIMATE OF THE LIFESPAN

In this section, to compare with the upper bound -, we establish the
lower bound of the lifespan T'(e - for the solution to with small
initial data. We remark here that the result applies also for general data,
with u(0,z) = ¢ instead of u(0,z) = 0.

We establish the lower bound by using an argument similar to the proof
of global well-posedness in Section [3] Suppose that the initial data have
compact support in By (O), then by Lemma there exists a constant By
depending only on f such that

(51) (1)) < Boslt 1) jricr = 2V
Similar to the proof of Lemma, we derive the estimate as follows

(5.2)
|LF(u®)(t,r)| < |LF(¥;

t+r t— r
4BO€ /t / Pu(4Boe(B) 1) Xjaj<1 (B — a)dadp

(4B05) - t+r .
< O 4Byt —r) ) /| (o
< BieP(t+r) Mt —r) (et — )7,

for some constant By > By independent of ¢ < 1.
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Thus, we establish the ansatz of the upper bound of the solution
(5.3)
u(t )] < 4Boe(t + 1)~ Xje—cr + AB1 (4 ) N~ 1) (et 1) s
= Wi + Your -
As in Lemma the local solution wu(¢,r) could be extended to the inter-

val t € [0,T], provided that the bootstrap assumption holds on [0,7]. In
particular, it reduces to the following estimate:

(5.4)  LEWg + Uout)(t,7) < %(wm b W) (1), V(E7) € [0,T] x R, .

At first, by (5.2)), it is clear that there exists €9 < 1 such that for any
e < €op,
p—1 -1 -1 p—1 1
(5.5) Bt —r) rule(t—r)") < Bigy wu(eg) < B A 1
and so Wy < e(t + 7)1,
1
LF(\I"m)(ta T) < Z(\I’zn + \Ijout)(ta T) .

On the other hand, as W,,; is supported inside the light cone, the contri-
bution to the solution has the same property in the support. In conclusion,
it follows that, for ¢t — r > 1, we have

(5.6)
LE(U)(t,r) < T / v / By P la) P (e(e) " Du(e(8) ) (B — a)dads
< (4381;317) /1,(5<t—7’>1)/+r 1 pdﬁ/ fl)da

1

< (4B1€”)Pple(t — 7“>_1)§

t+r
| @ raeis

t+r

< @BEPut =) DA+ g [0

T
1
< Boe? {t 1) TNt — 1) Trple(t =) AL+ 20)

for some constant Bs independent of €, where the last inequality follows from
the last two inequalities in the proof of Lemma [3.1] as well as the trivial
inequality (t +7) =2+t +r <1+ 2t.

Therefore, we can close the bootstrap argument of (5.4) on any time
interval [0, T, provided that

BQ€p2A5(1 + 2t) < ByeP .
Consequently, by the definition of the lifespan, T'(¢) must satisfy
Bg&tPQAs(l +2T'(e)) > B1€P.

Recall that T'(¢) > 1 for small £, the proof of Lemma [2.3] (2) with 6 = 1/3
gives us

A(142T(e)) < A.(3T(e)) < 3A.(T(¢)) ,
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and thus the desired lower bound of the lifespan in ([1.14)), with ¢ = B;/(3Bz2).
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