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We provide a graphical method to de-
scribe and analyze non-Gaussian quan-
tum states using a hypergraph frame-
work. These states are pivotal resources
for quantum computing, communication,
and metrology, but their characterization
is hindered by their complex high-order
correlations. The framework encapsulates
transformation rules for a series of typ-
ical Gaussian unitary operation and lo-
cal quadrature measurement, offering a
visually intuitive tool for manipulating
such states through experimentally feasi-
ble pathways. Notably, we develop meth-
ods for the generation of complex hyper-
graph states with more or higher-order hy-
peredges from simple structures through
Gaussian operations only, facilitated by
our graphical rules. We present illustra-
tive examples on the preparation of non-
Gaussian states rooted in these graph-
based formalisms, revealing their poten-
tial to advance continuous-variable general
quantum computing capabilities.

1 Introduction

In the quest to demonstrate a genuine quan-
tum advantage in the continuous variable (CV)
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domain, substantial progress on the controllable
generation of multimode non-Gaussian states has
recently been made by photon subtraction [1, 2, 3]
and nonlinear unitary operations such as spon-
taneous parametric down-conversion (SPDC) [4].
These strategies usually introduce higher-order
statistical moments of the quadrature field op-
erators, go beyond Gaussian states and there-
fore have irreplaceable advantages as quantum re-
source [5, 6] in various tasks, including entangle-
ment distillation [7, 8], quantum metrology [9],
and CV quantum computation [10, 11, 12, 13].
Compared to the remarkable progress in experi-
mental realizations, how to understand and more
definitely classify the multimode non-Gaussian
states with high-order interplay among quadra-
tures, still faces a formidable challenge. To ad-
dress it in a more intuitive and systematic man-
ner, graphical frameworks [14, 15, 16, 17, 18, 19,
20, 21, 22, 23, 24, 25, 26, 27] as means of describ-
ing quantum states emerge as a highly promising
solutions.

Graph states [28, 29, 30] and hypergraph states
[31, 32, 33, 34, 35] were first defined in dis-
crete variable (DV) systems to form multiparti-
cle entangled states corresponding to mathemat-
ical graphs. They have applications in various
contexts, ranging from quantum error correction
[36, 37] to measurement-based quantum compu-
tation [38, 39]. This kind of definition in terms of
graphical formalism then got generalised to CV
system [40, 41]. Examples are shown in Figs.
1(a) and (b). It has been proven that any Gaus-
sian state can be described by a CV graph state
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Figure 1: Examples of graph and hypergraph states, as
well as the graphical framework for hypergraph states as
discussed in this paper. (a) Topology of a four-mode
square graph state and the circuit to generate it. (b) A
four-mode hypergraph state. Hypergraph states gener-
alize graph states by allowing hyperedges (colored closed
shapes), which represent interactions between multiple
modes. (c) Based on the graphical rules proposed in
this paper, a complex hypergraph state with more or
higher-order hyperedges can be generated from simple
structures solely through Gaussian operations.

[42]. The first and second-order statistical mo-
ments of the quadratures, which completely char-
acterise a Gaussian state, can be derived from
the edges in the corresponding graph. Naturally,
CV hypergraph states have richer graphical struc-
tures [43, 44], since they include multimode inter-
actions. Such inherent multimode nonlinearity
can represent the high-order correlation in non-
Gaussian states. Ref. [43] showed an evidence
that a 3-order hypergraph state restricted to a
Gaussian measurement strategy can be a can-
didate for universal quantum computing. Nev-
ertheless, the ramification of arbitrary Gaussian
operations on non-Gaussian hypergraph states re-
mains an underexplored frontier, given their po-
tential to yield higher-order hypergraph states
that distribute non-Gaussian resources across an
expanded set of modes.

Here, we provide graphical rules which serve
as a comprehensive framework for manipulat-
ing non-Gaussian states in CV systems. This
pictorial representation encapsulates hypergraph
transformation rules encompassing typical Gaus-
sian unitary operations, together with local

quadrature measurements, offering an intuitive
visual modality for implementing experimentally
feasible operations on CV non-Gaussian states.
Crucially, as shown in Fig. 1(c), we demonstrate
the capability to generate complex hypergraph
states with more or higher-order hyperedges from
simple structures solely through Gaussian opera-
tions, underscoring the power and versatility of
the graphical rules provided here. Furthermore,
we give three examples of non-Gaussian state
preparation schemes rooted in our graph-based
formalism. These instances illustrate the prac-
tical potential of the graphical framework, posi-
tioning it as a valuable tool for advancing the
frontiers of quantum information processing.

2 CV Hypergraph States

A weighted hypergraph is a tuple H = (V, E, T )
with a set V = {vi}n

i=1 of n vertices, a set E =
{ej}|E|

j=1 of |E| hyperedges, and a set T = {tej }|E|
j=1

of real valued weights associated to hyperedges,
where |E| denotes the number of elements of E.
A CV hypergraph state |H⟩ is defined as an n-
mode quantum state where the vertices repre-
sent the modes of the state and the weighted hy-
peredges represent generalized controlled-Z gates
performed on the modes [44, 43]. More formally,
we have

|H⟩ =
∏

ej∈E

Cej (tej ) |0⟩⊗n
p , (1)

where |0⟩p is the zero-momentum eigenstate in
the limit of infinite squeezing with normaliza-
tion ⟨p′|p⟩ = δp,p′ and Cej (tej ) = eitej q̂v1 q̂v2 ... q̂vm

is a generalized controlled-Z gate acting on m
modes connected by the j−th hyperedge ej =
{v1, v2, . . . vm}. If a hyperedge only contains two
vertices, Ce is the standard controlled-Z gate
Ce(t) = eit q̂v1 q̂v2 and if it contains three vertices,
it is the Toffoli gate Ce(t) = eit q̂v1 q̂v2 q̂v3 [45]. We
use the shorthand notation qej

:= q̂v1 q̂v2 . . . q̂vm

and define the quadrature operators in units such
that [q̂, p̂] = i holds. A hypergraph state of k-th
order is classified by the maximum number of k
modes connected with one hyperedge.

For clarity, we give an example of a four-
mode hypergraph state containing two hyper-
edges, |H⟩ = ei q̂A q̂B q̂C ei2 q̂A q̂D |0⟩⊗4

p , as shown
in Fig. 2(a). One hyperedge e1 = {A, B, C}
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has weight te1 = 1 and the other hyperedge
e2 = {A, D} has weight te2 = 2.

In order to present the graphical framework
more conveniently, we first introduce some ba-
sic rules of set operations. The hyperedge set Ea

is defined as the set of all hyperedges containing
vertex a. The adjacency set A(a) of vertex a ∈ V
is defined as A(a) = {e \ {a} | e ∈ Ea}. Consid-
ering the bijective mapping between hyperedge
and weight sets, we define the union (EU ; TU ) =
(E1; T1) ∪ (E2; T2) as a union of all tuples. For
hyperedges appearing in both sets, we add up
their weights. For the hypergraph in Fig. 2(a),
the set of hyperedges containing mode A is given
by EA = {{A, B, C}, {A, D}} with associated
weights TA = {1, 2} and A(A) = {{B, C}, {D}}.
If we unite EA and EB = {{A, B, C}} with TB =
{1}, (EU ; TU ) = ({{A, B, C}, {A, D}}; {2, 2}) is
obtained.

Although not all quantum states can be trans-
formed under the graphical rules, some states are
able to be represented indirectly in the form of
hypergraphs. For example, the state after ap-
plying the cubic phase gate ei q̂3

which contains
a third-order moment term of one single-mode
operator and which plays important roles in uni-
versal quantum computing [46, 11, 47]. We will
demonstrate later that it can be represented as
a sequence of operations similar to those of our
formalism.

3 Results

In this section, we provide unified graphical rules
of Gaussian unitary operations and Gaussian
measurements for CV hypergraph states. We
show the rules of single-mode Gaussian opera-
tions including displacement, shearing, squeez-
ing, and rotation [48, 49] and further discuss the
CV controlled-Z gate. Derivations are given in
App. A. In principle, any multimode Gaussian
operation can be represented as a concatenation
of a beam splitter, single-mode squeezing, and
phase shifts through the Bloch-Messiah decom-
position [50], where the beam-splitter operation
is equivalent to a controlled-Z gate [45]. Note
that some of the fundamental operations gener-
ate additional terms, which need to be taken into
account when applying multiple operators con-
secutively.

Figure 2: Examples of a weighted hypergraph state and
different Gaussian operations applied on it. Roman la-
bels represent the weight of each hyperedge. The orange
circle represents the initial hyperedge, and the green cir-
cle represents the newly created hyperedge. The pur-
ple solid lines and circles represent the 2nd-order and
1st-order hyperedges respectively. The dotted circles
represent the higher-order moments. (a) A hypergraph
H, corresponding to four modes and two hyperedges:
one 2nd-order hyperedge {A, D} with weight 2 and
the other 3rd-order hyperedge {A, B, C} with weight
1. On the corresponding quantum state, one can ap-
ply different Gaussian operations: (b) Momentum dis-
placement ZB(−2) on mode B adds a hyperedge repre-
senting e−2i q̂B on it. (c) Position displacement XA(1)
on mode A generates new hyperedges: a 1st-order hy-
peredge representing e−2i q̂D on D and a 2nd-order hy-
peredge representing e−i q̂B q̂C for {B, C}. (d) Position
shearing DB

q (2) on mode B adds a decoration represent-
ing ei q̂2

B , which is not part of the formalism. (e) Mo-
mentum shearing DA

p (1) on mode A adds decorations,
representing ei2 q̂2

D and ei q̂2
B q̂2

C /2, which fall outside the
formalism, but also induces a valid new hyperedge repre-
senting ei2 q̂B q̂C q̂D for {B, C, D}. (f) Squeezing SA(1)
on mode A changes the weights on all hyperedges ad-
jacent to mode A. (g) Rotation RD(π) on mode D
changes the weights by inverting all signs on hyperedges
adjacent to D. (h) Controlled-Z gate CA,D(0.5) on
modes A and D adjusts their weight by 0.5.
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3.1 Displacement

The displacement operators include the momen-
tum displacement Za(s) = eis q̂a and the position
displacement Xa(s) = e−is p̂a , where s represents
the distance that the operator q̂a or p̂a is moved in
phase space [51]. Thus, the momentum displace-
ment operator Za(s) = eis q̂a on mode a modifies
the hyperedge set by (E′; T ′) = (E; T ) ∪ ({a}; s).
In other words, if mode a has its own hyperedge
initially, this operation will increase the weight
by s. If not, a new hyperedge with the weight s
will be added to the system. Fig. 2(b) shows an
example of performing operation ZB(−2) on the
hypergraph state depicted in Fig. 2(a).

However, when performing the position dis-
placement Xa(s) = e−is p̂a to the hypergraph
state, due to the incompatibility between two op-
erators q̂a and p̂a, additional correlation terms
will be generated when they simultaneously act
on the zero-momentum eigenstate |0⟩p. It influ-
ences hyperedges of the adjacency A(a) of mode
a such that (E′; T ′) = (E; T )∪ (A(a); {t̃}), where
t̃ := −s × te∪a. This means that the position dis-
placement on mode a will add or change hyper-
edges between its adjacent modes with the weight
multiplied by −s. For example, when the posi-
tion displacement XA(1) is applied to mode A of
the hypergraph state corresponding to Fig. 2(a),
two new hyperedges between vertices {B, C} and
{D} of A(a) are created, as represented by the
purple line and circle in Fig. 2(c).

Therefore, in a hypergraph state of k-th order,
displacement operations can create new hyper-
edges of at most order k − 1. Note that for CV
graph states, the order of edges is k = 2 and
therefore displacement operations only cause lo-
cal effects in a certain mode.

3.2 Shearing

The shearing operator includes the momentum
shearing Da

p(s) = ei s
2 p̂2

a and the position shear-
ing Da

q (s) = ei s
2 q̂2

a , which shears the state with
respect to the p̂ or q̂-axis by a gradient of
s. The shearing operator introduces an addi-
tional second-order moment term in the expo-
nent, which does not occur in a standard hyper-
graph state, so this operation leaves the set of
hypergraph states. This is in line with obser-
vations made on hypergraph states with qubits
[52]. For the position shearing operation, a term

without effecting the hyperedge set of the state,
Da

q (s) |H⟩ = ei s
2 q̂2

a |H⟩, will be created. For ex-
ample, performing the position shearing DB

q (2)
on mode B will change the hypergraph into the
one shown in Fig. 2(d). The dotted line indicates
that there is a second-order moment on its own.
We discuss how to deal with these extra decora-
tions in App. A.

Similarly, due to the incompatibility be-
tween two operators q̂a and p̂a, the momen-
tum shearing operation Da

p(s) on mode a will
introduce new terms acting on the adjacency
A(a). More precisely, we have Da

p(s) |H⟩ =
e

i s
2 (
∑

e∈A(a) te∪a q̂e)2
|H⟩. In most cases, momen-

tum shearing operation leads to a state which
is not a hypergraph state. In the example of
Fig. 2(a), the operation DA

p (1) on mode A will
introduce the remaining unitary ei(q̂B q̂C +2 q̂D)2/2

to the original hypergraph state. Expanding
the square term we get a forth-order moment
term ei q̂2

B q̂2
C /2, a second-order moment term

ei2 q̂2
D , and a hyperedge ei2 q̂B q̂C q̂D among modes

{B, C, D}, as shown in Fig. 2(e).
Therefore, in a hypergraph state of k-th order,

a new hyperedge of k-th order can be generated to
connect different modes by shearing operations.
This effect can also link more pairs in the graph
state. In principle, if a hypergraph state contains
one k-th order hyperedge and another l-th order
hyperedge which intersect in exactly one mode,
shearing operations acting on this shared mode
can expand the maximum order to (k + l − 2),
offering a practical approach to generate more or
higher-order hypergraph states with multimode
nonlinearity using only local Gaussian operations.

3.3 Squeezing

Applying a single-mode squeezing operator
Sa(s) = e−i s

2 (p̂a q̂a + q̂a p̂a) on mode a multiplies
the weight of all hyperedges linked to mode a
by an additional factor of e−s, while other hy-
peredges remain unchanged. That is, it updates
the edge and weight sets by (E′; T ′) = (E; T ) ∪
(Ea; {t̃}), where t̃ := (e−s −1) × te.

In Fig. 2(f), we show an example by squeez-
ing mode A with SA(1), hence, tAD = 2 e−1 and
tABC = e−1. Therefore, by using a squeezing
operation, the value of weights in the hyperedges
can be effectively proportionally adjusted, that is,
the strength of the correlation between different
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modes can be changed.

3.4 Rotation

Applying a local rotation Ra(s) = ei s
2 (q̂2

a + p̂2
a) in

phase space usually results in the final state no
longer being a standard hypergraph state. But in
some special cases, s = nπ, we still get a hyper-
graph state. The hypergraph keeps unchanged
for n is even, while the weights of hyperedges in
Ea will be negated for n is odd. Particularly, the
edge and weight sets are updated by (E′; T ′) =
(E; T ) ∪ (Ea; {t̃}), where t̃ := ((−1)n − 1) × te.

In Fig. 2(g), we show the effect of rotation
RD(π) on mode D. This is consistent with the
observations in the case of hypergraph states with
qubits [53].

For the general case s ̸= nπ, the specific form
of the hypergraph state after rotation operation
is given in App. A. Since graph and hypergraph
states originate from a series of logic gates act-
ing on the zero-momentum eigenstates, but ro-
tation operations may cause a shift to the zero-
position eigenstate, some complicated correlation
terms will be introduced by such a shift. There-
fore, the use of rotation operations in the context
of manipulating hypergraph states is not straight-
forward. To avoid using rotations, we discuss how
to replace the rotation operator by a sequence of
displacement and shearing operators later in this
section, as well as in App. A.

3.5 Cotrolled-Z gate

It has been proven that any two-mode Gaus-
sian operation can be decomposed into a CV
controlled-Z gate and a series of single-mode op-
erations [50, 45]. So it suffices to focus on this
two-mode Gaussian operation. A controlled-Z
gate Ci,j(s) = eis q̂i q̂j can connect two modes
i and j by an edge of strength s or change its
weight if edge {i, j} was there before. That is,
(E′; T ′) = (E; T ) ∪ ({i, j}; s). In Fig. 2(h), we
show the effect of CA,D(0.5) on modes A and D.

Therefore, the controlled-Z gate provides a way
to adjust the adjacency set of any vertex. By
combining it with single-mode operations, we can
create or delete hyperedges by Gaussian opera-
tions.

3.6 General Gaussian Operations

In the previous subsections, we have introduced
graphical rules for commonly used single-mode
and two-mode Gaussian operations. Any other
Gaussian operation can be decomposed into those
operations. This can be seen by composing the
following results: First of all, any Gaussian oper-
ation can be decomposed into first- and second-
order operations [54]. It was shown in Ref. [50],
that second-order operations can be decomposed
into a series of squeezing operations, beam split-
ter operations, and rotation operations. Fur-
thermore, the effect of beam splitter operation
can be decomposed into rotation, squeezing, and
controlled-Z gate [45, 55]. In case that a rotation
R(s) with an angle s different from nπ, we can
further decompose it into sheering and squeezing
by R(s) = Dp(t)S(r)Dq(t), where t = tan(s) and
er = 1/ cos(s). This is proven in App. A. There-
fore, any Gaussian operation can be written as a
decomposition of operators discussed in Sects. 3.1
to 3.5.

We have graphical rules for the building blocks
of general Gaussian operations. However, if we
apply multiple operators consecutively, we might
have to deal with remaining unitaries. In App. A,
we show how those remaining unitaries commute
with the set of discussed operators. By using the
identities from App. A, we can track the propa-
gated remaining unitaries and defer them to the
end.

3.7 Gaussian Measurements

Since a mode collapses after measurement, mea-
suring |m⟩⟨m|q,a will disconnect mode a from the
hypergraph and delete mode a from all hyper-
edges which were adjacent to it before. The hy-
peredge set and weight set change to (E′; T ′) =
(E \ Ea; T ) ∪ (A(a); {t̄}), where the weights of all
hyperedges in A(a) are t̄ := m × te∪a.

Measuring |m⟩⟨m|p,a will also disconnect mode
a and modify hyperedges which were previously
adjacent to mode a by averaging over all possible
weights. The generating state is given by

|m⟩⟨m|p,a |H⟩ = |m⟩p,a

∫ ∞

−∞
dx e−imx

∏
e∈A(a)

Ce(xte∪a)

∏
e′∈E¬a

Ce′(te′) |0⟩⊗|V |−1
p , (2)
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where E¬a = {e | e ∈ E, a /∈ e} is the set of
hyperedges without mode a.

4 Discussion

In this section, we discuss the experimental feasi-
bility and possible applications of these graphical
rules, and furthermore, we summarize our results.

4.1 Experimental Feasibility

Based on the graphical framework, it is possi-
ble to generate hypergraph states with richer
structures from an initial 3rd-order hypergraph
state using Gaussian operations. To realize the
3rd-order hypergraph state eigτ q̂A q̂B q̂C |0⟩⊗3

p , a
Hamiltonian H = g q̂A q̂B q̂C needs to be con-
structed, which acts on three zero-momentum
eigenstates for the evolution time τ . Recently,
a three-mode non-Gaussian state has been ex-
perimentally achieved via three-photon SPDC
starting from a vacuum state in superconduct-
ing systems [4]. When the state evolves from a
squeezed state, the obtained state will approxi-
mate a hypergraph state as the squeezing level
increases. Another interesting thing is finding
a classification of hypergraph states which are
equivalent up to Gaussian operations. Such a
classification might further facilitate the prepa-
ration of hypergraph states in experimental con-
texts, commencing from a simply prepared state
but with the same structure. It could be done
similarly to the classification of local unitary
or local Clifford equivalent qubit graph states
[56, 57, 58, 59, 60, 61, 62]. Related questions for
CV states were studied in Refs. [63, 5, 6].

Moreover, it should be noted that the above
derivations start from the hypergraph state with
the limit of infinite squeezing. Considering the
actual experimental realisations, it is anticipated
that this graphical approach can be extended to
encompass a broader class of approximate hyper-
graph states with finite squeezing, which fosters a
deeper understanding of the underlying structure
and dynamics of non-Gaussian states in CV sys-
tems. As was done for graph states [42, 64], we
provide an example to address the effects of finite
squeezing in App. B, where the position displace-
ment operation is applied.

Figure 3: Generation of a hypergraph state with two
3rd-order hyperedges starting from a hypergraph state
with only one 3rd-order hyperedge by Gaussian opera-
tions. (a) The initial hypergraph state |H⟩. (b) After
performing momentum shearing on mode A, the desired
green hyperedge of {B, C, D} is generated. (c) Remov-
ing the {A, D} edge by performing a controlled-Z gate
CA,D(−2). (d) After performing the shearing opera-
tions on modes A and D respectively, the hypergraph
state ei q̂A q̂B q̂C ei2 q̂B q̂C q̂D |0⟩⊗4

p is obtained.

4.2 Applications

The ability to generate non-Gaussian states with
higher multimode nonlinearity is seen as a key
resource in many applications. Directly ex-
ecuting non-Gaussian operations across multi-
ple modes proves to be highly challenging in
practice. In Fig. 3, we show how to generate
an additional 3rd-order hyperedge among modes
{B, C, D} from the initial hypergraph state as
shown in Fig. 3(a). That is, performing a series
of Gaussian operations to implement an equiva-
lent result of a typical non-Gaussian operation,
CV Toffoli gate, CB,C,D(2) = ei2 q̂B q̂C q̂D , among
them [45]. More explicitly, we first use a local
position shearing operation on mode A to create
a new 3rd-order hyperedge among its adjacency
{B, C, D}, as shown in Fig. 3(b). This opera-
tion brings remaining unitaries (dotted circles)
which can be further purified by Gaussian op-
erations. We then perform a CV controlled-Z
gate between modes A and D to make them dis-
connected. Therefore, we apply two local shear-
ing operations towards the opposite direction on
modes A and D respectively, and then obtain the
final four-mode hypergraph state with two 3rd-
order hyperedges. In this way, we can directly
determine the graphical evolution process of the
state for on-demand generation of non-Gaussian
quantum states, without complicated calculation.
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Figure 4: Generation of a hypergraph state with a 4th-
order hyperedge out of a state with two 3rd-order hy-
peredges by local shearing operation. (a) The initial
hypergraph state ei q̂A q̂B q̂C ei q̂A q̂D q̂E |0⟩⊗5

p . (b) After
performing momentum shearing on mode A, the desired
blue hyperedge representing ei q̂B q̂C q̂D q̂E is generated.
Additionally, two purple dashed lines representing high-
order moments, ei q̂2

B q̂2
C /2 and ei q̂2

D q̂2
E /2, are produced

as remaining unitaries.

A further extension of this example is given in
App. C.

Furthermore, it is possible to increase the car-
dinality of the graph by using the presented
graphical framework. In Fig. 4, we show an exam-
ple where we turn a 3rd-order hypergraph state
into a 4th-order hypergraph state under Gaus-
sian operations. The initial state has two 3rd-
order hyperedges {A, B, C} and {A, D, E} which
intersect in mode A. By applying a local position
shearing operation on mode A, we obtain a four-
mode nonlinearity process represented by a 4th-
order hyperedge {B, C, D, E}, which is extremely
difficult to achieve in practice. Note that the re-
sulting state as shown in Fig. 4(b) is not a stan-
dard hypergraph state, but we can remove these
remaining unitaries in a similar way via auxiliary
modes.

In addition to being able to prepare different
types of non-Gaussian states, we demonstrate the
possibility of generating the action of the cubic
phase gate ei q̂3

[46, 11] by using similar meth-
ods. Due to the commutative relation between
operators q̂j and p̂j , we can obtain the equation
ei q̂A p̂C ei q̂2

A q̂C = ei q̂3
A ei q̂2

A q̂C ei q̂A p̂C . Thus, the
cubic phase gate can be decomposed by ei q̂3

A =
ei q̂A p̂C ei q̂2

A q̂C e−i q̂A p̂C e−i q̂2
A q̂C . The Gaussian

term ei q̂A p̂C can be implemented through a
phase-modulation controlled-Z gate executed on
modes A and C. While the other term ei q̂2

A q̂C

can be further decomposed in the same way
ei q̂2

A q̂C = ei q̂A p̂B ei q̂A q̂B q̂C e−i q̂A p̂B e−i q̂A q̂B q̂C ,
in which the term ei q̂A q̂B q̂C is a CV Toffoli gate

and associated to a 3rd-order hyperedge. When
we apply the cubic phase gate on a proper hyper-
graph state, this Toffoli gate can be implemented
like our first example. So, using the graphi-
cal framework, hypergraph states together with
Gaussian operations results in a feasible protocol
for the implementation of the cubic phase gate,
thereby expanding the toolbox for its experimen-
tal realization.

4.3 Summary
In summary, we have extended the concept
of weighted hypergraph states and developed
a graphical framework tailored for CV non-
Gaussian states. This framework starts from an
initial hypergraph state, upon which the action of
typical Gaussian operations and Gaussian mea-
surements can be directly described. Our graph-
ical framework offers a visually intuitive way of
manipulating CV non-Gaussian states, thereby
presenting a valuable tool set that could signif-
icantly facilitate the design of quantum circuits
in the realm of quantum computation.
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A Derivations of the graphical framework
In the following, we provide the derivation details of the results presented above. Since the operations
Ce commute for all hyperedges e ∈ E, the identity∏

e∈E

Ce(te) =
∏
e∈E

eite q̂e = ei
∑

e∈E
te q̂e (3)

holds. We can divide the set by a vertex a ∈ V into disjoint subsets E = Ea
⋃̇

E¬a, where Ea = {e | e ∈
E, a ∈ e} is the set of hyperedges containing a, and E¬a = {e | e ∈ E, a /∈ e} is the set of hyperedges
not containing a. We therefore have∏

e∈E

Ce(te) = ei
∑

e∈Ea
te q̂e

∏
e′∈E¬a

Ce′(te′)

= ei q̂a h(a) ∏
e′∈E¬a

Ce′(te′), (4)

where we define h(a) :=
∑

e∈A(a) te∪a q̂e. Note that by definition Ea = {e ∪ a|e ∈ A(a)}.

A.1 Displacement in momentum
The momentum displacement operator Za(s) = eis q̂a modifies the hyperedge set by (E; t) → (E; t) ∪
({a}; s). That is, it adds the hyperedge {a} with the weight s if there was no such hyperedge before
or changes the weight by s.

For {a} ∈ E:

Za(s) |H⟩ = eis q̂a eita q̂a
∏

e∈E\{a}
Ce(te) |0⟩⊗|V |

= Ca(s + ta)
∏

e∈E\{a}
Ce(te) |0⟩⊗|V | . (5)

The case {a} /∈ E directly follows by setting ta = 0 in the above calculation.

A.2 Displacement in position
Applying the position displacement operator X(s) on the mode a modifies the hyperedges in the
adjacency A(a) of a such that (E′; t′) = (E; t) ∪ (A(a); t̃), where t̃e := −s × te∪a. In other words, it
adds or updates the hyperedges in the adjacency A(a) of a and multiplies the weight of the hyperedge
containing a by s:

Xa(s) |H⟩ = e−is p̂a
∏
e∈E

Ce(te) |0⟩⊗|V |
p

= ei q̂a h(a) e−is p̂a e−ish(a) ∏
e′∈E¬a

Ce′(te′) |0⟩⊗|V |
p

=
∏
e∈E

Ce(te)
∏

e′′∈A(a)
Ce′′(−sṫe′′∪a) |0⟩⊗|V |

p . (6)

A.3 Shearing
Applying shearing in position is trivial. This expression

Da
q (s) |H⟩ = ei s

2 q̂2
a
∏
e∈E

Ce(te) |0⟩⊗|V |
p (7)

cannot be simplified.
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Applying shearing in momentum gives us

Da
p(s) |H⟩ = ei s

2 p̂2
a ei q̂a h(a) ∏

e′∈E¬a

Ce′(te′) |0⟩⊗|V |
p

= ei q̂a h(a) eish(a) p̂a ei s
2 h(a)2 ∏

e′∈E¬a

Ce′(te′) |0⟩⊗|V |
p

= ei s
2 h(a)2 ∏

e∈E

Ce(te) |0⟩⊗|V |
p

= ei s
2 (
∑

e∈A(a) te∪a q̂e)2
|H⟩

=
∏

e∈A(a)
ei s

2 t2
e∪a q̂2

e
∏

e,e′∈A(a),e ̸=e′

eis·te∪ate′∪a q̂e q̂e′ |H⟩ , (8)

where we have used used the identity
[
p̂2

a, q̂a

]
= −2i p̂a.

A.4 One-mode squeezing

Applying a one-mode squeezing operation Sa(s) = e−i s
2 (p̂a q̂a + q̂a p̂a) = e− s

2 e−is q̂a p̂a on the mode a
changes the weight of all hyperedges containing a by a factor of e−s:

Sa(s) |H⟩ = e− s
2 e−is q̂a p̂a ei q̂a h(a) ∏

e′∈E¬a

Ce′(te′) |0⟩⊗|V |
p

= e− s
2 ei e−s q̂a h(a) ∏

e′∈E¬a

Ce′(te′) |0⟩⊗|V |
p

= e− s
2
∏

e∈Ea

Ce(e−s te)
∏

e′∈E¬a

Ce′(te′) |0⟩⊗|V |
p . (9)

We have used the Baker-Campbell-Hausdorff identity

eX eY = e(Y +[X,Y ]+ 1
2! [X,[X,Y ]]+ 1

3! [X,[X,[X,Y ]]]+...)eX , (10)

with X = −is q̂a p̂a and Y = i q̂a h(a).

A.5 Rotation

Applying a rotation operator in general gives us a state which is not in the form of a hypergraph state.
The general form is given by:

Ra(s) |H⟩ = ei s
2 (q̂2

a + p̂2
a) ei q̂a h(a) ∏

e′∈E¬a

Ce′(te′) |0⟩⊗|V |
p

= eih(a)(cos(s) q̂a + sin(s) p̂a) ei s
2 (q̂2

a + p̂2
a) ∏

e′∈E¬a

Ce′(te′) |0⟩⊗|V |
p

= ei q̂a h(a) cos(s) ei p̂a h(a) sin(s) ei 1
4 h(a)2 sin(2s) ∏

e′∈E¬a

Ce′(te′) ei s
2 (q̂2

a + p̂2
a) |0⟩⊗|V |

p (11)

= ei q̂a h(a) cos(s) ei p̂a h(a) sin(s) ei 1
4 h(a)2 sin(2s) ∏

e′∈E¬a

Ce′(te′) |0⟩⊗|V |−1
p (Ra(s) |0⟩p,a),

where Ra(s) |0⟩p = − sin(s) |0⟩q + cos(s) |0⟩p. We used the Baker-Campbell-Hausdorff identity shown
in Eq. (10) with X = i s

2(q̂2 + p̂2) and Y = i q̂ h(a).
Another special case is the Fourier transform F = R(π

2 ), which swaps q̂ with p̂, and p̂ with − q̂.
The rotation operator can be decomposed into a sequence of squeezing and shearing operators. In

the following, we show that R(s) = Dp(t)S(r)Dq(t) for t = tan(s) and er = 1/ cos(s) for rotations
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s ̸= (2n+1)π
2 , where n ∈ N. The rotation, squeezing, and shearing operators in the phase space notation

are given by

Dq(t) =
(

1 0
t 1

)
, S(r) =

(
er 0
0 e−r

)
,

Dp(t) =
(

1 −t
0 1

)
, R(s) =

(
cos(s) − sin(s)
sin(s) cos(s)

)
. (12)

It can be checked that R(s) = Dp(t)S(r)Dq(t) holds for t = tan(s) and er = 1/ cos(s).

A.6 Controlled-Z gate

The effect of application of the controlled-Z Ca,b(s) = eis q̂a q̂b gate on two modes a, b directly follows
from the definition of hypergraph states. If the edge {a, b} ∈ E was part of the edge set, its weight
gets modified, since

C{a,b}(s)C{a,b}(t{a,b}) = C{a,b}(s + t{a,b}) (13)

holds. Otherwise, if {a, b} /∈ E it adds the edge {a, b} with weight s to the edge set.

A.7 General Gaussian Operations

As discussed in the main text, general Gaussian operations can be decomposed into a sequence of the
discussed operations [54, 50, 45, 55]. In addition to the decompositions mentioned in the literature,
we prove the decomposition of the rotation operator in terms of squeezing and shearing operators in
App. A.5.

Not all the discussed operators map hypergraph states to hypergraph states. The operations shearing
and rotation map hypergaph states to hypergraph states up to remaining unitaries. The remaining uni-
tary of a hypergraph state associated to the hypergraph H = (V, E) are of the form eif(p̂1,q̂1,...,p̂|V |,q̂|V |),
where f(p̂1, q̂1, . . . , p̂|V |, q̂ |V |) is a polynomial function of momentum and position operators of the
modes corresponding to the vertex set V . In this section we show how the remaining unitaries in
the most general form commute with the operators. We explicitly derive the relation for the shearing
operator Dq(s), the other relations are derived equivalently.

For computing the commutation relation of the shearing operator Dq(s), we use the identities

Dq(s) q̂ Dq(−s) = q̂, Dq(s) q̂n Dq(−s) = (q̂)n,

Dq(s) p̂ Dq(−s) = p̂ −s q̂, Dq(s) p̂n Dq(−s) = (p̂ −s q̂)n. (14)

Furthermore, we have

Dq(s)f(p̂, q̂)Dq(−s) = f(Dq(s) p̂ Dq(−s), Dq(s) q̂ Dq(−s)). (15)

This can be seen by inserting identities 1 = Dq(−s)Dq(s) between all products of operators in the
function. Using the Taylor expansion, we get

Dq(s)eif(p̂,q̂)Dq(−s) = eif(Dq(s) p̂ Dq(−s),Dq(s) q̂ Dq(−s)). (16)

For a multimode remaining unitary, we therefore have

Da
q (s)eif(p̂1,q̂1,...,p̂|V |,q̂|V |) = eif(p1,q1,...pa−sqa,qa,...p|V |,q|V |)Da

q (s). (17)
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The commutation relations of other operators from Sect. 3 and the remaining unitary term are listed
below.

Xa(s)eif(p̂1,q̂1,...,p̂|V |,q̂|V |) = eif(p̂1,q̂1,...,p̂a,q̂a +s,...,p̂|V |,q̂|V |)Xa(s),
Za(s)eif(p̂1,q̂1,...,p̂|V |,q̂|V |) = eif(p̂1,q̂1,...,p̂a −s,q̂a,...,p̂|V |,q̂|V |)Za(s),
Da

p(s)eif(p̂1,q̂1,...,p̂|V |,q̂|V |) = eif(p̂1,q̂1,...,p̂a,q̂a +s p̂a,...,p̂|V |,q̂|V |)Da
p(s),

Da
q (s)eif(p̂1,q̂1,...,p̂|V |,q̂|V |) = eif(p̂1,q̂1,...,p̂a −s q̂a,q̂a,...,p̂|V |,q̂|V |)Da

q (s),

Sa(s)eif(p̂1,q̂1,...,p̂|V |,q̂|V |) = eif(p̂1,q̂1,...,e−s p̂a,es q̂a,...,p̂|V |,q̂|V |)Sa(s),
Ca,b(s)eif(p̂1,q̂1,...,p̂|V |,q̂|V |) = eif(p̂1,q̂1,...,p̂a − q̂b,...,p̂b − q̂a,...,p̂|V |,q̂|V |)Ca,b(s). (18)

By using these identities, we can track the propagated remaining unitaries and defer them to the end.

A.8 Measurement in q̂ basis

Measuring |m⟩⟨m|q,a disconnects mode a from the hypergraph by disconnecting hyperedges containing
a. The hyperedge set and weights get updated as E′ = (E \ Ea) ∪ A(a) and for e ∈ E′

t′
e =

{
mte∪a if e ∈ A(a),
te else.

(19)

In detail we have

|m⟩⟨m|q,a |H⟩ = |m⟩⟨m|q,a ei q̂a h(a) ∏
e′∈E¬a

Ce′(te′) |0⟩⊗|V |
p

= |m⟩⟨m|q,a eimh(a) ∏
e′∈E¬a

Ce′(te′) |0⟩⊗|V |
p

= |m⟩q,a

∏
e∈A(a)

Ce(mte∪a)
∏

e′∈E¬a

Ce′(te′) |0⟩⊗|V |−1
p . (20)

A.9 Measurement in p̂ basis

Measuring |m⟩⟨m|p,a disconnects mode a from the hypergraph by disconnecting hyperedges containing
a and creates several hyperedges in a superposition of all possible weights, with a phase determined
by the weight and the measurement result m. The hyperedge set and weight set get updated as
E′ = (E \ Ea) ∪ A(a) and for e ∈ E′

t′(e) =
{

xt(e ∪ a) if e ∈ A(a),
t(e) else.

(21)

In detail, we have

|m⟩⟨m|p,a |H⟩ = |m⟩⟨m|p,a ei q̂a h(a) ∏
e′∈E¬a

Ce′(te′) |0⟩⊗|V |
p

=
∫ ∞

−∞
dx |m⟩⟨m|p,a eixh(a) |x⟩⟨x|q,a

∏
e′∈E¬a

Ce′(te′) |0⟩⊗|V |
p

= |m⟩p,a

∫ ∞

−∞
dx eixh(a) e−imx

∏
e′∈E¬a

Ce′(te′) |0⟩⊗|V |−1
p . (22)

The integral cannot be further simplified, so it is not a hypergraph state after measuring p̂.
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Figure 5: Generation of a state with m 3rd-order hyperedges. (a) The initial hypergraph state with only one
3rd-order hyperedge. (b) After performing momentum shearing on mode A, the desired purple hyperedges of
{B, C, D1},. . . ,{B, C, Dm} are generated. Additionally, ei 1

2 q̂2
D1 ,. . . , ei 1

2 q̂2
Dm , and ei 1

2 q̂2
B q̂2

C , are produced as re-
maining unitaries. (c) Removing the {A, D1}, . . . , {A, Dm} edges by performing a series of two-mode controlled-Z
gates, CA,D1(−1), . . . , CA,Dm

(−1). (d) After performing the shearing operations towards the opposite direction on
modes A and D1, . . . , Dm respectively, the new hypergraph state ei q̂A q̂B q̂C ei q̂B q̂C q̂D1 . . . ei q̂B q̂C q̂Dm |0⟩⊗m+3

p is
obtained.

B Effects of Finite Squeezing

According to the hypergraph state definition defined before, every vertex represents a infinitely squeezed
zero-momentum eigenstate |0⟩p = limr→∞ S(−r) |0⟩, where |0⟩ is the vacuum state. In experimen-
tal realisations, these states have to be approximated by finitely squeezed states |0⟩p ≈ S(−r) |0⟩
for some large r ∈ R. The hypergraph state |Hideal⟩ = ei q̂A q̂B q̂C |000⟩p corresponding to the three
vertex hypergraph H with a single hyperedge {A, B, C} is therefore approximated by |Happrox⟩ =
ei q̂A q̂B q̂C SA(−rA)SB(−rB)SC(−rC) |000⟩, where rA, rB, rC ∈ R. In the derivation of the graphical
rules, we make use of the identity eif(q̂,p̂) p̂ |0⟩p = |0⟩p which holds for all functions f(q̂, p̂) of q̂ and
p̂. However, in the case of finite squeezing, terms of the form eif(q̂,p̂) p̂ do not vanish. For example,
applying the position displacement operator XA(s) on the two states |Hideal⟩ and |Happrox⟩ leads to

XA(s) |Hideal⟩ = ei q̂A q̂B q̂C e−is q̂B q̂C |000⟩p ,

XA(s) |Happrox⟩ = ei q̂A q̂B q̂C e−is q̂B q̂C e−isp̂A SA(−rA)SB(−rB)SC(−rC) |000⟩ . (23)

We can predict the state |Hideal⟩ by

|Hpredict⟩ = ei q̂A q̂B q̂C e−is q̂B q̂C SA(−rA)SB(−rB)SC(−rC) |000⟩ . (24)

The fidelity of |Hpredict⟩ and the actually displaced state XA(s) |Happrox⟩ is given by e− 1
2 s2 e−2rA , which

tends to 1 for a large squeezing parameter rA. Here, we assume that the states can be squeezed such
that the fidelity between the actually prepared state and the state computed using the graphical rules
from this paper is sufficiently high. The fidelity for other operations can be computed equivalently.

C Further Extension of the Example Given in Fig. 3

In Fig. 3, we couple mode D with mode A and use the graphical rules to show that it generates a new
hyperedge of order 3 between modes B, C, and D. An extended example is shown in Fig. 5. We couple
multiple modes D1, . . . , Dm with mode A and perform the same sequence of operations which has the
same effect than applying m Toffoli gates on the initial state. We can see that, after performing the
shearing operations on mode A and a series of controlled-Z gates as well as the shearing operations
towards the opposite direction on modes A and D1, . . . , Dm respectively, the new hypergraph state
contains m new hyperedges. Instead of applying a non-Gaussian Toffoli gate on a certain hypergraph
state, we can apply a sequence of Gaussian operations on the same state which has the same effect.
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