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Abstract

We study the physics of photon rings in a wide range of axisymmetric black holes admitting

a separable Hamilton-Jacobi equation for the geodesics. Utilizing the Killing-Yano tensor,

we derive the Penrose limit of the black holes, which describes the physics near the photon

ring. The obtained plane wave geometry is directly linked to the frequency matrix of the

massless wave equation, as well as the instabilities and Lyapunov exponents of the null geodesics.

Consequently, the Lyapunov exponents and frequencies of the photon geodesics, along with the

quasinormal modes, can be all extracted from a Hamiltonian in the Penrose limit plane wave

metric. Additionally, we explore potential bounds on the Lyapunov exponent, the orbital

and precession frequencies, in connection with the corresponding inverted harmonic oscillators

and we discuss the possibility of photon rings serving as effective holographic horizons in a

holographic duality framework for astrophysical black holes. Our formalism is applicable to

spacetimes encompassing various types of black holes, including stationary ones like Kerr, Kerr-

Newman, as well as static black holes such as Schwarzschild, Reissner-Nordström, among others.
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1 Introduction

All black holes have an event horizon, the area of which is associated with the entropy of the

black hole, naturally related to the number of all possible microstates of the black hole. A

common question is where these microstates lie in the quantum dual description. The most

natural guess is that this information lies on the event horizon or a few Planck lengths from the

horizon. The black holes admit bound null geodesics comprising the photon ring, which we are

now able to indirectly observe with black hole imaging [1], and we will be able to gather more

information in the future with space very long baseline interferometry [2, 3]. These unstable

null geodesics are responsible for the observation of the photon ring by distant observers, and

contain significant information about certain properties of black holes.

Any infalling object to the black hole, before reaching its event horizon and exciting the

black hole, crosses the photon shell. It interacts with the photons of the nearly bound geodesics

around the black hole, which escape the sphere at a much later time after orbiting around

it several times [4]. These photons are expected to be the last signals observed after the

black hole returns to its initial state after the excitation of the infalling object. There lies the

relation between the quasinormal modes (QNMs) in the geometrical optics approximation and

the lightlike geodesics [5, 6, 7, 8, 9]. Apart from the obvious significance of the photon sphere

as a fundamental probe of the black hole, the above description qualifies the photon sphere as a

part of the holographic dual of asymptotically flat black holes [10]. As a result, in-depth studies

on the photon sphere of black holes provide an exceptionally interesting field for gravitational

physics, including observational physics and quantum-theoretical black hole physics.

A central step forward in these studies is the development of a systematic generic framework

for the study of the photon rings1 that depends on the general characteristics and symmetries

of the black holes, and is readily applicable to a large class of interesting spacetimes. This is a

viable approach since the connection of the fundamental properties of the black holes associated

with the photon ring is sensitive mostly to certain detailed specifics of the black holes.

In this work, we consider the Penrose limit of a wide class of generic spacetimes on a null

geodesic to obtain a plane wave metric, in order to study the photon ring and the associated

properties. Aspects of this approach were introduced in [11]. Our framework is based on a series

of fundamental properties of the Penrose limit. We argue that certain significant near photon

shell physics is captured in a straightforward way by the Penrose limit. The Penrose plane wave

1Here we use the term “photon ring” with a more general meaning, like many other relevant works. The

photon ring itself, usually when defined strictly is the ring image produced by near photon shell photons when

they reach a telescope at infinity.
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metric can be thought of as the geometry that observers see with velocities close to the speed

of light, where their clocks are calibrated in such a way that the affine parameter along the null

geodesics remains invariant, making the space-time non-degenerate. It isolates physics of the

neighborhood of the null geodesics, in our case, the photon rings we like to examine.

It is known that any spacetime has, as a limit, a plane wave metric. Plane waves come as

special cases of the pp-waves limit, with a zero gauge field corresponding to the cross metric el-

ements between the parallel and transverse directions, while the metric elements of the parallel

direction have quadratic dependence on the transverse directions. The plane wave in Brinkmann

coordinates is almost unique due to the limiting coordinate transformations that can be done

while respecting the gauge conditions imposed and the form of the metric. Moreover, the equa-

tions of motion for the null geodesics in the light-cone gauge are those of a non-relativistic

harmonic oscillator [12]. Then the plane waves possess at minimum a Heisenberg algebra, as-

sociated with the null Killing vector of the spacetime. This is a minimal symmetry of the

Penrose limit regardless of the symmetries of the original metric, and the Heisenberg algebra

does not reflect further symmetries of the original metric. However, when extra symmetries of

the original spacetime exist, they will generate more Killing vectors, and therefore the Heisen-

berg algebra is extended, for instance, to the harmonic oscillator algebra for homogeneous plane

waves. The plane waves we construct are by taking the Penrose limit of a spacetime for chosen

null geodesics that comprise the photon ring. Then the Penrose limit describes the near photon

ring regime and symmetries that emerge in the photon ring physics are revealed by the plane

waves.

There is a crucial reason that makes the study of photon rings with Penrose limits com-

pelling. The covariant information contained in the Penrose limit of the original metric is

related to the tidal forces along the null geodesic. In particular, the plane wave metric elements

determine the transverse null geodesic deviation matrix via the curvature tensor of the parallel

frame, and is independent of the geodesic embeddings [12, 13, 14, 15]. The geodesic deviation

in the original metric and in its Penrose limit plane wave are identical [13, 14]. Therefore,

the Lyapunov exponents of the nearly bound geodesics that comprise the photon ring can be

directly read from the Penrose limit plane wave of the black hole under study once it is con-

structed. At the large frequency limit, the massless scalar equation in the original metric can be

approximately solved with waves whose wavefronts propagate along the null geodesics. The so-

lutions of the massless wave equation are, in the eikonal approximation, related to congruences

of null ring geodesics. In the Penrose limit, this correspondence takes a different form. The

massless wave equation in the Penrose plane wave has a frequency matrix directly related to

the frequency matrix of the null congruences. The deviation of the null geodesics is identical in
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the original geometry and in the plane wave limit, as it covariantly preserves this information.

Therefore, it naturally follows that the wave equation in the Penrose limit is related to the

deviation of the null geodesics in the original spacetime without any further limit needed to be

taken. In particular, the Lyapunov exponents characterizing the exponential divergence of the

asymptotically bound geodesics in the near photon shell regime correspond to the exponential

decay of the quasinormal modes at the Penrose plane wave limit, realizing geometrically the

geometric optics approximation. We show that the full analysis boils down to producing the

Penrose limit of the original spacetime black hole metric. Once this is done, all the details are

directly readable from the plane wave metric.

The correspondence has some direct and fascinating consequences. For spacetimes that

are solutions of the vacuum Einstein equations in the absence of null fluxes, have Ricci flat

Penrose limits. The matrix A representing the non-trivial metric elements of the Penrose limit,

is proportional to the curvature tensor of the parallel frame along the photon ring geodesics,

and it is traceless. This immediately implies that the transformed Schrödinger equations of

the massless wave equations, corresponding for example to the radial and angular geodesic

deviations, always result in two ”mirroring” harmonic oscillators. One is a normal harmonic

oscillator along a stable polar direction with a frequency matrix proportional to the negative

diagonal element of A, and the other is an inverted harmonic oscillator along a radial unstable

direction differing only in sign of the frequency term. This also implies that the Lyapunov

exponent characterizing the unstable perturbations is related to the stable angular frequency of

the original orbit. This is not the case for black hole solutions to the equations of motion with

matter fields or fluxes along the null direction, since the traceless property is lost. There, we

may still obtain two different Schrödinger equations corresponding to the normal and inverted

harmonic oscillators, but their frequency matrix elements are not of the same norm.

Another aim of our work is to examine and motivate possible bounds on the Lyapunov

exponents and the quasi-normal modes that generalize well-known quantum bounds [16], which

can be expressed as λ ≲ κ, where κ is the surface gravity. It is known that certain types

of particle geodesics around unstable points in the near-horizon regime of the Schwarzschild

black hole can have Lyapunov exponents that saturate a classical bound of chaos, where the

Lyapunov exponent is equal to the surface gravity [17]. However, it has been later proved

that this bound is not universal, and in generic black hole spacetimes, it does not hold despite

enforcing the energy conditions and the equations of motion constraints [18]. Nevertheless, in

the case of the photon ring geodesics, we can map the system to a quantum inverted harmonic

oscillator, with a potential identified by the Penrose limit metric. The plane wave metric and

the Lyapunov exponent can be expressed through the surface gravity of the photon ring of
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the black hole in a meaningful pattern. In fact, for Schwarzschild-de Sitter black holes in

four dimensions, the Lyapunov exponent of the nearly bound null geodesics is equal to the

surface gravity [6]. Here, we generalize such relations with the surface gravity for generic

spacetimes and point out how such relations are modified in the presence of angular frequencies

and charges. Moreover, by conjecturing that the photon ring acts as an effective holographic

horizon for thermal quantum systems we study the existence of possible bounds on the Lyapunov

exponents and the quasinormal mode properties. We introduce the term ’effective holographic

horizon’, as it defines the temperature experienced by the dual field theory. In the limit of

large mass, we analyze the effective temperatures that satisfy the Lyapunov bounds. For the

case of the Schwarzschild black hole, the effective temperature Teff that saturates a classical

Lyapunov bound of the form λ = 2πTeff on the photon ring, turns out to be equal to the

Unruh temperature of the photon ring when treated as a Rindler horizon, while rotation and

the presence of charges lead to an increase in the effective temperature in a way that is in

agreement with expectations from quantum systems, supporting the idea that photon rings can

be treated as effective holographic horizons.

To this end we suggest an alternative upper bound for the Lyapunov exponents and the

quasinormal modes spectrum, where the quantities are bounded by the inverse of entropy

λ ≤ π/(4S), instead of the surface gravity. We show that this bound is satisfied universally on

the photon rings for the black holes we consider in this paper.

Let us briefly review the main steps of our formalism. We choose a wide class of generic

axisymmetric spacetimes that contain a black hole and admit a separable Hamilton-Jacobi

equation of geodesics. Working in full generality, we find the equations of motion for the

photon ring while obtaining the integration constants. To construct the Penrose limit, we ob-

tain the Killing tensors of the spacetimes, and we further constrain ourselves to the subclass

of spacetimes that admit Killing-Yano tensors, which we construct. Eventually, we construct

the Penrose limit in terms of the initial metric spacetime elements for a large class of black

holes. Our formalism and our final results are readily applicable to spacetimes that include a

broad range of stationary black holes, such as Kerr, deformed Kerr, Kerr-Newman, exponen-

tially suppressed mass-deformed Kerr, as well as various static black holes like Schwarzschild,

Reissner–Nordström, Kiselev, and many others. We obtain the photon ring, the Lyapunov ex-

ponents, the orbital and precession frequencies, the quasinormal modes at high frequency limit,

and the wave equations in full generality with respect to the Penrose plane wave metric.

The paper is organized as follows. In section 2 we discuss the null geodesics in plane

waves and their properties; in section 3 we discuss the separability of null geodesics and the
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photon rings; in section 4 the Penrose limit and the correspondence between the Lyapunov

exponents, the orbital frequency and the quasinormal modes; in section 5 the photon rings as

effective holographic horizons, potential bounds and the harmonic oscillator; in section 6 our

conclusions. The paper is supplemented by an Appendix on the Unruh temperature of the

Schwarzschild ring.

2 Null Geodesics and the Harmonic Oscillator in Plane Waves

In this section we briefly describe the plane wave of a spacetime. For an extensive review we

refer the reader to [12] and for more details on the wave equation, we direct the reader to our

subsection 4.4. We consider a four-dimensional spacetime with metric

ds2 = gµνdx
µdxν , (2.1)

and we assume that it admits a covariantly constant Killing null vector field V = V µ∂µ such

that ∇µV
ν = 0. We may choose coordinates adapted to V so that V = ∂v where v is the

coordinate along the curves of V . A general class of metrics admitting such a parallel vector in

coordinates xµ → {u, v, xm}, can be written as

ds2 = 2dudv +K0(u, x
b)du2 + 2Aa(u, x

b)dxadu+ δijdx
idxj , (2.2)

where we have used the fact that the existence of the vector V we described, implies that

∂vgµν = 0 and that locally exists a function u(xµ) such that Vµ = gvµ = ∂µu. In addition, we

have constrained ourselves to the subclass of metrics with gij = δij . In the metric (2.2), the

u = constant wave front is flat and the full metric (2.2) is called the plane-fronted wave with

parallel propagation (pp-wave).

Limiting further the metric within the pp-wave subclass we may consider Aα = 0 and

K0(u, x
b) ∼ x2, to obtain the plane wave metric written in Brinkmann coordinates

ds2 = 2dudv +Aij(u)x
ixjdu2 + dx⃗2 . (2.3)

The plane wave metric depends on the symmetric matrix A(u) almost uniquely. The reason is

that it is difficult to construct a coordinate transformation that maintains the form of the plane

wave metric invariance, while respecting the choice of the gauge conditions, fact that gives a

unique significance to the matrix A in Brinkmann coordinates.

The geodesics of the plane wave metric satisfy equations of motion of a non-relativistic

oscillator with time depended frequency. In particular, null geodesics satisfy

−u̇v̇ =
1

2
Aijx

ixj u̇2 +
1

2
˙⃗x2 , (2.4)
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whereas the light cone momentum pv = u̇ is conserved, giving rise to the light-cone gauge

u = pvτ . (2.5)

Similarly, the geodesic equations for the transverse coordinates xi are given by

ẍ(τ)i = Aijp
2
vx

j := −ω2
ijx

j , (2.6)

where the (time depended) frequency matrix ωij is identified as

ω2
ij = −Aij(τ)p

2
v . (2.7)

One recognizes in Eq. (2.6) the equation for the non-relativistic harmonic oscillator. As we can

see from Eq. (2.7), the frequency matrix is determined completely by the plane wave metric,

and the corresponding Hamiltonian can be written as

H(τ) =
1

2

(
ẋ2i − p2vAij(τ)x

ixj
)
. (2.8)

One may further consider the geodesic deviation equation on families of geodesics, which also

described by corresponding harmonic oscillator for the plane waves. Indeed, the separation δxi

between nearby geodesics is given by the solution of the equation

D2

Dτ2
δxµ = Rµ

νλρẋ
ν ẋλδxρ, (2.9)

where
D

Dτ
= ẋµ∇µ is the covariant derivative along the curve xµ. In particular, the deviation

of geodesics in the transverse directions satisfies the equation

d2

du2
δxi = −p−2

v Ri
ujuδx

j , (2.10)

where Ri
ubu is the Riemann curvature tensor of a plane wave metric. Since Ri

ubu is the only

non-vanishing component of the Riemann curvature tensor given by

Ruiuj = −Aij , (2.11)

the geodesic deviation equation is written as

d2

du2
δxa = p−2

v Aijδx
j . (2.12)

Clearly, the behavior of the geodesics in the transverse directions as well as their deviations

depend on the signs of the Aij . For example positive eigenvalues of A (Lyapunov exponent)

make the tidal forces repulsive while negative ones make it attractive.
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For space-times that satisfy the vacuum Einstein equations, it can easily be verified that

there is always one stable and one unstable direction for the transverse coordinates. The only

non-zero component of the Ricci tensor for a plane wave metric is

Ruu = −TrA , (2.13)

and the vacuum Einstein equation then leads to a vanishing trace of the frequency matrix Aij ,

i.e.,

TrA = 0 . (2.14)

Therefore, there is always a positive and a negative eigenvalue of the frequency matrix. This

is a general rule for pp-wave backgrounds satisfying the vacuum Einstein equations without

the presence of null fluxes and matter. Moreover, if Aij(u) is constant, the Riemann curvature

tensor is covariantly constant so that the plane wave is locally symmetric.

3 Black Holes and Separability of Null Geodesics

In this section we will consider a wide class of black hole spacetimes, for which we will determine

their Penrose limits and we will investigate the stability of their null geodesics. The inverse

of the instability timescale is the Lyapunov exponent. We will show that for the chosen class

of black holes, the entire task of obtaining the Lyapunov exponent and associating it with the

quasinormal modes boils down to the ability to find the Penrose limit of the black holes around

the photon ring.

The Hamilton-Jacobi (H-J) equation of null geodesics is separable for the general stationary

axisymmetric spacetime with metric [19] written in (t, θ, ϕ, r) coordinates of the form

gµν(r, θ) =



− C1C3

C2
4 − C3C5

0
C1C4

C2
4 − C3C5

0

0
C1

B2
0 0

C1C4

C2
4 − C3C5

0 − C1C5

C2
4 − C3C5

0

0 0 0
C1

A2


, (3.1)

where Ci = Ai(r) +Bi(θ). Such spacetimes have at least two Killing vectors, one associated to

time translation symmetry and one associated to axial symmetry. It follows that along these

directions, we have two integrals of motion for the geodesics, E and L, respectively.

The Lagrangian for the geodesics in such a background reads

2L = gttṫ
2 + grrṙ

2 + gϕϕϕ̇
2 + gθθθ̇

2 + 2gtϕṫϕ̇ . (3.2)
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The two generalized momenta

pt = gttṫ+ gtϕϕ̇ = −E , pϕ = gϕϕϕ̇+ gtϕṫ = L , (3.3)

are constant, since the metric is independent of (t, ϕ). The rest of the momenta are

pr = grrṙ , pθ = gθθθ̇ , (3.4)

and can be found by solving the equations of motion. The H-J equation for null geodesics is

gµν∂µS∂νS = 0 , (3.5)

with pµ = ∂µS. Separability for motion in the geometry (3.1) suggests the following ansatz

S = −Et+ Lϕ+ Sr(r) + Sθ(θ) , (3.6)

which gives

grr∂rS
2 + gtt∂tS

2 + gθθ∂θS
2 + gϕϕ∂ϕS

2 + 2gtϕ∂tS∂ϕS = 0 , (3.7)

and leads to two separable equations depending on r and θ

A2S
′2
r +A5E

2 +A3L
2 − 2A4EL = −K , (3.8)

B2S
′2
θ +B5E

2 +B3L
2 − 2B4EL = K . (3.9)

K is an integration constant, and it is related to the usual Carter constant [20] up to a constant

shift. Then the equations can be solved for

S′(r) =

√
R(r)

A2
, S′(θ) =

√
Θ(θ)√
B2

, (3.10)

with

R(r) :=
√
A2

√
−K −A5E2 −A3L2 + 2A4EL , Θ(θ) :=

√
K −B5E2 −B3L2 + 2B4EL .

The photon ring geodesics are located at r = r0 and satisfy

R(r0) = 0 and R′(r0) = 0 . (3.11)

It is clear that we can introduce the constants

b = −
pϕ
pt

=
L

E
, kE =

K
E2

, (3.12)

to reduce the total number of constants by a rescaling, where b is the usual impact parameter

defined for rotational orbits. On the photon ring (3.11), the constant b satisfies

b =

(
A′

4

A′
3

±
√
A′

4
2 −A′

3A
′
5

A′
3

)∣∣∣∣∣
r0

, (3.13)
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while the constant kE reads

kE = −A5 + 2
A′

4

A′
3

(
A4 −A3

A′
4

A′
3

)
+
A3A

′
5

A′
3

± 2

√
A′

4
2 −A′

3A
′
5(A3A

′
4 −A′

3A4)

A′
3(r)

2

∣∣∣∣∣
r0

. (3.14)

The equations (3.13), (3.14) are effectively algebraic equations, readily applicable for any metric

background of the form (3.1) and together with equations (3.10), they determine the radial

position of the photon ring and the parameters (b, kE). Notice that, if we want to match the

integration constant with the usual Carter one for the Kerr black hole geodesics which is a

special case of our analysis, a shift of K → K + (b− a)2 is required.

4 The Penrose Limit

To construct the Penrose limit for the class of the black hole spacetimes with metric (3.1), we

need to find a tetrad of covectors that is parallel transported along the null geodesics of the

photon ring:

uµ∇µe
(i)
ν = 0 . (4.1)

The geodesic parallel transports its 4-velocity, and therefore this is the first leg of the tetrad.

The second leg can be found by the contraction of the Killing-Yano tensor Y with the 4-

velocity: Yµνu
ν . To complete the tetrad, the two remaining legs are constructed to lie in the

plane transverse to the two existing covectors. As a result, the non-triviality of the tetrad

construction, boils down to the construction of the Killing-Yano tensor.

4.1 Killing-Yano Tensors

The second order Killing-Yano tensors Yab are antisymmetric tensors which satisfy the Killing-

Yano equation

∇cYab +∇aYcb = 0 , (4.2)

from which it follows that the Yµνu
ν is parallel transported along a geodesic. In addition, it

satisfies

Kab = Y c
a Y c

b , (4.3)

where the tensor Kab is a Killing tensor

∇(aKbc) = 0 . (4.4)
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In order to solve the Killing-Yano equation, we make a choice for the functions Ai(r) and Bi(θ)

in the metric (3.1) as follows

A1 = Ξ(r)2 , A2 = ∆(r) , A3(r) = −a
2Φ(r)

∆(r)
,

A4(r) = −
aΦ(r)

(
Ξ2(r) + a2

)
∆(r)

, A5(r) =
A4(r)

2

A3(r)
. (4.5)

The θ dependent functions in the metric elements are chosen as in the Kerr geometry in order

to include the Kerr spacetime as a special case of our metrics, and therefore are given by

B1(θ) = a2c2θ , B2(θ) = 1 , B3(θ) = s−2
θ , B4(θ) = a , B5(θ) =

B4(θ)
2

B3(θ)
, (4.6)

where the sθ and cθ denote respectively the sine and cosine of the angle θ. A similar ansatz has

been considered in [21]. In the standard orthonormal basis,

e1 =

√
Ξ(r)2 + a2c2θ

∆(r)
dr , e2 =

√
Ξ(r)2 + a2c2θdθ , (4.7)

e0 =

√
∆(r)√

Φ(r)
(
Ξ(r)2 + a2c2θ

)(dt− as2θdϕ
)
, e3 =

sθ√
Ξ(r)2 + a2c2θ

(
−adt+

(
Ξ(r)2 + a2

)
dϕ
)
,

the Killing tensor is found to be the diagonal

KAB = diag
(
−a2c2θ, a2c2θ,−Ξ(r)2,−Ξ(r)2

)
. (4.8)

Then, Eq. (4.3) implies that Y is of the form

Y = s1acθe0 ∧ e1 + s2Ξe2 ∧ e3 , si = ±1 (4.9)

and by switching back to coordinate basis, we find the solution for covariant components that

satisfies Eq. (4.2) as

Y (r, θ) =



0 s2aΞsθ 0
s1acθ√

Φ
−s2aΞsθ 0 s2Ξ(a

2 + Ξ2)sθ 0

0 −s2Ξ(a2 + Ξ2)sθ 0 −
s1a

2cθs
2
θ√

Φ

−s1acθ√
Φ

0
s1a

2cθs
2
θ√

Φ
0


, (4.10)

with

Ξ(r) = −s2
s1

∫
1√
Φ(r)

dr + c1 , (4.11)

and arbitrary ∆. The requirement of the existence of the Killing-Yano tensor reduces the

number of independent functions describing the black hole spacetime to two: Φ and ∆. Still,

the class of the black holes under study is vast. For our purposes, let us choose the solution

Φ(r) = 1 , Ξ(r) = ±r , (4.12)
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for which

Y (r, θ) = s1


0 −ar sin θ 0 acθ

arsθ 0 −r(a2 + r2)sθ 0

0 r(a2 + r2)sθ 0 −a2cθs2θ
−acθ 0 a2cθs

2
θ 0

 , (4.13)

while ∆(r) remains always arbitrary. This class of metrics includes the stationary black holes:

Kerr, deformed Kerr, Kerr-Newman, exponentially suppressed mass deformed Kerr and other

type of deformations, as well as the static black holes: Schwarzschild, Reissner–Nordström,

Kiselev and many other. The explicit form of the corresponding metric can be easily found

by substituting the above solutions (4.12) to the metric (3.1). For completeness we present its

form in the Appendix A. Moreover, note that a subclass of the neutral black holes we consider

can be seen as special cases of the Kerr-NUT-de Sitter spacetimes, where their Killing-Yano

tensors have been discussed in [22]. Next, we will find the Penrose plane wave limit for the

class of metrics satisfying (4.12).

4.2 The Penrose limit

Having the Killing-Yano tensor, we are able to construct the full tetrad that is parallel trans-

ported along the null geodesics and comprise the photon ring. The resulted metric is given

by

ds2 = 2dudv +Aijx
ixjdu2 + dx21 + dx22 , (4.14)

where

Aij = −Rµναβu
µe(i)νuαe(j)β

∣∣
null geodesic

. (4.15)

The construction of the parallel frames for the null geodesics gives

uµ = ∂µS , uµu
µ = nµn

µ = 0 , e(i)µ eµ(j) = δij , (4.16)

where [23]

e(1)µ =
1

C
(uαhα

µ − u(uαξα)u
µ) , e(2)µ =

1

K
(uαYα

µ) , (4.17)

nµ =
1

C
e(1)αhα

µ +
1

2C4

(
Cβ

γCγδu
βuδ + u2(ξαu

α)2C2
)
uµ .

We have defined above the conformal Killing-Yano tensor hµν as the Hodge dual of the Killing-

Yano tensor Y

h = ⋆Y = hµνdx
µxν = −s1a

(
a2 + r2

)
cθsθdθ ∧ dϕ− s1rdt ∧ dr

− s1a
2cθsθdt ∧ dθ + s1ars

2
θdϕ ∧ dr . (4.18)
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In addition, we have defined

ξα =
1

3
∇βh

βα = (−s1, 0, 0, 0), Cαβ = hαγhβ
γ , (4.19)

and

K2 = Kαβu
αuβ , C2 = Cαβu

αuβ . (4.20)

Since our final results depend on s2i , without loss of generality, we may assume that s1 = −s2 =

1. The contraction of the conformal Killing tensor reads

C2 =
a2∆(r0)

(
(as2θ − 2b cot(θ))2 + 4c2θS

′(θ)2
)
+ 4r2

((
a(a− b) + r20

)2 −∆(r0)
2
)

2∆(r0)
(
a2c2θ + a2 + 2r20

) , (4.21)

which takes the very simple form for equatorial geodesics

C2 = −
(
a(a− b) + r20

)2
∆(r0)

−∆(r0) . (4.22)

The Killing tensor can be found in coordinate basis by using equation (4.8). Its contraction

with the null four velocity turns out to simplify for the equatorial geodesics as

K2 = (a− b)2 . (4.23)

Similarly, the contraction of the conformal Killing tensor along the null velocity is

Cu2 := Cβ
γCγδu

βuδ =
a4∆(r0)c

2
θ

(
(as2θ − 2b cot(θ))2 + 4c2θS

′(θ)2
)
− 4r40

(
a2 − ab+ r20

)2
2∆(r0)

(
a2c2θ + a2 + 2r20

)
which at the equatorial plane is written as

Cu2 = −
r20
(
a(a− b) + r20

)2
∆(r0)

. (4.24)

We point out that all the above quantities are computed at the photon ring r = r0.

At this stage all the information to construct the parallel propagated tetrad (4.17) is known.

We refrain from providing the long expressions for out of equatorial plane geodesics and present

the equatorial case, using the information of the null geodesics given by equations (3.10), (3.13)

and (3.14).

The impact parameters can be found by applying the equations (3.13) and (3.14) to be

ab = a2 + r2 − 4r
∆(r)

∆′(r)
, a2kE = 16a2r2

∆(r)

∆′(r)2
− r2(r∆′(r)− 4∆(r))2

∆′(r)2
, (4.25)

where we have redefined kE by the constant shift (b− a)2: kE → kE + (b− a)2. The constant

kE enters in the Θ(θ) equation of motion (3.10), where for the equatorial geodesics we have

kE = 0 . (4.26)
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Then, Eq. (4.25) is written as

16a2r2
∆(r)

∆′(r)2
− r2(r∆′(r)− 4∆(r))2

∆′(r)2
= 0, (4.27)

ab = a2 + r2 − 4r
∆(r)

∆′(r)
. (4.28)

Eq. (4.27) determines the location of the photon ring r0, whereas Eq. (4.28) specifies the value

of b at the photon ring. It is worthy to present the even more compact expressions for the static

black holes as a special case

b =
r2√
∆(r)

, ∆′(r) =
4∆(r)

r
, (4.29)

where again the solution of the second algebraic equation determines the position r0 of the

photon ring and the first one the impact parameter b.

Finally, using the Eqs. (4.25) we can simplify the expression for Aij , which now reads

A11 =
4

r20
− 8

∆(r0)(r0∆
′′(r0)−∆′(r0))

r30∆
′(r0)2

,

A22 = − 2

r20
+ 8

∆(r0)(∆
′(r0)− 2r0)

r30∆
′(r0)2

, (4.30)

A21 = A12 = 0 .

For static black holes, the plane wave metric turns out to be much simpler

A11 =
6

r20
− ∆′′(r0)

2∆(r0)
, A22 = − 1

∆(r0)
, A21 = A12 = 0 . (4.31)

Here we note that the plane wave for equatorial orbits is always diagonal for the class of separable

metrics. Moreover, the diagonal elements Aii are not of equal norm in the generic case, since we

have not yet imposed any constraint on the original background. We will confirm below that a

solution to the Einstein equations without the presence of null matter or fluxes leads always to

A11 = −A22. To rephrase the above statement, for the vacuum Einstein solutions, the equation

A11 +A22 = 0, using for example (4.31), is an algebraic equation that provides the position of

the photon ring r0.

4.3 Lyapunov Exponents and Orbital Frequencies

In order to obtain the Lyapunov exponent and the frequencies we are interested in, we need to

find the relation between the Brinkmann coordinates and the initial coordinate system of the

full spacetime. The transverse directions in the Penrose limit are along r and θ. The solution

to the geodesic in the initial coordinate system of the black hole is

r(u) = r0 , θ(u) =
π

2
, t(u) = p−1

v u , ϕ(u) = ω̃ϕu = ω̃ϕpvt , (4.32)
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where u is an affine parameter. The Lyapunov exponent can be read by the null geodesic

equations of motion, and the orbital frequency from (4.32). Both are given by

λ2 = A11p
2
v , ωorb = ω̃ϕpv . (4.33)

The expressions for pv and ω̃ϕ can be found in full generality. For stationary black holes we

have

ω̃ϕ =
1√
∆(r0)

, λ2 =
64∆(r0)

2
(
r∆′(r0)

2 + 2∆(r0)(∆
′(r0)− r∆′′(r0))

)
r3(4∆(r0)(4r −∆′(r0)) + r∆′(r0)2)

2 , (4.34)

pv =
4∆(r0)∆

′(r0)

4∆(r0)(4r0 −∆′(r0)) + r0∆′(r0)2
, ω2

orb =
16∆(r0)∆

′(r0)
2

(4∆(r0)(4r0 −∆′(r0)) + r∆′(r0)2)
2 ,

where we have used the photon ring equation to trade the rotation parameter a with the photon

ring radius r0. For static black holes, the Lyapunov exponent takes the much simpler form

pv =
∆(r0)

r20
, ω̃ϕ =

1√
∆(r0)

, λ2 =
∆(r0)

(
12∆(r0)− r20∆

′′(r0)
)

2r60
, ω2

orb =
∆(r0)

r40
. (4.35)

Moreover, there is an additional frequency ω2
prec = λ2 describing perturbations in the transverse

stable θ direction which cause a precession around the original orbit. The equality of the

precession frequency with the Lyapunov exponent comes from the transverse fluctuations of

motion.

4.4 Massless Scalar Equation in Penrose plane wave limit

The massless scalar wave equation is

1√
−g

∂µ
(√

−ggµν∂νΨ
)
= 0 . (4.36)

It is known that it is separated in the original metric when [K,R]µν is a covariantly constant

tensor [24, 25]

∇µ[K,R]
µ
ν = ∇µ

(
Kµ

lR
l
ν −Rµ

lK
l
ν

)
= 0 . (4.37)

It can be shown that for the spacetimes we consider, the existence of the Killing-Yano tensor

and Eq. (4.12), the equation (4.37) is satisfied, and it leads to the separability of the wave

equation. Therefore, we can write the solution for a diagonal A as

Ψ = ei(pvv+puu)ψ1(x1)ψ2(x2) , (4.38)

which gives rise to the following two independent equations for ψ1(x1) and ψ2(x2)

1

2p2v
ψ′′
1(x1) +

1

2
A11x

2
1ψ1(x1) =

(
pu
2pv

+ c0

)
ψ1(x1) , (4.39)

1

2p2v
ψ′′
2(x2) +

1

2
A22x

2
2ψ2(x2) =

(
pu
2pv

− c0

)
ψ2(x2) , (4.40)
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where we have denoted as c0 the separation constant. The above equations describe the quantum

harmonic oscillator. Here our unstable direction is the x1 ∼ δr and the stable the x2 ∼ δθ. For

the quasinormal modes and in order to solve the above equations, we impose a decaying and an

outgoing boundary condition for the stable and the unstable direction, respectively. In general

we can think of the frequencies as having the form

ωLn1n2 ∼ Lωorb +

(
1

2
+ n1

)
ωprec − iλ

(
1

2
+ n2

)
, (4.41)

where ωorb is the frequency of the stable orbits, λ is the imaginary part of the frequency and

equal to the Lyapunov timescale for unstable orbits.

In the original metric, in the large frequency limit the wave equation can be solved such

that the wavefronts of the plane waves propagate along the nulls geodesics. The quasinormal

modes’ exponential decay is associated with the exponential deviation of the null geodesics.

On the Penrose limit we are already parallel transported to the null geodesics. Moreover, the

null geodesic deviation is identical with the ones of the original metric. Therefore, the wave

solutions of the equation (4.39) correspond to the null geodesics. In other words, one may read

the Lyapunov coefficients of the null geodesics and the quasinormal modes directly from the

plane wave Hamiltonian when computed on the photon sphere.

4.5 Surface Gravity

The surface gravity measures the gravitation force on a static observer at the horizon surface

as seen by an observer at infinity. It can be thought that for static spherically symmetric black

holes as being κ ∼ V α , where V is the redshift factor and α is the acceleration. In several

geodesic instabilities of different types of geodesics, the surface gravity plays a central role. In

fact, it has been conjectured in [17], a possible classical bound of the Lyapunov exponent for

particle geodesics related to the surface gravity, which has been motivated by an associated

bound of the Lyapunov exponent in the Out-of-Time Order Correlator (OTOC) of quantum

chaos [16]. However, this bound can be violated, for generic black hole spacetimes, even when

all the geodesic and energy conditions are imposed [18]. This has been further confirmed for

certain black holes, as for example [26, 27, 28]. Furthermore, it has been observed [6], that

the Lyapunov exponent of the unstable null geodesics of near-extremal Schwarzschild-de Sitter

geodesics, and therefore the imaginary part of the quasinormal frequencies, are related to the

surface gravity. These developments naturally motivate the idea that a relation between the

Lyapunov exponent of the geodesics and the surface gravity exists. Here we will show that we

can express our results in terms of the surface gravity in the black hole spacetimes when certain

limits are considered.
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The surface gravity is computed by the contraction of the covariant derivatives of the Killing

vectors

Kµ =

(
1, 0,

a

Ξ(rh)2 + α2
, 0

)
, (4.42)

with vanishing norms at the Killing horizon. The two non-zero components of the vector are

associated with the axial symmetry and the time translation of our black hole spacetime. The

surface gravity then reads

κ2 = −1

2
(∇µKν)(∇µKν)

∣∣∣∣
rh

, (4.43)

and substitution of (4.42) leads to

κ =
∆′(rh)

2
(
r2h + a2

) . (4.44)

If we want to restrict to spherically symmetric static black holes, the above expression turns

out to be

κ = − g′tt
2
√
−gttgrr

∣∣∣∣
rh

. (4.45)

For a Schwarzschild black hole in particular, (4.44) simplifies to κSchw = (4m)−1 = 2πT .

4.6 Application of the Formalism to Specific Black holes

For static and stationary black holes the rotation parameter a related to the angular momentum

is null, and the photon ring equations are simplified to (4.29). The solution of the second of these

algebraic equations determines the radius of the photon ring, whereas the first one specifies the

value of the impact parameter. The Penrose limit on the photon ring is given by the metric

(4.14), where the matrix Aij is given by Eq. (4.31).

For stationary black holes the photon ring equations are given by, Eq.(4.27) which deter-

mines the location of the photon ring r0, whereas Eq. (4.28) the impact parameter. The matrix

elements Aij of the Penrose limit on the photon ring are given by Eq. (4.30).

In this section we apply our formalism to a wide range of static or stationary black holes.

4.6.1 Schwarzschild Black Holes

Let us start with the static Schwarzschild black hole. The only data we have to provide is

∆(r) = r2 − 2mr , a = 0 , rh = 2m . (4.46)

By solving the equations (4.29), we find that the location of the photon ring and the impact

parameter are given by

r0 = 3m , b2 = 27m2 . (4.47)
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By applying the equations (4.31) we obtain the metric elements of the Penrose limit plane wave

in Brinkmann coordinates

A11 = −A22 =
1

3m2
, A12 = A21 = 0 . (4.48)

The direction x2 ∼ θ is stable: A22 ≤ 0, while the direction x1 ∼ r is unstable: A11 ≥ 0. The

matrix A can expressed with respect to the surface gravity κSchw =
1

4m
as

A11 =
16

3
κ2Schw . (4.49)

The Lyapunov exponent and the orbital frequency are (4.35)

λ2 = ω2
orb =

1

27m2
=

16

27
κ2Schw ≤ κ2Schw . (4.50)

In the neutral static black hole where only one dimensionful parameter exist, we can trivially

trade the surface gravity with the entropy of the black hole, S = Area/4 to rewrite the above

expression as

λ2 =
4π

27S
≤ π

4S
, (4.51)

which allows us to express the Lyapunov exponent and the frequencies with respect to the

entropy. The inequality has been motivated by the fact that κ2Schw = π/(4S) and its importance

will become more clear in black holes with more parameters in the next section 5.

4.6.2 Reissner–Nordström Black Hole

For the Reissner–Nordström Black hole we have

∆(r) = r2 − 2mr + q2 , a = 0 . (4.52)

The horizons are located at

rh± = m±
√
m2 − q2 (4.53)

and the surface gravity is (4.44)

κRN =

√
m2 − q2(

m+
√
m2 − q2

)2 , (4.54)

with m ≥ |q|. Applying the equations (4.29), we obtain the radii for the photon ring

r0± =
1

2

(
3m±

√
9m2 − 8q2

)
, b2 =

2r30
r0 −m

, (4.55)

17



where r0+ > rh+ is the radius of the outer ring, while the inner solution for the circular ring is

inside the horizon rh− < r0− < rh+. From the equations (4.30), we find that the matrix Aij for

the Penrose limit plane wave is

A11± =
2

3m2 − q2 ±m
9m2 − 7q2√
9m2 − 8q2

,

A22± =
2

2q2 − 3m2 ∓
√
9m2 − 8q2

, A12 = A21 = 0 . (4.56)

Aii± corresponds to r0± and clearly, A11± ̸= −A22±, unless q = 0 as expected. For completeness

we have presented the Aij for both photon rings, but let us focus in the following on the outer

ring.

For massive black holes the radius of the photon ring is r0+ ≃ 3m

(
1− 2q2

9m2

)
and the

Penrose limit matrix A is given by

A11 ≃
16

3
κ2RN

(
1 +

16

3
q2κ2RN

)
, A22 ≃ −16

3
κ2RN

(
1 +

80

9
q2κ2RN

)
. (4.57)

Note that the q-dependent terms are responsible for the different values of Aij in the charged

black hole. The Lyapunov exponent and the orbital frequency (4.35) are found to be

λ2 ≃ 16

27
κ2RN

(
1 +

16

9
q2κ2RN

)
, ω2

orb =
16

27
κ2RN

(
1 +

16

3
q2κ2RN

)
, (4.58)

where λ ̸= ωorb in contrast to the uncharged black hole, since the q−dependent terms differ.

For the near extremal Reissner–Nordström black hole, m ≃ |q| and the horizons rh± ≃ 2m

tend to become degenerate. In this case, we have for the outer photon ring

A11 ≃
1

2q2
−
κ2RN

2
, A22 ≃ − 1

q2
+ 4κ2RN , (4.59)

so that the Lyapunov exponent and the orbital frequency are (4.35)

λ2 ≃ 1

32

(
1

q2
+ κ2RN

)
, ω2

orb ≃
1

8

(
1

2q2
− κ2RN

)
, (4.60)

with κRN ≪ 1. It follows that the nearly stable circular geodesics of the extremal charged black

hole are at r0+ = 2m and the impact parameter is b2 = 16m2. Notice that the photon ring is

closer to the horizon of the black hole in the charged case compared to the uncharged one. The

non-zero elements of the matrixA in the Penrose limit for the near extremal Reissner–Nordström

black hole turn out then to be

A11 =
1

2m2
, A22 = − 1

m2
. (4.61)
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Therefore, the Lyapunov exponent and the orbital frequency are (4.35)

λ2 =
1

32m2
, ω2

orb =
1

16m2
, (4.62)

which are both larger in the extremal limit than the surface gravity κRN = 0, while for the

inner ring in the extremal case λ− → 0.

4.6.3 Kerr Black Hole

The Kerr black hole has

∆(r) = r2 − 2mr + a2, (4.63)

and the horizons are located at the radii

rh± = m±
√
m2 − a2, (4.64)

and the surface gravity and temperature are (4.44)

κK =

√
m2 − a2

2m
(
m+

√
m2 − a2

) , T =
κK
2π

. (4.65)

Application of the generic analysis leads to the compact form of the Penrose limit matrix A

A11 = −A22 =
3

r20
, (4.66)

where r0 are the two photon ring radii. By applying Eq. (3.11), we find that

r0+ = 2m

(
1 + cos

[
2

3
arccos

( a
m

)])
, r0− = 2m

(
1 + cos

[
4π

3
+

2

3
arccos

( a
m

)])
, (4.67)

with r0+ ≥ r0−, corresponding to the prograde (r0−) photon orbits which are at a smaller radius

than the retrograde (r0+) orbits, and spinning at opposite direction due to the Lense-Thirring

effect. The direction or rotation for each photon ring becomes evident by computing the sign

of pϕ or equivalently the parameter b for the two photon rings. At the limit of zero angular

momentum, we can check that we obtain smoothly r0+ = r0− = 3m. Note that the positions of

the orbits are bounded by m ≤ r0− ≤ 3m ≤ r0+ ≤ 4m. Furthermore, the Lyapunov exponent

and the orbital frequency read

λ2 =
3(m− r0)

2

r20(3m+ r0)2
, ω2

orb =
4m

r0(r0 + 3m)2
. (4.68)

We find that the following inequality is satisfied for the external photon ring

ω2
orb ≤ λ2, (4.69)
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which is saturated for the static case r0 = 3m. We propose an overall bound for the Lyapunov

exponent as

ω2
orb ≤ λ2 ≤ 16

27
κ2+ , κ+ :=

rh+ + rh−

2
(
r2h+ + a2

) (4.70)

which approaches saturation only for the static black hole a = 0. 2

In the limit of large mass, the Penrose limit is

A11± ≃ 1

3m2

(
1∓ 4a

3
√
3m

)
≃ 16

3
κ2K

(
1∓ 16aκK

3
√
3

)
, (4.71)

where for the outer retrograde photon ring, A11+ is smaller than A11− of the inner ring. For

the outer photon ring, the Lyapunov exponent and the orbital frequency read now

λ2 ≃ 16

27
κ2K

(
1 +

152a2κ2K
27

)
, ω2

orb ≃
16

27
κ2K

(
1− 16aκK

3
√
3

)
, (4.72)

where we see that the first subleading term for λ2 is positive, while for ω2
orb is negative. For

rotating massive black holes, the Lyapunov exponent increases compared to the static ones,

when expressed in terms of the surface gravity.

In the near extremal limit for the Kerr black holes we get

A11+ ≃ 3

16m2
+
κ2K
6

, A11− ≃ 3

m2
− 8

√
3κK
m

. (4.73)

Let us focus on the extremal case, where we have a maximal separation of the photon rings and

a single horizon rh

r0− = rh = m , r0+ = 4m . (4.74)

The Penrose metric elements on the two photon rings maximize their distance apart as well

A11+ = 16A11− =
3

16m2
, (4.75)

while always the values of the inner photon ring are lower than the outer ring. The Lyapunov

coefficient and orbital frequencies read

λ2+ =
27

784m2
, ω2

+ =
1

49m2
, λ2− = 0 , ω2

− =
1

4m2
, (4.76)

with κK → 0. As in the static charged black hole, the outer ring in the extremal limit has a

Lyapunov exponent that is larger than the surface gravity, while in the inner ring it is trivially

equal to it.

2We point out that the inner photon ring satisfies the inverted bound inequality ω2
orb ≥ λ2. Therefore the

inequality of the orbital frequency with the photon ring Lyapunov exponent, is a strong characteristic of each

photon ring, and has consequences on the magnitudes of the real and imaginary parts of the quasinormal modes.
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4.6.4 Kerr-Newman Black Hole

For the Kerr-Newman black hole we have

∆(r) = r2 − 2mr + a2 + q2, (4.77)

and the horizons are located at

rh± = m±
√
m2 − a2 − q2 . (4.78)

The surface gravity (4.44) in this case is

κKN =

√
m2 − a2 − q2

a2 + (m−
√
m2 − a2 − q2)2

. (4.79)

We solve the photon ring equations for (a, b), and when we substitute to (4.30), we get the

metric elements, i.e. the matrix Aij , in the Penrose limit in a compact form

A11 =
4q2 − 3mr0
r20 (q

2 −mr0)
, A22 =

−2q2 + 3mr0
r20 (q

2 −mr0)
, A12 = A21 = 0 . (4.80)

Notice that in general A11 ̸= A22 unless q = 0, where we recover the Penrose plane wave limit

of the Kerr black hole. The Lyapunov exponents and the orbital frequency read

λ2 =
(m− r0)

2
(
4q2 − 3mr0

)
(q2 −mr0) (r0(3m+ r0)− 2q2)2

, ω2
orb =

4mr0 − 4q2

(r0(3m+ r0)− 2q2)2
. (4.81)

For massive black holes we obtain for the outer ring

A11 ≃
16κ2KN

3

(
1− 16aκKN

3
√
3

+
8

27
κ2KN

(
59a2 + 18q2

))
,

A22 ≃ −
16κ2KN

3

(
1− 16aκKN

3
√
3

+
8

27
κ2KN

(
59a2 + 30q2

))
, (4.82)

where A11 and −A22 differ by q−dependent terms., which are responsible for the charged

correction compared to the Kerr black hole data so that λ and ωorb read

λ2 ≃ 16

27
κ2KN

(
1 +

8

27

(
19α2 + 6q2

)
κ2KN

)
, (4.83)

ω2
orb ≃ 16

27
κ2KN

(
1− 16

3
√
3
ακKN +

8

9

(
19α2 + 6q2

)
κ2KN

)
.

Note that, similarly to the effect of angular momentum, the charge q increases further the

Lyapunov exponent and the orbital frequency.
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5 Photon Ring as a Holographic Horizon and Bounds

The plane wave metric and the Lyapunov exponent can be expressed through the surface

gravity of the photon ring of the black hole. For the Schwarzschild-de Sitter black holes in four

dimensions, the Lyapunov exponent of the nearly bound null geodesics is equal to the surface

gravity [6]. In this section motivated by the relation to the inverted harmonic oscillator we treat

photon sphere as a part of the holographic dual for an astrophysical black hole and in particular

we identify the photon sphere as an effective holographic horizon and study the interpretation

of quantum bounds.

Along the direction x1 we obtain the inverted quantum harmonic oscillator (4.39), where

we can identify an effective temperature for the quantum system that saturates a bound of the

form3

λ ≤ 2πTeff . (5.1)

We argue that the photon ring plays the role of an holographic horizon for these astrophysical

black holes. In particular the photon ring is considered as an effective holographic horizon where

the thermal bound on chaos for the dual quantum systems with a large number of degrees of

freedom is saturated.

For the neutral static Schwarzschild black holes using Eq. (4.50) we saturate the aforemen-

tioned bound for

λ2 = 4π2T 2
eff ⇒ Teff =

4

3
√
3
T , (5.2)

where T is the Hawking temperature for the black hole and κSchw = 2πT . The temperature

Teff , has a physical meaning and turns out to be equal to the Unruh temperature of the system,

as can be seen in the Appendix B. The photon ring can be approximated with a Rindler horizon

where from its acceleration component the effective temperature can be read. In particular, the

moving observer with a detector measures the number of quanta following the Bose-Einstein

distribution with a temperature Teff [29]. Therefore the Unruh temperature associated to the

photon ring is the one that saturates the bound (5.1) for the Lyapunov exponent characterizing

the unstable circular geodesics of the photon sphere. Accordingly, we can think of the photon

ring as playing the role of an effective holographic horizon that determines the dual quantum

theory temperature.

For stationary black holes the bound has a richer structure. Let us consider a slowly rotating

Kerr black hole where the Lyapunov exponent saturates a bound (5.1) on the photon sphere

for the dual quantum systems with a large number of degrees of freedom. The dependence

3One may examine a more general bound λ ≃ cTeff where c ∼ O(1) and depends on the scales of the theory.
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λ(ω, T ) is in general non-linear and non-polynomial, however for slowly rotating black holes,

the effective temperature can be written as

Teff ≃
Teff0

(1− ṽ)p
, (5.3)

where ṽ ≪ 1 and p is an appropriate power. Using (4.72) the bound can be saturated analyti-

cally with

Teff0 ≃ 4T

3
√
3
, ṽ ≃ 304

27p
π2a2T 2 , (5.4)

where T is the black hole temperature and Teff0 is equal to the Unruh temperature for the

static case as can be seen by Eq. (5.2). In presence of rotation the Lyapunov exponent

increases by a factor that depends on the angular momentum. The form and the increase of the

exponent for the outer ring, is in agreement with the variety of modifications of the suggested

MSS bound for thermal quantum systems with a large number of degrees of freedom [16],

in rotating environments [30, 31, 32], providing encouraging evidence of the quantum system

correspondence and the holography of photon rings. Nevertheless, notice that in the extremal

limit, the outer ring does not satisfy the Lyapunov bound in the traditional form and the

effective temperature required in this case is independent of the black hole temperature, while

in the inner ring the bound is trivially saturated.

Finally for Kerr-Newman black holes where angular momentum and charge are present the

effective temperature increases further. In the large mass limit, using (4.83) we obtain

Teff0 ≃ 4

3
√
3
T , ṽ ≃

16π2
(
19a2 + 6q2

)
T 2

27p
, (5.5)

where Teff0 is the Unruh temperature of the static system, and T is the temperature of the

black hole. Our findings suggest that the angular momentum and the electric charge, both act

as enhancements of chaotic effects, implying a modification of the chaos upper bounds to higher

values that depend of the charge and angular frequency.

When more than one parameters needed to characterize the black hole, the Lyapunov ex-

ponent is not always bounded by the surface gravity in the most generic case as we have seen.

We suggest an alternative robust upper bound which is universally satisfied with the central

quantity being the entropy of the black hole. The bound is motivated by the standard relation

between the surface gravity and the entropy in Schwarzschild black holes κ2Schw = π/(4S), and

reads

λ2 ≤ π

4S
. (5.6)

We have confirmed that is satisfied for the outer photon rings of the static or stationary black

holes under study, for the whole parametric space including the extremal limits. This is a
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stronger bound which takes into account the extra charges and angular momenta. It would be

interesting to examine its validity in other black holes as well as in thermal quantum systems.

5.1 The (Inverted) Harmonic Oscillator

In this section we study the behavior of the Lyapunov exponents by looking at the wave equa-

tions and relating them to the the one-dimensional (inverted) quantum harmonic oscillator.

We first briefly review some recent findings about the OTOC, which for a time-independent

natural Hamiltonian H is defined as

CT (t) = −
〈
[x(t), p(0)]2

〉
, ⟨O⟩ = tr[e−βHO]

tre−βH
, (5.7)

where the expectation value is taken over a thermal average with temperature T = β−1. The

OTOC is rewritten in terms of the energy eigenstates H|n⟩ = En|n⟩, as [33]

CT (t) =
1

Z

∑
n

e−βEny2,nn(t) , (5.8)

where we have defined

y2,nn(t) := −⟨n|[x(t), p]2|n⟩ =
∑
m

ynmy
∗
nm , ynm(t) := −i⟨n|[x(t), p]|m⟩ . (5.9)

For a natural Hamiltonian we can compute the OTOC by substituting x(t) = eiHtxe−iHt to

obtain

ynm(t) =
1

2

∑
k

xnkxkm
(
Ekme

iEnkt − Enke
iEkmt

)
, (5.10)

where xnm := ⟨n|x|m⟩ and Enm := En − Em. Therefore the information needed to determine

CT (t) for the system is the energy spectrum and the matrix x. Let us consider the Hamiltonians

Hs =
p2

2m
+ s

mω2x2

2
, s2 := 1 . (5.11)

which correspond to the inverted (s = −1) harmonic oscillator and the simple harmonic os-

cillator (s = 1), respectively, and they are related to each other by the analytic continuation

ω → iω. The associated quantum harmonic oscillator equation reads

− 1

2m
ψ′′(x) +

1

2
smω2x2ψ(x) = Esψ(x) , (5.12)

and when compared to (4.39), we have

Aij = −sm
2ω2

p2v
δij . (5.13)
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If s = 1 the energy spectrum is given by En =

(
n+

1

2

)
ω while the eq.(5.10) and (5.9) give for

the microcanonical OTOC y2,nn(t)

y2,nn(t) = δnm cosωt , ynn(t) = cos2 ωt . (5.14)

Therefore, the OTOC is periodic and independent of the energy and the temperature of the

system [34]

CT (t) = cos2 ωt . (5.15)

For the inverted harmonic oscillator, we could analytically continue the expression (5.15) to get

CT (t) = cosh2(ωt) ≃ e2ωt , (5.16)

where the last equation is the leading contribution in the large time limit. Under this assumption

the OTOC grows exponentially. Nevertheless, there is the problem of imaginary energy, which

makes a strict definition of the OTOC ambiguous. Moreover, the potential that corresponds to

our system is unbounded from below and the definition and the assignment of a temperature

in the quantum model is problematic.

At any rate, the Penrose limit is the leading approximation on the photon ring physics and

higher order terms could bound the potential from below. In this case, it has been proposed

a simpler, more generic bound of the form λ ≤ cT , where c = O(1) [35]. The bound is in

direct agreement with our findings for the static neutral systems. For the rotating (5.4), and

charged black holes (5.5), our results imply that when extra scales are present in the theory,

the bound is still correct when one scale of the theory dominates the rest. The photon ring

analysis suggests that, for massive black holes, the bound needs to be modified such that the

parameter c becomes a function of the rest of dimensionful scales of the theory, i.e., c = c(a, q).

Finally, despite the aforementioned ambiguities we could follow an alternative way to make

a direct analogy of the wave equation (4.39) and the inverted harmonic oscillator from (5.11)

to obtain A11p
2
v = λ2. By accepting the existence of a bound λ ≤ 2πTq, where Tq is the

temperature of the quantum system we obtain

Tq =
4

3
√
3
T , (5.17)

which is equal to the temperature Teff (5.2) and the appropriate Unruh temperature for this

system. As a side note, the
√
3 factor can be also understood as the redshift factor to the

temperature on the ring

V =
√
−gtt =

∆

r2 + a2

∣∣∣∣
r0

=
1√
3
. (5.18)

25



For the rotating (5.4), and charged black holes (5.5), our results suggest an enhancement of

the Lyapunov exponent and of the temperature Teff that saturates bound when extra scales

are present in agreement with several independent observation following alternative formalisms

[30, 31, 32].

As a side comment we notice that a similar approach presented above for the OTOC can

be followed for all the indicators of the quantum chaos and operator growth in relation to

our systems using Eq. (5.13), for example, for the Krylov state and operator complexity

[36, 37, 35, 38, 39]. It is known that the Krylov operator complexity [36, 40] for Gaussian

operators in the integrable inverted harmonic operator grows exponentially as well, with a

grown coefficient that is related to the frequency of the inverted harmonic operator. Through

the relation of the photon ring geodesics to the quantum system, all the observations related to

complexity measures in quantum systems, can be translated with our photon ring systems in

a similar way we have done with the OTOC. We leave a deeper study about the OTOCs and

other complexity measures, and their implications on photon ring for the near future.

6 Discussions

In this work, we present a generic formalism for the construction of the Penrose plane wave

limit of general stationary axisymmetric spacetimes with a separable Hamilton-Jacobi equation

of geodesics. The overall procedure boils down to finding the Killing-Yano tensor for black

hole spacetimes, since the parallel-transported tetrad of covectors along the null photon ring

geodesics is constructed from the Killing-Yano tensor, the geodesic’s 4-velocity, and the covec-

tors that lie in the plane transverse to the two existing ones. The class of spacetimes considered

includes a wide variety of static or stationary black holes to which our construction directly

applies.

We justify in generality a correspondence between the frequency matrix of the massless scalar

equation and the quasinormal modes in Penrose limit, and the null geodesics deviation, which

also suggested in [11]. The massless wave equation in the Penrose plane wave has a frequency

matrix that is straightforwardly related to the frequency matrix of the null congruences. The

deviation of the null geodesics is identical in the original geometry and the plane wave limit,

preserving covariantly the information. Therefore, it naturally follows that the wave equation

in the Penrose limit is related to the deviation of null geodesics. In particular, the Lyapunov

exponents characterizing the exponential divergence of the asymptotically bound geodesics in

the near photon ring regime correspond in the Penrose limit to the quasinormal modes in the

large frequency limits.
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Our universal formulas, (4.34), (4.35), for the Lyapunov exponents, the quasinormal modes

and the angular frequencies, are directly applicable for a wide class of spacetimes. In particular

the full analysis of the correspondence between the quasinormal modes and the properties of

photon ring geodesics, boils down to producing the Penrose limit of the original spacetime black

hole metric. Once this is done, all the details are directly readable from the plane wave metric.

Several fascinating consequences of the correspondence follow directly. Spacetimes that are

solutions to the vacuum Einstein equations in the absence of null fluxes, have Ricci flat Penrose

limits. The matrix A of the Penrose limit is related to the curvature tensor of the parallel

frame along the photon ring geodesics and is traceless. This implies that the transformed

Schrödinger equations of the massless wave equations, corresponding to the radial and angular

geodesic deviations, always take the form of two ”mirroring” harmonic oscillators. One is a

normal harmonic oscillator along the stable (polar) direction, and the other is an inverted

harmonic oscillator along the (radial) unstable direction, differing by a sign in the frequency

term. The unstable direction corresponds to the deviation of the null geodesics of the photon

ring, while the stable one corresponds to the orbital frequency of the geodesics. The validity of

the above statement is independent of the specific form of the metric as long as the spacetime

is a solution to the vacuum Einstein equations, it follows directly from the Penrose limit plane

wave approach.

Moreover, we relate the system of photon ring geodesics to a quantum inverted harmonic

oscillator, with a potential identified by the Penrose limit metric. By making the mild assump-

tion that the holographic principle applies to asymptotically flat axisymmetric spacetimes, and

by arguing that the photon ring acts an effective holographic horizon of dual quantum systems

with a large number of degrees of freedom, we can motivate the study of possible bounds in

frequencies, Lyapunov exponents and quasinormal modes by quantum physics. The plane wave

metric and the Lyapunov exponent can be expressed through the surface gravity of the photon

ring of the black hole in a meaningful pattern. For example, in four-dimensional near extremal

Schwarzschild-de Sitter black holes, the Lyapunov exponent of the nearly bound null geodesics

is equal to the surface gravity [6]. Here, we generalize such relations with the surface gravity

(4.44) for generic spacetimes that include angular momentum and charge. We focus on the

limit of large mass, where one scale dominates the rest, and we point out how such relations

and bounds are modified in the presence of angular frequencies. In particular, by imposing the

upper bounds (5.1), we analyze the effective temperatures that saturates them. For the case of

the Schwarzschild black hole, this temperature is equal to the Unruh temperature of the near-

photon ring regime, and consequently the photon ring acts as an effective holographic horizon

for the thermal bound on chaos for the dual quantum systems with a large number of degrees
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of freedom. For rotating and charged black holes, our results (5.5) suggest an enhancement

of the bound and the effective temperature when extra scales are present, in agreement with

several independent observations about quantum chaos when similar extra charges are present.

These are strong indications that the photon ring can be considered as an effective holographic

horizon for a wide range of asymptotically flat axisymmetric spacetimes with dual quantum

systems of a large number of degrees of freedom. In general, having the photon ring play a

crucial role as part of the holographic duality is in agreement with other independent recent

approaches for astrophysical black holes [10] and AdS black holes [41, 42, 43].

Additionally, we suggest an a alternative stronger bound, where the Lyapunov exponent is

bounded by the inverse of entropy (5.6) instead of the surface gravity. We find that the bound

is universally satisfied for the photon rings considered in this section for the whole parametric

space of black hole parameters including the extremal limits. It would be interesting to study

the validity of this new bound in quantum systems.

The existence of a generic framework allows us to investigate possible universalities in the

Lyapunov exponents. For example, for the Kerr black hole, we find that for the outer photon

ring, the orbital frequency is lower than the Lyapunov exponent, with implication that carry

on to the inequality between the real and imaginary levels of the quasinormal mode spectrum.

Moreover, in the class of spacetimes we consider the Hamilton-Jacobi equations are separable

and a conserved Carter constant exists. It would be interesting to investigate limitations of

generality of our correspondence in black hole spacetimes with less symmetry. Additionally,

our findings suggest that the various perturbations in the Kerr-Newman black hole can be sep-

arated when employing the Penrose limit plane wave metric. This separation and the resulting

equivalence to the massless wave equation occurs similarly to other black holes examined here.

This presents an alternative approach to circumvent the longstanding issue of nonseparability

in the perturbation equations for these rotating charged black holes [44, 45]. Furthermore, it

is known that the Seiberg-Witten curves can be used to compute analytically the spectrum of

quasinormal modes [46, 47, 48, 49]. It is worthy to delve deeper into possible connections and

explore how our techniques and these approaches can be amenable.

Furthermore, our work provides generic formulas for the eikonal quasinormal modes and

the null geodesics across a wide spectrum of spacetimes, offering potential direct implications

in astrophysics. The curves observed in the shadow images of black holes are linked to the

impact parameter of spherical photon orbits around these black holes. Consequently, the eikonal

quasinormal modes are intimately connected to the shadows cast by black holes [50, 51, 52].

Any deviation from the expected correspondence between the Lyapunov exponents and the
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corresponding quasinormal modes might indicate physics beyond general relativity [53, 54, 55,

56]. Exploring how the broad applicability of the correspondence in the Penrose limit can

contribute to such studies would be of considerable interest.
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A Appendix: A Metric That Admits Killing-Yano Tensor

In this short appendix we present for convenience the form of a metric that admits a Killing-

Yano tensor with the choices for the functions Ai and Bi given by (4.5) and (4.6) for the special

solution (4.12). The metric (3.1) reads

gµν(r, θ) =



−
∆(r)− a2s2θ
r2 + a2c2θ

0
a
(
∆(r)− r2 − a2

)
s2θ

r2 + a2c2θ
0

0 r2 + a2c2θ 0 0

a
(
∆(r)− r2 − a2

)
s2θ

r2 + a2c2θ
0

((
a2 + r2

)2 − a2∆(r)s2θ

)
s2θ

r2 + a2c2θ
0

0 0 0
r2 + a2c2θ
∆(r)


.

B Appendix: Unruh Temperature of the Schwarzschild Ring

In this appendix we show that the effective temperature (5.2), that comes up by requiring the

satisfaction of a quantum-like bound for the spherically symmetric static black hole, matches

with the Unruh temperature of an effective Rindler horizon on the photon sphere. We review

the derivation of the Unruh temperature on the photon sphere geodesics. The approach follows

[57, 29]. The near-photon sphere limit geometry approaches effectively the Rindler spacetime

ds2 = −(αx)2r2dt2 + dx2 , (B.1)

where α is the proper acceleration related to the effective potential of the geodesic [6] and equal

to

α =
1

2

√
gtt(r0)

(
4gtt(r0)− 2r20g

′′
tt(r0)

)
r0

. (B.2)
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The frequency spectrum S(ω) considering the relativistic Doppler effect for an accelerated

observer along x is given by

S(ω) =

[∫ ∞

−∞
dτeiωτeiφ(τ)

]2
=

2π

ωα

1

e

2πω

α − 1

, (B.3)

where

φ :=
ω

α
eατ . (B.4)

From the Planck factor one reads as usual the Unruh temperature

TUnruh =
α

2π
=

4T

3
√
3
, (B.5)

which turns out to be equal to Teff from (5.2).
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