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Randomized measurements are useful for analyzing quantum systems especially when quantum control is
not fully perfect. However, their practical realization typically requires multiple rotations in the complex space
due to the adoption of random unitaries. Here, we introduce two simplified randomized measurements that
limit rotations in a subspace of the complex space. The first is real randomized measurements (RRMs) with
orthogonal evolution and real local observables. The second is partial real randomized measurements (PRRMs)
with orthogonal evolution and imaginary local observables. We show that these measurement protocols exhibit
different abilities in capturing correlations of bipartite systems. We explore various applications of RRMs and
PRRMs in different quantum information tasks such as characterizing high-dimensional entanglement, quantum
imaginarity, and predicting properties of quantum states with classical shadow.

I. INTRODUCTION

Recent experimental progress in controlling and manipulat-
ing large quantum systems has enabled quantum advantages
beyond classical regimes [1–3]. Extracting useful quantum
information via measurements is essential for characterizing
and analyzing large quantum systems. However, the curse
of dimensionality poses challenges in reconstructing large
density matrices by state tomography [4, 5]. Although sev-
eral computationally and experimentally efficient tomography
methods have been designed [6–11], these methods either still
require complex optimization or are limited to specific states.

A feasible strategy is randomized measurements (RMs),
which rotate measurement directions arbitrarily on each sub-
system and collect measured data to analyze the properties of
quantum states [12, 13]. Applications have emerged in var-
ious domains, including quantum simulation [14, 15], state
overlaps [16–18], classical shadow tomography [19, 20], and
the estimation of Rényi entropies [21–23], partial transpose
moments [24–28], and quantum Fisher information [29–31].

In RMs, Alice and Bob apply local random unitaries UA ⊗
UB to a shared quantum state ϱ, followed by local measure-
ments MA ⊗ MB . By sampling from the Haar measure on
unitary group U(d), they obtain the t-order moment as fol-
lows:

R
(t)
AB=

∫
dUA

∫
dUB [tr(ϱUAMAU

†
A ⊗ UBMBU

†
B)]

t. (1)

These moments provide an approach to characterize the quan-
tum entanglement [32–34]. The techniques have been ex-

∗ satoyaimai@yahoo.co.jp
† qiongyihe@pku.edu.cn

Real

Imaginary

Real Imaginary

RMs

RRMs

PRRMs

Figure 1. Layout for characterizing the correlations of bipartite quan-
tum states from RMs, RRMs, and PRRMs, respectively, as given by
Eqs. (1,2,3), formulated in Observation 1. The horizontal and verti-
cal axes correspond to one of the two subsystems each.

tended to high-dimensional systems [35–37] and multiqubit
systems [38–40].

Although RMs are effective tools for analyzing quantum
states, they still face several challenges. First, the practical im-
plementation of RMs often requires multiple rotations in the
whole complex space by successive tuning d2 − 1 parameters
for a d-dimension space. This may increase the susceptibility
to environmental interactions and decoherence. Second, for
frequently involved real quantum states [41–46], employing
RMs designed for the complex full space as in Eq. (1) may
lead to unnecessary consumption of experimental resources.
This insight was used for real randomized benchmarking to
characterize the average gate fidelity over real-valued opera-
tors [47]. Finally, the moments in Eq. (1) identify quantum
correlations from both real and imaginary parts of quantum
states, see Fig. 1, which hinders the analysis of the imaginarity
of quantum states, known as a kind of quantum resource [48–
53].

In this paper, we generalize standard RMs to address these
issues. In the following, we call a Hermitian operator X real
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or imaginary if X = X⊤ or X = −X⊤, respectively, where
⊤ denotes the transposition. In our protocols, we consider
assumptions of the following type:

Assumptions. (i) The random unitaries of the formU = eiθO
for θ ∈ [0, 2π) and orthogonal O with OO⊤ = O⊤O = 1.
(ii) The observables MA and MB are real. (iii) The observ-
ables MA and MB are imaginary.

Here we call RMs real randomized measurements (RRMs)
if the RMs meet conditions (i) and (ii) in Assumptions,
and partial real randomized measurements (PRRMs) if the
RMs meet (i) and (iii). First, we define the t-order mo-
ments of RRMs and PRRMs and discuss their relation with
RMs. Specifically, RRMs and PRRMs extract real-real and
imaginary-imaginary partial correlations of a bipartite state,
while RMs extract all correlations as a whole. Then, we
show that RRMs can characterize bipartite high-dimensional
entanglement, including bound entanglement [54–57] and the
Schmidt dimensionality [58–60]. We demonstrate that RRMs
and RMs have equivalent entanglement detection strength for
states with real-real correlations, but RRMs need fewer ex-
perimental steps than RMs. Next, combining RMs, RRMs,
and PRRMs, we formulate a framework to detect the imagi-
narity of high-dimensional states and provide a lower bound
for the existing imaginarity measure [48]. Our strategy does
not require well-controlled measurement settings and main-
tains robustness against local orthogonal noise. Finally, we
apply RRMs to classical shadow tomography [61, 62], requir-
ing fewer random operations up to a fixed estimation precision
than RMs.

II. REAL RANDOMIZED MEASUREMENTS

Suppose that Alice and Bob share a two-qudit state ϱ. Fol-
lowing (i) in Assumptions, they apply orthogonal matrices
OA and OB sampled via the Haar measure on the orthogonal
group O(d). The RRMs allow them to measure real observ-
ables MA and MB , while the PRRMs allow them to measure
imaginary observables M̂A and M̂B . Here and hereafter, we
use the notation □̂ to denote quantities associated with imag-
inarity. Similar to t-order moments of RMs [13], the t-order
moments of RRMs and PRRMs are respectively defined as

Q
(t)
AB=

∫
dOA

∫
dOB [tr(ϱOAMAO

⊤
A ⊗OBMBO

⊤
B)]

t, (2)

Q̂
(t)
AB=

∫
dOA

∫
dOB [tr(ϱOAM̂AO

⊤
A ⊗OBM̂BO

⊤
B)]

t. (3)

Note that the moments Q(t)
AB and Q̂(t)

AB are invariant under
any local orthogonal operations, while the moment R(t)

AB is
invariant under local unitary operations. That is, Q(t)

AB(ϱ) =

Q
(t)
AB(WA⊗WBϱW

⊤
A ⊗W⊤

B ) for any WA,WB ∈ O(d), and
similarly for Q̂(t)

AB , while R(t)
AB(ϱ) = R

(t)
AB(VA ⊗ VBϱV

†
A ⊗

V †
B) for any VA, VB ∈ U(d). In other words, the mo-

ments Q(t)
AB and Q̂(t)

AB characterize two-qudit states in a real-
reference-frame-independent manner [63, 64].

Let us discuss the difference among RMs, RRMs, and
RRMs. Recall that any two-qudit state ϱ can be written as

ϱ =
1

d2

d2−1∑
j,k=0

Tjkλj ⊗ λk, (4)

where λ0 = 1d denotes the d-dimension identity and λj
are the generalized Gell-Mann matrices (GGMs) satisfying
λj = λ†j , tr(λjλk) = dδjk, and tr(λj) = 0 for j > 0

[65, 66]. Note that each of (d2 − 1) GGMs can be seen as
an observable, belonging to one of the two types: (a) real
GGMs consisting of L real observables: λ⊤j = λj , associ-
ating with condition (ii) in Assumptions; or (b) imaginary
GGMs consisting of L̂ imaginary observables: λ⊤j = −λj ,
associating with condition (iii) in Assumptions. Here, we
let first L = (d − 1)(d + 2)/2 GGMs be real GGMs and
latter L̂ = d(d − 1)/2 GGMs be imaginary GGMs, where
L+ L̂ = d2 − 1, see Appendix A.

The bipartite correlations in ϱ can then be divided into
four types: real-real, imaginary-imaginary, real-imaginary,
and imaginary-real ones, as shown in Fig. 1. We have the
following observation.

Observation 1. The RMs given by Eq.(1) extract all four
types of correlations of the ϱ as a whole, while RRMs and
PRRMs given by Eqs.(2) and (3) only extract the real-real
and the imaginary-imaginary correlations of ϱ, respectively,
as shown in Fig. 1. The following relation holds for all ϱ,

Q
(t)
AB(ϱ) + Q̂

(t)
AB(ϱ) ≤ R

(t)
AB(ϱ), ∀ϱ, (5)

where the equality is attained when ϱ is real, ϱ = ϱ⊤.

To prove Observation 1, we consider the simplest case of
t = 2. General cases for any t are given in Appendix B.
Based on the Schur–Weyl duality in unitary and orthogonal
groups (see Refs. [67–71] or Appendix A), the second com-
mutant in the unitary group is spanned by identity 1d⊗1d and
the SWAP operator S =

∑
j,k |jk⟩⟨kj|. In contrast, the one

in the orthogonal group is spanned by the identity, the SWAP
operator, and additionally, the operator Π =

∑
j,k |jj⟩⟨kk|,

where {|j⟩} denotes the computational basis in d dimensions.
Hence, the Haar unitary and orthogonal integrals read, respec-
tively, ∫

dU U⊗2AU†⊗2 = α1d ⊗ 1d + βS, (6)∫
dOO⊗2AO⊤⊗2 = γ11d ⊗ 1d + γ2S+ γ3Π, (7)

where the parameters α, β, γ1, γ2, and γ3 depend on a two-
qudit operator A, see Appendix A. Thus, the three second-
order moments of RRMs, PRRMs, and RMs are, respectively,
Q

(2)
AB(ϱ) :=

∑L
j,k=1 T

2
jk, Q̂(2)

AB(ϱ) :=
∑d2−1

j,k=L+1 T
2
jk, and

R
(2)
AB(ϱ) :=

∑d2−1
j,k=1 T

2
jk by ignoring normalization constants.

Note that the real-imaginary correlations
∑L

j=1

∑d2−1
k=L+1 T

2
jk
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and imaginary-real correlations
∑d2−1

j=L+1

∑L
k=1 T

2
jk are miss-

ing. Thus, Eq.(5) is true for any ϱ. Moreover, real states (i.e.
ϱ = ϱ⊤) exhibit real-real and imaginary-imaginary correla-
tions, which guarantees that equality in Eq.(5) holds for real
states.

From Observation 1, RRMs and PRRMs can extract and
distinguish partial correlations. This feature determines their
irreplaceable roles in quantum information tasks. We show
in the following that real-real correlations are still useful for
entanglement detection.

III. ENTANGLEMENT DETECTION VIA RRMS

We here employ RRMs to characterize high-dimensional
bipartite entanglement. Recall that the Schmidt number
(SN) of mixed state ϱ is defined by the Schmidt rank
(SR) of pure state |ψj⟩ [58], SN(ϱ) = min{r : ϱ =∑

j pj |ψj⟩⟨ψj |,SR(|ψj⟩) ≤ r}, where pj ≥ 0 and
∑

j pj =

1. We aim to find an analytical criterion to detect SN(ϱ) using
RRMs.

The first step is to evaluate the orthogonal integrals of the
moments Q(t)

AB(ϱ) in Eq. (2) and find their analytical expres-
sions. For t = 2, 4, we obtain

Q
(2)
AB =

1

L2

L∑
j=1

τ2j , (8)

Q
(4)
AB =W

2 L∑
j=1

τ4j + L4
(
Q

(2)
AB

)2

 , (9)

where τj are singular values of the submatrix TR = (Tjk)
of the correlation matrix with the entries given in Eq. (4);
j, k > 0 running over all real GGMs; L = (d − 1)(d +
2)/2 is the number of real GGMs; and the normalization

W =
3Γ2(L

2 )

16Γ2(L+4
2 )

, Γ(z) denotes Euler’s gamma function with

Γ(z) = (z − 1)! for positive integer z [72]. See details in
Appendix C.

It is important to note that for higher-order moments, not
all observables give rise to the same results, since orthogo-
nal matrices do not imply sphere rotations, due to the lack
of the Bloch sphere for d > 2. Nevertheless, one can con-
struct observables to obtain the moments in Eqs. (8 and 9)
for t = 2, 4 and any dimension d [35, 37], for details see
Appendix C. For example, the observables for d = 3 are
MA =MB = diag(

√
3/2, 0,−

√
3/2) [37].

Next, we propose our entanglement dimensionality crite-
rion by adopting the second and fourth moments of RRMs.
Our approach to detect SN(ϱ) is to consider a plane spanned
by (Q

(2)
AB , Q

(4)
AB) defined in Eqs. (8 and 9) by employing the

strategies in Refs [34–37]. The task is to obtain the lower
boundary on this plane, so as to reveal a hierarchy of Schmidt
numbers. To do so, we use the criterion [36, 37] that any bipar-
tite quantum state ϱ with SN(ϱ) ≤ r satisfies ∥T∥tr ≤ rd− 1
for r = 1, · · · , d, where ∥ · ∥tr denotes the trace norm, i.e.,
the sum of the singular values of T as in Eq. (4). In the

0 0.1 0.2 0.3 0.4 0.5
0

0.1
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0.4
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0.04 0.05 0.06
0

0.005

0.01

Figure 2. Entanglement dimensionality criterion based on second
and fourth moments of RRMs for two-qutrit systems, formulated
in Observation 2. The blue dots from right to left denote the two-
qutrit isotropic state ϱiso with p = 1, 0.9, 0.8, 0.7, 0.6. The orange
diamonds from right to left represent the two-qutrit state ϱ(u) =
uϱ0 + (1− u)1⊗2/32 with u = 1, 0.9, 0.8, 0.7, 0.6, where the state
ϱ0 = (1⊗2+2λ1⊗λ1+λ1⊗λ3+λ3⊗λ3+λ4⊗λ4+2λ6⊗λ6)/3

2.
The bound entangled ϱupb and ϱcbs are outside the separable area
meaning that our criterion detects these states.

case of r = 1, the inequality reduces to the de Vicente cri-
terion [73]. Recalling that TR is the submatrix of T , we have
that ∥TR∥tr =

∑L
j=1 τj ≤ ∥T∥tr ≤ rd− 1 [74]. We summa-

rize our criteria as follows:

Observation 2. Let C2 and C4 be the second and fourth mo-
ments of RRMs given in Eqs. (8 and 9) for a two-qudit state ϱ.
Consider the optimization problem

min
τj

Q
(4)
AB , s.t.


Q

(2)
AB = C2,∑L
j=1 τj ≤ rd− 1,

τj ∈ [0, d− 1].

(10)

If Fmin(r, C2) ≤ C4 < Fmin(r − 1, C2), then SN(ϱ) = r
for r = 2, · · · , d. Here, we denote the minimum of the above
optimization problem as

Fmin (x, y)=

{
WL3y2(2 + L), 0≤y≤ (dx−1)2

L3 ,

F
(ng)
min (x, y) , (dx−1)2

L2(ng+1)≤y<
(dx−1)2

L2ng
,

where x = 1, · · · , d, ng = 1, · · · , L − 1,
F

(ng)
min (x, y) = 2Wf (ng, y) / (ng + 1)

4
+ WL4y2,

f (ng, y) = [B − (dx− 1)]
4
+ [B + ng(dx− 1)]

4
/n3g , and

B =
√
ng (ng + 1)L2y − ng (dx− 1)

2.

The proof of Observation 2 is given in Appendix B. From
Observation 2, we can reveal the entanglement and Schmidt
dimensionality from the measured moments (Q(2)

AB , Q
(4)
AB). To

see this, Fig. 2 shows the detection results of our method
for the two-qutrit isotropic state ϱiso = p|Φ+

3 ⟩⟨Φ
+
3 | +

(1 − p)1⊗2/32 for p ≥ 0.6 and the parametrized state
ϱ(u) = uϱ0 + (1 − u)1⊗2/32 for u ≥ 0.6, where |Φ+

3 ⟩ =
(1/
√
3)

∑2
j=0 |jj⟩ is the maximally entangled state and ϱ0 =

(1⊗2+2λ1⊗λ1+λ1⊗λ3+λ3⊗λ3+λ4⊗λ4+2λ6⊗λ6)/32.
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Bound entangled states with positive under partial transposi-
tion (PPT) [54–57] exhibit weak entanglement and are usually
difficult to detect. Surprisingly, Observation 2 for r = 1 can
detect the bound entangled states such as the chessboard state
ϱcbs [75] and the unextendible product base state ϱupb [57], as
displayed in Fig. 2.

We remark that entanglement detection approaches based
on RRMs and RMs [35] share a similar framework but em-
ploy different random operations. Since RMs extract more
correlations than RRMs as formulated in Observation 1, RMs
can naturally detect more entangled states than RRMs. For ex-
ample, the bound entangled Horodecki state [56] is detectable
by RMs [35], but not by RRMs. Note that RMs and RRMs
have an equivalent detection strength for the state that only
has real-real correlations since both RMs and RRMs can ex-
tract their total correlations. As a subset of the PPT states, the
partial transpose invariant (PTI) state [76, 77], ϱAB = ϱ⊤A

AB ,
has only real-real correlations. It is easy to check that the
chessboard state ϱcbs [75] and the unextendible product base
state ϱupb [57] are the PTI states. This implies that our criteria
can detect bound entangled states ϱcbs and ϱupb. However, in
this scenario, RRMs need fewer experimental operations than
RMs. For linear optics, implementing a d×d unitary requires
at least d2−1 unset wave plates, while (d2−d)/2 unset wave
plates are required for an orthogonal matrix [50, 52]. For large
d, RRMs reduce the number of unset wave plates by 1/2 com-
pared to RMs, providing a more economical way to analyze
high-dimensional entangled states.

IV. DETECTION AND QUANTIFICATION OF
IMAGINARITY

RMs are currently used to analyze entanglement [12, 13]
and magic resources [78]. Here, we show that RMs together
with RRMs and PRRMs can be used to characterize imaginar-
ity [48–50], another important resource in channel discrimi-
nation [2, 52], weak-value theory [79], and quantum multipa-
rameter metrology [80]. From the imaginarity resource the-
ory [48–50], the resource states are identified as imaginary
states that have imaginary entries on a given basis {|j⟩}. Our
task is to detect and quantify imaginary states without a com-
mon reference frame. However, this is impossible if one only
uses the moments R(t)

AB in Eq.(1), as illustrated in Fig. 1. To
proceed, we consider the combination of RRMs and PRRMs,
and summarize our results below:

Observation 3. Consider the second moments R(2)
AB of RMs,

Q
(2)
AB of RRMs, and Q̂(2)

AB of PRRMs for a two-qudit state ϱAB .
Define the gap

G
(2)
AB = (d2 − 1)2R

(2)
AB − L

2Q
(2)
AB − L̂

2Q̂
(2)
AB , (11)

where L = (d − 1)(d + 2)/2, L̂ = d(d − 1)/2. Let Q̂(2)
X be

the marginal second moments of the reduced states ϱX (X =
A,B). We have the following:

(i) ϱAB is a real (free) state if and only if the following
conditions hold: Q̂(2)

A = Q̂
(2)
B = G

(2)
AB = 0. Conversely, ϱAB

Table I. Two-qutrit states: (1) (|00⟩+i|22⟩)/
√
2, (2) (i|02⟩+i|12⟩+

|10⟩+ |12⟩)/2, and (3) (|00⟩+ |22⟩)/
√
2.

ϱAB Q̂
(2)
A Q̂

(2)
B G

(2)
AB FLB(ϱAB) FR(ϱAB) Result

(1) 0 0 4.5 0.7071 1 Imaginary
(2) 0.1250 0.1250 2.6250 0.6124 0.8660 Imaginary
(3) 0 0 0 0 0 Real

is an imaginary (resource) state if and only if at least one of
the following conditions holds: (a) Q̂(2)

A > 0, (b) Q̂(2)
B > 0,

(c) G(2)
AB > 0.

(ii) Q̂(2)
A , Q̂(2)

B , and G(2)
AB induce a lower bound of the ro-

bustness of the imaginarity measure FR(ϱAB) = minτ{µ ≥
0 : ϱAB+µτ

1+µ ∈ R} [49], where R denotes the set of all two-
qudit real states and the minimum is taken over all quantum
states τ ,

FLB(ϱAB) ≤ FR(ϱAB), (12)

where FLB = 1
d

√
L̂
(
Q̂

(2)
A + Q̂

(2)
B

)
+G

(2)
AB .

The proof of Observation 3 is mainly based on the relation
of Eq.(5) for t = 2. Conditions (a) and (b) identify the imag-
inarity of the reduced states, while condition (c) implies the
imaginarity of bipartite correlation. All three RMs, RRMs,
and PRRMs are required to fully characterize the imaginarity
of two-qudit states. On the other hand, to detect the imaginary
of single-qudit states, we only need PRRMs or a combination
of RMs and RRMs. This follows from the fact that the second
moment of PRRMs Q̂(2)

X coincides with the single-qudit gap
GX = (d2−1)R(2)

X −LQ
(2)
X based on RMs and RRMs. Table I

shows examples of three two-qutrit states. In Appendix E, ob-
servation 3 can be generalized to multipartite states.

The traditional characterization methods for measuring
imaginarity involving complicated optimization and quan-
tum state tomography are fragile to noise due to the require-
ment for well-controlled measurement settings [48]. No-
tably, our strategy performs random measurements with a
real-reference-frame-independent manner and is naturally ro-
bust to local orthogonal noise. This result motivates experi-
mental approaches to analyze the imaginarity of quantum the-
ory.

V. CLASSICAL SHADOWS WITH RRMS

The classical shadow is a powerful tool in certifying prop-
erties of quantum systems [19, 61, 62]. The standard classical
shadow is based on RMs by employing random unitary and
computational basis measurements.

Next, we develop the classical shadow with RRMs follow-
ing (i) and (ii) in Assumptions. Applying orthogonal oper-
ation O for ϱ → OϱO⊤ and performing projective mea-
surements in the basis {|b⟩}, we store the classical descrip-
tion of O⊤|b⟩⟨b|O. The overall procedure is associated with
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Figure 3. (a) The average of error E as a function of probability p
under NU = NO = 2000 global unitary/orthogonal matrices by
averaging over 100 simulated experimental runs. (b) The average
of error E as a function of the number of random local unitary or
orthogonal matrices by averaging over 100 simulated experimental
runs and setting p = 0.5.

the quantum channel M(ρ) = E
[
O⊤|b⟩⟨b|O

]
. The learned

classical representation (classical shadows) is then given by
ϱ̃ =M−1

(
O⊤|b⟩⟨b|O

)
, whereM−1 is the inverse ofM(ϱ).

We derive the following result:

Observation 4. By performing a global orthogonal matrixO,
we have for an N -qudit real state ϱ:

M(ϱ) =
1dN + 2ϱ

dN + 2
, M−1(ϱ) =

dN + 2

2
ϱ− 1

2
1dN . (13)

The proof of Observation 4 is given in Appendix B, where
we use the second commutant in the orthogonal group [67–
71]. Employing NO global orthogonal matrices, we obtain a
dataset of classical shadows, {ϱ̃(m)}NO

m=1, which can be used
to predict the linear and nonlinear functions of ϱ. For local
random orthogonal matrix O =

⊗N
j=1Oj , the classical shad-

ows of ϱ are given by ϱ̃ =
⊗N

j=1

[
d+2
2 O⊤

j |bj⟩⟨bj |Oj − 1
21d

]
,

where ϱ is the PTI states, i.e. ϱ = ϱ⊤j for any j. See details
in Appendix E.

To test Observation 4, we consider the five-qubit noisy state
ϱp = (1 − p)|GHZ+⟩⟨GHZ+| + p|GHZ−⟩⟨GHZ−| with
p ∈ [0, 1], where |GHZ±⟩ = (|0⟩⊗5 ± |1⟩⊗5)/

√
2. We esti-

mate the exact fidelity fex = tr(ϱp|GHZ+⟩⟨GHZ+|) = 1− p
by calculating the quantity fes = tr(ϱ̃p|GHZ+⟩⟨GHZ+|),
where ϱ̃p is the classical shadow of ϱp. In Figs. 3(a) and 3(b),
we plot the average of error E = |fes − fex| for a five-qubit
ϱp with classical shadows obtained from RMs and RRMs by
using (a) global and (b) local orthogonal and unitary evolu-
tions. The simulation results show that RRMs obtain a more
accurate fidelity estimation than RMs with a fixed number of
random operations.

VI. EXPERIMENTAL CONSIDERATIONS

Our protocols have advantages related to the experimental
settings compared to standard RMs. One is that fewer experi-

mental steps are required for performing an orthogonal matrix.
In photonic systems, 1/2 fewer wave plates are used com-
pared with unitary operation [50]. Another is that fewer ran-
dom operations are enough for certain tasks. Fig. 3(b) shows
that RRMs only require 104 orthogonal matrices for attain-
ing the estimation precision 0.005, while 105 unitaries are re-
quired for RMs.

An important step in implementing our protocols is to gen-
erate Haar random orthogonal matrices following the known
algorithms [81, 82]. To check whether the sample matrices are
indeed Haar random, one can apply the frame potential [83–
85] for orthogonal matrices [47].

VII. CONCLUSION

We introduced the concepts of RRMs and PRRMs to char-
acterize high-dimensional quantum states. We showed that
partial correlations obtained by RRMs can detect bound en-
tanglement and dimensionality, while the combination of
RMs, RRMs, and PRRMs can characterize bipartite imag-
inary states. The latter allowed us to measure imaginarity
without having shared reference frames. Furthermore, we ex-
tended the classical shadow by using random orthogonal ma-
trices.

Several potential avenues for further investigation arise
from our research. First, while we considered the orthogo-
nal versions of RMs, developing RMs within different sub-
sets of unitaries would be interesting. This could motivate
further investigations of quantum resources beyond entangle-
ment and imaginarity. Second, it would be worthwhile to find
stronger entanglement criteria than the criterion by RMs it-
self, e.g., using linear or nonlinear combination in the space
of Q(t)

AB and Q̂(t)
AB , or by taking into account an extension to

non-product observables [40]. Finally, it would be desirable
to verify our results in different experimental platforms such
as trapped ions [22], Rydberg atoms [15], and photonic sys-
tems [40, 86].

Note added. After finishing the work, we became aware
that related results on real classical shadows were derived in
Ref. [87].
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Appendix A: Preliminaries and calculation of second-order
moments

1. Moments over orthogonal group

Let us start by introducing the notation used in this work.
We denote the set of linear operators that act on the d-
dimensional complex vector space Cd as L(Cd). The identity
operator with dimension d is represented by 1d. The orthogo-
nal group, denoted as O(d), consists of operators O ∈ L(Cd)
that satisfy the conditions OO⊤ = O⊤O = 1d. It is worth
noting that the orthogonal group O(d) is compact, which im-
plies the existence of a unique probability measure µ that re-
mains invariant under left and right group multiplication. This
measure is commonly referred to as the Haar measure, and we
will denote integrals to the Haar measure as

∫
dO.

By introducing two important operators, the SWAP op-
erator, S =

∑d−1
j,k=0 |jk⟩⟨kj|, and the operator Π =∑d−1

j,k=0 |jj⟩⟨kk|, we here present the calculation of the Haar
integrals over the orthogonal group.

Lemma 1. (First and second moment). Given A1 ∈ L(Cd)
and A2 ∈ L(Cd ⊗ Cd), we have∫

dOOA1O
⊤ =

tr(A1)

d
1d, (A1)∫

dOO⊗2A2O
⊤⊗2 = γ11d ⊗ 1d + γ2S+ γ3Π, (A2)

where the coefficients are

γ1 =
(d+ 1)tr(A2)− tr(SA2)− tr(ΠA2)

d(d− 1)(d+ 2)
, (A3)

γ2 =
−tr(A2) + (d+ 1)tr(SA2)− tr(ΠA2)

d(d− 1)(d+ 2)
, (A4)

γ3 =
−tr(A2)− tr(SA2) + (d+ 1)tr(ΠA2)

d(d− 1)(d+ 2)
. (A5)

Proof. The first-order moment is proportional to the identity
operator, i.e.

∫
dOOA1O

⊤ = α1d with α ∈ C. Taking the
trace on both sides, we deduce that α = tr(A1)

d .

The second moment is a linear combination of three opera-
tors 1d ⊗ 1d, S, and Π [68],∫

dO(O⊗O)A2(O
⊤⊗O⊤)=γ11d⊗1d+γ2S+γ3Π. (A6)

To find the coefficients, we left-multiply both sides by 1d ⊗
1d, S, Π respectively, and take a trace, which gives us the
following linear system of equations tr(A2)

tr(SA2)

tr(ΠA2)

 = d

d 1 1

1 d 1

1 1 d


γ1γ2
γ3

 . (A7)

During the calculation, we use the fact that tr(1d ⊗ 1d) = d2

and tr(S) = tr(Π) = d. Solving this linear system, we obtain
the coefficients and complete the proof.

In general, the t-th moment operator can be expressed as a
linear combination of (2t)!

2tt! operators, which are derived from
the Brauer algebra [88] and the Schur-Weyl duality for or-
thogonal groups [69]. For instance, the fourth moment can be
represented as a linear combination of 105 operators.

Lemma 2. For any two operators A,B ∈ L(Cd), we have
tr(ΠA⊗ B) = tr(SA⊗ B⊤).

Proof. Note that the operator Π can be expressed as

Π =

d−1∑
j,k=0

|jj⟩⟨kk| =
d−1∑
j,k=0

|j⟩⟨k| ⊗ |j⟩⟨k|

=

d−1∑
j,k=0

|j⟩⟨k| ⊗ (|k⟩⟨j|)⊤ = S⊤2 , (A8)

where A⊤ denotes the transpose of operator A and ⊤2 is the
partial transpose for the second system. Thus, we complete
the proof via

tr(ΠA⊗ B) = tr(S⊤2A⊗ B) = tr(SA⊗ B⊤). (A9)

2. Useful properties of the generalized Gell-Mann matrices

The generalized Gell-Mann matrices (GGMs) are exten-
sions of the Gell-Mann matrices, which are originally de-
fined for qutrit systems. The GGMs are denoted as {λj}d

2−1
j=0 ,

where λ0 = 1d and λj are the normalized Gell-Mann matri-
ces. These matrices satisfy the following properties, λj = λ†j ,
tr(λjλk) = dδjk, tr(λj) = 0 for j > 0 [89]. The GGMs
consist of three different types of matrices [66],

(i) d(d−1)
2 symmetric GGMs,

λ
(s)
jk =

√
d

2
(|j⟩⟨k|+ |k⟩⟨j|) ,0 ≤ j < k ≤ d− 1. (A10)
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(ii) d(d−1)
2 antisymmetric GGMs,

λ
(a)
jk =

√
d

2
(−i|j⟩⟨k|+ i|k⟩⟨j|) ,0 ≤j < k ≤d− 1. (A11)

(iii) d− 1 diagonal GGMs,

λ
(d)
l = K

[
− (l + 1)|l + 1⟩⟨l + 1|+

l∑
j=0

|j⟩⟨j|
]
, (A12)

where K =
√

d
(l+1)(l+2) and 0 ≤ l ≤ d− 2.

It is important to note that all symmetric and diagonal Gell-
Mann matrices have real elements and satisfy Assumption
(ii) in the main text. On the other hand, all antisymmetric
Gell-Mann matrices have imaginary elements and satisfy As-
sumption (iii) in the main text. As a result, we can divide
the Gell-Mann matrices into two categories: real Gell-Mann
matrices denoted as λ = {λ1, · · · , λL} and imaginary Gell-
Mann matrices denoted as λ̂ = {λL+1, · · · , λd2−1}. Here,
L = (d−1)(d+2)

2 and L̂ = d(d−1)
2 . It is worth mention-

ing that the total number of Gell-Mann matrices is given by
L+ L̂ = d2 − 1. For the Gell-Mann matrices, we present the
following lemma.

Lemma 3. For two GGMs A and B in Hilbert space H ∈
Cd×d, we have

tr(ΠA⊗ B) =


d, A = B ∈ λ

−d, A = B ∈ λ̂

0, otherwise.

. (A13)

Proof. Based on Lemma 2, we immediately have

tr(ΠA⊗B)=tr(SA⊗B⊤)=

{
tr(AB), B ∈ λ

−tr(AB), B ∈ λ̂
. (A14)

The proof is completed by using tr(λjλk) = dδjk for two
GGMs λj , λk.

3. Moments of RRMs and PRRMs

In this subsection, we derive the second moment for quan-
tum states of single-qudit, two-qudit, and N -qudit systems.

a. Single-qudit systems

Consider a single qudit state ϱ = 1
d

∑d2−1
j=0 Tjλj . The sec-

ond moment with real observableM , satisfying the conditions
tr(M) = 0 and tr(M2) = d, is

Q(2)=

∫
dO

[
tr
(
OϱO⊤M

)]2
=

1

d2

d2−1∑
j,k=1

TjTktr(Φ), (A15)

where the quantity

tr(Φ)=tr

[∫
dO (O ⊗O) (λj ⊗ λk)

(
O⊤ ⊗O⊤) (M⊗M)

]
=γ2tr(SM ⊗M) + γ3tr(ΠM ⊗M)

=d (γ2 + γ3) . (A16)

The third equation uses the fact that tr(SM⊗M) = tr(ΠM⊗
M) = tr(M2) = d. The coefficients

γ2 =
(d+ 1)dδjk

d(d− 1)(d+ 2)
− tr(Πλj ⊗ λk)
d(d− 1)(d+ 2)

, (A17)

γ3 = − dδjk
d(d− 1)(d+ 2)

+
(d+ 1)tr(Πλj ⊗ λk)
d(d− 1)(d+ 2)

. (A18)

Following Lemma 1, the quantity

tr(Φ) = d (γ2 + γ3) =
d2δjk + dtr(Πλj ⊗ λk)

(d− 1)(d+ 2)

=

{
2d2δjk

(d−1)(d+2) , λk ∈ λ

0, λk ∈ λ̂
. (A19)

Using Lemma 3, we finally obtain the second moment of
RRMs,

Q(2) =
1

d2
× 2d2

(d− 1)(d+ 2)

L∑
j=1

T 2
j

=
2

(d− 1)(d+ 2)

L∑
j=1

T 2
j = L−1

L∑
j=1

T 2
j . (A20)

If we utilize an imaginary observable M̂ , such that
tr(M̂) = 0 and tr(M̂2) = d, the quantity

tr(Φ) = d (γ2 − γ3) =
dδjk − tr(Πλj ⊗ λk)

d− 1

=

{
0, λk ∈ λ
2d
d−1 , λk ∈ λ̂

. (A21)

Using the same tricks as RRMs, the second moment of
PRRMs is

Q̂(2) =

∫
dO

[
tr
(
OϱO⊤M̂

)]2
=

1

d2
× 2d

d− 1

L+L̂∑
j=L+1

T 2
j

=
2

d(d− 1)

L+L̂∑
j=L+1

T 2
j

= L̂−1
L+L̂∑

j=L+1

T 2
j . (A22)
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b. Two-qudit system

Consider a two-qudit state ϱ = 1
d2

∑d2−1
j,k=0 Tjkλ

A
j ⊗ λBk .

The second moment with real observables MA and MB satis-
fying tr(Ms) = 0 and tr(M2

s ) = d for s = A,B is

Q(2)

=

∫
dOA

∫
dOB

{
tr
[
(OA⊗OB)ϱ(O

⊤
A⊗O⊤

B)(MA⊗MB)
]}2

=
1

d4

d2−1∑
j1,k1,j2,k2=1

Tj1k1
Tj2k2

tr(ΦA)tr(ΦB). (A23)

where the quantity

tr(ΦA) = tr

[∫
dOAO

⊗2
A (λAj1 ⊗ λ

A
j2)O

⊤⊗2
A M⊗2

A

]
= γ2tr [S(MA ⊗MA)] + γ3tr [Π(MA ⊗MA)]

= d(γ2 + γ3). (A24)

A similar result for tr(ΦB) can also be found. Following the
derivation of the single-qubit case, the second moment is

Q(2) =
1

d4

[
2d2

(d− 1)(d+ 2)

]2 L∑
j,k=1

T 2
jk

=

[
2

(d− 1)(d+ 2)

]2 L∑
j,k=1

T 2
jk

= L−2
L∑

j,k=1

T 2
jk. (A25)

If we utilize imaginary observables M̂A, M̂B satisfying
tr(M̂s) = 0 and tr(M̂2

s ) = d for s = A,B, the second mo-
ment of PRRMs turns to

Q̂(2)

=

∫
dOA

∫
dOB

{
tr
[
(OA⊗OB)ϱ(O

⊤
A⊗O⊤

B)(M̂A⊗M̂B)
]}2

=
1

d4

[
2d

d− 1

]2 L+L̂∑
j,k=L+1

T 2
jk

= L̂−2
L+L̂∑

j,k=L+1

T 2
jk. (A26)

c. Multipartite systems

Generalizing the above results to an N -qudit state ϱ =
1
dN

∑d2−1
j1,··· ,jN=0 Tj1···jNλj1 ⊗ · · · ⊗ λjN . The second mo-

ment with real observables Ms satisfying tr(Ms) = 0 and

tr(M2
s ) = d for s = 1, · · · , N is

Q(2) =
1

d2N

[
2d2

(d− 1)(d+ 2)

]N L∑
j1,··· ,jN=1

T 2
j1···jN

= L−N
L∑

j1,··· ,jN=1

T 2
j1···jN . (A27)

If we use imaginary observables M̂s satisfying tr(M̂s) = 0

and tr(M̂2
s ) = d for s = 1, · · · , N , the second moment of

PRRMs turns to

Q̂(2) =
1

d2N

[
2d

d− 1

]N L+L̂∑
j1,··· ,jN=L+1

T 2
j1···jN

=

[
2

d(d− 1)

]N L+L̂∑
j1,··· ,jN=L+1

T 2
j1···jN

= L̂−N
L+L̂∑

j1,··· ,jN=L+1

T 2
j1···jN . (A28)

Appendix B: Proofs of the observations in the main text

In this section, we present the observations in the main text
and give the corresponding proofs.

1. Proof for observation 1

For t = 2, the proof is straightforward by combining
the second moments of a bipartite state described in Ap-
pendix A 3 b.

For general t, the proof follows the definition of the t-order
orthogonal moment S(t) over a generalized pseudo-Bloch
sphere in Appendix C. A similar computational approach can
also be found in the proof of Theorem 1 in Ref. [37]. For real
observables, the rotations always occur on the real GMs and
thereby only extract real-real correlations. Imaginary observ-
ables have similar results.

2. Proof for observation 2

For a fixed Q(2)
AB = C2, we find the minimum of the op-

timization problem, fmin(r, C2) for r = 1, 2, · · · , d. For all
separable states, we set r = 1 and find the corresponding min-
imum fmin(1, C2). If the measured fourth-moment of a state
ϱ, C4, satisfies, C4 < fmin(1, C2), then ϱ is an entangled
state. Using the same trick, we complete the proof by consid-
ering other r = 2, · · · , d.
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3. Proof for observation 3

We express ϱAB as the following decomposition

ϱAB =
1

d2

d2−1∑
j,k=0

Tjkλ
A
j ⊗ λBk

=
1

d2
1
A
d ⊗ 1B

d +
1

d2

d2−1∑
k=1

T0k1
A
d ⊗ λBk

+
1

d2

d2−1∑
j=1

Tj0λ
A
j ⊗ 1B

d +
1

d2

d2−1∑
j,k=1

Tjkλ
A
j ⊗ λBk

= ϱA ⊗
1
B
d

d
+
1
A
d

d
⊗ ϱB +

1

d2

d2−1∑
j,k=1

Tjkλ
A
j ⊗ λBk

− 1

d2
1
A
d ⊗ 1B

d , (B1)

where the reduced states

ϱA = trB(ϱAB) =
1

d

(
1
A
d +

d2−1∑
j=1

Tj0λ
A
j

)
,

ϱB = trA(ϱAB) =
1

d

(
1
B
d +

d2−1∑
k=1

T0kλ
B
k

)
. (B2)

The imaginarity of ϱAB is characterized by the imaginarity of
reduced states ϱA, ϱB , and the correlation

∑d2−1
j,k=1 Tjkλ

A
j ⊗

λBk . Thus, ϱAB is imaginary if and only if one of the following
conditions is true,

(a) ϱA is imaginary,
(b) ϱB is imaginary,
(c) the correlation

∑d2−1
j,k=1 Tjkλ

A
j ⊗ λBk contains imaginar-

ity. One of λAj and λBk in the correlation
∑d2−1

j,k=1 Tjkλ
A
j ⊗λBk

is real GGMs and the other is imaginary GGMs.
The above conditions correspond to the quantities (a)

Q̂
(2)
A > 0, (b) Q̂(2)

B > 0, and (c) G(2)
AB > 0, respectively.

Conversely, ϱAB is a real state if and only if all conditions are
not true. Thus, the result (i) is proved.

Next, we prove the lower bound of the robustness of imag-
inarity of ϱAB . Based on Ref. [49], we have

FR(ϱAB) = min
τ

{
µ ≥ 0 :

ϱAB + µτ

1 + µ
∈ R

}
(B3)

=
1

2
∥ϱAB − ϱ⊤AB∥tr (B4)

≥ 1

2
∥ϱAB − ϱ⊤AB∥HS, (B5)

where ∥A∥tr = tr
(√

A†A
)
=

∑
j σj denotes the trace norm

(the sum of singular values) ofA and ∥A∥HS =
√
tr (A†A) =√∑

j σ
2
j is the Hilbert-Schmidt norm (the square root of the

sum of the squares of its singular values) of A. Note that the
inequality ∥A∥tr ≥ ∥A∥HS holds, and the equality is true if
and only if the operator A has all zero singular values.

Motivated by the Bloch decomposition of ϱAB , we ex-
press the correlations in ϱAB as four parts, including real-
real, imaginary-imaginary, real-imaginary, and imaginary-real
parts. Here, we assume the first LGell-Mann matrices are real
GMMs and next L̂ are imaginary GMMs. We then obtain the
following equations,

1

d2

d2−1∑
j,k=1

Tjkλ
A
j ⊗ λBk =

1

d2

L∑
j,k=1

Tjkλ
A
j ⊗ λBk

+
1

d2

L+L̂∑
j,k=L+1

Tjkλ
A
j ⊗ λBk

+
1

d2

L∑
j=1

L+L̂∑
k=L+1

Tjkλ
A
j ⊗ λBk

+
1

d2

L+L̂∑
j=L+1

L∑
k=1

Tjkλ
A
j ⊗ λBk , (B6)

and its transposition

( 1

d2

d2−1∑
j,k=1

Tjkλ
A
j ⊗λBk

)
⊤=

1

d2

L∑
j,k=1

Tjkλ
A
j ⊗λBk

+
1

d2

L+L̂∑
j,k=L+1

Tjkλ
A
j ⊗λBk

− 1

d2

L∑
j=1

L+L̂∑
k=L+1

Tjkλ
A
j ⊗λBk

− 1

d2

L+L̂∑
j=L+1

L∑
k=1

Tjkλ
A
j ⊗λBk . (B7)

The gap between the above quantities is given by

1

d2

d2−1∑
j,k=1

Tjkλ
A
j ⊗λBk −

( 1

d2

d2−1∑
j,k=1

Tjkλ
A
j ⊗λBk

)⊤

=

L∑
j=1

L+L̂∑
k=L+1

2Tjk
d2

λAj ⊗λBk +

L+L̂∑
j=L+1

L∑
k=1

2Tjk
d2

λAj ⊗λBk .

(B8)

We then obtain

ϱAB−ϱ⊤AB=
(
ϱA − ϱ⊤A

)
⊗ 1

B
d

d
+
1
A
d

d
⊗
(
ϱB − ϱ⊤B

)
+

L∑
j=1

L+L̂∑
k=L+1

2Tjk
d2

λAj ⊗ λBk

+

L+L̂∑
j=L+1

L∑
k=1

2Tjk
d2

λAj ⊗ λBk . (B9)

Thus, the Hilbert-Schmidt distance is given by
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∥ϱAB−ϱ⊤AB∥2HS=∥
(
ϱA−ϱ⊤A

)
⊗1

B
d

d
+
1
A
d

d
⊗
(
ϱB − ϱ⊤B

)
+

2

d2
(

L∑
j=1

L+L̂∑
k=L+1

Tjkλ
A
j ⊗λBk +

L+L̂∑
j=L+1

L∑
k=1

Tjkλ
A
j ⊗λBk )∥2HS

=

∥∥∥∥(ϱA−ϱ⊤A)⊗1B
d

d

∥∥∥∥2
HS

+

∥∥∥∥1A
d

d
⊗
(
ϱB−ϱ⊤B

)∥∥∥∥2
HS

+∥ 2
d2

(

L∑
j=1

L+L̂∑
k=L+1

Tjkλ
A
j ⊗λBk +

L+L̂∑
j=L+1

L∑
k=1

Tjkλ
A
j ⊗λBk )∥2HS

=
1

d
(
∥∥ϱB−ϱ⊤B∥∥2HS

+
∥∥ϱA−ϱ⊤A∥∥2HS

)+
4

d4
∥

L∑
j=1

L+L̂∑
k=L+1

Tjkλ
A
j ⊗λBk +

L+L̂∑
j=L+1

L∑
k=1

Tjkλ
A
j ⊗λBj ∥2HS. (B10)

where the last two equations are derived by the definition of
the Hilbert-Schmidt norm.

Next, we divide ϱA into three parts in terms of real GGMs
and imaginary GGMs

ϱA =
1

d
1
A
d +

1

d

L∑
j=1

Tj0λ
A
j +

1

d

L+L̂∑
k=L+1

Tk0λ
A
k (B11)

and find the matrix

ϱA − ϱ⊤A =
2

d

L+L̂∑
k=L+1

Tk0λ
A
k , (B12)

The square of the Hilbert-Schmidt norm of matrix ϱA− ϱ⊤A is

∥ϱA − ϱ⊤A∥2HS = ∥2
d

L+L̂∑
k=L+1

Tk0λ
A
k ∥2HS

= tr[
4

d2

L+L̂∑
j,k=L+1

Tj0Tk0λ
A
j λ

A
k ]

=
4

d

L+L̂∑
j=L+1

T 2
j0. (B13)

The gap between the second moments of RMs and RRMs is
defined as

GA = (d2 − 1)R
(2)
A − LQ

(2)
A =

d2−1∑
j=1

T 2
j0 −

L∑
k=1

T 2
k0

=

L+L̂∑
j=L+1

T 2
j0 = L̂Q̂

(2)
A . (B14)

The gap GA coincides with the second moment of PRRMs
Q̂

(2)
A . Therefore, we have ∥ϱA − ϱ⊤A∥2HS = 4L̂

d Q̂
(2)
A and simi-

larly ∥ϱB − ϱ⊤B∥2HS = 4L̂
d Q̂

(2)
B .

Note that the two-qudit gapG(2)
AB is associated with the real-

imaginary and imaginary-real correlations such that

∥∥∥∥∥∥ 2

d2

 L∑
j=1

L+L̂∑
k=L+1

Tjkλ
A
j ⊗ λBk +

L+L̂∑
j=L+1

L∑
k=1

Tjkλ
A
j ⊗ λBk

∥∥∥∥∥∥
2

HS

=
4

d2

 L∑
j=1

L+L̂∑
k=L+1

T 2
jk +

L+L̂∑
j=L+1

L∑
k=1

T 2
jk


=

4

d2

[
(d2 − 1)2R

(2)
AB − L

2Q
(2)
AB − L̂

2Q̂
(2)
AB

]
=

4

d2
G

(2)
AB . (B15)

As a result, we obtain

∥ϱAB − ϱ⊤AB∥2HS=
4

d2

[
L̂
(
Q̂

(2)
A + Q̂

(2)
B

)
+G

(2)
AB

]
. (B16)

Finally, the robustness of the imaginarity measure FR(ϱAB)
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has a lower bound

FR(ϱAB) ≥
1

2
∥ϱAB − ϱ⊤AB∥HS

=
1

d

√
L̂
(
Q̂

(2)
A + Q̂

(2)
B

)
+G

(2)
AB . (B17)

The equality holds if and only if ϱAB is a real state.

4. Proof for observation 4

For the measurement channelM(ϱ), we have

M(ϱ)=

dN∑
b=1

∫
dO⟨b|OϱO⊤|b⟩O⊤|b⟩⟨b|O

=

dN∑
b=1

∫
dOtr(ϱO⊤|b⟩⟨b|O)O⊤|b⟩⟨b|O

=

dN∑
b=1

∫
dOtr1

[
(ϱ⊗ 1dN )O⊤⊗2|b⟩⟨b|⊗2O⊗2

]
=

dN∑
b=1

tr1[(ϱ⊗ 1dN )

∫
dOO⊤⊗2|b⟩⟨b|⊗2O⊗2]. (B18)

Utilizing Lemma 1, we have

M(ϱ) =

dN∑
b=1

tr1 [ϱ⊗ 1dN + (ϱ⊗ 1dN )S+ (ϱ⊗ 1dN )Π]

dN (dN + 2)

=
tr(ϱ)1dN + ϱ+ ϱ⊤

dN + 2
,

=
1dN + 2ϱ

dN + 2
. (B19)

The second equality utilizes the following tricks (see Eqs.
(140 and 152) in Ref. [70]),

tr1(A⊗ BS) = BA, tr1(A⊗ BΠ) = BA⊤. (B20)

Finally, we have thatM−1(ϱ) = dN+2
2 ϱ− 1

21dN , since it can
be easily checked thatM−1 [M(ϱ)] = ϱ.

Appendix C: Estimating the moments of bipartite systems from
random rotations

To evaluate the t-order moments of RMs and PRRMs, we
introduce the t-order orthogonal moment S(t), which is taken
by an integral over a generalized pseudo-Bloch sphere,

S(t)=
1

V2

∫∫
duAduB

{
tr
[
ϱ
(
uAλA ⊗ uBλB

)]}t
,

=
1

V2

∫∫
duAduB [

L∑
j,k=1

Tjk
d2

tr(λAj u
AλA)tr(λBk u

BλB)]t

=
1

V2

∫∫
duAduB

 L∑
l1,l2=1

Tl1l2u
A
l1u

B
l2

t

, (C1)

where uA =
(
uA1 , · · · , uAL

)
and uB =

(
uB1 , · · · , uBL

)
are

L-dimensional unit vectors. Here, the integral spans all L-

dimensional unit vectors and V = 2π
L
2

Γ(L
2 )

is the surface of the

unit sphere in L dimensions [37], where Γ(z) denotes Euler’s
gamma function with Γ(z) = (z − 1)! for positive integer
z [72]. Using the multinomial theorem

(

n∑
j,k=1

Xj,k)
t=

∑
t1,1+···+tn,n=t

t!

t1,1! · · · tn,n!

n∏
j,k=1

X
tj,k
j,k ,

(C2)

we have

S(t) =
1

V2

∫∫
duAduB

∑
t1,1+···+tL,L=t

t!

t1,1! · · · tL,L!

L∏
l1,l2=1

(
Tl1l2u

A
l1u

B
l2

)tl1,l2 (C3)

=
1

V2

∑
t1,1+···+tL,L=t

t!

t1,1! · · · tL,L!

L∏
l1,l2=1

T
tl1,l2

l1l2

∫
duA

L∏
l1=1

(
uAl1

)αl1

∫
duB

L∏
l2=1

(
uBl2

)α̃l2 . (C4)

For all odd αl1 and α̃l2 , the integrals are
∫
duA

∏L
l1=1

(
uAl1

)αl1 =
∫
duB

∏L
l2=1

(
uBl2

)α̃l2 = 0
[72]. Thus, we only consider even numbers and yield
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S(t) =
4

V2

∑
t1,1+···+tL,L=t

t!

t1,1! · · · tL,L!

L∏
l1,l2=1

T
tl1,l2

l1l2
B(β1, · · · , βL)B(β̃1, · · · , β̃L). (C5)

The multi-variable beta function is defined as,

B(β1, · · · , βL) =
Γ(β1) · · ·Γ(βL)
Γ(β1 + · · ·+ βL)

,

B(β̃1, · · · , β̃L) =
Γ(β̃1) · · ·Γ(β̃L)
Γ(β̃1 + · · ·+ β̃L)

, (C6)

and parameters are

αl1 =

L∑
l2=1

tl1,l2 , α̃l2 =

L∑
l1=1

tl1,l2 ,

βl1 =
αl1 + 1

2
, β̃l2 =

α̃l2 + 1

2
, (C7)

where the gamma function Γ(k) = (k−1)! and Γ(k+1/2) =
(k − 1/2) · · · 12

√
π for positive number k [72].

For t = 2, t1,1 + · · · + tL,L = 2 indicates that (i) only
one item is 2 and other items are zero; (ii) only two items are
equal to one and other items are zero. In condition (ii), the
parameters αl1 and αl2 are always zero or one respectively.
Thus, the integral vanishes in this case. In condition (i), we
find 2!

0!···2!···0! = 1 and

B(β1, · · · , βL)=B(β̃1, · · · , β̃L) = B

(
1

2
, · · · , 3

2
, · · · , 1

2

)
=

[
Γ
(
1
2

)]L−1
Γ
(
3
2

)
Γ
(
L+2
2

) =
π

L
2

2Γ
(
L+2
2

) . (C8)

Note that Γ( 12 ) =
√
π. As a result, the second moment is

S(2) =
4

V2
B2(β1, · · · , βL)

L∑
l1,l2=1

T 2
l1l2

=
4

V2

[
π

L
2

2Γ
(
L+2
2

)]2 L∑
l1,l2=1

T 2
l1l2

=
1

V2

πL

Γ2
(
L+2
2

) L∑
l1,l2=1

T 2
l1l2 = V1

L∑
l1,l2=1

T 2
l1l2 , (C9)

where the constant

V1=
1

V2

πL

Γ2
(
L+2
2

)= Γ2(L2 )π
L

4πLΓ2
(
L+2
2

)= Γ2(L2 )

4Γ2(L+2
2 )

. (C10)

For t = 4, we consider the following cases such that
t1,1+···+tL,L

= 4.

(i) Only one tl1,l2 = 4 and other items are zero. In this
case, we have

αl1 =4, α̃l2 = 4, βl1 =
5

2
, β̃l2 =

5

2
,

B(β1, · · · , βL) = B(β̃1, · · · , β̃L) = B

(
1

2
, · · · , 5

2
, · · · , 1

2

)
=

[
Γ
(
1
2

)
)
]L−1

Γ
(
5
2

)
Γ
(
L+4
2

) =
3π

L
2

4Γ
(
L+4
2

) . (C11)

The fourth moment is

S(4) =
4

V2
× 32πL

42Γ2
(
L+4
2

) L∑
l1,l2=1

T 4
l1l2 . (C12)

(ii) Two of the elements are equal to 2, and all other ele-
ments are zero. There are 3 cases.

(a) αl1 = 4 and α̃l2 = α̃l3 = 2.

αl1 = 4, α̃l2 = 2, α̃l3 = 2,

βl1 =
5

2
, β̃l2 =

3

2
, β̃l2 =

3

2
,

B(β1, · · · , βL) = B

(
1

2
, · · · , 5

2
, · · · , 1

2

)
=

[
Γ
(
1
2

)
)
]L−1

Γ
(
5
2

)
Γ
(
L+4
2

) =
3π

L
2

4Γ
(
L+4
2

) ,
B(β̃1, · · · , β̃L) = B

(
1

2
, · · · , 3

2
, · · · , 3

2
, · · · , 1

2

)
=

[
Γ
(
1
2

)
)
]L−2 [

Γ
(
3
2

)]2
Γ
(
L+4
2

)
=

π
L
2

4Γ
(
L+4
2

) . (C13)

We find

S(4) =
4

V2
× 6× 1

2
× 3πL

42Γ2
(
L+4
2

) L∑
l1,l2,l3=1

l2 ̸=l3

T 2
l1l2T

2
l1l3 .

(C14)
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(b) αl1 = αl2 = 2 and α̃l3 = 4.

αl1 = 2, αl2 = 2, α̃l3 = 4,

βl1 =
3

2
, βl2 =

3

2
, β̃l2 =

5

2
,

B(β1, · · · , βL) = B

(
1

2
, · · · , 3

2
, · · · , 3

2
, · · · , 1

2

)
=

[
Γ
(
1
2

)
)
]L−2 [

Γ
(
3
2

)]2
Γ
(
L+4
2

)
=

π
L
2

4Γ
(
L+4
2

) ,
B(β̃1, · · · , β̃L) = B

(
1

2
, · · · , 5

2
, · · · , 1

2

)
=

[
Γ
(
1
2

)
)
]L−1

Γ
(
5
2

)
Γ
(
L+4
2

)
=

3π
L
2

4Γ
(
L+4
2

) . (C15)

We find a similar result

S(4) =
4

V2
× 6× 1

2
× 3πL

42Γ2
(
L+4
2

) L∑
l1,l2,l3=1

l1 ̸=l2

T 2
l1l3T

2
l2l3 .

(C16)

(c) αl1 = αl2 = 2 and α̃l3 = α̃l4 = 2.

αl1 = 2, αl2 = 2, α̃l3 = 2, α̃l4 = 2,

βl1 = βl2 =
3

2
, β̃l3 = β̃l4 =

3

2
,

B(β1, · · · , βL) = B(β̃1, · · · , β̃L)

= B

(
1

2
, · · · , 3

2
, · · · , 3

2
, · · · , 1

2

)
=

[
Γ
(
1
2

)
)
]L−2 [

Γ
(
3
2

)]2
Γ
(
L+4
2

)
=

π
L
2

4Γ
(
L+4
2

) . (C17)

We find

S(4) =
4

V2
× 6× 1

2
× πL

42Γ2
(
L+4
2

) L∑
l1,l2,l3,l4=1
l1 ̸=l3,l2 ̸=l4

T 2
l1l2T

2
l3l4 .

(C18)

(iii) For tl1,l2 = tl3,l4 = tl5,l6 = tl7,l8 = 1, only one
case yields finite values of the integrals, tl1,l2 = tl1,l3 = 1,

tl4,l2 = tl4,l3 = 1. In this case, we have

αl1 = tl1,l2 + tl1,l3 = 2,

αl2 = tl4,l2 + tl4,l3 = 2,

α̃l2 = tl1,l2 + tl4,l2 = 2,

α̃l3 = tl1,l3 + tl4,l3 = 2,

B(β1, · · · , βL) = B

(
1

2
, · · · , 3

2
, · · · , 3

2
, · · · , 1

2

)
=

π
L
2

4Γ
(
L+4
2

) ,
B(β̃1, · · · , β̃L) = B

(
1

2
, · · · , 3

2
, · · · , 3

2
, · · · , 1

2

)
=

π
L
2

4Γ
(
L+4
2

) . (C19)

Therefore, the fourth moment turns to

S(4) =
4

V2
× 24× 1

4
× πL

42Γ2
(
L+4
2

)
×

L∑
l1,l2,l3,l4=1
l2 ̸=l3,l1 ̸=l4

Tl1l2Tl1l3Tl4l2Tl4l3 . (C20)

In summary, we conclude

S(4) =W
[
3

L∑
l1,l2=1

T 4
l1l2 + 3

L∑
l1,l2,l3=1

l2 ̸=l3

T 2
l1l2T

2
l1l3

+ 3

L∑
l1,l2,l3=1

l1 ̸=l2

T 2
l1l3T

2
l2l3 +

L∑
l1,l2,l3,l4=1
l1 ̸=l3,l2 ̸=l4

T 2
l1l2T

2
l3l4 +

2

L∑
l1,l2,l3,l4=1
l2 ̸=l3,l1 ̸=l4

Tl1l2Tl1l3Tl4l2Tl4l3

]
, (C21)

where the constant

W =
4

V2
× 3πL

42Γ2
(

L+4
2

) =
1

V2

3πL

4Γ2
(

L+4
2

)
=

Γ2(L2 )

4πL

3πL

4Γ2
(

L+4
2

) =
3Γ2(L2 )

16Γ2
(

L+4
2

) . (C22)

Extract the submatrix TR = (Tj,k) with j, k ∈
{1, 2, · · · , L} and denote its singular values τj , j = 1, · · · , L.
The second and fourth moments can be expressed as

S(2) = V

L∑
j=1

τ2j , (C23)

S(4) =W
[
2

L∑
j=1

τ4j +
( L∑

j=1

τ2j

)2]

=W
[
2

L∑
j=1

τ4j + L4
[
S(2)

]2 ]
. (C24)
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Note that
∑L

j=1 τ
4
j =

∑L
j,k=1 T

4
jk and

∑L
j=1 τ

2
j =∑L

j,k=1 T
2
jk.

Now, we construct a suitable observable such that Q(2) =
S(2). Suppose the diagonal and traceless observable MA =
MB = diag (k1, k2, · · · , kd) with real numbers kj and∑d

j=1 kj = 0, j = 1, 2, · · · , d. After calculating Q(2),
we find that suitable numbers kj should satisfy the condi-
tion

∑d
j=1 k

2
j = d. The proof is the same as the calcula-

tion of Q(2) in Appendix A 3. For example, MA = MB =

diag
(√

3/2, 0,−
√
3/2

)
for d = 3.

It is possible to construct suitable observables such that
Q(4) = S(4). For different d, we numerical text that the fol-
lowing observables constructed in Ref. [37] are suitable,

d=3,M=diag
(√

3/2, 0,−
√

3/2
)
,

d=4,M=diag (1.357, 0.400,−0.400,−1.357) ,
d=5,M=diag (1.444, 0.644, 0,−0.644,−1.444) ,
d=6,M=diag (1.4966, 0.8719,−1.4966,−0.8719, 0, 0) ,
d=7,M=diag (1.5041, 1.1125,−1.5041,−1.1125, 0, 0, 0) ,

(C25)

where MA =MB =M .

Appendix D: Other numerical results and analytic lower bound

Here we provide several examples for evaluating our entan-
glement detection criterion presented in the main text.

For two-qutrit states, we consider Bell diagonal states [90].
Given the generalized Bell state |ϕ00⟩ = 1√

d

∑d−1
j=0 |jj⟩,

we define a basis of a bipartite Hilbert space |ϕαβ⟩ =(
Zα ⊗Xβ

)
|ϕ00⟩ for parameters α, β = 0, 1, · · · , d − 1.

The shift operator X : |j⟩ ← |j ⊕ 1⟩ and the clock op-
erator Z : |j⟩ ← ωj |j⟩, where ⊕ denotes addition mod-
ulo d and ω = e2πi/d. For a given probability distribution
{pαβ |pαβ ≥ 0,

∑
α,β pαβ = 1}, we define the generalized

Bell diagonal state

ϱP =

d−1∑
α,β=0

pαβ |ϕαβ⟩⟨ϕαβ |. (D1)

Fig. 4 (a) indicates that ϱP with the following probability ϱP
is detectable from RRMs,

P1=

0 0 0

0 0.18 0.82

0 0 0

 , P2=

0.52 0 0

0 0 0

0 0.48 0

 ,

P3=

0.5 0 0

0 0 0

0 0 0.5

 , P4=

0.045 0 0

0 0.2055 0

0 0 0.7495

 .

(D2)

For the 4 ⊗ 4 bound state, the following Piani state
cannot be detected by RRMs [91]. Consider the or-
thogonal projections Pjk = |Φjk⟩⟨Φjk|, where |Φjk⟩ =

(1⊗ σj ⊗ σk)
∑3

k=0
1
2 |kk⟩with Pauli operators σj , σk. With

these projections, the Piani state is defined as

ϱ =
1

6
(P02 + P11 + P23 + P31 + P32 + P33) . (D3)

Fig. 4 (b) indicates that the Piani state cannot be detected.
We present details about Fig. 3 in the main text. For

Fig. 3, we repeat the classical shadow procedure as shown
in observation 4 Niter = 100 times and obtain Niter errors
E(i) = |fes(i)− fex|, i = 1, · · · , Niter. In Fig. 3, we plot the
average of the error

∑Niter

i=1 E(i)/Niter for a 5-qubit ϱp with
classical shadows obtained from RMs and RRMs.

Finally, we compare the sample number of unitary or or-
thogonal matrices for detecting a specific state. Fig. 5 shows
the comparison between RMs and RRMs for the chess board
states ϱcbs. The results indicate that RMs and RRMs can de-
tect the state ϱcbs with the same number of random operations.

Appendix E: Generalized results

In this section, we present several generalized results, in-
cluding the detection of entanglement and imaginarity, the es-
timation of the overlap, and the classical shadow.

1. Entanglement criterion of N -qudit state

For multipartite systems, denoting an N -qudit ϱ =
1
dN

∑d2−1
j1,··· ,jN=0 Tj1···jNλj1 ⊗ · · · ⊗ λjN , the second moment

of RRMs is Q(2) = L−N
∑L

j1,··· ,jN=1 T
2
j1···jN . Based on

the second moment, we present an entanglement criterion ex-
plained by the following observation.

Observation 5. Any separable N -qudit state ϱ obeys Q(2) ≤[
2

d+2

]N
.

Proof. For all separable N -qudit states, the sector length sat-
isfies SN =

∑d2−1
j1,··· ,jN=1 T

2
j1···jN ≤ (d − 1)N [13, 92]. The

second moment of RRMs has an upper bound

Q(2) =

[
2

(d− 1)(d+ 2)

]N L∑
j1,··· ,jN=1

T 2
j1···jN (E1)

≤
[

2

(d− 1)(d+ 2)

]N d2−1∑
j1,··· ,jN=1

T 2
j1···jN (E2)

=

[
2

d+ 2

]N
. (E3)

The violation of this bound (observation 5) implies that the
state is entangled.
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Figure 4. Entanglement dimensionality criterion based on second and fourth moments of RRMs for (a) two-qutrit and (b) 4 ⊗ 4 systems. (a)
The entangled states (P1, P2, P3, P4) are outside the separable area, meaning that our criterion can detect these states. (b) shows our criterion
can detect different states. The blue dots from right to left denote the 4⊗ 4 isotropic state ϱiso with p = 1, 0.9, 0.8, 0.7, 0.6. (c) The average
error for estimating the overlap tr(ϱ1ϱ2) of two 5⊗ 5 states ϱ1 = ϱ(0.1) and ϱ2 = ϱ(0.9).
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Figure 5. Comparison between RMs and RRMs for detecting the
chess board state ϱcbs. (a) and (b) show 100 simulation points by
using 103 and 104 random unitaries in RMs, respectively. (c) and (d)
show 100 simulation points by using 103 and 104 random orthogonal
matrices in RRMs, respectively. The triangle and square denote the
exact point for ϱcbs.

2. Imaginarity detection and quantification of multi-qudit
states

In the main text, we present the imaginarity detection and
quantification of two-qudit states. Next, we first consider the
single-qudit states.

Observation 6. Let ϱs be a single-qudit state and denote its
second moments of RMs and RRMs as R(2)

s and Q
(2)
s . We

define a gap,

Gs = (d2 − 1)R(2)
s − LQ(2)

s . (E4)

Then we have (a) ϱs is an imaginary state if Gs > 0. Oth-
erwise, ϱs is a real state. (b) Gs induces a lower bound
of the robustness of the imaginarity measure FR(ϱAB) =

minτ

{
µ ≥ 0 : ϱAB+µτ

1+µ ∈ R
}

[49], such that
√
Gs/d ≤

FR(ϱs), where the equality holds if and only if ϱs is a real
state and R denotes the set of all real states.

Proof. First of all, we establish a connection between the
gap Gs and the Hilbert-Schmidt norm ∥ϱs − ϱ⊤s ∥2HS, where
ϱ⊤s denotes the transpose of the state ϱs. Divide ϱs into
two parts associated with real GGMs and imaginary GGMs,
ϱs = 1

d1d + 1
d

∑L
j=1 Tjλj +

1
d

∑L+L̂
k=L+1 Tkλk. We define a

matrix

ϱs − ϱ⊤s =
1

d

L∑
j=1

Tjλj +
1

d

L+L̂∑
k=L+1

Tkλk

− 1

d

L∑
j=1

Tjλ
⊤
j −

1

d

L+L̂∑
k=L+1

Tkλ
⊤
k

=
2

d

L+L̂∑
k=L+1

Tkλk, (E5)

The square of the Hilbert-Schmidt norm of matrix ϱs − ϱ⊤s is

∥ϱs − ϱ⊤s ∥2HS =

∥∥∥∥∥∥2d
L+L̂∑

j=L+1

Tjλj

∥∥∥∥∥∥
2

HS

= tr

 4

d2

L+L̂∑
j,k=L+1

TjTkλjλk


=

4

d

L+L̂∑
j=L+1

T 2
j . (E6)
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The gap is defined as

Gs = (d2 − 1)R(2)
s − LQ(2)

s

=

d2−1∑
j=1

T 2
j −

L∑
k=1

T 2
k

=

L+L̂∑
j=L+1

T 2
j

= L̂Q̂(2)
s ≥ 0. (E7)

Therefore,Gs =
d
4∥ϱs−ϱ

⊤
s ∥2HS. It is easy to check thatGs =

0 if and only if ϱs = ϱ⊤s , which is a real state. Otherwise,
Gs > 0 indicates ϱ is an imaginary state. We complete the
proof of result (a).

For result (b), the inequality ∥A∥tr ≥ ∥A∥HS holds, and the
equality is true if and only if the operator A has all zero sin-
gular values. Thus, the robustness of the imaginarity measure
has a lower bound

FR(ϱs) =
1

2
∥ϱs − ϱ⊤s ∥tr ≥

1

2
∥ϱs − ϱ⊤s ∥HS

=
1

2

√
4Gs

d
=

√
Gs

d
. (E8)

The equality holds if and only if ϱs − ϱ⊤s has zero singular
values and, equivalently, ϱs is a real state.

The next observation shows that if we only utilize the mo-
ments of RMs and RRMs, we can obtain a sufficient condition
for detecting the imaginarity of two-qudit states.

Observation 7. Let ϱAB be a two-qudit quantum state. Then
ϱAB is an imaginary state if one of the following conditions is
true, (a) GA > 0, (b) GB > 0, where GA and GB denote the
gap of reduced states ϱA, ϱB defined in observation 6.

Proof. Consider a two-qudit quantum state

ϱAB =
1

d2

d2−1∑
j,k=0

Tjkλ
A
j ⊗ λBk . (E9)

Two reduced states are

ϱA =
1

d

d2−1∑
j=0

Tj0λ
A
j , ϱB =

1

d

d2−1∑
k=0

T0kλ
B
k . (E10)

If one of the reduced states ϱs is an imaginary state, then state
ϱAB is also an imaginary state, where s ∈ {A,B}. ϱs is
an imaginary state equivalent to the corresponding quantity
Gs > 0. Thus, if Gs > 0, then ϱ is an imaginary state.

We remark that ϱAB may be an imaginary state even if both
conditions (a,b) in observation 7 are not true. The correlation

of ϱAB contains imaginarity, which also implies ϱAB is imag-
inary. Observation 8 is a direct generalization of observation 7
to N -qudit states.
Observation 8. Let ρ be an N -qudit quantum state and par-
tition the whole system into m nonempty disjoint subsystems
Aj , j = 1, · · · ,m. Then ϱ is an imaginary state if the second
moment of the reduced state ϱs = trs̄(ϱ), Gs > 0 for a fixed
set s and s̄ = {A1, · · · , Aα−1, Aα, · · · , Am}.

The proof is similar to Observation 7. Observation 8 is also
a sufficient condition.

3. Classical shadow with RRMs

The classical shadow is a method for predicting properties
of quantum systems based on RMs [19]. One applies a ran-
dom local or global unitary U on an N -qudit quantum state
ϱ and then performs projective measurement in the computa-
tional basis {|b⟩} with outcome bit string b = (b1, · · · , bN )
and bn ∈ {0, 1, · · · , d − 1} for n = 1, · · · , N . The above
procedure is repeatedNU independently unitaries U . One can
use the obtained data to extract interesting information about
quantum systems. The transformation U is picked from the
Clifford group or the Pauli group for d = 2 [12]. We here find
that RRMs with global orthogonal matrices are sufficient for
analyzing real states.

The classical shadow with RRMs employs a global orthog-
onal matrix O to rotate the state, ϱ → OϱO⊤. After mea-
suring the updated state in the basis {|b⟩}, we store a clas-
sical snapshot O⊤|b⟩⟨b|O whose expectation value over the
random orthogonal matrix and probability distribution can be
linked with the measurement channel

M(ρ) =
∑
b

∫
dO⟨b|OϱO⊤|b⟩O⊤|b⟩⟨b|O. (E11)

Assuming that M is invertible, ϱ̃ := M−1(O⊤|b⟩⟨b|O) is
the classical shadow of ϱ and E(ϱ̃) = ϱ. Below, we observe
that the measurement channel M(·) is related to the second
moment of RRMs.

Therefore, the classical shadow for the mth measurement
setting O(m) with K outcomes |b(m)⟩ = |b(m)

1 · · · b(m)
N ⟩, is

ϱ̃(m) :=
dN + 2

2
O(m)⊤|b(m)⟩⟨b(m)|O(m) − 1

2
1dN . (E12)

The collection {ϱ̃(m)}m=1··· ,NO
is called a classical shadow

of ϱ. We can further predict properties such as (i) the ex-
pectation value of observable G, g = tr(Gϱ̃), (ii) quadratic
functions of the quantum state.

Here, two questions arise. First, how about the upper
bounds for the sample complexity of the above tasks? How-
ever, this problem involves the 3-design of the orthogonal
group. We will leave this question for future work. Sec-
ond, does it still work for local orthogonal matrices in the
classical shadow? The answer is case by case. The proof
of this claim follows. Suppose we perform a local orthogo-
nal matrix O =

⊗N
j=1Oj . For elementary tensor products

X = X1⊗· · ·⊗XN and eachXj is a d×dmatrix, we obtain
the measurement channel is
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M(X) =
∑
b

∫
dO⟨b|O(X1 ⊗ · · · ⊗XN )O⊤|b⟩O⊤|b⟩⟨b|O

=

N⊗
j=1

∑
bj∈{0,··· ,d−1}

∫
dOj⟨bj |OjXjO

⊤
j |bj⟩O⊤

j |bj⟩⟨bj |Oj

=

N⊗
j=1

1

d(d+ 2)

∑
bj∈{0,··· ,d−1}

tr1 [Xj ⊗ 1d + (Xj ⊗ 1d)S+ (Xj ⊗ 1d)Π]

=

N⊗
j=1

tr(Xj)1d +Xj +X⊤
j

d+ 2
. (E13)

It is clear to check that if Xj = X⊤
j for all j, the above equa-

tion turns to

M(X) =

N⊗
j=1

tr(Xj)1d + 2Xj

d+ 2
. (E14)

Thus, the classical shadows of X are deduced via the inverse
of the channel,

X̃ =M−1(O⊤|b⟩⟨b|O)

=

N⊗
j=1

d+ 2

2
O⊤

j |bj⟩⟨bj |Oj −
1

2
1d. (E15)

Extending linearly to all quantum states in L(CdN

), we find
that the type of quantum states that are implementable for lo-
cal orthogonal matrices are the PTI states. Here, we define the
PTI states as ϱ = ϱ⊤j for any j.

4. Cross-platform verification of quantum devices

We next present a protocol with RRMs and PRRMs
for cross-platform verification of quantum computers [16].
In particular, we will estimate the fidelity F(ϱ1, ϱ2) =

tr(ϱ1ϱ2)
max{tr(ϱ2

1),tr(ϱ
2
2)}

of two-qudit real states ϱ1, ϱ2 to verify
whether two quantum devices have prepared the same quan-
tum state [93]. Following (i-iii) in Assumptions, we present a
strategy to estimate the overlap tr(ϱ1ϱ2) as well as the purities
of states.

a. Estimation of the overlap between bipartite states from local
orthogonal matrices

From Assumptions (i) and (ii), we first apply both ϱ1, ϱ2
to the same random local orthogonal matrix, O = OA ⊗ OB ,
where OA and OB are sampled via the Haar measure on or-
thogonal group O(d). Consider two d2×d2 real local observ-

ables:

M1 = (α1|0⟩⟨0|+ α2|d− 1⟩⟨d− 1|)⊗2
,

M2 = (β1|0⟩⟨0|+ β2|d− 1⟩⟨d− 1|)⊗2
, (E16)

where real numbers α1, α2, β1, and β2 to satisfy the following
conditions:

(d+ 1)(α1 + α2)(β1 + β2) = 2(α1β1 + α2β2).

d(α1β1 + α2β2) ̸= (α1 + α2)(β1 + β2). (E17)

We estimate two expectation values Ek = tr
(
OϱkO

⊤Mk

)
for k = 1, 2. Repeating the above procedure for different
orthogonal matricesO, we find the quantity,D =

∫
dOE1E2.

Similarly, we consider two imaginary observables

M̂1 = M̂2 = (−i|0⟩⟨d− 1|+ i|d− 1⟩⟨0|)⊗2, (E18)

and find another quantity D̂ =
∫
dOÊ1Ê2, where expectation

values Êk = tr(OϱkO
⊤M̂1) for k = 1, 2. Using D and D̂,

we present the following result:

Observation 9. Consider any two-qudit state ϱ1 and a real
two-qudit state ϱ2 and apply RRMs and PRRMs. The overlap
is estimated by

tr(ϱ1ϱ2) =
η2D + γ2D̂

4γ2η2
, (E19)

where parameters γ = −(α1+α2)(β1+β2)+d(α1β1+α2β2)
d(d−1)(d+2) and

η = 2
d(d−1) .

Proof. Consider two-qudit states ϱ1, ϱ2, we can estimate the
overlap tr(ϱ1ϱ2) by RRMs and PRRMs with local orthogo-
nal matrices. Construct real observables for real parameters
α1, α2, β1, β2 (determined later),

M1 =MA
1 ⊗MB

1

= (α1|0⟩⟨0|+ α2|d− 1⟩⟨d− 1|)⊗2
,

M2 =MA
2 ⊗MB

2

= (β1|0⟩⟨0|+ β2|d− 1⟩⟨d− 1|)⊗2
. (E20)
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We have

tr(Mk
1 ⊗Mk

2 ) = (α1 + α2)(β1 + β2),

tr(SMk
1 ⊗Mk

2 ) = tr(Mk
1M

k
2 ) = α1β1 + α2β2,

tr(ΠMk
1 ⊗Mk

2 ) = tr

(
SM̂k

1 ⊗
(
M̂k

2

)⊤
)

= tr(SMk
1 ⊗Mk

2 ) = α1β1 + α2β2, (E21)

for k = A,B. In this scenario, the integral is

D =

∫
dOtr

(
Oϱ1O

⊤M1

)
tr
(
Oϱ2O

⊤M2

)
= tr

[∫
dO(O⊤ ⊗O⊤)(M1 ⊗M2)(O ⊗O)(ϱ1 ⊗ ϱ2)

]
= tr

[∫
dOA

∫
dOB(O

⊤
A ⊗O⊤

B ⊗O⊤
A ⊗O⊤

B)(M
A
1 ⊗MB

1 ⊗MA
2 ⊗MB

2 )(OA ⊗OB ⊗OA ⊗OB)(ϱ1 ⊗ ϱ2)
]

= tr

 ⊗
k=A,B

∫
dOk(O

⊤
k ⊗O⊤

k )(M
k
1 ⊗Mk

2 )(Ok ⊗Ok)(ϱ1 ⊗ ϱ2)

 . (E22)

Using Lemma 1, we obtain the following quantity,∫
dOk(O

⊤
k ⊗O⊤

k )(M
k
1 ⊗Mk

2 )(Ok ⊗Ok) = c11d2 + c2Sk + c3Πk, (E23)

where the coefficients are

c1 =
(d+ 1)tr(Mk

1 ⊗Mk
2 )− tr(SMk

1 ⊗Mk
2 )− tr(ΠMk

1 ⊗Mk
2 )

d(d− 1)(d+ 2)

=
(d+ 1)(α1 + α2)(β1 + β2)− 2(α1β1 + α2β2)

d(d− 1)(d+ 2)
,

c2 =
−tr(Mk

1 ⊗Mk
2 ) + (d+ 1)tr(SMk

1 ⊗Mk
2 )− tr(ΠMk

1 ⊗Mk
2 )

d(d− 1)(d+ 2)

=
−(α1 + α2)(β1 + β2) + d(α1β1 + α2β2)

d(d− 1)(d+ 2)
,

c3 =
−tr(Mk

1 ⊗Mk
2 )− tr(SMk

1 ⊗Mk
2 ) + (d+ 1)tr(ΠMk

1 ⊗Mk
2 )

d(d− 1)(d+ 2)

= c2. (E24)

Hence, the quantity D is

D = tr

 ⊗
k=A,B

(c11d2 + c2Sk + c2Πk) (ϱ1 ⊗ ϱ2)


= γ2tr

 ⊗
k=A,B

(Sk +Πk) (ϱ1 ⊗ ϱ2)


= γ2tr [(SA ⊗ SB + SA ⊗ΠB +ΠA ⊗ SB +ΠA ⊗ΠB) (ϱ1 ⊗ ϱ2)] , (E25)

To remove the tensor item that includes single operators Sk and Πk, we let c1 = 0 and parameters α1, α2, β1, β2 should satisfy

(d+ 1)(α1 + α2)(β1 + β2) = 2(α1β1 + α2β2). (E26)

The parameter γ = c2. From the calculation, we can conclude that the quantity D is meaningful only when the parameter γ is
nonzero. Thus the free parameters αj and βj , j = 1, 2 have another constraints such that

d(α1β1 + α2β2) ̸= (α1 + α2)(β1 + β2). (E27)
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Now we define two two-qudit imaginary observables,

M̂1 = M̂A
1 ⊗ M̂B

1 = (−i|0⟩⟨d− 1|+ i|d− 1⟩⟨0|)⊗2,

M̂2 = M̂A
2 ⊗ M̂B

2 = (−i|0⟩⟨d− 1|+ i|d− 1⟩⟨0|)⊗2. (E28)

We have

tr(M̂k
1 ⊗ M̂k

2 ) = 0,

tr(SM̂k
1 ⊗ M̂k

2 ) = tr(M̂k
1 M̂

k
2 ) = 2,

tr(ΠM̂k
1 ⊗ M̂k

2 ) = tr

(
SM̂k

1 ⊗
(
M̂k

2

)⊤
)

= −tr(SM̂k
1 ⊗ M̂k

2 ) = −2. (E29)

In this scenario, the integral is

D̂ =

∫
dOtr

(
Oϱ1O

⊤M̂1

)
tr
(
Oϱ2O

⊤M̂2

)
= tr

 ⊗
k=A,B

∫
dOk(O

⊤
k ⊗O⊤

k )(M̂
k
1 ⊗ M̂k

2 )(Ok ⊗Ok)(ϱ1 ⊗ ϱ2)

 . (E30)

Using Lemma 1, we obtain the following quantity,

∫
dOk(O

⊤
k ⊗O⊤

k )(M̂
k
1 ⊗ M̂k

2 )(Ok ⊗Ok) = ĉ11d2 + ĉ2Sk + ĉ3Πk, (E31)

where the coefficients are

ĉ1 =
(d+ 1)tr(M̂k

1 ⊗ M̂k
2 )− tr(SM̂k

1 ⊗ M̂k
2 )− tr(ΠM̂k

1 ⊗ M̂k
2 )

d(d− 1)(d+ 2)
= 0,

ĉ2 =
−tr(M̂k

1 ⊗ M̂k
2 ) + (d+ 1)tr(SM̂k

1 ⊗ M̂k
2 )− tr(ΠM̂k

1 ⊗ M̂k
2 )

d(d− 1)(d+ 2)
=

2

d(d− 1)
,

ĉ3 =
−tr(M̂k

1 ⊗ M̂k
2 )− tr(SM̂k

1 ⊗ M̂k
2 ) + (d+ 1)tr(ΠM̂k

1 ⊗ M̂k
2 )

d(d− 1)(d+ 2)
=

−2
d(d− 1)

= −ĉ2. (E32)

The integral turns to

D̂ = η2tr

 ⊗
k=A,B

(Sk −Πk) (ϱ1 ⊗ ϱ2)


= η2tr [(SA ⊗ SB − SA ⊗ΠB −ΠA ⊗ SB +ΠA ⊗ΠB) (ϱ1 ⊗ ϱ2)] , (E33)

where the parameter η = 2
d(d−1) .

Add the above two integrals with suitable coefficients, and we have

D
γ2

+
D̂
η2

= 2tr [(SA ⊗ SB +ΠA ⊗ΠB) (ϱ1 ⊗ ϱ2)]

= 4tr [(SA ⊗ SB) (ϱ1 ⊗ ϱ2)]
= 4tr [ϱ1ϱ2] . (E34)
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In Eq.(E34), we use the fact that for any state ϱ1 and the real state ϱ2, ϱ2 = ϱ⊤, the following equation is true

tr [(ΠA ⊗ΠB) (ϱ1 ⊗ ϱ2)] = tr
[(

S⊤2

A ⊗ S⊤2

B

)
(ϱ1 ⊗ ϱ2)

]
= tr

(S⊤2

A ⊗ S⊤2

B

) ∑
l,m,j,k

ϱlm1 ϱjk2 |lA⟩⟨l̃A| ⊗ |mB⟩⟨m̃B | ⊗ |jA⟩⟨j̃A| ⊗ |kB⟩⟨k̃B |


= tr

(SA ⊗ SB)

 ∑
l,m,j,k

ϱlm1 ϱjk2 |lA⟩⟨l̃A| ⊗ |mB⟩⟨m̃B | ⊗ |jA⟩⟨j̃A|⊤ ⊗ |kB⟩⟨k̃B |⊤


= tr

(SA ⊗ SB)

 ∑
l,m,j,k

ϱlm1 ϱjk2 |lA⟩⟨l̃A| ⊗ |mB⟩⟨m̃B | ⊗ |jA⟩⟨j̃A| ⊗ |kB⟩⟨k̃B |


= tr [(SA ⊗ SB) (ϱ1 ⊗ ϱ2)] . (E35)

We here expand ϱ1 and ϱ2 in the computational basis of subsystems A and B, such that

ϱ1 =
∑
l,m

ϱlm1 |lA⟩⟨l̃A| ⊗ |mB⟩⟨m̃B |, ϱ2 =
∑
j,k

ϱjk2 |jA⟩⟨j̃A| ⊗ |kB⟩⟨k̃B |. (E36)

For the real state ϱ2, we have

ϱ⊤2 =
∑
j,k

ϱjk2 |jA⟩⟨j̃A|⊤ ⊗ |kB⟩⟨k̃B |⊤ = ϱ2 =
∑
j,k

ϱjk2 |jA⟩⟨j̃A| ⊗ |kB⟩⟨k̃B |. (E37)

Finally, we obtain the overlap

tr [ϱ1ϱ2] =
η2D + γ2D̂

4γ2η2
. (E38)

The proof indicates that our protocol can estimate the overlap tr(ϱ1ϱ2) where ϱ2 must be a real state and ϱ1 can be any
quantum state.

b. Estimation of the overlap between multipartite states from global and local orthogonal matrices

We present protocols to estimate the overlap tr(ϱ1ϱ2) of two N -qudit states ϱ1 and ϱ2 by RRMs and PRRMs with global and
local orthogonal matrices.

Estimation from global orthogonal matrix
Given two N -qudit states ϱ1 and ϱ2, we first apply to both ϱ1, ϱ2 the same random global orthogonal matrix, O. Here O

is sampled via the Haar measure on the orthogonal group O(d). We calculate the expectation value on both states with two
dN × dN diagonal observables

M1 = α1|0⟩⟨0|⊗N + α2|d− 1⟩⟨d− 1|⊗N ,M2 = β1|0⟩⟨0|⊗N + β2|d− 1⟩⟨d− 1|⊗N , (E39)

where {|j⟩} is the computational basis in a d-dimension space and nonzero real numbers α1, α2, β1, and β2 satisfy(
dN + 1

)
(α1 + α2)(β1 + β2) = 2(α1β1 + α2β2), (E40)

which enables the second moment operator to be only spanned by the operators S and Π. We then find that

tr(M1 ⊗M2) = (α1 + α2)(β1 + β2), tr(SM1 ⊗M2) = tr(ΠM1 ⊗M2) = α1β1 + α2β2. (E41)

Hence, the integral turns to∫
dOtr

(
Oϱ1O

⊤M1

)
tr
(
Oϱ2O

⊤M2

)
=

∫
dOtr

[
(O ⊗O) (ϱ1 ⊗ ϱ2)

(
O⊤ ⊗O⊤) (M1 ⊗M2)

]
=

∫
dOtr

[(
O⊤ ⊗O⊤) (M1 ⊗M2) (O ⊗O) (ϱ1 ⊗ ϱ2)

]
= tr

[∫
dO

(
O⊤ ⊗O⊤) (M1 ⊗M2) (O ⊗O) (ϱ1 ⊗ ϱ2)

]
. (E42)
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Using Lemma 1, we find

∫
dO(O⊤ ⊗O⊤)(M1 ⊗M2)(O ⊗O) = c11dN + c2S+ c3Π, (E43)

where the coefficients are

c1 =
(dN + 1)tr(M1 ⊗M2)− tr(SM1 ⊗M2)− tr(ΠM1 ⊗M2)

dN (dN − 1)(dN + 2)

=
(dN + 1)(α1 + α2)(β1 + β2)− 2(α1β1 + α2β2)

dN (dN − 1)(dN + 2)
,

c2 =
−tr(M1 ⊗M2) + (dN + 1)tr(SM1 ⊗M2)− tr(ΠM1 ⊗M2)

dN (dN − 1)(dN + 2)

=
−(α1 + α2)(β1 + β2) + dN (α1β1 + α2β2)

dN (dN − 1)(dN + 2)
,

c3 =
−tr(M1 ⊗M2)− tr(SM1 ⊗M2) + (dN + 1)tr(ΠM1 ⊗M2)

dN (dN − 1)(dN + 2)

= c2. (E44)

Let c1 = 0 such that (dN + 1)(α1 + α2)(β1 + β2) = 2(α1β1 + α2β2). The integral is

∫
dO(O⊤ ⊗O⊤)(M1 ⊗M2)(O ⊗O) = γ (S+Π) , γ = c2. (E45)

Now, we have

∫
dOtr

(
Oϱ1O

⊤M1

)
tr
(
Oϱ2O

⊤M2

)
= tr [γ (S+Π) (ϱ1 ⊗ ϱ2)] = 2γtr [S (ϱ1 ⊗ ϱ2)] = 2γtr (ϱ1ϱ2) . (E46)

The second equation holds since

tr [Π (ϱ1 ⊗ ϱ2)] = tr
[
S
(
ϱ1 ⊗ ϱ⊤2

)]
= tr [S (ϱ1 ⊗ ϱ2)] (E47)

for the real state ϱ2 = ϱ⊤2 . Thus, the overlap is estimated by

tr(ϱ1ϱ2) =
dN

(
dN − 1

) (
dN + 2

)
−2(α1 + α2)(β1 + β2) + 2dN (α1β1 + α2β2)

∫
dOtr

(
Oϱ1O

⊤M1

)
tr
(
Oϱ2O

⊤M2

)
. (E48)

In summary, the estimation from a global orthogonal matrix requires one of the quantum states to be a real state.
Estimation from local orthogonal matrices Suppose we first apply to both N -qudit states ϱ1, ϱ2 the same random local

orthogonal matrix, O =
⊗N

k=1Ok. We construct real local observables

M1 =

N⊗
k=1

Mk
1 ,M2 =

N⊗
k=1

Mk
2 , (E49)

where d× d real observables are

Mk
1 = α1|0⟩⟨0|+ α2|d− 1⟩⟨d− 1|,Mk

2 = β1|0⟩⟨0|+ β2|d− 1⟩⟨d− 1|. (E50)
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Thus, the integral is∫
dOtr

(
Oϱ1O

⊤M1

)
tr
(
Oϱ2O

⊤M2

)
= tr

[∫
dO(O⊤ ⊗O⊤)(M1 ⊗M2)(O ⊗O)(ϱ1 ⊗ ϱ2)

]
= tr

[
N⊗

k=1

∫
dOk

(O⊤
k ⊗O⊤

k )(M
k
1 ⊗Mk

2 )(Ok ⊗Ok)(ϱ1 ⊗ ϱ2)

]

= γN tr

[
N⊗

k=1

(Sk +Πk) (ϱ1 ⊗ ϱ2)

]

= (2γ)N tr

[
N⊗

k=1

Sk(ϱ1 ⊗ ϱ2)

]
= (2γ)N tr [S(ϱ1 ⊗ ϱ2)]
= (2γ)N tr [ϱ1ϱ2] . (E51)

The fourth equation is true if and only if ϱ2 are partial transpose invariant (PTI) such that ϱ2 = ϱ⊤2 = ϱ⊤k
2 for k = 1, · · · , N . In

this case, the overlap is

tr [ϱ1ϱ2] =

[
1

2γ

]N ∫
dOtr

(
Oϱ1O

⊤M1

)
tr
(
Oϱ2O

⊤M2

)
. (E52)

In conclusion, the estimation from the local orthogonal matrix requires one of the quantum states to be a PTI state. For
example, 3⊗ 3 bound states such as chessboard and UPB states are PTI states.

Here, we prove the fourth equality of Eq. (E51) for N = 2 and rewrite two systems as A,B. The proof for general N is
similar to N = 2. Using Eq. (E36), we have

tr [(SA +ΠA)⊗ (SB +ΠB)(ϱ1 ⊗ ϱ2)] = tr [(SA ⊗ SB + SA ⊗ΠB +ΠA ⊗ SB +ΠA ⊗ΠB) (ϱ1 ⊗ ϱ2)] . (E53)

Without loss of generality, we calculate

tr [(SA ⊗ΠB) (ϱ1 ⊗ ϱ2)] = tr
[(

SA ⊗ S⊤2

B

)
(ϱ1 ⊗ ϱ2)

]
= tr

(SA ⊗ S⊤2

B

) ∑
l,m,j,k

ϱlm1 ϱjk2 |lA⟩⟨l̃A| ⊗ |mB⟩⟨m̃B | ⊗ |jA⟩⟨j̃A| ⊗ |kB⟩⟨k̃B |


= tr

(SA ⊗ SB)

 ∑
l,m,j,k

ϱlm1 ϱjk2 |lA⟩⟨l̃A| ⊗ |mB⟩⟨m̃B | ⊗ |jA⟩⟨j̃A| ⊗ |kB⟩⟨k̃B |⊤


= tr

(SA ⊗ SB)

 ∑
l,m,j,k

ϱlm1 ϱjk2 |lA⟩⟨l̃A| ⊗ |mB⟩⟨m̃B | ⊗ |jA⟩⟨j̃A| ⊗ |kB⟩⟨k̃B |


= tr [(SA ⊗ SB) (ϱ1 ⊗ ϱ2)] , (E54)

where the fourth equality holds if ϱ2 = ϱ⊤B
2 . Similarly, tr [(ΠA ⊗ SB) (ϱ1 ⊗ ϱ2)] = tr [(SA ⊗ SB) (ϱ1 ⊗ ϱ2)] means ϱ2 = ϱ⊤A

2

and tr [(ΠA ⊗ΠB) (ϱ1 ⊗ ϱ2)] = tr [(SA ⊗ SB) (ϱ1 ⊗ ϱ2)] means ϱ2 = ϱ⊤2 . In summary, the following equality is true

tr [(SA +ΠA)⊗ (SB +ΠB)(ϱ1 ⊗ ϱ2)] = 4tr [(SA ⊗ SB) (ϱ1 ⊗ ϱ2)] , (E55)

if and only if ϱ2 is a PTI state.
To test our protocol, we estimate the overlap tr(ϱ1ϱ2) of two 5 ⊗ 5 states ϱ1 = ϱ(0.1) and ϱ2 = ϱ(0.9), where the pa-

rameterized quantum state ϱ(p) = p|ψ⟩⟨ψ| + (1 − p)15⊗15

52 , and the pure state |ψ⟩ = 1√
5

∑4
i=0 |ii⟩. We utilize the approach

in observation 9 and obtain an overlap estimator fes, and then find an estimated error E = |tr(ϱ1ϱ2) − fes|. Repeating the
above procedure Niter times, we obtain Niter estimated errors E(i), i = 1, · · · , Niter. Fig. 4 (c) presents the average error∑Nrm

i=1 E(i)/Niter with Niter = 500 and different number of random orthogonal matrices. The parameters in observables are set
as α1 = 0, α2 = 1, β1 = 1, and β2 = − 3

2 . The results indicate that 104 orthogonal can obtain an overlap estimation up to an
error 5.5× 10−3.
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