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Surface acoustic waves (SAWs), when excited using a piezoelectric material, generate not only
strain but also an electric field at the surface. Conventional analyses of the electric field associated
with SAWs rest on the quasi-electrostatic approximation, which neglects the accompanying magnetic
field and may thus fail to fully capture some physical properties of SAWs. In this study, we inves-
tigate the electric and magnetic fields induced by SAWs without introducing the quasi-electrostatic
approximation. The system of interest is a piezoelectric substrate covered with a thin conductive
layer. The plane wave solution, with phase velocity equal to the speed of sound, takes the form of an
evanescent field with a non-negligible transverse component. The transverse electric field penetrates
the conductive layer, inducing time- and space-dependent current that flows uniformly across the
film thickness. The current modifies and is screened by the evanescent magnetic field, which can be
comparable in magnitude to the Barnett field associated with the SAW-induced rotational motion
of the surface in highly conductive films. The transverse electric field reduces to a harmonic one
in the quasi-electrostatic limit, elucidating the mechanism by which the latter evades electrostatic
screening. This work provides a comprehensive framework for evaluating SAW-induced evanescent
fields, offering a clear physical interpretation of the unscreened electric field and the associated

magnetic field.

I. INTRODUCTION

Surface acoustic waves (SAWSs) are vibrational modes
localized at the surfaces of solids. SAWSs are typically
excited on a piezoelectric material and thus accompa-
nied by a time- and space-dependent electric field [1]. In
condensed matter physics, SAWs have been used as effec-
tive tools for non-invasive manipulation and detection of
the electronic states. Materials of interest are placed on
the piezoelectric substrate where the SAW propagates.
The SAW-induced ac electric field mobilizes charge car-
riers in (semi-)conducting materials, which in turn, alter
the SAW’s amplitude and velocity via a back reaction ef-
fect [2-5]. Measuring the amplitude and velocity of SAWs
thus provides a means to probe the electronic states of
materials in the microwave frequency range, offering a
robust technique for tracking low-frequency conductivity
[6-11] and diagnosing quantum Hall states [12-15].

Recently, SAWSs have attracted growing interest in the
field of spintronics for controlling the electron spin. That
is, the mechanical motion of lattice can interact with the
spin of free carriers wvia spin-vorticity coupling [16-18]
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or with the magnetization of magnetic materials through
magneto-elastic coupling [19-22]. In non-magnetic ma-
terials, spin-vorticity coupling is thought to be a unique
mechanism of SAW-spin current conversion that is inde-
pendent of spin-orbit interaction. On the other hand, a
different type of spin current in non-magnetic metals has
been reported, which requires strong spin-orbit interac-
tion [23]. Although this spin current had been suggested
to be of a mechanical origin, later studies indicated oth-
erwise i.e., it is of an electrical origin [24]. Recent study
has reported yet another coupling via magnetic field gen-
erated by the electric field inductively [25]. It is thus im-
portant to clarify the electromagnetic character of SAWs
to distinguish mechanical contribution from the electri-
cal one to the physical effects in both magnetic and non-
magnetic materials.

Conventional analysis of the ac electric field E as-
sociated with SAWSs in piezoelectric materials intro-
duces a scalar potential ¢ and sets E = —V¢ [26-
29]. When applied to time-dependent problems beyond
the electrostatics, which is exact only for strictly time-
independent problems, this ansatz is sometimes called
quasi-electrostatic approximation [30]. In 1970, Inge-
brigtsen calculated the ac electric field that emanates
from a propagating SAW in a piezoelectric substrate and
permeates into a neighboring conducting film [3]. The
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study, based on the quasi-electrostatic approximation,
showed that the electric field in the conductor comprises
two components, each decaying exponentially away from
the interface. Omne component is confined near the in-
terface within the Thomas-Fermi length Arg ~ 0.1 nm
for a metal, and the other component remains nearly
uniform across the film thickness, as long as the film is
thinner than the SAW wavelength, typically of the or-
der of 1-10 pm. This result implies that electric field is
not fully screened by free charges, even in the treatment
based on electrostatics. It leaves the physics governing
the unscreened component unclear since its decay length
is independent of any material property.

In the quasi-electrostatic approximation, Faraday’s law
forces the magnetic field H to be constant in time, as-
suming the system is non-magnetic i.e., B = ugH where
1o is the permeability of vacuum. It is often thought to
be quantitatively accurate if the retardation effect can
be ignored i.e., if the characteristic time scale of the
problem is much longer than the time it takes for the
light to travel past the system. In the context of SAW-
related applications, the condition typically translates to
the smallness of the SAW phase velocity v compared to
the speed of light ¢, which is obviously very well sat-
isfied, usually by five orders of magnitude. Based on
this reasoning, H is practically removed from the discus-
sions, and specifically the Ampére-Maxwell law ends up
being entirely disregarded. Indeed, this is the argument
made in Ref. [3] to justify the approximation used. It
is not immediately clear, however, whether v/c < 1 is
sufficient for neglecting H, especially in materials char-
acterized by additional parameters carrying space-time
dimensions. In highly conductive metals, this question is
related to estimating the amplitude of electric currents,
where those associated with ¢ and H are screened by
distinct physical mechanisms.

In this work, we study electric and magnetic fields ac-
companying SAWs in a piezoelectric substrate covered by
a conducting film without invoking the quasi-electrostatic
approximation. The plane wave solution takes the form
of an evanescent field that propagates at the sound ve-
locity and permeates into the film with two characteristic
decay constants, Arr and a generalized skin depth cor-
responding to the longitudinal and transverse screening
mechanisms respectively (Secs. III and IV). We show
that the transverse fields are crucial for satisfying the
boundary conditions, and responsible for the dominant
component of the electric current that flows in the con-
ducting layer uniformly even when v/c < 1. Despite the
counterintuitive relevance of the transverse components,
the solution does reduce to that obtained in the quasi-
electrostatic approximation upon taking an appropriate
limit. This allows us to identify the conditions for which
the ansatz E = —V¢ is valid and to unambiguously des-
ignate a part of ¢, often referred to as harmonic potential,
to be transverse (Sec. V). With the quasi-electrostatic
approximation validated under the relevant conditions,
we present quantitative estimation of the transverse mag-

netic field and the associated electric current generated
by SAWs in the conducting film (Sec. VI). This work
thus bridges the gap between the general framework for
the electromagnetic response of free carriers in conduc-
tive films and the simplified treatment under the quasi-
electrostatic approximation commonly employed in SAW
studies, offering a clear physical interpretation of the
unscreened electric field and establishing a quantitative
evaluation of the SAW-induced electromagnetic field.

II. SETUP

We study plane wave propagation along the interface
between a piezoelectric substrate and a (nonmagnetic)
conducting layer of thickness d facing vacuum. Let the
xyz coordinate system be oriented such that the wave
propagates along x and the substrate occupies z < 0 as
shown in Fig. 1. We would like to know the electro-
magnetic waves described by the macroscopic Maxwell’s
equations,

B = -V X E, (1)
0 = VB, (2)
D = VxH-J, (3)
0 =V-D-—p, (4)

where p denotes the free charge density. Different mate-
rial media are distinguished by the constitutive relations
between E, H and D, B as well as the assumptions on
the free charges. We model each region as follows:

Vacuum (z > d):

D:EOE7 B:uOHv PZO, JZO? (5)

where gq is the permittivity of vacuum.
Conducting layer (0 < z < d):

D =¢e0E, B=puH,

6

op+V-J=0, J=0o.E— D,Vp, (6)
where €,., 0., D, are the relative permittivity, con-
ductivity, and the diffusion constant, respectively.
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FIG. 1. Schematic illustration of the system, composed of a
piezoelectric substrate (z < 0), a conducting layer (0 < z <
d), and the vacuum (z > d). A piezoelectrically excited SAW,
with wavenumber ¢ and phase velocity v along z, travels on
the surface of the substrate.



Piezoelectric substrate (z < 0):

D=:E+P, B=uH, J=0, (7

where € is the dielectric tensor, and P = é¢ is
the electric polarization associated with the linear
strain tensor € through the piezoelectric tensor é.
The displacement vector u, related to the strain by
€ij = (Oju;+0;u;)/2, obeys the equation of motion,

p=0,

mp0iu; = ¢ijr10;01uy — ekijO0; B, (8)

where my is the mass density of the piezoelec-
tric substrate and c;;i; is the elastic stiffness ten-
sor. Repeated Latin indices are understood to be
summed over.

Since all the equations involved are linear, the solutions
can be sought in the form f (2) e!4(*=%) where ¢ and v are
the in-plane wavenumber and phase velocity, respectively.
To avoid notational mess, we hereafter understand all
the dependent variables are of this form and suppress
the appearance of e*(*=v*)  Under our assumption that
B = ppH holds everywhere, we can eliminate B and H
via Egs. (1) and (2),

B, -0.E,
iqu| By | = | 0.Ex —iqE. |, 0.B,=—igB;. (9)
B, 1qE,

Note that Eq. (2) is redundant for w = qv # 0. From
Egs. (1) and (3), one obtains

D, —0?E, +iq0, E, I
02 o Dy | = (q2 — af)Ey —iquug | Jy
D, iq0,E, + ¢*E, J.

(10)

The constraint Eq. (4) becomes redundant for wp # 0
because p and J satisfy the conservation law. The equa-
tions are supplemented by boundary conditions appro-
priate for different material interfaces. For book-keeping,
we categorize them into three classes: (i) those imposing
conditions on electronic or mechanical degrees of free-
dom, (ii) those imposed at spatial infinities z — o0,
and (iii) the continuity of appropriate components of
E, H D, B at interfaces, referred to as electromagnetic
boundary conditions hereafter. They are all independent
of each other, at least for the cases of our interest. In the
following section, we first solve the equations in each re-
gion and impose the boundary conditions of types (i) and
(ii) which can be discussed independently of the other
regions. Then in Sec. IV, we glue the solutions together
at the interfaces by using the remaining electromagnetic
boundary conditions (iii).

III. SOLUTION IN EACH REGION

In this section, we solve Eq. (10) in each region sepa-
rately. The obtained solutions will be conjoined by the
electromagnetic boundary conditions in the next section.

A. Vacuum half-space

First we consider the vacuum half-space (z > d). We
demonstrate that the evanescent field associated with
SAW is a universal feature of vacuum electromagnetic
waves forced to propagate slower than the speed of light
c. Noting poeg = 1/¢?, Eq. (10) yields

q2v2 Ea; _82Ew + iqazEz
=B = (-0 E, |. @@
E, iq0,E, + ¢*E.

Imposing the vanishing boundary condition at z — oo,
one obtains from Eq. (11),

Ez _ TM 1 —q(z—d) /vy
5)- (e
E, = CTEe—alz=d) /7 (13)

where v = 1/4/1 —v?/c? is the Lorentz factor, and we
assume ¢ > 0 in the following. The integration con-
stants, C™® and C™, will be determined by the bound-
ary conditions at z = d. Equations (12) and (13) rep-
resent the transverse magnetic (TM) and the transverse
electric (TE) modes, respectively.

The above solution has been derived independently of
the boundary conditions at z = d. This shows that any
electromagnetic waves in vacuum that decay at infinity
(z — o0) automatically take the form of the evanes-
cent wave [31], in the sense that its Poynting vector
is tangent to the interface, as was pointed out for the
special case of the Bleustein-Glyaev-type SAW [32, 33]
in highly symmetric piezoelectric materials [34]. As an
example, the TM mode Eq. (12) is schematically illus-
trated in Fig. 2. The electric and magnetic field lines
display the presence of an electromagnetic field associ-
ated with the SAW. Note that going beyond the quasi-
electrostatic approximation predicts a nonzero magnetic

FIG. 2. Schematic illustration of the SAW-induced TM
mode electromagnetic evanescent field. The purple and yel-
low curves with arrows represent the electric force and mag-
netic field, respectively. The length of the arrows indicate the
strength of the coresponding fields. The green arrows show
the local spontaneous polarization in the piezoelectric (e.g.,
LiNbO3) substrate. The dense gray spheres represent lattice
points of the substrate.



field, hence the transverse component of the electric field,
associated with the SAW. Inserting Eq. (12) into Eq. (9)
gives |B,| = (yv/c?)|E,|. Using this relation, we obtain
|By| ~ 40 nT if we assume v = 4000 m/s and |E,| =1
V/um, which corresponds to SAW strain |e,,| = 2x 1074
according to numerical calculation of the SAW propagat-
ing in Y4128°-cut LiNbOg3 substrate along the crystal X
axis [26-29, 35]. Although the magnetic field compo-
nent is significantly smaller compared to the free elec-
tromagnetic field, this result can potentially be relevant
because it directly couples to electron spin and magneti-
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zation [25, 36]. We will discuss this in detail in Sec. VI.

B. Conducting layer

Next we consider the solution inside a conducting layer.
We assume that the conductor is isotropic, and introduce
the reduced speed of light c,, = (uogoe,) /2, the skin

depth §,, = \/2/(qupoo.), and the Thomas-Fermi length
Arr = /Deeoer/oc. From Eq. (10), one then obtains

2 . .
2,,2 2% E, _azEm + ZqazElz 252 qp
(v 2 ) (&) = | @oos )+ 22w | o). 19
Cm m E. 10, E, + ¢*E. €0ErOm 0.p
[
with (gx) _ % {CIE (Zal/q> ea(zfd) + CTE <_Z?/Q> eaz} 7
p = eoe, (iqE, + 0.E.). (15) : .
1 a
The general solutions are written in the form, B, = 5 {1 - (q) } ET™. (23)
E=E™ 4+ ET | EY (16)

where V- E™ =v . ETE =, V x E* =0, and

Ea:TM _ OTM 1 a(zfd)_FCTM 1 —az
EMM) =2 \—ig/a) © - \dg/a)®

E;}“E — O}:Eea(zfd) + CTEefaz’

(gi) =CY (iq{Q> eQE=d 4 oL <_Z€/Q> e~

(17)
with
2 2
a=gqfl-— - (18)
Cm (q0m)
1 >
Q /\TF\/ + (gAtr)” —in, (19)
2
quegsr W 2
= . 2
P 22 (q0m) (20)

Note that the other components vanish: EE M _ E{; =
ETE = ETE = 0. Thus, the electric field consists of TM,
TE, and longitudinal components with two integration
constants each. In Eq. (20), n represents the ratio of
displacement current (g,£00:F) to drift current (o.F),
which is several orders of magnitude smaller than unity
in metals for microwave frequency field. For later use, we
write down the electric current density, charge density,
and magnetic flux density in the following:

Jz ETM ] EL
(Jz> =0, (E:prM> + ino. (EJﬁ) ,Jy=0cE", (21)

2 2
p= —ieoeT% (1 - &) EY, (22)

Without relying on the quasi-electrostatic approxima-
tion, we have obtained in Eq. (18) the precise decay
length a~! of the transverse components, which origi-
nates from the Ampére-Maxwell law [Eq. (3)] and can
be considered a generalized skin depth. Equation (18)
reproduces the previous result a = ¢ [3] if we neglect the
skin effect (d,, — 00) and take the limit v/c — 0, whereas
it reduces to the ordinary skin effect if we set v = ¢y,.
Since the SAW velocity v is about five orders of magni-
tude smaller than the speed of light, v/c¢,, < 1 is always
satisfied. Thus the difference between the updated «
[Eq. (18)] and the quasi-electrostatic one [3] comes from
the imaginary term under the square root. The derived
expression suggests that the contribution of the skin ef-
fect cannot be neglected when 4, is comparable to ¢!,
in which case it predicts a shorter decay length than the
conventional model. Such a situation occurs in materi-
als with sufficiently large conductivity and thus the result
obtained here can be important especially for conducting
layers.

Let us proceed to discuss the boundary conditions
that can be imposed independently of the other regions.
Equation (17) has six integration constants correspond-
ing to three dynamical degrees of freedom; two for pho-
tons and another for conduction electrons. Two of the
constants can be eliminated by imposing J, = 0 at the
boundaries, enabling one to express C¥ in terms of CTM;

CL qud
(C’t> ~ 2ansinh Qd

1 — e (@ta)d _pmad 4 —Qd\ /CTM
*Nemad _—Qd 1 4 o~(@Qtma )\ oT™ ) -

(24)



Thus the general solutions in the conducting layer have
four constants to be determined by the electromagnetic
boundary conditions. At this stage, one already sees that
the ratio C%/CT™ is roughly equal to g/an. This is a
robust consequence of the current conservation at the
boundaries and holds irrespective of the materials out-
side as long as they are insulating. Then, from Egs. (17)
and (21), the ratio of the in-plane current induced by
the longitudinal field to that by the transverse field is
~ (q/a)-(¢/Q). As concretely discussed in Sec. VI, typi-
cally there exists a hierarchy n < ¢/ |Q| < |a|/q ~ 1, so
that the in-plane current is induced mostly by the trans-
verse field even when v/c,, < 1. As for the electric
field [Eq. (17)], the longitudinal component dominates
near the interface whereas the transverse component de-
cays slower and becomes prominent, in relative terms,
into the depth of the metal, which is a different behav-
ior from the electric current. This is because the elec-
tric current contains the diffusive component induced by
the charge accumulation in addition to the drift current
proportional to the electric field. Note that these esti-
mates can be easily confirmed for films of infinite thick-

L/TM/TE
ness, where C' +/ /TE _ 0, and

() win (2) o= (TR

By e,

()l (e (4)7]

—Qz
Jy x oce

The above consideration suggests that when a conduc-
tive layer is present, regardless of the physical nature of
the substrate, the components of electric currents asso-
ciated with the longitudinal and transverse electric fields
have comparable orders of magnitude by the constraint
at the boundaries. We will clarify the implication of this
observation on the quasi-electrostatic approximation in
Sec. V.

C. Half-infinite piezoelectric substrate

In general, the analytical solutions for z < 0 are either
unavailable or intractable mainly because the piezoelec-
tricity intrinsically lacks rotational symmetry. Since our
model ignores mechanical deformation of the conduct-
ing layer, the electromagnetic field inside the piezoelec-
tric substrate affects the conducting layer only via the
boundary conditions, i.e., the amplitudes of the electric
and magnetic fields at z = —0. Taking advantage of
this, we merely outline the framework of the numerical
calculation here, avoiding the actual evaluation of the
electromagnetic field and treating their interface values
as input parameters in the later analysis.

The solutions can be computed by simultaneously solv-
ing Eqs. (8) and (10) under the constraints (4) and (7)
and boundary conditions described in the following [26—
29]. Eliminating D by Eq. (7), there exist six unknown
functions, w and E, governed by the six time-evolution
equations (8) and (10) with one constraint Eq. (4), im-
plying the system should contain five dynamical degrees
of freedom. These equations are presented explicitly in
Eq. (48) in Appendix IX A, which shows that the high-
est order derivative with respect to z is first for £, and
second for the other five unknowns. In order to count
the number of integration constants, it is more trans-
parent to have a set of equations with a homogeneous
degree of differentiation and an equal number of equa-
tions and unknowns. One may thus algebraically elim-
inate FE, and 0,F, from the seven equations (Egs. (8),
(10), and Eq. (4)) and obtain five equations of second or-
der in 0, for five dependent variables (ug, uy, u;, Ey, and
E,), solving which will yield ten integration constants.
The number is reduced by half by demanding either ex-
ponential decay towards z = —oo or energy transport in
the negative z direction [37]. The stress-free boundary
condition i.e., the vanishment of the stress normal to the
substrate surface, should be able to eliminate three of the
five remaining constants, leaving two to be determined,
which may be chosen to be the values of the z and y
components of the electric field at the substrate surface
E.o = E; (z = —0) and Eyy = E, (2 = —0). The ratio-
nal behind this choice will become clear in the following
section in which the remaining electromagnetic boundary
conditions are considered.

IV. SOLUTIONS FOR THE FULL FILM STACK

Now we are in a position to glue the solutions obtained
above together by the electromagnetic boundary condi-
tions. To guide the calculations, we first review the struc-
ture of the present boundary value problem. Per inter-
face, there are six boundary conditions that follow from
Maxwell’s equations (continuity of tangential E, H and
normal D, B), only four of which are independent. This
can be understood as follows. If all the field components
are independent of y, the z-components of Egs. (1) and

(3),

ath = *azEyy 8tDz = azHy - Jza (27)
together with the plane-wave ansatz 0, — iq, 0y — —iqv
and the metal-insulator boundary condition J, = 0 lead
to

E,=vB,, H,=-vD, (28)
at the boundaries. Thus, the continuity of B,, D, is
equivalent to that of E,, H,, leaving four independent
conditions for each boundary (z = 0 and z = d). In the
present system, the eight conditions are imposed on the
eight integration constants; C™ and C™ in vacuum,



CEM and CEE in the conducting layer, and F,o and E,o
in the piezoelectric substrate. As C} have been repre-
sented by CTM [Eq. (24)], they are not included here.
The resulting linear system of eight equations for eight
variables is homogeneous, hence the determinant of the
coefficient matrix must vanish for non-trivial solutions
to exist. The physical meaning is that the SAW veloc-
ity v cannot be arbitrary and has to be chosen so as to
nullify the determinant. Any solution for v, which may
depend on ¢, indicates existence of a branch of SAW,
and there can be multiple branches or none. For each
solution v, the linear system contains only seven inde-
pendent equations, leaving one undetermined constant,
the overall amplitude of the SAW mode, to be fixed by
an initial condition. In typical SAW problems, the ampli-
tude should be determined such that the energy carried
by the mode matches the input power to an interdigital
transducer that excites the SAW [35].

The computation of v can be equivalently carried out
by resolving the boundary conditions one by one, which
turns out to be more illuminating. Let us consider the
boundary at z = d between the vacuum and conductor.
Two of the four boundary conditions can be used to elim-
inate CT®/T™™ and the remaining two impose conditions
among CTF and CTM. As a result, one obtains the fol-
lowing two equations on CT¥, CTM:

CTE CTE —ad
T _l ;‘E - }Ee ) (29)
q aCyP — ClThemad
e aQ (CTM + CT™emad) 4 jq (O — CLe=@d)

v Qq(CTM — CM™Ve—ad) i (CL + CLe—Qd)
(30)

where CL can be expressed with CT™ via Eq. (24). We
remark that these equations are equivalent to the conti-
nuity of surface impedances ZTF = E,/H, = vB./H,
and Z™ = E,/H, = —E,/vD, across the boundary
(see Appendix IX B for the detail). Equations (29) and
(30), together With Eq. (24), offer four conditions among
six constants CT®, CIM and CY, which we choose

to represent through two auxiliary constants, CA¥ and
CM, as

C’
CTE — 1 a(dFd)/2 31
G- (q = ) 7 (31)
TM o .
e _ Goan (ETlmiwén) sinh Qd
2q y q
Jr% (cosh Qd — e**?) }e“(ded)/Z, (32)

CTM ;
ch = i%{wqm (e*9? — cosh ad)

1—1n ) (dFd)/2
+ Er— F Slnh Oéd (33
( v Q } (33)

Next we move on to the boundary at z = 0. Looking
at Egs. (17) and (31) - (33), the continuity of E,, E, at
z = 0 is sufficient to determine CJ¥ and CJ™ in terms
of Eyo and Eyo,

CTM_<

1—1n
+ &y —= sinh Qd cosh ad
( @

7 ) sinh Qd sinh ad

@
Q?
Un (cosh Qd cosh ad — 1)

+ g cosh Qd sinh ad) ,

Ey
e

=sinh ad + % cosh ad.

In principle, the continuity of H, and Hy at z = 0
should give two more independent linear relations be-
tween CAM, CTE B, and Eyo, allowing one to find the
value of v for which there is a nontrivial solution. Gaining
any analytical insight in H,, H, inside the piezoelectric
substrate in terms of E,q, Eyo seems a hopelessly com-
plicated task, however, due to the essential anisotropy of
the piezoelectric tensor. Here we forego the elasticity-
related part by appealing to the empirical fact that the
Rayleigh-type SAW mode exists in any material setup
and is always one of the most easily excited. Thus we as-
sume that v will take a value representative of Rayleigh-
type SAWSs and regard the physical quantities of interest
as functions of F;y and Eyg. The values of the electric
field components at the interface can be estimated by an
independent means and used to evaluate the electric cur-
rent and charge distribution within a conducting layer,
as explained in Sec. VI.

V. ELECTROSTATIC LIMIT

In Sec. III B, after Eq. (23), we noted that our results
reduce to the ones obtained under the quasi-electrostatic
approximation if v/c,, and 1/ (¢d,,) are both sufficiently
small. On the other hand, assuming v/c,, < 1 and
1/(g0m) < 1in Eq. (24), we found that the electric cur-
rent driven by a transverse component of electric field
remains unscreened and thereby dominates over its longi-
tudinal counterpart, seemingly suggesting inapplicability
of the quasi-electrostatic approximation that is supposed
to discard transverse fields. We resolve this apparent con-
tradiction in two steps. In Sec. V A, we first clarify an
ambiguity in the definition of transverse fields. This high-
lights the role of a component of the quasi-electrostatic
potential, the so-called harmonic potential that satisfies
V2¢ = 0 and behaves like the transverse field in the exact
treatment. In Sec. V B, we rewrite the governing equa-
tions in a conductor to demonstrate that the transverse
fields become harmonic if v/¢,, < 1 and 1/ (¢dy,) < 1.



Thereby we establish the harmonic potential as a limit
of the transverse field, giving a clear physical interpreta-
tion to the unscreened electric current under the quasi-
electrostatic approximation. It also shows the presence
of a regime 1/(gd,,) ~ 1 where the approximation fails
despite v/cpy, < 1.

A. Longitudinal, transverse, and harmonic fields

As noted after Eq. (26), retaining the transverse fields
appears essential for satisfying charge conservation at the
boundaries of a conductor. This may appear at odds with
the perception that the electrostatic potential should de-
scribe longitudinal fields. If this were the case, the quasi-
electrostatic approximation would never work for time-
dependent problems involving conductors. To resolve the
puzzle, one should carefully distinguish two possible def-
initions of the longitudinal and transverse components.
Namely, one may call E¥ (ET) longitudinal (transverse)
if

(a) Vx EXY =0 (V-ET =0),
or if

(b) V- EY #0 (V x ET #0).

So far, we have used (a) to classify longitudinal and
transverse fields, which conforms with the terminology
often adopted. In this way, the electric field in the quasi-
electrostatic approximation is always longitudinal. How-
ever, (b) is better adapted in the screening argument as it
is the condition for generating the screening charges and
currents through the Gauss’ and Ampere-Maxwell laws,
respectively. Usually, the difference between the two def-
initions does not matter, but there is a case that it does:
E = —V¢" where the harmonic potential ¢ satisfies
V2pH = 0. Such an E is classified as simultaneously lon-
gitudinal and transverse according to (a), but as neither
of the two according to (b). When solving the Poisson’s
equation V2¢ = —p/¢ arising from Gauss’ law, ¢!l enters
as a source-free solution to be added to satisfy prescribed
boundary conditions. Therefore, the answer to the above
question is anticipated to be that the quasi-electrostatic
approximation does include a transverse field in the sense
of (a), or equivalently the transverse field in the exact
treatment reduces to a harmonic component in the sense
of (b).

This can be seen directly by taking the limit v/¢,, — 0
and 1/ (gdy,) — 0, which brings the solutions presented
in Sec. ITI B to those of Ref. [3]. One observes that

E™ o™ (1 qz—a) oM (1Y —qz
ETM %C-i- —i € +CC i € 3(35)

which equals —ig™'V (C;TMe‘I(z’d) + CI_TMe’qZ> (note

that €/ is implicit throughout). Here C;™ is the coef-
ficient under the quasi-electrostatic approximation. We
give a slightly more general derivation in the next sub-
section.

This confusion in semantics can result in a false precon-
ception that electric fields in the electrostatic regime are
longitudinal and should therefore be screened efficiently
by charges. The first and second parts of the reasoning
are correct only under the definitions (a) and (b), respec-
tively. Abandoning the quasi-electrostatic approxima-
tion, the present work demonstrates that the unscreened
harmonic component, established in a separate publica-
tion [24] as the origin of the spin current in Ref. [23],
should in fact be considered as a transverse field screened
by magnetically induced currents in the limit of infinite
skin depth 1/ (gd,,) — 0.

B. Conditions for quasi-electrostatic approximation

The previous subsection suggests that for the quasi-
electrostatic approximation to hold, the difference be-
tween the harmonic component in it and the transverse
field without the approximation should be small. Below,
we obtain a quantitative condition for this. We derive
decoupled bulk equations for longitudinal and transverse
components, identify the boundary condition that cou-
ples them, and compare them to the equations for the
quasi-electrostatic approximation.

We begin with the Helmholtz decomposition of the
electric field E = —Vo¢ + ET, V- ET = 0. The quasi-
electrostatic approximation is implemented by setting
ET = 0. While such ¢ and ET always exist at least
locally, the decomposition is not necessarily unique since
¢+ o', ET 4 Vol with V29! = 0 would give another.
This ambiguity has no physical consequence as long as
both the potential and transverse field are retained and
consistently shifted. In our exact treatment, the solu-
tion Eq. (17) does not contain nonzero ¢ so that we
do not have to distinguish definitions (a) and (b) of the
longitudinal and traverse fields.

Starting from Eqs. (1) - (4) with B = poH, we first
exclude the time-independent component of B from the
discussion, which can be separately characterized by the
magnetostatics. Then, Eq. (2) can be disregarded and
Eq. (1) is used to eliminate B, H. Differentiating Eq. (3)
in time, one obtains

V?E" = epgdf (E — Vo) + po0,J. (36)

Specializing in the isotropic conductor, using Egs. (4)
and (6) yields

37,52+ 0.0, —V? | ET
02 100 O

m

82
= {c; + /’LO (O'C - De5v2) at} V(i) =w. (37)

m

One expects ET and ¢ to decouple, for which w should
vanish. By taking curl and divergence of Eq. (37), one
deduces w = Vx where V2y = 0. Even if x # 0, one



may always eliminate it by adjusting the Helmholtz de-
composition with a ¢ such that

82
- (cQt + uoacat) Vol = —Vy, (38)
which can always be solved without affecting physical
quantities. Therefore without loss of generality, Eq. (37)
reduces to

2
(f; + 11000 — v2) ET =, (39)
o D.eV?) Ve = 0 40
C72n +:u0 (Oc - e€ ) ¢ = B ( )

where we excluded static (or unbounded in time) contri-
butions in deriving Eq. (40).

In a conducting film, the evanescent wave associated
with SAW has both longitudinal and transverse compo-
nents so that there must be a mechanism that couples
them. It primarily arises from the boundary conditions.
Specifically, the insulating condition J-n = 0 at the con-
ductor surface with n the surface normal gives via the
Gauss’ law and drift-diffusion relation

n-ET = (1 - ED@VQ) n-V¢ = —in-VQb. (41)

2
Oc IU’O C'm Oc

The second equality follows from Eq. (40). If one were to
assume a purely longitudinal field in the layer geometry,
one would have 9,¢ = 0 at both surfaces. Such solutions
of Eq. (40) would exist only for some special values of
v, determined independently of the acoustic wave prop-
erties. Therefore, at least on one surface, it is expected
that ET is of the same order as 1d.¢. This is a restate-
ment of Eq. (24).

In the quasi-electrostatic approximation, on the other
hand, one sets ET = 0 so that there is no freedom to shift
out ¢! from ¢ and the harmonic component may have
a physical significance. Equation (3) cannot be satisfied,
meaning Eq. (37) is unavailable, and one relies instead
on

{ca?i + po (00 — DeeV?) } p =0, (42)
derived from the charge conservation, drift-diffusion re-
lation, and Gauss’ law —e,69V2¢ = p. Any harmonic
potential with arbitrary time dependence is its trivial so-
lution and can be added to any solution. For a solution
#" of Eq. (42) with V2" # 0, which therefore also solves
Eq. (40), the zero current boundary condition yields

—n- Vel = <1 - 5D6V2> n- VL. (43)

(&

This appears to be the only constraint on the time de-
pendence of ¢f. Comparing Eqs. (41) and (43), one
concludes that the harmonic component in the quasi-
electrostatic approximation plays the role of ET in the
exact treatment.
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FIG. 3. (a-c) Schematic illustration of (J., J.) (a), p (b), and
By (c) within the metallic thin film. The light and dense gray
regions represent the piezoelectric substrate and the metallic
thin film, respectively. The coordinate system is shown in (a),
and the boundary of the two regions is situated at z = 0. J, is
almost invisible in (a) since it is several orders of magnitude
smaller than J,. In (b), positive (negative) induced charge
density is expressed with red (blue). (d-f) Profile of |J;| (d),
|p| (e), and |By| (f) along z-axis. (Jz,J-), p, and B, are esti-
mated from Egs. (21), (22), and (23) with . = 10° /(2 - m),
er = 1,d =1nm, v = 3871 m/s, ¢ = 2r/10 um™ ', and
|Ezo| = 10 V/cm. Note that J, and (Bg, B.) will also be
induced in the TE mode.

Looking at Eq. (39), one observes that if the time-
derivatives can be ignored, which in the case of plane
waves reduces to v2/c2, < 1 and 1/(¢d,,)° < 1, the
transverse field becomes harmonic VZET — 0. Since
V - ET = 0 by definition, it implies V x ET = 0, and
hence ET = —V¢! with some harmonic potential ¢f.
This formalizes the discussion at the end of the previ-
ous subsection and establishes the validity conditions for
ignoring ET as well as its relation to ¢'.

VI. QUANTITATIVE ESTIMATION

In this section, we calculate the profile of the electric
current, charge density, and magnetic field in the con-
ducting layer. We model a system in which SAW-induced
spin current was observed experimentally [23]. Here ma-
terial parameters that match the experimental conditions
are used. We discuss the consequence of the results ob-
tained here on the SAW-induced spin current.

In accordance with the experimental conditions, we
consider a SAW propagating on a Y+128°-cut LiNbOg



substrate along the crystal X axis, with the surface
coated by a metallic thin film. The conductivity, rel-
ative permittivity, and thickness of the film are speci-
fied as 0. = 10 (2 m)~!, &, = 1, and d = 1 nm,
respectively. The diffusion coefficient is chosen to be
D, = 3 cm?/s, a representative value for metals [38, 39].
The SAW wavenumber along the x direction is taken as
q = 27/10 um~!. It is reasonable to assume that the
SAW velocity is on the order of 103 m/s, yielding a skin
depth of several tens of micrometers. This condition may
justify the application of the quasi-electrostatic approx-
imation. Then, using these parameters, we numerically
evaluate the SAW propagating through the full film stack
within the quasi-electrostatic approximation [3, 24, 35],
obtaining a SAW velocity of v = 3871 m/s. From
the same parameter set, we derive App = 0.054 nm,
q/|Q| ~ 107°, n ~ 1078, v/e,, = 1.3 x 1075, and
Om = 25 pm. These results confirm that v/¢,, < 1 and
1/(¢dm) < 1, thereby validating the quasi-electrostatic
approximation. It is further noted that qualitatively sim-
ilar results are obtained as long as the film thickness sat-
isfies d < 1/]ar| ~ 100 nm.

For the parameters given above, |a|d ~ qd ~ 1073 and
|Q|d ~ 20 hold so that |sinhad| ~ 1073, |coshad| ~ 1,
|sinh Qd| ~ |coshQd| > 1. Therefore, Eq. (34) is well
approximated by

2e~@d FE.o
erqd n/qd+iq/Q’

Note that 1 cannot be set to zero even at this leading
order. Using the same approximations, one obtains

EDN g B 1 @)

EM™ qd n/qd +iq/Q \iq(d —2))’

(EJ;) o Beoe® (iq/cz) (46)

EY) " n/ed+iq/Q \ ~1

As shown in Egs. (21) and (22), E" is effectively screened
by the small factor n while E™ remains sizable in the
film. Therefore, the electric current inside conducting
layer is completely dominated by the transverse contri-
bution whereas the charge density is induced by E¥. We
note that ‘E;FM| > ‘E;FM| is consistent with V- ETM = 0
as the smallness of ET™ is a result of cancellation be-
tween the C’IM and CT™ terms; such cancellation is ab-

Cg™M ~ Co¥ ~ Ey.  (44)

sent in the z derivative 9, ET™ because of the sign change
of the latter term.

The uniformity of the electric current, the localization
of the charge density, and the gradient of the magnetic
field within the conducting layer are directly demon-
strated by evaluating Eqgs. (21-23) using Eq. (17). The
results are schematically illustrated in Fig. 3(a-c). Due
to the small factor of 7 originating from the electrostatic
screening, the longitudinal components of J associated
with E" localized at the film surfaces become negligibly
small. In addition, the cancellation between the C’IM
and C™ terms results in a significant decrease of J,

overall. The charge density p is confined near the in-
terface between the substrate and film to screen out E-
emanating from the substrate. The TM component of
the magnetic flux density B, becomes vanishingly small
near the film/vacuum interface owing to B, o« ET™M ~ J,
(see Eq. (23)) and the insulating condition at z = d. Note
that contribution of E* to .J, survives at z = 0, leading
to non-vanishing B, there. To illustrate the distribution
along z more quantitatively, the absolute values of J,,
p, and By, are plotted against z in Fig. 3(d-f). Here we
set |Eyo| = 10 V/cm, which corresponds to SAW strain
lezz| = 2 x 107% and is thought to be a practical value for
the present setup judging from the calculation result to
determine v [3, 24, 35]. We see that J,, is almost uniform
along z in the whole film, p is concentrated within the
Thomas-Fermi length from the substrate surface, and B,
decreases linearly towards the film surface. Since the es-
timated B, is comparable to the Barnett field due to the
SAW-induced rotational motion of surface atoms [40, 41],
the magnetic field associated with the SAW can signif-
icantly influence the magnetization dynamics in ferro-
magnetic thin films with weak magnetoelastic coupling
such as permalloy. Although B, is about one order of
magnitude smaller than the typical magneto-elastic effec-
tive field [20], the directions of the two are different and
thus angle dependence of the magnetoacoustic resonance
spectrum can be modified. In addition, the gradient of
the magnetic field can generate the diffusive spin current
along the film thickness direction, which has the same
geometrical configuration as the spin current generation
via spin-vorticity coupling [16, 17].

Recent experimental work has demonstrated that
SAWSs induce an ac spin current in metallic thin films
with significant spin-orbit interaction, an effect referred
to as the acoustic spin Hall effect [23]. The observed spin
current flows parallel to the surface normal with its polar-
ization orthogonal to both the flow and SAW propagation
directions, and is distributed uniformly across the film
thickness direction. Under the assumption that electric
fields are efficiently screened by conduction electrons and
decay rapidly in metals, the latter feature suggests that
the spin current should have a mechanical origin rather
than electromagentic one. From this work, however, we
conclude that the SAW-induced electric field generates
an electric current uniformly in the thickness direction
in metallic thin films. This allows the uniform spin cur-
rent to flow in strong spin-orbit metals via the spin Hall
effect, which can reasonably explain the microscopic ori-
gin of the acoustic spin Hall effect.

VII. CONCLUSION

In summary, we have studied the electromagnetic re-
sponse of a metallic thin film to the electric field asso-
ciated with the piezoelectrically excited surface acoustic
wave (SAW) without employing the quasi-electrostatic
approximation. The electromagnetic field accompany-



ing the SAW contains a component that behaves as an
evanescent field and carries a transverse field, which is
screened not by electric charge but by the skin effect
inside conductors. The transverse electric field induces
a uniform electric current inside the conducting layer,
provided that it is thinner than the skin depth. The
transverse electric field generates an evanescent magnetic
field, whose magnitude can be comparable to effective
field induced by the magneto-elastic coupling and/or the
spin-vorticity coupling. The electromagnetic evanescent
field that accompanies SAW can therefore induce carrier
transport in metallic thin films deposited on piezoelectric
substrates, a playground for studies on acoustoelectron-
ics and spintronics.
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IX. APPENDIX

A. Explicit form for half-infinite piezoelectric
substrate

Here we explicitly describe equations for SAWs in a
piezoelectric substrate. To emphasize the algebraic struc-
ture, let us introduce three-by-three matrices
Tij = cisj,

Gij = ciij1,  Sij = cizys,

(47)

Xij = €51, Yij = ey3.

Equations (8) and (10) under the constraints Eqgs. (4)
and (7) can be written as

928 +iqo, (T + TT) — *G — ppg®? —igXT — 9,7 <u> o (48)
igX 0¥ 020y —iqd.lo+q* (5% - 1) ) \E) 7
{83Y3j +iqd, (X3j + Ylj) — qQle} uj; + ((fLagj + iq<€1j) E; =0, (49)

where I is the three-by-three unit matrix and

0 100
0|, Lh=(oool|, Ii,=
1 001

S O =
o = O
S OO

Since Eq. (48) does not contain second order derivative on
E,, the mathematical structure of the problem is harder
to see than the other cases. One formal approach is to
eliminate E, and 0, F, by using the last of Eq. (48) and
Eq. (49), which should leave an equation for u, E,, E, of
second order in 0,. Although this procedure cannot be
used to eliminate F, when e33 = 13 = 0, it is applicable
for the Rayleigh-type SAW, the system of our interest.
Then, one expects to obtain five independent solutions
of the form oc €k, (k > 0), and the stress-free boundary
condition

(azS’ + iqT) u—YTE=0 (51)

should be able to eliminate three of the five arbitrary
constants, leaving two to be determined through the elec-
tromagnetic boundary conditions.

(

B. Surface impedance at substrate/film interface

In the main text, we expressed the electric field in-
side the conducting layer in terms of the electric field at
the substrate/film interface. As we mentioned in the last
paragraph of Sec. IV, obtaining v and the relative ampli-
tude between E,q and E, requires the continuity of H,
and D, at z = 0. The conditions are equivalent to equat-
ing the surface impedance of both sides, as described by
Refs. [3, 29]. The surface impedance is defined in each
region independently. We first derive the analytical for-
mula of the surface impedances in the conducting layer,
which read

ZTE _ @ggCIEefo‘d + CTE
€ ca ClFe-ad — CTE’

g™ _ _,; [Ho €
€0 ErVU

o (CTMe=ad — CTM) _ jq (CLe~@1 + CL)
X .
q (CTMe—ad  CTM) —Q (Che—Q4 — CL)
(52)
From Egs. (31) and (32), one obtains the surface
impedance for the conducting layer as

ZTE _ [po v g gtanhad + ay (53)
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Z™ agrees with the expression given in Ref. [3] when set-
ting a = ¢ and v = 1. The expression of Z™® can be de-
rived only when the electrostatic approximation v/c — 0
is not employed. Assuming ¢d,, is neither very small
nor large, Z™ involves two small parameters; ¢/Q and
1. In any case, the dominant contributions arise from
the terms proportional to €, in both the numerator and
denominator. We also remark that the limit o, — oo im-
plies @ — oo, — 0, which yields a well-defined limit and

(1 — cosh Qd cosh ad) ] / H (=) GhQd+ % cosh Qd} sinh ad — 27 ginh Qd cosh ad} .
v q

(54)

(

Z™ = 0 consistent with the so-called shorted boundary
condition [28].

Next we outline how the surface impedance of the ad-
joining piezoelectric medium can be obtained. The gen-
eral structure of the bulk solution of the electromagnetic
fields can be inferred as discussed in Sec. III C. This so-
lution should contain two arbitrary constants that char-
acterize it (for instance, E o and E,g), allowing for the
numerical computation of the surface impedance ZTE,
Z™ on the side z < 0 if the value of v is determined.
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