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The problem of characterizing classical and quantum correlations in networks is considered. Con-
trary to the usual Bell scenario, where distant observers share a physical system emitted by one
common source, a network features several independent sources, each distributing a physical system
to a subset of observers. In the quantum setting, the observers can perform joint measurements on
initially independent systems, which may lead to strong correlations across the whole network. In
this work, we introduce a technique to systematically map a Bell inequality to a family of Bell-type
inequalities bounding classical correlations on networks in a star-configuration. Also, we show that
whenever a given Bell inequality can be violated by some entangled state p, then all the corre-
sponding network inequalities can be violated by considering many copies of p distributed in the
star network. The relevance of these ideas is illustrated by applying our method to a specific multi-
setting Bell inequality. We derive the corresponding network inequalities, and study their quantum

violations.

I. INTRODUCTION

Bell inequalities bound the strength of correlations be-
tween the outcomes of measurements performed by dis-
tant observers who share a physical system under the
assumption of Bell-like locality. Famously, quantum the-
ory predicts correlations, mediated by entangled states,
that violate Bell inequalities [1]. Such nonlocal quantum
correlations are central for many quantum information
tasks as well as foundational challenges [2]. Classical and
quantum correlations in the standard Bell scenario, i.e.,
where distant observers share a physical system produced
by a single common source, have been intensively studied
and are by now relatively well understood.

In comparison, only very little is known about clas-
sical and quantum correlations in networks. The lat-
ter are generalizations of the Bell scenario to more so-
phisticated configurations featuring several independent
sources. Each source distributes a physical system to a
subset of the distant observers. In the classical setting,
each physical system is represented by a classical random
variable. Importantly, random variables from different
source are assumed to be independent. In the quantum
setting, each source can produce an entangled quantum
state. Moreover, each observer can perform joint (or en-
tangled) measurements on systems coming from differ-
ent sources—e.g., as in entanglement swapping [3]—thus
potentially creating strong correlations across the entire
network. Understanding the strength of quantum cor-
relations in networks is a challenging problem, but of
clear foundational interest. In addition, practical de-
velopments of quantum networks make these questions
timely, see e.g. [4, 5].

One of the main hurdles for solving the above problem,
is to first characterize classical correlations in networks.
This turns out to be a challenging problem. Due to the
assumption that the sources are independent, the set of
classical correlations does not form a convex set anymore,
as it is the case in the usual Bell scenario. Therefore, in
order to efficiently characterize classical correlations, one

should now derive nonlinear Bell-type inequalities. Only
a handful of these inequalities have been derived so far.
First works derived inequalities for the simplest network
of entanglement swapping [6, 7], for which experimental
violations were recently reported [8]. Then inequalities
for networks in the star-configuration were presented [9].
There exists also methods for deriving nontrivial Bell-
type inequalities for other classes of networks [10-12].
Entropic Bell inequalities has also been derived for sev-
eral networks [13], but are usually not very efficient at
capturing classical correlations. Furthermore, another
approach to study correlations in networks is from the
point of view of Bayesian inference [14-20)].

In this work we aim to establish a direct link between
the well-developed machinery of Bell inequalities, and the
much less developed study of Bell-type inequalities for
networks. Here, we focus on star-networks. We introduce
a technique that allows one to map any full-correlation
two-outcome bipartite Bell inequality into a family of
Bell-type inequalities for star-networks (henceforth re-
ferred to as star inequalities). Specifically, starting from
any such Bell inequality, we construct star inequalities
for any possible star-network, which efficiently capture
classical correlations. As a special case, this allows us
to recover previously derived star inequalities [7, 9] by
starting from the CHSH Bell inequality [21]. In general,
our approach has two appealing features. First, the star
inequalities we derive can have any number of settings
for all observers. Second, their quantum violations can
be directly related to the quantum violation of the initial
Bell inequality. More precisely, we show that whenever
an entangled state p violates a Bell inequality, then all the
corresponding star inequalities can be violated by plac-
ing many copies of p in the star-network. Conversely, we
show that certain quantum correlations in star-networks
can be used to infer bounds on independent Bell tests.
Finally, we illustrate the relevance of this method by an
explicit example in which we start from a Bell inequality
with more than two settings and construct the mapping
to a particular star inequality and study its violation in
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FIG. 1: Star-network with a node observer B and N edge
observers A'... AN each independently sharing a bipartite
physical system with the node observer.

the simplest network of entanglement swapping.

II. STAR NETWORKS AND N-LOCALITY

Star-networks are a class of networks parametrized by
the number of independent sources N. The network thus
involves IV 41 observers: N so-called edge observers each
of whom independently shares a state with one common
central observer called the node observer. See Figure. 1
for an illustration.

The k’th edge observer performs a measurement la-
beled by zj (chosen among a finite set) returning a bi-
nary outcome ai € {0,1}. The node observer performs a
measurement labeled by y returning an outcome b. The
resulting statistics is given by a conditional probability
distribution of the outcomes of all observers given their
inputs. This probability distribution is called N-local if
it admits the following form:

P(ay...anblzy...xny) =

N
/ <H dAka()\k)P(aka/\k)> P(blyX), (1)

k=1

where we have used the short-hand notation A =
A1...An. In an N-local model (which is the analogue
of a local model in the Bell scenario), each independent
source emits a random variable A\, which is shared be-
tween a subset of the observers. In particular, for the
star network, each edge observer shares a i, (possibly en-
coding an unlimited amount of shared randomness) with
the node observer. Importantly, the sources are assumed
to be independent from each other, and thus the vari-
ables \j, are uncorrelated. Since the node observer holds
A, he can create correlations among all observers. No-
tice that if N = 1 we recover the definition of classical

correlations in the Bell scenario. If the probability dis-
tribution cannot be written on the above form, it is said
to be non N-local. Inequalities bounding the strength of
N-local correlations arising in a star network are called
star inequalities.

III. MAPPING BELL INEQUALITIES TO STAR
INEQUALITIES

Consider a bipartite Bell scenario, where two observers
Alice and Bob each perform one of nma respectively
np measurements on a shared physical system. Each
measurement returns a binary outcome, now denoted
Az, B, = *£1 for convenience, where z and y indicate
the choice of measurement of Alice and Bob respectively.
Any full-correlation Bell inequality can be written

nA Np

Sh =D My (A¥BY) < C, (2)

r=1y=1

where M, are real numbers, and C is the local bound.
Note that (AZSBZS> denotes the expectation value of the
product of the outcomes of Alice and Bob. In Eq.(2) the
superscript bs only serves as a label for the Bell scenario.
Importantly, one can fully characterize the Bell inequal-
ity by specifying the matrix M € R"B*"4 from which
the local bound C' can be computed as follows. It is suf-
ficient to consider deterministic strategies of Alice and
Bob, due to the fact that the set of local correlations in
the Bell scenario is a polytope [2]. Hence, we can write

=3 (Z MWA’;S> B =S ABE (3
y=1

y=1 \z=1

Abs na b
where A)® = >4 My, A)°. From now on, we use
this notation for a linear transformation M of Alice’s
set of correlators. To maximize S%, we choose Bgs =

sign (AZS>, which allows us to write the classical bound
as

np

C = max Z
Al...Aw,AG{:tl}yzl

ng

= max Z
Ay Ay €{£1}

y=1

na
My, A (4)

r=1

Abs
Ay

. (5)

We now show how any Bell inequality of the form (2)
can be mapped into a family of star inequalities for star-
networks with N sources.

Theorem II1.1 For any full-correlation Bell inequality
represented by the matrix M € R"B*™A with correspond-
ing classical bound C', we can associate star inequalities
as follows:

np

Sty = DI < ¢ ()

i=1



where
nAa
Li= Y My, ..My (AL ... A} B;)
z1...eny=1
= (Al .. ANB,), (7)
and

(AL .. AN B;) =

Z Z(—l)a1+"'+aN+fi(b)

al...aNZO,l b

X Play...anblz1...2ny)  (8)
for some boolean functions {f;};?,. Thus, specifying the
real-valued matriz M and the functions {f;}.2, returns a
specific star inequality for a star-network with N sources.

The proof is rather technical hence we defer it to Ap-
pendix A, where we prove a generalized version of the
above theorem in which the star inequality is obtained
as a mapping of up to N different full-correlation Bell
inequalities, each characterized by a real-valued matrix
M® fork =1,...,N. The only restriction on the N Bell
inequalities is that one observer (the one that by theorem
III.1 is mapped to the node observer) in each inequality
chooses between the same number of measurements. For
sake of simplicity, we have in the above taken all these N
Bell inequalities to be represented by the same matrix,
namely M. Furthermore, we note that generalizations of
our theorem to networks of the type studied in Ref.[22],
in which each source emits a multipartite physical sys-
tem, are possible.!

IV. RECOVERING THE INEQUALITIES OF
REFS.[7, 9]

As an example of our technique, consider the CHSH
inquality [21] which corresponds to the 2 x 2 matrix
Mghsh = $(=1)*¥ for x,y = 0,1. The local bound (4)
is straightforwardly evaluated to C' = 1. Choosing a
star-network with two sources (N = 2), and letting the
node observer perform one complete two-qubit measure-
ment with outcomes b = b1by € {0,1}%%, we can define
fi(bibe) = b; and immediately recover the inequality of
Ref. [7]:

VI +

where I; and I are defined via Eq.(7). Also, by let-
ting the node observer have two measurement settings
(y € {0,1}), one associated to I; and one associated to
I5, returning an output bit b € {0,1}, we recover the
other inequality of Ref. [7] with f;(b) = b (this example

|I5] < 1. (9)

1 Also, one may consider variations of theoremlIII.1 in which one
constructs more than np quantities {I;};.

will be studied in more detail in Appendix B3). Similar
mappings of the CHSH inequality also return the star
inequalities of Ref. [9] valid for an arbitrary number of
sources:

||V 4 | L) YN < 1. (10)

In this scenario, all observers have two settings and two
outcomes, and f;(b1bs) = b;. For N = 1 this reduces to
the CHSH inequality.

V. OPTIMAL CLASSICAL STRATEGIES AND
TIGHTNESS

We now demonstrate a property of optimal N-local
strategies regarding our star inequalities. We show that
for any star inequality obtained from theorem III.1, any
N-local strategy achieving S™¢* = (C with given val-
ues {I;} can be replaced with another N-local strategy
achieving the same {I;} in which the node observer acts
trivially i.e. gives a deterministic output depending on
the input: b; = £1. Moreover, this is achieved with the
same strategy for each edge observer A¥. More precisely,
we have the following:

Proposition V.1 For any N-local strategy S : A’;k (M),
By(X) reaching the the N-local bound in Eq (6) with 0 <

I; , there is a reduced strategy ' : AF (Ay), BQ(X) such
as:

1. The node observer B has a deterministic output:
BI(\) = b; = £1. Thus each source of randomness

Ak can be considered as local and held by the edge
observer AF.

2. Each edge observer A* chooses her output accord-
ing to the same strategy: the functions (Ag,xg) —
A% (\y) are independent from k (then we write

Ay (Ar))-
3. The quantities I; remain unchanged:
. A A1 ~ N A
(AL ANB)) = (A, .. A7, Bl = b (AN
This proposition is proven in Appendix.B3, in which we
also illustrate it by applying it to a particular example.
Another question is whether any set {I;} saturating
the inequality (6) can be obtained by an N-local strategy.
We see in Appendix.C that this is not the case and give
a way to find and enumerate all the sets {I;} satisfying
this property.
So far, we have shown how the limitations of classical
correlations in the Bell scenario can be mapped to analog

limitations in networks. Next, we explore if an analogous
statement can be made for quantum correlations.

VI. QUANTUM VIOLATIONS

We shall relate the quantum violation of the initial Bell
inequality to the quantum violation of the corresponding



star inequalities. Specifically, we will see that for any
state p violating the initial Bell inequality, taking a suf-
ficient number of copies of p distributed in the network
will lead to violation of the corresponding star inequal-
ity. Also, the robustness to white noise of every quantum
state violating a Bell inequality (2), is the same as that
of N copies of the same state violating a star inequality.

Consider a Bell scenario where Alice and Bob share an
entangled state p and perform n 4 and respectively ng bi-
nary local measurements represented by observables A%
and BZS. This leads to violation of some full-correlation

Bell inequality, i.e. achieving S®® > C. Then we obtain
a quantum strategy for violating the corresponding star
inequalities as follows.

Let the node observer in the star-network perform
np different measurements. Each one is represented by
an observable which is simply the N-fold tensor prod-
uct of the measurements performed by Bob in the Bell
scenario: Yy : By, = Bb“ . ® Bbs, and let all the
edge observers perform the same m 4 measurements as
Alice in the Bell scenario: Vr : Al = ... = AN =
Abs. Finally, let all N sources emit the same bipar-
tite state p as in the Bell scenario. This causes the fac-

torization (AL ... AY B),en = (AL ... AN By),en =
(AbBLs), . <AZSNBSS> which implies

ng N
:<2Miw<,4;ssg‘g>p> =(<A§8538>p)N. (11)
=1

Inserting this into Eq.(6) we recover S™¢ = S > (.
We conclude that

p violates Bell inequality = p®
(12)

Note the generality of the above statement, which
holds true for any full-correlation Bell inequality and all
its corresponding star inequalities (in particular for all
possible choices of functions f;(b)). Moreover, the state-
ment holds for an entangled state p of arbitrary Hilbert
space dimension.

The case of CHSH Bell inequality deserves to be dis-
cussed. The above statement implies that any entangled
state violating CHSH will violate all its corresponding
star inequalities when enough copies are distributed in
the network. In particular, this is case for any pure en-
tangled bipartite state [23], and more generally for any
two-qubit state detected by the Horodecki criterion [24]
(necessary for CHSH violation). Note that the latter
statement was recently derived in Ref. [25] for the case
N = 2, however, with the important difference that there
the node observer performed a Bell state measurement
whereas in our case we consider product measurements.

Conversely, if the node observer performs some prod-
uct measurement, i.e., a measurement of the form Vy :
By Bl . ® Bg]jv , with otherwise arbitrary choices
of measurements for all edge observers and N arbitrary
states distributed in the network, then the achieved value
of St is upper bounded by the geometric average of Sb

N violates star inequality .

as obtained in N independent Bell tests. Due to the sep-
arability of B, we have I; = HLV:1<A§’SB§’S>%. Inserting
this into Eq.(6) we find

ng N 1/N
Snet ZH‘ Absts
i=1 k=1
N ng 1/N
sH[ <Afszsfs>pk] oy

To obtain the upper bound, we have used lemma A.1l
stated in Appendix.A, which may be regarded as a gen-
eralization of the Cauchy-Schwarz inequality. The ex-
pression on the right-hand-side of Eq.(13) is the geomet-
ric average of {S% (i)}, as obtained in N independent
Bell tests M, each performed on the state pp with set-
tings of Alice and Bob determined by the settings used
to achieve S™¢ in the star-network. This upper bound
coincides with S™¢* only when all N Bell tests yield the
same value S™¢ = S (i) Vi.

So far, we have only considered product measurements
of the node observer, which were sufficient to map quan-
tum strategies in Bell inequalities to analog strategies in
networks. Next, we consider an explicit example of a mul-
tisetting Bell inequality from which we construct a star
inequality for N = 2 and study the quantum violations
using product and joint measurements.

VII. EXAMPLE: QUANTUM CORRELATIONS
FROM ENTANGLEMENT SWAPPING

We consider the full-correlation Bell inequality pre-
sented in Ref.[26]2. It is represented by the following

matrix;
11 -1-1
M¥>*=11-1 1 -1]. (14)
1 -1 -1 1.

We can calculate the classical bound using Eq.(4), and
write the associated Bell inequality, in which Alice has
four settings and Bob has three settings, as follows:

4 3
ZZ My (A B,) <6. (15)

The maximal quantum violation of this inequality is
given by 41/3 > 6, obtained with a maximally entangled
two-qubit state |go) = % (|00) + |11)). Alice’s mea-
surements are characterized by Bloch vectors forming the

2 This inequality is referred to in Ref. [26] as the “elegant Bell in-
equality” due to the high symmetry of the observables leading
to its maximal quantum violation.
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FIG. 2: The node observer performs a single measurement
with four possible outcomes and the two edge observers each
perform one of four measurements with binary outcomes.

vertices of a thetrahedron on the Bloch sphere:

1 1
my = ﬁ(l,L 1) me=—4(1,-1,-1)

_ 1 _ 1

m3 = %(_17 1L,-1) my=
Bob’s measurements are simply given by the three Pauli
matrices o1, 09, and o3. If we consider the mixture of
|tboo with white noise, i.e. a Werner state of the form

(-1,-1,1).  (16)

1—w
4

po = v[thoo) (Yoo| + 1, (17)
the inequality can be violated whenever v > /3 /2. Note
that a sufficiently high violation of this inequality implies
that the measurements settings do not lie in a plane of
the Bloch sphere, i.e. they feature complex phases [27].

Next, we obtain a particular star inequality for N = 2
in which we let each edge observer perform one of four
measurements x1,xs € {1,2,3,4}, whereas the node ob-
server performs a single measurement (i.e. no input y)
with four possible outcomes b = byby € {0,1}®2. This is
illustrated in Figure.2. To this end, we apply our theorem
1. We define three quantities

4
I = Z Mz, Miz, (A}, A2, By), (18)
wl,wzzl
where
(A} A2 By = Y (1)t O) Playagbla a,).
al,az,b
(19)
We choose the functions f;(b) for ¢ = 1,2,3 as:

(fl,fg,fg,) = (bl,bl + by + 1,b2). Hence, our star in-
equality reads

Snet = 1/ |Il‘ =+ \/ |12| +

Next we discuss quantum violations. Both sources
in the network emit the Bell state [1g9). The two
edge observers perform the four tetrahedron measure-
ments given in Eq. (16). The node observer performs
the Bell state measurement projecting her two systems
onto the basis of maximally entangled two-qubit states:
[1p,0s) = 008 @ 022 [1)g0). Such a Bell state measurement
typically causes the joint state of the subsystems of the

1] < 6. (20)

two edge observers to become entangled, with its exact
form depending on the outcome of the node observer.
The resulting expectation values are

(A}, A2, Bi) = tr[(poo ® poo) M, - 7 & (03 @ 04) @ Mg, - 5]
3

where pgg = |¢00><’L/)00|. This leads to I1 = I, = I3 =

16/3 which inserted into Eq.(20) returns S™** = 44/3 > 6.

Hence, quantum correlations generated in an entangle-

ment swapping scenario violate the considered star in-

equality. If both sources are noisy and each emits a

Werner state p,,, then one can violate the inequality (20)

whenever v > \/3/ 2. This coincides with the critical

noise level of the Bell inequality in Eq.(14).

Furthermore, note that we can with minor modifica-
tion re-cast our inequality (20) so that the node observer
performs three different measurements, each with a bi-
nary outcome b. In this scenario, one can again obtain
the quantum violation S™¢ = 4+/3. Note in this case the
node observer uses three product measurements of the
form o; ® oy, i.e. a product of Pauli matrices. It turns
out that these three measurements are compatible (they
commute). They can thus be measured jointly, which is
done via the Bell state measurement.

Finally, we point out that we can swap the roles of
Alice and Bob in the Bell inequality Eq.(15) so that when
mapped to the star inequality, the node observer has four
settings and the edge observers each have three settings.
That inequality reads

i+ i+ s+l <e. @)

where I, = Zihxz:l Ml M]. (A, A2 B,), where
(A3, A2, Bi) = 34, app(—1) 92 P(arazblziz2y). By
letting the node observer perform products of the mea-
surements in Eq.(16) and the edge observers perform the
Pauli measurements o; for i = 1,2, 3, we again find a vi-
olation S™¢* = 44/3, for which the critical visibility again

is v =+/3/2.

VIII. CONCLUSIONS

Our main result is a method for systematically map-
ping any multi-setting full-correlation Bell inequality into
a family of inequalities bounding the strength of classical
correlations in star networks. This construction also al-
lows us to show that quantum strategies for Bell inequal-
ities can be mapped into analogous quantum strategies
on star-networks. Specifically, for any entangled state p
violating the initial Bell inequality, it follows that by tak-
ing enough copies of p in the star network one obtains a
quantum violation of the corresponding star inequalities.
Finally, we considered an explicit scenario involving more
than two settings and show that quantum correlations in



an entanglement swapping experiment can violate our
inequalities.

To conclude, we mention some open problems: 1)
Can our technique be extended to also include mappings
of Bell inequalities with marginals, i.e. not only full-
correlation terms as in Eq. (2). Whether the technique
can be adapted to full-correlation Bell inequalities with
more than two outputs (see e.g. [28]) is also relevant. 2)
In particular, our technique allows us to explore quantum
correlations in entanglement swapping experiments with
many settings. Exploring the ability of these correlations
to violate the inequalities would be of interest. 3) How
can one extend our technique to involve networks that are
not of the star configuration? 4) Can one construct star
inequalities analogous to the one in Eq.(22) in which the
node observer performs a single joint measurement with
four outcomes? To what extent can quantum theory vi-
olate these inequalities? 5) It appears, after consider-
ing several particular examples, that all star inequalities

derived by the presented technique cannot outperform
the original Bell inequality in terms of noise tolerance
when mixed with the maximally mixed state. Is this the
case for any joint measurement? Or on the contrary,
can one find an example where the use of an adequate
joint measurements allows for activation of nonlocality.
That is, while the entangled state p would not violate
the initial Bell inequality, many copies of p distributed
in the network would lead to violation of the star in-
equality. While such activation phenomena are proven
to exist even when considering the standard definition
of Bell locality [29, 30], we expect that the effect of ac-
tivation should become much stronger when considering
N-locality.

Acknowledgements.— This work was supported by the
Swiss national science foundation (SNSF 200021-149109
and Starting grant DIAQ), and the European Research
Council (ERC-AG MEC).

[1] J. S. Bell, Physics 1, 195-200 (1964).
[2] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and
S. Wehner, Rev. Mod. Phys. 86, 419 (2014).
[3] M. Zukowski, A. Zeilinger, M. A. Horne, and A. K. Ekert,
Phys. Rev. Lett. 71, 4287 (1993).
[4] H. J. Kimble, Nature 453, 1023 (2008).
[5] N. Sangouard, C. Simon, H. de Riedmatten, and N.
Gisin, Rev. Mod. Phys. 83, 33 (2011).
[6] C. Branciard, N. Gisin, and S. Pironio, Phys. Rev. Lett.
104, 170401 (2010).
[7] C. Branciard, D. Rosset, N. Gisin, and S. Pironio, Phys.
Rev. A 85, 032119 (2012).
[8] D.J. Saunders, A.J. Bennet, C. Branciard, G.J. Pryde,
arXiv:1610.08514.
[9] A. Tavakoli, P. Skrzypczyk, D. Cavalcanti, and A. Acin,
Phys. Rev. A 90, 062109 (2014).
[10] R. Chaves, Phys. Rev. Lett. 116, 010402 (2016).
[11] D. Rosset, C. Branciard, T. J. Barnea, G. Piitz, N. Brun-
ner, and N. Gisin, Phys. Rev. Lett. 116, 010403 (2016).
12] A. Tavakoli, Phys. Rev. A 93, 030101(R) (2016).
13] R. Chaves, T. Fritz, Phys. Rev. A 85, 032113 (2012).
14] T. Fritz, New J. Phys. 14, 103001 (2012).
15] J. Henson, R. Lal, and M. F. Pusey, New J. Phys. 16,
113043 (2014).
[16] R. Chaves, C. Majenz, and D. Gross, Nature Communi-
cations 6, 5766 (2015).
[17] C.J. Wood and R. W. Spekkens, New J. Phys. 17, 033002
(2015).
[18] R. Chaves, R. Kueng, J. B. Brask, D. Gross, Phys. Rev.
Lett. 114, 140403 (2015).
[19] E. Wolfe, R. W.
arXiv:1609.00672.
[20] A. Kela, K. von Prillwitz, J. Aberg, R. Chaves, D. Gross,
arXiv:1701.00652.
[21] J. F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt,
Phys. Rev. Lett. 23, 830 (1969).
[22] A. Tavakoli, J. Phys. A: Math. Theor. 49, 145304 (2016).
[23] N. Gisin, Phys. Lett. A 154, 201 (1991).
[24] R. Horodecki, P. Horodecki and M. Horodecki, Phys.

Spekkens, and T. Fritzg,

Lett. A 200, 340 (1995).

[25] N. Gisin, Q. Mei, A. Tavakoli, M. O. Renou, and N.
Brunner, arXiv:1702.00333.

[26] N. Gisin, Bell inequalities: many questions, a few an-
swers, quant-ph/0702021; Quantum reality, relativistic
causality, and closing the epistemic circle, pp 125-140,
essays in honour of A. Shimony, Eds W.C. Myrvold and
J. Christian, The Western Ontario Series in Philosophy
of Science, Springer 2009.

[27] B.G. Christensen, Y.-C. Liang, N. Brunner, N. Gisin,
P.G. Kwiat, Phys. Rev. X 5, 041052 (2015).

[28] J.-D. Bancal, C. Branciard, N. Brunner, N. Gisin, Y.-C.
Liang, J. Phys. A: Math. Theor. 45, 125301 (2012).

[29] D. Cavalcanti, M.L. Almeida, V. Scarani, A. Acin, Nat.
Commun. 2, 184 (2011).

[30] A. Sen(De), U. Sen, C. Brukner, V. Buzek, and M.
Zukowski, Phys. Rev. A 72, 042310 (2005).

Appendix A: Proof of main theorem

In this Appendix we prove a generalized version of the-
oremlIl.1, in which the star inequality is obtained as
mapping of up to N different full-correlation Bell in-
equalities in all of which at least one observer has the
same number of settings. However, we first state a useful
lemma that was presented and proven in Ref.[9]:

Lemma A.1 Let z¥ be non-negative real numbers and

let ng, N > 1 be integers. Then, the following relation
holds:

i (ﬁ ﬁ)w <11 <§ xf) I/N, (A1)

k=1 \i=1 i=1 \k=1

with equality if and only if Vk : 2% = ... = 2k,.



Equiped with this lemma, we state and prove our main
theorem.

Theorem A.2 Consider any set of N full-correlation
Bell inequalities such that in every Bell scenario Bob has
np measurement settings, whereas in the k’th Bell sce-

nario Alice has nff) measurement settings. The k’th Bell

inequality is represent by the matriz M®*) ¢ R"B x R™4
with associated classical bound Cy,. To every set of such
matrices, {M(k)}fcvzl, we can associate a family of star
inequalities as follows:

np
Sty = D I[N < (Cy...on)N, (A2)
=1
where
(1) (N
Z Z MY oMY (AL .. AY B;) (A3)
r1=1 rny=1
= (Al...ANB), (A4)

and

<Ai1 e AiVN B’L> = a1+"'+aN+fi(b)

2. 2.

al...aNZO,l b

x P(ay...anblz1...xNYy:), (AD)

for some boolean functions {f;};2,. Thus, specifying the
real-valued matrices {M*)}y and the functions {f;}12,
returns specific star inequality for the star-network with
N sources.

Proof.— Impose a classical model (1) on the probabil-

ities in the quantities I; defined in Eq.(7). This gives

N ~ —
I = / [H A ASO)BR) [ (A6)
k=1

Applying an absolute value to both sides allows for the
following upper bound;

N
L <1 /d)\ka()‘k) ‘Af(Ak)‘-
k=1

Each integral in the product series is a non-negative
number. Hence, the quantity |I;|'/N can be upper
bounded by a geometric average of such integrals. Ap-
plying the lemma A.1 to put an upper bound S™¢¢, which
is a sum of such quantities, we obtain the following:

net /N
Sty = Z |

[H /d)\ka()\k) ”ZB
k=1 i=1

(A7)

1/N
A?(Aw” - (A9)

Remember that each correlator of Alice obeys —1 <
A% (M) < 1 and hence, using the classical bound (4)

of the Bell inequality associated to M *) to substitute in
the integrand, we find

N
Sty sy < lH/d/\ka()\k)Ck
k=1

Using that Vk :

result

1/N
(A9)

J d rge(Ar) = 1, we obtain the final

S?ﬁ},{ﬁ} <(Cy...oM)"N . (A10)

Remark: By choosing all the N Bell inequalities to
be the same, i.e. setting M = MM = ... = MW we
obtain the special case of this theorem considered in the
main text.

Appendix B: Redundancy of node observer in
classical strategies

Here we prove Proposition V.1 and illustrate it on a
simple example.

Proof. Let us consider that we already have a strat-
egy S reaching the bound in Eq. (6) with given I;. S
is defined by the correlators of each edge observer A*
(resp. node observer B) given (g, ) (resp. (X,y)) i.e.
A% (M) (resp. Bz’j(X)) These correlators are such as:

= (Al...ANB;) (B1)

N
:/ lH A g (M)A (\e) Bi(X) (B2)

k=1

As we have equality in Eq.(6), going back in the proof of
theorem IT1.1, § must be such as Eq.(A7) and Eq.(AS)
are equalities. From the equality condition of Eq.(A7),
we will deduce a &’ satisfying condition 1. and 2. of
the proposition. We then improve it in a strategy S”
satisfying 3., using the equality condition of Eq.(A8S).
Eq.(A7) is the continuous triangle inequality. As
we have equality, for any ¢, the integrand X
chvzl Ak (A,)B;(X) must be of constant sign (the weights
qi are positive). Then, any change in the sign of some
Af(Ak) at a specific )\? must be compensated by a change
of the sign of B;(X) at the same A9, whatever are the other

Aj’s (see Figure 3). As B;(X) = £1, we have that:

Bi(X) = [[ BFOw), (B3)
k

where B¥(\;) depends on the sign of A¥(\z).
We now can define the new strategy S’



AIA
1
Al=-1| Bj=-1{ Bi=+1 | Bj=-1 B, = +1
Al=+1| Bj=+41 | Bj=—-1 | Bj=+1. Bj=-1
0 15
Al=+1 {Al=—1 Al=+1] Al=-1 Az

FIG. 3: Illustration of the argument for two edge observers.
As AN(A1)AZ(X2)Bi(X) is of constant sign (here positive) and
B;(X) = +1, the sign of A}(A1) and A?()\z) totally determine
B;(X), which is of the form given by B3.

e« B/(N) =1
Through the transformation induced by M, this corre-
sponds to corresponding A¥(\) = A¥(\)Br(Ax).

~ N ~ k N
As Hszl AFO\)Bi(\) = H,ICVZI A’ (M) Bi(N), the new I
corresponding to strategy S’ are equal to the I; corre-

sponding to strategy S. Then 1. and 2. of V.1 are
satisfied by &’. Moreover, we have:
L1 - N
I =(A,) ... (A)) (B4)

We now use the equality condition of lemma A.1 and
Eq.(A8) to prove 3. It is a convexity inequality which
now reads:

np N _ ng N v 1/N
POLARRED DY | § (%%
=1 =1 k=1
N npg
<TISah™, ®s)
k=1 1=1

were here the inequality is an equality. The condition for
the convexity inequality in lemma A.1 to be an equality

is that )(A’f>
each k, ’<Af;>‘ - ‘(A/b .
and local random source of each edge observer A* by a
copy of the first edge observer A' strategy and random

is independent of k: we have here that for

Replacing each the strategy

source in &’ (we then leave the exponent k), we may only
change the sign of I;. This can be compensate by an

appropriate choice of B}(\) = b; = £1. Then, we do not
change 1. and 2. and obtain 3., with:

I = bi(Am)N (B6)
|

To illustrate the proposition, let us recall the proof of
the tightness of an inequality (already introduced in Sec-
tion IV) presented in Ref.[7], for a star network with N
edges, two inputs and two outputs for each observer. As
illustrated in the section Recovering the inequalities of
Refs.[7, 9], the inequality can be seen as a direct appli-
cation of Theorem III.1, taking a matrix M correspond-
ing to a renormalized CHSH inequalitie, M, = %(—1)‘”’.
Then A¥ = 1(AF+Ak) and A§ = L(AV— A%) and (11, I»)
in Eq.(B2) is (£, J) in [7], with an inequality which writes:

LYY LY <1 (BT)

The authors obtained the classical bound (restricting to
0 < I, I5) for each possible I} = vV I, = (1 — r)V with
the following strategy:

AL (@i, M) = (=1 (= 1)pe (B8)
B,(X) = [J(-1)**, (B9)

k

where the Ay € {0,1} are uniform shared variables be-
tween each of the edge observer and the node observer
and the pp € {0,1} (ux = 0 with probability r) are
sources of local randomness for each edge observer. We
see here, as shown by the proposition, that all edge ob-
server have the same strategy and that the node ob-
server’s strategy factorizes in By(X) = I, BE()\) with
B’;(X) = 1, (—1)**. Then, as suggested by the proposi-
tion, defining;:

AT (e, Ak) = AL (r, M) By (Ak) = (1)
B (X) =1,

(B10)
(B11)

we see that the I; are unchanged by the transformation,
and obtain a reduced strategy in which all the conditions

of the proposition are satisfied. The proposition states
that such a transformation is always possible.

Appendix C: Partial tightness of star inequalities
We now study the tightness of the bound in Eq.(4):

LMY <c (C1)
=1

In the following, using proposition V.1, we find all the
sets of {I;} which are reachable by N-local strategies and
saturate (C1).



We start by enumerating all the possible deterministic
strategies for each edge observer: "X = ("A;..."A,,) €
{£1}"4 for r = 1...2™4. For each one, we note Y =
("Ay ..."A,,) the vector obtained after transformation of
X by M:

Y =M'X. (C2)

Suppose that a given set {I;} satisfying condition (C1)
can be obtained with an N-local strategy. Then, by
proposition V.1, we can suppose that it is obtained with
a strategy in which the node observer B has determinis-
tic strategy B;(X) = b; = +1 and all edge observers AF
play the same strategy (we then leave the exponent k)
based on a shared random variable. Hence,

I; = (A} ... A} B;) = b (A;)™. (C3)
As A has only 2™4 possible deterministic strategies, there
exists probabilities p; + ... +pn, = 1 such that the strat-
egy of each A is ”play deterministic strategy X, with
probability p,.”. Then:

omA
(Ai) =" p"A (C4)
r=1
We then have:
2mA omA
Z 1LV = Z ZprTAi < ZZPT "A;
i i r=1 i r=1
< mgxz ‘S/L =C, (C5)

where the inequalities are equalities, which implies:

2’VLA ~ 2’7'LA
Zrzl prlA;| = 27:1 Dr
sign of all rA; such as pr # 0 is the same (but may
differ from one 7 to the other).

TAi

i.e. for any i, the

e Vrsuch as p, #0, >, rA;| =C

Then, this proves that any distribution of {I;} such as
(C1) can be generated from the following method:

1. Enumerate all the possible ("X,"Y")
rAi

2. Keep the one such as >, =C.

3. Sort them in different sets S, of size s,, each S,
containing ("X, "Y") where sign("Y;) is constant over
r (but may differ depending on 7).

4. The set of all {I;} such as the condition (C1) is
fulfilled is :

U U U {If1,~~~7ps,/xbi}’

bi=+1 v pi1+...

+_SV:1
where {Ifl""’ps"’bzf} are obtained when each A
"play deterministic strategy X, € S, with prob-
ability p,” and B deterministically answer b;:
_ AN
Ifl""’ps”’bl = b (err’"AZ) . Conversely, this

gives a strategy proving that any distribution of
{I;} given by (C6) can be obtain by an N-local
strategy.

(C6)
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