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Abstract. We propose a numerical method for discovering unknown parameterized dynamical4

systems by using observational data of the state variables. Our method is built upon and extends5

the recent work of discovering unknown dynamical systems, in particular those using deep neural6

network (DNN). We propose a DNN structure, largely based upon the residual network (ResNet), to7

not only learn the unknown form of the governing equation but also take into account the random8

effect embedded in the system, which is generated by the random parameters. Once the DNN model9

is successfully constructed, it is able to produce system prediction over longer term and for arbitrary10

parameter values. For uncertainty quantification, it allows us to conduct uncertainty analysis by11

evaluating solution statistics over the parameter space.12

Key words. Deep neural network, residual network, uncertainty quantification.13

1. Introduction. The ability to construct predictive models from data is es-14

sential to most if not all quantitative scientific and engineering disciplines. A signif-15

icant amount of research has been conducted in this direction. Early efforts include16

symbolic regression ([2, 34]), equation-free modeling [17], heterogeneous multi-scale17

method (HMM) ([8]), artificial neural networks ([12]), nonlinear regression ([43]),18

empirical dynamic modeling ([39, 50]), nonlinear Laplacian spectral analysis ([11]),19

automated inference of dynamics ([35, 6, 7]), etc. More recent effort cast the problem20

as one of function approximation problems and employ data-driven approaches to re-21

solve it. The unknown governing equations are treated as target functions, which map22

state variables to their time derivatives. One popular approach is to employ sparsity-23

promoting algorithms, such as the least absolute shrinkage and selection operator24

(LASSO) [40], to select basis functions from a large dictionary set, which contains25

all candidate models, see for example [4, 41]. Numerous other approaches have also26

been developed such as those based upon projection into polynomial spaces [46, 45],27

dynamic mode decomposition [33], operator inference [24], model selection approach28

[23], and Gaussian process regression [28].29

Recent progress in machine learning, especially in deep neural networks (DNN),30

has provided new perspectives to data-driven modeling. Approaches such as physics31

informed neural networks [28, 27], PDE-net [22, 20], DNN with Runge-Kutta or multi-32

step integrator structures [29, 32], etc. aim at recovering hidden models in differential33

equation forms. Different network structures and properties are explored in the con-34

text of recovering ODE systems [32, 29, 26] and PDEs ([21, 22, 47]). DNNs have been35

used in other aspects of scientific computing. These include, construction of reduced36

order models [15], aiding numerical solvers of conservation laws ([30, 31]), approxima-37

tion of Koopman operator ([3]), solving differential equations [19, 13, 44, 37], etc. For38

uncertainty quantification (UQ). DNNs were employed to approximate mappings from39

random parameters to quantities of interest (QoI) in [42]; incorporated in Bayesian40

framework and used as surrogate models [51, 52]; adopted to approximate distribution41

of QoI [49], etc.42
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The focus of this paper is on recovery of unknown parameterized dynamical sys-43

tems. That is, not only is the form of the governing equations unknown, the system44

also possesses parameters that are unknown. Systems with unknown/uncertain pa-45

rameters are often studied in the context of uncertainty quantification (UQ). When46

the governing equations are known, various standard UQ techniques, e.g, those based47

on generalized polynomial chaos [10, 48], can be readily applied. These techniques are48

obviously not applicable when the governing equations are unavailable. In this paper,49

we poposed a data driven method that uses observation data of the state variables50

to recover unknown governing equations with embedded unknown/uncertain param-51

eters. Our method is based on and extends the work of [26]. In [26], residual network52

(ResNet) ([14]) was used to recover unknown deterministic dynamical systems. This53

paper extends the approach to unknown stochastic/random dynamical systems. To54

accomplish this, we introduce additional inputs in the DNN structure to incorporate55

the unknown system parameters, as well as an input for “time step”. The proposed56

DNN is thus able to register system responses with respect to different system param-57

eters. This in turn allows us to create DNN model for the evolution of the underlying58

unknown equations. The introduction of the time-step input allows the network to59

incorporate measurement data over non-uniform time levels. The adds more flexibil-60

ity in the DNN modeling construction. It also allows us to conduct system prediction61

using different time steps. Note that our DNN modeling utilizes approximation of62

the flow map of the unknown system. This was proposed in [26] and is different from63

many other recovery methods. This flow-map approach has two advantages: (i) the64

approximation is based exact time integration and induces no temporal error asso-65

ciated with time step; (ii) temporal numerical derivatives of the observational data,66

which are usually sensitive to noises, are not required.67

Once the DNN models are successfully constructed, they allow us to conduct sys-68

tem predictions over longer term. More importantly, the proposed method is able to69

explore the parameter space and create model prediction at arbitrary parameter val-70

ues. Uncertainty quantification of the unknown system thus becomes a post-process,71

as we can conduct UQ on the recovered DNN model using proper sampling methods.72

To this end, we also conduct some theoretical analysis to quantify the numerical errors73

in such UQ prediction.74

2. Setup and Preliminaries. Let us consider a parameterized system75

d

dt
x(t;α) = f(x,α), x(0) = x0, (2.1)

where x = (x1, . . . , xd) ∈ Ix ⊆ Rd are state variables and α = (α1, . . . , α`) ∈ Iα ⊆ R`76

are system parameters. We are interested in the solution behavior with respect to77

varying parameters. In the context of uncertainty quantification (UQ), which is a78

major focus of this paper, the parameters are equipped with a probability measure79

over Iα. We are interested in understanding the various solution statistics with respect80

to the input α.81

The basic assumption of this paper is that the form of the governing equations82

(2.1), which manifests itself via the right-hand-side f(x,α) : Rd × R` → Rd, is un-83

known. Our goal is to create an accurate numerical model for the governing equation84

using data of the state variable x. Although similar to the setting of the recent work85

of discovering unknown dynamical systems [26], our setting here represents a non-86

trivial extension. That is, not only the form of the right-hand-side f is unknown, its87

associated parameters α are also unknown.88
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2.1. Data. In order to learn the governing equation, we assume trajectory data
of the state variables x are available. More specifically, let NT be the total number
of trajectories. For each i-th trajectory, we have data in the following form,

X(i) =
{

x
(
t
(i)
k ;α(i),x

(i)
0

)}
, i = 1, . . . , NT , k = 0, . . . ,K(i),

where {t(i)k } are the time instances where the data are made available, and the pa-89

rameter α(i) and the initial condition x
(i)
0 associated with the i-th trajectory are90

unknown.91

A distinct feature of the learning method in this paper is to approximate the
underlying flow map of the unknown governing equation (2.1). The method requires
the use of trajectory data from two different time instances. Consequently, we re-
organize the data set into pairs of two adjacent time instances, for each i = 1, . . . , NT ,{

x
(
t
(i)
k ;α(i),x

(i)
0

)
, x

(
t
(i)
k+1;α(i),x

(i)
0

)}
, k = 0, . . . ,K(i) − 1.

Note that for the autonomous system (2.1) considered in this paper, only the time
difference is important in the pairs. The actual time value is not relevant for it can
be arbitrarily shifted. Therefore, we write the data pairs as, for each i = 1, . . . , NT ,{

x
(

0;α(i),x
(i)
0

)
, x

(
∆

(i)
k ;α(i),x

(i)
0

)}
, k = 0, . . . ,K(i) − 1,

where ∆
(i)
k = t

(i)
k+1 − t

(i)
k . Finally, to account for possible noises in the data and by92

using a single index to simplify notation, we write the data set as93

S =
{

z
(1)
j , z

(2)
j

}
, j = 1, . . . , J, (2.2)

where J = K(1) + · · ·+K(NT ) is the total number of data pairs and94

z
(1)
j =

(
x
(

0;α(j),x
(j)
0

)
+ ε

(1)
j ,α(j),∆j

)
z

(2)
j = x

(
∆j ;α

(j),x
(j)
0

)
+ ε

(2)
j , (2.3)

where ε
(1)
j and ε

(2)
j are noises/errors in the state variable data. That is, each j-th pair,95

j = 1, . . . , J , consists of data of the state variables x separated by a time difference96

∆j . The pair resides on a certain trajectory associated with an unknown parameter97

value α(j) and is originated from an unknown initial condition x
(j)
0 . We also define98

I∆ = [min
j

∆j ,max
j

∆j ] (2.4)

to be the range of the time lags in the dataset (2.2).99

2.2. Deep neural networks. In this paper we adopt deep neural network100

(DNN) as the primary modeling method for recovering unknown governing equa-101

tion. In particular, we employ feed forward neural networks (FNN) as the core build-102

ing block. A standard FNN defines a nonlinear map in the following sense. Let103

N : Rm → Rn be the operator associated with a FNN with M ≥ 1 hidden layers. Its104

map can be written as105

yout = N(yin; Θ) = WM+1 ◦ (σM ◦WM ) ◦ · · · ◦ (σ1 ◦W1)(yin), (2.5)
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where Wj is weight matrix between the j-th layer and the (j + 1)-th layer, σj :106

R → R is the activation function, and ◦ stands for operator composition. Following107

the standard notation, we have augmented biases into the weight matrices, and the108

activation function is applied in component-wise manner. To simplify the notation109

we use Θ to denote all the model parameters Θ = {Wj}M+1
j=1 in the FNN.110

When the input and output dimensions are identical, i.e., m = n, residue network111

(ResNet) can be readily defined as112

yout = [Im + N(·; Θ)] (yin), (2.6)

where Im is the identity matrix of size m ×m. In this form, the neural network in113

fact models the difference between the input and output (thus the term “residue”).114

Although mathematically equivalent to the original standard DNN, ResNet has been115

shown to be exceptionally useful in practice after its introduction in [14]. We will116

adopt the ResNet idea and modify it to our modeling work in the following section.117

3. Main Method. In this section we present the main method for recovering118

(2.1). We first present our neural network approximation for the unknown equation119

in the context of flow map modeling. We then discuss its application for uncertainty120

quantification. Finally, we present analysis on the error estimation of our method.121

3.1. Parameterized Flow Map. For given initial condition x0 ∈ Ix and pa-122

rameter α ∈ Iα, the (unknown) dynamical system (2.1) defines a flow map123

x(s;α,x0) = Φs−s0(x(s0;α,x0),α), (3.1)

which maps the solution x at time s0 to the one at another different time s. Once124

again, only the time difference s − s0 is relevant for autonomous systems considered125

in this paper. Consequently, for given time difference δ ∈ I∆, Φδ : Rd × Rl → Rd126

defines a map such that, for any parameter α ∈ Iα and initial condition x0 ∈ Ix,127

x(δ;α,x0) = Φδ(x0,α). (3.2)

For notational clarity, in the following we suppress the dependence on the initial128

condition x0 and use x(δ;α) in place of x(δ;α,x0).129

Next, let us characterize the structure of the flow map more carefully. If we130

integrate the ODE (2.1) from 0 to δ, we have131

x(δ;α) = x(0;α) +

∫ δ

0

f(x(s;α),α) ds = x(0;α) +

∫ δ

0

f(Φs(x(0;α)),α)ds. (3.3)

We then have, for any fixed α and δ,132

x(δ;α) = [Id + Ψ(·,α, δ)] (x(0;α)), (3.4)

where Id is the identity matrix of size d× d, and for any z ∈ Ix,133

Ψ(z,α, δ) =

∫ δ

0

f (Φs(z,α),α) ds (3.5)

is the effective increment along a trajectory from z over time lag δ. Upon comparing134

(3.4) with the ResNet operator (2.6), we see that ResNet provides a natural represen-135

tation for flow map increment for fixed time lag δ and parameter α. We remark that136

this is an exact representation and without any approximation over the time horizon137

δ. Therefore, ResNet structure can be considered an exact time integrator in term of138

flow map ([26]).139
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+

Fig. 3.1: Structure of the neural network.

3.2. Neural Network Model Construction. Straightforward application of140

ResNet, as proposed in [26], is only applicable for (3.4) for fixed α and δ. To model141

unknown system (2.1) with unknown parameters, we therefore propose a modified142

ResNet structure. The network structure is illustrated in Fig. 3.1. The input consists143

of the state variable xin, the parameters α and the time lag δ, i.e., yin = [xin,α, δ]>.144

Let us define a (d+ `+ 1)× (d+ `+ 1) matrix145

Î =

[
Id 0
0 0

]
, (3.6)

where Id is the identity matrix of size d× d. Then the network operator is defined as146

yout =
[
Î + N̂

] (
yin
)
, (3.7)

where N̂ : Rd+`+1 → Rd is the operator corresponding to the deep FNN. It is obvious147

that this is equivalent to148

xout(xin,α, δ; Θ) = xin + N̂(xin,α, δ; Θ), (3.8)

where Θ stands for the set of parameters in the neural network structure. By using
the pair-wise data set (2.2), we set

z
(1)
j → (xin,α, δ), z

(2)
j → xout.

The network training is conducted to find the neural network parameter set Θ∗ that149

minimizes the mean-squared loss, i.e.,150

Θ∗ = argmin
Θ

1

J

J∑
j=1

∥∥∥xout(z(1)
j ; Θ)− z

(2)
j

∥∥∥2

, (3.9)
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Upon finding the optimal network parameter Θ∗, we obtain trained network model151

x(δ;α) = x(0;α) + N̂(x(0;α),α, δ; Θ∗), α ∈ Iα, δ ∈ I∆, (3.10)

where I∆ is the range of time lags in the dataset (2.2) and is defined in (2.4). Upon152

comparing to (3.4), it is obvious that the trained neural network N̂ is an approximation153

to the parameterized effective increment Ψ in (3.5). That is,154

N̂(z,α, δ) ≈ Ψ(z,α, δ), (z,α, δ) ∈ Ix × Iα × I∆. (3.11)

The error in this approximation depends on the data quality and numerical training155

algorithm. Despite of this approximation error, the trained model (3.10) does not156

contain any error associated with time discretization. Therefore, the model (3.10)157

can be considered as an exact time integrator for the unknown parameterized system158

(2.1).159

3.3. Prediction and Uncertainty Quantification. Once the model (3.10) is160

constructed, it serves as an approximation to the flow map of the original system161

(2.1). We can conduct system prediction via iterative use of the model. Let δk ∈ Iδ162

be a sequence of time steps and x0 be a given initial condition. Then, for given system163

parameter α ∈ Iα, we have164 
x̂(t0;α) = x0,

x̂(tk+1;α) = x̂(tk;α) + N̂(x̂(tk;α),α, δk; Θ∗),

tk+1 = tk + δk, k = 0, 1, . . . .

(3.12)

These serve as approximation of the true solution x(t;α,x0) of the unknown system165

(2.1) at the time instances t ∈ {tk, k = 0, 1, . . . }, with given parameter value α and166

initial condition x0.167

When the system parameters α are random, uncertainty quantification can be168

readily conducted by using the system prediction model (3.12). Let ρα be the proba-169

bility density the parameters α. Statistical information of the true solution x(t;α) of170

(2.1) can approximated by applying the required statistical analysis on the approx-171

imate solution (3.12) generated by the network model (3.10), as a post-processing172

step. For example, the mean and variance of the solution can be approximated as173

Eα[x(t;α)] ≈ Eα[x̂(t;α)] =

∫
Iα

x̂(t; y)ρα(y) dy,

Varα[x(t;α)] ≈ Varα[x̂(t;α)] =

∫
Iα

[x̂(t; y)− Eα[x̂(t; y)]]
2
ρα(y) dy.

(3.13)

The integrals of x̂ can be further approximated sampling based method, e.g., Monte174

Carlo or quadratue rule. This requires the predictive solution x̂ at different sampling175

locations of α, which can be produced by the learned network model (3.12).176

3.4. Theoretical properties. We now establish some theoretical analysis of177

the proposed methods. Our analysis relies on the celebrated universal approximation178

result for single hidden layer full connected feedforward neural network.179

Theorem 3.1. [25, Theorem 3.1] For any given function f ∈ C(Rn) and positive
real number ε > 0, there exists a single-layer neural network N(· ; Θ) with parameter
Θ such that

max
x∈D
|f(x)−N(x ; Θ)| < ε
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for any compact set D ∈ Rn, if and only if the activation functions are continuous180

and are not polynomials.181

Based on this result, we assume that the deep neural network used in our method182

can be trained such that the error in the approximation (3.11) can be sufficiently183

small. That is, for a given E > 0184

∣∣∣N̂(z,α, δ; Θ∗)−Ψ(z,α, δ)
∣∣∣ ≤ E , ∀(z,α, δ) ∈ Ix × Iα × I∆. (3.14)

In the following, for any given n, set t =
∑n−1
i=0 δi as final time for the prediction,185

where δi ∈ I∆ as defined in (3.12).186

Lemma 3.2. Suppose the right-hand-side f(x,α) of (2.1) is Lipschitz continuous187

with respect to x with a uniform Lipschitz constant L, for all α ∈ Iα. If the trained188

neural network satisfies (3.14), then189

‖x̂(t; · , ·)− x(t; · , ·)‖L∞(Iα×Ix) ≤
enL∆ − 1

eL∆ − 1
E , (3.15)

where x(t;α,x0) and x̂(t;α,x0) are as defined in (3.1) and (3.12), respectively.190

Proof. First, for (v,α, δ) ∈ Ix × Iα × Iδ, by combining (3.2) and (3.4), we have

Φδ(v,α) = v + Ψ(v,α, δ).

Furthermore, (3.10) defines an approximated flow map

Φ̂δ(v,α; Θ∗) = v + N̂(v,α, δ; Θ∗), (v,α, δ) ∈ Ix × Iα × Iδ.

Next, for any u,v ∈ Ix, and fixed (α, δ) ∈ Iα × I∆, let us consider

∣∣∣Φδ(u,α)− Φ̂δ(v,α; Θ∗)
∣∣∣ ≤ |Φδ(u,α)−Φδ(v,α)|+

∣∣∣Φδ(v,α)− Φ̂δ(v,α; Θ∗)
∣∣∣

= |Φδ(u,α)−Φδ(v,α)|+
∣∣∣Ψ(v,α, δ)− N̂(v,α, δ; Θ∗)

∣∣∣
≤ eL∆|u− v|+ E (3.16)

where in the last step we have used (3.14) and the classical result on the continuity191

of dynamical system with respect to the initial data; see [38, p. 109].192

Then for t =
∑n−1
i=0 δi with δi ∈ I∆, by (3.12), we have

x̂(t; z,α) = Φ̂δn−1 ◦ Φ̂δn−2 ◦ · · · ◦ Φ̂δ0(z,α; Θ∗).

Moreover, by the time invariance of autonomous system, we have

x(t; z,α) = Φδn−1
◦Φδn−2

◦ · · · ◦Φδ0(z;α).
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Then, by repeatedly employing (3.16), we have

|x̂(t; z,α)− x(t; z,α)|

=
∣∣∣Φ̂δn−1

◦ Φ̂δn−2
◦ · · · ◦ Φ̂δ0(z,α; Θ∗)−Φδn−1

◦Φδn−2
◦ · · · ◦Φδ0(z;α)

∣∣∣
≤E + eLδn−1

∣∣∣Φ̂δn−2
◦ · · · ◦ Φ̂δ0(z,α; Θ∗)−Φδn−2

◦ · · · ◦Φδ0(z;α)
∣∣∣

≤E + eLδn−1

[
E + eLδn−2

∣∣∣Φ̂δn−3
◦ · · · ◦ Φ̂δ0(z,α; Θ∗)−Φδn−3

◦ · · · ◦Φδ0(z;α)
∣∣∣]

≤ . . .

≤E
(

1 + eLδn−1 + eL(δn−1+δn−2) + . . .+ eL
∑n−1

i=1 δi
)

≤E
(

1 + eL∆ + e2L∆ + . . .+ e(n−1)L∆
)

=
enL∆ − 1

eL∆ − 1
E

for any (α, z) ∈ Iα × Ix. This implies the result (3.15).193

When the trained network is used for UQ as in (3.13), we obtain the following194

estimates.195

Theorem 3.3. Under the same assumptions of Lemma 3.2 and assume for a
fixed initial condition x0, the solution is bounded ‖x(t; ·)‖L∞(Iα) = Ct <∞. Then,

|Eα[x(t;α)]− Eα[x̂(t;α)]| ≤ C(n,L,∆)E , (3.17)

|Varα[x(t;α)]−Varα[x̂(t;α)]| ≤ 2C(n,L,∆)2 E2 + 4C(n,L,∆)Ct E , (3.18)

where C(n,L,∆) = enL∆−1
eL∆−1

.196

Proof. For the mean approximation (3.17), by Lemma 3.2, we have

|Eα[x(t;α)]− Eα[x̂(t;α)]| ≤ Eα[|x(t;α)− x̂(t;α)|] ≤ enL∆ − 1

eL∆ − 1
E .

For the variance approximation, we have

|Varα[x(t;α)]−Varα[x̂(t;α)]|
=
∣∣Eα[x(t;α)2]− Eα[x(t;α)]2 − Eα[x̂(t;α)2] + Eα[x̂(t;α)]2

∣∣
≤
∣∣Eα[x(t;α)2]− Eα[x̂(t;α)2]

∣∣+
∣∣Eα[x(t;α)]2 − Eα[x̂(t;α)]2

∣∣
=Eα[|x(t;α)− x̂(t;α)| |x(t;α) + x̂(t;α)|]

+ Eα[|x(t;α)− x̂(t;α)|]Eα[|x(t;α) + x̂(t;α)|]

≤2
(enL∆ − 1)E
eL∆ − 1

Eα[|x(t;α) + x̂(t;α)|]

≤2
(enL∆ − 1)E
eL∆ − 1

(Eα[|x̂(t;α)− x(t;α)|] + Eα[|2x(t;α)|])

≤2
(enL∆ − 1)2

(eL∆ − 1)2
E2 + 4

(enL∆ − 1)Ct
eL∆ − 1

E

This gives the result (3.18).197

In practice, the true parameter range Iα is sometimes unknown, due to our lack198

of knowledge of the underlying physical system and is usually replaced by an esti-199

mated range Ĩα, in which the ODE (2.1) is assumed to be well-posed. Suppose the200
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distribution of parameters on the estimated range Ĩα is ρ̃α. Then, as in [16, 5], the201

mean and variance can be approximated by202

Eα[x(t;α)] ≈ Ẽα[x̂(t;α)] =

∫
Ĩα

x̂(t; y)ρ̃α(y) dy,

Varα[x(t;α)] ≈ Ṽarα[x̂(t;α)] =

∫
Ĩα

[
x̂(t; y)− Ẽα[x̂(t; y)]

]2
ρ̃α(y) dy.

(3.19)

Let us define

Ioα = Iα ∩ Ĩα, I−α = Iα/I
o
α, Ĩ−α = Ĩα/I

o
α.

Suppose203

∫
Ioα

|ρα(y)− ρ̃α(y)| dy ≤ γ (3.20)

and the difference between Iα and Ĩα is small in the sense that204

∫
Ĩ−α

ρ̃α(y) dy +

∫
I−α

ρα(y) dy ≤ η (3.21)

for some small positive number γ and η, then we have the following results concerning205

the error in the approximation (3.19).206

Theorem 3.4. Under the assumptions in Lemma 3.2 and assume the distribu-
tion ρ̃α and the estimated parameter range Ĩα satisfy (3.20)and (3.21). In addition,

assume that ‖x(t; · )‖L∞(Ĩα∪Iα) ≤ C̃t , then we have

∣∣∣Eα[x(t;α)]− Ẽα[x̂(t;α)]
∣∣∣ ≤ C̃t(η + γ) + C(1 + η)E , (3.22)∣∣∣Varα[x(t;α)]− Ṽarα[x̂(t;α)]
∣∣∣ ≤ (3C̃2

t + CC̃tE)(η + γ)

+ (4C̃t + 2CE)(1 + η)CE , (3.23)

where C = enL∆−1
eL∆−1

.207

Proof. First, let us show the error estimate for the approximation of the expec-
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tation in (3.22). To this end, we have the following sequence of estimates.∣∣∣Eα[x(t;α)]− Ẽα[x̂(t;α)]
∣∣∣

=

∣∣∣∣∫
Iα

x(t; y)ρα(y) dy −
∫
Ĩα

x̂(t; y)ρ̃α(y) dy

∣∣∣∣
=

∣∣∣∣∣
∫
I−α

x(t; y)ρα(y) dy +

∫
Ioα

x(t; y)ρα(y) dy −
∫
Ĩ−α

x̂(t; y)ρ̃α(y) dy −
∫
Ioα

x̂(t; y)ρ̃α(y) dy

∣∣∣∣∣
≤
∫
I−α

|x(t; y)| ρα(y) dy +

∫
Ĩ−α

|x̂(t; y)| ρ̃α(y) dy+∣∣∣∣∣
∫
Ioα

x(t; y)(ρα(y)− ρ̃α(y)) dy +

∫
Ioα

(x(t; y)− x̂(t; y))ρ̃α(y) dy

∣∣∣∣∣
≤‖x(t; ·)‖L∞

∫
I−α

ρα(y) dy + ‖x̂(t; ·)‖L∞
∫
Ĩ−α

ρ̃α(y) dy +

∫
Ioα

|x(t; y)| |ρα(y)− ρ̃α(y)| dy

+

∫
Ioα

|x(t; y)− x̂(t; y)| ρ̃α(y) dy

≤‖x(t; ·)‖L∞
∫
I−α

ρα(y) dy + (‖x(t; ·)‖L∞ + ‖x(t; ·)− x̂(t; ·)‖L∞)

∫
Ĩ−α

ρ̃α(y) dy

+ ‖x(t; ·)‖L∞
∫
Ioα

|ρα(y)− ρ̃α(y)| dy + ‖x(t; ·)− x̂(t; ·)‖L∞
∫
Ioα

ρ̃α(y) dy

≤
[
C̃t + CE

]
η + C̃tγ + CE

=C̃t(η + γ) + C(1 + η)E

which establishes the result (3.22). In the last step, we have used (3.15), (3.20), and208

(3.21).209

Next, we consider the approximation of the variance. By the definition of the
variance approximation in (3.23), we have∣∣∣Varα[x(t;α)]− Ṽarα[x̂(t;α)]

∣∣∣
=
∣∣∣Eα[x(t;α)2]− Eα[x(t;α)]2 − Ẽα[x(t;α)2] + Ẽα[x(t;α)]2

∣∣∣
≤
∣∣∣Eα[x(t;α)2]− Ẽα[x(t;α)2]

∣∣∣+
∣∣∣Eα[x(t;α)]2 − Ẽα[x(t;α)]2

∣∣∣
For the first term, since

∥∥x(t; ·)2
∥∥
L∞(Iα∪Ĩα)

≤ C̃2
t and∥∥x(t; ·)2 − x̂(t; ·)2

∥∥
L∞(Ix×Ĩα)

≤ ‖x(t; ·)− x̂(t; ·)‖L∞(Ĩα) ‖x(t; ·) + x̂(t; ·)‖L∞(Ĩα)

≤ CE
(
CE + 2C̃t

)
,

by the proof for (3.22) we have210 ∣∣∣Eα[x(t;α)2]− Ẽα[x(t;α)2]
∣∣∣ ≤ C̃2

t (η + γ) + (1 + η)(2C̃tCE + C2E2). (3.24)

For the second term, since

|Eα[x(t;α)]| ≤ C̃t,
∣∣∣Ẽα[x̂(t;α)]

∣∣∣ ≤ (C̃t + CE),
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we have ∣∣∣Eα[x(t;α)]2 − Ẽα[x(t;α)]2
∣∣∣

≤
∣∣∣Eα[x(t;α)]− Ẽα[x(t;α)]

∣∣∣ ∣∣∣Eα[x(t;α)] + Ẽα[x(t;α)]
∣∣∣

≤
[
C̃t(η + γ) + C(1 + η)E

]
(2C̃t + CE). (3.25)

By combining (3.24) and (3.25), we have∣∣∣Varα[x(t;α)]− Ṽarα[x̂(t;α)]
∣∣∣ ≤(3C̃2

t + CC̃tE)(η + γ)

+ (4C̃t + 2CE)(1 + η)CE .

This complete the proof for (3.23).211

4. Numerical Examples. In this section we present numerical examples to212

verify the performance and properties of the proposed methods. For benchmarking213

purpose, we utilize examples with known governing parameterized equations. We use214

the true equations only to generate synthetic data. Once the neural network models215

are constructed using the data, we conduct predictions using the trained model and216

compare them against the high resolution numerical solutions of the true equations.217

In all the examples, time lags, initial states and parameters are sampled uniformly218

from I∆ × Ix × Iα. While we set I∆ = [0,∆] with ∆ = 0.1 for all examples, the219

state variable domain Ix and the parameter domain Iα vary and are specified in each220

example.221

We use (M,n) to denote the structure of N̂, where M denotes the number of222

hidden layers and n denotes the number of nodes in each layer. The activation func-223

tion is chosen as σ = tanh(x) (No noticeable difference were observed when using224

other activation functions such as ReLU). We generate data training set by randomly225

sampling 20m data pairs, where m is the number of parameters in the network model.226

The DNNs are trained by minimizing the mean square loss function in (3.9) by using227

the Adam algorithm [18] with the standard parameters with the open-source Tensor-228

flow library [1]. The training data set is divided into mini-batches of size 30. And229

we typically train the model for 2, 000 epochs and reshuffle the training data in each230

epoch. All the weights are initialized randomly from Gaussian distributions and all231

the biases are initialized to be zeros.232

4.1. Example 1: Linear Scalar ODE. Let us first consider the following233

linear ODE with a single random parameter234

dx

dt
= −αx, x(0) = x0, (4.1)

where α is a random coefficient. We take Iα = [0, 1] and Ix = [0, 1]. This simple
parameterized equation has the following analytical solution

x(t;α, x0) = x0e
−αt.

We approximate the flow map with DNN of structure (3, 40). We first test the
l∞ and l2 error of 100 sample trajectories. The trained network with a given sample
parameter is composed for 300 times and makes predictions till t = 30. The error
plots are shown in Fig. 4.1. We observe that the error grows with time, which is as

11
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Fig. 4.1: The l∞ (left) and l2 (right) error of sample trajectories for Example 1 with
x0 = 1.

expected by Lemma 3.2, and stays around 10−2. If α is uniformly distributed in the
interval [0, 1], the exact mean of the solution is

Eα[x(t;α)] =

∫ 1

0

e−αt dα =
1− e−t

t
,

and the variance is235

Varα[x(t;α)] =
1− e−2t

2t
−
(

1− e−t

t

)2

. (4.2)

The approximate mean and variance of the DNN approximation of the governing236

equations are computed by applying a ten-point Gauss-Legendre quadrature over the237

parameter interval Iα to approximate the integrals in (3.13). In Fig. 4.2, we show the238

approximate mean and variance of sample trajectories. The results are comparable239

with the results obtained by the time-dependent gPC in [9]. In Fig. 4.1, we also
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Fig. 4.2: Mean and variance of the solution to Example 1 with x0 = 1.

240
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present the propagation of errors in the mean and variance. We observe that the241

errors in mean solution grow first and then stays at a level of around 10−3 after 150242

steps of compositions. The errors in variance continue to grow exponentially with n,243

as expected by the error estimate in (3.18).244
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Fig. 4.3: The propagation of errors in mean (left)and variance (right) of the solution
to Example 1 with x0 = 1.

4.2. Example 2: Linear ODE System. We now consider a linear ODE system245

dx1

dt
= x1 − α1x2,

dx2

dt
= α2x1 − 7x2,

(4.3)

with α = (α1, α2) ∈ Iα = (3.8, 4.2)2 and Ix = [−1, 1]2. We use a fully connected block246

of the structure (3, 40) to construct the DNN model (3.10). After the training of the247

DNN is complete, we randomly draw 1, 000 sample parameters uniformly from Iα and248

estimate the associated trajectories for t ∈ [0, 10] and starting from x0 = (0, 1). The249

l∞ and l2 errors for these trajectories are shown in Fig. 4.4.250
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Fig. 4.4: The l∞ (left) and l2 (right) error of sample trajectories for Example 2 with
x0 = (0, 1).
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For UQ, we set the parameters α to follow a multivariate uniform distribution251

over Iα. In Fig. 4.5, the approximated mean and variance, computed using a tensor252

product of five-point Gauss-Legendre quadrature, are presented. Good match between253

the DNN approximation and the reference is observed. In Fig. 4.6, we see that the254

error in the mean and the variance is around 10−3 and 10−5, respectively.
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Fig. 4.5: Mean and variance of the solution to Example 2 with x0 = (0,−1).

255

4.3. Example 3: Nonlinear Random Oscillation. We now consider a non-256

linear system of ODEs,257

dx1

dt
= x2,

dx2

dt
= −α1x2 − α2 sinx1,

(4.4)

where α = (α1, α2) ∈ Iα = [0, 0.4]× [8.8, 9.2] and Ix = [−π, π]× [−2π, 2π].258

The flow map is approximated by a DNN with structure (3, 40). The l∞ and259

l2 errors for 1000 sample trajectories with x0 = (−1.193,−3.876) and t = 20 are260

presented in Fig. 4.7. The error grows with time and stay around 10−2. The oscillation261

is due the oscillatory behavior of the solution.262

The mean and variance are computed in the same way as in Example 2. We263

present the results in Fig. 4.8. A good performance is observed for the approximation264
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Fig. 4.6: The error of the mean and variance for Example 2.
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Fig. 4.7: The l∞ (left) and l2 (right) errors of sample trajectories of Example 3 with
x0 = (−1.193,−3.876).

for both the mean and the variance. For the variance approximation, a slight deviation265

is observed after t = 12.5, i.e., n = 125. This is due to the accumulation of the error266

as shown in (3.18). We further plot the propagation of the error of the variance267

approximation in Fig. 4.7. The error grows slowly and oscillates with respect to t.268

4.4. Example 4: Cell Signaling Cascade. The last example is nonlinear269

system with moderately high dimensional parameter inputs. It is a mathematical270

model for autocrine cell-signaling loop developed in [36] in the following form271

de1p

dt
=

I

1 +Ge3p

Vmax,1(1− e1p)

Km,1 + (1− e1p)
− Vmax,2e1p

Km,2 + e1p
,

de2p

dt
=
Vmax,3e1p(1− e2p)

Km,3 + (1− e2p)
− Vmax,4e2p

Km,4 + e2p
,

de3p

dt
=
Vmax,5e2p(1− e3p)

Km,5 + (1− e3p)
− Vmax,6e3p

Km,6 + e3p
.

(4.5)

The state variables e1p, e2p, and e3p denote the dimensionless concentrations of the272

active form of the enzymes. This model contains 13 (random) parameters: Km,1−6,273
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Fig. 4.8: Mean (left column) and variance (right column) of the solution to Example
3 with x0 = (−1.193,−3.876).

Vmax,1−6, and G, and a tuning parameter I with range [0, 1.5]. In [36], the parameters274

take the following values Km,1−6 = 0.2, Vmax,1 = 0.5, Vmax,2 = 0.15, Vmax,3 = 0.15,275

Vmax,4 = 0.15, Vmax,5 = 0.25, Vmax,6 = 0.05, and G = 2. Here, we use these values276

are the mean values for the parameters and assume all parameters are independently277

and uniformly distributed in a hypercube of ±10% around the mean values.278

Each concentration should fall between 0 and 1 and hence we take Ix = [0, 1]3.279

Moreover, to ensure the output of the DNN falls in this physical bound, we add280

an activation function σoutput = tanh(x) on each output node. The fully connected281

block in the network employed here has a structure with 3 layers and 200 nodes282

each layer. For illustration purpose, we calculate the mean and variance of the state283

variables with respect to the random parameters Km,1, Km,4, Vmax,2, and Vmax,5. For284

other parameters, we assign the aforementioned nominal values and treat them as285

deterministic. The tuning parameter I is taken to be 0.48.286

After the training is finished, we march forward for n = 1, 400 steps with the287

initial condition x0 = (0.22685145, 0.98369158, 0.87752945) and compute the mean288

and variance with a tensor product of five-point Gaussian quadrature. In Fig. 4.10,289

we present the approximated mean and variance. Given such long-time simulation,290

the approximation agrees with the reference.291

For this example, the response curve of e3p with respect to the tuning parameter I292
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Fig. 4.9: Propagation of errors in the mean and variance of the solution to Example
3 with x0 = (−1.193,−3.876).

is of particular interest in practice. We examine such curve at the steady state of e3p.293

To this end, we fix all the other parameters at their mean value and let I vary in [0, 1.5].294

To reach the steady state, without solving the true governing equations for long time,295

we march the DNN model forward for 2000 steps as in (3.12). Fig. 4.11, present the296

resulting response curve. There is a good agreement between the approximation and297

the reference response curve observed.298

5. Conclusion. We presented a numerical framework for discover unknown pa-299

rameterized dynamical systems, using observational data and deep neural networks300

(DNN). The network structure is a modification to residual network, which was shown301

to be effective to discover unknown deterministic dynamical systems in recent work.302

Our method allows one to not only create accurate neural network model to approx-303

imate the unknown dynamics but also conduct efficient uncertainty quantification.304
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Fig. 4.10: Mean (left column) and variance (right column) of the solution to Example
4.
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Fig. 4.11: Response curve of the steady state of e3p with respect to I for Example 4.
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R. Monga, S. Moore, D. Murray, C. Olah, M. Schuster, J. Shlens, B. Steiner,315

I. Sutskever, K. Talwar, P. Tucker, V. Vanhoucke, V. Vasudevan, F. Viégas,316

O. Vinyals, P. Warden, M. Wattenberg, M. Wicke, Y. Yu, and X. Zheng, Ten-317

sorFlow: Large-scale machine learning on heterogeneous systems, 2015, https://www.318

tensorflow.org/. Software available from tensorflow.org.319

[2] J. Bongard and H. Lipson, Automated reverse engineering of nonlinear dynamical systems,320

Proc. Natl. Acad. Sci. U.S.A., 104 (2007), pp. 9943–9948.321

[3] S. L. Brunton, B. W. Brunton, J. L. Proctor, E. Kaiser, and J. N. Kutz, Chaos as an322

intermittently forced linear system, Nature Communications, 8 (2017).323

[4] S. L. Brunton, J. L. Proctor, and J. N. Kutz, Discovering governing equations from data324

by sparse identification of nonlinear dynamical systems, Proc. Natl. Acad. Sci. U.S.A., 113325

(2016), pp. 3932–3937.326

[5] X. Chen, E.-J. Park, and D. Xiu, A flexible numerical approach for quantification of epistemic327

uncertainty, Journal of Computational Physics, 240 (2013), pp. 211–224.328

[6] B. C. Daniels and I. Nemenman, Automated adaptive inference of phenomenological dynam-329

ical models, Nature Communications, 6 (2015).330

[7] B. C. Daniels and I. Nemenman, Efficient inference of parsimonious phenomenological models331

of cellular dynamics using S-systems and alternating regression, PloS One, 10 (2015),332

p. e0119821.333

[8] W. E, B. Engquist, and Z. Huang, Heterogeneous multiscale method: A general methodology334

for multiscale modeling, Phys. Rev. B, 67 (2003), p. 092101.335

[9] M. Gerritsma, J.-B. Van der Steen, P. Vos, and G. Karniadakis, Time-dependent gener-336

alized polynomial chaos, Journal of Computational Physics, 229 (2010), pp. 8333–8363.337

[10] R. Ghanem and P. D. Spanos, Polynomial chaos in stochastic finite elements, Journal of338

Applied Mechanics, 57 (1990), pp. 197–202.339

[11] D. Giannakis and A. J. Majda, Nonlinear Laplacian spectral analysis for time series with340

intermittency and low-frequency variability, Proc. Natl. Acad. Sci. U.S.A., 109 (2012),341

pp. 2222–2227.342

[12] R. Gonzalez-Garcia, R. Rico-Martinez, and I. G. Kevrekidis, Identification of dis-343

tributed parameter systems: A neural net based approach, Comput. Chem. Eng., 22 (1998),344

pp. S965–S968.345

[13] J. Han, A. Jentzen, and E. Weinan, Solving high-dimensional partial differential equa-346

tions using deep learning, Proceedings of the National Academy of Sciences, 115 (2018),347

pp. 8505–8510.348

[14] K. He, X. Zhang, S. Ren, and J. Sun, Deep residual learning for image recognition, in349

Proceedings of the IEEE conference on computer vision and pattern recognition, 2016,350

pp. 770–778.351

[15] J. Hesthaven and S. Ubbiali, Non-intrusive reduced order modeling of nonlinear problems352

using neural networks, J. Comput. Phys., 363 (2018), pp. 55–78.353

[16] J. Jakeman, M. Eldred, and D. Xiu, Numerical approach for quantification of epistemic354

uncertainty, Journal of Computational Physics, 229 (2010), pp. 4648–4663.355

[17] I. G. Kevrekidis, C. W. Gear, J. M. Hyman, P. G. Kevrekidid, O. Runborg, C. Theodor-356

opoulos, et al., Equation-free, coarse-grained multiscale computation: Enabling mocro-357

scopic simulators to perform system-level analysis, Commun. Math. Sci., 1 (2003), pp. 715–358

762.359

[18] D. P. Kingma and J. Ba, Adam: A method for stochastic optimization, arXiv preprint360

arXiv:1412.6980, (2014).361

[19] I. E. Lagaris, A. Likas, and D. I. Fotiadis, Artificial neural networks for solving ordinary362

and partial differential equations, IEEE transactions on neural networks, 9 (1998), pp. 987–363

1000.364

[20] Z. Long, Y. Lu, and B. Dong, Pde-net 2.0: Learning pdes from data with a numeric-symbolic365

hybrid deep network, Journal of Computational Physics, 399 (2019), p. 108925.366

[21] Z. Long, Y. Lu, X. Ma, and B. Dong, PDE-Net: learning PDEs from data, arXiv preprint367

arXiv:1710.09668, (2017).368

[22] Z. Long, Y. Lu, X. Ma, and B. Dong, PDE-net: Learning PDEs from data, 80 (2018),369

pp. 3208–3216, http://proceedings.mlr.press/v80/long18a.html.370

[23] N. M. Mangan, J. N. Kutz, S. L. Brunton, and J. L. Proctor, Model selection for dy-371

20



namical systems via sparse regression and information criteria, Proceedings of the Royal372

Society of London A: Mathematical, Physical and Engineering Sciences, 473 (2017).373

[24] B. Peherstorfer and K. Willcox, Data-driven operator inference for nonintrusive374

projection-based model reduction, Computer Methods in Applied Mechanics and Engineer-375

ing, 306 (2016), pp. 196–215.376

[25] A. Pinkus, Approximation theory of the MLP model in neural networks, Acta Numerica, 8377

(1999), pp. 143–195.378

[26] T. Qin, K. Wu, and D. Xiu, Data driven governing equations approximation using deep neural379

networks, Journal of Computational Physics, 395 (2019), pp. 620–635.380

[27] M. Raissi, Deep hidden physics models: Deep learning of nonlinear partial differential equa-381

tions, The Journal of Machine Learning Research, 19 (2018), pp. 932–955.382

[28] M. Raissi, P. Perdikaris, and G. E. Karniadakis, Machine learning of linear differential383

equations using gaussian processes, Journal of Computational Physics, 348 (2017), pp. 683–384

693.385

[29] M. Raissi, P. Perdikaris, and G. E. Karniadakis, Multistep neural networks for data-driven386

discovery of nonlinear dynamical systems, arXiv preprint arXiv:1801.01236, (2018).387

[30] D. Ray and J. Hesthaven, An artificial neural network as a troubled-cell indicator, J. Comput.388

Phys., 367 (2018), pp. 166–191.389

[31] D. Ray and J. S. Hesthaven, Detecting troubled-cells on two-dimensional unstructured grids390

using a neural network, Journal of Computational Physics, 397 (2019), p. 108845.391

[32] S. H. Rudy, J. N. Kutz, and S. L. Brunton, Deep learning of dynamics and signal-noise de-392

composition with time-stepping constraints, Journal of Computational Physics, 396 (2019),393

pp. 483–506.394

[33] P. J. Schmid, Dynamic mode decomposition of numerical and experimental data, Journal of395

fluid mechanics, 656 (2010), pp. 5–28.396

[34] M. Schmidt and H. Lipson, Distilling free-form natural laws from experimental data, Science,397

324 (2009), pp. 81–85.398

[35] M. D. Schmidt, R. R. Vallabhajosyula, J. W. Jenkins, J. E. Hood, A. S. Soni, J. P.399

Wikswo, and H. Lipson, Automated refinement and inference of analytical models for400

metabolic networks, Physical Biology, 8 (2011), p. 055011.401

[36] S. Y. Shvartsman, M. Hagan, A. Yacoub, P. Dent, H. Wiley, and D. A. Lauffenburger,402

Autocrine loops with positive feedback enable context-dependent cell signaling, American403

Journal of Physiology-Cell Physiology, 282 (2002), pp. C545–C559.404

[37] J. Sirignano and K. Spiliopoulos, Dgm: A deep learning algorithm for solving partial dif-405

ferential equations, Journal of Computational Physics, 375 (2018), pp. 1339–1364.406

[38] A. Stuart and A. R. Humphries, Dynamical Systems and Numerical Analysis, vol. 2, Cam-407

bridge University Press, 1998.408

[39] G. Sugihara, R. May, H. Ye, C. Hsieh, E. Deyle, M. Fogarty, and S. Munch, Detecting409

causality in complex ecosystems, Science, 338 (2012), pp. 496–500.410

[40] R. Tibshirani, Regression shrinkage and selection via the lasso, Journal of the Royal Statistical411

Society. Series B (Methodological), (1996), pp. 267–288.412

[41] G. Tran and R. Ward, Exact recovery of chaotic systems from highly corrupted data, Multi-413

scale Model. Simul., 15 (2017), pp. 1108–1129.414

[42] R. K. Tripathy and I. Bilionis, Deep uq: Learning deep neural network surrogate models415

for high dimensional uncertainty quantification, Journal of Computational Physics, 375416

(2018), pp. 565–588.417

[43] H. U. Voss, P. Kolodner, M. Abel, and J. Kurths, Amplitude equations from spatiotemporal418

binary-fluid convection data, Phys. Rev. Lett., 83 (1999), p. 3422.419

[44] E. Weinan and B. Yu, The deep ritz method: a deep learning-based numerical algorithm for420

solving variational problems, Communications in Mathematics and Statistics, 6 (2018),421

pp. 1–12.422

[45] K. Wu, T. Qin, and D. Xiu, Structure-preserving method for reconstructing unknown hamil-423

tonian systems from trajectory data, arXiv preprint arXiv:1905.10396, (2019).424

[46] K. Wu and D. Xiu, Numerical aspects for approximating governing equations using data, J.425

Comput. Phys., 384 (2019), pp. 200–221.426

[47] K. Wu and D. Xiu, Data-driven deep learning of partial differential equations in modal space,427

J. Comput. Phys., 408 (2020), p. 109307.428

[48] D. Xiu and G. E. Karniadakis, The wiener–askey polynomial chaos for stochastic differential429

equations, SIAM journal on scientific computing, 24 (2002), pp. 619–644.430

[49] Y. Yang and P. Perdikaris, Adversarial uncertainty quantification in physics-informed neural431

networks, Journal of Computational Physics, 394 (2019), pp. 136–152.432

[50] H. Ye, R. J. Beamish, S. M. Glaser, S. C. H. Grant, C. Hsieh, L. J. Richards, J. T.433

21



Schnute, and G. Sugihara, Equation-free mechanistic ecosystem forecasting using em-434

pirical dynamic modeling, Proc. Natl. Acad. Sci. U.S.A., 112 (2015), pp. E1569–E1576.435

[51] Y. Zhu and N. Zabaras, Bayesian deep convolutional encoder–decoder networks for surrogate436

modeling and uncertainty quantification, Journal of Computational Physics, 366 (2018),437

pp. 415–447.438

[52] Y. Zhu, N. Zabaras, P.-S. Koutsourelakis, and P. Perdikaris, Physics-constrained deep439

learning for high-dimensional surrogate modeling and uncertainty quantification without440

labeled data, Journal of Computational Physics, 394 (2019), pp. 56–81.441

22


