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o
Abstract—We study the infimum of the best constant in a func- ( [ fjl/del/j) ' The key tool for single-letterizing such single-
tional inequality, the Brascamp-Lieb-like inequality, over auxiliary  ghot converses to strong converses is the “achievabilityhe

measures within a neighborhood of a product distribution. I the . P . .
finite alphabet and the Gaussian cases, such an infimum conggs following problem: infimize the best constadtin (1) with the

. ; y SU i SO T ® ®
to the best constant in a mutual information inequality. Implications SUbSt'tU_t'_OnSM S Hny Vi SV n and Q_Yj|X A Qyjnxy V\_Ihere
for strong converse properties of two common randomness (CR the auxiliary measurg,, is within a neighborhood %say in total

generation problems are discussed. In particular, we provethe variation) of u®". Interestingly, a product,, is generally not a
strong converse property of the rate region for the omnisciet helper good choice. On the surface, this is reminiscent of the smoot

CR generation problem in the discrete and the Gaussian casehe Rénvi ent 10 ho sh d that the infi
latter case is perhaps the first instance of a strong conversier a enyi entropy [10], who showe at the infimum (resp. supre

continuous source when the rate region involves auxiliary andom mur_n_) of the Rényi (_entropy _Of order < 1 (resp.a > 1) _of__an
variables. auxiliary measure with a neighborhood of a product distidu

behaves like the Shannon entropy. In reality, the smootbimer

g lNTRODUCTION _ of GBLL appears to be a much deeper problem, since structure
In the last few years, information theory has seen vibragt 5 finer resolution than weak typicality is involved.

dev_elopments_ln the _study of the non vanlshl_ng error_prmltyib The general philosophy appears to be that under certain
regime, and in particular, the successes in applying normal . . d : )
I ... regularity conditions,2 (whered is the best constant in the

approximations to gauge the back-off from the asymptotiGts . n ;

. . . ., setting of product measures and smoothing above) converges
as a function of delay. Extending the achievements for point : . N )

. . : . . to the best constant in a mutual information inequality. We
point communication systems in [1][2][3] to network infoation : v S
. ; . ._provide a general approach for verifying this principled apply
theory problems usually requires new ideas for provingttig . .
. : . ; . it to the discrete memoryless and the Gaussian source. When

non-asymptotic bounds. For achievability, single-shotecimg

lemmas and ) . ﬁhis principle holds, our single-shot converse proves theng
packing lemmas [4][5] supply convenient tools .
for distilling single-shot achievability bounds from thiassical converse for the CR generation problem. )
asymptotic achievability proofs. These single-shot bauade ~ The proposed approach to strong converses has two main
easy to analyze in the stationary memoryless case by chposi§vantages compared with the method of types approach.in [7]
the auxiliary random variables to be i.i.d. and applying ltae which are nicely illustrated by 'Fhe example .of CR generation
of large numbers or the central limit theorem. 1) The argument covers possibly stochastic decoders. 2) As
In contrast, there are few examples of single-shot converfdestrated by the Gaussian example, the approach is aipéc
bounds in the network setting. Indeed, unlike their actigigg {0 Some non-discrete sources where the method of typesies fut
counterparts, single-shot converses are often nonittivisingle- 1S is perhaps the first instance of a strong converse for a
letterize to a strong converse. In fact, there are few mattiod continuous source when the rate region involves auxibaifée
obtaining strong converses for network information thegmyb- also refine the analysis to bound the second order rate.
lems whose single-letter solutions involve auxiliarie=e €.9. [6,  In addition, we discuss the “converse” part of smooth BLL,
Section 9.2 “Open problems and challenges ahead”]. Exarepti which generally follows from the achievability of CR genitoa
include the strong converses for select source networkstjére problems. In fact, smooth BLL and CR generation may be
the method of types plays a pivotal role. considered as dual problems where the achievability of one
In this paper, through the example of a common randomnéswmplies the converse of the other, and vice vérsa.

(CR) generation problem [8, Theorem 4.2], we demonstrae th |t is also interesting to note that for hypercontractivitgich
power of a functional inequality, th&eneralized Brascamp- js 5 special case of the BLL inequality with the best constant

Lieb-like (GBLL) inequality9]: being zero, Anantharam et al. [12] showed the equivalence
m m between a relative entropy inequality and a mutual inforomat
/exp Z]Eﬂog L)X =] —d]|du< H I£ill 2, () inequality. This equivalence is lost for positive best dants.
i=1 j=1 “ Thus smooth BLL is a conceptually satisfying way to regam th

: . . . —_— connection between these two inequalities.
in proving single-shot converses for problems involvingtiple i ] . ]
sources. Herg, (Qy,|x), (), (¢;), d are given and| f;|| » = Omitted proofs are given in the appendices of [13].

This work was supported in part by NSF Grants CCF-1528132F-CC
0939370 (Center for Science of Information), CCF-11160C&F-1319299, 1Another example of such “dual problems” is channel resdligband
CCF-1319304, CCF-1350595 and AFOSR FA9550-15-1-0180. identification coding [11].
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Il. PRELIMINARIES

Definition 1. Given a nonnegative on X, v; on}Y;, and random
transformation®)y, x, andc; € (0,00), j € {1,...,m}, define

d(p, (Qy;1x); (), ¢™) = sup {Z aD(Py, |vs) - D(PXIM)}

=1
where the sup is ovePy < p and Px — Qy; x — Py;.

We shall abbreviate the notation in Definition 1, v;, ¢™)
when there is no confusion.

Note that, andv; are not necessarily probability measures,
andp — Qy;|x — v; need not hold. These liberties are usefulthe goal is to explore conditions fob;(Qx,Qy,,c™)

We sayQx, (Qy, x) and(c;) satisfy thes-smooth propertyf
D5(QX7QYjaCm) = d*(QX7Cm)7 (7)

(weak) smooth propertif Do+ (Qx,Qy;,c™) = d*(Qx,c™),
andstrong smooth propertif (7) holds for allé € (0, 1).

From these definitions and a tensorization property(ef [9]
we clearly have

d(QXa QY] ) Cm) = DO(QXv QYJ ) Cm) > DJ(QXv QYJ ) Cm)'
8

e.g. in the proof of Theorem 13. Generalizing an approach dn(Q x,c™).

[14], we established the following [9]:

Proposition 2. Under the assumptions of Definitiond,) is the

IIl. ACHIEVABILITIES FOR SMOOTH GBLL

minimumd such that(1) holds for all nonnegative measurable Under various conditions, we provide upper bounds on

functions ;.

We call (1) a generalized Brascamp-Lieb-like inequality

Ds(Qx,Qy,,c™), establishing the achievability part of the
strong smooth property.

(GBLL). The case of deterministiQy, x was considered in 5 Hypercontractivity

[14], which we shall call &rascamp-Lieb-like inequalit{BLL).

In the special case whe@y, x’s are a linear projections and
w andv; are Gaussian or Lebesgue, (1) is called a Brasca

Lieb inequality; it is well-known that a Brascamp-Lieb inedjty
holds for a specific value of if and only if it holds for all
Gaussian function§f;) [15].

Definition 3. For nonnegative measuresand . on the same
measurable spadet’, #) and~ € [1,00), the E, divergence is
defined as

Ey(v|[p) == sup {v(A) — yu(A)}. )
AeF

Note that under this definitiof; (P||.) does not equa}| P —
w| if pis not a probability measure. Properties 8f used in

this paper can be found in [16].
Definition 4. Ford € [0,1), Qx, (Qy; x) and(v;), define

ds(Qx,vj,c™):

= inf d(p, vy, c™). 3
i By (Qx ) <6 (b ,¢™) 3

In the stationary memoryless case, define dhemooth GBLL

rate?

D5(QX7yjacm) = thllpEd(;(Q;e} 71/;'8 ,C )7 (4)

n—00

and thesmooth GBLL rates the limit

Do+ (Qx,vj,c™) == %%DJ(QX,VpCm)- %)

rrggl,uivalent formulations of hypercontractivity [12] we @lbave

If d*(Qx,c™) 0, by an extension of the proof of

(QXv QYJ ) Cm)
d*(Qx,c™).
B. Finite |X|, and Beyond

The main objective of this section is to show that
Theorem 7. Do+ (Qx, Qy,,c™) < d*(Qx,c™) if X is finite.

0, establishing thatDo(Qx, Qy;,c™)

We present a general method of proving achievability of
smooth GBLL which, although not intuitive at the first sight,
turns out to be successful for the distinct cases of theetisand
Gaussian sources. The following tensorization result efuls

Lemma 8. Supposer,: X — R is measurable for each
(abstract) indexa € A. Fix any e € (0,1), and for each
n € {1,...} defineg(n) as the supremum of

1 n n
S D Py v ) = Dl | Po) | (©)
J

over Pyx» such thatE [% Z?:lra(f(i)} < ¢, where X" ~
Pxn and Pyxnyn := Panlenx. Theng(n) < g(l)

The functionsr,(-) can be thought of as (possibly negative)
cost functions that enforce thg;x maximizing (9) to satisfy

Remarks. Allowing unnormalized measures avoids the unneceBx ~ Qx. If the probability that an i.i.d. sequence induces a
sary step of normalization in the proof, and is in accordamitle small cost is large, then one can choose ghia the definition
the literature on smooth Rényi entropy, where such a réiaxa of the smooth property to be the restrictioof Q¥ on such a
generally gives rise to nicer properties and tighter noyrgtotic ~ set. Therefore the following lemma will be the key to our o
bounds, cf. [10][16]. of the smooth property:

Definition 6. Given Qx, (Qy, x) andc™ € (0,00)™, define  Lemma 9. Supposer, is as in Lemma 8 and define

1 n
Po=Qatt =Y ra(w) <ep
S! {a: nile(I) e}

SIn this paper, by restriction of a measure on a set we meanethaltrof
cutting off the measure outside that set (without renormzirag).

d*(Qx, ™) := sup {chl(U;Yl) - I(U;X)}. (6) (10)

Poix (1=

2As is clear from the context, the random transformationsliitn the right

side of (4) are(Q%T‘LX).



If Px~ is supported orS!* for eachn, then

n—oo

. 1 n n
hmsupﬁ ZC]'D(PYJ.””V? ) = D(Pxn|[u®")
J

< sup {3° ¢; D(Py, v Po) = D(Pxjllul o)} (1)

where the sup on the right is ovél; x such thatE[r,(X)] <.

A remarkable aspect of Lemma 9 is that the left side of (11),

which is a multi-letter quantity from the definition af(-), is
upper bounded by a single-letter quantity.

Lemma 10. Suppos€ X, %) is a second countable topologica

space andl x is a Borel measure. Define
o: Px = Y ¢;D(Py,|Qy;) = D(Px[Qx)-

If ¢, the concave envelope 6f is upper semicontinuous é1x,
then D0+ (Qx, Qyj R Cm) < d*(Qx, Cm).

Remarkll If ¢; =+ = ¢, =0, theng(Px) = —D(Px|Qx)

(12)

always satisfies the upper semicontinuity in Lemma 10 bera
of the weak semicontinuity of the relative entropy. On thieeot
hand, takingn = 1, ¢; = 2, Qx any distribution on a countably
infinite alphabet withH (Qx) < oo, and Qy,|x the identity 1imsupl chp(

transformation, we see(Px) = H(Px)+ D(Px||@x) and the
upper semicontinuity condition in Lemma 10 fails.

Proof of Theorem 7:Assume w.l.0.g. thaf) x (x) > 0, Vz

since otherwise we can deletefrom X. ThenQx is in the
interior of the probability simplex. Moreove#(-) in Lemma 10

is clearly bounded. Thus by [17, Corollary 7.4.1], the weak

semicontinuity in Lemma 10 is fulfilled. ]

Remark12. For generalX, one cannot use the property of
convex functions to conclude the semicontinuity as in thaopr
of Theorem 7. In fact, wheneve®’| = oo, there are points

where

C:=> c;h(Y;) = h(X;). (16)

Proof of Theorem 13Put.A as the set of unit length vectors

in X (a Euclidean space), and for eache A definer, (x) :=

(aTX72x)2 — 1. Now, observe that fox™ € X™,

1 S S
”;TQ(XZ) =a X2 <n¥xx )2 2a—1, (17)

So % > i Ta(x;) < € forall @ € A is equivalent to the bound
jon the empirical covariancet . xx =< (1+ €;)%. Consider

also the “weakly typical set7.”, defined as the set of sequences
x™ such that

n D raxin(xi) - ZCJ']E[ZQ\Q- I Y)IX=x]| <C+e
i j

(18)

%herec was defined in (16). Now set,, as the restriction of

< onSE NT2 M Pxn < pin, by Lemma 9 we have

Py [v7) = D(Pxn |[u®™) | < F((1+e)).
n—oo N 5 J
(19)

Since Px~ is supported orV, we also have

1 n n
-~ > ¢;D(Pyr |[vF™) = D(Pxn |u®™)| +C
5

> LIS (P 09 - DR 03| 2 (20)

in X with arbitrarily small probability, thus) x cannot be in Hence from (19)-(20) we conclude

the interior of the probability simplex even under the sgren

topology of total variation.

C. Gaussian Case

The semicontinuity assumption in Lemma 10 appears too

n—oo

. 1 n
lim sup — > eiD(Pyr]|QY") — D(Pxn || p1n)
i

SF(1+e)X)+CHe (21)

strong for the case of the Gaussian distribution, which has a on
non-compact support. Nevertheless, we can proceed byngickwhere we usedD(Px» [[Qx") = D(Px~||un). Also, by the

a differentr, (-) in Lemma 9.

Theorem 13. Dy+(Qx, Qy,,c™) < d*(Qx,c™) if Qx and
(Qv,x) are Gaussian.

law of large numberslim,, . Q%%”(Senl NT:2) = 1 so

limy, 00 B1(Q%" || n) = 1. Thus (21), Proposition 14 and the
continuity of F' (which can be verified since (13) is essentially
a matrix optimization problem) imply the desired result. &

The proof hinges on our prior result [9] about the Gaussiany, convERSE FOR THEONE-COMMUNICATOR PROBLEM

optimality in an optimization under a covariance constrain

supposeu andv; are the Lebesgue measures. Define
F(M) := sup {— 3" h(Y|U) + h(X|U)}

=sup { " &;D(Py, wllvilPy) = D(Pxollul o)} (14)

where the supremums are ovBrx such that¥x < M. Also
suppose w.l.o.g. thaX ~ N(0, ) underQx.

Proposition 14([9]). F(M) equals the sup i{14) restricted to
constantU and GaussiarX, which implies that

F(E) +C = d*(Qx, Qyj,cm)

(13)

(15)

one-communicator CR generation [8, Theorem 4.2], allowiag
to prove the converse of one using the achievability of tieot
Let Qxy~ be the joint distribution of sourceX, Y1, ...,
Y,., observed by terminalsy, ..., T,, as shown in Fig-
ure 1. The communicatof, computes the integerd/; (X),
.., W (X) and sends them tdy, ..., T,,, respectively. Then,
terminalsTy, ..., T,, compute integer& (X), K; (Y1, W1),...,
K (Y, Wi). The goal is to produc = Ky = --- = K,
with high probability with K almost equiprobable.
In the stationary memoryless case, plt— X", Y; < Y.
Denote byR andR; the rates of and;, respectively. Under

We prove a single-shot bound connecting smooth GBLL and



Remark18. In the stationary memoryless caégx <+ Q?;",
Qy|x + QY‘X, supposeX|, || < co. Using the blowing-up
lemma [19], we can show that for arye, ¢’ € (0,1) andd >
d*(Qx, c), there exists: large enough such that (26) is satisfied
with d < nd for somepux (more precisely, the restriction of
Wi Q%™ on a strongly typical set) satisfying (25).

Proof of Theorem 15: Again considermm = 1 case for

simplicity. Suppose thatR, R,) is such that (22) fails for some

Y1 —| Tl Y2 ¢ > 0. Then, there is € (0,1) andd > d*(Qx,c) such that
(29) does not hold. If we chooge> 0 arbitrarily small, therjs
K Kz Km can be made arbitrarily close #q, in which cased, is forced

to be close tol. Pick ¢ > §,. These choices combined with
Remark 18, Theorem 7 and (27), show that+ 5 > 1. [ |
Another application of Lemma 16 is the following:

Figure 1: CR generation with one-communicator

various performance metrics (cf. [8][18]), the achievatdgion Theorem 19 (Weak converse for smooth GBLL)
is the set of(R, Ry, ..., R,,) such that

D0+ (va QYjvcm) > d*(Qx, Cm) (28)
Proof: For simplicity, we prove for the case ofi = 1.
R; > i— 1| R 22
(@ +ZCJ (XJ: K ) (22) For anyd > Dy+(Qx,Qy,c) (achievable rate for smooth

GBLL) and any(R, R;) achievable for one-communicator CR
for all ¢™ € (0,00)™. 4 generation, we show that

Theorem 15(Strong converse for one-communicator CR gener- d Y 1 (29)
ation). For finite | X|, |V1], ..., |Vim|, SUPPOSER, Ry, ..., Ry) o(1—¢) ! )

fails (22) for somec™. If (91, 9») is such that for any e € (0,1), which will establish (28) because of the

PK=K =---=K;|>1-06y; (23) achievable region formula (22).
1 We can choosé, 1, 62, 03, 64 such thatd, < 1 — 6 — é3 and
§|QK —Tk| < é2 (24) 54 < e For largen, (23) and (24) can be satisfied, and by

Remark 17, fore’ = ¢, we can findux satisfying (25) and (26)
th Qx QX Qv x + QY ‘v andd < nd. Thus (29) holds
because the last term in (27) must vanishhas> oc. [ ]

can hold for some CR generation scheme at rate
(R,Rq,...,R,,) for sufficiently largen where Tx is the
equiprobable distribution oiiC, thend; + o > 1.

The following lemma establishes single-shotconnection V. CONVERSE FOR THEOMNISCIENT HELPERPROBLEM

between one-communicator CR generation and smooth GBLL/Note that Theorem 19 only establishes a weak converse for
which allows us to prove the converse of one problem from tisnooth GBLL and Theorem 15 is only for finite alphabets and
achievability of the other. For simplicity of presentatiove state deterministic decoders, because of the use of the blowing-u
it in the case ofm = 1.5 lemma. In this section we improve these results in a speas# ¢
whereX = (Y1,...,Y},), that is, in the special case of smooth
BLL and omniscient helpeCR generation.

To see why the problem becomes simpler in this special case,

Lemma 16. Suppose that there exi&t, d2 € (0, 1), a stochastic
encoderQyy|x, and deterministic decoder3x | x and QK‘Wy,
such that(23) and (24) hold. Also, suppose that there exist, note that the sef{x: Qyx_.(A) > 1 — ¢} in (26) can be
d,¢,¢ € (0,1) ande,d € (0, 00) such that regarded as the “preimage” of the sgt under the random
E1(Qx|lpx) < 6 (25) transformation. In the case of deterministls,| v, there is no

. c(1—¢) difference regarding the choice ef € (0,1). However, in

px (2 Qyx=a(A) 2 1 =€) < 2%exp(d)Qy 7 (A) (26) general a large’ may imply a largec on the right side of (26).
for any A C V. Then, for anyds, d, € (0,1) such thatiss, = Nevertheless, under the conditions for the blowing-up leyn

01 + 0, we have ande can be chosen independently (Remark 18).
) In our prior work [18], a single-shot bound was derived via hy
1 27 exp (ﬁ) W percontractivity which shows the strong converse propefrtyie
0221-0-203~ Kl (¢ = sp)T=o || 7= | (27)  secret key (or CR) per unit cost. From the current perspeatio
— 04

smoothing is needed for that particut&t (which can be viewed
Remark17. The relevance of the Lemma 16 to smooth GBLlas the orientation of the supporting hyperplane) for thesora
is seen by setting (y) := (14(y )+ Qv (A)1 1(y))° in (1). We explained in Section llI-A. Straightforward extensions thi
then see (26) holds for any= ¢ € (0, 1). analysis from hypercontractivity to BLL inequality yieldsly a
loose outer bound for the rate region whéf@x, Qy;,c™) >
“Remark in passing that the correspondicgy generation problem, which d*(Q x, ¢™). However, following the philosophy in the present

places the additional constraint thiéit; L K asymptotically for eacly, is ; ; ~
solved in [18] with a different rate region involving. + 1 auxiliaries. paper, we may ChOOS@ which is £ -close 0Qx and expect

5Note that this problem is unlike the usual ‘image-size chtarzation® [7, thatd(u, QYJ ] ™) = d*(Qx,c™). Thus by a _S"ght change of
Chapter 15] which is difficult to generalize t@ > 3 case. the analysis in [18], we can show the following.



Theorem 20 (single-shot converse for omniscient helper CRtrong converse property of the outer-boyméi < min; H(Y;)}

generation) If d > d(u,Qy,,c™) for some n satisfying
Ei(Qym|[p) <6, then

1, 1O wiss d
pl@rem = Taen 21 K| KT AT e >
(30)
where T (k™) := grl{ky = - = ki }.

Note that Theorem 20 applies for stochastic encoders a.?:e

decoders, and in its proof, the functigfj(-) in (1) will take
the role of max,, Qx,w,y, (k|lw,-). However, the intuition is
best explained in the case of deterministic decodersAlef
be the decoding set fdk'; = k£ upon receivingw; by T;. Then

K= =Ky=k) <u (ﬂj U ‘A'liwj) (31)

is comparatively trivial.
As alluded before, the achievability for the omniscientpleel
CR generation implies the strong converse for smooth BLL:

Corollary 23. For any Qy=, ¢™, andé € (0, 1),
Ds(Qym, Qy;,c™) = d*(Qym, c™). (34)

Theorem 20 essentially establishes a single-shot commecti
ween the smooth BLL and omniscient helper CR generation.
us the proof of Corollary 23 follows easily by a similar
reasoning as the proof of Theorem 19. In fact, for a general
sequence (not necessarily stationary memoryless) of esuifc

the 5-smooth BLL rate is strictly smaller than the supremum of
(>_;¢—1)R—3_, c;R; over achievable rates, then the second
and third terms on the right side of (30) can be made to vanish
exponentially in the blocklength. Thud — §)-achievability of

< exp(@) [[ Q% (U, AL, ) (32)
J

where the crucial step (32), which may be viewed as a changpgj
of-measure from a joint distribution to uncorrelated digttions

(with powers), follows by choosing indicator functions inet |,
BLL inequality. After some manipulations, one can bound the
total variation betweem i~ (consequenth) =) and Tk . ]

Corollary 21 (Strong converse for omniscient helper CR gen-
eration) SupposeR, Ri, ..., Ry;,) fails (22) for somec™, and 4
there exist a coding scheme at ratd?, R, ..., R.,)

1 5
§|QK1...Km ~ Tk, K,| <9 33 P

for sufficiently largen. Thend > 1 if Qyn, (Qy,y=) andc™
satisfy the smooth property (as in the case of discrete/Sans [6]
Qym).

In the Gaussian case, refining the analysis in Theorem 13, WA
can derive a second order achievability bound for smooth,BLL;
which, in view of Theorem 20, implies a second order converse
bound for CR generation: for any sequence of CR generation
schemes with non-vanishing error probability, we have [9]

[(Z ¢ — 1) Ru—Y ¢jRjn — d*(Qym,cm)] <p [0

for some constanb (explicit formula given in [13]), wher&,,,
Ryy, ..., Ry, are rates at blocklength.

Remark22. We used slightly different performance measurds’
for the one-communicator problem and the omniscient helper
problem. If5; andd, satisfy (23)-(24) ther «+ §, + &, satisfies [13]
(33), so a strong converse measured by (33) implies a strong
converse measured by (23)-(24). On the other hantsiétisfies [14]
(33) thend; < § and o2 < § satisfy (23)-(24). Thus the strong
converse in the sense of (23)-(24) only implies]—z-';\Cbnverse” [15]
in the sense of (33).

Unlike the more general one-communicator case, the r
region for omniscient helpdtey generation can be obtained a$17]
the intersection of the region for omniscient helper CR gené!8l
ation and{R < min; H(Y;)} [18]. (Though, the misleading
similarities between the rate regions for the omniscierpédre
CR and key generation is only a coincidence from optimizifhg &°]
the rate regions.) As a consequence, the strong conversiecfor
omniscient helper key generation is also proved, since #ye K20]
generation counterpart obviously places more constrantsthe

lim inf v/n

n— oo

(11]

CR generation implieg-converse for smooth BLL.
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Let I € {1,...,n} be an equiprobable random variable inde- k—{I;o o X) el P : Px‘gksu(ll)ﬁk)QX‘gk o(Px) (44)
pendent of all other random variables already defined. @bser
that (9) equals where the limit on the right exists by monotone convergeBge.

(43),
c;D(P, —1||v;| P -1) — D(Px, || p| P, _
Zy <y,|ufy; il Py ys1) = D(Px, il Purxcr) fmsup P4 (€) < P () us)
k— o0

< Z Y, |[UIX -1 |vj|Purxi-1) — D(Px,||p|Prixi-1) if C € G, for somel. Since any closed subset can be constructed
/ (35) as the intersection of a nested sequence of glich follows
from the min-max inequality and the-continuity of probability

where (35) uses the Markov chain condition measure that (45) actually holds for any clogadestablishing
Vir — GRS that P& converges weakly t@)x. Thus the weak upper semi-
e b (39) continuity of ¢(-) and (44) imply that (42) is bounded above by
Also, E [% st Ta(Xi)} < ¢ implies that #(Qx), as desired.
E[ro(X7)] < e (37) APPENDIXD

PROOF OFLEMMA 16

Therefore, with the identification In the m = 1 case writeK := K. Define the joint measure

Pyx + Pyixr- 38
U,X UIXT-1,X; (38) bxywik = 1xQvixQwixQr|x Qi yw (46)

< g(1).
we seeg(n) < g(1) which we shall sometimes abbreviate @asSince F1 (Q||n) =

APPENDIXB E1(@Qx|lpx) <4, (23) implies
PROOF OFLEMMA 9

K #K) <68 +6. 47
Each Px» such thatPx» < pu, satisfies WK # K) <0+ (47)

Put
1 ~
g [H ;TQ(X”] ¢ (39) T = {kt gy (k|R) > 1= 5}, (48)

since the random variable is bounded abovespy’x~-almost The Markov inequality implies thatx (7) > 1 — 3. Now for
surely. Then the result follows from Lemma 8 and the fact thabchk € 7, we have
1, and u®™ agree on the support dx-.

(1 — 0a)pur (k)

APPENDIXC < ke ke 49
PROOF OFLEMMA 10 < (ks F) (49)
Let (B,) be any finite partition oft compatible with.#. For < / Qy|x=2 (U Awk> dpx (x) (50)
a such thatQ x (B,) > 0, define Fr w
() = Yz € Bo} 1, (40) < (1—€')HK(1€)+M<I; Qv| Xz (UAkw 21_6/>>
QX( ) kw

and for« such thatQx (B,) = 0, putr, = 0 if = ¢ B, and (51)

To = o0 Otherwise. By the law of large numbers, the §&tas , . 1 o
defined in (10) satisfies < (1 =€)k (k) + 2% exp(d UAkw . (52

: ®nony _

nlg& QX" (S) = 1. (41)  where Fir € X is the decoding set fok, and Ay, is the

Now we can invoke Lemma 9. Let, be the restriction of decoding set fors” upon receivingw. Rearranging,

p®™ on 8", and note thatD(Px«||u®") = D(Pxn|/un) By

N 1 d
the arbitrariness ofB,) ande > 0, we see the left side of (7) (¢' — 54)C<1 Tt (k) < 27-< exp (ﬁ) Qv (U A’W> :
is upper-bounded by ¢ ¢ w (53)

inf sup ¢(Px) (42) ~ . .
G:>0 py: Pyig<(14+6)Qx(o Now let & be the restriction oftx on J. Then summing both

sides of (53) ovek € 7, applying the union bound, and noting

whereg is a finitely generated-algebra (thes-algebra gener- that { Ay, )1 is a partition ofY for eachw, we obtain

ated by(B.)), andPx|g andQ x|g are conditional distributions.

Now choose any decreasing and vanishing sequéageand ~ 1 9T W)
a nested sequendg;) which contains a countable basis of e (2 T) < log|K| — 1- 1 log R
(X, .Z). Then pick a sequendgPy) such that g (=047

’ (54)

PYig, < (1+ex)Q% g, (43) Cc(l—e) -1



The proof is completed invoking Proposition 24 below and ~ A/(0,aI). Then we see

noting that m ) =
Cj 04
N . d*(Qym,c™) >1lim Y ZLlog 2L — ~log — (61)
Ey(Qklli) < Er(Qkllp) + Ex(ullz) <6+ 05. (55 aw; 2 a2 7
Prpposition 24, _Supposd” is equiprobable or1,..., M} and — Z %7 logoj; — %bg b
1 IS @ nonnegative measure on the same alphabet. Forcaay =
(0, 1), c;—m 1
+ lim L log — (62)
1 al0 2 «

The special case of Proposition 24 wheris a probability Provided thaty_; ¢; > m holds. _ _
measure was used in the proof of [20, Theorem 10] (see equatioT_he proof is essentlally based on a refinement of the achiev-
(59) therein) to relate Rényi divergence and total vaorati ab|I|tyDQf smooth BLL: in the proof of Theorem 13, take
distance. The extension to unnormalizedan be easily proved € < = ¢ = 1,2 and X = Y. Then,
in a similar way.

1
lim P[S/] = lim P|=> zz' <(1+&)l (64)
APPENDIXE nree oo T
BOUND ON THE SECOND ORDER RATE FOR GAUSSIAN ) > zz!| —1
OMNISCIENT HELPERCR GENERATION = lm P [771 = Dll] (65)
Let =P[W =< Dy, (66)
A+AT wherez := £~ 2x ~ N/(0,1) and we applied multivariate CLT
W= NG G7) in (66). On the other hand, by CLT we have

be the standard Wigner matrix, whefeis a square matrix with lim P[7]=1-Q (&) ) (67)

iid. A(0,1) entries. n—oo vV

Denote byQ(-) the tail probability of the standard Gaussiamlso, a simple scaling argument shows that
distribution and\,.« () the largest eigenvalue of a matrix.

P+ D) = )+ LA S0 ey

Theorem 25(Bound on the second order rate for Gaussian omni- 2
scient helper CR generatiarhssume thaf)y ~ is Gaussian with loge ( )
: X . < - ; .
a non-degenerate covariance matrix, and there is a sequehce < P(Z)+ 2v/n mn Zc] D (69)

CR generation schemes such that Thus following the steps in the proof of Theorem 13, we can

lim inf v/n KZ cj — 1) R, — chRjn — d*(Qym, cm)} find (1n)n>1 such that

n—oo
E1 Q9| 11) <PMnax (W) < D11 — Q (£2) + 0(1) (70
LB (S ) pys ® H(QF" 1n) < Pmax(W) < 11 Q(L2) +o(1) (70)
* oge
— d(pn, QY™ ™) < d*(Qx,c™) + m—Y ¢j) D1
for someDy, Dy € (0,1), whereR,,, Rin, ..., Ry, are the 7 K 2\/5( Z J)
rates at blocklengt. Then + Dy (71)
1 Vi
lim inf §|men —Txm,| > PAnax(W) < D1] - Q (%) » Now, invoke Theorem 20 with
59
9 4= Hns (72)
where § <+ 8, = E1(QF"||pn); (73)
d < nd,, (74)
V= Var (Z CilQy; v (Yj) - zQymllu(ym)> (60) whered,, is defined as the right side of (71). Then
J
1 1
- m - m > - T _; -
Proof: First, observe that we will only need to consider 2|QK w = Trema[ 21 |K] eXp( 256 \/ﬁ) o (75)
the case ofzjcj < m, since otherwisel*(Qym,c™) = oo =1—06,+0(1) (76)

and Theorem 25 is vacuous. Indeed, suppose without loss of
generality thaty™ ~ A/(0, ). For o € (0,00) small enough, Wherer > 0 is defined as the difference between the left and

we can findU jointly Gaussian withy ™ such thaty™|U = right sides of (58). Thus (59) is established. u
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