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Abstract 

This paper presents the distributed pinning consensus solution for nonlinear positive multi-agent systems with 

nonlinear control input by applying observer-based control protocols. The network topology is considered as 

a directed and fully connected structure. By considering sector input nonlinearities and various forms of 

topologies, two kinds of state observers involving standard observer and distributed pinning observer are 

presented for each regarded nonlinear agent by applying a novel analysis directly dealing with the nonlinear 

input and nonlinear system dynamics. The measured local output detail outlines the first observer, and 

the other observer is achieved via the corresponding output detail of its adjacent agents. Based on further 

observed state details, a distributed pinning observer-based strategy is derived for the leader-follower non- 

negative global consensus of the nonlinear positive multi-agent system. Additionally, two multi-step algorithms 

are proposed to set up the observer gains and each protocol criterion. Performance evaluations are provided 

to confirm the proposed control method and illustrate the effectiveness of the derived non-negative consensus 

observer-based protocols. 

Keywords: Convex optimization; directed topology; distributed pinning observer; linear matrix 

inequality(LMI); nonlinear control input; nonlinear positive multi-agent systems. 

  

1. Introduction 

The distributed cooperative control approach of multi-agent systems (MASs) has been investigated previ- 

ously in many cases. These systems are applicable in control, sensing, communication network technologies, 

and district heating and cooling networks. Other substantial perspectives of analyzing distributed MASs 

are using consensus or synchronization control problems in recent years [1] since most of the coordination 

control problems can be stated into consensus problems [2]. Besides, by considering the physical features of 

technical systems such as nonlinearity, actuation, and model uncertainties, the latest consensus studies have 

been developed based on these physical factors [3, 4, 5, 6] to improve the networks’ performance. 

Most recently proposed consensus protocols considered general MASs with undirected networks [7, 8]. 

Since the Laplacian matrices of MASs are asymmetrical, analyzing consensus problems of nonlinear MASs 

in directed networks becomes much more complicated than undirected approaches. Thus, some distinctive 

approaches have been made to design fully distributed consensus protocols for directed topologies [9, 10] 
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because distributed networks can be more flexible and computationally efficient according to their sparse 

communication networks. Distributed consensus studies are categorized into regulator-based consensus prob- 

lems [11, 12] and the tracking-based consensus problems [13, 14, 15, 16]. The majority of the studies are 

related to analyzing tracking consensus problems with single or more leaders in many areas, for instance, in 

power grids with various distributed generation units [17, 18]. The main issue in developing distributed track- 

ing consensus cases is sharing objective information with agents. To overcome this matter, considering that 

agents can receive information from the desired trajectory, the consensus tracking problem can be dealt with 

using classical centralized methods. In some cases when defining consensus strategies, it is desired that all the 

states converge to a prescribed value. For this purpose, one can make each state converge to the prescribed 

value by employing a negative feedback term applied to each agent. Interestingly, it is not mandatory to have 

controllers on all nodes due to the network’s interaction. This technique is known as pinning control. For 

extensive networks with several agents [19], it is not affordable and easy to compute agents one by one to 

achieve the desired consensus information. In such networks, a distributed pinning tracking control method 

is the solution to obtain the desired trajectory by sharing that information with a small number of agents. 

However, it is much more of interest for control engineers in providing pinning-based control strategies by 

sharing information with only one agent, which makes the implementation of the presented method much 

more straightforward. 

Later, consensus strategies are obtained according to observer-based methods as some of the states may 

be unavailable in a multi-agent network [20, 21, 22]. In [23], distributed observers are applied to estimate the 

velocity of an assumed leader to reach and provide tracking/formation control of the network. Additionally, the 

distributed observer-based protocol based on relative output information is investigated in [24]. Moreover, 

a reduced-order observer-based consensus solution is proposed in [25]. Developing distributed consensus 

protocols by using edge/node information or utilizing intermittent observers are considered in [26] and [27]. 

For reduced-order observer-based consensus, an altered algorithm is proposed in [28] by bringing up the 

system’s stability measure using the average dwell time approach and piecewise Lyapunov functions. Because 

the final goal is to implement multi-agent strategies in reality, it is obligatory to consider nonlinearities, satura- 

tions, and uncertainties in mathematical modelings to develop optimal consensus protocols [29, 30, 31, 32, 33]. 

Furthermore, to provide local consensus conditions for nonlinear MASs, the effects of the minimum nonzero 

eigenvalue of the Laplacian matrix with general algebraic connectivity consideration and spanning trees in 

directed topologies are analyzed in [34]. First and second-order MASs with intrinsic Lipschitz nonlinearities 

are investigated in [35] with fixed or switching directed networks to exploit the influence of the interaction 

concepts of positions and velocities in these networks. As a more advanced work about applying Lipschitz 

nonlinearities, an adaptive fully distributed consensus method without employing the global interaction infor- 

mation is introduced in [36]. For the goal of synchronizing linear undirected multi-agent networks, a control 

framework is developed in [37] by considering sector nonlinearities. The cyclic-small gain approach is intro- 

duced in [38] to obtain observer-based consensus under bounded uncertainties to lead agents to a limited 

region of the favorite consensus information. Also, the asymptotic and finite-time consensus of MASs under 

actuator saturation with or without time delays is studied in [39]. The low gain feedback method is consid- 

ered, and generalized to an observer-based consensus scheme in [40] and [41] to provide semi-global consensus 

under input saturations in switching networks. Moreover, for undirected and directed multi-agent networks, 

an observer-based leader-following consensus for agents with uncertain dynamics is proposed in [42]. 

Positive systems are branches of systems in which their state variables and outputs remain non-negative



for non-negative initial conditions and inputs. These systems have been studied more due to their applications 

in various essential areas, such as economics, biology, communications, population models, heat exchangers, 

distillation columns, storage systems, and stochastic models with non-negative states, etc[43, 44]. For instance, 

even the R-C circuit can represent a positive system because the non-negative value of the capacitor’s voltage 

is initially such [44]. Since positive systems are often occurring in real-life contexts, it is necessary to study 

their properties. Some positive systems’ applications are discussed in [44] in complete details, such as Leontief 

models for price and production’s predicting, the Leslie model to study age-structured populations, the Markov 

chains, the compartmental models, and the birth and death processes. Additionally, positive interconnected 

systems are analyzed from the stability viewpoint by [45] with the L, gain test. The authors specified 

acceptability and stability measures of positive systems with the L1 induced norm of each positive subsystem 

and with the calculated Frobenius eigenvalue of the determined interconnection matrix [46]. For the goal of 

analyzing the exponential stability of switched positive linear systems with time-varying delays, [47] presented 

a weak excitation. Further, new outcomes on the stability of switched positive systems under time delays by 

considering copositive Lyapunov function are presented in [48]. Another approach [49] introduced the stability 

conditions of discrete-time positive systems with some conditions in their inputs or states. 

Positive MASs are introduced when the state variables in MASs remain non-negative. Recently, positive 

MASs have been remarkably gained attention to the study. As an example, in [50], the containment control 

problem of MASs is solved by applying positive systems’ fundamentals under heterogeneous and unbounded 

communication delays. Furthermore, the positive edge-consensus approach for nodal networks is developed 

in [20] by employing output feedback schemes. Discrete-time positive edge-consensus for both directed and 

undirected nodal networks is studied in [51]. For complex networks, the positive-edge consensus is introduced 

in [43]. Recently, the positivity-preserving consensus problem of homogeneous MASs is investigated in [52]. 

Additionally, the problem of formation control for the group of positive interconnected systems and time 

delays is studied in [53] and [54]. Furthermore, for homogeneous positive systems, stability criteria and 

consensus availability for these systems are investigated in [55] and [56]. Finally, the corresponding consensus 

conditions for directed and linear positive MASs with control input nonlinearity are proposed in [57] and then, 

the non-negative global consensus conditions are proposed. Another interesting application of positive MASs 

is in providing smart control strategies for distributed energy management networks [58, 59] or investigating 

smart homes’ flexible energy systems [60]. Besides, since in complex networks, using pinning control only 

requires applying controllers on a small fraction of the nodes, the pinning control strategy has an advantage 

over other techniques. It is worth noting that pinning consensus has not been proposed for linear or nonlinear 

positive MASs. 

Although some recent practical methods have been developed for analyzing directed positive MASs, other 

new procedures should be introduced and designed to cope with different consensus protocols of linear and 

nonlinear positive systems. This matter encourages us to assume the non-negative pinning consensus problem 

of nonlinear positive MASs with directed graphs and nonlinear dynamics, like uncertainties in modeling and 

sector input nonlinearities. 

Inspired by the reviewed approaches, we present the global leader-following non-negative consensus of 

nonlinear directed positive MASs with sector input nonlinearities by defining the full-order and distributed 

observer-based protocols. The contribution of the paper is characterized by the following four aspects. First, 

a novel distributed pinning-based observer is proposed for positive systems to find every agent’s state details 

by sharing their communication network. Second, nonlinear positive MASs are generally considered and



therefore, as the particular case of the current paper to develop any containment tracking/formation control 

solutions of linear MASs with different types of observer-based protocol, the presented methods of the current 

paper can be applied to any linearized positive MASs around their equilibrium points. For instance, if there are 

no isolated and pinned nodes in the network and the agents’ dynamics are linearized around their equilibrium 

points. Then, this article’s obtained results can be applied to develop containment formation control for linear 

systems like the one developed in [61] as long as the linear MAS states remain positive. It is worth noting 

that most approaches on pinning consensus assume pinning a fraction of nodes. However, a few studies for 

conventional MASs and none for linear or nonlinear positive MASs consider pinning only one node. Third, 

the consensus is proven for the case that only one node is assumed to be pinned. Fourth, to implement the 

proposed approach, two multi-step algorithms are provided to calculate the feedback matrices and design the 

observer-based consensus strategies. 

The remainder of the paper is organized as follows. In Section 2, the main problem is given and formu- 

lated. Thereafter, non-negative consensus results and conditions with main algorithms and theorems for fully 

connected directed nonlinear positive MASs with sector input nonlinearities are proposed based on various 

types of observer-based control schemes. Two numerical examples are discussed in Section 3 to illustrate the 

formulated theoretical effectiveness of the outcomes. 

Notations and preliminaries: R™*™ (Rv*"™) signifies the m x m dimensional matrix with real elements 

( non-negative matrix with real elements) set. An m x m dimensional matrix Q is determined to be Metzler 

if its non-diagonal elements are considered to be non-negative. Moreover, the matrix Q(Q > 0) denotes a 

non-negative matrix if its elements are completely non-negative. The matrix Q is determined to be positive 

if all of its elements are non-negative. Furthermore, Q > 0 denotes a positive definite matrix. As a result, 

Q < 0 denotes a negative definite matrix. In formulations, \;(Q), (i = 1, ..., N) is the 7th largest 

eigenvalue of the matrix Q. |le|| shows the Euclidean norm of a vector and the induced norm of a matrix. 

The m x m dimensional identity matrix is denoted as I;,. Also, the m x p dimensional zero matrix is shown 

“Tn as Omxp. For simplicity, the symmetrical elements of a symmetric matrix are written with symbol 

deriving equations, if the dimensions of matrices are not directly stated, the dimensions are considered to be 

applicable for the algebraic calculations. Let a directed graph (digraph) G with N vertices ( v1, v2, ..., UN) 

indicates the interaction of the presented positive MAS. Denote A = {aij} € RN*N% as the adjacency matrix 

of a digraph G, where aj; = 1 if there is a directed path from v; to vj, otherwise aj; = 0. In addition, the 

Laplacian matrix of the directed network is stated as L = D-— A, where D is defined as a diagonal matrix 

represents the in-degree of vertex v; with dis = yi $i Vij Also, the symbol Sym denotes the symmetric 

matrix. 

2. Problem description and main results 

Consider N nonlinear positive MASs including sector nonlinearities in control inputs with the i-th agent’s 

dynamics as given below 

(1) 
4; (t) = Ax; (t) + Hg (t,x; (t)) + Bsec (u; (t)) 

yi (t) = Cz; (t), i=1,2,..,N, 

where x; (t) € R™*' represents the i-th agent’s state and A € R™*" is considered to be Metzler. Also, 

y(t) € RY is the measured non-negative output matrix of the i-th agent. Moreover, matrices B, C, and



Hf are constant with applicable dimensions. The above nonlinear system is assumed to be positive if the 

matrix A remains Metzler and the nonlinear functions remain positive for any positive initial states [62]. It is 

assumed that (A, B,C) is observable and controllable. The term sec (u; (t)) stands for the sector nonlinearity 

of the i-th control input, where u;(t) € R?*! is the corresponding user-designed control law and is denoted 

as sec (uj (t)) = [ sec (u1,i (t)) sec(u2i(t)) ... sec(upi (t)) |. 

Definition 1. Generally, the nonlinear function ®(z) is assumed to be inside the sector [m; m;,] and 

2 2 : 
Miz SAO; SMpizi*, t= 1,2,...,m, 

where (z;,®;) is the i-th scalar element of (z, ®). 

Based on the sector nonlinearity’s above definition, for the control input u;, we can be conclude that 

miu, (t) < wiz (t) sec (uij (1) < mpu;;(t), (2) 

where 0< mj < mp < ow ,ie {1,2,..., N}, je { 1,2, ..., ppandp,g € {1,2, ..., m}. Additionally, 

g(,:) : Rx Rrxt > Rrxt is a continuous function representing the nonlinear dynamics of the i-th agent. 

Furthermore, it is considered that the nonlinear function g meets the following Lipschitz criterion with a 

Lipschitz fixed value 6 as 

Ig (t,a(4)) — g(t, yt) < B |la(t) —y()||, t> 0. 

For any initial states 7;(0) (7 = 1,2, ..., N), the consensus problem can be solved asymptotically for 

the set of nonlinear agents by the designed control protocol u; (t) if the following condition satisfies 

dim lls (t) — rj (1)|) =, 

where x; (t),2;(t) € RT?! andi, j € {1,2, ..., N}. 

A consensus state s(t) € R'’*! of the proposed positive MAS (1) needs to be a feasible trajectory of an 

isolated node complying with the following defined consensus state’s derivative 

8(t) = As(t) + Hg (t,s(t)), (3) 

with s(0)= sq. 

Lemma 1 ([63]). For the directed graph G, all of the eigenvalues of its Laplacian matrix involve non-negative 

real parts. Besides, the eigenvalue of the related right eigenvector 1y of the Laplacian matrix is zero. It can 

be claimed that for the directed graph (digraph) G with a directed spanning tree, zero would be the simple 

eigenvalue of the Laplacian matrix L. 

Definition 2 ((64]). For any strongly connected directed graph G, the generalized algebraic connectivity 

value is defined as 

L = ] e—_—_— 4 ah) = min oats’ (4) 

where f =[ fi, ..., fw]’ indicates the corresponding left eigenvector of the graph Laplacian matrix L to 
( TL+ L7T) 

2 its zero eigenvalues, in which f; > 0 and aa fi = 1. Moreover, L is defined as L = , where 

T= diag{fi, ..., fn} and diag implies the diagonal elements of the matrix. 

5



Lemma 2 ([64]). If it is assumed that the symmetric matrix L cannot be reduced anymore with the elements 

Lij <0 (iF j3i, 7 € {1,2, ..., N}) and the fact that wy Lj; = 0, it consists mingre9 , «£0 abet = 2(L) 

ifC=[, d, ..., ¢ nw]? is defined as the left eigenvector of the matrix L relating to its zero eigenvalue. 

  

2.1. Full-order state observer consensus protocol for nonlinear positive multi-agent systems with nonlinear 

control input 

The following full-order state observer is presented for the considered nonlinear positive multi-agent net- 

work (1) 

(5) 
2; (t) = At; (t) + Hg (t, #1 (t)) + Bsec (ui (t)) + B( u(t) — H(t), 
Gi (t) = C2; (t), i=1,2,..., N, 

where #; (t) signifies the estimation of the system’s state 2; (t), and 4%; (¢) implicates the output of the proposed 

observer system and FE is the feedback gain matrix. 

To minimize the control cost, the objective information s(t) is considered to be shared with a limited 

number of agents. Then, below distributed pinning consensus strategy according to the observed details from 

the system’s states is presented as 

N 

ui (t) = eK DY) aij (@i(t) — &)(t)) — pdiK (2i(t) — s(¥)) (6) 
j=l 

where y and K are the network coupling intensity and the feedback gain matrix, respectively, and d; represents 

the i-th node’s pinning status, where d; = 1 denotes the 7-th node is pinned, otherwise d; = 0. Moreover, aj; 

indicates the element of the adjacency matrix of the developed communication topology G. 

By applying the control input protocol (6) and according to Eqs (1) and (5), the equations of the system’s 

state and its estimated value for the i-th agent for the nonlinear positive MAS with the sector nonlinearity 

form of control input are 

aj; = Ax; + Hg (t, x; (t)) + Bsec (ok ae aay (@i(t) — 2; (t)) — pd, Kk (#i(t) — s(t))) , 

a; = Aa; (t) + Hg (t,4% (1) + EC ( wilt) — a(t) + Bsee (pK DNL, aay (@i(t) — 25(€)) — dK (a(t) — s(4))) 
(7) 

by applying the Kronecker product, Eq.(7) is rewritten as 

&=(Iy @ A)x+ (Un ® H)g (t,x) + In ® B)sec(p( LO K)&—- p(D@K)(é-8)), 

= (Iy @(A— EC))#+ (Ly @ EC)x + (In @ H)g (t, 2) (8) 

+Un @ B)sec(p( L@K)&—-y(D@K)(é-s) ). 

where D = diag{d;} is the general pinning matrix. By defining the i-th agent’s state estimation error as 

e;(t) = a(t) — &;(t), based on (7), it can be concluded that 

é;(t) =(A-EC)e; (t) + HH (t, xi(t), %(t)), (9) 

where gi (t,xi(t), @i(t)) = g(t.ai(t)) — g(t,2(t)). By denoting e(t) = [ef (t), F(t), ..., RO),



1 (t, x(t), z(t)) = (at (t, x1(t), &1(t)) of (t, xo(t), %a(t)), sey qt (t, xn (t), #y(t))]’ and 

g(t, #(t)) = [9 (t,@1(t)), g(t@2(t)), ---, 9(t@n ON", 

the state estimation error can be rewritten as 

é(t)=In @( A—- EC)e+ Un @ A) (t, x, x). (10) 

— _~ _~ — T _~ 

Define = |)", D2", ..., Dy'] with; = [27 (), eP()]", E(u) = [£7 (ur), €T (ua), EP (uy) 
and the general sector nonlinearity vector sec(u) as sec(u) = [ sec(u1), sec(uz), ..., sec(uy)]|’. In fur- 

ther formulations, let sec(u) = [™5™]u+ €(u). Now, Eq.(8) can be rewritten as 

Q= (wos pate D) @ Qa) B+ ys 

u= y[(L— D)@K|Q+ ys(D@K), 

mart mj = 
JP OQ2+G+ (In @ B) E(u), 1) 

      

A EC BK Omxm T H)g(t,2 ONmxNm 
where Q, = , Qo = x _G= Iy ® tg ( t) NmxN . 

Omxm A- EC Omxm  Omxm (Iy ®@ A) (t, x, £) OnmxNm 

— B — 
B= and K = | K Opxm | - 

mxXp 

Let denote Q as Q=( (L — D) ® Inm) Q, then 

+ 
O=(Ivea+ ed D) @Qs) O+ ys 

+ ((L— D) @B)€(u), (12) 

u= y[In@kK|Q+ psD ((L - D)'@R). 

Mat ™ 7 _ D)Da@Qo+(Iy @G) 

Lemma 3. Since it is considered that (A, C) is observable, then the initial value of the matrix EF for further 

calculations can be selected to certify that (A — EC) remains stable and 

min Omin( A- EC —jwl) > 6||H]| (13) 
w ER+ 

where 6 and H are the Lipschitz constant and the defined coefficient matrix of the system’s nonlinear function, 

respectively. Besides, based on (13), the concluded below Riccati equation 

(A-EC)'P+P(A-EC)+( B\|AllyPP + In + 5Im =0 (14) 

includes a symmetric positive definite solution P for some 6 > 0 which satisfies (13) [65]. 

Theorem 1. According to a fully connected directed nonlinear positive multi-agent network G with N positive 

agents, the dynamical multi-agent nonlinear system is interpreted by (1) with sector input nonlinearities. 

Then, there is a full-order state observer such that the non-negative consensus is obtained according to the 

proposed distributed pinning consensus strategy (6) if the below conditions are met 

1. A- (pte) (liz — d;) nBB'-!, i =1,..., N, and (A — EC) are Metzler. Besides, —-BB?II~! and 

7



—EC are non-positive. 

(A+ H)M+(AT+H")—y%BBT +07  (EC+H)II 
* Sym/(AII — ECTI) 

  

fi fi 

ri (CLL'T) represents the i-th eigenvalue of TLL7T and a(L— D) is calculated based on the definition of 

general algebraic connectivity of the directed graph G, where L is the Laplacian matrix of the assumed graph 

. T 2 

where L= Vl, y = y(sdj+ lja(L— D)(m,+ mi) - (5) — (ee), i=1,..., N, 

and D = diag{d;} is the general pinning matrix. 

Proof of Theorem 1. The first equation of (12) is given as 

_ N 
; ™ 
Q; = Q10; + 7&2 » aj; (Qa — — dQ) } + ay ma, iQe2 S ajz(Q] — 05) — dQ; 

yt (15) 
N 

+ Git BOY) aij (E (ui) — E(uj)) — di€ (ui) 
j=l 

where ™ = mp + mj. Assume the following positive definite Lyapunov function candidate 

V(t) = Vi(t)+ Vo(t)= e7 (t)(In @Ph)e + Sopot FO, 
i=1 

where P is the positive definite matrix solution of the obtained Riccati equation (14) and matrix F = 

diag{ V,V} € R?™ *2m with its element V is positive. 

Taking the derivative of Vi (t) leads to 

V, (t) = 2e7 (Iy @ P)é= 2c? ( Ivy @P)( In ®( A— EC)e+ (In @ H) G (t,€)) 

< TIy@ ( (A—EC)’P + P(A EC) +( 8\|HI\)?PP + Im) e 

where the given inequality can be applied 

2e;PHH (t,¢:) < 2 ||Peil| - |G (tex) || < 26 || Hl - Peal -lleil] < (8 ||H|I)°eF PPes + ef ex. 

Therefore, for Vi (t), 

Vi(t) < et In@ (( A-—EC)'P+P(A-EC)+(8|\|A||)P?PP + In) e = eTIy @De 

< de (Iy @Im)e. 

On the other side, calculating the derivative of V2 (t) gives 

N N _ N 
Va (t) = 290 fi7F (Qi) +250 fiQ7F x oF Qs S 5 aig (Qi — D5) — di 

i=1 i=1 

N ™ N 

+25° fO7F x pss ide S aij (Qi — 25) — di 
i=l j=l



N N N 

+20 HOFF (Git BY) aij (E (ui) — € (us) =2 D7 fiO7 (FQ10%) 
i=l j=l i=l 

N — N 
m 

+ 250 fF x eZ FQ2 Sai (Qj _— Q;) _— ia 

j=l i=1 

N — N N 
m 

+2S° f,Q7 x ps di F Qs ( S aij (Qi — D5) — ia + 25° fiOT (FG) 
j=l i=1 i=l 

N N — 

+2)> fiOP (FB Yai; (E (ui) — €(uj))) = 207 @ FQi+ ETL D)® FQs)0 
i=l j=l 

+207 (pr (L— D)s@FQo+(0 @ FG)+(LL® FB)E(u))2 

<a (Te (FQ: +Q'F — ya(L—D) (™)nFBB' F — yDsa(L — D) (mm) nFBB P))0 

+20°T @( FG+G'F)+ 207(TL® FB)E (u), (16) 

and 7 is a positive constant. Because of the feature of sector nonlinearities that (sec (uw) — mau)’ (sec (uw) — mju) < 
2 

0, then it is not difficult to conclude that €7 (u) €(u) < (eq) uu. So, 

Ve <at ( Te (FQ: +Q!F —ya(L— D)(™m)nFBB' F — yDsa(L— D)(m) nFBB F)) Q 

+20°T (FG+GTF)+ aT ( PLL'Pe@ FBB'F) O+ET (u) E(u) 

< Qt ( Te (FQ: +Q!F —ya(L— D) (™)nFBB' F — yDsa(L— D)(m) nFBB P)) Q 
2 

+207 (FG+GTF) + ar ( (restr rows.) g mn) Q 

= 07 (V@ (FQ, +Q7F))Q- aT ((a (L— D) (mr) @ FBB'F) Q 

— af ((¢Dsa (L— D) (mr) @ FBB'F) 042077 (FG +GTF) 
2 

+ ar ( (restr roms.) g TE 0=9 (Pa (FQ:+QPF))9 

~D ((va(L ~ D) (m) nl) @ FBB'F)9—D ((yDsa(L— D) (mm) nf) @ FBB'F) 

=T =T° 2 _ 2 ——— =~ 420 T (FG+GTF) + 5 ( (seman) g TB 9 (17) 

where Q = (Z? @1)Q and Z?TLL'TZ=E= diag{\; (TLL‘T)}, i =1,..., N and Z is an orthogonal matrix. 

Thus, for the V(t) we can conclude that 

V< belly @ Inlet ® (Pa (FQ: +QTF))Q-D ((va(L— D) (m) nv) @ FBB'F) 

_ ((eDsa (L— D)(m) nV) @ FBB F) M4120 T (FG+GTF) 

2 

a ( (team) @ Br) 2 

9



Due to the nonlinearities in the agents’ models and control inputs, the estimated states contain some errors in 

comparison to real states. It is worth noting that when V <0, then <0, and lim;,.e (t) will converge to 

zero with a very small estimation error, which also infers the asymptotically stable conditions. This estimation 

error can be ignored for real-life plants with relatively low control performance precisions. Additionally, based 

on states’ initial conditions and the network topology, the set of estimated states will reach to the agreement 

over time. Furthermore, we can conclude that 9 and &(u) converge to zero for large values of t ( t + oo) 

and the consensus is consequently provided. Since (A — EC) remains Metzler and the state variables remain 

non-negative in the considered MAS to have the nonlinear system’s stability and the fact that we proved 

the consensus is reached over the time-horizon, the consensus value is guaranteed to be non-negative for the 

defined nonlinear positive MAS. Subsequently, the observed value from each agent’s state is applied to provide 

the optimal distributed pinning consensus strategy. In the simulation results, both estimation and consensus 

errors are calculated to verify the mentioned claim. Let define A as follows 

A= e'Iy e+ f; (F (Q1+G)+(Qi+ G)'F) —(y(Ds+l)a(L— D)(m)nf;—  (TLL"T) 

(mn — mu), oer (A " \FBB' Fi =1,..., N. 

From (17), it can be inferred that V <Oif A<0 fori=1,..., N; that is 

A _ e! In ® Ne 

  

A= 7 = 7; +F(Qi+G)+(Qi+G)'F 

- ( y(Ds+1)a(L— D)(™m)n- (* me) - ( =~ my) FBB F <0. ") 

Let define 7; as the following 

y= (dis + 1)a(L— D)(m)n- (Ae) - (ce) i=l,..., N. (19) 

By substituting Q into (18) and using (19), we have the given simplified LMI form as 

V(A+H)+ (A? +H") V —yVBBIV + V(EC + H) <0. (20) 
* Sym(VA-—VEC) 

    

By pre- and post-multiplying Eq.(19) by yl 

  

| , the given quadratic matrix inequalities are obtained 

    

(A+ H)M+M(A?+H")—yBBT+N2M (EC +H) 0 (21) 

x Sym(AII — ECT) 

where II = V~!. Consequently, the consensus condition is proposed above. In the rest, the obligatory 

requirements to keep the non-negative feature of the whole system are presented. From the augmented 

system (11), the system matrix Ivy @ Q, + p™2$™ (L— D) ® Q2 should be Metzler, which leads to A — 

(pint) (lis — d;) nBB'U"!, i =1,..., N, and (A— EC) are Metzler. Besides, -BB’H~! and —EC are 

non-positive. 
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In conclusion, the non-negative full-order state observer consensus is attained if the LMI in (21) is stabilized 

concurrently subject to the non-negative constraints. To have appropriate matrices II and E, the convex 

optimization approach is applied to deal with LMIs depending on the non-negative terms. More information 

is brought in Algorithm 1. 

The proof of Theorem 1 is completed. Hf 

Algorithm 1. According to the fully-connected direct nonlinear positive MAS with sector input nonlineari- 

ties, with Laplacian matrix L and the general pinning matrix D = diag{d;}, firstly, f and 4; (TLL'T) should 

be calculated. Next, set the constants m,; and mj. 

Step 1: Select the initial value of the matrix F that satisfies (13). 

Step 2: Choose a positive definite matrix P that satisfies (14) and then calculate ©. 

Step 3: Choose a positive definite matrix II, and solve the corresponding LMIs in 1) with the determined 

terms of the condition and 2) to have an optimally calculated matrix E,,¢ which can minimize a, and 

: (A+ H)T+T (A? + A") — % BB? +1 I (EC+H)I 

* Sym/(AII — ECTI) 

2. A- (pte) (liz — d;) nBB'-!, i =1,..., N, and (A — EC) are Metzler. Besides, —-BB?II~! and 

—EC are non-positive. 

< alom, 

Let Qopt1 be the minimized value of a. 

Step 4: If Qopt1 < 0, then II and Eopt are the optimal solutions of the described LMIs. Otherwise, if apt > 0, 

let E = Eopt, and find the solution of the LMIs in 1) with the determined terms of the condition and 2) to 

have an optimally calculated matrix Io, which can minimize a, and 

: (A+H)U+U (A? +H") —7yBBT +4 I (EC+H)I 

* Sym/(AII — ECTI) 

2. A- (ptnt M1) (lis — d;) nBB'I-!, i =1,..., N, and (A+ EC) are Metzler. Besides, —-BB?II~! and 

—EC are non-positive. 

< alo, 

Let Qopt2 be the further minimized value of a. 

Step 5: If dopa < 0, then Ilo, and Epp: are the optimal solutions of the described LMIs. Otherwise, start 

over from step 3 again. 

2.2. Distributed full-order state observer consensus protocol for nonlinear positive multi-agent systems with 

nonlinear control input 

In the following, another form of the full-order state observer consensus protocol is presented to estimate the 

state information of each nonlinear positive agent with sector nonlinearity. Because of the exclusivity of the 

communication topology in a distributed network, the output information of adjacent agents can be applied 

to ascertain the state observer and reduce the computational complexity [66]. For that reason, the given 

distributed pinning observer is introduced as 

&;(t) = Aa; (t) + Hg (t, & (t)) + Bsec(ui (t)) + udiE (Gi (t) — i (t)) 
+d E ( yer aig (Gi (t) — G ()) — DL aig (wi () — (1))) (22) 

g(t) = C2; (t), i=1,2,..., N, 

11



where <; denotes the state estimation, 9; is the output of the designed observer and d; is each agent’s pinning 

information where d; = 1 if the i-th agent is pinned, otherwise d; = 0. Also, uz is the network coupling 

intensity. Besides, the distributed pinning consensus strategy is proposed as 

N 

ui (t)= PKS) aij(#i (t) — 2) (t)) — dipK(#i (1) — s(t), (23) 
j=l 

where y and K are defined as the network coupling intensity and the specified feedback gain matrix, respec- 

tively. 

With the above protocol (23), the equations of the 7-th agent’s state and its estimated value of the nonlinear 

positive MAS with sector nonlinearities are obtained as below 

&; = Axj(t) + Hg (t, xi(t)) + Bsec (ok yoy aig (#i(t) — 8)(4) — vd, (#:(t) — s(t))) 

#i(t) = Aai(t) + Hg (t, #i(t)) + ndiEC ( #i(t) — a(t) + wo, aig EC(#i(t) — &5(t)) — WO, aig BC (ai — 5) 

+Bsec (ok ps aay (#i(t) — 2) (t)) — gd K (@:(t) - s(t) 

(24) 

By applying the Kronecker product, Eq.(24) is rewritten as 

&= (In ® A)x+ Uy ® H)g (t,x) + Ly ® B)sec(p( L@K)&—- yp( D@K)(*e—-s8) ), 

= (Ivy @A-p(L+D)®@ EC) é+(y @ H)g(t,@) + u(L+D) ® ECx (25) 

+Uy ® B)sec(yp( L@K)&—- y(D@K)(«e-s) ), 

where D = diag{d;} is the general pinning matrix. By defining the i-th agent’s state estimation error as 

e; (t) = a(t) — &;(t), based on (24), it can be concluded that 

N 

é;(t) = (A-pd)EC)e,(t) + Hin (t,ai(t), #i(t)) + oY) aij EC(e;(t) — ext), (26) 
j=l 

where gj (t, z(t), @:(t)) = g(t,a;(t)) — g(t, @(t)). By denoting e(t) = [ ef (t), ed (t), ..., eb (t)]", the 

state estimation error can be rewritten as 

é(t) = (In ®@A-pw(L+D) ® EC) e+ Un ® BH) (tz, £). (27) 

Define 9 = [, Me, ..., Dw]” with D = [#7, e7]". Moreover, €(u) = [ 7 (am), 2 (uw), ...,  (uy)]", 
and also, the general sector nonlinearity vector is denoted as sec (u) = [ sec’ (uy), sec’ (ug), ..., sec’ (u wn)’. 

In further formulations, let sec(u) = [™4™]u+ €(u). 

Now, the Eq.(25) can be rewritten as 

O= (a+ oe (L- D)@ Qa) 2+ pseD@Q2+G+ (In @ B) € (u) 
(28) 

u= y[(L— D)@K|Q+ ys(D@K), 

Iv@A u(L + D) ® EC 
,Q2= 

OnmxNm In @A-—p(L+D)@EC 
where ™ = mp +m), Qi = 0 0 

mxm mxm 

      

BK Omxm | 
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,B= 

(ly @ A) (t, x, £) OnNmxNm 

Let denote Q as Q=( (L — D) ® Inm) Q, then 

mxp 

-| (Ly @ H)g(t,@) — ONmxNm 

    

| oar [K Opxm | . 

O=(Q4 oo (L - D) @Q2) 2+ pED(L~ D)s@Q2+ (Iv 8G) +((L— D)@B)E(u) (9) 

u= g|In@k |Q+ gD ((L - D) 's@R). 

Theorem 2. According to a fully connected directed positive multi-agent network G with N positive agents, 

the dynamical multi-agent nonlinear system is interpreted by (1) with sector input nonlinearities. Then, there 

is a distributed pinning full-order state observer such that the non-negative consensus is obtained according 

to the proposed fully distributed pinning consensus strategy (23) if the below conditions are met : 

1) A- (pint 1) (lis — d;) NV BB'V,i=1,..., N and Iy@A~p(L+D) ® EC are Metzler. Besides, terms 

—VBB'V and —p(L +D) ® EC are non-positive, where pz is the network coupling intensity. 

2 
) *« Sym(AIl — pwd;ECTL) 

< 0, 

    

where 6 = (A+ H)I+I0(A? +H") —7,BB? +040, = V1 y= vldist l)a(L— D)(mp+ mi) n- 

A(PLLTT) (Poem NOE) — (Poem 

a(L— D) is calculated based on the definition of general algebraic connectivity of the directed graph G, 

; ), a= 1,..., N, Aj (CLL'T) represents the i-th eigenvalue of TLL7T and 

where L is the Laplacian matrix of the assumed graph G and D = diag{d;} is the general pinning matrix. 

Proof of Theorem 2. By considering the following Lyapunov candidate 

V(t\)h= Vi(t)+ Vo(t)= e7 (t)( In @ Phe + Sopot FQ, 
i=1 

the procedure of proving this Theorem is as the same as Theorem 1, except in Theorem 2, by substituting 

the matrix Q, in Eq.(18) and using Eq.(19), the given new LMI is obtained as 

| 8  ~=V(udiEC + H) <0. (30) 
* Sym(VA— pdV EC) 

  

where 0 = V(A+ H) + (At + H r) V-yVBBIV+ = . Moreover, the given quadratic matrix inequalities 

for a distributed full-order state-observer can be rewritten as 

| 6 (ud;EC + HI <0. (31) 
* Sym(AII— pd; ECT) 

  

where 6 = (A+ H)II+ TI (AT + HT") —7,BBT + nF ,I1= V~!. Consequently, the consensus condition 

is proposed above. In the rest, the obligatory terms to keep the states of the system to be non-negative 

are presented. From the augmented system (28), the system matrix Qi + punt me “™(L— D)® Q2 should be 

Metzler, which leads to A — (p™$4) (1; — di) NVBBTV, and In ® A—p(L+D)@EC ,i=1,..., N are 
Metzler. Besides, -VBB?V and —(L +D) ® EC are non-positive. 

In conclusion, the non-negative distributed full-order state observer consensus is attained if the LMI in (31) 
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is stabilized concurrently depending on the non-negative constraints. To have appropriate matrices II and E, 

the convex optimization approach is applied to deal with LMIs subject to the non-negative constraints. More 

information is brought in Algorithm 2. 

The proof of Theorem 2 is completed. Hf 

Algorithm 2. According to the fully-connected direct nonlinear positive MAS with sector input nonlineari- 

ties, with Laplacian matrix L and the general pinning matrix D = diag{d;}, firstly, f and 4; (CLL'T) should 

be calculated. Next, set the constants m,; and mj. 

Step 1: Select the initial value of the matrix F that satisfies (13). 

Step 2: Choose a positive definite matrix P that satisfies (14) and then calculate ©. 

Step 3: Choose a positive definite matrix I, and find the solution of the corresponding LMIs in 1) with the 

determined terms of the condition and 2) to have an optimally calculated matrix E,,; which can minimize a, 

and 

* Sym(AI — ud; ECT) 

where 6 = (A+ H)I+T (A? +H") —y, BB" +17, = Vet 2) A— (p™™) (lig — di) nV BBTV, 
and Iy ® A-—p(L+D)@ECi=1,..., N, are Metzler. Besides, -VBB’V and —p(L + D) ® EC are 

non-positive. 

< alo, 

Let Qopt1 be the minimized value of a. 

Step 4: If Mopt1 < 0, then II and E,,¢ are the feasible solutions of the described LMIs. Otherwise, if aopt1 > 0, 

let E = Eopt, and find the solution of the LMIs in 1) with the determined terms of the condition and 2) to 

have an optimally calculated matrix To, which can minimize a, and 

1) 0 (ud; EC + H)I 
< alom, 

*« Sym(AIl — pwd;ECTI) 

where 6 = (A+ H)I+1(A? + H*) —yBB? +e ,0= vot 
2) A— (ptt) (lig — di) nVBBTV, and Iy ® A-p(L+D)® EC i =1,..., N, are Metzler. Besides, 

—VBB'V and —p(L +D) ® EC are non-positive. 

Let Qop2 be the further minimized value of a. 

Step 5: If aop2 < 0, then To, and Ep; are the feasible solutions of the described LMIs. Otherwise, start 

over from step 3 again. 

Remark 1. One of the goals of developing the methods in this article is to derive consensus strategies for 

positive multi-agent systems in case of pinning only one node to minimize the control cost (optimal global 

consensus). Furthermore, according to the theorems, any one of the nodes can be pinned and hence, new 

LMIs will be derived, which will lead to obtaining new optimal feedback matrices. On the other hand, if the 

number of pinned nodes increases, suboptimal consensus strategies will be obtained in which the control cost 

is higher than optimal case since controllers are implemented for more than one agent (node). 

3. Performance evaluation 

In this section, two examples are proposed to verify the effectiveness of the derived observer-based con- 

sensus protocols for both simple and complex networks. In the first example, the communication topology is 

assumed to be simple with few number of nodes and in the second example, a communication topology with 

more nodes is considered. For both simple and complicated cases, the observer-based consensus is calculated 
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Figure 1: Directed communication topology for nonlinear agents in Example 1 with the isolated objective node( node 0) 

according to the presented algorithms in the article. In further calculations, obtained values from each exam- 

ple and algorithm are denoted with subscripts opt (as optimal values), Fa.1 (as in Example 1), Fx.2 (as in 

Example 2), Alg.1 (from Algorithm 1), and Alg.2 (from Algorithm 2). 

Example 1. The assumed communication topology of the directed network in the this example is illustrated 

in Fig.1 with few number of agents. In this case, the eigenvalues of the Laplacian matrix for the considered 

directed graph are calculated as 3, 1.5 + 0.86607 and 1.5 — 0.86602. 

Let denote parameters of the system(1) as below 

AK | —10.18 9.98 | He | 0.698 —0.26 | Be | 0.7 | Ce | 0.7 —0.3 | | 
10.3. —9.84 0.682 —0.34 0.7 0.1 0.6 

and for the i-th agent, the control input sector nonlinearity sec(u; (t)) and the nonlinear function g(t, x;) are 

defined as follows 

sec(u;(t)) = 1.2u; (t) — 0.3u; (t) |sin(u, (¢)) | and g(t, xj) = xjsin(0.31la;1t) xj2c0s(0.31a;2t) . In this 

case, Mp = 1.2, m; = 0.9, 6 = 1, and ||H|| = 1.0641. The system models are chosen to provide the positivity 

feature of the nonlinear agents before applying the developed algorithms. Then, the algorithms can be applied 

to preserve the whole system’s positivity and calculate the control strategies.Set constants 7 = 0.6, y = 10, 

fu = 15, and 6 = 0.02. The defined constants in the article are assumed to be known and user-defined values 

based on the network topology features, including the coupling intensities among agents. By considering 

various values for the constants which implies the different network structures, new LMIs are solved and new 

optimal feedback matrices are calculated. In obtaining simulation results, node 1 is considered to be the 

pinned node. 

For the proposed distributed pinning protocol (6), the initial value of the matrix EF is chosen as EF = 

| 17.1333 21.8667 
12.3644 —3.5511 

positive definite matrix P from the Riccati equation (14) and then calculate matrix © as follows. 

based on (13) such that A — EC remains Metzler. Thus, it is easy to obtain the 

d 

0.0112 0.1357 

network, N = 4. 

0.0219 0.0112 

—0.0004 —0.0198 

  

—0.0215 —0.0004 . . or 
. Since there are four agents in the communication 

0.5 0 
According to the presented procedure in Algorithm 1 and by selecting II as HT = 0 o5 |? Theorem 1 is 

solved to calculate local observer values and feedback gain matrix. The following values are extracted from 
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Algorithm 1 and Theorem 1. 

19.026. E —0.1724 3.7982 nT 1.05 0O 
Qo x. ia »/o x. 11> ptto x. 11> : ppt, Fx.1,Alg.1 ppt, Fx.1,Alg.1 3.7982 3.0183 ppt, Fx.1,Alg.1 0 1.05 

Based on the above matrices, the feedback gain matrix K can be calculated by K = — nBVII. So, for 

Theorem 1, Kopt,Alg.1 is calculated as 

Kopt,px.,aig1 = | 0.4410 —0.4410 |. 

Besides, according to obtained values from Algorithm 1, it is easy to see that A— (ptnt 1) (li; — d;) nBBTT"!, 

i=1,...,N, and A— Epopt.Aig.iC are Metzler and —BB'Tt! and — Eopt,Alg.iC are non-positive. Therefore, 

all conditions of Theorem 1 are met, and all obtained values for Theorem 1 are calculated optimally. Then, 

by Theorem 1, the consensus control problem of the system (1) with distributed pinning control (6) can be 

asymptotically dealt with. Fig.2 represents the convergence of real states of the system (1), the convergence 

of observer states, and the calculated estimation error by applying Algorithm 1 and Theorem | in setting up 

the traditional common observer values. Based on Fig.2, we can infer that the proposed local observer by 

Theorem 1 and Algorithm 1 with a distributed pinning strategy can lead the nonlinear positive MAS with 

sector input nonlinearities to a non-negative consensus asymptotically. 

To obtain distributed full-order state observer as the next proposed observer, the presented LMI in Theorem 

2 is solved, and obtained values from Theorem 2 are given as the following. 

12.855. E —0.0124 0.0905 nT 1.05 0O 
Qo x. Q— 14. »/o x. 2 ptto x. 2 : ppt, Fx.1,Alg.2 ppt, Fx.1,Alg.2 0.0905 0.0784 ppt, Fx.1,Alg.2 0 1.05 

thus, based on obtained above values from Algorithm 2 and Theorem 2, the optimal feedback gain matrix is 

calculated as follows. 

K opt, Ex.1,Alg.2 = —0.4410 —0.4410 . 

additionally, by applying obtained above features from Algorithm 2 and Theorem 2, it can be concluded that 

A- (ptt m1) (lis — di) nBBIr!, and In @ A— pw(L+D) ® Eopt,Aig.2C, i = 1,...,.N are Metzler and other 

conditions of the proposed LMI in Theorem 2 are satisfied. Consequently, by using Theorem 2, the consensus 

problem of the system (1) with presented distributed full-order state observer in (22), and the distributed 

pinning strategy (23) can be asymptotically solved. Fig.3 demonstrates the convergence of real and observer 

states and the estimation error by utilizing Algorithm 2 and Theorem 2 in setting up the distributed full-order 

state observer values. From Fig.3, we can conclude that the proposed distributed full-order state observer 

by Theorem 2 and Algorithm 2 with a distributed pinning protocol, the nonlinear positive MAS with sector 

input nonlinearities can achieve a non-negative consensus asymptotically. 

Example 2. In this example, a communication topology with more agents is considered to verify the non- 

negative consensus results for graphs with more complex structure. The communication topology is depicted 

in Fig.4. The interaction topology in this example is selected from the first case study in [67]. There are 

nine agents which each agent has two state variables. Thus, for a non-negative consensus, all of eighteen 

states should converge to the calculated non-negative consensus values. Additionally, the eigenvalues of the 

16



    

  
  

  

  
  

  

  
  
  

  

    
  
  

(c) 
T T T T T T T T T 1b a 

0.55% 4 

5 «O 

-0.5 4 

‘PE ! ! ! ! ! ! ! ! ! 4 
0 0.5 1 15 2 25 3 3.5 4 45 5 

t 

(d) 
4 T T T T T T T T T 

2 —_ 

“; oe 
0 

2 ! ! ! ! ! ! ! ! ! 4 
0 0.5 1 15 2 25 3 3.5 4 45 5 

t 

mms {5! state of Node 1 *  48' state of Node 2 ==" 15' state of Node 3 *  48' state of Node 4 
=   ™ 2" state of Node 1 "== ™ ™ 2" state of Node 2 "= '™ 2" state of Node 3 “=== 2"4 state of Node 4   

  
Figure 2: Obtained figures from Example 1: a) evolution of real states, b) evolution of observer states using Algorithm 1, c) 

estimation error using Algorithm 1, d) consensus error using Algorithm 1; Legends of subplots are the same. 
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  Figure 3: Obtained figures from Example 1: a) evolution of real states, b) evolution of observer states using Algorithm 2, c) 

estimation error using Algorithm 2, d) consensus error using Algorithm 2; Legends of subplots are the same. 
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(0}--- 

Figure 4: Directed communication topology for nonlinear agents in Example 2 with the isolated objective node( node 0) 

Laplacian matrix for the considered directed graph are calculated as 0, 0.1719, 0.8359, 1.1134, 2, 2.8347, 

3.5362, 4.3729 and 5.1352. 

In this example, the parameters of the system(1) are defined as 

AK | ~13.23 8.72 | H- | 0.853 —0.35 | Be | 0.82 | ce | 0.8 —0.4 | | 
9.41 —11.35 0.841 —0.44 0.82 0.2 0.5 

and for the i-th agent, the control input sector nonlinearity sec(u; (t)) and the nonlinear function g(t, x;) are 

defined as the same as in Example.1. Then, m;, = 1.2, mj; = 0.9, 6 = 1, and ||H]|| = 1.3218. Set constants 

7 = 0.6, py = 30, w = 410, and 6 = 0.02. In obtaining simulation results, node 1 is pinned. 

For the proposed distributed pinning protocol (6), the initial value of the matrix EF is selected as E = 

8.7937 20.4750 

10.7813 —6.0750 

0.0219 0.0113 —0.0207 —0.0022 

: - | » - | 
0.0113 0.1357 —0.0022 —0.0080 

network, N = 9. 

based on (13) such that A — EC remains Metzler. Thus, P and © are calculated as 

. Since there are nine agents in the communication 

  

0.5 0 
By applying Algorithm 1 and choosing II as H = 0 O85 | , the following optimal values are calculated 

to satisfy stated conditions in Theorem 1 for the proposed communication topology. 

20.632. E —0.1345 2.3014 I 0.85 0 
Qo x. 1 4. »/o x. 1+ ytto x. 1+ : ppt, Fx.2,Alg.1 ppt, Fx.2,Alg.1 9.3014 2.6486 ppt, Fx.2,Alg.1 0 0.85 

Based on the above matrices, the optimal feedback gain matrix K is calculated as 

Kopt,px2,aig1 = | 0.4182 —0.4182 |, 

Fig.5 illustrates that the asymptotical non-negative consensus is provided based on the calculated optimal 

values from Theorem 1 for the considered graph. 

In the next case, the distributed full-order state observer based on Theorem 2 is presented for the considered 

communication topology. By applying Algorithm 2, the given optimal values are obtained such that conditions 

in Theorem 2 are provided. 
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Figure 5: Obtained figures from Example 2: a) evolution of real states, b) evolution of observer states using Algorithm 1, c) 

estimation error using Algorithm 1, d) consensus error using Algorithm 1; Legends of subplots are the same. 
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Figure 6: Obtained figures from Example 2: a) evolution of real states, b) evolution of observer states using Algorithm 2, c) 

estimation error using Algorithm 2, d) consensus error using Algorithm 2; Legends of subplots are the same. 
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90.525. E —0.0005 0.0019 nT 1.20 O 
Qo x. .2— AV. »/o x. 2 ytto x. 2 : pt, Fx.2,Alg.2 pt, Fx.2,Alg.2 0.0019 0.0041 pt, Fx.2,Alg.2 0 1.20 

Based on the above matrices, the optimal feedback gain matrix K is calculated as 

K opt, Ex.2,Alg.2 = —0.5904 —0.5904 : 

Therefore, by applying above values, the non-negative consensus solution of the system (1) with distributed 

pinning control (6) and the full-order state observer (22) and the distributed pinning strategy (23) is pre- 

sented. According to Fig.6, the obtained distributed observer-based non-negative consensus for the assumed 

communication topology is verified. So, for a complex network with nine agents and eighteen state variables, 

the nonlinear positive MAS with sector input nonlinearities can reach a non-negative consensus asymptotically 

according to the proved observer-based protocols by Theorems 1 and 2 with one node being pinned. It is 

obvious that consensus values are dependent to the network topology and the states’ initial values. In the 

simulation results, for each example, the initial conditions of a set of states are set with different values, which 

leads to obtain different agreements at the same time for different set of states (group consensus). Generally, 

according to the calculated agreements, by applying algorithms 1 and 2, consensus strategies related to various 

sets of states are achieved. 

Remark 2. The developed observer-based algorithms are feasible for distributed networks of positive agents 

interacting to each other. The obtained observer-based consensus protocol from Algorithm 1 uses the local 

output information of agents to construct the observers, while in Algorithm 2, observers are made by exchang- 

ing the relative output information of neighboring nodes. Since the consensus strategies in both algorithms 

are proposed by the assumption of applying pinning control method, the implementation requirement will be 

having the pinning joint communication network with a spanning tree. It can be inferred from the simulation 

results that Algorithm 1 has higher precision due to the availability of local output information of agents but 

requires more computations. On the other hand, Algorithm 2 provides consensus with better volatility with 

less computation efforts because only the relative output information of neighboring agents (not all agents) is 

needed to construct the observer-based feedback matrices. It is worth noting that applying Algorithm 2 leads 

to obtaining estimation errors with higher overshoots and longer settling times. 

Remark 3. Controlling power management systems or data centers’ cooling can be considered as controlling 

positive systems since the control variables in such cases ( PUE, temperature, ...) are always positive. Thus, 

from the perspective of the process control community, one of the beneficial applications of the presented 

article is to maintain the output temperature of the liquid-cooling lines in a fixed range (positive consensus) 

in liquid-cooling methods for data centers with different environmental conditions. Consequently, by applying 

our article’s method, intelligent liquid-cooling strategies can be deployed. This interesting subject will be 

discussed more with more specific case studies in future publications in line with this article. 

4. Conclusion 

In this paper, the leader-following consensus problem for the directed nonlinear positive MASs with sector 

input nonlinearities is proposed and formulated according to two types of observer protocols. At first, the 

traditional local observer is proposed for the nonlinear agent with a nonlinear form of control input to achieve 

the non-negative distributed pinning consensus protocol. A new type of distributed pinning observer is pre- 

sented for the networked nonlinear positive MAS by sharing sensors’ communication network. Two convex 

22



optimization algorithms are stated for both formulated observer protocols to calculate optimal feedback ma- 

trices and observers’ parameters by solving the quadratic matrix inequalities subject to non-negative terms. 

Eventually, the leader-following consensus is reached by the distributed pinning strategy according to two 

proposed effective observer-based methods with two examples provided in numerical illustrations. Based on 

numerical simulations, both proposed observers can work appropriately with an acceptable estimation error 

rate in the existence of nonlinearities in agents and their control inputs. Future work will aim to provide 

non-negative consensus strategies for district heating and cooling of energy management networks and data 

centers with communication delays. 
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