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Abstract: 
Fractional-order vector vortex beams are recently demonstrated to be new carriers of fractional-strength 

optical vortices. However, why can those new vortex beams formed by the combination of both unstable 

states propagate stably in free space? Here, we solve this scientific problem by revealing the physical 

essence of propagable fractional-strength optical vortices in free space. Three new understandings 

regarding those peculiar vortex beams are therefore proposed, namely Abbe’s diffraction limit, phase 

evolution of vortex beam, and phase’s binary time vector property. For the first one, owing to Abbe’s 

diffraction limit, the inherent polarization modes are intertwined together, thereby maintaining the entire 

peculiar vortex beams in free space. For the second one, we demonstrate the phase evolution of vortex 

beam, which is the physical reason of polarization rotation of fractional-order VVBs. For the third one, 

the phase is not merely a scalar attribute of light beam, but manifests a binary time vector property. This 

work provides entirely different physical viewpoints on the phase of vortex beam and Abbe’s diffraction 

limit, which may deepen our knowledge on the behavior of light beam in classical optics.  
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Introduction 
A vortex beam refer to a light beam carrying optical vortex exp( )ilϕ  [1]. Here, ϕ  and l are the vortex 

phase and its topological charge, respectively. Generally, conventional vortex beams, e.g., the Bessel-

Gaussian beam and Laguerre-Gaussian beam, are special solutions of wave function, which always 

possess integer topological charge l [2]. Therefore, optical vortices carrying by those light beams can not 

only induce orbital angular momentum (AM) equivalent to lћ  per photon, but also maintain stable in 

free space during propagating in free space [1]. Why is it so important that whether an optical vortex can 

be propagable in free space？The main reason is that information adhered to propagable vortex beams 

can transfer without distortion in free space [3]. For over 30 years, great success has been achieved in 

the study of optical vortices, including spin and orbital AM conversion [4, 5], rotational Doppler effects 

[6, 7], advanced lasers [8], optical imaging [9], and orbital AM optical communication [3, 10, 11]. 

However, most studies regarding orbital AM are still conducted under the framework of vortex beams 

with integer orbital AM.  

One may wonder whether there is another kind of propagable optical vortices in optics that can not 

only possesses a noninteger orbital AM, but also propagate in free space stably like the above integer 

one. Recently, we solve this scientific problem by demonstrating propagable vortex beam with l+0.5 

topological charge [12, 13]. It should be emphasized that this kind of vortex beam is also the solution of 

wave function. That is, optical vortices with fractional topological charge are naturally existed in free 

space. Generally, conventional vortex beam with integer orbital AM always possesses a homogeneous 

polarization state, such as linear, circular and elliptic polarization [1, 2]. Unlike the conventional one, 

fractional optical vortices have different carriers, namely VVBs with m+0.5 order [12]. Although our 

previous work provides a mathematical derivation on the creation of propagable fractional optical 

vortices, the physical essence of those peculiar vector beams is unclear. We don’t know why the 

combination of both unstable states, namely m+0.5-order VVB and vortex phase with l+0.5 topological 

charge, can form a stable vortex beam with fractional-order and fractional topological charge. We don’t 

know why the polarization and vortex phase of light beam remain stable in free space, but the 

discontinuity of light beam caused by the phase and polarization jump are missing. We even don’t know 

why the modulation symmetry of light beam is broken, however, the inherent polarization modes within 

fractional-order VVB are still intertwined with each other [14].  

Here, we reveal the physical essence of propagable vortex beam with l+0.5 topological charge by 

re-understanding Abbe’s diffraction limit, investigating the phase evolution of vortex beam and 
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proposing phase’s binary time vector property.  For this first one, although the modulation symmetry of 

fractional-order VVB is naturally broken down by the optical vortices with fractional topological charge, 

the inherent polarization modes are still intertwined with each other because of Abbe’s diffraction limit, 

thereby leading to a stable state of fractional-order VVBs in free space. For the second one, we 

demonstrate the phase evolution of vortex beam, which is the physical reason of polarization rotation of 

fractional-order VVBs. For the third one, the phase is not merely a scalar attribute of light beam, but 

manifests a binary time vector property. Therefore, the entire electric field of fractional-order VVBs is 

continuous while the topological charge of vortex phase and the order of polarization are fraction. This 

work provides entirely different physical viewpoints on the propagable vortex beam with l+0.5 

topological charge, which may deepen our knowledge on the behavior of light beam in classical optics.  
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2. Results 
As two stable states in classical optics, vortex beam with integer topological charge and integer-order 

VVB represent two extremes of light beam. For the former one, vortex beam with integer topological 

charge is normally homogenously polarized, which can be considered as a scalar light beam. Therefore, 

those light beams can carry a convectional optical vortex with integer topological charge stably in free 

space. For the latter one, integer-order VVB can be obtained by the combination of left and right 

circularly polarized beams with inverse optical vortices. That is, the inherent modulation symmetry of 

light beam can be broken down by imposing an additional optical vortex [14]. For this reason, integer-

order VVB can only maintain stable without optical vortex in free space. Unlike the both light beams, 

propagable vortex beam with l+0.5 topological charge can be considered as their middle state. The 

stability of these peculiar vortex beams is dependent on the interaction between the vortex phase and the 

polarization of fractional-order VVB. Without one of both, fractional-order VVB and vortex beam with 

non-integer topological charge cannot propagate individually in free space. However, why does this 

middle state of light beam exist naturally in free space? 

2.1 Intertwinement of inherent polarization modes 
Mathematically, propagable vortex beam with natural non-integer topological charge can be expressed 

as [12] 

cos[( 0.5) ]
exp[ ( 0.5) ]

sin[( 0.5) ]
m

i l
m

ϕ β
ϕ

ϕ β
+ + 

= +  + + 
E ,                                        (1) 

where ϕ  is the azimuthal angle; l  and m  are two integers that relates to the topological charge and 

order of entire vortex beam. β  determines the polarization direction of m+0.5-order VVB. Without loss 

of generality, 0β =  in this paper.  Generally, the above vortex beam can be simplified into  

[ ] [ ]exp ( 1) exp ( )i m l i m lϕ ϕ= + + + − −E R L ,                                (2) 

Here,  [ ]= 1 tiL  and [ ]= 1 ti−R  denote the left and right circularly polarized modes, respectively. t 

denotes the matrix transpose operator.  

As demonstrated in our previous work, Equation (2) represents stable propagable vortex beams 

with fractional topological charge [12]. Therefore, the inherent polarization modes in Eq. (2) are always 

intertwined together even when the light beam propagate to an infinite distance in free space.  However, 

in Eq. (2), the topological charge of L  are different from that of R , different topological charge 
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leads to different position of R and L , and the maximum distance between both polarized modes can 

be obtained at the infinite distance in free space. That is, the first scientific problem is that how can both 

circular polarization modes in Eq. (2) intertwine together so that the entire vortex beam remains stable in 

free space.  

 
Figure 1. Schematic of vortex beam with different topological charge in focusing system.  is the focal sphere of 
objective lens (OL), with its center at O and a radius f. A, B are two arbitrary points in . O1 is the point on vortex 
beam in the focal plane. P is the vortex phase of incident light beam. θ is the convergent angle of OL. 

To verify the intertwinement of inherent polarization modes in Eq. (2), we explore the effect of 

vortex phase affecting  L  and R  when the entire vortex beam propagates to an infinite distance in 

free space. According to information optics, the image of a light beam at an infinite distance can simply 

be obtained in the focal region of an objective lens (OL) obeying the sine condition in Fig. 1 [15]. Here, 

Ω  is the focal sphere, and its center is at O and its radius is f, which is the focal length of OL. O1 is an 

arbitrary point in the focal region of the lens. As shown in Fig. 1, when the topological charge of vortex 

phase (P) is zero, constructive interference can only occur at the focal point O owing to the equivalent 

optical paths of the light beams between the points in Ω  and point O. Therefore, a bright focal spot can 

be obtained at point O. By contrast, the light intensity of focus became a donut when the topological 

charge is an integer l. It should be emphasized that this donut in the focal plane indicates the image of 

vortex beam propagating to an infinite distance in free space.  

Due to the phase symmetry of vortex beam, the maximum light intensities on the donut are located 

at the point O1 (see Fig. 1), the position of which are merely determined by the optical path difference 

(OPD) for the light beams between two arbitrary symmetry points A, B in Ω  and O1. Note that light 

beams of other points in Ω  are interfered at the donut with different weight factor according to the 

principle of interferometry. In the cylindrical coordinate system, points A, B, O and O1 can be expressed 

as ( sin cos , sin sin , cos )A Af f fθ ϕ θ ϕ θ− , ( sin cos , sin sin , cos )B Bf f fθ ϕ θ ϕ θ− , (0,0,0)  and 

( cos , sin , )s s zρ ϕ ρ ϕ , respectively. Here, A Bϕ ϕ π ϕ= − = , and 0z =  indicates that the vortex beam is in 

Ω
Ω
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the focal plane.  

The OPD for the light beams between the points A, B in  and O1 can be simplified to L2-L1, 

where L1 and L2 denote the light paths AO1 and BO1, respectively. Generally, the light paths L1 and L2 

can be expressed as 

    2 2 2
1 ( sin cos cos ) ( sin sin sin ) ( cos )s sL f f fθ ϕ ρ ϕ θ ϕ ρ ϕ θ= − + − +             (3) 

            2 2 2
2 ( sin cos cos ) ( sin sin sin ) ( cos )s sL f f fθ ϕ ρ ϕ θ ϕ ρ ϕ θ= − − + − − +    .   (4) 

The OPD for the light beams between the points in  and O1 can be calculated as 

     2 1 2 2

4 sin cos( )
1 2 sin cos( ) 1 2 sin cos( )

s

s s

s L L
ρ ρ ρ ρ

ρ θ ϕ ϕ
η η θ ϕ ϕ η η θ ϕ ϕ

−Δ = − =
+ + − + + − −

        (5) 

where θ  is the convergent angle; / fρη ρ= . Because O1 is the point on the vortex beam in the vicinity 

of the focus, fρ  . That is, 0ρη ≈ .  Finally, Equation 5 can be simplified to 

2 sin cos( )ss ρ θ ϕ ϕΔ = − .                                                      (6) 

It should be emphasized that ϕ  and sϕ  are the azimuthal angles in the wavefront and in the focal plane 

of OL, respectively. What is the relationship between both of them?  

 
Figure 2. Propagation invariance of optical vortices with integer topological charge. During propagating in free space, 
vortex phase of light beam with integer topological charge maintain stably. Here, ϕ , tϕ  and sϕ  are  the vortex phases 
in different propagation distance.  

In principle, vortex beams with integer topological charge are special solutions of wave function. 

As shown in Fig. 2, optical vortex carried by a light beam can maintain itself in free space even when it 

propagates to an infinite distance. For this reason, one can obtain the same vortex phase at arbitrary 

propagation distance in free space. In the case of 0l ≥ , the rotation direction of ϕ  and sϕ are 

homodromous, therefore =ϕ sϕ . In the case of 0l < , the rotation direction of ϕ  and sϕ are inverse. Due 

Ω

Ω
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to the symmetric of vortex phase, = s lϕ ϕ π+ .  

Finally, Equation 6 can be expressed as 

2 sin 0
2 sin cos( ) 0

l
s

l l
ρ θ

ρ θ π
≥Δ =  <

.                                                                 (7) 

According to the principle of interferometry, when modulating by a vortex phase (P) exp( )ilϕ  in 

Fig. 1, the above OPD for the light beams in Eq. (7) are compensated by the vortex phase exp( )ilϕ , 

which can be expressed as 

/ 2s l Mλ λΔ − = .                                                                 (8) 

Here, l is the topological charge of vortex beam; M indicates the order of constructive and 

deconstructive interference on vortex beam. Further, Equation 8 can be simplified into  

/ 2s M l λΔ = + .                                                                 (9) 

It should be emphasized that high order constructive interference of vortex beam always occurs at the 

outer ring. For this reason, for l >0, M>0 and for l <0, M <0.  

From Eqs. (7) and (9), one can simply obtain the radius Mρ  of maximum light intensities of vortex 

beam in the focal plane of OL, namely OO1 in Fig. 1, which can be expressed as 

,
/ 2

2sinM l
M l λ

ρ
θ

+
= .                                                             (10) 

For more convenient, ,M lρ  and 0.5,M lρ +  denotes the radius of bright rings (constructive interference) and 

dark rings (deconstructive interference) of vortex beam with topological charge l, respectively. Here, 

0, 1, 2...M = ± ± .  Note that cos( ) 1lπ =  with l<0.  

Equation 10 not only implies that vortex beam with topological charge l are composed of a series of 

bright and dark rings, but also demonstrates that vortex beams with topological charge ±l possess an 

identical radius ,M lρ ± . Therefore, left and right circular polarization mode with inverse optical vortices 

are always intertwined together, thereby generating a stable conventional integer-order VVB in free 

space [16]. Here, the order is determined by the topological charge of both circular polarized beams. In 

term of vortex beam with fractional topological charger in Eq. (2), the inherent left and right circular 

polarization mode possess different topological charge, thereby leading to different trajectory of bright 

rings in the focal plane of OL. Without loss of generality, we take the brightest ring as example to 

explain how both circular intertwine together to form a stable vortex beam in Eq. (2).  
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Figure 3 presents the brightest ring with radius ρ of vortex beam with M=0 in Eq. (10). According 

to Eq. (10), ,
/ 2

2sinM l
M l λ

ρ
θ

+
= denotes the radius of bright ring and +0.5, 0

0.5 / 2
2sinM l

M l λ
ρ

θ=

+ +
=  

represents the radius of dark ring. Finally, the thickness of each bright ring of vortex beam can simply be 

obtained by 

, 0.5,2( )
2sinM l M lD λρ ρ

θ+= − =                                            (11) 

In the condition of l=0, a bright spot is obtained in the focal plane. That is, 0, 0 0M lρ = = =  and 

0.5, 0 4sinM l
λρ

θ= = =  for dark ring of vortex beam. That is, one can derive the Abbe’s diffraction limit in 

free space by calculating the size of focus in Fig. 3(a) using Eq. (11), namely 0.5, 02
2sinM l

λρ
θ= = = .  

 
Figure 3. Schematic of vortex beam with different radius ρ. (a) denotes the light beam with topological charge l=0; (b) 
represents two adjacent vortex beams with l=2 and l=-3. The combination of both vortex beam can form an m=-2.5-
order VVB with topological charge l=-0.5 in Eq. (2). 

In the condition of 0l ≠ , the vortex beam becomes a donut in the focal plane. From Eq. (11), all 

bright rings of vortex beam share an identical thickness, which is consistent with the Abbe’s diffraction 

limit in free space, as shown in Fig. 3 (b). Although the brightest rings with a different of l possesses 

different trajectory in the focal plane, these two adjacent brightest rings cannot distinguish from each 

other because of Abbe’s diffraction limit, as shown in Fig. 3(b). That is why the modulation symmetry 

of light beam is broken, however, the inherent left and right polarization modes with the topological 
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charge difference of 1 are still intertwined together. For this reason, Equation 1 merely presents two 

stable vortex beams in free space. One is a vortex beam that possesses an optical vortex with topological 

charge ±0.5 along with a polarization state of an m+0.5-order VVB (see Equation (12)); another is a 

vortex beam that has a constant polarization state, namely, a ±0.5-order VVB, but an optical vortex with 

arbitrary topological charge l+0.5 (see Equation (13)) [12, 13].  

0.5

cos[( 0.5) ]
exp( 0.5 )

sin[( 0.5) ]m

m
i

m
ϕ β

ϕ
ϕ β+

+ + = ±  + + 
E ,                                        (12) 

0.5

cos( 0.5 )
exp[ ( 0.5) ]

sin( 0.5 )l i l
ϕ β

ϕ
ϕ β+

± + = +  ± + 
E ,                                         (13) 

For many years, we focus on how to break Abbe’s diffraction limit so that high resolution can be 

achieved in optical imaging, optical lithography. However, in term of light beam generation, Abbe’s 

diffraction limit is the physical essence of the intertwinement of inherent left and right circular 

polarization modes in free space. That is, the existence of this propagable vortex beam with l+0.5 

topological charge benefits from the Abbe’s diffraction limit. Without Abbe’s diffraction limit, the 

intertwinement inherent polarization modes cannot occur, and these peculiar vortex beams cannot be 

created in free space.  

2.2 Phase of inherent polarization modes 
As a middle state between conventional vortex beam with integer topological charge and integer-order 

VVB, vortex beam with fractional topological charge exhibits peculiar propagative behavior in free 

space. Their polarization states rotate continuously during propagating in free space, while the orders 

remain. That is, the second scientific problem is that what is the mechanism of polarization rotation of 

these peculiar vortex beams in free space.  

2.2.1 Phase evolution of different vortex beams 
According to Eq. (2), the order of vortex beam in Eq. (1) is determined by the topological charges of left 

and right circular polarization modes. Because both modes are special solution of wave function, their 

vortex phases can maintain stably in free space. That is, one can always obtain a stable m+0.5 order of 

light beam in Eq. (1) due to the unchanged topological charges. Unlike the order of vortex beam in Eq. 

(1), the polarization rotation of light beam is not dependent on the topological charge, but the phase 

difference between inherent left and right circular polarization modes. For this reason, the key to reveal 

the polarization rotation of these peculiar vortex beams is to find out the phase evolution of different 

vortex beams in Eq. (2).  
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Theoretically speaking, propagable vortex beams in Eqs. (12, 13) can be considered as two 

conventional optical vortices with opposite circular polarization and topological cores with a difference 

of 1. As shown in Fig. 1, points O and O1 are the geometric focus of OL and the points at a bright ring of 

vortex beam, which can be expressed as (0,0,0) , ( cos , sin , )l s l s zρ ϕ ρ ϕ , respectively. Here, 0z =  

indicates the focal plane of OL.  

As shown in Fig. 1, all light beam at the focal sphere are focused on the geometrical focus O when 

the topological charge l is zero. Because there is no phase modulation in the wavefront of OL, the phase 

of light beam is zero in the focal plane. That is, one can obtain the phase of vortex beam with different 

topological charge by comparing with that of zero topological charge. Specifically, the OPD for the light 

beams between the point A and O, O1 can be simplified to L0-L3, where L0 and L3 denote the light paths 

AO and AO1, respectively. As shown in Fig. 1, AO is the radius f of the focal sphere Ω . Generally, L0 

and L3 can be expressed as 

    0L f=                                                                      (14) 

            2 2 2
3 ( sin cos cos ) ( sin sin sin ) ( cos )l s l sL f f fθ ϕ ρ ϕ θ ϕ ρ ϕ θ= − + − +    .   (15) 

The OPD L0-L3 can therefore be obtained by 
2

0 3 2 2

/ +2 sin cos( )
1 1 / 2sin cos( ) /

l l s

l s l

fL L
f f

ρ ρ θ ϕ ϕδ
ρ θ ϕ ϕ ρ

− −Δ = − =
+ + − −

                          (16) 

Because O , O1 are the points on the vortex beam in the vicinity of the focus,  l fρ  . That is, 

2( ) / 0l fρ ≈ , / 0l fρ ≈ . Finally, Equation 16 can be simplified to  

sin cos( )l sδ ρ θ ϕ ϕΔ = − .                                               (17) 

According to the relationship between the phase and OPD, the phase difference between vortex 

beams with different topological charge can be obtained by =kψ δΔ Δ , where 2 /k nπ λ=  is the 

wavenumber, n=1 is the refractive index in the focusing space, see Fig. 1.  Using Eq. (10), the phase 

difference indicated by Eq. (17) can be expressed as 

( )= / 2 cos( )sM lψ π ϕ ϕΔ + − .                                                       (18) 

In the case of 0l ≥ , =ϕ sϕ . That is,  

( )0= / 2l M lψ π>Δ + .                                                       (19) 

Note that M=0, 1, 2, 3….  



12 

In the case of 0l < , = s lϕ ϕ π+ sϕ . That is,  

( )0= / 2 cosl M l lψ π π<Δ + .                                                       (20) 

Note that M=0, -1, -2, -3…. Please refer to Eq. (7).  

Without loss of generality, we take M=0 as example to investigate the phase difference between 

different vortex beams. Here, M=0 indicates the brightest ring in the center, see Fig. 1. Figure 4 presents 

the phase of vortex beam ψΔ  with different topological charge at an infinite distance. When the 

topological charge l>0, their phases are / 2lπ . However, when the topological charge l<0, the phases 

can be expressed as cos / 2l lπ π . That is, the phase sign with l<0 is changed alternately in Eq. (20). 

Although the direct relationship between the phases of vortex beams with positive and negative 

topological charge is not clear, their phases’ transmittances are symmetrical about the light beam with 

l=0 in Fig. 4, which can be expressed as  

exp( ) lT i iψ= Δ = .                                                 (21) 

That is, there is an additional phase change when vortex beams propagate from the wavefront of OL to 

an infinite distance in free space, namely the focal plane.  

  
Figure 4. Phase evolution of vortex beam with different topological charge in focusing system. Here, the infinite 
distance denotes the focal plane of OL. ψΔ is the changing phase when vortex beam propagates from the wavefront of 
OL to infinite distance.  

2.2.2 Phase of vortex beam with different M 
Based on the principle of interference, vortex beam with topological charge l possesses not only the 

brightness ring in center in Fig. 5, but also other bright rings located at the periphery of light beam. 

Normally, it is not easy to observe the outer rings due to the weak diffraction effect of vortex beam, see 

Fig. 5(a). However, as shown in Fig. 5 (b, c), when modulating by a high-pass pupil filter or the 

topological charge is large enough, the diffraction effect of light beam becomes large, and the outer 
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rings cannot be neglected accordingly. To reveal the phase evolution of entire vortex beam, we 

investigate the phase of different M.  

Generally, the phase of geometric focus O is zero because there is no phase in the wavefront of OL. 

Therefore, one can obtain the phase of different M in a vortex beam by comparing with that of zero 

topological charge as well. Supposed points O1 and O2 in Fig. 5 are two points at two arbitrary bright 

rings of a vortex beam with topological charge l, which can be expressed as  , ,( cos , sin , )M l s M l s zρ ϕ ρ ϕ . 

Here, M denotes the order of bright ring, and 0z =  indicates the focal plane of OL. 

 
Figure 5. Schematic of vortex beam with different M in focusing system. O1 and O2 are two points at two arbitrary 
bright rings of a vortex beam with topological charge l.  

Based on a similar process of derivation above, the phase of different M can be obtained by simply 

calculating the OPD between AO and AO1, 2, or BO and BO1, 2. That is, according to Eqs. (18) and (19), 

the phase of different M can be rewritten as 

( )0 = / 2l M lφ π>Δ +                                                           (22) 

( )0 = / 2 cosl M l lφ π π<Δ +                                                        (23) 

, where 0lφ >Δ and 0lφ <Δ are the phases of vortex with 0l >  and 0l < , respectively. Note that M=0, -1, -2, 

-3…for 0l < , while M=0, 1, 2, 3…for 0l > , as shown in Fig. 5(b, c).  

For a particular l, the phase difference between bright ring and focus O can be expressed as 

( )0 0=l M Mφ π>Δ −                                                           (24) 

( )0 0= cosl M M lφ π π<Δ −                                                        (25) 

where 0 0M = represents the bright focus O in the center of focal plane. As demonstrated in Section 

2.2.1, different l denotes different initial phase change with M=0. Here, we name this phase as oφ , which 

can be found in Fig. 4. Taking 1l = −  as example. In this case, 0.5oφ π= . Figure 6 presents the phase 

φΔ  of vortex beam with different M at an infinite distance. Although the initial phase is different for 
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different vortex beam, the phase differences between adjacent rings  φΔ  are always equal to π. As 

shown in Fig. 6, these phase change caused by the propagation of vortex beam does not affect the 

stability of entire optical vortex, thereby leading to the unchanged topological charge of entire light 

beam.  

 
Figure 6. Phase evolution of vortex beam with different M in focusing system. Here, the infinite distance denotes the 
focal plane of OL. φΔ is the changing phase when vortex beam propagates from the wavefront of OL to infinite 
distance. 

2.2.3 Polarization rotation of vortex beam in Eq. (1) 
Sections 2.2.1 and 2.2.2 have demonstrated that the phase of vortex beam is changed continuously 

during propagating in free space. Therefore, the mathematical form of light beam in the wavefront of OL 

is slightly different from that of light beam in the focal plane, namely infinite distance. Before 

explaining the polarization rotation of vortex beam in Eq. (1), we would like to investigate the 

polarization state of its counterpart with integer order for comparison.  

In term of integer-order VVB, its polarization state in the wavefront of OL can be considered as the 

combination of left and right circular polarization modes with topological charge m± , which can be 

expressed as 

exp( ) exp( )im imϕ ϕ= + −E R L ,                                              (26) 

where [ ]= 1 tiL  and [ ]= 1 ti−R  denote the left and right circularly polarized modes, respectively. t 

denotes the matrix transpose operator.   

When m-order VVB propagates to an infinite distance, a phase change is occurred at the inherent 

polarization modes  L  and R . According to Eq. (21), its polarization state at infinite distance turns 

into  
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exp( ) exp( )mmi im i imϕ ϕ−= + −E R L .                                              (27) 

By comparing with the light beam in Eq. (26), the phase change mmi i −=  is independent of polarization 

state of light beam in Eq. (27). For this reason, the polarization rotation cannot realize in free space, and 

m-order VVB always maintains stably in free space.  

In term of propagable vortex beam with fractional topological charge, this peculiar vortex beam has 

two stable states in free space in Eqs. (12) and (13). Both propagable light beams can also be divided 

into the combination of left and right circular polarization modes as well.  Specifically, VVB with the 

order of m+0.5 can be simplified to 

0.5,

1 1
exp[ ( 1) ] exp( )m i m im

i i
ϕ ϕ+ +

   
= + + −   −   

E ,                                        (28) 

0.5,

1 1
exp( ) exp[ ( 1) ]m im i m

i i
ϕ ϕ+ −

   
= + − +   −   

E ,                                        (29) 

Here, 0.5,m+ +E  and 0.5,m+ −E  indicate m+0.5-order VVB with topological charge 0.5+ and 0.5− , 

respectively. After propagating to an infinite distance, both m+0.5-order VVBs in Eqs. (28) and (29) turn 

into [see Eq. (23)] 

1
0.5,

1 1
exp[ ( 1) ] exp( )m m

m i i m i im
i i

ϕ ϕ+ −
+ +

   
= + + −   −   

E ,                                        (30) 

( 1)
0.5,

1 1
exp( ) exp[ ( 1) ]m m

m i im i i m
i i

ϕ ϕ− +
+ −

   = + − +   −   
E .                                      (31) 

Supposed m>0, the above two Equations can be finally simplified to  

0.5,

cos[( 0.5) 0.25 ]
exp( 0.25 )exp( 0.5 )

sin[( 0.5) 0.25 ]
m

m

m
i i i

m
ϕ π

π ϕ
ϕ π+ +

+ + 
=  + + 

E ,                           (32) 

0.5,

cos[( 0.5) 0.25 ]
exp( 0.25 )exp( 0.5 )

sin[( 0.5) 0.25 ]
m

m

m
i i i

m
ϕ π

π ϕ
ϕ π+ −

+ − 
= −  + − 

E .                        (33) 

Vortex beam with topological charge l+0.5 is another stable state of light beam in Eq. (13). 

Likewise, it can also be expressed as 

0.5

1 1
exp[ ( 1) ] exp( )l i l il

i i
ϕ ϕ+ +

   
= + +   −   

E ，
,                                         (34) 

0.5

1 1
exp( ) exp[ ( 1) ]l il i l

i i
ϕ ϕ+ −

   
= + +   −   

E ，
,                                         (35) 
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That is, when both vortex beams propagate to an infinite distance, their polarization states turn into 

1
0.5

1 1
exp[ ( 1) ] exp( )l l

l i i l i il
i i

ϕ ϕ+
+ +

   
= + +   −   

E ， ,                                         (36) 

1
0.5

1 1
exp( ) exp[ ( 1) ]l l

l i il i i l
i i

ϕ ϕ+
+ −

   
= + +   −   

E ， ,                                         (37) 

Supposed l>0, the above two Equations can be finally simplified to  

0.5,

cos(0.5 0.25 )
exp[ ( 0.5) ]exp( 0.25 )

sin(0.5 0.25 )
l

l i i l i
ϕ π

ϕ π
ϕ π+ +

+ 
= +  + 

E ,                           (38) 

0.5

cos( 0.5 0.25 )
exp[ ( 0.5) ]exp( 0.25 )

sin( 0.5 0.25 )
l

l i i l i
ϕ π

ϕ π
ϕ π+ −

− − 
= +  − − 

E ， .                        (39) 

 
Figure 7. Schematic of polarization rotation of vortex beam with fractional topological charge. Here, the blue and 
green arrow denote the direction of rotation.  

According to Equations (32, 33, 38, 39), we present the schematic of polarization rotation in Fig. 7. 

Owing to the phase change caused by the propagation of vortex beam, the polarization state of m+0.5-

order VVB are rotating continuously from 0β =  in the wavefront of OL to 0.25β π= ±  at the focal 

plane, namely infinite distance. The direction of polarization rotation is determined by the sign of 

VVB’s order m+0.5 and 0.25β π= ± . Specifically, 0m β• >  implies the clockwise rotation of 

polarization, while 0m β• <  denotes the counterclockwise rotation of polarization, as shown in Fig. 7.  

Beside the polarization rotation of vortex beam, these peculiar light beams also possess an additional 

phase change like that of conventional vortex beam, which are changing continuously from 0 in the 

wavefront of OL to exp( 0.25 )mi i π  and exp( 0.25 )li i π in Eqs. (32, 33, 38, 39) at the focal plane, namely 

infinite distance. However, the order and topological charge of light beam remain, thereby making these 

peculiar vortex beams propagable in free space.  

2.3 Electric field continuity of fractional-strength optical vortices 
As usual, m+0.5-order VVB and vortex phase with l+0.5 topological charge cannot propagate stable 
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individually in free space. However, when overlapping both unstable states together, one can obtain two 

propagable vortex beams in Eqs. (12, 13), which possess not only a stable polarization of m+0.5-order 

VVB, but also a stable vortex phase with l+0.5 topological charge. Why can the interaction between the 

two unstable states maintain the entire propagable vortex beams in Eqs. (12, 13) stably in free space? 

Why is the discontinuity of light beam caused by the phase and polarization jump missing? In this 

section, we would like to solve this third scientific problem by revealing the relationship between the 

phase domain and polarization domain. 

2.3.1 Phase’s binary time vector property 
In principle, a light beam propagating along +z axis can be expressed in a generalized form: 

0cos( )A tφ ω= +E E ,                                                        (40) 

where A is the amplitude of light beam;  kzφ =  denotes the phase of entire light beam, 2 /k nπ λ=  is 

the wavenumber, n=1 is the refractive index in free space. 2 / Tω π= , T is the period of electric field of 

light beam. 0E  denote the polarization state of light beam. For example, one can obtain a conventional 

vortex beam with lφ ϕ=  and [ ]0 1 0 t=E .  [ ]0 1 0 t=E  indicates a x linearly polarized beam.  

 
Figure 8. Schematic of electric field oscillation over time t for a single light beam. T indicates the period of the entire 
oscillation.  

As show in Fig. 8, Equation 40 represents the oscillation of electric field over time t  for a single 

light beam when 0z z= . The adjustment of the phase φ  does not affect the waveform of oscillation, but 

the starting point of electric field at t , see points A, B, C, D in Fig. 8. That is, one can obtain the starting 

point of electric field at 2t  (Point C) by controlling the phase kzφ =  with a corresponding optical path 

0.25z λ=  at 0t  (Point F). For this reason, the phase of light beam actually represents the starting point of 

electric field oscillation of light beam at a particular t  . From this viewpoint, it is not reasonable to 

consider the phase alone by ignoring the entire electric field in Eq. (40). In other word, one must 
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consider 0exp( )ilϕ E  as a whole for a light beam instead of merely the phase exp( )ilϕ . 

 
Figure 9. Schematic of phase’s binary time vector property. 

In term of vortex beam with topological charge l, the entire light beam can be considered as the 

combination of many different light beams modulated by the vortex phase lφ ϕ= , see Fig. 9 (a). Taking 

l=1 as example in Fig. 9. Owing to the spatial variant of phase along the radius R in Fig. 9 (b), different 

starting point of electric field oscillation that change continuously can be obtained in the transverse 

plane of vortex beam simultaneously in Fig. 9 (c, d). Note that the period in Fig. 9 (c, d) is merely 

determined by the topological charge l. For more clear, one can turn electric field oscillation in Fig. 9 (d) 

into time domain. Here, the x-coordinate t in Fig. 9(e, f) is corresponding to different starting point of 

electric field oscillation like that in Fig. 8. According to Eq. (40), the phase represents the electric field 

oscillation of light beam at a particular t. For an entire oscillation period T, the electric field of light 

beam can be divided into two areas along the radius R in Fig. 9 (f), where the directions of electric fields 

are upward indicated by blue arrow in area A and downward indicated by yellow arrow in area B, 

respectively. Both inverse electric fields demonstrate that the oscillation of electric field caused by the 

change of vortex phase can lead to the reversal of polarization. It should be emphasized that the vector 

property induce by the change of phase merely possesses a binary direction, as shown in Fig. 9 (f). Here, 

we call this property of light beam as phase’s binary time vector property.  

2.3.2 Coexistence of phase and polarization discontinuity 

According to Eq. (40), 0E  denote the polarization state of light beam. For example, [ ]0 1 0 t=E  denotes 

linear polarization state of light beam, while [ ]0 cos sin tm mϕ ϕ=E  indicates the polarization state of 

m-order VVB.  From both examples, one can find that the difference between the phase and polarization 

state of light beam. Specifically, as shown in Fig. 10, the phase represents the electric field oscillation of 
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a light beam indicated by the red arrow, while its oscillation trajectory is determined by the unit vector 

0E , namely the direction of electrics field indicated by the blue arrow. In principle, electric field 

oscillation is time-variant that the electric field of light beam is changing periodically with time t in Fig. 

9, while the polarization state is spatial-variant. For a stable polarized beam, the electric field oscillation 

in its transverse plane are synchronous not matter what the spatial distribution of polarization state is, 

such as m-order VVB.  

 
Figure 10. Schematic of polarization and phase function of light beam. 

Normally, when modulating the phase of m-order VVB, the polarization of original m-order VVB 

cannot maintain because the phase affects the entire electric field in Eq. (40). However, in term of 

propagable vortex beams in Eqs. (12, 13), the stability of vortex beam is dependent on the interaction 

between the vortex phase with topological charge l+0.5 and polarization with m+0.5-order VVB. As 

shown in Fig. 11 (a, b), there are polarization discontinuity and phase jump along x axis. For the 

polarization of m+0.5-order VVB in Fig. 11 (a), the electric field oscillation along x axis has two inverse 

oscillation processes. As shown in Fig. 11 (b), one is indicated by the red curve; another is the blue 

curve. Because both processes are synchronous [see blue and yellow arrow in Fig. 11 (d)], a polarization 

discontinuity is always obtained along x axis, and the light intensity along x axis is zero accordingly. For 

the vortex phase with topological charge l+0.5 in Fig. 11 (b), owing to the property of Phase’s binary 

time vector property, the oscillation processes along x axis are formed by the combination of two inverse 

electric fields. For the electric field oscillation indicated by the green arrow in Fig. 11(b), its starting 

point are located at the area A in Fig. 11(e). That is, at 0t = , the direction of electric field is upward 

indicated by blue arrow. Likewise, the starting point of its inverse counterpart indicated by the green 

arrow is corresponding to that of blue arrow at time  0t =  with φ π= . Therefore, the direction of 

electric field is downward. Because of both inverse electric field caused by the property of Phase’s 

binary time vector property, a dark line along x axis is created in the transverse plane of light beam.  
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Figure 11. Schematic of coexistence of phase and polarization discontinuity. 

The polarization of m+0.5 order VVB in Fig. 11 (a) and the vortex phase with topological charge 

l+0.5 in Fig. 11 (b) can induce polarization discontinuity and phase jump along x axis, respectively. 

However, when overlapping together, the upward starting point of electric field in Fig. 11 (d) (blue 

arrow) and in Fig. 11 (e) (green arrow) remain unchanged as before. On the contrary, their downward 

counterparts (see yellow arrow in Fig. 11 (d) and red arrow in Fig. 11 (e)) are interacted with each other. 

That is, the combined starting point are reversed, thereby leading to an identical electric field oscillation 

process in Fig. 11 (f). For the above reasons, the dark line along x axis caused by both discontinuities is 

disappeared in Fig. 11 (c), and the electric field is changing continuously in the transverse plane of 

propagable vortex beam in Eq. (1). Moreover, the polarization and phase are in the framework of spatial 

and time domain, respectively. That is why the phase and polarization discontinuity in Fig. 11 (a, b) can 

coexist within the propagable vortex beam in Eq. (1).  

3. Conclusion 
In conclusion, we have revealed the physical essence of propagable vortex beam with l+0.5 topological 

charge by re-understanding Abbe’s diffraction limit, investigating the phase evolution of vortex beam 

and proposing phase’s binary time vector property. For the first one, because of Abbe’s diffraction limit, 

the fractional-order VVBs can still remain stable even though their modulation symmetries are naturally 

broken down by the optical vortices with fractional topological charge. For the second one, we 

demonstrate the phase evolution of vortex beam, which is the physical reason of polarization rotation of 

fractional-order VVBs. For the third one, the phase is not merely a scalar attribute of light beam, but 

manifests a binary time vector property. Therefore, the electric field of entire fractional-order VVBs is 

continuous while the topological charge of vortex phase and the order of polarization are fraction. This 
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work provides entirely different physical viewpoints on the phase of light beam and Abbe’s diffraction 

limit, which may deepen our knowledge on the behavior of light beam in classical optics. 

Data Availability 
All data supporting the findings of this study are available from the corresponding author on request. 
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