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Abstract

This article concerns the development of density functional theory for electron densities integrated to
fractional charges and for molecular fragments separated distantly. We start from a model external
potential where a molecule with fractional charge (referred to as fractional molecule) can be defined as
part of a single non-fractional molecule. A universal functional of densities of fractional charge, F,.., can

be derived from this model. The derived functional has the same form as the one from the grand-
canonical-ensemble treatment. The Kohn-Sham noninteracting assumption is extendable to densities of
fractional charge and the density of a fractional molecule is noninteracting v -representable under a
nondegeneracy condition. The noninteracting kinetic energy and the exact exchange energy functionals of
such a density are well defined and have the same forms as those for nonfractional systems. A correlation
functional is defined that pertains to the fractionally occupied highest occupied molecular orbital only.
The exact exchange energy is discontinuous as the number of electrons passing through an odd integer but
its sum with the new correlation energy is continuous. For a system made of distantly separated densities

p* and p", the corresponding universal functional can be accurately approximated as a sum of local

parts F,.(p* )+ F..(p"), and the size consistency of a molecular system can be satisfied using F,. with

a modified outer loop in the two-step constrained search formalism and an appropriate constraint due to
the localized external potential. The proposed exchange-correlation functional yields the correct result for
a well-designed example in literature.
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Introduction

Density functional theory (DFT)', especially Kohn-Sham (KS) DFT with single determinants (SDs)?,
is the bread-and-butter method for simulating electronic effect in molecules and materials due to its
efficiency and accuracy. Contemporary DFT methods, however, are inadequate or even fail for systems
with significant nondynamic correlation or charge delocalization. The problem is most pronounced in a
system where the local electronic charge (referred to as charge henceforth) or spin become effectively
fractional, such as a monomer in an infinitely stretched H; (fractional charge) or H, (fractional spin)**.

Both fractional charge and spin can happen simultaneously, such as with the dissociation of a hetero-
diatomic molecule®. Large fractional charge and fractional spin errors with contemporary functionals are
well documented for systems with either fractional charge/spin systems* or molecular systems with
effective fractional charge/spin®. Indeed, functionals that performed well for one type of error were found
to do poorly for the other’. Efforts have been made in designing methods within the KS framework®® or
in the proximity of it'®'! to address effective fractional occupancies in a molecular environment and were
shown to make significant improvement over contemporary mainstream functionals.

An early formal treatment of fractional charge (FC) was Janak theorem!'?. It showed that the energy of
a Kohn-Sham orbital of a molecule is the derivative of the total energy with respect to the occupancy of
that orbital if the latter was allowed to vary continuously. Perdew et al later gave a definition of a
molecule with a fractional charge as a grand canonical ensemble (GCE) with fluctuating integer charges,
and showed that the energy of the system was piecewise linear between integer charges®. They also
showed, using Janak theorem, that the KS exchange-correlation (XC) potential, the derivative of KS XC
energy with respect to the electron density, experienced a constant shift at an integer charge, the well-
known derivative discontinuity®. The lack of proper derivative discontinuity of contemporary functionals
was considered the root cause of their ills in dealing with nondynamic correlation and charge
delocalization. Yang et al gave an alternative definition of a molecule with fractional charge as the
average of an aggregation of many of the same molecule kept far away from each other!®>. The number of
identical molecules in the aggregate is determined such way that averaged number of electrons or the total
spin on each molecule is the desired fraction. This arrangement achieved the aforementioned piecewise
linearity of energy of each molecule via the size-consistency of the ensemble of the many degenerate
wavefunctions for the whole aggregate. The energy of each molecule was further assumed to be the
functional of only its own density inferred from the size consistency argument. This wavefunction-based
definition allowed a general concept of a fractional spin state of a molecule that becomes part of an
ensemble of the many degenerate wavefunctions of the aggregate. The energy of this fractional spin state
was shown to be a constant, equal to the energy of that molecule with normal integer spin states'*. The
straight-line conditions of fractional charge and fractional spin formed a so-called flat plane condition®. In
all cases, the fractional charge/spin in a density is represented by the fractional occupancy at the highest
occupied molecular orbital(s) (HOMO(s)) of the KS noninteracting solution with orbitals below the
HOMOC(s) (called subhomo orbitals henceforth) fully occupied, i.e. following the Aufbau rule'* '3,

Fundamental issues still exist in the DFT treatment of fractional charge, and they were discussed
comprehensively in a recent paper by Baerends®. It was argued that DFT is based on the wavefunction or
the density matrix solution of a single molecule with an integer charge at zero temperature. The system
with fractional charge in ref * was defined as the statistical ensemble, not a single molecule. An aggregate
of many identical molecules in ref'® could be treated as one supermolecule but the energy of each
molecule in the aggregate would be formally a functional of the density of the whole aggregate. The
locality of this functional, i.e. being a functional of the density of one molecule only, could not be trivially
inferred from the size consistency principle. Without fractional charge being a necessary property of DFT,



the derivative with respect to the charge could not be uniquely defined, and the validity of Janak theorem
as an exact condition of the KS solution was questionable. So was the derivative discontinuity as a
consequence. Regardless, the ensemble prescription of the fractional charge/spin seems to put SD KS
methods off limits formally.

In this article, we attempt to establish a model external potential where a molecule with fractional
charge (referred to as fractional molecule) can be defined as part of a single non-fractional molecule. A
universal functional of densities of fractional charge, F,.., can be derived from this model. The derived
functional has the same form as the one from the GCE treatment. The derived functional has the same
form as the one from the grand-canonical-ensemble treatment. The Kohn-Sham noninteracting
assumption is extendable to densities of fractional charge and the density of a fractional molecule is
noninteracting v -representable under a nondegeneracy condition. The noninteracting kinetic energy and
the exact exchange energy functionals of such a density are well defined and have the same forms as
those for nonfractional systems. A correlation functional is defined that pertains to the fractionally
occupied highest occupied molecular orbital only. The exact exchange energy is discontinuous as the
number of electrons passing through an odd integer but its sum with the new correlation energy is
continuous. For a system made of distantly separated densities p* and p", the corresponding universal

functional can be accurately approximated as a sum of local parts F,.(0")+ F..(p"), and the size
consistency of a molecular system can be satisfied using F,,. with a modified outer loop in the two-step

constrained search formalism and an appropriate constraint due to the localized external potential. The
proposed exchange-correlation functional yields the correct result for the flat-plane example®.

We note that the energy, wavefunction, density and density matrix of a molecule mentioned in this
paper are assumed to be of ground states.

Functional of a density with fractional charge

We start with an isolated (lone in the universe) molecule M with L (a positive integer) number of
electrons and denote it as M, . A hydrogen-like atom A, a special case of M , is placed at a distance
from M beyond which the external potential from M to A and vice versa are deemed numerically
negligible. This distance is called asymptotically interaction-negligible distance (AIND) [Definition D1],
and the corresponding condition is called asymptotically negligible distant interaction (ANDI) [Condition
C1]. The nuclear charge of A4 is set such that 7(4,)=1(M,), with I standing for ionization potential.
This atom is named as auxiliary atom [Definition D2]. The combined system R (R =M ..A4) is referred to
as reference molecule [Definition D3]. M, and M, | are further assumed to be nondegenerate and either
singlet (even number of electrons) or doublet (odd number of electrons) [Condition C2]. We also use
another well-known condition about the convexity of molecular energy, which states the energy of an
atom or molecule is convex with respect to the number of electrons [Condition C3], which is considered
generally true for electronic systems®.

The exact ground state of the reference molecule is M, _,..4,. Another state M, ..4, is asymptotically

degenerate with the ground state due to the nondegenerate condition and the convexity of molecular
energy conditions of M (C2 and C3), other than trivial degeneracies due to spin directions. The
wavefunction of M,..4,, denoted as ¥,, ,(L,0), is the same as the wavefunction of M, asymptotically,

re. ¥, ,(L,0)=Y¥, (L), because adding 4, to the Hamiltonian of M, does not change the solution of
the Schrédinger equation to any finite numerical accuracy due to the ANDI condition (C1). This results in



p"% = pM for electron density, and E}’

vh = F M for energy. (The symbol = is used to indicate being
equal within an arbitrarily small tolerance of error or threshold.) The wavefunction for M, ,..4, is
asymptotically ¥, ,(L-L1)=.o7T¥, (L-1)¥ ,(1)], the antisymmetric product of the wavefunctions of
the isolated M, , and 4, . The electron(s) and external potentials on either side do not affect the solution

of the other side numerically due to the ANDI condition, resulting in p}"" =

o) +p and
Efh=EY + E'=E)" —I(M,)=E," . This is the same condition underpinning the size consistency
principle'®, and is referred to as the size consistency condition [Condition C4 ] in this paper as an
alternative to the ANDI condition. An ensemble of these two states, denoted as R;, can be made with a

weight & between 0 and 1 and yields p;” =(1-5)p) +p)", +Jp;" as the density and
EY =(1-8)E) +SE), + SE" as the energy. This system models the ionization of M, with & number

of electron transferred to a distant reservoir 4. Because the density in R, is well separated between M

and A regions, the density for the ensemble has two separated sides too and we find the density on the
M side to be well-defined density with a fractional charge:

pls=1=-3)p) +p), (1)

We refer p,’; as the fractional density [Definition D4]. It integrates to a fractional charge L -6 .
Likewise, E(M, ;) is clearly a sum of two sides and it is physically sensible, albeit not imperative, to
define the energy on M side, called fractional energy henceforth [Definition D5]:

E);=(1-8)E) +SE), )

We name M, asa fractional molecule with p)' and E as the density and energy with the external

potential being the same as that of the molecule M [Definition D6]. N is the number of electrons of the
fractional molecule and real and positive. The density and energy of the whole reference molecule are as
follows:

P =y + Py Eh=Ey +Ef 3)

N] T

From the above definitions, it seems that M, may have two reference molecules of different number
of electrons when N is an integer: M,..4, (6=0)and M,..4, (J=1). However the density on the M
sideof M, .4, unlike M, .4, integrates to a number larger than N by an infinitesimal amount
because the exact p(4,) permeates the universe (The density of M, has a smaller presence on the 4
side because of I(M ) >1(4,)). It is appropriate to limit the range of & to [0,1) such that it can be
decided uniquely as J = (N —| — N and counted as the fraction of electron shifted from M to A4.
Furthermore, the reference molecule can be decided uniquely as M, ..4; for a given N with the number
of electrons as [N —| .0—1(6=1-0", 0": positive infinitesimal) means that one electron almost
completely leaves M (v o0=0 (M r NT..AO) corresponds to a normal, non-fractional molecule M v We

rename the ensemble R; to R, since o is uniquely determined by N that also determines the number of

electrons for the reference molecule.



We note that the nondegeneracy condition (C2) of M, v and M |v) ensures a one-to-one mapping

between the density and the external potential of a fractional molecule, i.e. py <> v,, . The reason is that

this condition leads to a one-to-one mapping between pﬁ‘fﬂ , pf‘fv | and v,, due to the HK first theorem,
and Eq.(1) shows a one-to-one mapping between py and a pﬁ‘fﬂ / pf‘fv | set. This nondegeneracy condition

also leads to a one-to-one mapping between p, and its energy E, for the same set of nuclear charge

M per Eq.(2),i.e. py is nondegenerate.

We may extract a functional of a density that integrates to N from the fractional energy E.

following Levy’s constrained search method!” for each component of E}' :
Ez\Afl =(1-9) r;li?(FLL [l_N—Iapp\q] + J‘p(mVM) + 51}11i?(FLL [LNJ ’IDLNJ] + IpLNJVM)

anin(FFc[NapN]+J‘va) 4)

FlN.pyl= | min  (1=8)F,[NTpuql+ 8F,ILN A

The minimizer of Eq.(4) is p}, .

F,..[N, py] has the following search space of wavefunction ensembles:

(=8P NDY|ETND)|+ 5[ ¥AN D) PN D) (5)

This search space is sufficient because of the assumed convexity of molecular energy with respect to the
number of electrons (Condition C3). F,,. is a special (two nondegenerate states) case of the universal

functional for GCEs™ '®. The convexity of the latter has been established recently'®. It becomes F,, for
systems with integer number of electrons, i.e. the case of 6 =0.

To be valid, F,. must be applicable to the reference molecule since the fractional density is defined
as part of it. Applying Eq.(4) to the energy of the reference molecule (Eq.(3)) leads to a functional
F..[N,p,]1+ F..[3,p,]. Its application requires that the search for p,’ + p; keeps each component in

their own sides, but this functional itself does not contain this constraint because the fractional electron
may freely move between the two sides due to the degeneracy of the molecule. Fortunately, such a
constraint occurs “naturally” in the Levy-Lieb (LL) constrained search!” ! for an isolated molecule (a
lone molecule in the universe) in a numerical sense. We observe that the wavefunction of an isolated
molecule decays exponentially far away from the molecule, much more rapidly than the external potential
from the nuclei®. Thus, it is sufficient to constrain the search for its density within a domain limited by
the reach of the external potential of the molecule in a two-step constrained search. The energy of a
molecule of N electrons with a set of nuclei X then has the following asymptotic solution:

Ef =min(F, (Lo 1+ [ v, FulLop)=min(¥, [T+, |¥, ) ©6)

where L is the number of electrons (an integer), X a set of nuclear charges and their locations, v the
external potential. F), is the Levy-Lieb (LL) universal functional' with a search over wavefunctions ¥ .



(X)

constrained by the density p. p,”’ is a trial density constrained to be inside a domain marked by the

locale of X . This domain is defined as a sphere that encompasses X with the radius further extended by
the AIND (D1), subject to a positive threshold. It reads as interaction-non-negligible domain of the
external potential v made of X, and is named v -domain [Definition D7] henceforth. Such a limitation
on the range of interaction based on the asymptotic behavior of the potential is said to be v -local

henceforth [Definition D8]. The minimizer of the search for £, is p,", the density corresponding to v, .

In a reference molecule M ,..4;, M and A are in their own v -domains. The v -locality constraint

needs to be applied to the outer loop of the two-step search scheme for the reference molecule because
each side of the molecule is assigned to certain number of electrons:

in, (FrclN, o1+ Fecl 8, p5 1+ [ (" 40y +v,)

(7)
=r£},r>1(FF IV, o1+ [ P v) +min(Fc[8, 0501+ [ v, = By +

The first equality is due to the AIDI condition. Eq.(7) shows the applicability of F,. to the reference

molecule. This relation allows the fractional molecule to be treated as if isolated while still being part of a
single molecule because an appropriate v, can always be assumed by definition. It also shows the

applicability of the GCE formalism for single molecules.

Several properties of a fractional density and its functional can be observed from the derivation
above:

1. The exact value of the AIND is not significant. It is its existence that establishes the arguments here.
Indeed, the accuracy of density and energy of an isolated molecule is not affected by the size of the v
-domain once it is large enough because the wavefunction decays much faster than the external
potential away from the molecule. All the integrals for each side are over the whole space.

2. A GCE description of a fractional density is within the realm of the applicability of the HK theorems
in the sense that there is a one-to-one correspondence between the density and the external potential.
We may also conclude that F,.[N, p, ] is piece-wise linear with respect to the fractional charge for a
v -representable density since the fractional energy (Definition D5) and the electron-nuclear attraction
energy are linear.

3. The definition of a fractional molecule M, is based on the two states of an isolated molecule, M,

and M v)- The isolation allows the placement of the auxiliary atom A outside the v -domain of M .

Indeed, the actual construct of the A side of the reference molecule is inconsequential as long as
I(4)=1(M, r N]) . Therefore, the properties of a fractional molecule are entirely determined by its

external potential and number of electrons, and the fractional molecule should be considered isolated
in that sense. We continue to use the auxiliary atom defined in D2 as the A side for convenience.

Non-interacting kinetic energy functional of fractional density

The density of a reference molecule is (degenerate) interacting wavefunction v -representable
because the two-state ensemble of the reference molecule, with the nondegeneracy condition of M (C2),
can be represented by a complex wavefunction®'. This density is assumed to be noninteracting
wavefunction v -representable with the KS assumption?. Furthermore, the noninteracting state is



nondegenerate because the KS effective potential would otherwise need to yield the densities of M\
and M for being part of the reference molecule, which is impossible!. Thus, the density of a reference

molecule is nondegenerate noninteracting wavefunction v -representable with the KS assumption. This
property is commonly referred to as being noninteracting v -representable in literature. We also call the
fractional density as being noninteracting v -representable henceforth [Definition D9] since it is derivable
from the nondegenerate noninteracting v -representing wavefunction of the reference molecule. This
definition extends the concept of noninteracting v -representability to densities of fractional charge. The
said wavefunction is referred to as reference SD henceforth [Definition D10].

A reference SD has a single homo (highest occupied molecular orbital) for a given N due to the one-
to-one mapping between the density and ensemble weight 6. We may construct the homo and write the
total and the spin first order-density matrices (RDM-1’s, symbolized with y ) for the reference SD with a

given M, as:

My _

Voo = Z@(r>@(r'>,yﬁ*§1,a=x?5:;1+<o,,(r)¢h(r'),y€;w 72+ (N, =1, (0,0,

7m 7ma+7m 5o O = (/?h (ph, = N, =[N]-2K

In this equation, [N —| is the total number of electrons of the reference molecule, ¢ ’s are normalized KS

orbitals, ¢, the homo. The & electron on the A4 side belongs to the homo since the latter has an energy of
—I(M

rv7) 2022 causing the homo split between the M and 4 sides, noted as " and ¢, respectively.

All the other orbitals (up to K ) are the subhomo orbitals (denoted as ‘subh’) per Aufbao rule and are on
the M side according to the density distribution. The homo occupancy N, is either one for odd number

of electrons or two for even in the reference molecule due to 2K < N .

The reference SD (D10) composed of those orbitals is the minimizer of the Lieb kinetic functional of
constrained search'® for the reference molecule. Applying the equivalent density matrix to the kinetic
energy formula results in the noninteracting kinetic energy of the reference molecule as a summation of
M and A4 sides:

TR =3 Tr(vaz)—lTr(yg‘Vz), o

N =2V i +(N —9g g (1), 75 =59, (1)g; (r")

The derivation of the equation uses the fact <(p£4 ‘Vz ‘ o > ~( due to the well-separation between ¢ and

@, . We see that it is sufficient to conduct the constrained search of Lieb kinetic energy functional for an
RDM-1 in each side separately, leading to the following definition of a noninteracting kinetic energy
functional (7}, ) of a density p, that may be integrated to a positive number (integer or not) (7 being a
RDM-1):

! The only exception is for N <1, where the wavefunction can be written as v/1 - + Jow! , i.e. areal SD.

7



.
Tulpy]==7 min Tr(7,V?) (10)

p, is a density integrated to a real number N . When p, is py ,i.e. v -representable, the minimizer is

yv since y4 has the same spatial range as p, and the reference SD is the minimizer for the whole

molecule. Therefore, this minimizer is derivable from a noninteracting wavefunction and also N -
representable, with the reference SD being the wavefunction. Equation (10) has the same expression as
the more general Lieb kinetic functional for GCEs defined in ref'®, which was shown to be convex. Note

that the assumed noninteracting v -representability of py implies that a multiplicative potential can be
derived from E, fora given N [Condition C5], which is an extension of the original KS assumption
based on integer number of electrons.

Eq.(10) is applicable to wavefunction and ensemble, and grand-canonical ensemble v -representable
densities'®. We note that it is possible to have an alternative definition of kinetic energy functional as
Feclpll, o, 1.e. setting V,, to 0 (see Eq.(6)). It corresponds to a GCE of noninteracting Lieb kinetic
energy functionals®. It is larger than or equal to 7,, because an ensemble of RDM-1 remains as an RDM-
1. Indeed, the equality only holds for integer number of electrons due to the convexity of T,,. This means
that 7,, is convex with respect to o . Physically speaking, a GCE of two noninteracting references is not

the KS noninteracting solution of the ensemble of the corresponding interacting systems because the
electron densities of the two interacting states are not linearly dependent, and thus the corresponding

effective KS potentials are different. This means that 7, cannot be assumed to be an ensemble of the KS
RDM-1’s of Mm and M\_NJ in general.

Exchange and correlation functionals of fractional density

The reference SD may be used to define the KS exact exchange for the reference molecule as a major
component of the KS XC?*. We show here that a corresponding exact exchange energy can be defined for
a fractional molecule based on the solution of Eq.(10).

7+ as an RDM-1 for a noninteracting v -representable density is equivalent to a set of orbitals with a

fractionally occupied homo'® and can be constructed from the M side of the KS orbitals of the reference
molecule as shown in Egs.(8) — (10). For a given fractional molecule M, , this occupancy, denoted as

n" , can be determined uniquely as the following: n" = N —2K and has a range (0,2] due to 2K <N .

When discussions are focused on the homo, N, and ¢ can also be determined uniquely with a given »:
v e(0,1], N,=1; vn"e(,2], N,=2; §=N,-n" (11)
The thus calculated & has the correct range of [0,1).

The fractional occupancy in a homo also leads to fractional spin occupancies. We formally denote
them as pairs: (nf,nf)N/ and (n,ny )y, for M, and A, respectively, with n, +ny =n" . When the

combination of those homo’s forms a SD wavefunction for the reference molecule, the homo spin
configurations of 4; can be determined by that of M, based on N, . In particular, (n)' ,nf v,



corresponding to a reference SD (which is also the KS SD) can be determined based on 7" . Those results
are summarized as follows:

SD: (”y’n;\}/l)l :(nM,O)l, (”;’ng)l :(l—ni/[,())l ) (n:’”g)z =(1—”24»1—”gl)2 (12)
KSSD:  (n),ng), =(n",0),, (n),ny),=("4."/),

This equation also shows that SD wavefunctions other than the reference SD can be constructed for the
reference molecule for N, =2.

We can now write the nominal RDM-1s per spin o for M, , A5 and R,, corresponding to a SD of
the reference molecule as follows using the KS orbitals with given homo spin configurations for M, and
As

Ve = Yo +1a 0 @ (1), 75, =0, (0g (X))

(13)
e = Ve + Vi +RE 2 (@) (D () + 01 ()] (1)),

The exchange energy per spin o of a SD is an explicit functional of RDM-1 of that spin —< }/j> , where

< f >ee stands for %J‘ f (r,r')|r - r'|71 drdr'. The square of 7/(’;}’1’0 is as follows because of @(r)e; (r)=0

for any ¢(r) onthe M side:
(o) =) + (5, +m) nl (@) (0 (1)) + (g (1)) (r)’ (14)

The exchange energy of 7/(’;}’1’0 can be shown to be a sum of M and A sides because of

<(¢f,” o) >ee =0 due to the ANDI condition, and thus allows the definition of an exchange energy per

spin for the fractional molecule E ?f ot

B, ) ==(0.7) ~(03.), = ELm)==(0N.)). (15)

ee

We use n to index the exchange energy since it determines 7/ (Eq.(12)) and the subhomo’s are always

doubly occupied. This leads to the definitions of the nominal total exchange energies for the reference and
the fractional molecules:

EY(ny g )= By, (0 )+ Xy (my),  EYY (ny ng') = EX3 (') + Ey (ng) (16)

a *2''p a

We can see that the formula for exchange energies of a fractional molecule is the same as for a non-
fractional molecule. The exact exchange (EXX) energies of the fractional molecule and the reference

molecule, denoted as En, and Ef, , respectively, are the nominal total exchange energies with specific
spin occupancies for KS orbitals (Eq.(12)):

ne(0,1]: Ef, (n*)=EY (n™,0), EXy(n™)=EY*(n",0);

(17)
ne(l.2]: Efy ()= B (474 Epi(n) = EX (4.



E}). and EL, are continuous at the boundaries (0 and 2) of 7. However, they are discontinuous as

n increases by an infinitesimal amount from n =1. Indeed, Eft‘”*w (KA+0"), 5 (1+07)) = Ej:”w (5, %)

is significantly higher than E)A:“'J (1,0) because of the quadratic nature of the exchange energy with respect
to the spin occupancies. The jump stems from the change of homo occupancy N, of the reference

molecule from one to two, which leads to the change of the spin occupancies of the homo. This is an
effect of electron pairing and needs to be compensated by correlation.

We show that this correlation can be recovered using the SDs of the reference molecule constructed
from the KS orbitals of M, and A; with the relation of the spin configurations in Eq.(12) for N, =2:

[N_l_oj det[(pf’(of...(p,?(ﬁﬁfﬂf(ﬁf]a o = lnf %fl” +M¢f, nf +nff =nM (18)

This set may be indexed by " for each n". The expectation value of the universal operator T+ V., with

such a SD differs from that of the reference SD only in the exchange energy. Because these SDs can be
included in the search space of Lieb universal functional as trial interacting wavefunctions, we may define
the result of the following search as a part of XC energy of the reference molecule:

Fiuolyinml= min E(n,n" —n) (19)

nM/ZSrl}y <1

The search space n" / 2<nY <1 is equivalent to the constraint 77&1& + ;7[53‘1 5= ;/[R]Gj ( 7 stands for a spin

RDM-1 generally different from the one for the reference SD in Eq.(8)). This leads to a definition of XC
energy for the fractional molecule using Egs.(15) and (16):

Fyetrolyn 1= min  EX* () 0™ —n)' )= EY (1,n™ -1) (20)

n /ZSnZ’ <1

The minimizer n)' =1 is derived due to the quadratic nature of E}" (n ,ng ) with respect to the orbital

occupancies such that one fractional occupancy is preferred'®. The corresponding homo spin
configuration for A4, is (0,2—n"), that also minimizes the exchange energy on the 4 side. We refer the

corresponding SD for the reference molecule as V-SD, standing for optimized for V,, . It represents the
maximum localization of opposite spins with a set of orbitals given by KS orbitals local on each side that
makes up the RDM-1 763? for the whole reference molecule.

A set of trial interacting wavefunctions indexed by n"' for n* €(0,1] that yields 7/[R N] can also be

constructed:

nM —0. a a . nM - nM —0. a et
,/HLM(NW " det{pl ol .00 0L 0, (a)]m/n—M“( NT" detlof ¢ .05 0l 0, (D)D) on
@, = 0" @) +\1-n" ¢/

The nominal exchange energy due to this wavefunction reaches minimum at n) =n" due to its

quadratic nature, resulting in Fy, FC)[yﬁQ’W] =Ey (n",0) and Fylc [y 1= EY (n",0). Those two XC

10



functionals for the reference and fractional molecules, respectively, are continuous for the whole range of
n:
F)fg(FC) (nM) = ERN (mln(la nM )’ nM - min(l, nM )) s

(22)
Fyiirey (™) = EY™ (min(1,n""), n" —min(1,n")), 0<n<2

From here, we may define a correlation for those molecules as:

C(FC)(n )= F)fc\'/(FC)(n )— E (n )> EC(FC)(n )= F)j(\ézFC)(n )— E (n )

(2 n' )y @y, (23)

V' e (O], Elje,=0; Vn' e(,2], Elfc, =~ (@) ) (X))

The non-positively defined ng(\m only pertains to the homo and is nonzero only when »n" >1 and one or

both spin occupancies are fractional.

The sudden appearance of E((}., as n increases through n =1 reflects the quantum effect of

electron pairing of two distant electrons in the context of KS noninteracting reference, as the homo
occupancy of the reference molecule changes from 1 to 2. Adding an electron in the homo orbital incurs
the Coulomb interaction from the one already there. Indeed one may find with some algebraic

manipulation that the derivative of Effc”( ey With respect to n™ upshifts by <(¢7£4 e (r')) > , the
Coulomb energy between the two electrons, as n" increases through from 7" =1 by an infinitesimal
amount. This observation is consistent with the argument based Perdew et al’s analysis based on the GCE

treatment that the KS XC potential upshifts as the number of electrons is increased by an infinitesimal
amount from an integer.

We define the remaining XC energy as dynamic correlation (DC):
ELA)/ICN [pzjx‘fl] = FFC[N9p1\A1/[]_TNI[pI\A;I ] _Ej[p]]\\//j] F)%}FC) > (24

where E, is the classic Hartree energy. E} is zero when the fractional molecule has one electron or

less because Eq.(21) is the exact solution, e.g. the auxiliary atom in a reference molecule. It is negatively
defined otherwise because the search in Eq.(19) is conducted in a (small) subset of all possible density

matrices. It persists when both spin occupancies are integer. In that case £ }fg is generally modeled after
dynamic electron-electron cusp conditions in contrast to the strong correlation of electrons in distant
pairing.

Several additional properties of the XC functionals defined above can be observed as follows:

1. ElY, is smaller than E, in absolute value.

2. E}y. and Ep) are calculated with the noninteracting wavefunction whereas EC(\FC) and E(%“F’C) are a

result of optimization with respect to V,, . These correlation terms can thus be viewed as a recovery of
the strong correlation of the pair of electrons in the homo and is due purely to the fractional charge.
E,[py 1+ Fycirc, is lower-bounded by Levy’s universal functional of RDM-1 for the repulsion

energy of the reference molecule!”.
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Eq.(24) offers an example of formal combination of a noninteracting and a strictly correlation
solutions. The V-SD may look like some form of spin polarization but it is not a spin DFT solution
where the noninteracting kinetic energy functional is defined for each spin density®. Instead, it should
be viewed as an interacting mean-field basis for an explicit orbital correlation functional for paired
electrons that does not result in additional contribution to the kinetic energy since its RDM-1 is same
as the noninteracting one.

A well-applied property of a SD is that its exchange hole function at a point in space r (reference
point), defined as —p_ (r)™' ;/j (r,r'), integrates to -1 at any point in space over r' (or the size of the
exchange hole size is said to be 1). This is known as the exchange sum rule. The correlation hole on

the other hand integrates to zero. Those sum rules do not apply to a fractional molecule. Indeed, one
can easily see that the following expression is non-negative:

1—ﬁﬁg(r)_l_f(fﬁa(r,r'))zdr'=(nf = () )y (1) By, (1) (25)

Those sum rules, however, are applicable to the reference molecule, i.e. the EXX hole at any
reference point in the reference molecule has a size of 1, and its FC correlation hole has a size of 0.
This is a formal difference between the EXX and the FC correlation. It means that the EXX hole of
any point in the reference molecule is delocalized to both sides in general, and the delocalized portion
(the long-range part) belongs to the homo only as shown in Eq.(13). For N, =2, the FC correlation is
calculated with the exchange formula and negative, its hole function with a reference point on the M
side must be negative in the M domain (short-range), and positive in the 4 domain (long-range). In

Mo M . . :
the case of n" =1+0", the F,, |’ is calculated as £, (1,0") with a hole normalized to 1 in the

short-range, meaning that the EXX hole and the FC correlation hole cancel each other asymptotically
in the long-range. This normalization is the basis for Becke’05 (B05)% and its derivatives Becke’13
(B13)® and Kong-Proynov’16/Becke’13 (KP16/B13)° functionals. The latter two were shown to work
well for covalent bond dissociations.

ng(»;c) and £ gfg( are v -local (Definition D8) functionals of y, because of the asymptotic decay of

the interelectronic Coulomb operator. They are implicit functional of p} that determines y5 with

Eq.(10). In comparison, the interelectronic interaction considered in a local or semi-local functional
has a much shorter effective range that depends on the local behavior of electron density?’. We call
this type of locality d -local (d stands for density.) [Definition D11].

It has been established that an accurate functional should remain constant with respect to the variation
of fractional spin occupancies in the homos?®. The exact exchange and fractional correlation energies
defined here trivially satisfy this condition since they are determined by the total density only.

General treatment of molecular systems with distantly separated densities

We have established above a DFT method for treating isolated molecules with fractional homo

occupancies. A natural follow-up question is what the relationship is between F). and the exact

functional for a non-fractional molecule. Is the exact functional linearly decomposable as

F..[Ny, pfv‘x 1+ Fo [Ny, pjyvy ] in analogy to the energy and density for a non-fractional molecule (denoted

as X...Y') that has two distantly separated sub-molecules X and Y ? This assumption was cautioned
against in literature as numerical experiments showed global behaviors of the KS potential®. One is that
the KS potential of X...Y has a step-like shape in-between when X is not the same as Y 2**!. The other
is that the exact KS potential has a non-vanishing barrier in the middle between the two covalently
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bonded atoms, X being the same as Y or not *!:32. This question is the same as the size consistency issue
and the latter has been recognized as a challenge to DFT methods, especially with degeneracy*’. Here we
show that the exact functional can be decomposed as a linear sum of local functionals in an asymptotic
sense. The application of such a local functional requires a global search in the outer loop of the two-step
constrained search together with the v -locality constraint.

(X

We start with two distantly separated densities p.*’ and ,0 in two locales X and Y with integer

numbers of electrons L, and L, . One may carry out a separate LL search for each density, with the

search spaces denoted as ¥ oD (Ly) and ¥ A (L,) with density constraint, respectively. For the total
density pi"’ + p;!’, the search space becomes ¥ ,(Ly,L,)=.ZT¥ (X,(L )R 4 (,)(L )] when p;*’ and

Y) do not overlap. Assuming X and Y are separated beyond the AIND, the LL search for pLX '+ p(y)

becomes.

F[Ly + Ly,PZf) + Pg)] = min < X.4Y(LX’LY)|T+ Ve

Wy y(Ly, LY)HPU()*P”)
(X) + \P (Y)
PLy PLy

The second equality = uses the size-consistency condition.

\PXNY (LX oLy )>

(26)

T+V, T+V,

~ min (<IPP£X) (y)> FLL[ X,pif)]‘i‘FLL[Ly,pEY)]

Y oY
pLX pLY

A functional for the molecule X...Y needs to include the case of degeneracy where p* and p" can
be of fractional charge. We have shown such a universal functional of such a density, namely F, ., with a

search space defined in Eq.(5). We may combine the wavefunctions in the search spaces of p(X ) and

Py, Ny and N, being positive and real, to construct the search space for oy

(Dy y(Ly,Ly) defined as |\PX.AY (Ly,Ly )><\PXA.Y (LX’LY)| ):

(¥)

(X)
+ Py,

as follows

(1 - 5)()(1 - é‘Y)D)m/(|VNX—|’|VNY —I) + (1 - 5X)5YDX“Y (|VNX —|’|_NY J) +

(27
5)((1 _5Y)DX4.Y(|_NXJ’|_NY—|) + 5X5YDXNY(I_NXJ’|_NYJ) )

A universal functional can then be constructed by taking the trace of Eq.(27) with T'+V, , resulting in
the following expression with the application of the size consistency condition (C4):

FyeINy, oy, 1+ Frc [Ny ), ] (28)

We name the sum as F,., i.e. F,. now includes cases where the input density contains distantly
separated pieces and each piece integrates to a non-integer. The total number of electrons (N, + N, )

does not need to be an integer as such a system can always be assumed to be part of a system with integer
number of electrons that has distantly separated pieces. F,. becomes F;, (Eq.(26)) when those pieces of

density integrate to integers.

When a non-fractional molecule has two locales of nuclei distant from each other, its electron density
is distributed around those two locales. F. can be applied in each locale with the v -locality constraint,

but the outer loop of the Levy’s two-step constrained search needs to be divided into two sub-steps, with
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the outer sub-step being the search of the number of electrons, which can be non-integer, at each locale in
order to cover all possible densities:

B = min (FplL o +p 1+ [ (o4 + o0 vy +3)

(X) (Y)
Ny TPL-Ny

=min(min(F, [P, Ny 1+ [ A0v0) +min(Frelpy L= N+ [ £ ) (29)

X Y
=E Ny +E L-NY
N, in the equation is real and N, is the minimizer of the outer loop. When N is found to be in a range

between two consecutive non-negative integers, the system is degenerate. Each sub-molecule can be
treated as an isolated fractional molecule. The reference molecule of a fractional molecule is a special
case of this degeneracy. Another example often discussed in literature is homonuclear diatomic cations
A;" (L is odd) in the context of charge-delocalization errors**. The FC XC ( Fy (., ) turns into the EXX

and fully accurate for A=Hydrogen with the EXX hole function distributed on both sides.

When N is found to be an integer only, the following relations hold
I(X . )>AY, . ), AX,.)<I(Y, ..).When L is odd or both L and N; are even, one or both

subsystems are closed-shell and each subsystem can be treated as an ordinary isolated molecule with
integer occupancies. When L is even and N; is odd, the bond being stretched is a covalent single bond

and the KS homo on each sub-molecule has a spin configuration of (), ), (or more precisely
(% (1+07),%(1+0)),). The EXX hole function at any reference point is distributed on both sides. This

type of problem exhibits some of the strongest nondynamic correlation in a molecular system (Ef('};c) has

the largest absolute value at n =1 in Eq.(23)). Application of F )?é‘( e, treats each dissociated sub-

molecule as an isolated doublet system appropriately.

The outer loop over the number of electrons in Eq.(26) does not need to be carried explicitly in
practice for the calculation of the total energy of X..Y when N; can be determined otherwise, i.e. with

the ionization potential (IP) and electron affinity (EA) data or reasonable estimation of their relative
differences. It is however necessary to explain the step-like shape of the KS potential in-between X and

Y . This is because the variation of the total density p’ + pj/’ involves the variation of N, . The

derivative of the energy of each sub-molecule with respect to the variation of its number of electrons
determines its IP and EA per Janak theorem® 2. Those quantities of the two sub-molecules together
determine the step-like shape of the KS potential. This shows the global nature of the density search of
Eq.(26). On the other hand, the variation of N, does not explain the non-vanishing middle barrier of the

exact KS potential between two infinitely separated covalently bonded atoms. This barrier is numerically
insignificant but qualitatively represents the entanglement of distant electrons. It is missing from the local
treatment prescribed by Eqgs.(28) and (29), an accurate asymptotic solution to a molecular system. This
solution differs from the exact one in two ways: (a) An exact electron density is above zero everywhere in
the universe due to the unique continuation property of an electronic wavefunction'®, i.e. it is not exactly
separable; (b) The ANDI condition is an approximation. We note that Eq.(29) can be trivially extended to
a system with more than two distantly separated sub-molecules and the total number of electrons being
non-integer.
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Consideration of not distantly separated densities

In practice, the size-consistency condition is often approximately satisfied when the densities are
deemed separated subject to a threshold and sub-molecules retain almost all the traits of isolated
molecules (This approximation ignores intermolecular electronic effects include static and dynamic
polarizations). We symbolize this system as X.Y . Such a separation distance is much shorter than the
AIND because the density decays much faster than the Coulombic potential, indicating that the d -
locality (Definition D11) is largely valid. Indeed, the search domain for an isolated molecule in Eq.(6) can
be made smaller than the v -domain (Definition D7) without losing accuracy by extending the radius of
the sphere encompassing the nuclei to where the density vanishes subject to a threshold. (This smaller
domain is different from the ¢ -domain but the difference is inconsequential to our discussions here and
is ignored for now.) It follows that the F,.. and T, can be defined for this smaller domain. On the other

hand, the EXX (E g{}( ) and FC correlation (Eéf(y,c) ) are formally v -local. They become d -local when
N*

 1s found to be integer only and the EXX spin configuration is of integer occupations. Otherwise, they

must contain certain cancellation effect for the interelectronic interaction outside of the d -local range.

There are two types of cancellation, namely the stretched covalent single bond and the stretched
symmetric doublet ( X.X ). In the first case, the doubly occupied KS homo of the system is split between
X and Y sides, each with a formal spin configuration of ()5, 5), in their own homo’s, and the total

effective FC XC energy calculated as Ej:”} (L0)+ E;“’; (1,0) . This means that the hole functions of the
EXX and correlation cancel each other in the long-range as analyzed previously and the total FC XC hole
is local to each sub-molecule. A numerical example was shown for stretched H, molecule®®. In the second
case, the KS homo of the system is singly occupied. Fi ., is the EXX energy only, and EXX holes are

delocalized on both sides. However, the delocalized portion is from the homo only as analyzed earlier and
the exchange within the homo is exactly canceled by self-Hartree interaction, i.e. £, cancels the major

part of delocalized EXX. The dominating d -local character of F .., means that the dynamic

correlation is largely d -local.
Examples of fractional charge

The challenge of the fractional charge problem is often illustrated by systems with one and two
electrons. One well-designed example® is a cluster of eight geometrically equivalent H nuclei placed very
far from each other with the number of electrons ranging from 0 to two per H. Full configuration
interaction calculations of this system with a minimum basis set showed the energy surface being flat with
respect to the variations of number of electrons and their spins, with a straight ridge along the line of eight
electrons (one per H). This flat-plane condition is obvious but not satisfied by any approximate
functional.
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We may treat this cluster as eight equivalent H atoms with each H modeled as v -local with (n,,n,)
occupancies, following the size-consistency condition. H and H™ obviously satisfies the nondegeneracy
condition (C2). One can see that £ ;C( ey applied to the so-constructed H atom satisfies this flat-plane
condition trivially. The energy surface with respect to (n,,n,) is flat since the orbital (and thus 7") does

. . . . F . .
not change with the minimum basis and £, ., is a function of n, +n,. When n, +n, <1,
J+Exepe, =0. When n, +n,>1, J+ Ey 4, becomes the Coulomb energy between one a electron
and (n—1) f electron, causing aridge at n=1. This sudden appearance of the Coulomb interaction is
the driving force for the derivative discontinuity at n =1 due to the addition of an electron as shown in

Eq.(23). (Note that £, . is suppressed since the orbital stays the same for one and two electrons with the

minimum basis.) Fig. 1 shows the errors with several contemporary functionals along the line of
(% n, )5n), especially with the relatively new KP16/B13°. The latter represented an advance in DFT in

treating strong correlation because it yielded the exact result for ()4, );), for a single H, but still fails
when n >1 because of the application of the standard exchange-correlation sum rules.

. 03
3
©
=]
il
& HF _ _ _
g Figure 1. The comparison of various DFT
g - functionals for H atom with fractional
5 Fyerey PBE-X occupancies with a minimum basis.
E o0~ ——

v \/ B3LYP
KP16/B13
-0.2
0 0.5 1 1.5 2
n(n,=ng)

Fig.2 shows the DFT components of the energy with a better approximated fractional density for
1<n <2 . The system is an ensemble of He" and He, with the densities of the two states calculated with
Hartree-Fock (HF) plus the Becke-Roussel’94 (BR94) correlation functional®® with a large basis set. The
data shown are relative to the straight line between the two end points (# at 1 and 2) for each component.
The convexity of the Hartree and kinetic energies and the concavity of the exact exchange and FC
correlation energies are to be expected. These two opposite effects largely cancel each other, and their
total sum (red line) is somewhat concave, showing that the dynamic correlation needs to be convex to
balance it in order to achieve linearity. Just as a reference point, the green line shows the correlation
energy calculated with BR94. It has the desired convexity although it does not fully compensate the red
line.
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Conclusions and perspectives

The main results of the present development are summarized in the introduction. An alternative route
of derivation is to start with the size consistency problem and define the fractional molecule as a special
case. Either way, three basic assumptions need to be used, namely the non-degeneracy (Condition C2),
the convexity of molecular energy (Condition C3) and the extended KS assumption (Condition C5). The
latter amounts to an assumption that the KS potential of the reference molecule can be decomposed into
the local ones and leads to the definition of EXX and FC correlation for the reference and fractional
molecules. The application of the KS assumption to a degenerated system may be questionable in general
because the functional derivative with respect to the density becomes problematic®’. This problem is
circumvented for the reference molecule by parameterizing the universal functional with the quantum
number for the degeneracy (6 ), which ensures the applicability of noninteracting solution for each &
(Eq.(10)) in principle. A proper solution of Eq.(10) requires another assumption about the continuity of
the shape of the KS orbitals as the number of electrons passing through an integer, which admits a
constant shift in the XC potential due to the derivative discontiuity.*?? This issue needs further detailed
investigations.

The development in this paper focuses on wavefunction-representable densities (Condition C2). It can
be applied to more general ensemble-representable densities in principle by replacing the Levy-Lieb
functional with Lieb functional'® '° for the derivation of F,.. The arguments for the v -locality (Eq.(6))

and size-consistency (Eqs.(28) and (29)) still hold. However, such an extension will incur an additional
approximation that ignores the possible break of the degeneracy that may exist in a subsystem. An
example of such a scenario can be found in ref*.

Finally, we note that the size-consistency condition for a wavefunction method in analogy to Eq.(29)
may be written as:

EX" = ngin(E;; +E; ), (30)

where L and L, are integers. Fractional charges in subsystems may occur by state mixing when a
degeneracy over L, happens. A possible alternative route to obtain the universal functional for such a
system could be to use the Legendre transform of the RHS of this equation in Lieb’s fashion!® with the v -
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locality constraint applied to I pv. It is probably sufficient to search all the v ’s in the two distantly

separated locales encompassing the density.
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