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Abstract. We implement the Bayesian inference to retrieve energy spectra of all neutrinos
from a galactic core-collapse supernova (CCSN). To achieve high statistics and full sensitivity
to all flavours of neutrinos, we adopt a combination of several reaction channels from different
large-scale neutrino observatories, namely inverse beta decay on proton and elastic scattering
on electron from Hyper-Kamiokande (Hyper-K), charged current absorption on Argon from
Deep Underground Neutrino Experiment (DUNE) and coherent elastic scattering on Lead
from RES-NOVA. Assuming no neutrino oscillation or specific oscillation models, we obtain
mock data for each channel through Poisson processes with the predictions, for a typical
source distance of 10 kpc in our Galaxy, and then evaluate the probability distributions for all
spectral parameters of theoretical neutrino spectrum model with Bayes’ theorem. Although
the results for either the electron-neutrinos or electron-antineutrinos reserve relatively large
uncertainties (according to the neutrino mass ordering), a precision of a few percent (i.e.,
+1% ~ +£4% at a credible interval of 20) is achieved for primary spectral parameters (e.g.,
mean energy and total emitted energy) of other neutrino species. Moreover, the correlation
coefficients between different parameters are computed as well and interesting patterns are
found. Especially, the mixing-induced correlations are sensitive to the neutrino mass ordering,
which potentially makes it a brand new probe to determine the neutrino mass ordering in the
detection of galactic supernova neutrinos. Finally, we discuss limitations and perspectives
for further improvement on our results.
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1 Introduction

The epochal detection of neutrino signals of SN 1987A, deriving from the Large Magellanic
Cloud (~ 50 kpc), revealed the veil of multi-messenger era of astrophysics. Although only
about two dozen neutrinos from this transient were caught by three lucky detectors, namely
Kamiokande IT [1], Irvine-Michigan-Brookhaven (IMB) [2] and Baksan [3], this detection
renders to us the first glimpse into the collapsing core of a dying massive star. After that,
various analyses, based on such sparse data, confirmed the outline of stellar core collapse and
meanwhile imposed constraints on elusive properties of neutrinos [4-9]. Three decades after
that landmark, extraordinary progresses have been made among the modelling of stellar core
collapse [10-15], neutrino physics [16] and neutrino detection [17-19]. That is, millions of
neutrinos will be detected with unprecedentedly high precision in modern neutrino observa-
tories if the next galactic CCSN exploded at a typical distance of ~ 10 kpc (approximately
the distance between the centre of the Milky Way and our Solar System) [20, 21]. Such de-
tection will promise, with no doubt, a much vaster playground for investigating meaningful
topics in both CCSN physics and neutrino physics [20-22] (also other potentially interesting
topics [23-25]).

Modern hydrodynamic codes are now capable of performing successful simulations of
the collapse and explosion of massive stars [12, 26-28|. They enrich our understanding of the
explosion mechanism and characteristics of the related neutrino emission [15, 22]. However, a
direct confirmation of those models is still missing and thus highly anticipated. Multiple neu-
trino detectors are currently in operation and scrutinizing the cosmos, or expected to operate
in the future. Furthermore, some of them can promise unprecedentedly high statistics if the
target is not too far, including water-based Cherenkov detectors (Hyper-Kamiokande [29],
IceCube [30]), liquid scintillator detectors (JUNO [31], THEIA [32]), liquid argon time pro-
jection chambers (DUNE [33-35]), Pb-based cryogenic detectors (RES-NOVA [36, 37]) and
so on. Although it is too complicated to predict when the next CCSN will occur in the



vicinity, a rate of 1.63 £ 0.46 CCSN/100 y is obtained for the Milky Way and galaxies in the
Local Group [38]. So, it could be promising to anticipate at least one galactic CCSN during
the missions of those contemporary or next-generation detectors.

Such a prospect has attracted quite some attentions on how to maximize the scientific
return from such detection in the communities of astrophysics and particle physics. Among
them, reconstructing the energy spectrum of neutrinos is significant for physics but demand-
ing for the amount and quality of data. Attributing to the relatively strong interaction and
low requirement on detector construction, inverse beta decay on proton (IBD-p) has become
the most widely-utilised reaction channel in large-scale neutrino detectors [29, 31, 32]. This
literally promises a good sensitivity to electron-antineutrinos. Elastic scattering on electron
and charged current reaction on nuclei (e.g. '2C [31], 150 [29] and “°Ar [34, 35]) offer the
approaches to catch electron-neutrinos. Previous works have shown that a reasonable preci-
sion can be achievable in the measurement of supernova v, spectrum [39, 40]. Now, the last
task is presented as achieving sufficient sensitivity to heavy flavour neutrinos which can only
undergo neutral current processes in such low-energy region. Therefore, elastic scattering
on proton (pES) in scintillator detectors has been naturally proposed as an available access
to heavy flavour part of supernova neutrinos [41]. Nevertheless, the RES-NOVA project,
recently proposed in ref. [36] with the primary mission of detecting supernova neutrinos,
promises high statistics via the coherent elastic neutrino-nucleus scattering on Lead. Note
that different species of heavy flavour neutrinos are generally indistinguishable from each
other since none of their charged companions would emerge with sufficiently large amount
in stellar core collapse !. However, a synergy of reaction channels is indispensable for ex-
tracting flavour-depending information (e.g. the collection of IBD-p, elastic scattering on
electron/proton and charged/neutral current reactions on nuclei [42-47]).

According to methodology, previous efforts can be schematically divided into two cat-
egories: statistical approaches and unfolding processes. Based on certain templates, sta-
tistical analysis extracts signals from noisy data with high efficiency, and thus has been
usually adopted [39, 40, 42-44]. In such analyses, the profiles of neutrino fluxes are com-
monly depicted by the sophisticated Garching formula [48], which has been proven to be well
compatible with high-resolution simulations [49]. To some extent, this simple fit represents
our sophistication on the modelling of stellar core collapse. However, the heavy dependence
on this analytic formula may potentially discard some important features of the real signals.
Unfolding methods [45-47] are capable of alleviating such drawback, since they do not rely on
any analytical formulas. But the shortages of such methods are even more severe. Aside from
the complexity, the spectral reversion with response matrix belongs to the case of ill-posed
problem, which means that small errors or noise can easily lead to artificial patterns in the
results [47]. So, the pragmatic strategy is to implement these two processes complementarily
in analysis of supernova neutrinos. They all offer meaningful information, only in different
manner. In this work, we employ the Bayesian statistics to perform such evaluations. In the
last decades, Bayesian method [50] has been proven to be a powerful tool in questions gener-
ally handling uncertainty, including gravitational wave astronomy [51], relativistic heavy-ion
collisions [52], astrophysics and cosmology [53, 54], and fields of human activity beyond fun-
damental physics (e.g. Bayesian networks). Especially, it had already been introduced to the
analysis of neutrino signals from SN 1987A [9].

In this paper, we demonstrate the use of Bayes’ theorem to evaluate the spectral param-

!Thus, v, is commonly used to denote one species of heavy flavour neutrinos and so do we. Sometimes, v,
and 7, appear simultaneously, then they indicate particles and anti-particles, respectively.



eters for all flavours of neutrinos from a galactic CCSN. At the source, we adopt the time-
integrated spectra for each type of neutrinos from a long-term axisymmetric core-collapse sim-
ulation which is reported in ref. [40]. Then, the simple adiabatic conversion in the CCSN [55]
is applied here to account for the inevitable oscillation effects, including the case of normal
mass ordering (NMO) and inverted mass ordering (IMO). We also show the results with no
oscillation effects. However, any other neutrino conversion models can also be implemented
in principle. As to the detection, we attempt to simultaneously obtain high statistics and
full sensitivities to all types of neutrinos by taking advantage of three large-scale neutrino
observatories, namely Hyper-K, DUNE and RES-NOVA. It should also be mentioned that
the pES channel in JUNO is capable of performing flavour-blind detection with high energy
resolution. However, it is reported that the reconstructed v, and v, spectra suffer from a
substantial systematic bias of energy threshold induced by the pES channel’s insensitivity to
neutrinos with energy below 20 MeV [46]. Note that the peak is usually located at ~ 10 MeV
in the spectrum of supernova neutrinos. Instead, the proposed 1 keV threshold for nuclear
recoil energy in RES-NOVA offers the flavour-blind sensitivity to neutrinos with energy above
~ 10 MeV [36]. As a demonstration of our method, we make optimistic assumptions and
adopt the RES-NOVA setup in its 3rd phase. Nevertheless, it is worthy to mention that the
pES channel in JUNO may provide valuable all-flavour information for other purposes, or
contribute useful all-flavour information here if the RES-NOVA detector of this scale was not
realised in a realistic measurement. Detailed configurations of these detectors will be dis-
cussed later. The fast event-rate calculation tool, SNOwGLoBES 2, is employed to compute
count rates for channels in Hyper-K and DUNE, while that for RES-NOVA is done with a
code developed by our own 3. In section 2, we review the detector characteristics and gener-
ate the mock data for further analysis. Aside from the detector responses, noise from Poisson
processes is also included in the mock data. In section 3, we demonstrate how the spectral
parameters are estimated from the mock data via Bayes’ theorem, and numerical results as
well. The effects from cross section uncertainties are estimated. Finally, we conclude this
study and discuss the limitation in section 4.

2 Supernova neutrinos in detectors

Before getting into details of Bayesian analysis, we summarise the features of detectors em-
ployed in this work and the characteristics of supernova neutrinos. Since no experimental
data is available up to now, we calculate the number of expected events in each energy bin for
each channels, based on the neutrino fluxes from numerical simulation, and then extract the
number of events for analysis from a Poisson distribution with the expected count as average
value. How we consider the neutrino oscillation effects is also presented in this section.

2.1 Detector configurations

The primary reaction channels for the selected detectors, namely IBD-p in Hyper-K, charged
current reaction on Argon (vAr(CC)) in DUNE and neutral current scattering on Lead
(vPb(NC)) in RES-NOVA, are adopted in this study to provide sensitivities to 7., Ve and v,
sequentially. We also include the elastic scattering on electron (eES) in Hyper-K, in order to
further enhance the sensitivity of this collection to v, and v,. Note that eES channel have

2SNOwGLoBES provides detector responses to many reaction channels (see e.g. ref. [17] for details) and
it is available at https://webhome.phy.duke.edu/~schol/snowglobes/.
3This code and SNOwGLoBES have been integrated in our Bayesian code.
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different cross sections to each type of neutrinos, i.e., 0, > 0, > 0,,%. It is also interesting
to mention that neutral current scattering on Argon in DUNE can potentially offer good
sensitivity to v, just not yet fully studied [35].

Hyper-K is a next-generation water-based Cherenkov detector which is scheduled to
start data-taking in 2027 [56]. Its primary missions include precision measurements on
neutrino oscillations, searches for proton decay and observations on astrophysical neutri-
nos [29]. In this study, we employ two reaction channels in Hyper-K, namely the IBD-p
(Ue +p — e +n) and eES (v + e~ — v+ e ). Electrons and anti-electrons are produced
in these scatterings and emit Cherenkov lights along with their motions in ultra-pure water.
Then, the events can be reconstructed by collecting those Cherenkov photons via photomul-
tiplier tubes (PMT). Currently, the reconstruction of IBD-p event has been well established.
Meanwhile, eES event can also get separated from IBD-p signals, to some extent, according
to their different angular dependence. Furthermore, it is reported that the neutron tagging
efficiency can get improved substantially through addition of gadolinium (e.g., an efficiency
of ~ 90% in a gadolinium-loaded Super-K) [39]. That is, the tagging efficiency for the two
reaction channels is expected to be promising since the possibility of gadolinium loading has
already been considered in the design report of Hyper-K °. Here we just assume a generally
full tagging efficiency for the two reactions. On the other hand, according to the design
report, the fully configured Hyper-K detector consists of two tanks, of which each contains
258 kton of ultra-pure water. The designed fiducial mass for each tank reaches 187 kton.
Therefore, a 374 kton of total fiducial mass for Hyper-K has been adopted in some of previous
works (see, e.g., ref. [40, 43]). However, the realistic fiducial mass for one tank can exceed
this designed scale and reach 220 kton in the detection of supernova neutrinos, because of the
localization in time and the neglect of low energy radioactive background due to the short-
time feature of supernova neutrino signals [29]. We thus consider one tank with a fiducial
mass of 220 kton, just following the available scale also adopted in ref. [47]. That is, only
half of the capability of Hyper-K is under evaluation in this study. As to detector response,
we adopt the same smearing matrix and post-smearing efficiency as that of Super-K I (or
III, IV), which are provided in SNOwGLoBES. Its response corresponds to the assumption
of 40% PMT coverage.

DUNE [33, 34] will consist of four time projection chambers which contains 70 kton lig-
uid argon in total. The nominal fiducial mass is 40 kton, and we also adopt this value in this
study. However, in principle the available mass may exceed this value when studying super-
nova neutrinos, just like the case in Hyper-K. The primary goals for DUNE include precision
measurements on neutrino oscillation parameters and searching for new physics. Among
current-operated and future-planed neutrino detectors, DUNE will bring unique sensitivity
to v, with energies down to ~ 5 MeV via the vAr(CC) reaction (v, +4° Ar — e~ +40 K*).
When such reactions happen, short electron tracks will be created and recorded, potentially
along with gamma-rays in the chambers. DUNE will also have excellent time resolution
which assures its capability of precisely depicting the neutrino burst time profile if the source
is close enough. For instance, it is possible to identify the neutrino “trapping notch”, which
emerges as a consequence of neutrino trapping in the dense collapsing core and typically has
a width of 1 — 2 ms, for closest CCSNe (few kpc) [35]. Moreover, in the galactic supernova
neutrino detection landscape with DUNE, one of the most interesting topic is that the mass

“Strictly speaking, o,, is slightly greater than o5, (see figure 2 in ref. [17]).
®The project of loading gadolinium into Super-K has already been approved. And this will provide a
template for further application in Hyper-K. See ref. [29] for more details.



ordering problem in neutrino oscillations can be decisively determined by the detection of
neutronization burst which is almost composed of v, when produced [55]. The above works
also adopted SNOwGLoBES in their studies. Therefore, it is quite convenient for us since
the configurations of DUNE has already been provided as well.

RES-NOVA [36, 37] is a newly proposed experiment with the primary aim of hunting
neutrinos from CCSNe. It intends to achieve a flavour-blind measurement with low energy
threshold, high energy resolution and high statistics to supernova neutrinos, by taking ad-
vantage of the large coherent elastic scattering cross sections between MeV neutrinos and Pb
nuclei, the ultrahigh radiopurity of archaeological Pb and modern technologies on cryogenic
detector. This innovative project carries the ambition of providing a 5o sensitivity to super-
nova bursts up to Andromeda. However, the detailed configuration has not been settled yet.
In this work, we consider a simple realisation of RN-3 in ref. [36], which is constructed with
pure Pb crystals and has a detector mass of 465 ton. It will have a 1 keV energy threshold
and a 0.2 keV resolution for nuclear recoil energy. This means that RES-NOVA could be sen-
sitive to neutrinos with energies down to ~ 10 MeV. However, it should be stressed here that
we use the observed nuclear recoil energy when handling the data from RES-NOVA, instead
of the reconstructed neutrino energy adopted in previous detectors. When neutrinos arrive
at the detector, they can possibly undergo the vPb(NC) processes (v + Pb — v+ Pb). After
that, the target nucleus will gain a recoil energy in the magnitude of a few keV, and then
billions of phonons will get created in the absorber and act as information carriers. Such ex-
perimental strategy can possibly make full use of the entire energies deposited in the detector
and lead to a realisation of excellent energy reconstruction. However, unlike the previous de-
tectors, the configuration of RES-NOVA is currently absent in SNOwGLoBES. We calculate
the event rates following our previous works (i.e., ref. [23, 57]). The averaged neutron skin
of Pb nuclei is fixed on the experimental value of 2°*Pb, namely R, — R, = 0.283 £0.071 fm
from PREX-II [58]. Furthermore, in order to properly account for the effect of threshold, we
adopt such an acceptance efficiency function:

A(x)

a

- (2.1)

where the values of parameters are taken as a = 1,k = 5, 29 = 1.5. Such arrangements assure
that the detection efficiency will swiftly rise up to around 100% from ~ 0% when nuclear
recoil energy goes to 2 keV from 1 keV, and approaches 100% asymptotically after 2 keV.
At our estimate, the assumption of a full acceptance efficiency will increase the accuracy of
oy, by ~ 16% in the case of no neutrino oscillations, owing to the higher statistics in the
energy range below ~ 2 keV, while the impact is merely invisible on the extraction of other
parameters. In fact, this function derives from the acceptance efficiency of the COHERENT
experiment [59, 60], and can also produce similar structure as the reconstruction efficiency
function of DUNE [35], just with different parameters. Note that this efficiency represents a
conservative estimate and the real one is yet to be determined.

2.2 Neutrino spectra and oscillations

State-of-the-art stellar evolution theory indicates that dying massive stars would undergo
violent core collapse at their end, generating an outward-propagating shock-wave to expel
their mantles and exploding as spectacular CCSNe which can emerge as luminous as their
host galaxy. In such explosions, almost ~ 99% of the released gravitational potential energy
(~ 10° erg) will be liberated through neutrino emission. Moreover, the evolutionary histories



of the dense core are imprinted in both the temporal structures and energy spectra of neutrino
emissions. Note that the neutrinos can still deliver information out of the collapsing core,
even if no electromagnetic signal was emitted due to the formation of black hole in failed
CCSN. The detailed characteristics of neutrino emission depend not only on the properties of
progenitor star (e.g., mass, compactness and so on [61, 62]), but also on the nuclear equation
of state of neutron star which still remains largely uncertain [63-65]. Except that, currently
our comprehension on the spectral structure of supernova neutrinos is primarily obtained
from studies on numerical simulations, due to lack of experimental data.

According to detailed investigations on supernova neutrino spectra [48, 49], the instanta-
neous spectrum for each type of neutrinos will generally follow the quasi-thermal distribution
(also called Garching formula), which can be presented as

L(EL)=¢4<<g;>aexp[—kr+1NEZJ. (2.2)

Here, E, and (E,) are the energy and average energy of neutrino in the unit of MeV, respec-
(E,)T(a+1)
a characterises the amount of spectral pinching (with large value leading to suppression on
high energy tail). « can be determined by the energy moment of the distribution, e.g., the
relation

tively; A = is the normalization factor with I' being the gamma function; and

<E’3> _2—|—a
(E,)?  1+a

(2.3)

Actually, eq. (2.2) has been usually adopted as well to describe the time-integrated spectra
in previous studies [40-44, 66], and so do we. Now, assuming no neutrino oscillation, the flux
on the Earth can be expressed as

L & ), (2.4)

d(E)=—
(Ey) 4rd? (E,)
where d is the distance of source, and &, denotes the total energy emitted through a specific
species of neutrinos. The spectral parameters for the source, adopted in this work, are
given in table 1. Tt should be mentioned that the progenitor model, used to generate these

Table 1: Spectral parameters for the time-integrated spectra of supernova neutrino fluxes
(see table 1 in ref. [40]).

v o, (E,))[MeV] &, [10°? erg]

Ve 2.67 14.1 7.70
ve 3.28 16.3 6.44
ve 2.20 17.2 5.88

parameters in the simulation, is expected to explode as one of the most common type II
supernova (see ref. [40] for more details).

Now, the predicted event rate for each channel can be calculated. For Hyper-K and
DUNE, we set a uniform 100 energy grids to cover the energy range of 0.25 — 100.00 MeV, ¢

A uniform energy grid of 200 bins has been fixed as the highest energy resolution in SNOwGLoBES, which
covers the energy range of 0.25 — 100.00 MeV.



and drop the first several bins to approximately obtain a threshold of 5 MeV. For RES-
NOVA, we also set a uniform energy grid with the bin width of 0.2 keV, which starts from
the threshold of 1 keV 7. We have also tested another non-uniform grid scheme, i.e., the
adaptive energy-gridding technique ® (see ref. [47]), and the results of analysis turn out to be
almost the same as that of current grid scheme. With the prediction data, the mock data can
be generated now, e.g., given the predicted number of events N4, the corresponding number
Npq can be extracted from a Poisson distribution with N,4 being the average value 9. The
results are shown in figure 1. The caveat is that such a treatment means that the mock data is
extracted from one simulated measurement. So, it is inevitable that the information reflected
by the data may deviates from that of the original source due to the Poisson processes. Only
high statistics can alleviate such deviations. However, this is also the fact faced by realistic
measurements.

Flavour transitions are also inevitable for supernova neutrinos. These messengers are
primarily produced in the dense core of a dying star, penetrate through the thick stellar man-
tle and ultimately arrive in detectors on the Earth. Various conditions, encountered in this
long journey, lead to complex transition patterns, e.g., adiabatic/non-adiabatic transitions,
self-induced transitions and earth matter effects [20, 55, 67]. Since this work is not meant
to dig into the detail of flavour conversion, we focus on the adiabatic transition associated
with smoothly-varying matter potentials in supernovae, for simplicity. On the other hand,
the three-flavour neutrino mixing framework has been well established experimentally due to
tremendous experimental efforts over the past few decades. So we can describe the flavour
transitions in supernovae with proper formulas under specific assumptions. However, there
still exist two unknowns up to now in this scenario, i.e., the mass ordering and the complex
phase associated with CP-violating observable. For the latter one, previous works have shown
that it will not cause sizeable modifications to the signals of supernova neutrinos [68, 69].
But the previous one is crucial to the flavour composition of supernova neutrinos in detectors.
And that necessitates the consideration of both NMO and IMO in this work.

Assuming the adiabatic Mikheyev-Smirnov-Wolfenstein (MSW) model, in the case of
NMO, the observed fluxes (®,) are composed with the original fluxes (®!) in the following
forms [55]:

P, =Y (NMO), (2.5)
®p, = cos® 0120Y + sin® O12PY (NMO), (2.6)

where 615 is the mixing angle with the value sin” #15 = 0.3074:0.013 [70]. In the case of IMO,
the formulas are rearranged as [55]

®,, =sin®012®Y + cos® 01,0 (IMO), (2.7)
Py, = OY (IMO).
And the total fluxes are conserved in both cases with such an equality:

Dy, + @y, + 4P, = ) + ) +40)  (NMO&IMO). (2.9)

"Such arrangement corresponds to a non-uniform energy grid on neutrino energy with the largest bin width
being 0.94 MeV.

81n practice, we modify the adaptive energy-gridding technique, especially in the low-energy region, before
it is implemented in our analysis. To be more specific, the similar strategy, used to handle the energies above
the peak, has been applied to deal with the energies below the peak. Because we believe a proper treatment
of the low energy part is quite necessary in order to achieve a better precision.

9Such strategy has already been used in previous works, e.g., see ref. [43].
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Figure 1: Predicted events and mock data for each reaction channel in Hyper-k, DUNE
and RES-NOVA. E, and E, are the reconstructed neutrino energy and nuclear recoil energy,
respectively. The source is assumed to be located at a typical distance, i.e., d = 10 kpc, and
no oscillation effect is under evaluation.

Here @, and ®;, represent the fluxes of neutrinos and anti-neutrinos with heavy flavours,
sequentially, and are all equal to one quarter of the total heavy flavour flux. In the data
analyses, we do not distinguish between them. From the above expressions, one can see that
in the NMO case, the v, component is ultimately coming from the original v, component while
the 7, flavour is only partially transformed. In the IMO case, the transformations is almost
reversed, i.e., the U, flavour is fully transformed now while the v, component is partially
transformed. Note that, instead of simply reversion, the extents of partial transformations
are different for the two cases.

The oscillation effects on the prediction of each reaction channel are shown in figure 2.
As one can see, it is clear that the predicted energy spectra for different mass ordering diverge
from each other in the flavour-sensitive reaction channels, including IBD-p and eES in Hyper-
K and vAr(CC) in DUNE, while they totally overlap with each other in the flavour-blind
reaction channel, i.e., vPb(NC) in RES-NOVA. It is also interesting to mention that the
different gaps between IMO and NMO in IBD-p and vAr(CC) reflect the different extents of
partial transformations. For the mock data used in the final analysis, we conduct the same



extractions, only including all those ingredients this time.
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Figure 2: Predicted events in each reaction channel under inverted mass ordering (IMO) or
normal mass ordering (NMO). E, (E,) denotes the reconstructed neutrino energy (nuclear
recoil energy). The distance is assumed to be 10 kpc. The mock data for each case can be
extracted with the same strategy in figure 1 and we did not show them here.

3 Bayesian inference and numerical results

Now data analysis can be performed with Bayesian inference to the mock data generated in
the previous section. We firstly describe the basic ideas of Bayesian inference briefly and the
prior arrangements of our analysis. Then what’s following are the demonstration of numerical
results and some discussions as well.

3.1 Basic ideas

Bayesian statistics is fundamentally different from conventional frequentist statistics. In
Bayesian probability theory, probability is treated as a subjective concept which depends on
our state of knowledge, instead of the objective limit of relative frequency of the outcome.
So, it is allowed to get updated on the basis of new information which can be collected
via some approaches, e.g., conducting experiments. With a full understanding of the issue



under investigation, in principle the Bayesian probability will arrive at a stable value. The
basic logical rule which allows us to do such updating is the Bayes’ theorem, which can be
presented as

P(0|D) < P(D|0)P(0). (3.1)

In the case of parameter estimation, 8 and D represent the model parameter to be estimated
collectively and the dataset relevant to the model, respectively. The quantity to be evaluated
is the posterior probability, P(6|D), which stands for the probability of § given the new
dataset D. P(#) is the prior probability which quantifies our beliefs on 6 before inclusion of
new conditions. The likelihood function P(D|) is a mathematical function of 6 for a fixed
dataset D (also denoted by L£(6;D)). It quantifies the probability of the observation of D
when given the specific parameter 6. In this framework, the main task of inference will get
descended into how to calculate the distribution of posterior probability, once the expressions
of prior and likelihood are settled. Note that a proper realization of prior probability will
be quite helpful in the analysis of less informative dataset, but, somehow, trivial in the case
with dataset informative enough.

In this work, since the Garching formula is adopted to describe the time-integrated
spectra of supernova neutrinos, we get 9 model parameters, i.e.,

5: (aljea A, Ay, (El/e> ) (El_/e> ) <EI/T> 7gl/e781757 gl/T) (32)

—

The realisation of P(f) could be nontrivial. Generally speaking, the posterior distribution of
previous inference can act as the prior distribution of new inference with new information.
However, this is not the case in this study, due to the highly limited information provided by
the measurement of SN 1987A. Up to now, our knowledge on this issue is primarily obtained
from various simulations. In detail, the values of a are usually varying with time in the
range of 2 S o < 4 [48, 49, 71]. For (E,), the magnitude of ~ 10 MeV exists in almost all
simulations and also gets confirmed by the observation of SN 1987A. Furthermore, a neutrino
energy hierarchy is emerged as (E,,) < (Ep,) S (E,,) in simulations [11, 71]. For &,, both
simulations and SN 1987A indicate that the total released energy via neutrinos should lie
in the vicinity of 3 x 10% erg. And the ansatz of energy equipartition among different
flavours of neutrinos has also been found to be roughly valid in simulations. Based on the
above statements, we quantify the prior knowledge with 9 independent Gaussian functions
associated with the 9 spectral parameters, i.e.,

6 — 2
log P(0 > 0) = —(25) + constant, (3.3)
o

where we exclude the non-physical negative quadrants. The relevant Gaussian parameters
are given in table 2. It must be emphasized here that, with such arrangements, we do not

Table 2: The parameters of Gauss distributions in priors. p and o represent the center
values and standard deviations, respectively. (E,)s are in the unit of MeV.

Ay <EV8> <E’75> <EVz> gl/ [1052 erg]
© 3 12 14 16 5
c 1 4 4 4 5/3

intend to mean that the spectral parameters of neutrinos from the next galactic CCSN would
follow these distributions. It rather expresses such a belief that we are quite confident that
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0 will lie within p 4+ o, very sure that 6 will lie within p 4+ 20 and almost certain that 6
will lie within p 4+ 30. Values far beyond these regions are still possible but just not likely
to happen since that would break the current theoretical framework. Such priors cover the
parameter spaces used in the previous analysis [43] with the regions of 30, and meanwhile
accommodate strong deviations from the expected values. However, it should be noted again
that the posterior will be eventually dominated by the data, instead of the choice of priors,
when the dataset is informative enough. As a confirmation, we also conduct the analysis
with flat priors, and the comparison is shown in appendix A.

The dataset consists of series of energy bins and related number of events, and we
conduct the analysis with such a binned likelihood:

Nbin

Lo0;0)=1]

i=1

A e M, (3.4)

for the reaction channel ¢, where Ny;, is the number of energy bins, \; and n; represent the
number of events related to the ith bin in predictions and mock data, respectively. A; is a
function of 9_', while n; belongs to D. Such a Poisson distribution is also adopted in previous
studies [43, 44]. Now, the eventual likelihood is simply expressed as

cO:0)= [ £e6;D), (3.5)

¢e all exp.

after combining all the reaction channels. Other potentially useful reaction channels can also
be considered via this formula in the future. Furthermore, eq. (3.4) can be replaced with
another more well-constructed likelihood, which considers other uncertainties in realistic
measurements thoroughly, in future studies.

The calculation of posterior distribution used to be the most complicated part of
Bayesian inference. However, powerful methods and tools are currently available to alle-
viate it. In this work, we implement the ensemble sampler tool, emcee 19 [72], to sample the
9-dimension posterior distribution. The emcee package is a Python implementation of the
Metropolis-Hastings (M-H) algorithm ', which has already been adopted in many published
projects in the astrophysics literature. The caveat, which derives from the M-H algorithm,
is that the samples initially generated in the chain can be heavily influenced by the choice
of starting point in parameter space, due to the inevitably existing correlation among neigh-
boring samples. So, in practice the initial part will be excluded. In this study, we just drop
the initial 200 samples in each chain, to obtain sets of stable samples.

3.2 Demonstration

Finally, we perform the analysis and show the numerical results in this section. As a start,
we test the capability of our method with the case considering no oscillation effects. So as to
obtain an appropriate determination of the posterior distribution, we draw a dataset including
108 samples, and calculate the distribution of each parameter by conducting marginalization
over other parameters which follows the law of total probability. Then, the cases of different
oscillation models are evaluated through the same processes. Among them, d = 10 kpc is

Ohttps://emcee.readthedocs.io/en/stable/index . html.
"' The M-H algorithm is the most commonly used Markov chain Monte Carlo algorithm (see ref. [50, 72] for
more details).
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adopted as the default distance of source. In practice, it is possible for this distance to be
much smaller, e.g., nearby core collapse supernova candidates reported in [73], including the
famous Betelgeuse. Generally speaking, smaller distance means higher statistics and then
better precision, when neutrino flux is not too intense to cause signal pile-up in the detector.
However, it would be another topic, for future works, on how to properly deal with the effects
of signal pile-up if the source is too close. As a test, we only estimate the distance effect in
the case of d = 5 kpc here.

3.2.1 No oscillation

Figure 3 shows the posterior distributions when no neutrino oscillation is considered'?. The 1-
dimension (1-D) distributions for all spectral parameters are plotted on the diagonal. We also
present the representative values of these 1-D distributions, i.e., the maximum a posteriori
(MAP) estimate and the 20 credible intervals in the highest posterior density scheme, in
table 3. As one can see, the three parameters for 7, flux are constrained quite well in this
analysis. In detail, the 20 symmetrized fractional uncertainties '* reach +2.8%, +0.8% and
+0.9% for a, (EF) and &, sequentially. Such high precision is primarily attributed to the
ultra-high statistics provided by the IBD-p channel in Hyper-K, as can be seen in figure la.
Meanwhile, the sensitivity to v, mainly derives from the vAr(CC) reaction in DUNE and
the eES channel in Hyper-K. Modest uncertainties are also achieved as £12.4%, +4.3% and
+4.9%. However, the precision for v, flux is relatively poor and the fractional uncertainties
are only obtained as +33.4%, +£10.7% and +10.9%. The vPb(NC) reaction in RES-NOVA
renders the primary sensitivity to v, and also achieves a number of total events even larger
than the sum of that from the eES channels in Hyper-K and the vAr(CC) channel in DUNE.
However, the fact is that ~ 1/3 of the signals in RES-NOVA come from the v, and 7, fluxes.
That is, the information of v, from RES-NOVA is actually contaminated. Nevertheless,
higher statistics will further improve the accuracy, e.g., enlarging the fiducial mass of RES-
NOVA by 10 times will improve the accuracy by ~ 50% in our test. On the other hand,
due to the strong suppression of Pb nuclei on the nuclear recoil energy, a threshold of 1 keV
in nuclear recoil energy only makes RES-NOVA sensitive to neutrinos with energy above
~ 10 MeV. Such threshold, although literally quite low among detectors in the same category,
is nevertheless not low enough for precision measurement of the spectrum of v, flux in
supernova neutrinos, since the information below and even in the peak is lost. Such loss
naturally jeopardizes precision extraction of information related to spectral shape.

On the other hand, the off-diagonal plots suggest the correlations between parameters.
Generally speaking, it is quite noticeable that significant correlations appear among parame-
ters in the same type of neutrinos universally, and also only exist among them. Furthermore,
these correlations even show certain features for a specific type of neutrinos, i.e., strong pos-
itive correlation between a and (F) of whom both determine the shape of spectrum, and
noteworthy negative correlations between £ and one of the above spectral shape parameters,

2 corner is used to plot such diagrams [74].

13Indeed, asymmetries appear among these 1-D distributions in figure 3 and also in table 3, and will also
show up in that of other cases. For simplicity, the symmetrized fractional uncertainties are calculated by
averaging the positive and negative uncertainties over the most probable values here and after.

1411 the test analyses, we assume a ~ 6 MeV threshold of neutrino energy (i.e., 0.4 keV threshold of nuclear
recoil energy) for RES-NOVA, and the accuracy for v, is improved by a factor of 1/4. The neutral current
scatterings on 60 in Hyper-K can also provide information on the low energy region (e.g., ~ 400 events in the
energy range of 5 ~ 10 MeV). The inclusion of this reaction also lead to a moderate improvement (~ 25%)
on the accuracy of a,, .
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Figure 3: Posterior distributions for the no oscillation case. The Gaussian prior distributions
are functioning here. Plots on the diagonal show posterior distributions for the correspond-
ing parameter after marginalization over other parameters, and the off-diagonal ones show
correlations between them. Contours in the off-diagonal plots demonstrate the area of 1o, 20
and 3o credible level, respectively. The blue lines mark the parameter values to generate the
mock data used in this analysis.
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Table 3: The representative values of 1-D posterior distributions. NO indicates the case
without neutrino oscillation, while NMO (IMO) represents the case of normal (inverted) mass
ordering. Gaussian priors are adopted in all cases. The rows denoted with MAP give the
most probable values of the posteriors, while (207,20") show the relative credible intervals
at the 20 level of probability. % rows give the corresponding symmetrized fractional uncer-
tainties. Meanwhile, %(csu) rows show the estimated symmetrized fractional uncertainties
after including a £5% uncertainty on the cross section of vAr(CC) reaction in DUNE.

Osc  estimate « (E) MeV] £ [10° erg]
Ve Ve Vg Ve Ve Uy Ve Ve Vg
MAP 2.83 3.25 2.93 14.37 16.26 17.88 7.71 6.45 5.63
NO 20~ -0.38 -0.10 -1.00 -0.63 -0.14 -1.81 -0.41 -0.07 -0.46
207" +0.32 +0.08 +0.96 +40.61 +0.12 +42.02 +40.34 +0.05 +0.77
% 12.4 2.8 33.4 4.3 0.8 10.7 4.9 0.9 10.9
%(CSU) 13.3 2.8 38.6 4.7 0.8 12.9 8.9 1.0 14.7
MAP 3.48 3.12 2.37 13.84 16.09 17.45 7.95 6.46 5.86
NMO 20~ -1.33  -0.16 -0.25 -1.94 -0.25 -0.60 -1.72 -0.13 +40.24
207" +1.81 +0.19 +40.25 +42.27 +0.28 +0.73 +2.16 +0.14 +0.25
% 45.1 5.6 10.5 15.2 1.6 3.8 24.4 2.1 4.2
%(csu) 47.3 6.2 11.8 20.4 1.8 4.3 34.6 3.9 8.4
MAP 3.41 3.85 2.18 15.04 16.03 17.17  7.77 6.58 5.89
IMO 20~ -096 -1.74 -0.07r -1.39 -295 -0.18 -0.86 -1.46 -0.06
207" +1.23 +1.57 +40.07 +1.43 +2.03 +0.15 +4+0.84 +1.88 +0.05
% 32.1 43.0 3.2 94 15.5 1.0 10.9 25.4 0.9
% (csu) 34.4 46.1 3.7 12.0 19.3 1.0 20.5 35.9 0.9

respectively. Such correlation patterns are primarily embedded in the parameterization of
neutrino spectrum (see eq. (2.2) and eq. (2.4)). It is also potentially interesting to men-
tion that such correlations are the weakest for the 7, flavour while that of the others are
comparable .

The distance effect is tested here. For a closer source with d = 5 kpc, the higher
statistics in data lead to better accuracies on the reconstructed spectral parameters, while
almost no effect on the correlations among these parameters. In detail, the symmetrized
factional uncertainties are updated by £6.4%, +2.3% and +2.6% for v, flavour, +1.5%,
+0.4% and +0.5% for 7, part and +20.1%, £6.3% and +5.8% for v, component. However,
as a result for comparison, these percentages are calculated with new 20 credible intervals
(i.e., for d = 5 kpc) and the most probable values in the previous case (i.e., for d = 10 kpc).
Such treatment is also applied in similar comparisons hereafter. In short, the accuracies are
universally enhanced by 40% ~ 50% among all parameters in this test.

— 14 —



[“ -

iy 1 L 1 1 L L 1
© w«ff’ o &° e

NS ~ ~ - 5 : :
(Es.) (Ev) &, Eoe &y

Figure 4: The same as figure 3, but the oscillation effects with normal mass ordering are
under evaluation.

3.2.2 Flavour conversions

Figure 4 displays the posterior distributions when the oscillation effects are considered under
the assumption of NMO. The representative values, corresponding to the distributions on the
diagonal, are also given in table 3. Still, the best results are obtained for the 7, flavour for the
same reason as the case without oscillation effect. Numerically speaking, the symmetrized
fractional uncertainties are £5.6%, £1.6% and £2.1% for a, (E) and &, sequentially, within
a credible level of 20. They become worse slightly, due to the partial conversion in eq. (2.6).

15We swap the parameters of v, and 7, components and such hierarchy still appears, only with the difference
between these two species getting decreased by ~ 50%. So it is primarily originated from the detection
configurations.
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In this flavour conversion mode, the v, events and ~ 30% of 7, events in detectors are now
responsible for the v, component. Thus, the results for v, component are much better after
combining information from all the four channels. The uncertainties are read as +10.5%,
+3.8% and £4.2%, even slightly better than the v, results in the case of no oscillation. In
contrast, the precision for v, are now rather poor, only achieving uncertainties of +45.1%,
+15.2% and +24.4%. Because all the information for v, flavour are extracted from the data
of vPb(NC) reactions in RES-NOVA, and only ~ 1/6 of these data are responsible. Note
that the deviation between posterior and prior distributions for «,, is kind of trivial, which
means the result get too much information from the prior, instead of the data. It indicates
that the constraint on ay, is actually quite limited in this case.

The numerical results for the IMO conversion are illustrated in figure 5 and table 3.
In this conversion mode, neutrino signals in all reaction channels are mainly coming from
the original v, component (see eq. (2.7) and eq. (2.8)), which naturally lead to a promising
precision in this part. That is, the symmetrized fractional uncertainties are obtained as
+3.2%, +1.0% and £0.9% for the three parameters correspondingly. It should be mentioned
that v, components are responsible for ~ 2/3 of the total neutrinos. Hence, it is quite
significant to achieve such high precision on the measurement of this part. However, the
price is large uncertainties on the measurements of other components. The representative
values of posterior distributions are £32.1%, 4+9.4% and +10.9% for the v, flavour, and
+43.0%, +£15.5% and £25.4% for the 7, part. The situation of the 7, part are quite similar
to that of the v, flavour in the NMO conversion. Similarly, the caveat is that the prior
distribution provides too much information in the evaluation of oy, also just like the case of
o, in the NMO conversion.

Aside from the diagonals, the off-diagonal plots in figure 4 and figure 5 portray the
correlations between parameters as 2-dimension distributions. So as to quantify these corre-
lations, the matrices of correlation coefficients, namely VMO and VIMO are calculated and
shown in figure 6, where the value in a coordinate of a matrix refers to the distribution in the
same coordinate of posterior charts. Apparently, the correlations among the three parameters
of one specific species remain the same and, more specifically, another universal hierarchy
among the three correlation coefficients emerges as |p(«, (E))| > [p((E),E)| > |p(a, E)|. Such
patterns are still controlled by the spectral formalism. On the other hand, different corre-
lation patterns appear between different oscillation models. In the case of NMO, moderate
correlations exist among spectral parameters from v, and v, components. That is, the spec-
tral shape parameters, o and (F), of 7, flux have negative correlations to the corresponding
parameters of v, flux, and so do the total energy parameters, £. This can be expected
from the mixing of these two components, as described in eq. (2.6). As a consequence, more
complicated correlation patterns stem from two categories of correlations mentioned above
(see figure 6a and figure 4 for more details). However, it turns out that no such correlations
are seen in the case of IMO, while the mixing of v, and v, components does exist, i.e., in
eq. (2.7). The absence here is ascribed to the different sensitivities to v, and 7, species in
our detector configurations '°. Such difference between NMO and IMO can potentially act
as another smoking gun to determine the mass ordering in measurement of the next galactic

16 As a test, the exchange of parameters between v, flavour and 7, component is estimated again and the
mixing-induced correlations are still missing for IMO while clear for NMO. The effect is that these correlations
become relatively weaker in the NMO mode. We also swap the values of sin? 612 and cos? 612, and only see
some mild effects on the correlation coefficients (even weaker than the previous case).
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Figure 5: The same as figure 3, but the oscillation effects with inverted mass ordering are
under evaluation.

CCSN 7 although we postpone further estimates in future work.

Again, we check the results for d = 5 kpc. The correlation patterns for both NMO and
IMO are still robust, only with modest enhancements found in spectral-induced correlation
coefficients of the v, (7.) flavour in NMO (IMO) conversion. As to the accuracies of recon-
structed parameters, universal improvements of 40% ~ 50% are again obtained for the 7, and
v, components in the case of NMO, and for the v, and v, components in the case of IMO.

1"When analysing the data with NMO template, dataset with IMO will show even stronger mixing-induced
correlations than dataset with NMO (e.g., the correlation coefficients between a, and (E,,) (ap. and E,,) in
the two cases are shown as —0.78 vs —0.46 (0.64 vs 0.30), and, however, the impacts on different coefficients
can be different.). If the analyses were conducted with IMO/NO template, we see no manifest signals or just
rather weak trends.
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Figure 6: The matrices of correlation coefficients for NMO and IMO.

Nevertheless, different parameters of the v, component in NMO conversion show different
sensitivities to the change of target distance. That is, the accuracy for &, is increased by
~ 45% in such test, while that for (F,, ) is only enhanced by ~ 15% and it turns out to
be rather weak improvement (~ 4%) on . It is similar for that of the 7, flavour in IMO
conversion. So the measurement of «,, (ap,) in NMO (IMO) conversion deserves further
investigation.

3.2.3 Impact of cross section uncertainty

Until now, all the evaluations are performed under an assumption that the cross section
for each reaction channel is well determined. However, the fact is not so optimistic. Es-
pecially, the cross section for vAr(CC) in DUNE still have large theoretical uncertainty,
e.g., a deviation of almost one order of magnitude between the predictions from QRPA-C
calculation [75] and NSM+RPA calculation [76]. Such large theoretical uncertainties will
substantially impede the interpretation of such measurements, as reported recently by the
DUNE Collaboration [77]. Here, to draw an idea about how this cross section uncertainty
would affect our results, we reanalyse the mock data after introducing a scaling factor of
+5% on the previous vAr(CC) cross section 8. The estimated symmetrized fractional uncer-
tainties are also presented in table 3, just lying below the previous results. Overall, the total
emitted energy is the most sensitive one among the three parameters. The effects on the
other spectral shape parameters are relatively small. On the other hand, the extraction of
neutrino species, which is associated with the data from Hyper-K, will be less influenced by
such a cross section uncertainty, since the data from Hyper-K is much more informative than
the others. In particular, the results are almost unaffected in our estimate for 7, flux under
no oscillation and v, flux under IMO conversion. Interested readers can refer to table 3 for
detailed information. In all, it can be seen that even a +5% uncertainty on the vAr(CC) cross
section would manifestly affect the extraction of neutrino spectral parameters here. And the

18 According to the discussion in Ref. [77], we could expect a statistical uncertainty of 5 — 10% on the total
cross section with a ton-scale detector running beside the Spallation Neutron Source for a few years.
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almost 100% cross section uncertainty, currently existed, would cause severe biases which
make the results not reliable. So it would be invaluable to control the theoretical precision
via a direct measurement of this reaction in the future.

4 Conclusions

In this paper, we present the retrieval of energy spectra for all flavours supernova neutrinos
with Bayesian inference by combining data from multiple detectors. When selecting reaction
channels, the collection of IBD-p and eES reactions in Hyper-K, vAr(CC) in DUNE and
vPb(NC) in RES-NOVA is employed under the consideration of flavour sensitivity and data
statistics. Before analysing the mock data, we quantify the prior knowledge on the energy
spectra of supernova neutrinos with modified Gaussian functions. Then, using a Poisson
likelihood, we sample the posterior distribution, which has 9 degrees of freedom, and extract
the probability distribution of each parameter. Furthermore, the correlation coefficients
among parameters are also estimated and discussed.

Assuming a typical source distance (i.e. d = 10 kpc) in our Galaxy, our results show
that the average energy and individual emitted energy can be determined with an accuracy
of a few percent in normal (inverted) mass ordering, except for the v, (7.). Especially, those
for heavy flavour neutrinos are reconstructed with a 1% precision under the oscillation effect
of inverted mass ordering. The spectral pinching for either 7, (v,) can also be measured to
a few percent precision in normal (inverted) mass ordering. In contrast, that for either v,
or 7, is hardly extractable from the data, accordingly. Nevertheless, based on the overall
accuracy inferred here, it is interesting to mention that the precise determination of neutron
skin of Lead should be promising through nearby galactic supernova neutrino detection in
RES-NOVA as proposed in our previous work [23]. Furthermore, our analyses indicate that
there exist two categories of correlations among parameters: spectral-induced correlation
and mixing-induced correlation. The former is encoded in the formalism of neutrino flux,
while the latter derives from the complementary effects of neutrino mixing and detector
configurations. Such correlations potentially offer us new ways to extract information from
data, more efficiently, via specific combinations of spectral parameters. It is also possible
to solve the mass ordering problem by analysing the mixing-induced correlations. However,
more realistic oscillation models should be included in real observations, e.g., non-adiabatic
oscillation, collective oscillation and Earth matter effect.

For future studies, an effective way to enhance the capability of our method is to further
improve the flavour-blind sensitivity in the collections (e.g. higher statistics or extra sensitiv-
ity to neutrinos with energy below 10 MeV). For instance, the neutral current scatterings on
160 in Hyper-K can provide valuable information in the low energy region (i.e., 5 ~ 10 MeV),
while the pES reaction in JUNO and neutral current scattering on Ar (v + Ar — v + Ar*)
in DUNE (if available) will offer extra events in the relatively higher energy range. It is also
worthy to mention that the next-generation large-scale dark matter detectors will also ren-
der complementary information in such studies (see, e.g., Ref [78, 79]). Nevertheless, both
cross section and detector uncertainties should get treated properly in analysing the data
from future realistic observations. Especially, the cross section uncertainties of vAr(CC) can
manifestly affect the results, as shown in our estimate (also see Ref [77]). The lack of proper
treatment on such uncertainty information makes the spectral parameter uncertainties in the
given results, to some extent, not realistic, which appears as one of the main limitations in
this study. At last, we would like to note that a precise measurement of the distance to super-
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nova is also of great importance, since that would lead to uncertainties on the determination
of &, (see eq. (2.4)).

A Flat prior

We replace the Gauss distributions (see, e.g., eq. (3.3)) with flat distributions, whose parame-
ter spaces are restricted to the 3o regions of Gauss distributions, in the analysis. Considering
no neutrino oscillation, the results are presented in table 4 and figure 7. Generally speaking,

Table 4: The same as table 3, but flat priors are under estimate now. No neutrino oscillation
is assumed.

Osc  estimate @ (E) [MeV] £ [10°° erg]
Ve Ve Vg Ve Ve Vg Ve Ve Vg
MAP 2.79 3.24 2.83 14.39 16.25 17.89 7.70 6.45 5.69
NO 207 -0.39 -0.09 -1.16 -0.73 -0.13 -2.22 -0.37  -0.06 -0.66
20" +0.33 +0.09 +1.30 +40.57 +0.13 +2.54 +0.40 +0.06 +40.84
% 12.9 2.8 43.5 4.5 0.8 13.3 5.0 0.9 13.2

the posterior distributions are quite similar to that of Gauss priors (see, e.g., table 3 and
figure 3). The results of 7, flavour remain almost the same, due to the highly informative
dataset offered by the IBD-p reaction in Hyper-K. The influence on the extraction of v,
part are also tiny, i.e., only an increase of ~ 0.3% on the 20 symmetrized fractional uncer-
tainty. However, such replacement shows relatively noticeable impact on the retrieval of v,
component, namely an increase of 10.1% on « and enlargement of ~ 2.5% on (E) and €.
Such consequences are totally reasonable, and confirm the previous statement that the more
informative the dataset is, the less dependence the posterior will show on the prior. Note
that these priors can be further updated according to future developments on modelling of
stellar core collapse.
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