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In this paper, we study the interaction between atom and the finite-size Su-Schrieffer-Heeger
(SSH) model. We find that when the finite SSH model in the trivial phase, it can be viewed as the
atom coupling with the waveguide with the finite bandwidths and non-linear dispersion relation.
However, for the SSH model in the topological phase, when we consider the frequency of the atom is
resonant with the edge mode of the SSH model, we find that the atom state couples to the two edge
states. In this case, we find that there exists a special channel that can be utilized to transfer the
atomic excitation to the ends of the SSH model using adiabatic processes. When the atom couples
to the different sub-lattice, the excitation of the atom can be transferred to the leftmost or rightmost
end of the chain, which provides the potential application toward quantum information processing.
Furthermore, The excitation transfer of excited states of atoms to the ends of the chain can also
be realized without the adiabatic process. Our work provides a pathway for realizing controllable
quantum information transfer based on the atom coupled topological matter.

I. INTRODUCTION

Topological insulators have attracted much interest
and attention in quantum physics due to their many in-
teresting properties, including robustness to local deco-
herence processes and potential applications in quantum
information [1-4]. The chiral edge states of topologi-
cal photonic systems yield directional transport of pho-
tons and phonons, which has been exploited in the design
of amplifiers and topological lasers [5-8]. The transport
phenomena in dissipative systems, which are character-
ized by topological winding numbers, have been studied
in [9, 10]. The Su-Schrieffer-Heeger (SSH) model was
originally used to describe the transport properties of
conducting polyacetylene [11, 12], it has attracted in-
creasing attention as the simplest topological insulator
model with a simple structure and rich physical pictures
[9, 13-15]. The SSH model and its various extensions
have been used in quantum information processes for
controlled quantum state transfer [16-21],as well as in
topological transmission devices such as topological beam
splitter, topological router [22-25].

Waveguide quantum electrodynamics involving the
coupling of atoms and one-dimensional propagation fields
has become an important physical platform for realizing
quantum information processing [26-35] and quantum
simulation [36-39]. When the transition frequencies of
atoms lie in the photonic band gap, photons in waveg-
uides are localized around them, which forms bound
states that can mediate coherent interactions between
atoms [40-43]. This yields many interesting phenomena
and applications such as the generation of long-range en-
tanglement [44, 45], photon transport [46, 47], unconven-
tional quantum optics [33, 48-51] and the simulation of
topological states [47, 52, 53]. When the atoms couple to
the topological waveguide under the periodic boundary,
both the atom and the photon behave in exotic ways,
for example, the atom can view as an effective bound-
ary and induce the chiral zero-energy modes exhibiting a

distribution of chirality as well as the robustness to the
off-diagonal disorder [38, 48, 54].

However, few attention has been paid to the coupling
of atom to a finite-size topological waveguides. In this
paper, we consider the atom couples to the finite SSH
model. We find that when the atom couples to the fi-
nite SSH model within the bandgap in the trivial phase,
a stable bound state is formed consisting of atom in the
excited state and localized waveguide photons.However,
in the topological phase, we find that when the atomic
frequency is not resonant with the SSH model but in
the bandgap, the atom-photons bound state is formed,
while if the atomic frequency is nearly resonant with the
center frequency of the SSH model, the atom-photons
bound state vanishes. Under this case, we find the atom
will couple to edge states and there is a special channel
allowing the transfer of excitations of atom to both ends
of the chain by adiabatically adjusting parameter. Fur-
thermore, we find that the transfer of information to the
leftmost and rightmost ends of the chain depends on the
coupling point of atom to the sub-lattice. Moreover, we
can also realize the transfer of excitation of atom to the
left or right edges states without the adiabatic process.

II. ATOM COUPLES THE FINITE SSH MODEL

We consider an atom coupling to the finite SSH model,
where the atom is coupled to the sub-lattice A or the sub-
lattice B with the coupling strength g, as shown in Fig.
1. The total Hamiltonian can be written as

H = Hssy + Hr +weo'o, (1)

with
N
Hgsy = Zwo(ajai + bjbl) + (Jlajbz + J2a;‘r+1bi + h.C.),

=1

(2a)
H; = (gcl;a + h.c.), (2b)
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FIG. 1. (a)Schematic illustration of the atom couples to the
finite SSH models, where the atom is coupled to the sub-
lattice A at the gth cell or to the sub-lattice B at the pth cell
with the coupling strength g.

FIG. 2. (a) The energy spectrum of SSH model varies with
the variation of §. (b) The probability distribution of the
eigenstates corresponding to (a). The parameters are N = 8
and J =1

where Hggy is the Hamiltonian of the SSH model, which
is a lattice model describes one-dimensional hopping with
period of 2. Each cell of the lattice contains two sub-
lattices A and B with frequencies w,. The inter-cell
and extra-cell and coupling are J; = J(1 + cosf) and
Jy = J(1 — cosf) with 6 € [0, 27], respectively. Strictly
speaking, the free terms in Hgsy partly breaks chiral
symmetry of a standard SSH model [4, 13], but the quan-
tized Zak phase remains as long as the frequency of each
site is not perturbed [55, 56]. Then, we will use the fre-
quency w, as the reference energy in the following dis-
cussion. Hj represent the interaction between the atom
and the SSH model, where {c,(,) = aq, by}

In the single-excited space, we can consider |A;) =
al|G) and |B;) = b!|G), where |G) is the ground
state of the SSH model. The Hamiltonian (2a)
in single-excited space can be written as Hggy =
Yoisy wollAa) (Al [ Bi)(Bil) + (J1| Ai) (Bil + Ja| Ay 1) (Bil +
h.c.), We can diagonalize the Hamiltonian as Hgsy =
Zfivl E;|9;)(¥;|, where E; and |¥;) are the eigenen-
ergies and Eigenvectors. The Eigenvectors |¥;) can be
written as the superposition of the |A;) and |B;) as
U5) = 3001 (G141 4s) + G| Bi)), where Goiory =
(A;|¥;) and Co5; = (B;|¥;) are the projections of the
eigenvectors on the sub-lattice A;, B;. Conversely the
basis |A;) and |B;) can also be written as the superposi-

tion of the eigenvectors as |4;) = Zjvzl (3i—1;1¥;) and
N o s
|B;) = Zj:l <2i,j|qjj>'

In the topological phase of SSH model, there are two
bandgap states, and we denote them as [V (yy1)) with
energy En(ni1). In Fig. 2 (a), we plot the energy
spectrum varying with 6 under open boundary condi-
tion. It can be seen that the SSH model possesses two
bandgap states in the gap when 0 € [0.57, 1.57] (topolog-
ical phase). The probability distribution of the bandgap
states varying with 6 is shown in Fig. 2 (b). It is clear
that the band gap states is mainly located at the two ends
of the chain with the same probability. This phenomenon
originates from the size effect.

For the larger lattice N — oo, Ww can analytically
derive the distribution of the bandgap states as

N N
[Wr) = NL Y ctlA), |[vr)=Nr Y cl|Bi). (3)
=1 =1

where ¢¢ = (—ﬁ—;)“l, & = (—'}—;)N’Z, N = Np =
[1 — (J1/Jo)?]Y?[1 — (J1/J2)?N]~1/2 are the probabil-
ity amplitude on the sub-lattice A, B and the nor-
malization factors, respectively. For short lattices, the
edge states are not separated but hybridized to each
other. The energy can also be obtain Eyyi1) =
+(—=D)NFINZJ(J1/ o)V~ and the corresponding hy-
bridized edge states can be written as

W) = () & [va) (®)

Therefore, we can obtain (o1 n(n41) = Nrcf and
Coi, N(N+1) = NRch-’. When the atom couples the sub-
lattice A, the total Hamiltonian can be rewritten as

2N
H = Acto + Y [Bj|[0,;)(W5] + (9¢5,-,; V10 + hec)),

j=1

()
where \I/; = |¥;)(G|. We consider that the atomic fre-
quency is resonant with w,, that is A &~ 0 and the cou-
pling between atom and the lattice is weak g/J < 1. In
Figs. 3 (a), we plot the energy spectrum varying with
A for the chain in the trivial phases. We find that in
the trivial phase, due to the large detuning from the fre-
quency of atom |E;—A| > g, the atom will decouple from
the chain. From the viewpoint of dynamical evolution,
a bound state is formed consisting of atom in the ex-
cited state and waveguide photons, where the waveguide
photon distribution is exponentially localized around the
atom, thus the emission of photon from the atom to the
SSH model is prohibited. In a word, in the trivial phase,
the atom decouples with the SSH lattice.

In the topological phase, there are two edge state with
En(n+1) ~ 2351 9C2g—1,; ~ 0 which is near resonant
with the atom Thus the effective coupling between the
edge states the atom may be obtained. In Fig. 3(b) and
(¢c), we plot the spectrum of the system when the SSH
lattice is in the topological phase. We find that when
A = 0.1J, the eigenenergies of the system domain by left
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FIG. 3. (a) (b) The energy spectrum versus A for the SSH

model in the trivial § = 0.47 and topological phases 6 =
0.657. (c) (d) The evolution of the excited state of the atom
1. and the left edge state |¢1) and the right edge state [¢r)
with A = 0.1J,0 for 0.657, respectively. (e) The detail of (b)
at A € [—0.05,0.05]. (f) and (g) Bandgap states marked in
orange and blue in spatial profiles for (c) at A = 0.04J. The
other parameters are p =5, N =8, g =0.01J and J = 1.

and right edge state as well as the atom, separately. As
shown in Figs. 3 (c), the effective exchange between the
atom and the edge states can not be observed. When
A = 0.04J, the three hybridized eigenmodes composed
of edge states and the atom can be observed from Fig.
3(c). Meanwhile, in Fig. 3(d), we observe the Rabi oscil-
lation between the atom and the two edge states, which
means the effective coupling. In Figs. 3 (f) and (g),
we plot the spatial distribution of the eigenstates cor-
responding to the purple and red energy levels, and we
can see that this distribution is exactly the spatial dis-
tribution of the hybridized states. The the coupling be-
tween other eigenstates and atom can be ignored due to
|Ej|mic = |EN—1(N+2)] > Z?fl 9C34-1,j- Thus the ef-
fective Hamiltonian can be written as

H = EN‘IJJr Yy + EN+1‘I/EV+1‘I/N+1
+ NLgc“/\/_(\IJ}LV + \IJN+1)U + h.c.,

Therefore, in single-excitation space, when we consider
the frequency of the atom is resonant with the SSH
model, the above Hamiltonian only causes the follow-
ing subspace transitions |1y, g) <> |vac,€) <> [Yni1,9).
And the case of the atom coupling to sub-lattice B can
also be analyzed similarly, we do not go into detail.

IIT. CONTROLLABLE EXCITATION
TRANSFER BY THE ADIABATIC PROCESS

When the atom couples to the sub-lattice A or B, the
effective interaction between the edge states and the atom
can be rewritten Eq. (6) in matrix form in the subspace

{|1}(1,C, 6>, |vag>7 |U)Rvg>}

0 Gra Grp
Hsub: GL,a 0 G 5 (7)
Gry G 0

where we set G = El, GLa = gNpc# (G, = 0) and
Grb =0(Grp = OgNLc ) for the case of the atom cou-
pling to sub-lattice A (B). The eigenvalues of Hg,p, can
be obtained by solving the cubic equation

N = (G +G] o+ Ghy)AN+2GRpGL G =0. (8)
When the atom couples to the sub-lattice B, the
roots of the equation (8) can be solved as Ag1) =

0,£,/G*+G%,
be obtained |¢g) =

GRr,p G
Ni{:t \/G2+G?%,b ’ \/G2+G§%,b ’

the normalization coefficient.

In Fig. 4(a), we plot the parameters G and Gr, vary-
ing with 6 for different coupling position p. It can be
find that when 0 ~ 0.737, G = 0 and for fixed 0, Gr
gradually becomes larger as the coupling position p be-
comes larger. We can observe that for p < 5, G is always
greater than Gr, and for p > 5, G change from greater
than Gr to less than Gr as 6 varies to 0.77. In Fig.
4(b), we plot the roots varying with §. We can see with
increasing # — m, A+ gradually approach zero, due to
G =0 (Grp = 0) when 6 ~ 0.737 (0.87) for p = 6 as
shown in the Fig. 4(b).

For A = 0, we find that |¢g) is a superposition of atom

excited state and the left edge state. It can be seen that
GGRry

The corresponding eigenstates can

NO{_G/GR,buLO}u |¢i> =
1}, where Ny and Ny are

|do) is distributed with probability w in the ex-
2
cited state of the atom and probability GQG fGQ in the

left edge state. If we slowly adlabamcally tune @ from
0.5m — 7 and consider that G'r; tends to zero slower
than G, then we can realize the excitation transfer of the
atom to the left edge state. This process requires that the
rate of adiabatic evolution be no greater than the spacing
of neighboring energy levels Ay = | AL — Ao [17, 18, 57].
Therefore the coupling position of the atoms p > 5 is
necessary to satisfy that Gr; tends to zero more slowly
than G changes with 6, so that the energy band still has
a gap Ay = |Gpr| and excitation transfer is completed.
For example, when we consider p = 6, because the energy
levels close at 6 ~ 0.8, we have to complete the adia-
batically state transfer before 6 ~ 0.87. In Fig. 4(c), we
plot the probability of the atom ., the left edge state
1, and the right edge state ¢z as a function of 6 for
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FIG. 4. (a) The parameters G and Gr; as a function of 0
for different p. (b) The eigenenergies vary with 6 for p = 6.
Distribution of the probability of eigenstates in excited state
atoms, left and right edge states (c) |¢0), (d) |¢4) for p = 6.
The parameter are N =8, g = 0.01J and J = 1.

|po). We find that when 6 = 0.57, G/Grp > 1, |¢o)
is mainly concentrated on the atomic excited state and
With increasing 6 up to 0.8, G/Gryp — 0 and |¢g) is
most concentrated on the left edge state as presented in
the sub-Fig. 4(c). Thus by adiabatically tuning , we can
realize the transfer of atomic excitation to the left edge
state. For |¢1), it is mainly concentrated in the excited
of the atom and right-edge states when # — 7 as shown
in Fig. 4(d) and we don’t show it here.

Similarly when the atom is coupled to the sub-lattice
A, there is still an eigenstate with zero eigenvalue, |¢o) =
{—G/GRrp,0,1}, which is a superposition of atom ex-
cited state and the right edge state. By adjusting 0, we
can find that this as 6 increases, the excitation is dis-
tributed mainly in the atomic excited state initially and
will transfers to the right edge state finally. In addition,
it is worth noting that when 6 = 7, the left (right) edge
states are mainly distributed on the leftmost (rightmost)
sub-lattice A (B), which implies that atoms in the excited
state can be transferred to the end of the chain through
SSH mode channels, and the direction is completely con-
trollable by setting the atom coupling to sub-lattice A or
B.

In order to validate our conclusions, in Figs. 5 (a),
we plot the energy spectrum varying with 6 under the
case where the small atom couple to sub-lattice B for
the total Hamiltonian (1). It can be seen that there is
three bandgap states, where a zero energy state |En 1)
in all ranges, |En) and |En41) in 6 € [0.57, 7. In order
to investigate the zero energy state |[Eny1), we plot the
probability distribution of |En41) on the sites varying
with € shown in Fig. 5 (¢). We find that in the range
6 € [0,0.57], the probability distribution of |En41) is
concentrated on the atom, and gradually transfer to the
rightmost sub-lattice A. We have also investigated the
distribution of the probability of the the other bandgap
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FIG. 5. (a) The energy spectrum with the variation of 6
when the small atom couple with sub-lattice B. (b)(c)(d)
The probability distribution of the bandgap states marked in
orange on the sites varies with 6. The parameters are setting
toN=8,¢g=001J,p=6and J=1.

states as shown in Figs. 5 (b)(d), it can be found that the
distribution of the bandgap states is mainly concentrated
on the excited of the atom and right-edge states when the
SSH model in the topological phases, which is consistent
with |¢1). That indicates that our previous discussion
in the subspace is reasonable.

The above results mean that we can achieve con-
trolled quantum information transfer. The atom acts as
the transmitter of the signal and the ends of the chain
(A1, Ban) act as the receiver of the information. The
transfer of information to the leftmost and rightmost
ends of the chain is achieved by controlling the atom
coupling to sub-lattices A or B, respectively. To further
verify the feasibility of state transfer, we use the time-
dependent Hamiltonian to evolve the initial state with

zdgf = H(0:)|¥), where we set 6; = Qt with Q is the the
varying rate and that initially the atom is in an excited
state and the topological chain is in the vacuum states

as ¥; = |0,0......0, 1).

1 1
: \ —p2
v (b ——p=d
08| @ osfy, ® o
\ - -p=8
\
0.6 06f
| ‘\~
0.4 0.4 Sl
02 02 7
N——
) —— 0
0 05 1 0 05 1
t0 ? %1074

FIG. 6. (a) The probability evolution with time for the atom
coupling with sub-lattice B with p = 6 and Q = 107°. (b)
The fidelity of the state transfer between the target state
|1,0......0, 0) and the final state for different coupling position

p=2,4,6,8. The parameters are setting to N =8, g = 0.01J

and J = 1.



The results of the numerical simulations are displayed
in Fig. 6 (a), where |11 4]? and [¢an p|? the probabil-
ity of the leftmost and rightmost, respectively. It can
be seen that when the atom couple to sub-lattice B, the
excitation is transferred to the rightmost sub-lattice A,
while when atom couples to sub-lattice A, the excitation
is transferred to the leftmost sub-lattice B. However,
during the evolution, the parameters 6 need to be adia-
batically varied to ensure a sufficiently high probability
of success [20, 25]. In Fig. 6 (b), we plot the fidelity of
the state transfer between the target state |1,0......0,0),
where the leftmost sub-lattice A is in the single excited
state, and the final state for different coupling position.
The numerical results show that as the atom approaches
closer to the leftmost sub-lattice B, it does not require
a sufficiently small coupling rate €2, however, when the
atom is further away from the leftmost sub-lattice B,
it requires enough small coupling rate to achieve a high
fidelity. This can be explained in terms of the three-
state system, where the larger the coupling position p,
the larger Grp, and the wider the width of the bandgap
Ay = |GRr.p| during the adiabatic process, so that a par-
ticularly small rate of change is not required, as long as
it satisfies g < A3 [18].

IV. EXCITATION TRANSFER WITH THE
ADIABATIC PROCESS AND ENTANGLEMENT
DYNAMICS

In this section, we discuss the controllable excitation
transfer beyond the adiabatic process. We use the atom
coupling sub-lattice B as an example. In the topological
phase, when the atom in the excited state initially, under
the Hamiltonian (7), the state will evolve as

[¥(t)) = aelt)vac, e) + ar ()L, g) + ar(t)[Vr, g%(g)
with a.(0) =1 and

G? + G%,, cos[, /G2 + G, 4t

Oée(t) - )
G2 +G%,
—GGRryp + GGRry cos|, /G? + G, ,t])
ap(t) = — —, (10
G* + Gy,
iGRrpsin[,/G? + G, ,t]
aR(t) = .

\/G?+GRy,

Apparently, the above probability amplitudes depend
on the G and Gpryp. As shown in Fig. 4 (a), when 0 ~
0.737, G = 0, thus the probability amplitude of left edge
state a(t) = 0, the atom and the right edge state exhibit
Rabi oscillations with the period depending on Gg . The
result is displayed in Fig. 7 (a). For 0.57 < 0 < 0.77
and p = 7, we find when 6 = 0.60577, G = GR; the
amplitudes becomes a.(t) = (1 +cos(v/2Gt))/2, ar(t) =

500

FIG. 7. (a)(b)The probability of the excited atom |a.(t)|* and
the right and left edge states |ag,z(t)|* varying with time for
0 = 0.8 and 0 = 0.60577, respectively. The circle repre-
sentation results from solving the full Hamiltonian dynamics
evolution. The other parameters are g =0.01J, p=7 N =8
and J = 1.

(=1 4 cos(v/2Gt))/2 and agr(t) = isin(v/2Gt) /2. Tt is
evident that as t varies from 0 to 7/(1/2G), the excitation
is distinctly transferred from the atom to the left-edge
state, as illustrated in Fig. 7(b). In addition, when ty =

7/\/G? + Gh,, agr(ty) = 0, in this time [¢(ty)) is a

superposition of the excited atomic state and the left edge
G* -G} —2G6G

state as [1(t)) = (Wﬁﬂm—l—wﬁmw)m}g}. Thus,

by setting the coupling point and 6, we can achieve the

swap and entanglement between atom and left or right

edge state.

V. THE EFFECT OF THE DISORDER ON THE
EXCITATION TRANSFER

Next, we discuss the effect of disorder on the en-
ergy spectrum and the probability of distribution of the
bandgap state, where we mainly consider the effect of
diagonal and off-diagonal disorder. Under the consid-
eration of disorder perturbations, the Hamiltonian (1)
becomes

N
H=Aclo + Zsla;fai + Egbjbi + (gala + h.c.)
i=1
N (1)

+ Z[(Jl +m1)alb; + (J2 + nz)ajﬂbi + h.cl,
i=1

where €1 2 and 71 2 are the diagonal and off-diagonal dis-
order. We consider 12 and 71,2 from random distribu-
tions with the range [—&, ], where £ is the disorder str.
In Fig. (8), we plot the energy spectrum and the proba-
bility of distribution of the bandgap state varying with 6
under the diagonal and off-diagonal disorder. We can see
that the presence of disorder affects both bands of the
energy spectra, but the energy of the band gap states
is not affected. For the weak non-diagonal perturba-
tions, the probability distribution of the bandgap state is
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FIG. 8. The energy spectrum and the probability of distri-
bution of the bandgap state varying with 6 under the diagonal
and off-diagonal disorder. (a)(b))ni,2 = 0.2J, 1,2 = 0. (c)(d)
m,2 = 08J, 12 =0. (e)(f) m,2 =0, e1,2 = 0.2J. The pa-
rameters are g = 0.01J, N =8, p=6and J = 1.

not influenced, but will be affected obviously by the per-
turbation strength a strong enough disorder comparing
Figs. 8(b)(d). However, we find that the energy spec-
trum and the probability distribution of the band gap
states are very sensitive to diagonal disorder as shown in
Figs. 8(e)(f). Thus, for the present model, it is immune
to weak off-diagonal disorder but extremely sensitive to
off-diagonal disorder.

VI. DISCUSSION

In this section, we discuss the experimental feasibility.
In recent years, based on the flexibility of the param-
eters and the design capability of the system structure
[58-60], superconducting circuits have obtained much at-
tention and have evolved into a well-established platform
for the study of quantum simulation [61-63], quantum
computation [64], and quantum information processing
[65, 66]. Our scheme can be implemented in the su-

perconducting circuit systems. Recently, these works
[38, 48, 67-70] have pointed out theoretically and ex-
perimentally that each cell of SSH model can be mapped
to the two LC resonators and the coupling of resonator
sites is through an auxiliary capacitance and inductance
in superconducting circuits, and the relative magnitude
of intra- and inter-cell coupling between neighboring res-
onators is determined by the auxiliary capacitance and
inductance [71, 72]. By designing the intra- and extra-
cell capacitance and inductance, a periodic modulation of
the coupling can be achieved to obtain the SSH model.
Experimentally based on superconducting circuits, the
coupling of atom to waveguides has been realized [73, 74].
Therefore, our scheme can be implemented with super-
conducting circuits in experiment.

VII. CONCLUSION

In this paper, we study the atom coupling to the finite
size Su-Schrieffer-Heeger (SSH) model. We find that it
can be regarded as the atom coupled to the waveguide
with finite bandwidths and nonlinear dispersion relation
when the finite SSH model is in the trivial phase. How-
ever, for the SSH model in the topological phase, when
we consider the frequency of the atom is resonant with
the SSH model, we find that the atom couples to edge
states. In this case, we find that the special channels can
realize the transfer of excited atoms to both ends of the
chain by the adiabatic process. When the atom couples
to the sub-lattice B (A), the excitation of the atom can be
transferred to the leftmost (rightmost) end of the chain.
In addition, we can achieve excitation transfer from the
excited state of the atom to the ends of the chain that
without an adiabatic process. Our work provides a path-
way for realizing controlled quantum information transfer
based on the atom coupled topological matter.
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