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Intrinsic gyrotropic magnetic current from Zeeman quantum geometry
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Quantum geometric tensor (QGT), which is usually obtained by evaluating the quantum distance
between Bloch states parametrized by momentum, plays a key role in exploring the exotic responses
of quantum materials. Herein, we revisit the concept of QGT by further taking into account the spin
degree of freedom. Besides the conventional QGT relating to momentum translation, we uncover
a new QGT (termed Zeeman QGT) relating to momentum translation as well as spin rotation,
whose imaginary (real) part gives the Zeeman Berry curvature (quantum metric). Notably, we show
that these novel quantum geometric quantities can drive an intrinsic gyrotropic magnetic current
(IGMC) in spin-orbit coupled materials when the electron spin is steered by an oscillating magnetic
field. With symmetry analysis, we show that a wide range of materials can support the IGMC,
as illustrated by model calculations. Finally, we discuss the experimental aspects of detecting the
IGMC driven by Zeeman QGT.

Introduction. — It is well known that the quantum wave-
function of electrons in quantum materials can have a
tremendous impact on its dynamics [1–10]. Very often,
the information of wavefunction is encoded into the quan-
tum geometric tensor (QGT) [9–12], whose imaginary
part and real part give the Berry curvature and the quan-
tum metric, respectively. The Berry curvature is indis-
pensable to understanding the responses of electrons in
crystalline solids under external fields, such as the integer
quantum Hall effect [13], the intrinsic anomalous Hall ef-
fect [14], and the nonlinear Hall effects [15–19]. Recently,
the previously rarely explored quantum metric also re-
ceived much attention, particularly in achieving the in-
trinsic nonlinear Hall effects [20–27]. Encouraged by this
progress, an intriguing direction is to explore the novel
quantum geometry beyond Berry curvature and quan-
tum metric [28]. Fundamentally, the QGT is achieved
by considering the infinitesimal variation of Bloch states
parametrized by momentum. It is natural to ask if the
novel quantum geometry can be developed by considering
the infinitesimal variation of Bloch states parametrized
by other degrees of freedom (such as spin).

In this Letter, we answer the question in the affirma-
tive. We generalize the concept of QGT by calculating
the quantum distance in the Hilbert space spanned by
Bloch states parametrized by both crystal momentum
and spin. We show that along with the conventional
QGT that is only related to the momentum translation,
a new QGT termed Zeeman QGT [29] can be obtained,
which is related to momentum translation and spin rota-
tion. In analogy with the conventional QGT, the imag-
inary (real) part of the Zeeman QGT is defined as Zee-
man Berry curvature (quantum metric). Importantly,
with the response theory [30, 31], the semiclassical theory
[20, 32–34], and the Green’s function method [35, 36], we
show that these novel quantum geometric quantities can
lead to an intrinsic gyrotropic magnetic current (IGMC)

[37], where the Bloch electrons in spin-orbit coupled crys-
tals solely driven by an oscillating magnetic field form a
longitudinal or transverse current. Further, by symmetry
analysis, we show that the IGMC can be expected in a
wide range of materials. Guided by symmetry, we eval-
uate the IGMC with model Hamiltonians. Finally, we
discuss the experimental aspects of probing the Zeeman-
QGT-driven IGMC. Our Letter not only establishes the
Zeeman quantum geometry of Bloch electrons but also
reveals the IGMC as its geometric response function.

Zeeman QGT. — Usually, the QGT in solid-state physics
is obtained by evaluating the quantum distance between
two infinitesimal neighboring points of the Hilbert space
spanned by the cell-periodic Bloch state |uχ

nk〉, which is
the eigenstate of the periodic Hamiltonian with spin-orbit
coupling (SOC) and hence is parametrized by k for crys-
tal momentum and χ for spin degrees of freedom. In
particular, we find [9–12, 38]

ds21 ≡ ||Udk|uχ
nk〉 − |uχ

nk〉||2 :=
∑

m 6=n

gαβnmdkαdkβ , (1)

where Udk ≡ e−idk·r̂ represents an infinitesimal mo-
mentum translation generated by the position operator
r̂α = i∂/∂kα ≡ i∂α (~ = 1), and gαβnm is the QGT defined
by [8]

gαβnm = rαnmrβmn = Gαβ
nm − i

2
Ωαβ

nm, (2)

where rαnm ≡ 〈uχ
nk|i∂α|u

χ
mk

〉 with n 6= m is the inter-
band Berry connection, Gαβ

nm = (rαnmrβmn + rβnmrαmn)/2
is the symmetric (local) quantum metric and Ωαβ

nm =
i(rαnmrβmn − rβnmrαmn) is the anti-symmetric (local) Berry
curvature.

We note that Eq. (1) only considers the infinitesimal
variation of momentum k. Besides that, |uχ

nk〉 is also
parametrized by χ for spin degrees of freedom, which
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regulates that |uχ
nk〉 is a superposed state of spin-up

| ↑〉 = [1, 0]T and spin-down | ↓〉 = [0, 1]T as explicitly

given by |uχ
nk〉 =

[

|ua
nk〉, |ub

nk〉
]T

= |ua
nk〉| ↑〉 + |ub

nk〉| ↓〉,
where |ua/b

nk 〉 represents the spatial wavefunction. As a
result, after applying Udk to |uχ

nk〉, we can further ap-
ply an infinitesimal spin rotation Udθ to Udk|uχ

nk〉 and
generalize the quantum distance as [40]

ds22 ≡ ||UdθUdk|uχ
nk〉 − |uχ

nk〉||2, (3)

where Udθ ≡ e−idθ·σ̂/2 is generated by the spin angular
momentum operator σ̂/2 (~ = 1). When dθ = 0, Eq. (3)
reduces to Eq. (1); however, when dθ 6= 0, by expanding
UdθUdk = (1 − idθασ̂α/2 + · · · )(1 + dkβ∂β + · · · ) = 1 +
dkβ∂β − idθασ̂α/2 + · · · , we arrive at [38]

ds22 =
∑

m 6=n

gαβnmdkαdkβ +
∑

m

Σαβ
nmdθαdθβ/4

+
∑

m 6=n

(

zβαmn + zβαnm

)

dθαdkβ/2. (4)

As expected, in addition to the conventional QGT
gαβnm, we further obtain Σαβ

nm = σα
nmσβ

mn with σα
mn ≡

〈uχ
mk

|σ̂α|uχ
nk〉 and zαβnm = rαnmσβ

mn, where the latter one
is termed Zeeman QGT which we will focus on below
[41].

In analogy with the conventional QGT, by defining
zαβnm = Qαβ

nm− i
2Zαβ

nm, we obtain the (local) Zeeman quan-
tum metric (Qαβ

nm) and Zeeman Berry curvature (Zαβ
nm)

Qαβ
nm = (rαnmσβ

mn + rαmnσ
β
nm)/2, (5)

Zαβ
nm = i

(

rαnmσβ
mn − rαmnσ

β
nm

)

. (6)

Despite the similar terminology, the Zeeman quantum
metric (Berry curvature) is no longer symmetric (anti-
symmetric) about α and β. However, by further defin-

ing QA/S;αβ
nm ≡ (Qαβ

nm ∓Qβα
nm)/2 and ZA/S;αβ

nm ≡ (Zαβ
nm ∓

Zβα
nm)/2, the symmetric Zeeman quantum metric (QS;αβ

nm )
and the anti-symmetric Zeeman Berry curvature (ZA;αβ

nm )
similar to that in the conventional QGT can be obtained,
while the anti-symmetric quantum metric (QA;αβ

nm ) and
the symmetric Zeeman Berry curvature (ZS;αβ

nm ) have no
counterpart in the conventional QGT. In vector notation,
the anti-symmetric Zeeman Berry curvature can be fur-
ther expressed as ZA

n = ∇k ×σn/2 like the conventional
Berry curvature Ωn = ∇k ×An [1].

Furthermore, we remark that the Zeeman quantum
metric (Berry curvature) shows a completely different
symmetry transformation compared to its counterpart in
the conventional QGT. For instance, under time reversal
(T ) operation, we find that Ωαβ

nm is T -odd while Zαβ
nm is

T -even since T rαnm = rαmn but T σα
nm = −σα

mn; under
inversion (P) operation, both Gαβ

nm and Ωαβ
nm are P-even

while both Qαβ
nm and Zαβ

nm are P-odd since Prαnm = −rαnm
but Pσα

nm = σα
nm. In Table I, a full comparison between

these two QGTs for P , T , and PT is listed.

TABLE I. The transformation of quantum metric (Gαβ
nm),

Berry curvature (Ωαβ
nm), Zeeman quantum metric (Qαβ

nm) and
Zeeman Berry curvature (Zαβ

nm) under inversion (P), time re-
versal (T ), and PT operations. Here +(−) indicates the even
(odd) property under the corresponding operation.

Gαβ
nm Ωαβ

nm Qαβ
nm Zαβ

nm

P + + − −
T + − − +
PT + − + −

Finally, we remark that the Zeeman QGT is trivial
in the systems without SOC, such as in a ferromag-
net. Specifically, for a ferromagnet polarized along z
direction, where |uχ

nk〉 = [|ua
nk〉, 0]T , we find σβ

mn =
〈uχ

mk
|σ̂β |uχ

nk〉 = 〈ua
mk

|ua
nk〉[1, 0]σ̂β[1, 0]

T = 0 for m 6= n
since 〈uχ

mk|u
χ
nk〉 = 〈ua

mk
|ua

nk〉 = δmn. However, the Zee-
man QGT can be nontrivial when the SOC is taken into
account, where σβ

mn 6= 0 in general since 〈uχ
mk

|uχ
nk〉 =

〈ua
mk

|ua
nk〉+ 〈ub

mk
|ub

nk〉 = δmn.

IGMC from Zeeman QGT. — It has been known that
both Gαβ

nm and Ωαβ
nm can be probed by detecting the cur-

rent response under external fields, here we show that this
is also the case for both Qαβ

nm and Zαβ
nm. Since spin is cou-

pled to the magnetic field [42], we consider the current
response driven by a uniform oscillating magnetic field
B(t) with a perturbed Hamiltonian H ′ = −gµBB(t) ·σ,
where g is the g-factor, µB the Bohr magneton, and
B(t) = 1

2B
∑

ω1
e−iω1t with ω1 = ±ω. Following the

standard perturbation approach [30, 31], by iteratively
solving the quantum Liouville equation, the density ma-
trix element to the first order of B field is given by [38]
(we set e = ~ = 1)

ρ(1)mn = −gµB

2

∑

ω1

fnmσα
mnB

αe−iω1t

ω1 − ǫmn + iη
, (7)

where fnm ≡ fn − fm with fn the equilibrium Fermi
distribution function, η is an infinitesimal quantity, and
σα
mn is the matrix element of σ̂α appeared in Qαβ

nm and
Zαβ

nm. Note that the extrinsic part of the density matrix
has been neglected and the summation over the repeated
Greek alphabets is assumed here and hereafter.

With Eq. (7), the intrinsic current density, defined by

Jα =
∫

k
vαnmρ

(1)
mn, is found to be

Jα = −gµB

2

∑

mn

∑

ω1

∫

k

fnmvαnmσβ
mnB

βe−iω1t

ω1 − ǫmn + iη
, (8)

where
∫

k
=

∫

dk/(2π)d with d the spatial dimension and
vαnm is the interband velocity matrix element. Further,
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by assuming ~ω ≪ ǫmn, we can focus on the non-resonant
response. As a result, by using vαnm = iǫnmrαnm(m 6= n),
Eq. (8) can be recast into

Jα = −gµB

∑

nm

∫

k

fnZαβ
nmBβ cosωt+ ∂tPα(t), (9)

Pα = −gµB

∑

n

∫

k

fn[Nαβ
n cosωt+ Fαβ

n sinωt]Bβ, (10)

where Pα(t) with Nαβ
n = −∑

m 2Qαβ
nm/ǫmn and Fαβ

n =
−∑

m ωZαβ
nm/ǫ2mn is the AC charge polarization induced

by the magnetic field.
As expected, we find that both the Zeeman Berry cur-

vature (Zαβ
nm) and the Zeeman quantum metric (Qαβ

nm)
show up in the current response. Specifically, the first
term of Eq. (9) arising from Zαβ

nm gives the conduction
current while the second term of Eq. (9) arising from
both Qαβ

nm and Zαβ
nm corresponds to the displacement cur-

rent [43]. The conduction current induced by an os-
cillating magnetic field was studied in Ref. [37], which
is termed gyrotropic magnetic current in analogy with
the gyrotropic current achieved by rectifying the opti-
cal fields [44, 45]. However, we wish to remark that the
current response discussed in Ref. [37] depends on the
relaxation time τ and hence represents an extrinsic ef-
fect. Conversely, the conduction (displacement) current
response studied here is free of τ and hence is termed
conduction (displacement) intrinsic gyrotropic magnetic
current (IGMC). Note that the intrinsic current response
is fully determined by the information from Bloch states
and can occur in moderately dirty materials [46].

Next, by defining Jα ≡ −gµBσ
C/D
αβ Bβ(t) with σC

αβ

(σD
αβ) denoting the conduction (displacement) IGMC

conductivity [47], then from Eqs. (9-10) we obtain

σC
αβ ≡

∑

nm

∫

k

fnZαβ
nm, (11)

σD
αβ ≡

∑

nm

∫

k

fn
2ω

ǫmn
Qαβ

nm, (12)

where we have ignored the second term in Eq. (10) since
it is proprotional to ω2 [43]. Several remarks for these two
conductivities are given in order. First, we remark that
Eqs. (11-12) can also be obtained with the semiclassical
theory and the Green’s function method, as reproduced
in the Supplemental Material [38]. Second, we note that
Eqs. (11-12) can include a transverse contribution, which
leads to the Hall IGMC. Third, despite their formal simi-
larity, we wish to mention that Eq. (12) shows a Fermi-sea
property like the intrinsic spin Hall conductivity [48, 49]
while Eq. (11) in fact stands for a Fermi-surface property,
the same as the conduction current driven by the electric
field. Explicitly, by using

∑

m Zαβ
nm = ∂ασ

β
nn, Eq. (11)

can be rewritten as

σC
αβ =

∑

n

∫

k

fn∂ασ
β
nn = −

∑

n

∫

k

∂fn
∂ǫn

vαnσ
β
nn, (13)
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FIG. 1. (a) Band dispersions for Eq. (15). The horizontal
dashed line indicates the Fermi level µF . (b) The dependence

of σC
xy on µF with λR = 0.6eV · Å and m = 1.1me, where me

is the mass of the free electron. The k-resolved distribution
for the Zeeman Berry curvature (c) Zxy

−+ and (d) Zxx
−+.

which indicates that σC
αβ vanishes when the chemical po-

tential is located in the gap at zero temperature. Fi-
nally, Eqs. (11-12), together with Eqs. (5-6), are the
main results of our Letter and can be used to evaluate
the IGMC in realistic materials when combined with the
first-principles calculations [50] and symmetry analysis.

Symmetry analysis. — Since σC
αβ (σD

αβ) is decided by

Zαβ
nm (Qαβ

nm), the same symmetry constraint under P , T ,
and PT can be derived [51]. However, to obtain the

complete constraints of σ
C/D
αβ from the magnetic point

groups (MPGs), we can resort to the Neumann’s principle
[52]:

σ
C/D
αβ = ηTdet(R)Rαα′Rββ′σ

C/D
α′β′ , (14)

where R represents a point group operation, det(R) is

responsible for the pseudo nature of σ
C/D
αβ , and ηT =

+1(−1) for R (RT ). Eq. (14) has been implemented
into the Bilbao Crystallographic Server [53]. As a result,
by defining a suitable Jahn’s notation [54] eV2 (aeV2)
for σC

αβ (σD
αβ), all the allowed MPGs for σC

αβ (σD
αβ) can

be found, as classified in TABLE III of the Supplemen-
tary Material [38], where the specific tensor shape of σC

αβ

(σD
αβ) for these MPGs is enumerated in TABLE I (II).

We find that both σC
αβ and σD

αβ are supported by many
MPGs, which correspond to a large number of realistic
materials. In addition, we note that some MPGs can only
support the Hall IGMC, see the third column of TABLE
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III of the Supplementary Material [38]. Further, for σC
αβ ,

we find that in 4mm, 4mm1′, 4′m′m, 4m′m′ 3m, 3m1′,
6mm, 6mm1′, 6′mm′, and 6m′m′, there is only one in-
dependent element σC

xy = −σC
yx as only contributed by

Z
A
n . Guided by symmetry, next we evaluate the IGMC

with spin-orbit coupled model Hamiltonians.

Rashba model. — We first consider the 2D Rashba model
with MPG 4mm1′ [55]

H = k2/2m+ λR(kyσx − kxσy), (15)

where σα is the Pauli matrix for spin and k2 = k2x + k2y.
The band dispersions of this model are ǫ± = k2/2m±λRk
with +(−) the conduction (valence) band, as shown in
Fig. 1(a). This model preserves T symmetry (1′) and
can only support the conduction IGMC, see TABLE III
of the Supplementary Material [38]. As discussed above,
for MPG 4mm1′, we have only one independent element
σC
xy = −σC

yx, as can be checked by directly evaluating the
Zeeman Berry curvature of Eq. (15). Explicitly, we find
Zxy

±∓ = ∓k2y/k
3, Zyx

±∓ = ±k2x/k
3, Zxx

±∓ = ∓kxky/k
3 =

−Zyy
±∓, where Zxy

−+ and Zxx
−+ are displayed in Fig. 1(c-d).

Then by Eq. (11), σC
xy at zero temperature is evaluated

as

σC
xy =

{

e
√

λ2

R
m2+2~2mµF

2π~3 , µF ∈ [−λ2

R
m

2~2 , 0)
eλRm
2π~3 , µF ∈ [0,+∞)

, (16)

where e and ~ are restored by dimension analysis and µF

is the chemical potential. In Fig. 1(b), the dependence of
σC
xy on µF is plotted. Below the band crossing point, we

find that σC
xy decreases to zero when µF approaches the

band edge; above the band crossing point, σC
xy displays

a constant behavior on µF , where the magnitude of σC
xy

is decided by the Rashba constant λR and the effective
electron mass m.

Dirac model. — We next consider the Dirac model on a
square lattice with MPG 4m′m′, whose Bloch Hamilto-
nian is given by

H̄ = vF
sin(aky)

a
σx − vF

sin(akx)

a
σy + βσz

+
2M

a2
[2− cos(akx)− cos(aky)]σz, (17)

where σα is also the Pauli matrix for spin, a is the lattice
constant, vF is the Fermi velocity and β controls the
gap. This model is obtained by projecting the continuum
Dirac model H = vF (kyσx−kxσy)+βσz [56] into a square
lattice, where the last term in Eq. (17) with M 6= 0
stands for a quadratic correction. Eq. (17) breaks P , T ,
and PT symmetries, therefore, both the conduction and
displacement IGMCs can be allowed in terms of TABLE
III of the Supplementary Material [38]. By checking the
tensor shape of σC

αβ (σD
αβ) for MPG 4m′m′ listed in the
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FIG. 2. (a) Band dispersions for Eq. (17). (b) The con-
duction Hall IGMC conductivity for Eq. (17). Here the in-
set shows the contributed Zeeman Berry curvature. (c) The
band-resolved and bare (inset) Zeeman quantum metric for
Eq. (17). (d) The displacement longitudinal IGMC conduc-

tivity. Parameters: β = 0.25eV, a = 1Å, vF = 0.825eV · Å,
M = 0.1eV · Å2, and ω = 1012Hz.

Supplementary Material [38], we find σC
xy = −σC

yx (σD
xx =

σD
yy).

In Fig. 2(a), the band dispersion for Eq. (17) is plotted,
which shows a band gap 2β near Γ point. In Fig. 2(b),
σC
xy for Eq. (17) is displayed, where the integrand Zxy

±∓

is also shown, see the inset of Fig. 2(b). Further, σD
xx for

Eq. (17) is presented in Fig. 2(d). In stark contrast with
σC
xy that vanishes in the gap, an in-gap σD

xx is observed
[43]. Interestingly, we note that this in-gap conductivity
arises from the band-resolved Zeeman quantum metric
2Qxx

−+/ǫ+−, which is localized around Γ point, as shown
in Fig. 2(c), instead of the bare Zeeman quantum metric
Qxx

−+ distributed in the whole Brillouin zone, see the inset
of Fig. 2(c). In addition, both σC

xy and σD
xx peak near

µF = ±1eV.

Summary and discussion. — In summary, we establish
the Zeeman QGT by revisiting the quantum distance be-
tween Bloch states particularly with the consideration of
spin rotation. Importantly, we show that the Zeeman
QGT can drive an IGMC. To facilitate the search for
materials exhibiting IGMC and thereby enable the de-
tection of QGT, a complete symmetry classification for
the IGMC is tabulated. From Fig. 2(b), by taking the
lateral size ∼ 100µm and the resistance ∼ 103Ω for the
Hall bar [16], and by applying a small field B = 0.001T
with a low driving frequency (such as ω = 1 ∼ 102Hz), we
find that the conduction IGMC Hall voltage is ∼ 1mV,
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which can be accessible experimentally, such as in 2D van
der Waals heterostructures [57] and 2D transition metal
dichalcogenides [58]. However, to detect the displace-
ment IGMC, a high-frequency (such as THz) magnetic
field is necessary to obtain an observable signal (0.01mV).

Although the IGMC is solely driven by the oscillat-
ing magnetic field, some competing effects may appear
in experiments. First, the magnetic field through the
minimal coupling can induce a longitudinal chiral mag-
netic current [59–61], but it can only be expected in 3D
Weyl semimetals [62–64]. Indeed, by considering a two-
dimensional system probed by an in-plane magnetic field,
the orbital effects can be safely neglected [42]. Second,
the extrinsic gyrotropic magnetic current, which con-
tains the mechanism studied in Ref. [37] and the possible
side-jump and skew scattering mechanisms [14], generally
can be distinguished by investigating the scaling relation
and the symmetry restrictions of the conductivity ten-
sor [23, 65–68], which needs further theoretical efforts.
Third, the possible optical currents from the induced
electric field, which are also related to quantum geom-
etry and are very interesting [69–71], can be separated
from the displacement IGMC by carefully choosing the
material and external parameters, as discussed in Sup-
plementary Material [38].

We close by noting that besides the conduction and
displacement IGMCs, the Zeeman QGT can also play
a role in other spin-dependent dynamics, such as spin
polarization under electric field [72–74], which displays
the potential capability of Zeeman QGT and in turn,
offers more response functions to probe the novel Zeeman
quantum geometry. Beyond the transport responses, the
proposed Zeeman quantum geometry may also appear in
the spectroscopic responses (such as circular dichroism)
[75–80] under light irradiation, which will be explored in
the future.
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