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Here we provide a theoretical framework to analyze discrete time-crystalline phases (DTC) in open
quantum many-body systems. As a particular realization, we choose a quantum many-body system
that exhibits cascaded prethermalization . The analysis uses a fluctuation-regulated quantum master
equation. The master equation captures the dissipative effects of the drive and dipolar coupling on
the dynamics regularized by the thermal fluctuations. We find that the dissipators from the drive
and the dipolar interactions lend stability to the dynamics and are directly responsible for the
robustness. Specifically, we find that longer fluctuation correlation time enhances the stability of
DTC. Our results are in good agreement with the experiments. Finally, we show and quantify how

the DTC performance degrades with temperature.

In the recent past, several groups demonstrated, theo-
retically as well as experimentally, that driven quantum
many-body systems exhibit a variety of exotic out-of-
equilibrium phases [1-5], a prime example being the dis-
crete time-crystalline (DTC) phase [6, 7]. Wilczek orig-
inally proposed that a quantum system may exhibit a
time-periodic echo-like behavior through breaking of the
continuous time-translation symmetry; however, the idea
was later shown to be untenable [8, 9]. Later Khemani,
Else and others proposed the concept of the DTC phase,
which is characterized by breaking the discrete time-
translation symmetry in the presence of a time-periodic
Hamiltonian [10, 11]. In this phase, the periodicity of any
system observables is an integer multiple of the period of
the drive Hamiltonian. Most commonly, DTCs exhibit a
period-doubling or a sub-harmonic response [11].

More recently, several groups experimentally demon-
strated the existence of the DTC phase using Nuclear
Magnetic Resonance (NMR), trapped ions, and circuit
QED systems [12-20]. One common feature for most of
the experiments mentioned above is the application of
external drives that contain two non-commuting Hamil-
tonians are applied in successive time steps. For exam-
ples, the experimental demonstrations by Choi et al. and
Beatrez et al. use two-pulse schemes on driven dissipative
dipolar systems [13, 17]. We note that some groups also
reported that the sub-harmonic response are stabilized
by dissipation in DTC [18-20].

Two-pulse scheme consists of a spin-locking sequence
along the ‘@’ direction (the first drive) followed by a rota-
tion along the ‘y’ axis (the second drive) [13, 17]. Choi et
al. used an ensemble of dipolar coupled nitrogen-vacancy
(NV) centers, whereas Beatrez et al. used a dipolar cou-
pled '3C nuclear spins in a diamond to demonstrate such
a novel sub-harmonic response. Both the cases, it was
theoretically observed that a critically slow thermaliza-
tion or prethermalization occurred in the system which
plays a significant role in stabilizing the DTC phase un-
der perturbations [21, 22].

In general, for an isolated many-body system, the
prethermalization in presence of periodic drive is theoret-

ically analyzed by Floquet theory (i.e., Floquet prether-
malization) [22-27]. The effect of the Floquet heating
in each cycle can be captured by the second-order con-
tribution of the periodic drive [25]. In the presence of
local interaction and high-frequency drive, such heating
becomes exponentially slow, which results in a long-lived
prethermal plateau in the system [28].

Although such systems are not perfectly isolated sys-
tems, they are very weakly coupled with the external
environment with a very-long relaxation time [22, 29].
Recently we have provided a dynamical approach to de-
scribe the prethermalization in periodically driven dissi-
pative dipolar systems [30, 31]. We have used a recently
proposed fluctuation-regulated quantum master equation
(FRQME) [32], which successfully explained the inter-
play between the secular part of the on-resonant peri-
odic drive and dipolar interaction that led to a prether-
mal phase. The dynamics is constrained by a set of
quasi-conserved quantities in this regime. Subsequently,
the non-secular interactions and system-bath interaction
provide a very slow thermalization process. Thus, the
second-order terms of the drive and dipolar interaction
regulated by thermal fluctuations conveniently explain
the effect of the Floquet heating in the system.

The analytical form of the FRQME is given as [32],
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where, pg is the reduced density matrix of the system,
pilis the equilibrium density matrix of the bath, ‘sec’
denotes secular approximation, 7. is the fluctuation cor-
relation time-scale, and H.g contains all Hamiltonians
including drives, dipolar and system-environment cou-
plings. The unique feature of the above Eq. (1) is the
presence of the exponential kernel in the second-order
terms that help calculate the dissipative effects of the
coupling and drive. FRQME has been used as an efficient



tool for analyzing several applications in NMR, quantum
optics, and quantum information processing [33-37].
Here, we consider a dipolar coupled two-spin-1/2 open
quantum system, as a simple realization of the dilute
samples used in the recent experiments demonstrat-
ing DTC using NMR [13, 17]. The secular part of
the dipolar coupling Hamiltonian is denoted by Hgq =
Wq (2];]22 — 11?2 - I;Ig). Here, wq is the dipolar cou-
pling strength. and I’ = ¢! /2, a € {z,y, 2}, 04 is ath
component of Pauli spin operators for ith spin-1/2 par-

ticles.
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FIG. 1. The schematic diagram shows the experimental re-
alization for demonstrating the DTC phase in the dissipative
dipolar system. The initial state is prepared by using a /2
pulse in the ‘y’ direction. The two-drive protocol is given here.
The spin-locking sequence is provided for 7 time, secondly,
a 7 + 0 rotation is given along ‘y’ direction for a duration 72.
The whole sequence, T = 71 4+ 72 is repeated for n times before
measuring the final spectrum of S(M,(t)).

Initially, the spins are oriented along the ‘2z’ direction
in the presence of the Zeeman field (w, is the Zeeman fre-
quency). A /2 pulse along the ‘y’ direction rotate along
the ‘z’ direction. The initial density matrix is written as,
psliso = [9)(. Here, [9)]i0 = @i (| )i + | 1)i) /V2.
| 1) and | |) are the eigenstate of the Zeeman basis. Next,
a resonant periodic drive along the ‘x’ direction is applied
for a time duration of 7;. The corresponding Hamiltonian
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in the interaction frame is given by, H, = Y wiI%. As we
are interested in the non-equilibrium dynazm}cs of the sys-
tem in the presence of the periodic drive a weak system-
bath coupling is chosen. For this system, the short-term
temporal dynamics is dominated by decay from other
sources, i.e., dipolar dissipation and drive-induced dissi-
pation.

Using FRQME (Eq. (1)), the dynamical equation for
this case is written as [30],

dps
dt

where, Dgec, Dhsec, Ds1, are the contribution coming from
the secular terms of drive and dipolar interaction, the
non-secular terms, and the system-bath coupling respec-
tively. We choose, wi,wq > wsr, (wsr, is system-bath
coupling strength) and wo7. > 1. Hence, Dgeclps] >
Disec[ps] > Dsulps]. Therefore the contributions of

= (Dsec + Dnsec + DSL) [PS(t)L [0 <t< 7—1](2)

the last two terms are ignored. The analytical form of
Dscelps] is given as,

Dscc[pS] = —1 [Hsccv pS] — Tc [Hsccv [Hscca ,OSH s (3)

Here, Hg.. is the interaction representation of the secular
part of H, + Hgq. We analyze Eq. (2) using a set of
symmetric and anti-symmetric observables, for which we
have.

ps(t) = Y Aas(t)la ® I, (4)
o,

where, «, 8 € {z,y, z,d}, and I; = 2 x 2 identity matrix.
M; = Ajg + Agi, My = Ay, Myy; = Ay + Ay Vi #
and 4,7 # d. In terms of observables, the dynamics can
be divided into two subgroups { M, My, M., M,.} and
{M,, My, M,,, My,}. For the given initial condition the
dynamics is confined only within the first subgroup. Sev-
eral conserved quantities constrain the dynamics which
can be written using the linear combination of the ob-
servables from the first subgroup. Their forms are given
as SdeZZ + w1M$ =0, Myy + Mzz =0 and Mm =0
[30]. The solution of the above Eq. (2), in terms of the
observable, is denoted as M}"*(«a,t). Here ‘pre’ denotes
the prethermal state, and « is the initial value of the ob-
servable. The value of M,(¢) in the prethermal state is
written as,

pre VR S
ME (Mo, tre) = Mo 3oL )
Here, M,|;—0 = M, and tpre denotes the time required
to reach the prethermal state. In experiments, drive
strength is taken to be stronger than the dipolar interac-
tion (w1 > wyq). Such consideration leads to the negligible
decay of M,(t) in the transient phase [13].

After the spin-locking sequence, a 7 + § rotation is
applied about the y direction. The required time 7o is
usually small and hence the drive-induced dissipation are
ignored [17]. Here, H, = wy Z?zl I;; and woTy = T+ 0.
To obtain the 27 periodic response in the system, the
total sequence, 7 = 71 + 73 is repeated for n times [n € Z].
The final density matrix pg(t) after the n-cycle can be
written as,

~ A n
pAs(t) = |:€£?/T2@£Se071] pAS‘t—>O- (6)

Here, ﬁy is the Liouvillian corresponding to H,. We also
define, L7 is the Liouvillian corresponding to Hqq + H,
therefore, ljsec =L+ 7'0[31 x L.

We numerically solved Eq. (6) and calculate M, (t) and
its spectrum for the initial condition M, |;—,o = 1 and plot
in Fig. 2. For a fixed wg, w1, n and 7., when womo = 7
and wiT; = 27 x 0.02, we confirm a sub-harmonic re-
sponse. For womo = 7, the ‘z” magnetization flipped from
Z to —Z in each cycle, therefore the spectrum has a single



1.0
0.5
s 00
-05
-1.0
0 0.8m 0.9m n 11ln  1.2n
(c) (d)
1.0
05 20
0.0 15
: 10
-0.5 5
-1.0 0
0 50 100 150 200 08t 091 nm 1llm 1l2n
(e) (f)
1.0 o
4
0.5
30
0.0 20
-0.5 10
-1.0 0
0 50 100 150 200 08t 091 nm 1llm 121
no. of cycle

FIG. 2. Plot of M, versus the number of cycles is shown in
(a), (c), (e) and their corresponding Fourier transform, S(My,)
versus w are shown in (b), (d), and (f). The value of the fixed
parameters are given as, wi = 27 X 50 KHz, w2 = 27 x 100
KHz, wg = 27 x 2 KHz, 7. = 1073 ms, and n = 200. For the
upper plot (Fig. 2 (a), (b)), the value of w11 = 27 x 0.02,
woT2 = w. For the middle plot (Fig. 2 (¢), (d)), the value of
wiTi = 27 X 0.02, wame = 1.047. For the lower plot (Fig. 2
(e),(f)), the value of w1 = 27, wame = 1.047. The period-
doubling occurs for the upper plot (Fig. 2(b)) as the peak
of the Fourier spectra appears at w = w. A small increase
in wa7e destroys the 27 periodic response in (shown in Fig.
2(d)), which can be retrieved for a significant increment of
wiTi (shown in Fig. 2(f)).

peak at a position w = 7 (upper curve in Fig. 1). Next,
we study the stability of the 27 response by varying the
experimental parameters 71 and 0. For the same 7y, if
6 = 0.04m, the 27 periodicity has vanished, and we get
two peaks very close to w = 7. Such period-doubling re-
sponse can be retrieved with a larger 71 (100 times than
the previous one). Therefore, our result suggests that
lower ¢ and higher 71 are desirable for observing the DTC
phase. Following the works by Choi et al. , we define the
crystalline fraction (f) as, f = [S(w = 0.5)]2/ >, |S(w)/?
[13]. We also show a contour plot of crystalline fraction
(f) as a function of weme and wy 7 to capture the regime
of the DTC phase in the system. The plot of f clearly
shows the dependence of § and 71 on the DTC phase. The
stable regime is shown in the yellow color of the contour
plot in Fig. 3(a), which also matches with earlier exper-
imental results [13]. Here f = 0.1 is defined as the phase
boundary, so, below f = 0.1, there is a smooth crossover
from the DTC phase to non-DTC phase.

For wymo = 0, the solution of the dynamical equation
(Eq. (6)) shows the prethermalization in the system as
M, (t) is constant (Eq. (5)). Therefore, in Fig. 3(b),
prethermalization occurs in the blue regime (color on-
line) near the wame = 0. On the other hand, the system
reaches the DTC phase around woms = +7. The alterna-
tive dark bands occur due to the flipping of M, at each
cycle, [sgn[(Mz)ant+1] = —sgn[(Myz)2n]], which shows a

robust sub-harmonic response around wyTy = .

To confirm the existence of the DTC phase in the sys-
tem, we also provide a contour plot of the spectrum of
M, in Fig. 3(c). The prethermal phase occurs when
weTy = 2Nw, {N € I}. Therefore, the Fourier peak
arises at w = 0, 2w for that particular values of wyTs,
which signifies that the applied drive and the response
have the same periodicity at the prethermal phase. From
Fig. 3(b), we find that, DTC phase occurs at wamy = +,
similarly the Fourier peaks in Fig. 3(c), arises at w = 7
for wame &~ (2N + 1)7. The results corresponding to
Fig. 3(b), (c) are in agreement with the experimental
observation by Beatrez et al. [17].

In our dynamical equation (Eq. (6)), 7. plays an im-
portant role. To demonstrate the 7. dependence of the
DTC phase, we provide a simplified analytical calcula-
tion (a detailed version of the calculation provided in the
supplementary article). Here, we assume that §/7 < 1,
so, sin(m + 0) &~ —¢, cos(m + ) ~ —1. In table I, the
solution of the dynamical equation (Eq. (6)) is provided
for each time instance 7y, 7o up to the period 27. Here,
woTy = w + 0. The solution shows that the ‘x’ magne-

TABLE I. Solution of M,(t) at every time instances.

Time(t) [Mx(t)

0 M,

T1 M2 (Mo, 1)

T —ME™ (Mo, 1)

T4 T =M (MR (Mo, 11), 1)

27 ME*(ME™® (Mo, 11), 1)+
82 MPe(ME™ (Mo, 1), T1)

tization is flipped in every first cycle of time-period 7.
In the next cycle, M, doesn’t flip perfectly, as § # 0.
Therefore, a small imperfection in the 7 rotation along
the ‘y’ direction destroys the DTC order in the system.
Although a sufficiently long 71 helps to bring back the
DTC order because for large 7. The extra term of
M, (27) in the table I decays to zero as in the limits of
w1 > wy, the analytical form of the extra term is written
as MP™ (o, 1) & acos(wi i )e~“i™ 7. Hence the solution
becomes, M, (27) = MP*(MP*(1,71),71) for higher 7.
We find that the roles of 7 and 7, are complementary.
It is well known that 7. is inversely proportional to the
temperature [38]. Hence, at lower temperature, the ef-
fect of the imperfect rotation would be diminished, and
the sub-harmonic response could be restored. We also
show a contour plot of |S(M,)|? as a function of 7, and
w, which is equivalent to the analytical expression, which
is provided in table I. Therefore, the 27 periodic response
vanishes for lowering 7.

In the 7 time duration, the dynamics are governed by
both first-order unitary and second-order dissipative pro-
cesses. Such dissipation is essential for the persistence
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(a) shows the contour plot of the crystalline fraction (f) as a function of w11 and wame. The list of fixed

parameters are given here, w1 = 27 x 20 KHz, wy = 27 x 1000 KHz, wq = 27 x 0.2 KHz, 7. = 10~% ms, and n = 200. We note
that the DTC phase is more robust for lower values of wa7me and higher values of wimi. Here f = 0.1 is defined as the phase
boundary. Fig. (b) shows the contour plot of M, as a function of wsTe and the cycle number. The list of fixed parameters are
given here, w1 = 27 x 20 KHz, w2 = 27 x 1000 KHz, wqs = 27 x 2 KHz, 7. = 1073 ms, w1t = 27, and n = 50. The blue region
around wa7e = 0 is known as the prethermal phase. The alternative blue and red stripes around w27 = +7 show the existence
of the DTC phase. Fig. (c) shows the contour plot of |S(M.)|* as a function of waT> and w. The list of fixed parameters are
given here, w1 = 27 x 20 KHz, ws = 27 x 1000 KHz, wq = 27 x 0.5 KHz, 7. = 1073 ms, wim1 = 27 x 2, and n = 200. The
Fourier peak around w = {0, 27} arises due to the presence of the prethermal phase; similarly, the peaks around w = 7 denote
the emergence of the DTC phase. Fig. (d) shows the contour plot of |S(M,)|? as a function of 7. and w. The list of fixed
parameters are given here, w1 = 27 x 50 KHz, we = 27 x 1000 KHz, wy = 27 x 0.1 KHz, wiT1 = 27 X 2, weme = 1.017, and
n = 200. The DTC phase is more robust in the high 7. regime. Lowering 7. leads to the breaking of 27 periodicity in the

system.

of DTC order in the system. Due to the second-order
terms, the extra effects due to the imperfect rotation in
Ty time duration are reduced. In addition to that, M, is
stabilized by the dissipation, as the dissipation doesn’t
destroy the conserved quantity (wle + 3wgM.,, = 0),
which helps to retain the DTC phase. A standard QME
fails to capture this aspect of the dynamics as DID are
not included. Thus, only FRQME can describe the origin
of DTC in a dissipative dipolar system. In Fig. 3(a), we
show that the DTC phase is stabilized for higher wy7;.
Although, in real experiments, the DTC regime becomes
narrower for longer values of wim [13, 21]. Such nar-
rowing occurs due to other sources of slow decay coming
from Hgp, and non-secular part of Hgq, which we have
neglected in this case.

Recently, it has been reported that the interplay be-
tween drive and dissipation leads to persistence oscilla-
tion, which plays a key role in the emergence of the DTC
phase in driven dissipative systems [39-43]. For exam-
ple, due to the imperfect rotation in dissipative-Floquet
systems, the system starts to evolve in the wrong sector
of the Hilbert space, which is corrected by dissipation,

leads to a stable DTC [40]. Similarly, in our case, due to
imperfect rotation along the ‘y’ axis, M, starts to evolve,
which can be stabilized by increasing the dissipation time
(71). Therefore, our results support the recent theoretical

arguments on the stability of DTC in dissipative systems
[40].

Finally, our results are in excellent agreement with
the experimental observations. Moreover, we find that
the DTC phase depends on the environmental param-
eter (7.), which in turn suggests that the DTC phase
is more stable at low temperatures. We also note that
FRQME has a region of validity as too low temperature
might break the timescale separation argument, requir-
ing a non-Markovian approach. We envisage that our
approach will be useful in quantum synchronization prob-
lem.
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I. DYNAMICAL EQUATION

In this section, we discuss the detailed dynamics of the two-spin dipolar coupled system
in the presence of a thermal bath. Following the recent experiments, the system is subjected
to a two-pulse driving protocol which consists of two non-commuting Hamiltonians acting
in two successive periods [1, 2]. The system-bath coupling strength is relatively weaker
than the periodic drive and dipolar interaction. Hence, we neglect the effect of system-bath
coupling in our dynamics. A schematic diagram is provided for a better understanding of

the dynamics of this system.
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FIG. 1. The schematic diagram shows the experiment demonstrating the DTC phase in a dissipative
dipolar system. The initial state is prepared by using a 7/2 pulse in the ‘y’ direction. Next, the
two-pulse protocol begins; it is shown enclosed in the square brackets. The spin-locking pulse is
applied for 71 time, followed by a 7w+ § rotation pulse applied along ‘y’ direction for a duration 7o.

The whole sequence, 7 = 71 + 72 is repeated for n times before measuring S(M,(t)).

A. Dynamical equation during spin-locking pulse

The total Hamiltonian of the system is written as,
H(t) = Hg +H; + Her + Haa + Ha(t) + Ho(2). (1)

The first two terms are the free Hamiltonians of the system. Hg, represents the weak
system-bath coupling. H,, is the dipolar interaction between the two spins. We select only
the secular part of the Hamiltonian, assuming that the effect of the nonsecular part is much

smaller. For details, please refer to our earlier work on prethermalization [3]. The analytical
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form of the secular dipolar Hamiltonian is given by
Hi = way (2112 = 117 = 1)17) )

Here, wy, is the dipolar coupling strength and I; = 0,/2, {i € z,y, 2}, where o; is the Pauli
2

spin matrix. The form of the on-resonance periodic drive H, is given by, H, = >_ w; I’ cos wt.
H.(t) represents the equilibrium thermal fluctuations present in the thernll:all bath. We
neglect the contribution from Hg, in our analysis. However, the fluctuations contribute to
drive-induced dissipation and dipolar relaxation. H,(t) = >, fi(t)|¢:)(¢:|. Here, {|¢;)} are
the eigenbases of the environment, and f;s are the Gaussian stochastic variables with zero
mean and standard deviation (/i2 = %), and 7. is defined as the bath correlation time.
Fluctuation-regulated quantum master equation (FRQME) can be used for such cases to
derive the dynamical equation of the system [4]. In the interaction picture of HJ + #H¢, the

analytical form of FRQME for this case is written as,

d :

Do~ i pot)] - [ )], [0 << 7] g

Here, H* is the interaction representation of the secular part of H,(t) + Hqs. The form
2

of the secular part is given by, H, = Y wil} and Hy, = wq, (2122 — I}12 — IJI7). The
i=1

representation of the symmetric observables is written as

M, = Tr([, @1 +1® 1,)ps]
Mg = Trs[(la @ I+ 1@ 1,)ps|, YV a#p
Mao = T (1o @ L)pd). (4)
Here, o, 8 € {z,y,z}. In terms of those observables, we analyze the above Eq. (3). Such
dynamical equations were previously reported by us [3]. In the presence of H**, the dynam-
ical equations can be divided into two subgroups. Each group contains four observables,

{M,, M,,, M.,,, M,.} and {M,, M, M,,, M,.}. The dynamical equations for the first group

are given by,

M, = _ZwﬁoTcMﬂc + 6wiway Te M, — 6wiwa, TeMyy — 3way My, (5)
M, = zwlwdonl\/[x — 22T, M, + Qw%TCMyy + wi My, (6)
Myy = —ZwldeTch + 2w T, M, — waTcMyy —wi My, (7)
Myz = %wdoMz — 2w M, + 2w My, — (4w} + %wSO)TCMyZ (8)



There exist several conserved quantities in this block, which are given by,

3wd0Mzz+w1Mx =0 9)
My, +M,, = 0 (10)
M,, = 0. (11)

The existence of such conserved quantities ensures that, if initially, any one of the observ-
ables from the first group is non-zero, then they have finite values at the steady state. The
spin-lock sequence leads to the prethermalization in the system [3, 5]. Although, by adding
Hs, and other non-secular contributions, such terms will eventually vanish. We are only
interested in the dynamics of M, for a short time compared to the time required for ther-
malization (a condition amply satisfied in experiments). The solution of M,(¢) from the
above Eq. (5) for M| = M, is given as,

Mye(Mo,t) = M, (i—? + %wﬁ_%) cos(mt)e”‘%”c> (12)
Here, k7 = 4wi + Jwj . The above solution (Eq. (12)) signifies that M,(t) will reach a
oo = M dof This steady state

02 -
R1

steady state, and the steady state value is given as MP*

is a prethermal state [3]. The presence of the conserved quantity also signifies that the
initial magnetization (M,) is shared between M, and M,,. For the demonstration of the
DTC phase, the loss of ‘z” magnetization must be very small in each cycle of the evolution.
Otherwise, M,(t) will vanish after a few cycles, so we must have M,|;o/My|i~0o — 1.
Such condition will be satisfied if w; > wy,. Choi et al. have chosen the drive and dipolar
coupling in such a way that the condition is satisfied for their experiment [2]. From the
above plot (Fig. 2), the evolution of {M.,,, M,,, M,.} are negligible compared to M, in the
limit w; > wy, so for the remaining part of the calculation, we ignore their effect on M, (t).

The dynamical equations for the other group are written as,

M, = —wiT M, + w1 My + 3wiwa, Te My, (13)
My = —wiM, — (W + %wflo)rCMy + 3way My, + 3wiwWay Te My, (14)
M, = ZwldeTcMz — deOMy — (W? + Zwﬁo)TcMm + wy My, (15)
Mwy = zwlwdoTCMy —wi My, — waCMxy (16)

As there exist no conserved quantities involving the observables from this group, all the

observables will vanish at the steady state even if they have any initial non-zero values.
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FIG. 2. Fig. (a) shows the plot of observables Mg, My, Mpre, My versus no. of cycle by
numerically solving Eq. (3). Here wame = 0. The list of fixed parameters are given as, wy = 27 X 40
KHz, wg, = 27 x 10 KHz, 7. = 107% ms and 7, = 27 x 0.02/w; KHz™!. The initial condition is
chosen as M,|;—,0 = 1. For such a choice of parameters, the system reaches a steady state after
some cycle. The dynamical evolution of MZPr, MJre, My are negligible compared to M. Fig.
(b) shows the plot of observables M?P™ versus the number of cycles for three different choices of
T1,Te. Here wamy = 0. The list of fixed parameters are w; = 27 x 40 KHz, wg, = 27 x 4 KHz.
Three choices are given as {7{ = 27 x 0.05/w; KHz™!, 7} =107* ms }, {7 = 27 x 0.2/w; KHz !,
7t =10"% ms }, {r{ = 27 x 0.05/w; KHz!, 72 = 1073 ms }. The initial condition is chosen as

M., |0 = —0.2. The above plot indicates that for higher values of 7. and 71, M?* decays faster

for increasing the number of cycles. Such a condition is necessary for obtaining the DTC phase.

There is no closed analytical form for the observables. Hence we provide the plot of the
observable M?(M,,t) by numerically solving Eq. (13) for a different choice of 7, 7.. Here,

M.,|;—0 = M,. Other observables are not relevant for this case.

B. Dynamical equation for rotation along the ‘y’ direction

Next, we consider the rotation along the ‘y’ direction. As this is a short-duration pulse,
no heating occurs in this time duration. In other words, the effects of the dissipators are
negligible during this period. Therefore, the dynamics is adequately described by the first-

order process. The dynamical equation in the interaction frame is given by

dps

Lo~ —ilH, (), a7)



Here, H, = wy Z?:l ];. To obtain the existence of the DTC phase, we are only interested
in the dynamics of M,. The solution of Eq. (17) in terms of M, is written as,

Mt (t) = M, cos(wat), M:*(t) = M, sin(wat) (18)

Here M}

t—0 — Mo'

II. DYNAMICAL EVOLUTION UPTO 27 TIME-PERIOD

Using the dynamical equation in the subsections [ A and 1B, we provide the analytical
solution of the time evolution of M, (¢) in this section. The dynamical equation in the

Liouville space is written as,
A A n
ﬁs(t) — |:e£y72€£sec71] ﬁs‘tao- (19)

Here, ﬁy is the Liouvillian corresponding to H,. We also define, L, is the Liouvillian
corresponding to H,, + H,, therefore, ﬁ = /:'1 + Tcﬁl X ﬁl. The time period (7) is defined
as, T = 11 + 7. For the initial condition M,|,_,o = 1, the solution of M, (t) for w; > wy, at

time 77 is given as,
My(m) = M(1,m), M.(n)=0. (20)
After the rotation, the solution is given by,
M, (1) = MP<(1,71) cos6, M,(1)= M>(1,7)sinf (21)
Here, 0 = wy7o. Similarly, after a time 7 4+ 71, the solution is,
M, (T + 1) = MPe(Mre(1,7),7)cos€, M (T+71)= M (Mr(1,7),7)sinf (22)
Finally after the 27 time-period, the analytical expression of M, (27) is written as,

M, (27) = ME(MPe(1,7),7) cos® 0 + MP(MP(1,7,), ) sin” § (23)
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A. Solution for 0 =«

Putting 6 = 7, in the above solutions, we get,

= 17
= M;re(l, 7'1),

) (24)
) (25)
My(r) = —=M7*(1,m), (26)
) = —Mpe(Mpe(1,m),m) (27)

) (28)

= Mye(My<(1,m),7)
In the above Eq. (24), we show that, in every time-period 7, the sign of M, is reversed.
Therefore, M, (t) comes to the same phase at 27 time-period. Therefore the system shows
the period-doubling response, which exhibits the notion of the DTC phase in the system.

On the other hand, M. (t) remains zero throughout the evolution.

B. Solutions for § = 7+ §, with 6/7 — 0

In such cases, we can assume that, cos(m + 0) = —1, sin(m + 0) = —d. The solution is
given by,

M,(0) = 1, (29)

My(m) = Mye(1,71), M.(n)=0, (30)

My() = =M*(1,71), M.(r)=—0My~(1,7) (31)

My (T+7) = =M (Mre(l,m),71), MJ(T+m7)=—-0Mr(M(1,7),7) (32)

M, (27) = MPe(M2e(1,7),71) + 2 MP(MP(1,7), ) (33)

In the above solutions (Eq. (29)), the 27 periodicity is absent due to the presence of the
extra term in M, (27). Such a response can be retrieved if § is small. From Fig. 2(b), it is
clear that, M,(M,,t) decays faster for higher values of 7;. Therefore, higher 7 and lower ¢

are suitable conditions for observing the DTC phase in the system.
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FIG. 3. Plot of M, versus the number of cycles is shown in (a), (c), (e) and their corresponding
Fourier transforms, S(M,) versus w are shown in (b), (d), and (f). The chosen parameters are:
wy = 27 x 50 KHz, wy = 27 x 100 KHz, wg, = 27 x 0.1 KHz, n = 200, 11 = 27 x 0.02/w; KHz !
and 75 = 1.047/wy KHz~'. The initial state is chosen as, [¢)|;0 = [1o=y (| 1)i +| 1)¢) /v/2. For
the upper plot (Fig. 2 (a), (b); red color online), the value of 7. = 1073 ms. For the middle plot
(Fig. 2 (c), (d); blue color online), the value of 7. = 107° ms. For the lower plot (Fig. 2 (e),(f);
green color online), the value of 7. = 10~7 ms. The above plots signifies that lowering 7. results in

the decaying of robust 27 response in the system.
C. 7. dependency of the DTC phase

In the limits of w; > wy, the expressions of MP*(M,,t) is given as,
MPe(My, t) = M, cos(wit)e w1 (34)

So, for higher values of 7., the effect of the extra term of M, (27) in Eq. (29) can be neglected
so, 27 periodicity is robust in this regime. In the Fig. 2(b), we show that M?™(M,,t) decays
faster for higher values of 7., which is helpful for retrieving the DTC regime. We also plot
M, (t) and it’s Fourier transform S(M,(t)). For low values of 7., there is no existence of 27

periodicity, but for changing the value of 7, from 10~ ms to 1072 ms, such a novel response



is retrieved.
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