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Extracting useful information from noisy near-term quantum simulations requires error mitigation
strategies. A broad class of these strategies rely on precise characterization of the noise source. We
study the robustness of probabilistic error cancellation and tensor network error mitigation when
the noise is imperfectly characterized. We adapt an Imry-Ma argument to predict the existence of
a threshold in the robustness of these error mitigation methods for random spatially local circuits
in spatial dimensions D ≥ 2: noise characterization disorder below the threshold rate allows for
error mitigation up to times that scale with the number of qubits. For one-dimensional circuits, by
contrast, mitigation fails at an O(1) time for any imperfection in the characterization of disorder.
As a result, error mitigation is only a practical method for sufficiently well-characterized noise. We
discuss further implications for tests of quantum computational advantage, fault-tolerant probes of
measurement-induced phase transitions, and quantum algorithms in near-term devices.

I. INTRODUCTION

Noise presents a fundamental barrier to realizing scal-
able quantum information processing1. The theory of
fault-tolerant quantum error correction shows how this
barrier can be overcome in principle2–4. However, de-
spite remarkable experimental progress establishing the
basic validity of the theory of fault-tolerance5–8, achiev-
ing large-scale quantum computing with error corrected
qubits remains a formidable challenge. In recent years,
quantum error mitigation has emerged as a complemen-
tary paradigm for addressing the effects of noise in large-
scale quantum devices9–21. At its core, error mitigation
relies on the ability to accurately characterize the inter-
action of the system with its environment. Armed with
this knowledge, one can design classical post-processing
techniques to construct more accurate estimators of the
noiseless signal using data obtained from a noisy de-
vice. For example, similar methods have been ubiq-
uitously employed in quantum process tomography to
reliably extract error models in the presence of noisy
operations22–24.
A key aspect of the threshold theorem for fault-tolerant

quantum computing is that it applies even in the case
where the individual components used to implement the
error correction are noisy. An analogous question for
error mitigation strategies is whether they work when
the noise is imperfectly characterized. As noted above,
related questions have been addressed for quantum pro-
cess tomography in the presence of faulty operations22–24;
however, these models are often considered only at the
level of a few qubits, generally precluding the exis-
tence of a sharply defined phase transition. In the case
of many-body tomographic problems (e.g., Pauli noise
estimation25,26 or Hamiltonian learning27,28), thresholds
in learnability are possible and likely arise under some
circumstances. However, to our knowledge, threshold re-
sults for the robustness of quantum error mitigation have
not been previously considered.

In this paper, we demonstrate the possibility of thresh-
old in the robustness of quantum error mitigation.
We focus on two conceptually simple forms of quan-
tum error mitigation called “probabilistic error cancel-
lation” (PEC)11,29 and tensor-network error mitigation
(TEM)30. PEC and TEM rely on the fact that many
common noise channels are invertible. Unfortunately,
the inverse operation is not easily implemented by phys-
ical evolution without access to the environment. In-
stead the inverse channel is achieved through classi-
cal post-processing. This post-processing step can be
implemented through a wide variety of methods11,30,
but incurs exponential sampling overheads with in-
creasing circuit layers29,31–33. Despite the apparent
challenges, PEC has been used to significantly extend
the accessible circuit depths of a given noisy quan-
tum device, as demonstrated in recent experiments29.
Some other examples of quantum error mitigation in-
clude zero-noise extrapolation11–13, symmetry-based er-
ror detection15,16, cooling/purification17–19, and learning
based methods20,21. We show in the case of PEC and
TEM, that the mitigation threshold is related to the fun-
damental behavior of disordered Ising models in statis-
tical physics. As a result, we can draw on a wide range
of previous results from those systems in analyzing the
threshold behavior for these error mitigation strategies.
On general grounds, one might expect similar similar
types of robustness thresholds to arise for other error
mitigation methods, but the explicit mappings to disor-
dered Ising models are less appparent in those cases.

Based on these connections to disordered Ising mod-
els, our central prediction is that PEC and TEM have an
error mitigation threshold in random circuits in spatial
dimensions D ≥ 2 when the noise is imperfectly char-
acterized, i.e., there is uncertainty in the parameters of
the noise model that have random fluctuations in space
and/or time. We consider a model of random unitary
circuits subject to depolarizing noise with binary disorder
in the depolarization rate [see Fig. 1(a)], building on ex-
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FIG. 1. Model and phase diagram: (a) Noisy random cir-
cuit for qubits with spacetime disorder in the noise rate and
error mitigation. State-preparation and measurement are rep-
resented by semicircles at the beginning and end of the cir-
cuit, respectively. (b) Phase diagram for the error mitigation
threshold in this model for D ≥ 2 spatial dimensions. At high
disorder rates and linear depths, the system transitions from
a “below-threshold” phase where mitigation succeeds on av-
erage to an “above-threshold” phase where mitigation fails.

tensive work characterizing quantum phases and phase
transitions in hybrid random circuits34,35. To mitigate
the effects of the noise we apply a uniform “antinoise”
channel that inverts the depolarizing noise on average.
We show that a replica statistical mechanics description
of the problem has close parallels to the classical random
field Ising model (RFIM) in D + 1 dimensions. At the
zero-mean field condition in the RFIM, a simple heuristic
argument, originally due to Imry and Ma,36 shows that
the ordered phase survives random symmetry-breaking
terms in sufficiently high dimensions. In the random
circuit problem, this analysis indicates the possibility
for thresholds in the robustness of error mitigation for
D ≥ 2, while D = 1 is the marginal dimension. We also
analyze the performance of error mitigation as a func-
tion of circuit depth. For depths larger than the linear
size of the system, the mitigation fails, resulting in a fi-
delity worse then one obtains for the maximally mixed
state. The corresponding conjectured phase diagram of
the system is shown in Fig. 1(b) for D ≥ 2. Analytic
and numerical studies of the two-copy replica theory and
exact simulations of the mitigated circuit dynamics are
consistent with our predictions.

The paper is organized as follows: In Sec. II, we in-
troduce our model for error mitigation based on noise
and anti-noise channels. In Sec. III, we present a simple
mean-field theory solution for the error mitigation tran-
sition in the case of a Brownian circuit model. In Sec.
IV, we introduce the statistical mechanics mapping for
discrete circuits that we use to analyze the phase transi-
tion in finite-dimensional models. In Sec. V, we present
a rigorous result on the absence of an ordered phase in
1D with quenched disorder, as well as simple heuristic
arguments for the existence of an ordered phase in more
than 1D with spacetime random disorder and more than

2D with quenched disorder. In Sec. VI, we present nu-
merical simulations of a mutual information probe in the
statistical mechanics model and exactly evolved circuits
to support our analytical results. In Sec. VII, we present
an alternative probe of the phase transition based on
the entropy of a single qubit. In Sec. VIII, we present
an application of our results to benchmarking quantum
advantage in random circuit sampling experiments. We
present our conclusions in Sec. IX. In the appendixes, we
present further details on the mean-field calculations and
the statistical mechanics mapping.

II. MODEL

The basic setup we consider is a quantum circuit model
as illustrated in Fig. 1(a). A system of qubits is initialized
in a product state and a quantum circuit is applied to
the system composed of two qubit gates. Each two-site
gate in the circuit is chosen to be Haar random37–39 and
are interspersed with noise and what we call “antinoise”
channels (defined below). The choice of Haar random
gates is made purely for convenience of analysis. Our
results are expected to hold more generically in systems
displaying quantum chaotic dynamics40.
For the noise channel, we focus on the case of depolar-

izing noise and its inverse channel as the antinoise

Ex,t(ρ) = (1− qx,t)ρ+ qx,t trx[ρ]⊗ I/2, (1)

Ax(ρ) =
ρ− qa trx[ρ]⊗ I/2

1− qa
, (2)

where trx[ρ] is a partial trace operation at site x. Tuning
qa = qx,t inverts the noise at space-time site (x, t) such
that Ax ◦ Ex,t(ρ) = ρ. To include the disorder, the noise
rates are drawn randomly at each space-time location
of the circuit from one of two values qx,t = q1(2) with
probability p and 1 − p, respectively, and q1 < q2. The
antinoise can be tuned to a zero mean-field condition by
taking (1−qa) = (1−q1)

p(1−q2)
1−p equal to a geometric

mean. This condition ensures that a Pauli operator σµ
x

(µ ∈ {X,Y, Z}) evolved under multiple rounds of noise
and antinoise up to depth t = d will have expectation
value

tr

[
σµ
x

d∏
t=1

Ax ◦ Ex,t(ρ)
]
=

∏
t

1− qx,t
1− qa

tr[σµ
xρ], (3)

where the prefactor tends to a log-normal distribution
that concentrates around one. Any deviations of qa from
this zero mean-field condition will result in an exponen-
tial growth rate that scales linearly in the depth d. At the
zero-mean field condition, however, the noise is canceled
on average and the prefactor deviates from one only due

to random fluctuations as e±O(
√
d) (i.e., the exponential

growth rate is suppressed by a factor
√
d).

To see how unitary dynamics can improve the robust-
ness of error mitigation, it is helpful to consider a toy
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model consisting of two sites L/R with qL < qR fixed in

time. Now, take 1 − qa =
√

(1− qR)(1− qL) to satisfy
the zero mean-field condition. The R site will be sub-
ject to excess noise and the L site will experience excess
antinoise. The case of weak unitary dynamics is anal-
ogous to the above threshold phase. In the limit where
the unitary dynamics tends to trivial evolution, any state
initialized with non-zero Pauli expectation value on site
L will experience exponential growth of the expectation
values leading to an unphysical density matrix after an
O(1) time. We discuss below how this type of rapid insta-
bility to unphysical states is characteristic of the above
threshold phase.

To build in the effects of unitary dynamics, consider
the base circuit to consist of repeated applications of
SWAP gates. In this case, it is readily verified that the
effects of the noise on Pauli expectation values will be
completely canceled for arbitrarily deep circuits except
for the most recent layer of gates. In this two-qubit ex-
ample, Haar random gates behaves similarly to SWAP
gates in that the noise is cancelled on average. However,
the temporal randomness will lead to exponential fluctua-

tions of Pauli expectation values of size eO(
√
d), where the

term in the exponent will follow the statistics of a random
walk. This tendency of the random unitary dynamics to
suppress effects of the noise/antinoise from linear in d to√
d scaling for certain initial conditions is characteristic

of the behavior we find for the below-threshold phase.

III. MEAN-FIELD THEORY

To develop some basic intuition for the threshold be-
havior in discrete circuits, we now consider a simple
mean-field theory of the transition formulated in continu-
ous time. In this approach, the noise and antinoise terms
are captured through a Lindblad master equation41

ρ̇ = −i[H(t), ρ]−
∑
j

(γj − γa)
(
ρ− trj [ρ]⊗ I/2

)
, (4)

H(t) =
∑

i<j,µ,ν

Jijµν(t)σ
µ
i σ

ν
j , (5)

whereH(t) is a time-dependent Hamiltonian that sets the
unitary evolution, γi is the random noise rate on site i,
and γa is the antinoise rate. We see that antinoise simply
acts as a negative decay rate in the master equation.
In this formulation it is particularly clear that setting
γa = γj for all j will completely remove the effects of
noise.

We focus on the disordered case, however, where the
noise rates are not known perfectly to the antinoise. In
particular, γi = γ1(2) is drawn randomly with probabil-
ity p and 1 − p, respectively. The noise is canceled on
average by setting γa = γ̄ ≡ p γ1 + (1 − p) γ2. We take
the unitary evolution to be given by an all-to-all coupled
Brownian circuit model in which the Jijµν(t) are drawn

from a white-noise Gaussian random process with vari-
ance parameters42,43

⟨Jijµν(t)Jkℓγδ(t′)⟩ =
J

2N
δikδjℓδµγδνδδ(t− t′), (6)

where N is the number of qubits.

To treat this model analytically, we average the dy-
namics over the random coupling constants for multiple
identical copies of the density matrix ρ(t)⊗k (k is a replica
index). In the equations of motion for the averaged mo-
ments ρk(t) ≡ EH [ρ⊗k], the unitary drive-term averages
to zero, leading to a purely dissipative master equation
for ρk(t) (see Appendix A). Focusing on second moments
(k = 2) gives rise to a particularly simple model with two
global product steady states given by I⊗N and S⊗N 43,
where S is the SWAP operator acting on the two copies.
The all SWAP steady-state captures non-trivial correc-
tions to second moment observables like the purity of
sub-systems. In the mean-field approximation, we en-
force the density matrix to take a product state form

ρ2 =
⊗N

i=1 σi. Due to the lack of symmetries or con-
servation laws in the problem, σi can be parameterized
as

σi = (1/4 + δi)|s⟩⟨s|+ (1/4− δi/3)PT , (7)

where δi is the deviation from an infinite temperature
state, |s⟩ is a two-qubit singlet state across the two copies,
and PT is the projector onto the two-qubit triplet sub-
space of the two copies.

The mean-field equations for δi take the form

δ̇i = −4
[
∆i +

J

N

∑
j ̸=i

(3 + 4δj)
]
δi, (8)

where ∆i = γi−γa. This simple equation captures much
of the basic physics we find later in the random circuit
models, including the presence of a phase transition. No-
tably, we can see that at weak values of the disorder,
the interaction term acts as a restoring force towards the
fixed point δi = 0. The other fixed point δi = −3/4 cor-
responds to an unphysical density matrix, which is un-
stable at weak disorder. At a critical disorder strength of
|∆1| = 3J (see App. A), however, the δi = 0 fixed point
becomes unstable. The dynamics flows to a new stable
fixed point which is an unphysical density matrix. Thus,
we see that the above threshold phase in the mean-field
theory is characterized by an instabilty of the density
matrix to unphysical states.

To rigorously characterize the threshold behavior, par-
ticularly in finite-dimensional systems, we need a more
systematic treatment of the correlations in the state be-
yond the mean-field approximation. To develop this ap-
proach, we turn to the discrete circuit models. An added
benefit of this formulation is that the connections to the
RFIM become more explicit.
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IV. STATISTICAL MECHANICS MAPPING

To analyze the problem more rigorously, we turn to
well-established mappings from random quantum circuit
dynamics in D spatial dimensions to statistical mechan-
ics models in D+1 dimensions38,39,44–49. We outline the
details of the mapping in Appendix B. The approach we
take is to expand ρk ≡ U[ρ⊗k] into a basis of operators
based on representations of the permutation group Sk

46.
One can then derive update rules for the averaged state
following each layer of gates, noise, and antinoise. In
this paper, we focus on the two-replica case where the
two operators are I and S (the SWAP gate). We expect
this model to be sufficient to capture many of the prop-
erties of the transition, as has been argued in the unitary
case38. Numerical evidence based on exact simulations is
presented below that support this claim.

For a system of N qubits, without noise/antinoise, ρ2
has two fixed points I⊗N and S⊗N just as in the Brow-
nian circuit model. Configurations with persistent “do-
main walls” (i.e., mixtures of I and S) are exponentially
damped with depth in the model. As a result, the two
fixed points can be interpreted as ferromagnetic ground
states of an Ising-type spin model. In this interpretation,
noise acts as a symmetry breaking field because it favors
the identity configuration and damps out configurations
with S operators45. Antinoise acts as a field in the oppo-
site direction, but it also adds additional sign-structure
to the problem from the second term in Eq. (2). We ac-
count for this sign by labeling spacetime configurations
of I and S operators by the sign of their contribution,
then we can write ρ2 = ρ+2 − ρ−2 , where ρ±2 sum over
spacetime configurations with a positive/negative sign.

V. STABILITY OF ORDERED PHASE TO
DISORDER

Before proceeding, we first review the basic Imry-Ma
argument that illustrates how an ordered ferromagnet
can be stable to disorder for D > 2 dimensions36. The
classical Hamiltonian takes the form H = −∑

⟨ij⟩ σiσj +∑
i hiσi, where σi ∈ {+1,−1} are classical Ising spins

and hi is drawn from an independent random distribution
on each site. At the zero mean-field condition, ⟨hi⟩ = 0,
the energy cost for ordering a region of size L into a fer-
romagnetic domain in the presence of the random field
will scale as σLD/2 where σ is the standard deviation of
the disorder. On the other hand, the energy cost associ-
ated with creating a domain wall of broken ferromagnetic
bonds at the boundary will scale as LD−1. We see that for
D > 2 the domain wall cost is dominant and the ordered
phase is stable to small amounts of disorder. However,
for D < 2, the random field wins and destroys the ferro-
magnet. In D = 2, it was eventually proven rigorously
that the ordered phase is also unstable50.
To make precise connections of the error mitigation

threshold problem to Imry-Ma arguments, we analyze

finite-dimensional versions of the statistical mechanics
models. First, we define a simple initial condition as a
state ρ2 that is identity everywhere except in a contigu-
ous region A where it is given by trAc [ρ2] ∝ I⊗|A|+S⊗|A|.
Such an initial condition can be prepared physically by
taking a Haar random state (or a state drawn from a
two-design such as the Clifford group51) on A and the
infinite temperature state on the complement of A. The
first model we consider is a quenched 1D model described
by a one-dimensional brickwork circuit of the type shown
in Fig. 1(a) with Haar random two-qubit gates and spa-
tially random noise rates that are constant in time. We
define σ =

√
p(1− p)(q2 − q1) as the standard deviation

of the noise rates. We prove that the quenched 1D model
always exhibits an instability for one of the simple initial
conditions.

Theorem 1 (Instability in quenched 1D). For the
quenched 1D model with any σ > 0, there is a simple
initial condition for subregion A of size O(logN) such
that as N → ∞ and d → ∞ with high probability
log ||ρ±2 || ≥ eΓd/22N−|A|3|A| for a constant Γ > 0.

Proof. The proof of the theorem essentially follows a
standard Imry-Ma argument. For any finite σ as N → ∞
with high probability (whp) there will be a contiguous re-
gion of sites A with noise rate q1 of size |A| = O(logN).
For sufficiently large N there will be a region satisfying
(1− q1)

|A|/(1− qa)
|A| > (5/2)2 whp, which implies that

the O(1) boundary cost of the two domain walls at the
edge of A can be overcome by the amplification of the S
configurations in the bulk. Let m be the minimum inte-
ger such that (1 − q1)

m/(1 − qa)
m > (5/2)2 and define

Γ = ln[(1−q1)
m/(1−qa)

m]−2 ln 5/2 Taking a configura-
tion of all S on A with identities elsewhere that moves by
order 1 site at the boundary at each time-step according
to the rules for the replica model provides a contribution
to ρ±2 that diverges faster than eΓd/22N−|A|3|A|. The de-
nominator is the normalization constant for the initial
state.

As a corollary to this result, an initial pure product
state evolved with this model will also have this insta-
bility. The converse of this type of Imry-Ma argument is
that we expect the instability of these initial conditions to
be suppressed for weak enough disorder for high enough
dimensions. In this case, for large regions A the bound-
ary cost of the domain wall scales as |A|(D−1)/D, whereas
the amplification from the antinoise scales as |A|1/2. As
a result, with quenched disorder in time, we expect the
instability to vanish for D ≥ 3 at sufficiently small values
of σ, while D = 2 is the marginal dimension. For space-
time random disorder, the marginal dimension is D = 1
and an ordered phase persists for D ≥ 2. Note, that at
large values of σ, the domain wall cost can be overcome
even by a single site with strong antinoise, leading to
an instability. As a result, we expect to find a disorder
driven phase transition at finite σ in sufficiently high-
dimensions associated with the onset of this instability.
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FIG. 2. Numerical tests of the threshold behavior: (a) Numerical simulations of circuit and noise-disorder averaged the

correlation metric Ĩ12 obtained from purity of subregions for two random sites in the system. (b) Mutual information I12 for
exact simulations of the mitigated noisy random circuit. (c-d) Scaling collapse of data from (a-b) using σc/q̄ = 0.65(5)/0.55(5)
and critical exponent on x-axis obtained from local probe (see Appendix VII). The critical scaling on the y-axis is an ansatz.
(e-f) Similar quantities as (a-b) for antipodal sites of a 1D chain. The strong drift in the peak with increasing system size is
consistent with the lack of a below-threshold phase in this model. In all the plots, we took a Haar random initial pure state
with noise parameters q̄ = 0.1 and p = 0.9 and ran to depth d = 4N .

VI. MUTUAL INFORMATION PROBE

Figure 2 summarizes our numerical results on the mu-
tual information between two sites in the system, which
serves as a probe of the two phases. We run numerical
simulations of random circuits, together with noise and
antinoise, to characterize this phase transition in two set-
tings. In the first case [see Fig. 2(a-d)], we simulate an
infinite-dimensional circuit where entangling gates can
exist between any pair of qubits and noise is random in
both space and time. In the second case [see Fig. 2(e-f)],
we simulate (1+1)D circuit dynamics assuming quenched
noise, where the randomness is only spatial. The first
model is a test of the high-dimensional limit of the model,
while the second model is the same one considered in
Theorem 1.

In both cases, we initialize a state of a N -qubit register
in a global Haar-random state, which corresponds to the
string ∝ I⊗N + S⊗N in the statistical-mechanical map-
ping. For the infinite-dimension model, we apply ran-
dom Haar gates on a set of N/2 disjoint pairs, randomly
drawn from all N(N − 1)/2 possible pairs of qubits. For
the (1+1)D model, each time-step corresponds to a layer
in the brickwork circuit in Fig. 1(a) with periodic bound-

ary conditions. Each layer of unitary gates is followed by
the noise-antinoise channel on all qubits.

After evolving the circuit to depth d, we take the par-
tial trace of two qubits and calculate correlation metrics
between the two qubits52,53. These low-order correla-
tions are exponentially suppressed in N for σ = 0, but
they develop a peak at the critical point where long-range
correlations develop. For D = 1, the pair consists a ran-
domly chosen qubit and its corresponding anti-pode at a
distance of N/2; for the all-to-all model, both qubits are
randomly chosen.

We study the two systems using the replica statistical-
mechanical mapping introduced above, with background
details in Appendix B. The mapping lets us probe the
phase transition for system sizes as large as N = 20.
For sizes up to N = 10, we complement the numer-
ics on statistical-mechanical mapping with direct cir-
cuit simulations. In the replica stat-mech model, we
study a measure of correlations Ĩab = − log2 EU [Tr[ρ

2
a]]−

log2 EU [Tr[ρ
2
b ]] + log2 EU [Tr[ρ

2
ab]] averaged over noise-

disorder (denoted by ⟨·⟩ brackets), while in the exact
simulations we study the standard mutual information
Iab = Sa + Sb − Sab for the von Neumann entropy
Sa = − tr[ρa log2 ρa]

1.
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The numerical results provide strong supporting ev-
idence for the theoretical scenario outlined above. We
see evidence for a stable ordered phase in the high-
dimensional limit of the all-to-all model, whereas the 1D
model with quenched randomness in the noise is consis-
tent with the lack of an ordered phase. In addition, we
estimate critical exponents for the transition in Fig. 2(b-
c) that are consistent with simple rational values charac-
teristic of mean-field behavior.

VII. LOCAL PROBE

In Fig. 2, we presented different correlation metrics
between two qubits in the system as a probe of the phase
transition. Here, we present an alternative metric based
on the entropy of a single qubit in the system.

Deep in the below threshold phase, this single-qubit en-
tropy quantity saturates to one bit, while above threshold
it diverges to large negative values due to the unphysi-
cal density matrix. As a result, we expect a crossing
to occur at the phase transition. Numerical simulations
of the two-replica stat-mech model for the all-to-all cir-
cuit model illustrate this behavior. In Fig. 3(a), we show
the unscaled behavior of the entropy for different system
sizes, which shows a crossing near σc/q̄ = 0.65(5). Col-
lapsing the data with this value of σc fixed, we estimate
a critical exponent µ = 1.0(2). In Fig. 2(c-d), we fixed
µ = 1 in collapsing the mutual information data based
on these scaling results. This single-qubit quantity also
has advantages for experimental probes of the transition
as it requires minimal tomographic overhead to estimate.
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FIG. 3. Local probe of the error mitigation threshold: (a)
Entanglement entropy of a single-site in the system for differ-
ent system sizes. The larger sizes begin to develop a crossing,
indicative of the phase transition. (b) Scaling collapse for
σc/q̄ = 0.65(5) and µ = 1.0(2).

VIII. ERROR MITIGATED FIDELITY
BENCHMARKS

Here, as an application of our results, we introduce
mitigated fidelity benchmarks and demonstrate an expo-

0 20 40 60
0

0.2

0.4

0.6

0.8

1

0 0.1 0.2 0.3

0.1

0.2

0.3

0.4

0.5

0.6

D
ev

ia
tio

n 
of

 lo
g-

Fi
de

lit
y

<latexit sha1_base64="J42PoT96uR0gceAEhynH4Bs1JTY=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4KrMiLeFi6IblxXsBdphyKSZNjTJDElGKbWP4saFIm59Ene+jWk7C63+EPj4zzmckz9KOdPG876cwtLyyupacb20sbm1veOWd5s6yRShDZLwRLUjrClnkjYMM5y2U0WxiDhtRcPrab11T5Vmibwzo5QGAvclixnBxlqhW+5q1hcYXaI5hCR0K17Vmwn9BT+HCuSqh+5nt5eQTFBpCMdad3wvNcEYK8MIp5NSN9M0xWSI+7RjUWJBdTCenT5Bh9bpoThR9kmDZu7PiTEWWo9EZDsFNgO9WJua/9U6mYkvgjGTaWaoJPNFccaRSdA0B9RjihLDRxYwUczeisgAK0yMTatkQ/AXv/wXmsdV/6x6entSqV3lcRRhHw7gCHw4hxrcQB0aQOABnuAFXp1H59l5c97nrQUnn9mDX3I+vgFoMJN3</latexit>

� < �c(a) (b)
<latexit sha1_base64="XFZUI9DJ1ATD9d6DsUnDFyaoLrk=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZSk+OhGKAriRqlgH9CEMJlO2qGTBzMToaRx4cZfceNCEbf+gzv/xmmbhbYeuHA4517uvceNGBXSML613Nz8wuJSfrmwsrq2vqFvbjVEGHNM6jhkIW+5SBBGA1KXVDLSijhBvstI0+1fjPzmPeGChsGdHETE9lE3oB7FSCrJ0XeHFgu7ThlaLuLJZeok1+nwED7cwDNYcfSiUTLGgLPEzEgRZKg5+pfVCXHsk0BihoRom0Yk7QRxSTEjacGKBYkQ7qMuaSsaIJ8IOxl/kcJ9pXSgF3JVgYRj9fdEgnwhBr6rOn0ke2LaG4n/ee1YehU7oUEUSxLgySIvZlCGcBQJ7FBOsGQDRRDmVN0KcQ9xhKUKrqBCMKdfniWNcsk8KR3fHhWr51kcebAD9sABMMEpqIIrUAN1gMEjeAav4E170l60d+1j0prTsplt8Afa5w+RFJdU</latexit>

| log2 F̄M |, N = 8
<latexit sha1_base64="JHuHmWFr3dJLBYn9/uWxxJqcgfQ=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEmKr41QFMSNUsE+oAlhMp22QyeTMDMRSho3bvwVNy4Uces3uPNvnLZZaOuBC4dz7uXee/yIUaks69uYmZ2bX1jMLeWXV1bX1s2NzZoMY4FJFYcsFA0fScIoJ1VFFSONSBAU+IzU/d7F0K/fEyFpyO9UPyJugDqctilGSkueuTNwWNjxStDxkUguUy+5TgcH8OEGnkG75JkFq2iNAKeJnZECyFDxzC+nFeI4IFxhhqRs2lak3AQJRTEjad6JJYkQ7qEOaWrKUUCkm4zeSOGeVlqwHQpdXMGR+nsiQYGU/cDXnQFSXTnpDcX/vGas2qduQnkUK8LxeFE7ZlCFcJgJbFFBsGJ9TRAWVN8KcRcJhJVOLq9DsCdfnia1UtE+Lh7dHhbK51kcObANdsE+sMEJKIMrUAFVgMEjeAav4M14Ml6Md+Nj3DpjZDNb4A+Mzx8BCJeJ</latexit>

| log2 F̄M |, N = 12
<latexit sha1_base64="OzV4FOqsccUn1WeT9z7cjkVnyDo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkpStLoRioK4USrYBzQhTKaTdujkwcxEKGncuPFX3LhQxK3f4M6/cdpmoa0HLhzOuZd773EjRoU0jG8tNze/sLiUXy6srK6tb+ibWw0RxhyTOg5ZyFsuEoTRgNQllYy0Ik6Q7zLSdPsXI795T7igYXAnBxGxfdQNqEcxkkpy9N2hxcKuU4aWi3hymTrJdTo8hA838AyaFUcvGiVjDDhLzIwUQYaao39ZnRDHPgkkZkiItmlE0k4QlxQzkhasWJAI4T7qkraiAfKJsJPxGyncV0oHeiFXFUg4Vn9PJMgXYuC7qtNHsiemvZH4n9eOpXdqJzSIYkkCPFnkxQzKEI4ygR3KCZZsoAjCnKpbIe4hjrBUyRVUCOb0y7OkUS6ZldLx7VGxep7FkQc7YA8cABOcgCq4AjVQBxg8gmfwCt60J+1Fe9c+Jq05LZvZBn+gff4ABxiXjQ==</latexit>

| log2 F̄M |, N = 16

<latexit sha1_base64="xIIsTRyZY+MH2INhgePyZJzfkmA=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0ISUpWt0IpaK4USrYBzQhTKbTdujkwcxEKGn8Azf+ihsXirh16c6/cdpmoa0HLhzOuZd773FDRoU0jG8tMze/sLiUXc6trK6tb+ibW3URRByTGg5YwJsuEoRRn9QklYw0Q06Q5zLScPvnI79xT7iggX8nByGxPdT1aYdiJJXk6PtDiwVdpwgtF/H4MnHi2OIebF5UEuc6GR7Chxt4Bs2So+eNgjEGnCVmSvIgRdXRv6x2gCOP+BIzJETLNEJpx4hLihlJclYkSIhwH3VJS1EfeUTY8fihBO4ppQ07AVflSzhWf0/EyBNi4Lmq00OyJ6a9kfif14pk59SOqR9Gkvh4sqgTMSgDOEoHtiknWLKBIghzqm6FuIc4wlJlmFMhmNMvz5J6sWCWCse3R/lyJY0jC3bALjgAJjgBZXAFqqAGMHgEz+AVvGlP2ov2rn1MWjNaOrMN/kD7/AFf8JuC</latexit>

| log2 F̄XEBM
|, N = 16

<latexit sha1_base64="wZECoo//p8IwIB69k5QjM4XkWEQ=">AAACEHicbVDLSsNAFJ34rPUVdelmsIgupCTF10YoFcWNUsE+oAlhMp20QycPZiZCSeMfuPFX3LhQxK1Ld/6N0zYLbT1w4XDOvdx7jxsxKqRhfGszs3PzC4u5pfzyyuraur6xWRdhzDGp4ZCFvOkiQRgNSE1SyUgz4gT5LiMNt3c+9Bv3hAsaBneyHxHbR52AehQjqSRH3xtYLOw4JWi5iCeXqZMkFvdh86KSOtfp4AA+3MAzaJYcvWAUjRHgNDEzUgAZqo7+ZbVDHPskkJghIVqmEUk7QVxSzEiat2JBIoR7qENaigbIJ8JORg+lcFcpbeiFXFUg4Uj9PZEgX4i+76pOH8mumPSG4n9eK5beqZ3QIIolCfB4kRczKEM4TAe2KSdYsr4iCHOqboW4izjCUmWYVyGYky9Pk3qpaB4Xj24PC+VKFkcObIMdsA9McALK4ApUQQ1g8AiewSt40560F+1d+xi3zmjZzBb4A+3zB1ngm34=</latexit>

| log2 F̄XEBM
|, N = 12

<latexit sha1_base64="j5ZFJAUtbQLYwIvHKxRcz3p4dRo=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISUpProRSkVxo1SwD2hCmEyn7dDJg5mJUNL4BW78FTcuFHHr1p1/47TNQlsPXDiccy/33uOGjAppGN9aZm5+YXEpu5xbWV1b39A3t+oiiDgmNRywgDddJAijPqlJKhlphpwgz2Wk4fbPR37jnnBBA/9ODkJie6jr0w7FSCrJ0feHFgu6ThFaLuLxZeLEscU92LyoJM51MjyEDzfwDJYcPW8UjDHgLDFTkgcpqo7+ZbUDHHnEl5ghIVqmEUo7RlxSzEiSsyJBQoT7qEtaivrII8KOx/8kcE8pbdgJuCpfwrH6eyJGnhADz1WdHpI9Me2NxP+8ViQ7JTumfhhJ4uPJok7EoAzgKBzYppxgyQaKIMypuhXiHuIISxVhToVgTr88S+rFgnlSOL49ypcraRxZsAN2wQEwwSkogytQBTWAwSN4Bq/gTXvSXrR37WPSmtHSmW3wB9rnD+ZHm0k=</latexit>

| log2 F̄XEBM
|, N = 8

<latexit sha1_base64="pwhUybc7iU0Yi2pPEGpZZGQyziw="></latexit>

hlog2 F̄M i/N, �/q̄ = 1.5

<latexit sha1_base64="OmWkKFIc/gQN4jceKB+w0Jm4f+U="></latexit>

hlog2 F̄M i/N, �/q̄ = 0.1

<latexit sha1_base64="enCvj4TDm+gupKMefXlzpxcEW/M="></latexit>

hlog2 F̄XEBM
i/N, � = 0.1

<latexit sha1_base64="CTfCb/9rZBtZX7CBtiH2uLJhyqk="></latexit>

hlog2 F̄XEBM
i/N, � = 1.5

FIG. 4. Dynamics of fidelity benchmarks above and
below threshold: (a) Disorder-averaged mean value of
the logarithm of the circuit averaged mitigated fidelity
−⟨log F̄M ⟩/N and cross-entropy benchmarking mitigated fi-
delity −⟨logFXEBM ⟩/N above and below the error mitigation
threshold in the all-to-all model. (b) Dynamics of the stan-
dard deviation over the noise of the log-circuit-averaged miti-
gated fidelities below threshold showing the improved scaling
of the typical log-fidelity as ±O(

√
Nd). In both plots, we took

a pure product initial state with noise parameters q̄ = 0.1 and
p = 0.9.

nential improvement in a mitigated verison of the lin-
ear cross-entropy benchmark below the error mitigation
threshold.
The task of sampling from the output distribution of

a noiseless random circuit is widely conjectured to be in-
tractable with classical computers54–57. This conjecture
forms the basis for claims of achievement of quantum
computational advantage in recent experiments58–60.
The experimental claims remain controversial, however,
partly because of the effects of noise on the output
that render the signal classically simulatable at high
depth61–63. To provide evidence that the output signal
still remains close to the ideal case, one can estimate
fidelity benchmarks using the samples from the experi-
ment. Verifying the claim of computational advantage
in the case of noisy circuits then reduces to the task of
achieving a sufficiently high “score” on the benchmark64.
Recall that the linear XEB is given by the formula54,58

FXEB = 2n
∑
x

pn(x)p0(x)− 1, (9)

where p0(x) = |⟨x|Ud · · ·U1|0⟩|2 is the probability of mea-
suring outcome x for the noiseless circuit of depth d and
pn(x) = ⟨x|Ed ◦ Ud ◦ · · · E1 ◦ U1(|0⟩⟨0|)|x⟩ is the analogous
probability for the noisy circuit.
We now introduce the mitigated linear XEB, which is

instead given by the formula

FXEBM
= 2n

∑
x

pn(x)pa(x)− 1, (10)

where pa(x) = ⟨x|A ◦ Ud ◦ · · · A ◦ U1(|0⟩⟨0|)|x⟩ is a quasi-
probability for the circuit with antinoise inserted in place
of noise. The quantity pa(x) can be computed on a clas-
sical computer, which leads to a sampling formula for
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FXEBM
using M samples xi obtained from pn(x)

FXEBM
=

2n

M

M∑
i=1

pa(xi)− 1. (11)

This formula illustrates that the mitigated fidelity can be
obtained without directly implementing PEC except in
purely classical post-processing. After circuit averaging,
one can quickly show that for depolarizing noise and its
antinoise partner, the mitigated fidelity is equivalent to
the formula

F̄XEBM
= 2nEU

∑
x

p0(x)pan(x)− 1, (12)

where pan(x) = ⟨x|A ◦ Ed ◦ Ud ◦ · · · A ◦ E1 ◦ U1(|0⟩⟨0|)|x⟩
implements the antinoise on the same copy as the noise.
This identity follows because the noise and antinoise on
one copy have the identical effect on the I and S opera-
tors after averaging over circuits. From this expression,
we see that, in the case of perfect mitigation, F̄XEBM

reduces to its ideal value.
We can also define a mitigated fidelity that takes the

form

FM = tr[A ◦ Ud ◦ · · · ◦ A ◦ U1(|0⟩⟨0|)
× Ed ◦ Ud ◦ · · · ◦ E1 ◦ U1(|0⟩⟨0|)].

In the case where Ei = A−1 for every i, we can see that
FM = 1.
In Fig. 4], we show that the log-fidelity at low noise

rates and d grows as O(Nd), whereas using error mit-

igation this scaling can be improved to O(
√
Nd), rep-

resenting an exponential improvement in the score that
brings it closer to the O(d) scaling of the log-total varia-
tion distance48. Moreover, as explained above, the cross-
entropy benchmark fidelity can be mitigated entirely in
classical post-processing. As a result, the mitigated XEB
fidelity can be estimated with existing experimental data
from random circuit sampling experiments.

IX. CONCLUSIONS

In this work, we showed how imperfect noise charac-
terization in the presence of random spacetime fluctu-
ations in the noise parameters can lead to thresholds
in the robustness of error mitigation. We established
the absence of a robust phase rigorously in the case
of one-dimensional noisy random quantum circuits with
quenched spatial disorder. For higher dimensional sys-
tems, we presented analytic and numerical evidence that
the below threshold phase persists for weak disorder and
short enough times. To further support our arguments,
we presented a mean-field theory where the phase tran-
sition manifests in an instability of the mitigated den-
sity matrix to unphysical states. Overall, our numerical
and analytical results are consistent with the conjectured

phase diagram in Fig. 1(b), but further work remains to
fully validate the depth-dependence of the phase bound-
ary due to finite-size effects in the numerics.

To connect our results to practical considerations in
the implementation of error mitigation, it is important to
more carefully analyze the sample complexity required to
see our predicted effects on realistic systems. The over-
head of error mitigation can lead to an exponential sam-
pling cost in the worst case29,31–33, although in near-term
devices the added cost can be reasonably overcome on
relevant system sizes65. One of the most promising tech-
niques for PEC is to use tensor-network based approaches
where the error mitigation can be done entirely in post-
processing without the need to run additional circuits30.
This approach to error mitigation is particularly well-
suited to analog quantum simulation platforms and the
exploration of the threshold effects reported here. We
leave a more detailed analysis of practical implementa-
tions of our proposal for future work.

The phase transition we discuss only emerges pre-
cisely in the thermodynamic limit of large N . In this
case, a natural concern is that the exponential cost of
error mitigation for circuits with depth greater than
log logN would make the phase transition studied here
unphysical31–33. However, in more than two dimensions,
this phase transition also arises in constant depth cir-
cuits, as we showed directly in the case of Brownian cir-
cuits. In that case, the phase transition manifests as the
emergence of an instability of the mitigated density ma-
trix to unphysical states at large disorder.

An important application of our results is to improved
benchmarking and verification of random circuit sam-
pling in noisy devices54,55,58–60,66. In Sec. VIII, we
demonstrated an exponential improvement in a mitigated
version of the so-called “linear cross-entropy” fidelity be-
low the error mitigation threshold. Notably, this miti-
gated benchmark can be computed using existing exper-
imental data. The below threshold behavior may have
important consequences for proofs of quantum compu-
tational advantage in noisy circuits48,62,64, potentially
motivating the inclusion of error mitigation in complex-
ity theoretic arguments. Moreover, the exponential im-
provement in the fidelity score for D ≥ 2 might indicate
a method to foil “spoofing” algorithms that have been
developed for unmitigated fidelity benchmarks in noisy
random circuits49.

These results also have implications for measurement-
induced phase transitions in hybrid random
circuits34,35,52,53. Such models are not fault-tolerant
because circuit-level depolarizing noise drives the system
to a short-range correlated mixed state (it acts as
a symmetry breaking field in the replica theory45).
The addition of the antinoise terms considered here
can restore the symmetries of the model on average,
potentially allowing for a stable ordered phase.

More broadly, the existence of error mitigation thresh-
olds has important implications for near-term quantum
simulation and quantum computing. An error mitiga-
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tion threshold qualitatively similar to the one studied in
this work should arise for any chaotic quantum dynamics
including Hamiltonian evolution with sufficiently strong
interactions relative to the dissipation.
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Appendix A: Mean-Field Theory in Brownian
Circuits

Here, we develop a mean-field theory for the error mit-
igation threshold in the noisy-mitigated Brownian circuit
model.

The unitary dynamics in the Brownian quantum cir-
cuit model is described by a stochastic Hamiltonian

H(t) =
∑

i<j,µ,ν

Jijµν(t)σ
µ
i σ

ν
j , (A1)

where σµ
i are Pauli operators µ ∈ {X,Y, Z} for site i of

N qubits and Jijµν(t) is a white-noise correlated coupling
with variance42,43

⟨Jijµν(t)Jkℓγδ(t′)⟩ =
J

2N
δikδjℓδµγδνδδ(t− t′). (A2)

The noise and antinoise are treated using a Lindblad mas-
ter equation

ρ̇ = −i[H(t), ρ]+
∑
i

γi − γa
4

(
−3ρ+

∑
µ

σµ
i ρσ

µ
i

)
, (A3)

where γi is the local random noise rate and γa is the
antinoise rate.

To analyze the dynamics we derive an effective master
equation that describes the replicated system

Mk(ρ) = E[U⊗kρU†⊗k], (A4)

where U = T e−i
∫ t
0
dt′H(t′) is the time evolution operator

under the Hamiltonian. Expanding to second order in
an infinitesimal time-step and regrouping terms appro-
priately, we arrive at the equation Mk(ρ) = eLkt for a

Lindbladian Lk given by

Lk(ρ) =
J

2N

∑
i̸=j,µ,ν,r,s

σµ
irσ

ν
jrρσ

µ
isσ

ν
js−

1

2
{σµ

irσ
µ
isσ

ν
jrσ

ν
js, ρ},

(A5)
where r and s are replica indices that run over 1, . . . , k.
Thus, we arrive at a master equation describing the av-
erage dynamics of the replicated density matrices

ρ̇ = Lk(ρ) +
∑
i

γi − γa
4

(
− 3kρ+

∑
r,µ

σµ
irρσ

µ
ir

)
. (A6)

To develop the mean field theory, we study the two-
replica problem k = 2. Similar to a Haar random cir-
cuit, the Lindbladian L2 has two steady states I⊗N and
S⊗N . As our mean-field ansatz, we therefore use a prod-

uct state of the form ρ =
⊗N

i=1 ρi. A further simplifica-
tion arises from the nature of the dynamics that has an
effective SU(2) symmetry in the average-replica dynam-
ics. As a result, we can express

ρi = (1/4 + δi)|s⟩⟨s|+ (1/4− δi/3)PT , (A7)

where δi is the deviation from an infinite temperature
state, |s⟩ is a two-qubit singlet state across the two repli-
cas, and PT is the projector onto the two-qubit triplet
subspace of the two replicas.
The mean-field equations for δi obtained by inserting

our mean field ansatz for ρ into the master equation take
the form

δ̇i = −4
[
∆i +

J

N

∑
j ̸=i

(3 + 4δj)
]
δi, (A8)

where ∆i = γi − γa. This equation has the two steady-
state solutions δi = 0 and δi = −3/4, corresponding to
the I⊗N and S⊗N solutions, respectively. In the case of
binary disorder, we define two populations of sites A1/2

such that ∆i = γ1/2 − γa, respectively, for i ∈ A1/2. We
have the zero-mean field condition p∆1 + (1− p)∆2 = 0.

Defining G± = 1
N

(∑
i∈A2

δi ±
∑

i∈A1
δi

)
, we arrive at

simple closed set of equations in the large-N limit

Ġ+ = −4J(3 + 4G+)G+ +
4|∆1|

2(1− p)
[G− − (2p− 1)G+],

Ġ− = −4J(3 + 4G+)G− +
4|∆1|

2(1− p)
[G+ − (2p− 1)G−].

Setting p = 1/2, these equations reduce to the particu-
larly simple form

Ġ+ = −4J(3 + 4G+)G+ + 4|∆1|G−, (A9)

Ġ− = −4J(3 + 4G+)G− + 4|∆1|G+, (A10)

For general p, the steady state solutions obtained by set-
ting Ġ± = 0 areG+ = 0,−(3−|∆1|/J)/4,−(3+∆2/J)/4.
Performing a linear stability analysis around these fixed
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points, the all identity solution G+ = G− = 0 only be-
comes an unstable fixed point for |∆1|/J ≥ 3, whereas
it remains stable for weaker disorder. As a result, the
phase transition in the mean-field theory occurs at the
disorder strength |∆1| = 3J . Beyond this value of dis-
order, the mean-field steady-state solution flows to an
unphysical state; however, for weaker disorder, the phys-
ical mean-field solution remains stable.

Appendix B: Statistical Mechanics Mapping
Formalism

Here, we review the statistical mechanics for the model
with noise and antinoise, generalizing the mappings stud-
ied in Ref.38,44–47. In this paper, we focus our attention
to calculating second-moment quantities of a quantum
state, which includes measures like fidelity, collision prob-
ability, and linear cross entropy. The circuit-averaged
calculations of such quantities lends itself to a statistical
mechanical mapping to an Ising spin model.

Consider a second moment measure M , averaged over
circuits from ensemble U . For a state a state ρC of di-
mension 22n × 22n, generated using a circuit C from an
ensemble U , a circuit-averaged second moment measure
M for can be written as a two-copy expectation of a lin-
ear operator OM of dimension 24n × 24n.

EC∈U [M [ρC ]] = EC∈U [tr (OMρC ⊗ ρC)]

= tr (OMEC∈U [ρC ⊗ ρC ]) (B1)

The circuit-averaged two-copy state EC∈U [ρC ⊗ ρC ],
therefore, enables us to calculated second-moment mea-
sures.

We consider circuit models that can be decomposed
into a series of elementary two-qubit gates (noisy or noise-
less), each drawn independently from the two-qubit Haar
ensemble U2. The action of the circuit map on two-copies
of an initial input state is, thus, given by

ρ⊗2
C = Cs ◦ Cs−1 ◦ · · · ◦ C1[ρ0 ⊗ ρ0], (B2)

where the elementary single-qubit or two-qubit channels
are indexed using integers [1, s]. For noiseless gates,

Ci[ρ0 ⊗ ρ0] = (Ci ⊗ Ci)ρ(C
†
i ⊗ C†

i ). We can model a
noisy circuit by adding error channel E after each noise-
less gate:

ρ⊗2
C = Es ◦Cs−1 ◦ Es−1Cs−1 ◦ · · · ◦ E1 ◦C1[ρ0 ⊗ ρ0]. (B3)

In general, the error channel may act on any set of qubits.
For our purposes, we assume that the error channel Ei
acts on the qubit or the pair of qubits acted on by the
noiseless gate Ci. Since we draw each gate from the
random one-qubit or two-qubit Haar ensemble, we can
replace the noiseless maps Ci[ρ] with the gate-averaged
map Ci[σ] = EC∈U1/2

C[σ],

EC∈U [ρC⊗ρC ] = Es◦Cs−1◦Es−1Cs−1◦· · ·◦E1◦C1[ρ0⊗ρ0].
(B4)

The action of a random single-qubit gate C, on a state
residing in the two-copy Hilbert space is given by

C
(1)

[σ] =
tr((1− S/2)σ)

3
I +

tr((S − 1/2)σ)

3
S, (B5)

where I and S are the 4× 4 identity matrix and SWAP
matrices, respectively. Similarly, the action of a random
two-qubit gate on two copies of a qubit-pair is given by

C
(2)

[σ] =
tr((1− SS/4)σ)

15
II +

tr((SS − 1/4)σ)

15
SS,

(B6)
where we use the shorthand SS = S⊗S and II = I ⊗ I.
If two copies of a quantum state can be represented by a
string of ρ⊗2 ∈ {I, S}n, a single-qubit gate acts on qubit
k by modifying the jth bit of the I − S string using the
transition rules

I → I S → S, (B7)

while leaving the rest of the bits in the string unchanged.
Similarly, a two-qubit gate acting on qubits j and k mod-
ifies the jth and kth bits according to the transition rules:

II → II IS, SI → 2

5
(II+SS) SS. → SS. (B8)

A noiseless random circuit, therefore, can be represented
as a linear operator acting on the reduced space spanned
by basis elements in {I, S}n, with each noiseless single-
qubit gate given an identity map, and a two-qubit gate
given by the transition matrix

T [C
(2)

] =

1 2/5 2/5 0
0 0 0 0
0 0 0 0
0 2/5 2/5 1

 . (B9)

We can similarly, find the transition matrices corre-
sponding to the noise and antinoise channel. The single-
qubit depolarization channel with error rate q, given by
the following map

E(1)(ρ) = (1− q)ρ+ q tr(ρ)
1
2
, (B10)

acts on two copies of a qubit such that

E [I] = E [I2 ⊗ I2] = E(1)[I2]⊗ E(1)[I2] = I2 ⊗ I2 = I,
(B11)

where I2 is a 2× 2 identity matrix. Similarly,

E [S]
= (E(1) ⊗ E)[I2 ⊗ I2 +X ⊗X + Y ⊗ Y + Z ⊗ Z]/2

=
[
I2 ⊗ I2 + (1− q)2 (X ⊗X + Y ⊗ Y + Z ⊗ Z)

]
/2

=
[
(1− (1− q)2)/2I + (1− q)2S

]
where we have used the fact that S = (I2⊗ I2+X⊗X+
Y ⊗Y +Z⊗Z)/2. The transition matrix corresponding to
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a depolarizing noise, in the statistical mechanical picture
is given by,

T [Eq] =
(
1 (1− (1− q)2)/2
0 (1− q)2

)
(B12)

Likewise, the antinoise channel of strength qa, given by

A(1)(ρ) =
1

1− qa

(
ρ− qa tr(ρ)

1
2

)
, (B13)

acts on two-copies of a qubit such that

A[I] = (A(1) ⊗A(1))[I2 ⊗ I2] = I, and (B14)

A[S] =

[(
1− 1

(1− qa)2

)
I

2
+

1

(1− qa)2
S

]
, (B15)

giving a transition matrix

T [Aqa ] =

(
1

(
1− (1− qa)

−2
)
/2

0 (1− qa)
−2.

)
(B16)

Concatenating the transition matrix for the noise chan-
nel and the antinoise channel gives the transition matrix
for the composite channel. T [Aqa ◦ Eq] = T [Aqa ].T [Eq].
In our simulations, we start with an initial state drawn

from the Haar ensemble or a random product state. A
Haar random state is proportional to I⊗n + S⊗n in the
two-copy descrpition, while a random product state is
proportional to (I + S)⊗n. We can then use the sta-
tistical mechanical formalism discussed above to evolve
this state using the respective transition matrices for two-
qubit gates, noise and antinoise channels.

1 M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press,
New York, NY, USA, 2011), 10th ed.

2 D. Aharonov and M. Ben-Or, in Proceedings of the Twenty-
Ninth Annual ACM Symposium on Theory of Computing
- STOC ’97 (ACM Press, El Paso, Texas, United States,
1997), pp. 176–188.

3 E. Dennis, A. Kitaev, A. Landahl, and J. Preskill, Topo-
logical quantum memory, J. Math. Phys. 43, 4452 (2002).

4 D. Gottesman, An Introduction to Quantum Error Cor-
rection and Fault-Tolerant Quantum Computation (2009),
0904.2557.

5 L. Egan, D. M. Debroy, C. Noel, A. Risinger, D. Zhu,
D. Biswas, M. Newman, M. Li, K. R. Brown, M. Cetina,
et al., Fault-tolerant control of an error-corrected qubit, Na-
ture 598, 281 (2021).

6 S. Krinner, N. Lacroix, A. Remm, A. D. Paolo, E. Genois,
C. Leroux, C. Hellings, S. Lazar, F. Swiadek, J. Her-
rmann, et al., Realizing repeated quantum error correction
in a distance-three surface code, Nature 605, 669 (2022),
2112.03708.

7 R. Acharya, I. Aleiner, R. Allen, T. I. Andersen, M. Ans-
mann, F. Arute, K. Arya, A. Asfaw, J. Atalaya, R. Bab-
bush, et al., Suppressing quantum errors by scaling a sur-
face code logical qubit, arXiv:2207.06431 (2022).

8 V. V. Sivak, A. Eickbusch, B. Royer, S. Singh, I. Tsiout-
sios, S. Ganjam, A. Miano, B. L. Brock, A. Z. Ding,
L. Frunzio, et al., Real-time quantum error correction be-
yond break-even, arXiv (2022).

9 S. McArdle, S. Endo, A. Aspuru-Guzik, S. C. Benjamin,
and X. Yuan, Quantum computational chemistry, Rev.
Mod. Phys. 92, 015003 (2020).

10 Z. Cai, R. Babbush, S. C. Benjamin, S. Endo, W. J. Hug-
gins, Y. Li, J. R. McClean, and T. E. O’Brien, Quantum
error mitigation (2022), 2210.00921.

11 K. Temme, S. Bravyi, and J. M. Gambetta, Error miti-

gation for short-depth quantum circuits, Phys. Rev. Lett.
119, 180509 (2017).

12 Y. Li and S. C. Benjamin, Efficient variational quantum
simulator incorporating active error minimization, Phys.
Rev. X 7, 021050 (2017).

13 Y. Kim, C. J. Wood, T. J. Yoder, S. T. Merkel, J. M. Gam-
betta, K. Temme, and A. Kandala, Scalable error mitiga-
tion for noisy quantum circuits produces competitive expec-
tation values, Nature Phys. (2023).

14 J. R. McClean, M. E. Kimchi-Schwartz, J. Carter, and
W. A. de Jong, Hybrid quantum-classical hierarchy for mit-
igation of decoherence and determination of excited states,
Phys. Rev. A 95, 042308 (2017).

15 X. Bonet-Monroig, R. Sagastizabal, M. Singh, and T. E.
O’Brien, Low-cost error mitigation by symmetry verifica-
tion, Phys. Rev. A 98, 062339 (2018).

16 S. McArdle, X. Yuan, and S. Benjamin, Error-mitigated
digital quantum simulation, Phys. Rev. Lett. 122, 180501
(2019).

17 J. Cotler, S. Choi, A. Lukin, H. Gharibyan, T. Grover,
M. E. Tai, M. Rispoli, R. Schittko, P. M. Preiss, A. M.
Kaufman, et al., Quantum virtual cooling, Phys. Rev. X 9,
031013 (2019).

18 W. J. Huggins, S. McArdle, T. E. O’Brien, J. Lee, N. C.
Rubin, S. Boixo, K. B. Whaley, R. Babbush, and J. R.
McClean, Virtual distillation for quantum error mitigation,
Phys. Rev. X 11, 041036 (2021).

19 B. Koczor, Exponential error suppression for near-term
quantum devices, Phys. Rev. X 11, 031057 (2021).

20 P. Czarnik, A. Arrasmith, P. J. Coles, and L. Cincio, Error
mitigation with Clifford quantum-circuit data, Quantum 5,
592 (2021).

21 A. Strikis, D. Qin, Y. Chen, S. C. Benjamin, and Y. Li,
Learning-based quantum error mitigation, PRX Quantum
2, 040330 (2021).



11

22 J. Emerson, R. Alicki, and K. Życzkowski, Scalable noise
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