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I. BACKGROUND ON QUANTUM COUNTERDIABATIC DRIVING

In this section, we give a more detailed introduction on quantum counterdiabatic driving and its relation to quantum
geometry of eigenstates of the Hamiltonian.

A. Approximate adiabatic gauge potential from least action principle

We start by presenting the details of finding optimal approximate adiabatic gauge potential from the least action
principle [1–3].

Consider a non-singular Hamiltonian H(λ) parameterized by continuous parameter λ (here λ could also be a vector
containing parameters (α,β,γ, ...)) with eigenstates denoted by |n(λ)⟩. If the varying of parameter λ is infinitely slow
(adiabatic limit), the states |n(λ)⟩ are connected by a particular adiabatic unitary transformation and the associated
gauge potential Aλ is known as adiabatic gauge potential (AGP). Therefore, the AGP is known as the generator of
adiabatic deformations between quantum eigenstates. It’s diagonal part is indeed the Berry connection. That is, for
eigenstate |n(λ)⟩ we have

An
λ = i ⟨n(λ)| ∂λ |n(λ)⟩ . (S1)

As presented in the manuscript, the AGP connects different eigenstates with energy ϵ via

⟨m|Aλ |n⟩ = i ⟨m|∂λn⟩ = −i ⟨m| ∂λH |n⟩
ϵm − ϵn

. (S2)

In the matrix form, the above relations lead to

i∂λH = [Aλ, H]− iMλ, (S3)

where the diagonal operator Mλ = −
∑

n
∂En(λ)

∂λ |n(λ)⟩ ⟨n(λ)| is the generalized force operator.
We now can see that the Hermitian operator Gλ(O) = ∂λH + i[O,H] parameterized by operator O is indeed −Mλ

when the operator O is the exact AGP Aλ. Therefore, in order to find the optimal term O that approximates the Aλ,
we aim to minimize the Frobenius norm of the operator distance

D2(O) = Tr
(
(Gλ +Mλ)

2
)
= Tr

(
G2

λ

)
+Tr

(
M2

λ

)
+ 2Tr(GλMλ) = Tr

(
G2

λ

)
− Tr

(
M2

λ

)
. (S4)

As Mλ does not depend on O, we see that the action to be minimized is

S = Tr
(
Gλ(O)2

)
, (S5)

as mentioned in the main text. We have used this least action principle to find the optimal control for LCD driving.

B. AGP and quantum geometry

The adiabatic gauge potential, by definition, characterizes the adiabatic deformations between quantum eigenstates.
If we consider adiabatic evolution ofH(λ) with the ground state |n0(λ)⟩, the distance between two nearby states |n0(λ)⟩
and |n0(λ+ dλ)⟩ with an infinitesimal dλ is given by the Frobenius norm of the AGP operator. More specifically, the
distance is given by

ds2 = 1− | ⟨n0(λ)|n0(λ+ dλ)⟩ |2 = dλαχαβdλβ +O(|dλ3|), (S6)

where χαβ = ⟨∂αn0| (I − |n0⟩ ⟨n0|)) |∂βn0⟩ ≡ gαβ + iFαβ/2 is known as the quantum geometric tensor (QGT) for the
ground state |n0(λ)⟩. The real part of QGT gαβ is the Fubini-Study metric tensor that characterizes the distance
between the nearby states and is given by

gαβ = Re ⟨n0|Aλα
Aλβ

|n0⟩ . (S7)

The Berry curvature Fαβ in the imaginary part of QFT is given by the derivatives of the Berry connections (diagonal
part of AGP, as in Eq. S1):

Fαβ = i ⟨n0| [Aλα
, Aλβ

] |n0⟩ . (S8)

We remark that the distance ds2 above is indeed the probability that the system jumps to excited states when the
system parameter is suddenly changed from λ to λ + dλ. When the Frobenius norm of the AGP operator is small,
indicating negligible distance between nearby states |n0(λ)⟩ and |n0(λ+ dλ)⟩, the system predominantly remains in
its ground state |n0⟩ following the abrupt change in λ. Consequently, diabatic transition terms are typically minor,
necessitating only minimal amplitude for counterdiabatic driving terms.
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II. TRANSVERSE-FIELD ISING MODEL

In this section, we discuss the background on the transverse-field Ising model (TFIM) with finite L including the
choices of boundary conditions and its exact solutions [4, 5]. The major difference between our discussion and the
standard derivation from literature is that we consider the general choice of boundary condition including periodic
boundary conditions (PBCs) and anti-periodic boundary conditions (ABCs). We give arguments why it is a more
natural choice to use the PBCs for even L and ABCs for odd L and consider them as similar classes of problems.
The behaviors of the driving protocols in our study of main text would also be more consistent when following these
boundary conditions. While many of the results shown below on TFIM can be found in previous literature, we present
the discussions on boundary conditions and ground states for the convenience of readers.

In the context of deriving the exact solutions, for convenience of discussion, literature often uses a basis different

from our convention of the x, y, z directions by a rotation in the spin space σy: σ̃x
j ≡ e−iπ

4 σy
j σx

j e
iπ
4 σy

j = −σz
j ,

σ̃z
j ≡ e−iπ

4 σy
j σz

j e
iπ
4 σy

j = σx
j , σ̃

y
j ≡ e−iπ

4 σy
j σy

j e
iπ
4 σy

j = σy
j where σ̃ is for the notation used in this section, and σ is for

the notation used in our models. The 1D transverse-field Ising model on a ring takes the form

H =

L∑
j=1

(
Jσz

jσ
z
j+1 + hσx

j

)
=

L∑
j=1

(
Jσ̃x

j σ̃
x
j+1 − hσ̃z

j

)
. (S9)

The spin operators at site 1 and L + 1 are identified up to a relative phase, and we consider a general boundary
condition for the Pauli operators

σ̃α
L+1 = eiθα σ̃α

1 , (S10)

with α = x, y, z. The condition for compatible commutation relations of Pauli operators
[
σ̃α
j , σ̃

β
j

]
= 2iϵαβγ σ̃

γ
j for

both j = 1 and j = L+ 1 is

θx ∈ πZ, θy ∈ πZ, θz ∈ πZ, θx + θy + θz ∈ 2πZ. (S11)

Thus, the boundary conditions need to satisfy

σ̃α
L+1 = (−1)

aα σ̃α
1 (S12)

with aα ∈ {0, 1} and ax + ay + az ≡ 0 (mod 2).
The general procedure to obtain the exact solutions of the 1D TFIM is first mapping the Pauli operators to the hard-

core boson operators, and then using the Jordan-Wigner transformation to transform hard-core bosons to spinless
fermions. In the end, the fermion Hamitonian is similar to the Bardeen-Cooper-Schrieffer (BCS) theory in 1d, and a
Bogoliubov transformation can diagonalize the Hamiltonian which gives the exact solution of the energy eigenstates.

The mapping from Pauli operators and hard-core bosonic operators is

σ̃x
j = b†j + bj , σ̃y

j = −i
(
b†j − bj

)
, σ̃z

j = 2b†jbj − 1. (S13)

and the Jordan-Wigner transformation is

bj = e
iπ

∑j−1

j′=1
nj′ c′j , b†j = e

iπ
∑j−1

j′=1
nj′ c†j . (S14)

Therefore, the mapping between the Pauli operators and spinless fermionic operators is

σ̃x
j = e

iπ
∑j−1

j′=1
nj′
(
cj + c†j

)
, σ̃y

j = −ieiπ
∑j−1

j′=1
nj′
(
c†j − cj

)
, σ̃z

j = 2nj − 1. (S15)

where nj = c†jcj = b†jbj is the particle number operator at site j.
Thus, the boundary condition for hard-core boson operators can be derived from the Pauli operators as

bL+1 = (−1)
a
b1, b†L+1 = (−1)

a
b†1 (S16)

with the requirement az = 0 and ax = ay for compatible mapping rules Eq. S13 at j = 1 and j = L + 1. We
define a := ax = ay ∈ {0, 1}, as the only parameter in the boundary condition. a = 0 corresponds to the periodic
boundary condition (PBC) of hard-core bosons, and a = 1 corresponds to the anti-periodic boundary condition (ABC)
of hard-core bosons.
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Eq. (S14) at j = L+ 1 is

bL+1 = (−1)
NF cL+1, b†L+1 = (−1)

NF c†L+1, (S17)

where NF :=
∑

j nj is the total number of fermions (or hard-core bosons, equivalently). Therefore, the boundary
condition for the fermion operators is

cL+1 = (−1)
NF+a

c1, c
†
L+1 = (−1)

NF+a
c†1, (S18)

where we emphasize that NF is an operator, and a ∈ {0, 1} is an integer number. The boundary conditions for the
Pauli operators in Eq. S12 are not the same as the fermions in Eq. S18. We further note that the fermion parity
operator P = (−1)NF commutes with the TFIM Hamiltonian and thus is a symmetry of the system. The even-NF

and odd-NF sectors of the Hilbert space do not interact with each other. In the language of Pauli matrices, the parity

operator is P = exp
(
iπ
∑

j(σ̃
z
j + 1)/2

)
= ⊗j(−σ̃z

j ) = ⊗j(−σx
j ). As a remark, the effect of the LU transformation

LU(θ) = Rx(θ)
⊗L = R̃z(θ)

⊗L = exp
(
−i θ2

∑
j σ̃

z
j

)
= exp(iLθ/2) exp(−iθNF ) on any state is equivalent to unitarily

transforming fermion operators as c†j 7→ eiθc†j , cj 7→ e−iθcj . Note that LU(θ) commutes with P and at θ = π/4, we

have LU = Rx(π/4)
⊗L = exp(iπL/8)P 1/4.

In the momentum space, the Fourier transform for fermionic operators is

ck =
1√
L

L∑
j=1

e−ikjcj , c†k =
1√
L

L∑
j=1

eikjc†j . (S19)

The boundary condition of fermion operators in the position space requires eikL = (−1)
NF+a+1

and leads to

k ∈ 2π

L
Z if (−1)

NF+a+1
= 1,

k ∈ 2π

L

(
Z+

1

2

)
if (−1)

NF+a+1
= −1.

(S20)

To discuss the different cases of TFIM, we consider the triplet (L,NF , a), similar to the notation used in Ref. [5],
but we have an extra parameter a for the general consideration of boundary conditions. We only consider the parities
in (L,NF , a) instead of their values. We use the notation E/e and O/o for even and odd. L and a define the system.
NF is an operator, but since the fermion parity is a symmetry, it can be used to label the independent sectors. For
fixed (L,NF , a), the possible values of k are given by Eq. S20, and we denote the corresponding set of k-values as
K(L,NF ,a).
The last step of exactly solving the TFIM is the Bogoliubov transformation

ηk = ukck − ivkc
†
−k, η†k = ukc

†
k + ivkc−k (S21)

where

u2k =
1

2

(
1 +

J cos k + h

ω(k)

)
, v2k =

1

2

(
1− J cos k + h

ω(k)

)
, 2ukvk =

J sin k

ω(k)
, (S22)

and the quasi-particle energy

ω(k) =

√
(J cos k + h)

2
+ (J sin k)

2
. (S23)

The BCS-like state ∣∣∣BCS(L,NF ,a)
〉
:=

∏
k∈K(L,NF ,a)

0<k<π

(
uk + ivkc

†
kc

†
−k

)
˜|↓⟩

⊗L
(S24)

is close to the ground state of the TFIM, where ˜|↓⟩ satisfies σ̃z ˜|↓⟩ = − ˜|↓⟩. The exact ground states depend on
(L,NF , a) and may differ from the BCS-like state. We list the ground states with all possible triplets (L,NF , a), their
energies, and the limit under the h/J → 0 limit when J > 0:∣∣∣E(E,o,0)

0

〉
= c†π

∣∣∣BCS(E,o,0)
〉
, E

(E,o,0)
0 = |J + h| − (J − h)−

∑
k∈K(E,o,0)

ω(k)

J>0
h/J→0
== −LJ (S25)
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∣∣∣E(E,e,0)
0

〉
=
∣∣∣BCS(E,e,0)

〉
, E

(E,e,0)
0 = −

∑
k∈K(E,e,0)

ω(k)

J>0
h/J→0
== −LJ (S26)

∣∣∣E(O,o,0)
0

〉
= c†0

∣∣∣BCS(E,o,0)
〉
, E

(O,o,0)
0 = |J − h|+ (J − h)−

∑
k∈K(O,o,0)

ω(k)

J>0
h/J→0
== −(L− 2)J (S27)

∣∣∣E(O,e,0)
0

〉
= η†

k
(O,e,0)
∗

c†π

∣∣∣BCS(O,e,0)
〉
, E

(O,e,0)
0 = 2ω

(
k
(O,e,0)
∗

)
−

∑
k∈K(O,e,0)

ω(k)

J>0
h/J→0
== −(L− 2)J (S28)

∣∣∣E(E,o,1)
0

〉
= η†

k
(E,o,1)
∗

∣∣∣BCS(E,o,1)
〉
, E

(E,o,1)
0 = 2ω

(
k
(E,o,1)
∗

)
−

∑
k∈K(E,o,1)

ω(k)

J>0
h/J→0
== −(L− 2)J (S29)

∣∣∣E(E,e,1)
0

〉
= c†0c

†
π

∣∣∣BCS(E,e,1)
〉
, E

(E,e,1)
0 = −(J + h) + (J − h) + |J + h|+ |J − h| −

∑
k∈K(E,e,1)

ω(k)

J>0
h/J→0
== −(L− 2)J

(S30)∣∣∣E(O,o,1)
0

〉
= c†π

∣∣∣BCS(O,o,1)
〉
, E

(O,o,1)
0 = |J − h| − (J − h)−

∑
k∈K(O,o,1)

ω(k)

J>0
h/J→0
== −LJ (S31)

∣∣∣E(O,e,1)
0

〉
=
∣∣∣BCS(O,e,1)

〉
, E

(O,e,1)
0 = |J + h| − (J + h)−

∑
k∈K(O,e,1)

ω(k)

J>0
h/J→0
== −LJ (S32)

where k
(L,NF ,a)
∗ = argmink∈K(L,NF ,a),0<k<π ω(k), so for J > 0, e.g., k

(O,e,0)
∗ = π/L if h < 0 and k

(O,e,0)
∗ = (L− 2)π/L

if h > 0.
From the exact solutions above, we can see why a = 0 for even L and a = 1 for odd L are more natural choices.

Such choices would consistently yield −LJ as the ground state energy in the h/J → 0 limit when J > 0. With the
choices of a above, for both even L and odd L, the ground state in the even-NF sector is the BCS-like state, and in
the odd-NF sector is the BCS-like state with an extra k = π excitation.
Furthermore, the even-NF sector and the odd-NF sector are both present in the same Hamiltonian, and the true

ground state is given by the sector with a lower ground state energy. With h > 0, we can find that

E
(E,o,0)
0 − E

(E,e,0)
0 = 2h−

∑
k∈K(E,o,0)

ω(k) +
∑

k∈K(E,e,0)

ω(k) > 0, (S33)

E
(O,o,1)
0 − E

(O,e,1)
0 ≥ −

∑
k∈K(O,o,1)

ω(k) +
∑

k∈K(O,e,1)

ω(k) > 0. (S34)

Therefore, the even-NF sector (BCS-like ground states) have lower energies than the odd-NF sector. In other words,
with our choice of boundary conditions for the Pauli operators (PBC for even L and ABC for odd L) and positive J
and h, the ground state in the fermion representation is the BCS-like state which is physically natural.
It is also useful to give the position-space solutions in the small-h/J limit when J > 0, h > 0. With the single-qubit

eigenstates of σ̃x being ˜|±⟩ = ( ˜|↑⟩± ˜|↓⟩)/
√
2, the almost degenerate ground states in even-NF and odd-NF sectors are∣∣∣E(L,e,0)

0

〉
=
(∣∣+̃−̃+̃−̃ · · ·

〉
+ (−1)L

∣∣−̃+̃−̃+̃ · · ·
〉)
/
√
2 =

(
|↓↑↓↑ · · ·⟩+ (−1)L |↑↓↑↓ · · ·⟩

)
/
√
2, (S35)

∣∣∣E(L,o,0)
0

〉
=
(∣∣+̃−̃+̃−̃ · · ·

〉
− (−1)L

∣∣−̃+̃−̃+̃ · · ·
〉)
/
√
2 =

(
|↓↑↓↑ · · ·⟩ − (−1)L |↑↓↑↓ · · ·⟩

)
/
√
2, (S36)

where the states with˜are in the eigenbasis of σ̃α used for the discussion in this section, and the states without˜are
in the eigenbasis of σα in the original form of TFIM. The energy difference between the ground state and the first

excited state, when even-NF and odd-NF sectors are considered in the same Hamiltonian, is ∆E = E
(L,o,0)
0 −E(L,e,0)

0 ∼
(h/J)L.
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III. THEORETICAL ANALYSIS OF LCD PARAMETER λf FOR TFIM

For the adiabatic or counterdiabatic driving in our case, as the dynamical process with a time-dependent Hamil-
tonian is not exactly solvable at the general time 0 < t < τ , the exact analytic forms of state evolution cannot be
obtained. In this section, for the choice of the LCD parameter λf for TFIM, we provide theoretical analysis and
intuition without exactly solving the dynamics.

For an arbitrary time-dependent unitary operator U(t), the moving-frame transformation is

˜|ψ⟩ = U† |ψ⟩ (S37)

Then the Schrödinger equation becomes

i∂t ˜|ψ⟩ = iU†∂t |ψ⟩+ i
(
∂tU

†) |ψ⟩ = (U†HU + i
(
∂tU

†)U) ˜|ψ⟩ (S38)

Therefore, the moving frame Hamiltonian

H̃m = U†HU + i
(
∂tU

†)U. (S39)

The unitary transformation does not have to diagonalize the instantaneous Hamiltonian H.
With the Ising model, we consider the Y -rotation Uy(t) = ⊗L

i=1Ry(θ(t)) = e−iθy(t)
∑

i σ
y
i /2 where θy(t) =

2λf
∫ t

0
dt′ λ̇(t′)α(t′). Then in this rotating frame, the σy-terms can be cancelled exactly, resulting in the follow-

ing effective Hamiltonian

H̃LCD(t)

=Uy(t)
†HLCD(t)Uy(t) + i

(
∂tUy(t)

†)U(t)

= [hx(t) cos θy(t)− hz(t) sin θy(t)]
∑
i

σx
i + [hz(t) cos θy(t) + hx(t) sin θy(t)]

∑
i

σz
i

+ J(t)
∑
i

(σz
i cos θy(t)− σx

i sin θy(t))⊗
(
σz
i+1 cos θy(t)− σx

i+1 sin θy(t)
)
.

(S40)

As it is equivalent to work in the rotating frame physically, the transition amplitude to the target ground state
(also transformed into the rotating frame) would be the same as that in the original frame

F ′(t)

= ⟨GS|T exp

(
−i
∫ t

0

dt′HLCD(t
′)

)
|ψ(0)⟩

=
〈
G̃S(λf )

∣∣∣T exp

(
−i
∫ t

0

dt′H̃LCD(t
′)

)∣∣∣ψ̃(0)〉 ,
(S41)

where T is the time-ordering operator. Since Uy(0) is the identity operator, we have
∣∣∣ψ̃(0)〉 = |ψ(0)⟩ = |1⟩⊗L

. The

target TFIM Hamiltonian in this Y -rotating frame is not the same as the original frame:

H̃(τ) = H̃LCD(τ)

=hxf cos θy(τ)
∑
i

σx
i + hxf sin θy(τ)

∑
i

σz
i

+ Jf
∑
i

(σz
i cos θy(τ)− σx

i sin θy(τ))
(
σz
i+1 cos θy(τ)− σx

i+1 sin θy(τ)
)
,

(S42)

which has a frequency in the λf -space

νλf
=

1

π

∫ τ

0

dt′ λ̇(t′)α(t′), (S43)

due to the λf -dependence of θy(τ). The ground state
∣∣∣G̃S(λf )

〉
in the rotating frame, as a function of λf , is not

the same as the one in the original frame |GS⟩ but is transformed by the unitary Uy(τ). From Eq. S41 and Eq. S42,
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the original LCD process is physically equivalent to the adiabatic process from the initial state to the λf -dependent∣∣∣G̃S(λf )
〉
.

The original TFIM Hamiltonian has a global symmetry ⊗i(−σx
i ) (i.e., the fermion parity) for any value of hxf ,

and its ground state has the even fermion parity (with quantum number +1). In the rotating frame, at t = τ ,

the symmetry operator becomes ⊗i(−σx
i cos θ(τ)− σz

i sin θ(τ)) and can be checked to commute with H̃(τ). When we
choose θ(τ) = π/2+2πn for n ∈ Z in the LCD protocol, the target symmetry operator is ⊗i(−σz

i ), and the initial state∣∣∣ψ̃(0)〉 = |1⟩⊗L
is parity-even with this symmetry. In other words, the initial state already has the same symmetry

as
∣∣∣G̃S(λf )

〉
and can intuitively arrive at

∣∣∣G̃S(λf )
〉
through the adiabatic process more easily. We note that during

the time evolution 0 < t < τ , the Hamiltonian H̃LCD(t) does not have the parity symmetry, and the argument above
only considers the similarity between the initial and final states in the rotating frame. As we mention in the main
text, in the limit of large λf , the rotating-frame time-dependent Hamiltonian changes very rapidly, and the fidelity
starts to decay as shown in numerical simulations. We choose the λf by setting n = 0 and thus θ(τ) = π/2. This is
equivalent to our theoretical choice of λf,opt = 1/(4νλf

).
In the limit of large hxf , the TFIM in the original frame gets reduced to a decoupled Hamiltonian with only

hxf
∑

i σ
x
i , and its ground state is |−⟩⊗L

with σx |±⟩ = ± |±⟩. When the total evolution time τ is small, then the
X and Z rotations from the time evolution of the Hamiltonian are not significant, and the Y rotation from the LCD
driving term dominates. In this case, the total effect of the LCD-term alone is a uniform Y -rotation with angle π/2

that brings the initial state |1⟩⊗L
to |−⟩⊗L

.

IV. HIGH-ORDER APPROXIMATE GAUGE POTENTIAL AND LU

A. Expansion of the approximate gauge potentials

As is shown in Ref. [6], the exact gauge potential as an expansion

Aλ(λ) = lim
ϵ→0+

∫ ∞

0

dt e−ϵt
∞∑
j=0

(−it)j

j!
[H, [H, . . . [H︸ ︷︷ ︸

j

, ∂λH] · · · ]] (S44)

motivates the approximate potential to the l-th order as

A
(l)
λ = i

l∑
k=1

αk [H, [H, . . . [H︸ ︷︷ ︸
2k−1

, ∂λH]]]. (S45)

Here we consider the general form of the Hamiltonian in our procotol without counterdiabatic driving as

H(λ) =
∑
j

(
hxfλσ

x
j + Jfλσ

z
jσ

z
j+1 + hzi(1− λ)σz

j

)
, (S46)

and thus

∂λH(λ) =
∑
j

(
hxfσ

x
j + Jfσ

z
jσ

z
j+1 − hziσ

z
j

)
. (S47)

The first-order commutator corresponding to k = 1 is

[H, ∂λH] = 2ihxfhzi
∑
j

σy
j , (S48)

which is the form of the applied local CD driving in main text. The second-order commutator is not present in Aλ:

[H, [H, ∂λH]] = −4hxfhzi
∑
j

(
hxfλσ

z
j − Jfλ

(
σx
j σ

z
j+1 + σz

jσ
x
j+1

)
− hzi(1− λ)σx

j

)
. (S49)
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The third-order commutator corresponding to k = 2 is present in Aλ and is calculated as

[H, [H, [H, ∂λH]]]

=− 8ihxfhzi
∑
j

[
−h2xfλ2σ

y
j + hxfJfλ

2
(
σx
j σ

y
j+1 + σy

j σ
x
j+1

)
− 2J2

fλ
2σz

jσ
y
j+1σ

z
j+2

−2Jfhziλ(1− λ)
(
σy
j σ

z
j+1 + σz

jσ
y
j+1

)
− h2zi(1− λ)2σy

j

]
.

(S50)

Similar to the Ising model in Ref. [7] (and Ref. [1] with a different protocol in the parameter λ), we consider the
ansatz with up to two-body terms presented in Eq. S50

A
(2)
λ = α

∑
j

σy
j + γ

∑
j

(
σx
j σ

y
j+1 + σy

j σ
x
j+1

)
+ ζ

∑
j

(
σz
jσ

y
j+1 + σy

j σ
z
j+1

)
, (S51)

which then gives

Gλ

=∂λH + i[Aλ, H]

= (−hzi + 2αhx)
∑
j

σz
j + (hxf − 2αhz − 4ζJ)

∑
j

σx
j

+ (Jf − 4ζhx)
∑
j

σz
jσ

z
j+1 + (−2αJ + 2γhx − 2ζhz)

∑
j

(
σx
j σ

z
j+1 + σz

jσ
x
j+1

)
+ (4γhz − 4ζhx)

∑
j

σy
j σ

y
j+1 − 4γhz

∑
j

σx
j σ

x
j+1

+ 2γJ
∑
j

(
−σx

j σ
x
j+1σ

z
j+2 − σz

jσ
x
j+1σ

x
j+2 + σz

jσ
y
j+1σ

y
j+2 + σy

j σ
y
j+1σ

z
j+2

)
− 4ζJ

∑
j

σz
jσ

x
j+1σ

z
j+2.

(S52)

Then the action of the gauge potential is

2−LS[Aλ]/L

=2−L Tr
(
G2

λ

)
/L

=(−hzi + 2αhx)
2
+ (hxf − 2αhz − 4ζJ)

2
+ (Jf − 4ζhx)

2
+ 2 (−2αJ + 2γhx − 2ζhz)

2

+ (4γhz − 4ζhx)
2
+ (4γhz)

2
+ 4 (2γJ)

2
+ (4ζJ)

2
.

(S53)

The action is just a quadratic function of α, γ, and ζ, so its minimization can be solved with the following linear
equations

2−L∂α Tr
(
G2

λ

)
/L = 8

(
h2x + h2z + 2J2

)
α− 16hxJγ + 32hzJζ − 4 (hx,fhz + hxhz,i) = 0 (S54)

2−L∂γ Tr
(
G2

λ

)
/L = −16hxJα+ 16

(
h2x + 4h2z + 2J2

)
γ − 48hxhzζ = 0 (S55)

2−L∂ζ Tr
(
G2

λ

)
/L = 32hzJα− 48hxhzγ + 16

(
4h2x + h2z + 4J2

)
ζ − 8 (Jfhx + Jhx,f ) = 0 (S56)

or equivalently, in the matrix form,

8

(h2x + h2z + 2J2
)

−2hxJ 4hzJ
−2hxJ 2

(
h2x + 4h2z + 2J2

)
−6hxhz

4hzJ −6hxhz 2
(
4h2x + h2z + 4J2

)
αγ

ζ

 =

4 (hxfhz + hxhzi)
0

8 (Jfhx + Jhxf )

 . (S57)

Substituting hx = hxfλ, hz = hzi(1− λ), J = Jfλ, hzi = Jf and in the the small-hxf limit we have

α
(2)
LCD := α =

1− 2λ− 3λ2 + 8λ3

2 (1− 4λ+ 4λ2 + 7λ4)

hx,f
Jf

+O
(
h3xf
)
, (S58)

γ = O
(
h2xf
)
, (S59)
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ζ =
−λ2 + 3λ3

1− 4λ+ 4λ2 + 7λ4
hxf
Jf

+O
(
h3xf
)
. (S60)

In the other limit hxf → ∞,

α(2) := α =
Jf

2λ2hxf
+O

(
h−3
xf

)
(S61)

γ =
5− 3λ

4λ2
J2
f

h2xf
+O

(
h−4
xf

)
(S62)

ζ =
Jf

4λhxf
+O

(
h−3
xf

)
, (S63)

where α(2) denotes the coefficient of
∑

j σ
y
j with the k = 1 and k = 2 terms combined (not the same as αk=2 in

Eq. S45). We highlight that in the small hxf limit, α and ζ have similar amplitudes. Note that in both the small and
large hxf limits, γ is much smaller than α and β thus the interaction σx

j σ
y
j+1 + σy

j σ
x
j+1 is less dominant than

∑
j σ

y
j

and σz
jσ

y
j+1 + σy

j σ
z
j+1 in the second-order AGP with up to two-body terms.

As a comparison, in the first-order AGP (LCD for TFIM), in the small-hxf limit we have

α(1) =
hxfhzi

2 (h2x + h2z + 2J2)
=

1

2 (1− 2λ+ 3λ2)

hxf
Jf

+O
(
h3xf
)
, (S64)

and in the large-hxf limit, we have

α(1) =
hxfhzi

2 (h2x + h2z + 2J2)
=

Jf
2λ2hxf

+O
(
h−3
xf

)
. (S65)

In the large-hxf limit, we can see immediately that α(1) and α(2) agree at order O(1/hxf ). In the small-hxf limit,

at order O(hxf ), to qualitatively compare the scales of α(1) and α(2), we compute the integrals over time of the
y-amplitudes in the LCD Hamiltonians∫ τ

0

dt′ λ̇α(1)(λ(t′)) =

∫ 1

0

dλα(1)(λ) =
π

4
√
2

hx,f
Jf

+O
(
h3x,f

)
= 0.5554

hx,f
Jf

+O
(
h3x,f

)
, (S66)

∫ τ

0

dt′ λ̇α(2)(λ(t′)) =

∫ 1

0

dλα(2)(λ) = 0.4304
hx,f
Jf

+O
(
h3x,f

)
. (S67)

The two integrals above differ by ∼ 30% and are both independent of τ but dependent on hxf .

B. Fixed-angle LU and approximate gauge potentials

In this section, we illustrate the physical intuition of the fixed-angle LU. We conjecture that the local single-qubit
rotations can effectively induce the two-body terms that show up in the second-order approximate gauge potential of
the model, leading to better approximation of the exact AGP thus suppressing diabatic transitions.

We first introduce a corollary for interchanging the order between eA and eB where A and B matrices have low
matrix norm but do not commute with each other. From the Baker-Campbell-Hausdorff (BCH) formula to the first
order,

eAeB ≈ eA+B+ 1
2 [A,B]. (S68)

The Zassenhaus formula [8] to the first order is

eA+B ≈ eAeBe−
1
2 [A,B]. (S69)
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A corollary from the two formula together is

eAeB ≈ e(B+ 1
2 [A,B])+A

≈ eB+ 1
2 [A,B]eAe−

1
2 [B+ 1

2 [A,B],A]

≈ eB+ 1
2 [A,B]eAe

1
2 [A,B]

≈ eB+ 1
2 [A,B]e

1
2 [A,B]eA

≈ eB+[A,B]eA.

(S70)

To derive the third line, the second-order commutator [[A,B], A] is neglected. To derive the fourth line, we use[
eA, e

1
2 [A,B]

]
≈ 0 , which holds true at order of the first-order commutators. For the derivation in the fifth line, the

commutators at the second and higher orders are neglected.

Eq. S70 provides the formula to move eA from the left to the right of eB , while introducing an additional term
[A,B] to the exponential of B. We next apply this corollary to the post-LCD LU rotation. The Trotterized expression
for time evolution under the LCD Hamiltonian is

ULCD(τ, 0)

= lim
N→∞

exp (−i∆tHLCD(tN )) exp (−i∆tHLCD(tN−1)) · · · exp (−i∆tHLCD(0)) ,
(S71)

where tk = kτ/N and ∆t = τ/N . Therefore,

exp

(
−iθ

2

∑
i

σx
i

)
ULCD(t, 0)

≈ exp

(
−iθ

2

∑
i

σx
i

)
exp (−i∆tHLCD(tN )) exp (−i∆tHLCD(tN−1)) · · · exp (−i∆tHLCD(0))

= exp

(
−i∆tHLCD(tN )− θ

2
∆t

[∑
i

σx
i , HLCD(tN )

])
exp

(
−iθ

2

∑
i

σx
i

)
exp (−i∆tHLCD(tN−1)) · · · exp (−i∆tHLCD(0))

= exp

(
−i∆tHLCD(tN )− θ

2
∆t

[∑
i

σx
i , HLCD(tN )

])
exp

(
−i∆tHLCD(tN−1)−

θ

2
∆t

[∑
i

σx
i , HLCD(tN−1)

])

exp

(
−iθ

2

∑
i

σx
i

)
exp (−i∆tHLCD(tN−2)) · · · exp (−i∆tHLCD(0))

= exp

(
−i∆tHLCD(tN )− θ

2
∆t

[∑
i

σx
i , HLCD(tN )

])
exp

(
−i∆tHLCD(tN−1)−

θ

2
∆t

[∑
i

σx
i , HLCD(tN−1)

])

· · · exp

(
−i∆tHLCD(0)−

θ

2
∆t

[∑
i

σx
i , HLCD(0)

])
exp

(
−iθ

2

∑
i

σx
i

)
.

(S72)

The effective Hamiltonian considering the X-rotation can be read from Eq. S72 as

Heff
LCD(t)

=HLCD(t)− i
θ

2

[∑
i

σx
i , HLCD(t)

]

=HLCD(t)− i
θ

2

∑
i,j

[
σx
i , hx(t)σ

x
j + hy(t)σ

y
j + hz(t)σ

z
j + J(t)σz

jσ
z
j+1

]
=HLCD(t) + θ

∑
i

(
hy(t)σ

z
i − hz(t)σ

y
i − J(t)

(
σy
i σ

z
i+1 + σz

i σ
y
i+1

))
.

(S73)
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The local unitary X-rotation after the LCD acting on the initial state |ψ(0)⟩ can be viewed as

exp

(
−iθ

2

∑
i

σx
i

)
ULCD(τ, 0) |ψ(0)⟩

≈U eff
LCD(τ, 0) exp

(
−iθ

2

∑
i

σx
i

)
|ψ(0)⟩ ,

(S74)

where U eff
LCD(τ, 0) is the time evolution operator of Heff

LCD(t).

Eq. S73 indicates that the X-rotation effectively introduces additional σy
i σ

z
i+1 + σz

i σ
y
i+1 interactions that are also

present in the second-order approximate gauge potential in Sec. IVA. In addition, they are more dominant than the
other two-body term in the small and large hxf limits, as shown above. The θ

∑
i hy(t)σ

z
i term vanishes at initial and

final time which might play a similar role as the σz
i -terms used in Ref. [7, 9].

We note that the initial and final Hamiltonians are modified by the LU. At the initial time t = 0, since we have
hy(0) = 0 for the LCD Y -term and J(0) = 0, hz(0) = hzi = 1, the initial effective LCD Hamiltonian is

Heff
LCD(0) = HLCD(0)− θ

∑
i

σy
i =

∑
i

(σz
i − θσy

i ) (S75)

with the ground state being the product state (i (1−
√
1+θ2)
θ |0⟩ + |1⟩)⊗L where the normalization factor is omitted.

Recall that |ψ(0)⟩ = |1⟩⊗L
and thus exp(−iθ

∑
i σ

x
i /2) |ψ(0)⟩ = (−i sin(θ/2) |0⟩+cos(θ/2) |1⟩)⊗L, which, to the linear

order of θ, is the ground state of Heff
LCD(0). Therefore, in the effective picture above, the X-rotated state as the new

initial state is approximately the ground state of Heff
LCD(0). This reconciles the additional term in the initial effective

LCD Hamiltonian and the X-rotation directly on |ψ(0)⟩.
We note that the discussion above to derive the effective LCD Hamiltonian induced by the X-rotation is heuristic

and not rigorous, since the derivation for Heff
LCD(t) might require θ being small. In addition, the θJ(t)(σy

i σ
z
i+1+σ

z
i σ

y
i+1)

interaction induced by LU rotation to mimic the second-order approximate gauge potential would also modify the
target Hamiltonian Heff

LCD(τ) by order O(θ), since J(τ) ̸= 0. This may lead to additional discrepancy by order O(θ)
of the final point in the path of the counterdiabatic process.

V. ADDITIONAL SIMULATION RESULTS ON PROTOCOL PERFORMANCE

A. LCD performance at small and intermediate hxf regime

In Fig. 1 of the manuscript we focus on the performance of LCD driving at hxf = 2. The LCD protocol has a
much worse performance in the regime of small hxf . In Fig. S1, we show the results at hxf = 0.5, using L = 4 as an
example. We further show the scaling behavior of fidelity at hxf = 1 in Fig. S2.

B. Robustness against noise for LCD driving

Introducing noise channels during the LCD evolution inevitably results in decreased fidelity. To understand the
impact of noise, we conduct numerical simulations on state fidelity using various strengths of depolarization (κ1) and
dephasing (κ2) noise, as illustrated in Fig. S3. The system’s density matrix is determined by solving the Lindblad
master equation.

ρ̇(t) = −i[HLCD(t), ρ(t)] +
∑
n

1

2
(2Cnρ(t)C

†
n − ρ(t)C†

nCn − C†
nCnρ(t)), (S76)

where Cn =
√
κ1(2)An specifies the collapse operators, and An are the decay operators (we consider X(Z) operators

for depolarization (dephasing) channel) and κ1(2) are the corresponding rates. As expected, the fidelity drops expo-
nentially for both noise types. For the depolarization channel analyzed, the fidelities of LCD-based protocols converge
to 1/2L with the adiabatic approach, while they diminish to zero for the dephasing channel.
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d

ca

b

FIG. S1. Dynamics and performance of LCD driving for hxf = 0.5. a. Time evolution of the driving amplitudes. LCD term
corresponds to local Y operators with λf = 3.095. b. Instantaneous energy spectrum of H(t) for hxf = 0.5. Energy difference
between the first six excited states and the ground state is shown. Here the third and fourth excited states are degenerate.
Note that TFIM has degenerate ground states when hxf < 1 in thermodynamic limit. c-d. Fidelity of the system state with
respect to the instantaneous ground state of H0(t) (c) and target state to be prepared (d) for hxf = 0.5. The λf = 0 curve
is the adiabatic protocol using the sweep function specified in main text, while the linear ramping curve corresponds to linear
adiabatic control Hlinear(t) = (1 − t/τ)

∑L
i=1 σ

z
i + t/τ(

∑L
i=1 hxfσ

x
i +

∑L−1
i=1 σz

i σ
z
i+1). The system size is L = 4 for the plots

shown here.

FIG. S2. Fidelity as a function of system size L up to 12 qubits at fixed hxf = 1.0. The right plot provides an enlarged view
of the results.

C. Simulation results for varying total time τ

Until now, our analysis has focused on evolution over a fixed period Jfτ = 1. Extending the evolution time within
the LCD protocol, as anticipated, leads to improved fidelity for LCD, albeit requiring significantly more time for the
adiabatic approach to exhibit increased fidelity (Fig. S4a). Particularly, when Jfτ > 10, the protocol can achieve
a near-unity fidelity due to the fact the slow sweeping function leads to a much smaller diabatic transition rate.
Conversely, the fixed-angle LCDLU approach, which utilizes an X-rotation for the LU, exhibits superior performance
relative to LCD when Jfτ ≈ 1, with the optimal LU corresponding to X-rotations where the rotation angle is
approximately π/4. In the scenario of large Jfτ , given that LCD already approximates the target state closely, the
optimal LU angle approaches zero. (Fig. S4b).
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a b

FIG. S3. Fidelity as a function of depolarization strength κ1 (a) and dephasing strength κ2 (b) at fixed hxf = 0.5 using L = 4
as an example.

a b

FIG. S4. a. Fidelity of prepared states as a function of LCD evolution time τ at fixed hxf = 0.1 and L = 4. The dashed
grey lines mark the point Jfτ = 1 and Jfτ = 1 + π/4. b. Optimal X-rotation angle for LU found by numerical simulations.
The horizontal and vertical grey lines in the figure correspond to π/4(0) and Jfτ = 1, respectively. The optimal LCDLU
in (a) at Jfτ ∼ 0.03 has a fidelity around 0.5, while the numerical optimization at lower Jfτ fails to find such high fidelity.
The nonuniform optimal LCDLU with a short total time Jfτ < 0.1 can only prepare a product state |0101⟩ or |1010⟩ when
the numerical optimization in LU converge to the global maximum of fidelity. At Jfτ ≲ 0.01, our numerical optimization for
nonuniform LCDLU in (a) turns out to be inefficient as it is in the overparameterized parameter space with vanishing gradient.
We note that this regime of small τ and small hxf is not practically interesting for LCD.

We further remark that when selecting Jfτ = 1 for LCD, as described in the main text, the total evolution time of
LCDLU would be (1 + π

4 )τ if we consider the LU process to be an evolution under X driving with fixed amplitude:

LU = exp

(
−iπ

4

∑
i

σx
i

2

)
= exp

(
−i
∫ π

4

0

∑
i

σx
i

2
dt

)
. (S77)

As illustrated in Fig. S4a, the performance of LCDLU is considerably better than that of LCD for the same evolution
duration.

The regime of small τ and small hxf is not practically interesting for LCD, since the effect of counterdiabatic
or adiabatic evolution in this case is small. From the perspective of numerical optimization, in the 3L-dimensional
parameter space of {αi, βi, γi}Li=1, when the total LCD time τ is very small, the prepared state from LCDLU is close
to product state, thus lying in the 2L-dimensional product-state submanifold of the 2L-dimensional Hilbert space.
Now the 3L real parameters from the arbitrary local unitary rotation overparameterize the product-state submanifold.
The 3L-dimensional numerical optimization thus has vanishing gradient in a relatively large parameter space, so the
optimizer may fail to find the true global maximum, as the points for LCDLU optimal in Fig. S4a at Jfτ ≲ 0.01 show.
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a b

c d

FIG. S5. Performance of LCD and LCDLU protocols when hzf ̸= 0 in the target Hamiltonian. a-b. hzf = 0.1. c-d. hzf = 0.5.
The figures on the right (b,d) shows the optimal angle and axis for the global single-body rotation in LU. The grey dashed
line corresponds to π/4. The inset Bloch spheres show the rotation axis for hxf ≲ 1, where smaller hxf corresponds to more
transparent vectors. Here the evolution time τ is fixed to be 1.

D. Simulation results for nonintegrable model

To showcase the performance of the LCD-based protocols for models that are not exactly solvable, we consider the
task of preparing ground state of

H(τ) =

L∑
i=1

hzfσ
z
i +

L∑
i=1

hxfσ
x
i +

L∑
i=1

Jfσ
z
i σ

z
i+1 (S78)

with hzf ̸= 0. The initial state is still the ground state of
∑L

i σ
z
i as other simulations. As shown in Fig. S5, we present

the results of fidelity change for various hxf at fixed hzf = 0.1(0.5).

In the scenario of
√
h2xf + h2zf ≫ Jf = 1, the final Hamiltonian is dominated by the single-body terms, and the

Y -rotation angle needed during the LCD evolution from the initial Z direction to the direction defined by hxf
∑

i σ
x
i +

hzf
∑

i σ
z
i is given by arctan(hxf/hzf ). Similar as previous cases, the LCD achieves a high fidelity in the single-body

limit and the optimal LU rotation angle is close to zero.
In general, when hzf ̸= 0, the model becomes an nonintegrable Ising model that is not exactly solvable. For LCD,

the operator in this case is still
∑

i σ
y
i , our theoretical prediction for the optimal λf still holds. For LCDLU, we show

that in the nonintegrable case, the site-independent uniform LU LU(α, β, θ) = (Rz(α)Rx(θ)Rz(β))
⊗L yields about

the same best fidelity compared to the optimal LU in the most general form. This indicates that the translationally
symmetric LU is already an optimal choice for LCDLU in this example.

We re-parameterize the uniform LU as
⊗

i exp(−iθn · σi/2) and further show the rotational axis given by the
direcitonal vector n = (nx, ny, nz) and rotational angle θ. When hzf = 0.1 (Fig. S5a-b), the optimal LU axis is
still X for varying hzf and the results in main text hold here; while when hzf = 0.5 (Fig. S5c-d), the optimal
rotational axis deviates from the X-rotation, and the rotational angle is different from θ = π/4. In the latter case, the
target Hamiltonian differs significantly from the exactly solvable TFIM and the model does not preserve the parity
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symmetry ⊗i(−σx
i ). Therefore, contrary to the hzf = 0 case studied in main text, the optimal LU operation would

not be X-rotation. Indeed, when hxf → 0, the optimal rotation axis would start to go from X to the −Z direction.

VI. EXPERIMENTAL DETAILS

A. Experimental setup

The experiments in this work were performed on a trapped-ion system (Quantinuum H1-1 platform) [10]. The
qubit information is encoded in the hyperfine approximate clock states of 171Yb+ in the 2S1/2 state. Namely, |0⟩ ≡
|F = 0,mf = 0⟩ and |1⟩ ≡ |F = 1,mf = 0⟩. After loading, the qubits can be prepared in |0⟩ via optical pumping [10,
11].

The system design is based on the QCCD architecture with multiple (five for H1-1) separate gate zones with a
single linear geometry [10]. Each gate zone is used to perform operations on an arbitrary pair of two qubits at
a time, suppressing crosstalk and maintaining high fidelity. Although in the experiments we study models with
nearest-neighbour interactions, the system has all-to-all connectivity with two-qubit gates between pairs of qubits
implemented by ion transport, which brings the pairs into the same gate zone, allowing us to implement periodic
boundary conditions.

To implement two-qubit gates, a phase-sensitive Mølmer-Sørensen (MS) gate sandwiched between single-qubit
wrapper pulses is used. It in turn gives the ZZ gate RZZ(γ) = exp

(
−iγ ZZ

2

)
, where the rotation angle can be precisely

controlled by changing the parameters in the MS gate [10, 11]. The H1-1 system used in this work has a typical average
two-qubit infidelity of 2× 10−3, with single qubit infidelity two orders of magnitude smaller (≈ 4× 10−5). The qubit
state can be read out via state-dependent resonance fluorescence measurement. Note that mid-circuit measurement
and reset can be implemented while causing a small crosstalk error due to the stray light from the measurement and
reset laser beams. The state preparation and measurement error rate is about 3× 10−3.

We note that the highest error operation on the devices is the two-qubit gate, so the primary limiting factor for
achieving high-fidelity results is the two-qubit gate count. For the Trotterized circuit that we implement in this work,
the number of two-qubit gates for implementing nearest-neighbour ZZ interactions is given by N2q = LTsteps where
Tsteps is the number of Trotter steps.

B. Measurement of observables

As shown in Fig.3 of the main text, in each Trotter step we implement HLCD with the rotation angles determined
by the LCD schedule. In the quantum state tomography (QST) experiment, we perform measurement on the 3L Pauli
strings {X,Y, Z}L by applying corresponding single-body rotation gate right before the measurement. Therefore, for
the L = 4 QST experiment, 81 circuits are run to construct density matrix.
To extract the average energy of the evolved states of LCD and LCDLU, we measure the state in the Z and X

bases to extract

|⟨H0(τ)⟩| =

∣∣∣∣∣∑
i

(hxf ⟨σx
i ⟩+ ⟨σz

i σ
z
i+1⟩)

∣∣∣∣∣.
Note that as the LU only invovles X-rotation gates, we have ⟨

∑
i σ

x
i ⟩LCD = ⟨

∑
i σ

x
i ⟩LCDLU. For the experiment

results, we conduct standard error propagation, utilizing measurement errors in
∑

i⟨σx
i ⟩ and

∑
i⟨σz

i σ
z
i+1⟩ to compute

the error in |⟨H0(τ)⟩|, assuming maximum covariance between the two measurements.
We observe that the expected energy ⟨H0(τ)⟩, which is straightforward to measure experimentally, can serve as a

reliable metric for benchmarking the fidelity of prepared states relative to the target ground state for small L, as it’s
shown in Fig. 2a and Fig. 3d in the main text. This observation holds only for the small system sizes. However, in
generic large system sizes, even though the system remains gapped (except when hxf ̸= 1), minor perturbations in
the control parameters could lead to orthogonal states (known as “orthogonality catastrophe”) [12]. In such cases,
the average energy no longer represents the fidelity of the prepared states.

We remark that the energy fluctuation could be another metric to benchmark the fidelity of prepared states,

σ2(H0(τ)) = ⟨H0(τ)
2⟩ − ⟨H0(τ)⟩2.

However, there would be O(L2) non-commuting observables required to construct ⟨H2
0 (τ)⟩.
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a b

FIG. S6. Noiseless simulation on state fidelity as a function of Trotter steps in the circuit for fixed L = 4 (a) and fixed hxf = 1
(b). The circles (diamonds) show the data points for state prepared by LCD (LCDLU). The LU rotation here is fixed Rx

rotation with with an angle of π/4.

a b

FIG. S7. Noisy simulations on the average energy of the state prepared by LCD and LCDLU. The simulations are performed
in the Quantinuum H1-1E emulator that uses the same noise model and parameters as the H1-1 hardware device. a. Average
energy b. Ratio of average energy with respect to the target ground state energy. The data shown is for L = 4 and hxf = 0.5.
The LU rotation here is fixed Rx rotation with an angle of π/4.

C. Trotterization of LCD evolution

To identify the optimal number of Trotter steps, we conduct numerical simulations on state fidelity as a function
of Tsteps. The noiseless simulation depicted in Fig. S6 reveals that the fidelity of the state prepared by LCD driving
saturates at Tsteps ≈ 20. Furthermore, thanks to the high two-qubit fidelity in the trapped-ion system, performance
does not begin to degrade until Tsteps ≈ 100 for systems containing 4 qubits, as shown in the average energy plots in
Fig. S7. This translates into a total number of two-qubit gate count around 400. In the experiments conducted for
this work, we utilized a fixed number of Trotter steps set to 20 in order to minimize losses due to gate errors while
still achieving performance comparable to that of continuous evolution.

D. Additional experimental data and analysis

In this section, we provide further experimental data to complement the results outlined in the main text. In
Fig. S8, we present the imaginary part of the density matrix constructed from QST experiments. We note reduced
magnitudes for the imaginary components as a consequence of the applied LU evolution. As a comparison, density
matrix of the target state has no imaginary entries.

In Fig. S9, we show the measured probability distribution of bitstrings in the Z-basis for system size L = 10
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a b

FIG. S8. Imaginary part of the density matrix constructed from quantum state tomography for LCD state (a) and LCDLU
state (b). The system contains four qubits and hxf is set to be 0.5 here. The target density matrix has no imaginary entries.

1010101010
010101010101

a b

FIG. S9. Probability distribution of bitstrings obtained from measurements in the Z-basis on states prepared by LCD and
LCDLU. L = 10 (a) and L = 12 (b). The number of measurements is 1000 for both plots. The bitstring with largest probability
is highlighted in purple text.

and L = 12. Even with diminishing fidelity as the system size expands, the LCDLU technique consistently produces
bitstrings exhibiting antiferromagnetic ordering with high probability. The number of circuit repetitions is 1000 for all
the Z(X) basis measurements when extracting expected energy, except that the number of shots for Z measurement
when L = 14 is 850.

The evidence of antiferromagnetic ordering in the target ground state in the small hxf regime is further supported
by its two-point correlations. To characterize the performance of LCD and LCDLU, in Fig. S10, we present the site
correlations |⟨ZiZj⟩| for states produced by LCD and LCDLU at hxf = 0.5, both in noiseless simulation and noisy
experiments. Notably, LCDLU demonstrates enhanced ZZ correlations compared to LCD, though these correlations
decrease to zero with increasing site distance. The noiseless simulation yields a fidelity around 0.17 for the state
prepared by the fixed-angle LCDLU in this 10-qubit system.
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