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We investigate the speed at which entanglement can be generated by an interaction parameter
encoded in a two-qubit Hamiltonian, quantified by the derivative of concurrence with respect to the
coupling parameter. For arbitrary pure two-qubit states evolving under a general nonlocal interac-
tion, we derive a bound relating this entanglement speed to the quantum Fisher information (QFI).

Specifically, we show that |∂gC| ≤
√

F
(g)
Q

√
1 − C2, where F

(g)
Q is the QFI associated with estimation

of the parameter. This establishes
√

FQ

√
1 − C2 as an upper bound on the speed of entanglement

generation in parameter space. We further derive the saturation conditions and identify the states
and dynamical regimes for which equality is attained. At saturation, concurrence evolves at the
maximum rate permitted by the distinguishability of the underlying quantum state. These results
reveal a direct connection between quantum metrology and entanglement generation, showing that
the same information-theoretic quantity that governs parameter-estimation precision also limits the
speed at which entanglement resources can be created.

Introduction.— Entanglement is a central resource in
quantum information science, underpinning applications
ranging from quantum communication and cryptogra-
phy to quantum computation, quantum networks, and
quantum-enhanced sensing [1, 2]. For bipartite systems,
concurrence occupies a distinguished role as one of the
most widely used entanglement measures due to its closed
analytical form, direct relation to entanglement of for-
mation, and broad applicability in both theoretical and
experimental studies [3]. Concurrence has been exten-
sively employed to characterize entanglement generation,
degradation under noise, quantum phase transitions, and
the performance of entangling gates.

Quantum Fisher information (QFI) is an equally fun-
damental quantity in quantum metrology [4–6]. For a
parameter encoded in a quantum state, the QFI deter-
mines the ultimate precision achievable by any quantum
measurement through the quantum Cramér–Rao bound.
Geometrically, QFI quantifies the distinguishability of
neighboring quantum states and determines the local sta-
tistical speed of evolution in parameter space. Conse-
quently, QFI has become a central tool in quantum sens-
ing, parameter estimation, critical phenomena, and mul-
tipartite entanglement detection.

The relationship between entanglement and QFI has
traditionally been explored from the perspective of
quantum-enhanced metrology, where entanglement acts
as a resource capable of increasing the achievable QFI
and improving estimation precision [6]. Recently, how-
ever, attention has shifted toward the inverse question:
what constraints does QFI impose on the behavior of
entanglement itself? In Ref. [7], it was shown that the
curvature of concurrence with respect to an encoded in-
teraction parameter is bounded by the corresponding
QFI, establishing a direct connection between metrologi-
cal sensitivity and the second-order response of entangle-
ment. Subsequently, Ref. [8] demonstrated that the same
quantity governs the leading-order degradation of entan-
glement under fluctuations of the interaction parameter,
providing an information-theoretic bound on the robust-

ness of entanglement generation.

The present work addresses a complementary ques-
tion. Rather than asking how rapidly the curvature of
entanglement changes or how robust entanglement re-
mains under parameter uncertainty, we ask: how rapidly
can entanglement itself evolve under variations of an en-
coded parameter? To answer this question, we consider
the first derivative of concurrence with respect to the pa-
rameter. We show that the concurrence derivative sat-

isfies |∂gC| ≤
√
F

(g)
Q

√
1− C2, where F

(g)
Q denotes the

quantum Fisher information associated with estimation
of the parameter. We further discuss the scope of the
two-qubit construction and show that the speed bound
admits a natural multiparameter extension in which the
QFI is replaced by the corresponding directional form of
the QFI matrix.

The result admits a natural geometric interpretation.
For pure states, the QFI determines the local statisti-
cal distance through the Fubini–Study metric, ds2 =
1
4F

(g)
Q dg2, so that

√
F

(g)
Q sets the local distinguishability

scale between neighboring quantum states. The quan-

tity
√
F

(g)
Q therefore characterizes the maximum rate at

which the quantum state itself can change under an in-
finitesimal variation of the encoded interaction parame-
ter. Our bound shows that the rate at which concurrence
changes can never exceed this fundamental distinguisha-
bility scale. We further derive the saturation conditions
and identify the states and dynamical regimes for which
equality is attained. At saturation, concurrence evolves
at the maximum rate permitted by the geometry of the
underlying quantum state.

These results reveal a direct connection between quan-
tum metrology and entanglement dynamics. While QFI
has traditionally been interpreted as a measure of param-
eter sensitivity and state distinguishability, our results
show that it simultaneously constrains the first-order re-
sponse of an entanglement resource. In this sense, the
same information-theoretic quantity that governs the ul-
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timate precision of parameter estimation also determines
the maximum speed at which entanglement can evolve.
We therefore identify a new role for QFI as a fundamen-
tal limit on entanglement dynamics and establish a di-
rect bridge between metrological distinguishability and
the speed of entanglement evolution.

Two-qubit interactions.— To make the connection be-
tween metrological distinguishability and entanglement
dynamics precise, we consider two interacting qubits gov-
erned by

H(g) = gh, (1)

where g denotes the interaction strength and h is a di-
mensionless interaction operator. The parameter g plays
a dual role. On the one hand, it controls the entangle-
ment generated by the interaction. On the other, it is
the parameter encoded into the evolving quantum state
and therefore the quantity whose estimation is governed
by the quantum Fisher information. The central ques-
tion of this work is whether these two notions of sensitiv-
ity—the sensitivity of entanglement and the sensitivity
of the quantum state itself—are fundamentally related.

The most general two-qubit interaction may be written
as

h =
∑

j,k=x,y,z

ηjk σj ⊗ σk. (2)

For the purely nonlocal interaction in Eq. (2), fixed
local basis transformations leave both concurrence and
quantum Fisher information invariant. The real interac-
tion matrix η can therefore be brought, by singular-value
decomposition, to the canonical form

h = ηx σx ⊗ σx + ηy σy ⊗ σy + ηz σz ⊗ σz. (3)

This reduction concerns the purely nonlocal interaction
specified in Eq. (2); it does not imply that additional lo-
cal Hamiltonian terms acting during the evolution can
in general be discarded. The canonical representation
of nonlocal two-qubit interactions and their entangling
capabilities have been extensively studied [9, 10]. The
canonical form is particularly useful here because it is
diagonal in the Bell basis, allowing the closed analyti-
cal treatment developed below. We later also show that
entanglement-speed bound itself does not require this re-
striction and applies to arbitrary differentiable pure two-
qubit state families. The restriction to purely nonlocal
interactions is imposed in the Hamiltonian-based analy-
sis because it permits the explicit Bell-spectrum treat-
ment and the corresponding Hamiltonian- and initial-
state-resolved characterization developed below.

The canonical interaction is diagonal in the Bell basis,
making the Bell states the natural language for describing
the dynamics. Expanding an arbitrary pure initial state
as

|Ψ0⟩ =
∑
a,b

βab|βab⟩, (4)

the evolved state becomes

|Ψ(g, t)⟩ =
∑
a,b

βabe
−igωabt|βab⟩, (5)

where

ωab = (−1)aηx − (−1)a+bηy + (−1)bηz (6)

are the Bell-state interaction frequencies.
To quantify the entanglement generated by the interac-

tion we employ concurrence, one of the most widely used
entanglement measures for two-qubit systems owing to
its analytical tractability and direct relation to entangle-
ment of formation [3]. For the evolved state, concurrence
assumes the form

C(g, t) =

∣∣∣∣∣∣
∑
a,b

(−1)a+bβ 2
abe

−2igωabt

∣∣∣∣∣∣ . (7)

Equation (7) admits a simple physical interpretation.
Each Bell sector contributes a rotating phase factor de-
termined by its interaction frequency. Entanglement gen-
eration therefore emerges from interference between dif-
ferent frequency sectors. Constructive interference en-
hances concurrence, while destructive interference sup-
presses it. In this picture, concurrence measures the out-
come of a frequency-interference process generated by the
interaction spectrum.
The sensitivity of the quantum state itself is quanti-

fied by the quantum Fisher information. For pure-state
evolution generated by Eq. (1), the QFI with respect to
the interaction strength is

F
(g)
Q = 4t2

∑
a,b

|βab|2ω2
ab −

∑
a,b

|βab|2ωab

2
 . (8)

Unlike concurrence, Eq. (8) depends only on the vari-
ance of the interaction spectrum sampled by the initial
state. Relative phases do not appear. The QFI therefore
characterizes the distinguishability of neighboring quan-
tum states, whereas concurrence characterizes the inter-
ference responsible for entanglement generation [4–6].
At first sight these quantities appear fundamentally

different. One depends on coherent interference between
Bell sectors, while the other depends only on spectral
variance. Nevertheless, both originate from the same in-
teraction frequencies {ωab}. This observation naturally
raises the question of whether the sensitivity of entangle-
ment is constrained by the sensitivity of the underlying
quantum state itself. We now show that the answer is
affirmative and that the speed of entanglement evolution
is bounded by the square root of the quantum Fisher
information.
Entanglement speed bound and saturation condi-

tions.— We now derive the central result of this Letter.
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To expose the geometric structure underlying the bound,
it is convenient to remove the mean interaction frequency

µ =
∑
a,b

|βab|2ωab (9)

and define the centered frequencies

∆ab = ωab − µ. (10)

Since an overall phase does not affect concurrence, the
concurrence amplitude may be written as

C̃(g, t) =
∑
a,b

Xab(g, t), Xab(g, t) = (−1)a+bβ 2
abe

−2igt∆ab ,

(11)

with C(g, t) = |C̃(g, t)|. In terms of the same centered
frequencies, the QFI takes the variance form

F
(g)
Q = 4t2

∑
a,b

|βab|2∆ 2
ab. (12)

We define the entanglement speed in parameter space
as

vE(g, t) = |∂gC(g, t)|, (13)

which quantifies the first-order response of concurrence
to an infinitesimal change in the interaction strength. Be-
cause concurrence contains an absolute value, it may fail

to be differentiable at isolated points where C̃(g, t) = 0.
Such points correspond to cusps of the concurrence land-
scape. In the derivation below we restrict attention to
differentiable points. At cusp points, the corresponding
one-sided derivatives may be considered separately when-
ever they exist.

At any differentiable point,

|∂gC| = |∂g|C̃|| ≤ |∂gC̃|. (14)

Differentiating the concurrence amplitude gives

∂gC̃ = −2it
∑
a,b

∆abXab. (15)

The centered frequencies satisfy∑
a,b

pab∆ab = 0, pab = |βab|2. (16)

Defining zab = Xab/pab on the support of the state, so

that |zab| = 1 and C̃ =
∑

a,b pabzab, the derivative may
therefore be written as

∂gC̃ = −2it
∑
a,b

pab∆ab(zab − C̃). (17)

The weighted Cauchy–Schwarz inequality then gives

|∂gC̃|2 ≤ 4t2

∑
a,b

pab∆
2
ab

∑
a,b

pab|zab − C̃|2


= F
(g)
Q (1− C2), (18)
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FIG. 1. Geometric representation of the entanglement-
speed bound. The concurrence C and normalized concurrence

speed νC = |∂gC|/
√

F
(g)
Q are constrained to the quarter unit

disk, C2 + ν2
C ≤ 1. The shaded region represents the al-

lowed concurrence–speed pairs, while the circular boundary
C2 + ν2

C = 1 corresponds to saturation of the bound.

where we used
∑

a,b pab|zab − C̃|2 = 1 − |C̃|2 = 1 − C2.

Together with Eq. (14), this yields

|∂gC| ≤
√
F

(g)
Q

√
1− C2. (19)

The QFI-only relation |∂gC| ≤
√
F

(g)
Q follows immedi-

ately.
Equation (19) shows that the QFI sets the information-

geometric scale for entanglement dynamics, while the in-
stantaneous concurrence further constrains the accessible
entanglement speed. Introducing the normalized speed

νC =
|∂gC|√
F

(g)
Q

, (20)

for F
(g)
Q > 0, the bound takes the form

C2 + ν2C ≤ 1. (21)

Thus, the allowed pairs (C, νC) lie within the quarter
unit disk, with saturation corresponding to its circular
boundary.
We now determine the saturation conditions. At a dif-

ferentiable point with 0 < C < 1 and F
(g)
Q > 0, equality

in Eq. (14) requires the phase of C̃ = Ceiϕ to be station-
ary,

∂gϕ = 0. (22)

Equality in the weighted Cauchy–Schwarz step requires,
for every occupied Bell sector,

zab − C̃ = λ∆ab (23)
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for some complex λ. Combining this condition with
Eqs. (17) and (22) gives λ = iκeiϕ with κ ∈ R, and
hence

zab = eiϕ(C + iκ∆ab). (24)

Since |zab| = 1, every occupied sector must satisfy

C2 + κ2∆2
ab = 1, (25)

and therefore

|∆ab| = ∆∗. (26)

The support is thus confined to the two centered-
frequency shells ∆ab = ±∆∗. Defining the total prob-
ability carried by the two centered-frequency shells as

P± =
∑

∆ab=±∆∗

pab, (27)

the zero-mean condition in Eq. (16) gives

P+ = P− =
1

2
. (28)

Writing the two shell phasors as z± = eiα± and defin-
ing δ = α+ − α−, their equal weights give

C̃ =
z+ + z−

2
= ei(α++α−)/2 cos

δ

2
, (29)

and hence

C =

∣∣∣∣cos δ2
∣∣∣∣ . (30)

Similarly, using ∆± = ±∆∗ in Eq. (17) gives |∂gC| =
2t∆∗| sin(δ/2)| under the radiality condition. Since√
F

(g)
Q = 2t∆∗ on the two-shell support,

νC =
|∂gC|√
F

(g)
Q

=

∣∣∣∣sin δ2
∣∣∣∣ . (31)

Thus the saturation family obeys C2 + ν2C = 1.
The occupied Bell sectors must therefore lie on two

equally weighted centered-frequency shells, with their rel-
ative phase determining the concurrence along the satu-
ration boundary. In particular, saturation is possible at
nonzero concurrence and is not restricted to a particular
degree of entanglement.

This structure is closely related to, but distinct from,
the saturation of the curvature bound derived in Ref. [7].
In the curvature problem, the second derivative natu-
rally produces quadratic spectral weights ∆ 2

abXab, which
match the variance appearing in the QFI. In the present
speed problem, the first derivative instead produces lin-
ear spectral weights ∆abXab, and saturation of the result-
ing Cauchy–Schwarz bound imposes the additional two-
shell condition |∆ab| = ∆∗ on the occupied sectors. Thus

the speed bound characterizes the first-order response of
entanglement, while the curvature bound characterizes
its second-order response.
An interesting consequence of the saturation condi-

tions is that saturation is not associated with any particu-
lar value of the concurrence itself. The conditions involve
only the interaction spectrum and the phase structure
of the concurrence amplitude. Consequently, product
states, partially entangled states, and highly entangled
states may all saturate Eq. (19) provided the spectral
and phase-alignment conditions are satisfied. The ability
of a state to achieve the maximum entanglement speed is
therefore determined by the geometry of the interaction
dynamics rather than by the amount of entanglement al-
ready present.
The speed bound also admits an immediate opera-

tional interpretation. For a small perturbation δg of the
interaction strength,

C(g + δg, t) = C(g, t) + (∂gC)δg +O(δg2). (32)

Using Eq. (19) therefore gives

∣∣sin−1 C(g + δg, t)− sin−1 C(g, t)
∣∣ ≤ √

F
(g)
Q |δg|+O(δg2).

(33)
Thus the square root of the QFI not only bounds the

instantaneous speed of entanglement evolution but also
limits the leading-order change in concurrence produced
by a small calibration error in the parameter.
Geometric interpretation and generality.— The

entanglement-speed bound also admits a direct geo-
metric derivation. For a pure state |ψ⟩, the geometric
measure of entanglement is defined by its maximal
overlap with the set S of separable pure states [11, 12],

EG(ψ) = 1−max
ϕ∈S

|⟨ϕ|ψ⟩|2. (34)

Equivalently, the Fubini–Study distance from |ψ⟩ to the
separable set is [13]

DFS(ψ,S) = arcsin
√
EG(ψ). (35)

For a pure two-qubit state with Schmidt coefficients cosχ
and sinχ, where 0 ≤ χ ≤ π/4, one has EG = sin2 χ and

C = sin 2χ since for two quibits EG = 1−
√
1−C2

2 . Hence

arcsinC(ψ) = 2DFS(ψ,S). (36)

The distance to a fixed set is Lipschitz with respect to
the underlying metric,

|DFS(ψ2,S)−DFS(ψ1,S)| ≤ DFS(ψ1, ψ2). (37)

For an arbitrary differentiable pure-state family |ψ(g)⟩,
the infinitesimal Fubini–Study line element is

dsFS =
1

2

√
F

(g)
Q |dg|. (38)
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Combining this relation with Eqs. (36) and (37) gives

|∂g arcsinC| ≤
√
F

(g)
Q , (39)

or, equivalently,

|∂gC| ≤
√
1− C2

√
F

(g)
Q , (40)

recovering Eq. (19).
This geometric derivation shows that the

entanglement-speed bound is a property of arbi-
trary differentiable pure two-qubit state families and
does not rely on the canonical nonlocal Hamiltonian
or Bell-basis representation used above. The spectral
treatment, however, resolves the bound in terms of the
interaction spectrum and initial-state amplitudes and
provides the explicit saturation conditions. The result
may also be viewed within the broader framework of
geometric entanglement and quantum resource speed
limits [13, 14].

Multiparameter extension: The speed bound admits
a direct multiparameter formulation. Consider a pure-
state family |Ψ(θ)⟩, with θ = (θ1, . . . , θm), and let FQ

denote its quantum Fisher information matrix. For an
arbitrary real direction u in parameter space, define
θ(s) = θ0 + su. The directional derivative of concur-
rence is

dC

ds
= uT∇C, (41)

while the QFI along this path is

F
(s)
Q = uTFQu. (42)

Applying Eq. (19) to this one-dimensional path therefore
yields ∣∣uT∇ arcsinC

∣∣ ≤ √
uTFQu (43)

Hence, in the multiparameter setting, the QFI ma-
trix bounds the concurrence response in every direction
of parameter space: the directional entanglement speed
cannot exceed the corresponding information-geometric
speed of the quantum state.

Discussion and outlook.— We have derived a bound
relating the speed of entanglement evolution to the quan-
tum Fisher information for arbitrary pure two-qubit
states evolving under a general nonlocal interaction. Al-
though the present analysis is restricted to two-qubit
pure states, the non-local interaction considered is fully
general within this setting, since any two-qubit non-local
Hamiltonian can be reduced by local unitaries to the
canonical form (ηxX ⊗X + ηyY ⊗ Y + ηzZ ⊗ Z), which
preserves all nonlocal properties relevant to entanglement
generation and QFI.

The reduction to the canonical form is also closely
connected to the theory of the entangling capability of
nonlocal two-qubit Hamiltonians. In particular, Dür et
al. showed that the entanglement-generation capability
of a general two-qubit interaction can be characterized
through its nonlocal canonical parameters [9]. Here we
use the same general structure for a different purpose:
rather than optimizing the entanglement generation rate
over states and local controls, we consider the rate of
change of entanglement with respect to the interaction
parameter, which is directly equivalent to a time deriva-
tive under the identification g ↔ t.

The bound admits a direct experimental interpreta-
tion. Quantum Fisher information has been measured in
a variety of platforms including trapped ions, cold atomic
ensembles, and superconducting circuits [15, 16], while
concurrence is routinely employed to characterize Bell-
state generation, entangling gates, and two-qubit quan-
tum processors [17, 18]. Equation (19) therefore provides
an experimentally accessible connection between metro-
logical sensitivity and the dynamical response of entan-
glement.

Our result complements recent bounds on the speed
of bipartite entanglement generation based on operator
inequalities and Hamiltonian variance [19, 20]. It is also
related to recent quantum Fisher information speed lim-
its for multipartite entanglement generation in many-
body systems [21, 22]. Several directions remain open.
It would be interesting to determine whether analogous
speed limits exist for mixed-state entanglement measures,
multipartite entanglement, and open-system dynamics.
Extending the present construction beyond two qubits is
nontrivial because there is no unique higher-dimensional
analogue of two-qubit concurrence with the same closed
analytical structure, while multipartite systems addi-
tionally require accounting for inequivalent bipartitions;
a systematic treatment of these extensions is therefore
left for future work. More generally, the present result
raises the possibility that quantum Fisher information
may constrain the response of a broader class of quan-
tum resources beyond bipartite entanglement. Establish-
ing such connections could provide a unified information-
geometric framework for understanding how quantum re-
sources respond to changes in the parameters that gen-
erate them.
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[16] I. Frérot and T. Roscilde, Nature Reviews Physics 5, 365
(2023).

[17] L. DiCarlo, J. M. Chow, J. M. Gambetta, L. S. Bishop,
B. R. Johnson, D. I. Schuster, J. Majer, A. Blais, L. Frun-
zio, S. M. Girvin, and R. J. Schoelkopf, Nature 460, 240
(2009).

[18] M. Neeley, M. Ansmann, R. C. Bialczak, M. Hofheinz,
N. Katz, E. Lucero, A. D. O’Connell, H. Wang, A. N.
Cleland, and J. M. Martinis, Nature 467, 570 (2010).

[19] B. Mohan, J. Sur, and A. K. Pati, Physical Review A
107, 052419 (2023).

[20] B. Mohan, J. Sur, and A. K. Pati, Physical Review A
110, 052420 (2024).

[21] Y. Chu et al., Physical Review Letters 130, 170801
(2023).

[22] Y. Chu et al., Physical Review Letters 133, 110201
(2024).

https://arxiv.org/abs/2504.13729
https://doi.org/10.1103/PhysRevLett.87.137901
https://doi.org/10.1103/PhysRevA.66.012305
https://doi.org/10.1103/PhysRevA.66.012305
https://doi.org/10.1111/j.1749-6632.1995.tb39008.x
https://doi.org/10.1111/j.1749-6632.1995.tb39008.x
https://doi.org/10.1103/PhysRevA.68.042307
https://doi.org/10.1103/PhysRevA.68.042307
https://doi.org/10.1103/PhysRevA.104.032417
https://doi.org/10.1088/1367-2630/ac7346
https://doi.org/10.1088/1367-2630/ac7346
https://doi.org/10.1103/PhysRevA.107.052419
https://doi.org/10.1103/PhysRevA.107.052419
https://doi.org/10.1103/PhysRevA.110.052420
https://doi.org/10.1103/PhysRevA.110.052420
https://doi.org/10.1103/PhysRevLett.130.170801
https://doi.org/10.1103/PhysRevLett.130.170801
https://doi.org/10.1103/PhysRevLett.133.110201
https://doi.org/10.1103/PhysRevLett.133.110201

	Quantum Fisher Information and the Speed of Entanglement
	Abstract
	References


