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CARLESON MEASURES, VOLTERRA INTEGRAL OPERATORS AND
MULTIPLIERS FOR @i SPACES

WUJUN CAO, ZHOUYUAN JIANG AND SONGXIAO LI

ABSTRACT. We characterize the positive Borel measures p on the unit disc D for which the
Moébius-invariant space Q embeds continuously or compactly into L?(x). The character-
ization is given in terms of a discrete dyadic capacity Cé?’)R(u) built from a polar dyadic
resolution of D, and of an equivalent capacity D?R(u) expressed as a semidefinite program.
The equivalence of the two capacities is established through conic duality and the complex
Grothendieck inequality. As an application, we characterize the boundedness and compact-
ness of the Volterra integral operator T, on (), bridging and completely resolving the gap
between the sufficient and necessary conditions established by Li and Wulan (2010). We
also obtain a complete non-testing characterization of the pointwise multipliers M(Qx) on
Rk, thereby answering an open problem posed in the survey of Bao and Wulan (2021).

1. INTRODUCTION

Let D denote the open unit disk in the complex plane C and T = JD its boundary.
Let H(DD) denote the space of all analytic functions on . For each a € D, the mapping

Spa(z) = 1a =
computation gives the conformal identities
L — |af” (L —Jal)( = |2*)
/ = 1 - a 2 — ° 1
= e 1= el e (1)

Definition 1.1. A non-decreasing, right-continuous function K : [0,00) — [0, 00) is called
a Q-defining weight function (denoted K € Wy) if it satisfies the following conditions (see
[3 15]):

KO =0 and K(t) > 0 for all ¢ > 0;
(log —> 2rdr < o0;
(K3) There exists o > 0 such that

1 [e’s)
/¢K—<8)d3<oo and / ng()d < 00,
0 1

c\

s glto

where pg(s) := SUPg<i<1 Ifi((it));
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(K4) Doubling property: there exists a constant C > 1 such that K(2t) < Cx K (t) for
all t € [0,1/2].

The Mébius-invariant space Qk consists of all analytic functions f € H(D) for which

[fllow = 1FO)] + [ fllow » < o0,

where the semi-norm
11D, = Slelg/mlf'(Z)l2 K (1= |ga(2)?) dA(z). (2)

Here dA(z) = %d:c dy is the normalized Lebesgue area measure. Varying K produces a rich
family of classical function spaces [3, 15]. If K(t) = t” with 0 < p < oo, then Qx reduces to
the space ),; in particular () coincides with BMOA, while for p > 1 the space ), coincides
with the Bloch space B. If K(t) = t(log(e/t))?, then Qk is the logarithmic space Qlog,p-
For a boundary arc I C T, we write |I| = 5= [;|d(| for its normalized arclength, the

Carleson box is defined by
Qr={z=re’eD:e’ el 1-|I|<r<1},

with the convention Q1 = . By the classical characterization of Qk [3, 7, 15|, one has

1|z
2 *xsu/ 'z2K< >dAz. 3
I <50 [ 17K (S dce ®)
In view of (3), we introduce the tent space Tk of measurable functions F' on D for which
1—|z
171, =su [ PR K (A aai) < . @)
1<t Jg, 1|

This definition yields the identification

feQr <= [ €Tk,  with [flloxs=Ifllre, (5)
for f € H(D). We denote by Qi = {f € Qk : f(0) = 0} the subspace of functions vanishing

at the origin.

The ()x—Carleson Measure Problem. A long-standing problem in the theory of M&bius-
invariant spaces is to characterize the positive Borel measures p on D for which Q)i embeds

continuously or compactly into L?(u), i.e.,

id: Qi — L2(1), 4mmwmascw%K (6)

For the scale of (), spaces, non-testing characterizations were established using dyadic meth-
ods in [9]; for the Bloch space, testing conditions were studied in |1, 6]; and general Mébius-
invariant families were investigated in [11]. In numerous conference talks and research discus-
sions over the past two decades, Professor Hasi Wulan highlighted the intrinsic challenge of
obtaining a symbol-free, sharp characterization of Carleson measures for general )k spaces
without testing on the full function space.
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Since constant functions belong to Q, the finite-mass condition (D) < oo is necessary
for the boundedness of (6). Hence the main problem is to characterize

/D PR duz) < O,

for all f € Q.

Volterra Integral Operators and the Multiplier Problem. For an analytic symbol g €
H(D), the Volterra integral operator 7, (introduced by Pommerenke [13]) and its companion
operator I, are defined by

/f Qd, I, /f Ode.  zeD.

The multiplication operator M, is given by M, f(z) = g(2)f(z). A fundamental integration-
by-parts relation connects these three operators:
My f(z) = f(0)g(2) + Tof (2) + Lo f (2). (7)
Since (T,f)'(z) = f(2)d'(z) and T,f(0) = 0, a change of variables based on (1) yields
I e = st [ £GPl OF K (1= lea(2)F) dAE) = s [ 1£G)P dugan(=). )

where the family of positive Borel measures {/i 4,k }eep is given by

digarc(2) = |g'(2)* K (1 = [ga(2)|*) dA(2).

The identity (8) shows that the mapping properties of 7, on Qx are determined by the
uniform (in a € D) continuity of the embeddings id: Qx — L*(gax)-
In [10], Li and Wulan established that the condition

A R PR

is sufficient for the boundedness of T, on @)k, while the condition

ap (10e 2) [ lweorx (Y dac) < o (10)
Igr( |[|) ( 1]

is necessary. However, an intrinsic gap remained between (9) and (10).

Furthermore, characterizing the space of pointwise multipliers

M(Qk) ={g € HD) : My(Qk) € Qx}

has also been a well-known open problem. In the survey |2, Problem 3.1] by Bao and Wulan
(see also [10]), it was conjectured that M(Qx) = H™ N Q. where Q' is the space of
symbols satisfying (10).

In this paper, we completely solve these problems:
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(i) We characterize the Carleson measures for Qx in terms of the dyadic capacity
C}?R(u) and the dual semidefinite program D%R(u);
(ii) We obtain exact, necessary and sufficient conditions for the boundedness and com-
pactness of T, on Q, completely closing the gap between (9) and (10);
(ili) Combining our characterization of 7, with the characterization of I, obtained by Li

and Wulan [10], we provide the complete solution to the multiplier problem on Q.

Throughout this paper, A < B means A < C'B for some constant C > 0, and A < B
means A < B < A.

2. THE b-ADMISSIBLE DYADIC RESOLUTION AND BOUNDEDNESS ON T

We now formalize the polar dyadic subdivision of I adapted to the weight K. Consider

the polar parametrization
O(s,t) = /5™, (s,t) €0,1) x [0,1).
For a parameter b > 1, set
dAy(w) = ¢ (1 — |w|*)" dA(w), o =b+1.
For each scale N > 0 and indices 0 < j,k < 2¥ — 1 we define the polar dyadic tile

o J j+1 27k 2n(k+1)
RN’j’k:{Te 2—N§T2<2—N,2—N§9<2—N}
The weighted measure of a tile satisfies
(+1)/2N

(1—s)’ds < 2’2N<1 - L>b
= %) -

Ab(RN,j,k) = 2N/

32y
For each N > 0 we write Ry = {Rnx : 0 < j,k <2V —1}, and we define the dA,-weighted
conditional expectation operator

EJ(W_R;N(% /R VdA)1n  A(R) = /R dA,

By the martingale convergence theorem, E](\l,’)w — o strongly in L'(dA,) as N — oo for every
e LY(dAy).
Thus the polar dyadic resolution constructed above has the following weighted admissibil-
ity properties:
(a) Each Ry is a finite measurable partition of D;
(b) The partitions are nested: every tile in Ry is contained, modulo A,-null sets, in a
tile of Ry;

(c) The associated dA,-weighted conditional expectations

By = R;N(ﬁ /R VdA,) 1y
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converge to ¢ in L'(dAy) for every v € L'(dAy);

(d) For each N > 0, an arbitrary ordering of the finite set Ry is fixed once and for all.
We shall call any sequence R = {Rn}n>0 of decompositions of D satisfying the above
properties a b-admissible dyadic resolution. The preceding construction shows that the class
of b-admissible dyadic resolutions is nonempty. For simplicity, throughout the rest of this
paper we fix R = {Ry}n>0 to be the polar dyadic resolution constructed above.

We record two auxiliary estimates that will be used in the proof of Lemma 2.3.

Lemma 2.1 (|7, Lemma 2.4]). Let J C T be an arc. If J(n) C T is the arc concentric with
J whose length satisfies

[/ (n)| < min{2"[J, 1},
then for every b > 1,

(1—|w*)?* Bt (o o .
/QWU RO w1 1) A S M DI (min{2]7], 1) 7

Lemma 2.2. Let K € Wg. Set a = log, Cx > 0 and ¢y = C’l}l. Then for every s € (0,1]
and every X € (0,1],

K(As) > cog A" K (s). (11)
In particular, setting s = 1 recovers K(t) > c¢oK(1)t* for all t € (0,1].

Proof. Fix s € (0,1] and A € (0, 1]. We divide the argument into two cases according to the
dyadic scale of A:

Case 1: ) € (1/2,1]. Since A > 1/2, we have As > s/2. By the monotonicity of K,
K(\s) > K(s/2).
Since s € (0, 1], we have ¢ := s/2 € (0,1/2]. Applying the doubling condition (K4) to ¢ gives
K(s) = K(2t) < CxK(t) = CxK(s/2) = K(s/2) > C ' K(s).
Because A <1 and a > 0, we have A* < 1. Therefore,

K(\s) > K(s/2) > Cx'K(s) > Cg' A K(s) = cg \“K(s).

Case 2: ) € (0,1/2]. Choose the unique positive integer n > 1 such that
2~ < N <27,

By the monotonicity of K,

K(\s) > K (270" s). (12)
For each integer k € {0,1,...,n}, since s < 1, we have 2-*+1s < 271 = 1/2. Applying
condition (K4) with t = 2=*+1s € (0,1/2] gives

K(2700s) > Ok (20 2704Ds) = O K (274s).
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[terating this reverse doubling estimate n + 1 times leads to
K(27™Vs) > 0"V K (s).

Using O™ = OO = Ot (277)os O = 021 (27)® and the fact that A < 27" implies
(27™)* > \*, we obtain

C"Y = 01 (27 > ORI = e\,
Combining this with (12) gives
K(As) > K (270" s) > g A K (s).
Combining Case 1 and Case 2 completes the proof of (11). O

We now prove the uniform boundedness of EJ(\Z;) on Tk. This is the key technical ingredient
of the paper, and the argument follows |7, Section 2.

Lemma 2.3. Let K € Wy and let b > 1. Then

b
IEY Fllre SIFllme, N >0.

Y

Proof. The case N = 0 is immediate, because Eéb)F is a constant function and the embedding
chain of Lemma 3.4 applies; hence we assume N > 1. By scaling homogeneity, we normalize
| F'|l7 = 1. It suffices to show that for every boundary arc J C T,

0 g 2ge (L1 B
[ EerGp (F5) da) 51 (13

with an implicit constant independent of both J and N.

To prove (13), we implement a dyadic “local-far” geometric decomposition. This classical
paradigm traces back to the foundational work of Fefferman and Stein [4] on the HP~BMO
duality and conformal invariance of BMO; see also Girela’s lecture notes |5, Theorem 3.1].
Specifically, for each n > 0, let J(n) C T denote the concentric arc with length |J(n)| ~
min{2"|.J|, 1} (setting J(m) = T whenever J(n) = T for all m > n). We split F into the

local core component Fy and the off-diagonal geometric slices F), (n > 2):
Foy = F]'QJ(2)’ F, = FlQJ(n+1)\QJ(n) (n > 2)-

Fix an arbitrary boundary arc J C T. For each integer n > 0, let J(n) C T denote the

arc concentric with J whose length satisfies
|J(n)| ~ min{2"|.J|, 1}.

Whenever J(n) =T, we fix J(m) = T for all m > n. We partition the function F' into the

local main component Fy and the off-diagonal geometric slices F), (n > 2):

Fo = Flg,q,  Foi=Flg,.\Q., ((22)
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By linearity of E](\l,’), E](\l;)F = E](\?)FO + En22 E](\Z;)Fn. Applying the elementary inequality
|A + BJ? < 2|A|? + 2|BJ?, the proof of (13) reduces to establishing:

/ BV Fy(2) 2K (1 |_J:2|) dA(z) <1 (Local Term), (14)

Q

J ) 1

/ ZE§3>Fn(z)| K ( ‘_J:Z’> dA(z) <1 (Geometric Tail). (15)
Qi |n>2

The Local Estimate (14). Because the dyadic tiles {R}rer, form a pairwise disjoint
partition of D, E](é))FO is constant on each tile R. Expanding the integral over () ; gives

/Q IEPRIPK (57 4

X (., o) [, s (e oo

RﬂQﬁé@

We partition the collection of tiles hitting (); into interior tiles and boundary tiles:
R = {Ryjr €ERn:0<j<2V -2} RV :={Ryov 1, €RN:0<k <2V 1}

Case 1.1: Interior Tz'les (R € RY). For any R = Ry j; with 0 < j < 2V — 2, the radial

coordinates satisfy sk < |¢]* < ];Vl, which gives

(@ —j—12 ¥ <1-[cf< @ )2, WeR

Since j <2V — 2, we have 2 —j — 1> 1, so for all z,w € R:

1 2V -1 1|22 2N
SS—y  T ST eSSy =2
2 2N — g 1 — |w| 2N — 5 -1
27N

Consequently, 1 — [2]2 ~ 1 — |w]* =~ 2V — j) uniformly. By the doubling condition

(K4), K (1Gf|> ~ K <1| M) for all z,w € R. Applying the Cauchy—Schwarz inequality
with respect to dA,:

< A(R) /R |Fo(w)? dAy(u).

/ F(w) dAy(w)
RNQ j(2)

Because Ay(R) = ¢y [(1 — |C|2)bdA( ()~ (1 —|w]*)*A(R) for any w € R, we obtain

> ww(f K(l‘ E)aa) [ R

Rmt

/yFO |K 7 ” ’)dA(w). (17)

ReRmt
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Case 1.2: Boundary Tiles (R € RY). For R = Ryon 1, we have 1 — 27V < |¢]2 < 1.
We apply the weighted Cauchy—-Schwarz inequality on RN @Q ;) with respect to the weight

K (L}—';;D
| / PG daw)
RNQ 2

<a( [ imcor () @) ([, wa—wimpiae) 09

NQJ(2)

Substituting (18) into the boundary sum of (16) yields

> M [ iRk (g ) 1)

ReRkd

2

where the tile multiplier M(R) is defined by

mm = (o C MO (L ey Ae)

NQ s (2)

Recall that Ay(R) = (b+ 1) -27V fll_Q,N(l — 5)bds = 272N We evaluate M(R) by
analyzing the scale relation between 27 and |J|:

Subcase (i): 27V < |J|. In this regime, 2= < 1 and 2

’ |J|
using 1 — [z| =1 —|z]? =t € [0,277]:

1— |z I t
K dA(z) <2 K dt
RNQ s ‘J’ 0 ‘J’
1 2—N 2- N
:22N/ K (u —> du < 27 2NK< )
0 7] 7]

For the reciprocal weight integral, change variables via t = 1 — |w|?> = 27Nu with u € (0, 1].
€ (0,1}, Lemma 2.2 yields

a ( |§<;V>|) S (|§<§>|) '

1 2\2b 2—N 2b
/ ﬂdfl(w) <27V / S
RNQye2 K <1 |w|> 0

| < 1. For the area integral of K,

-N
Since 1 - 2
[7(2)]

Therefore,
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9—(2b+2)N
co(2b— a+ 1K (%)
which converges since b > 1 implies 2b — o + 1 > 0. Since |J| < |J(2)| < 4]J|, condition

(K4) implies » »
w(Tr) =k ()

2—N

(26+2)
W)) ' (c0(2b— ainK(z—N/u(z)D)

Thus,

M(R) < % (2*2NK<

2,12
(b+1)°Cx <1 (20)
co2b—a+1) "~

Subcase (ii): 2N > |J|. In this regime, the integration domain is restricted by the tent
depth: on RN Qy, 1 —|z| < |J] <27V, s0

/mJ K (1 |_J:2|> dA(z) <27V /OU K (ﬁ) dt = 2-N.J] /01 K(u) du < 2-N|J|K(1).

Similarly, on RNQ j(2) the radial coordinate satisfies t = 1 —|w| < [J(2)]. Setting t = |J(2)|u
with v € (0, 1], Lemma 2.2 applies directly to K (u) > coK(1)u* (u € (0, 1]):
1 — lw|2)2b 17(2)] )2
[ Uy o [,
R 0 (

NQsi2 K <|1J(‘u))\‘> K t/‘J(Z)D

No2b 2b+1 b
=2"7"2%1J(2 / ——du
P [ A
g 92b2b+1
Combining these estimates with (A,(R))? = 27202V gives

296b+2 —2N| 7|2b+2 296b+2 2b+2
M(R) < (b2 R (b 1) E
co(20 —a+1)  272042N co(2b—a+1) \ 27N

. —N’J|2b+1‘

<1

~Y ?

(21)

since ‘ <1
From (20) and (21), M(R) < 1 uniformly for all boundary tiles R € RY.

Case 1.3: Combining the Tiles. For interior tiles, since |J(2)| < 4|.J|, condition (K4) gives
K (1 |w|> <CiK (1 |“’|> Summing (17) and (19) over all tiles yields

||
| 1RGPk (57 a0

< X (it o Jrranen) [ (5 an

ReRmt
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> ( =/ o |F<w>|d,4b<w>>2 [ () e

Z/'F P () e Z/’F K () 4
5 s ()

_ w2 1 — |w| w 2
= [ e () adt <1, <1

This completes the proof of (14).

The Geometric Tail Estimate (15). By Minkowski’s integral inequality applied to the
L? (QJ,K (1|_J|‘Z‘> dA(z)) norm:

(f, [0 \ ()

n>2

<Z/ EQ R, (2 ( I]:Z‘>dA(z)>l/2. (22)

n>2

Fix z € @, and let R = Ry, € Ry be the unique tile containing z. If RN (Qyat1) \
Q) =0, then Ej(é’)Fn(z) = 0. Otherwise, choose w € RN (Qjmnt1) \ Qum))- By definition
of E](\l;):

),
Ab(R) RN(Qs(n+1)\Q(n))
@)
b(R) RO(Qyns1)\Qu(n))
1

= Ap(R) /RmQJ(n+1) [l o).

Applying the Cauchy-Schwarz inequality with the weight splitting K /2 - K ~1/2;

1/2
w w) < c o2k (=10 g avw
Jray., P800 < </Q s () 24 >>

1/2

(1= |w)*
X /Q J(M)Md/x(w) . (23)

|/ (n+1)]

|EY Fu(2)] = Fy (w) dAy(w)

<

|F'(w)] dAy(w)

N
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The first factor in (23) is bounded by || F||z, = 1. For the second factor, Lemma 2.1 yields

for b > 1:
1/2

/ w dA(w) < CylJ(n + 1)), (24)
Qi+ K (%)

Since z € Qy and w € Q jn41) \ Q(n), We have arg(z) € J and arg(w) € T\ J(n). Because
both z and w belong to the same polar dyadic tile R = Ry j, their arguments lie in the
angular interval I = [22“—1\,’“, 2”(2ljv+1)>. Therefore, the angular width Af(R) = 22—17\5 spans the

angular separation:

n)| 1|

21 - 27N = AO(R) > |arg(z) — arg(w)| > dist(J, T\ J(n)) = % 2 E|J(n)|

This forces the dyadic scale to satisfy 27V > |J(n)| ~ |J(n + 1)|, which implies A(R) =
272N 2 [T (n) .
For every point ¢ € R, since 2 € RNQy, we have 1 — |z| < |J| < C-27", which locks the

radial depth of the entire tile to 1 — |(|*> ~ 27V for all ¢ € R™. And when ¢ € R, we have
Ay(R) = ¢ [p(1 = [¢]*)P dA(C) = cp(27)"*2. Therefore,

Ap(R) = ¢ /R(l = [¢%)" dAQ) & e(27)" A(R) 2 [T (n+ DI T (n) . (25)

Substituting (24) and (25) into the pointwise definition, the high-power term |.J(n + 1)[°
cancels completely:

Fu(2)| < |J(n + 1)[p*! _ |J(n+1)| - 1
~IPI(n+ 1P [J(n)F min{2°]J], 1}

Squaring (26) and integrating against the tent weight:

[ 1 rk () aac)

1 1— ’Z| B ’J|2
S min {2 ], 112 /Q K(“57) 446 S Gt 1 (27)

where the last inequality uses the evaluation:

[, 5 () aac N‘J'/.J| ()= [ ()

yE / K (w) du < [P

1EY VzeQy  (26)

Let ng := [logy(1/|J])]. For n > ng we have 2"|.J| > 1,s0 J(n) = T and F,, = 0. Substituting
(27) into the Minkowski inequality (22) gives

/Q’ZE ‘2 (1|_J:Z|>dA<Z) 1/23 2</QJ\E Fa(2) K <1L:Z|)dA(z)>l/2

n>2 n>
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/1
Nme{Q"U] 1}
/] /1
Z 2n|J|+ Z 1

n>2 n>2
2| J]<1 2| J]>1
Y2 St (28)
27| J|<1
Squaring both sides of (28) establishes (15).
Combining (14) and (15) completes the proof of Lemma 2.3. O

3. HIGHER-ORDER WEIGHTED BERGMAN PROJECTIONS AND SURJECTIVITY

Lemma 3.1 (|7, Lemma 2.3|). Let K satisfy (K1)-(K4). Then for every b > 1 the weighted
Bergman projection By, acts boundedly on Ty, that is,

1Byt < Col[h| 7, Y € Tk.

We now introduce a projection adapted to the Qi setting, which converts derivative
information back into primitive functions. For a function f € Qi the embedding Qx C B
(see [3, 15]) gives the growth bound
I Nl

1—Jwl*

Il S 7553

Consequently, for b > 1,
/ (@) dAy(w) < 112, / (1 - w2 dA(w) < oo, (20)
D D

so f € A%(dA), the weighted Bergman space. Let
1

ky(z,w) = 1= a)

denote the reproducing kernel of A%(dAy), and let By be the associated Bergman projection,

Byg(=) = /D g(w) k2, w) dAy(w).

Since f' € A?(dAy), the reproducing property gives B, f' = f’. Integrating along radial paths
and applying Fubini’s theorem yields

0= [ r©de= [ Brreic= [ ([ e wa) dnw)

This computation motivates the following definition.

Definition 3.2. For a fixed b > 1, the integrated Bergman kernel is

Ly(z,w) :/0 k(& w) d€ = E(W B 1)6—1——1’
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and the reduced weighted Bergman projection is

Puatlz) = [ () Lu(zw) d),
defined for measurable functions 1 for which the integral converges.

The kernel Ly(-,w) is holomorphic on D for each w, and the singularity at w = 0 is
removable with L,(z,0) = z. The operator B, is well defined on L'(dA;): for z € D,

| dg E
Pova)] < [ol([ =) 4Auw) < s sy (30)
Lemma 3.3. For ¢ € L*(dA,) we have

Pyoth(z) = / Bu(O)d¢,  zeD,

0
and consequently

(Poot)" = By, Poo(0) =0

Proof. Differentiating L,(-,w) with respect to the first variable gives 0,Ly(z, w) = ky(z, w).
Interchanging differentiation and integration, which is justified by (30), yields the claim. O

To justify applying Lemma 3.3 to functions in Tk, we establish the embedding chain
Tx — L*(dAy) — L'(dA,) for large b.

Lemma 3.4. Let K € Wg and let a = log, Cc. For b sufficiently large (in particular, for
b> 1), we have b > «, then

T — L2(dAb) — Ll (dAb),
and there is a constant C' > 0 such that for every ¢ € Tk,
[¥llzr@a,) < 191224, < Cll Iz (31)

Proof. Taking I =T in (4) gives

JRERRQ= ) dAG) < 101,

Using 1 — [z = (1 — |2])(1 + |z]) < 2(1 — |2|) and Lemma 2.2 with t = 1 — |z|, we get
_ | ~]2)® b1 _ b b
PP POl 2
K1 —[z]) = K1 —[2]) — k(1) = QR (D)

because b > «. Therefore

61 0a = Co [ WEPKQ = ) e dale

|Z| / 2
<Cy-s (1— dA
bzggK1_|| [Y(2)[FK (1 — |z[) dA(2)




14 WUJUN CAO, ZHOUYUAN JIANG AND SONGXIAO LI

<G s [ WEPEQ - ) dAG) S Wi,
Since dA, is a probability measure, with total mass
Amm:%/hfﬁfmm: @,
0 b+ 1
the Cauchy-Schwarz inequality gives ||9||11(44,) < ||¥||L2(aa,)- This proves (31). O

Proposition 3.5. Let K € Wg and fix b > 1. The map
Pyo: Tk — CO?K
15 a bounded and surjective linear operator. More precisely,

1Po.0vll @ < CllY |7, Y e Tk,

and every f € Qg can be written as f = Py o with o = ', for which ||| < || fllox .«
Proof. By Lemma 3.4 we have Tx C L*(dA,) C L'(dAy) for b>> 1, so Lemma 3.3 applies to
every 1) € Tk:

(Pb,ol/’)/ = By, Pb,o¢(0) = 0. (32)
Combining (32) with Lemma 3.1 and the identification (5) yields

1Pootll@ics = I1(Poot) 1 = 1 Btbllre < Coll |,

so P,y maps Tk boundedly into Q K-

For surjectivity, fix f € Qx and set 1 = f'. By (5), ¢ € Tk with ||¢]|l7. = || f]lgx.«. Since
b > 1, the estimate (29) gives 1) € L?(dA;), and the reproducing property of the Bergman
kernel gives By = 1. Hence

Pyou(z) = /0 " Ba(Q) d = /0 () de = £(z) - F(0) = £(2).

since f(0) = 0. This proves surjectivity. O

We can now define the Qi packet matrix. Let R = {Rx}n>0 be the polar dyadic resolu-
tion of ID. For each tile R € Ry, the associated packet is

m?@:ggﬂ@:/g@wmmmy
R
For a positive Borel measure p on D, the Qi packet matrix at scale N is defined entrywise

by

FEﬁ)JV(Rh Ry) = /D\I'g?(/z) \Ifgi(z) du(z), Ri,Ry € Ry.
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4. BOUNDEDNESS FOR THE (Qx—CARLESON PROBLEM: PART I

For a sequence of coefficients ¢ = {¢gr}rer,, We introduce the discrete norm

Il = 3 extall, =g et [ () aae

RER N IC'JI

Definition 4.1. Let p be a positive Borel measure on ). The discrete dyadic capacity
associated with the embedding problem is

Ci'r (1) = sup  sup /‘ cR\I/) )‘ dp(z) =sup  sup < TOyc
<1

For later use we record the optimal embedding constant

Conl) =sun{ [ 17 dulz) £ € Qs Ifllower <1}, (%)
D
so that (6) holds with C'= Cj (u) as the optimal constant.

Theorem 4.2. Let K € Wy and let pu be a finite positive Borel measure on . The trace
embedding inequality

JUOR ) < Cllr 1€ Qe (34)
holds if and only if for any fixed b > 1, we have C}?R(,u) < o0. Moreover,
b
Cidr () = Co, ().
Proof. First assume that C’g)R(,u) < 00. We prove that

/D Poot (=) du(z) < CCn() 1013, o € T (35)

By homogeneity we may assume ||¢|r, < 1. Write E](\l,))w = D ReRn a(N)lR Lemma 2.3
gives
b
la ™l = 1B Vllne S [¥llze < 1.
By Definition 4.1 and scaling,

/D Pro(EY0) (2) / Y )

ReERN

S duz) S O (). (36)

Since E](\l,’)zp — 1) in L'(dAy), and since for each fixed z € D the integrated kernel w +
Ly(z,w) is bounded and continuous on D, we have the pointwise convergence Pb’O(EJ(\?)w)(z) —
Pyo)(z). Fatou’s lemma applied to (36) yields

[ 1Pav @) dute) < tiint [ [Pa(EY o)) duz) £ C ),
D N—oo  Jp

which establishes (35).
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Now fix f € QK By Proposition 3.5 there exists ¢ € Tk with f = P,y and ||¢]|r, S
| fllox.« Applying (35) gives

/ FEP () S COR13, S ORI,

b
0 Cgpe 1) S Ciem 1)
Conversely, suppose that (34) holds. Fix N > 0 and a coefficient vector ¢ = {cg} with
lellxeny < 1, and set ¥ = > pop. crlr. Then [[¢c|l7, < 1, and Proposition 3.5 gives
[ PootellQr» S 1. Hence

/w S e

ReRn

2 = [ IPuatul2) dul2) 5 o, ()
D
Taking the supremum over all admissible ¢ and all N > 0 gives Cg)n(u) S Cp,. (1), which

completes the proof. O

5. BOUNDEDNESS FOR THE (Qxg—CARLESON PROBLEM: PART II

For each boundary interval I C T, define the diagonal configuration matrix

zwyzm%Qéme?&kwmﬂazRenﬂ.

In this notation the constraint ||c|x, , <1 is the quadratic matrix inequality

cAfJe<1,  ICT. (37)

Definition 5.1. Let p be a finite positive Borel measure on ). The dual semidefinite-

programming capacity D;?R(u) is

M
D(b) (1) = sup mf{z Am M eN, N\, >0, I, CT, FS})N < Z /\mAgi’)N}’ (38)
N>0 —

SRy

where the matrix domination is understood in the cone of Hermitian positive semi-

definite matrices. See [14] for more information.

Remark 5.2. In (37) and (38) it suffices to range over dyadic arcs I C T (arcs of the form
{e: 27k /2" < 0 < 27(k + 1)/2"}, together with T itself). Indeed, every arc I is contained
in a dyadic arc I" with |I'| < 2|I| and Q; C @/, and the doubling property gives

> |CR|2/

RERN R

|

1— |7 1—
mQ?K( T )dA(ﬂfEC&}%%LkRPJQN%/K( T ) dA(:).

Hence the constraints over all arcs are equivalent to the countable family over dyadic arcs,

and the semidefinite program in (38) involves only countably many constraints.

Theorem 5.3. Let K € Wq and let p be a finite positive Borel measure on . Then

b b
O (1) = DY (10).
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Proof. For a fixed scale N > 0, set

Cirw(n) = sup ¢ Tiye,
”cIIXK,Ngl
M
() = {3 A A 20 L €T, T ZA A} )
m=1

b b b b
Then C%)R(N) = Supy Cé{,)R,N(N) and DE()R(:“) = Supy 5&(,)7%,1\7(,“)-

Step 1: C’;R( ) S DI?R( ). Assume that F:N <M A AEKN for some M € N, \,,, >0,
and arcs I,, € T. For any ¢ € C#*R~ with [|¢]/x,, < 1 we have C*A ve < 1 for each m,
hence

M M
c Fu Ne < Z *A(If?Nc) < Z Am-
m=1 m=1

Taking the supremum over ¢ and then the infimum over feasible tuples gives C’}?)R N <

5?72 ~ (1), and taking the supremum over N gives the claim.

Step 2: D;?)R(,u) < C’g)n(,u) If C’I(?)R(u) = +oo there is nothing to prove, so assume
b
Cir () < oo

(i) Conic duality. Consider the primal program defining 5K72 (1) in (39). Introducing a
Lagrange multiplier matrix X € SfRN , the Lagrangian is

Z/\ Tr (X (Z)\A ~1)))

= Tr(PPLX) + 0 A (1= Tr(4f0y X)),

m=1

Minimizing over \,, > 0 yields a finite value exactly when
Tr(AfYX) <1, ICT. (40)

Slater’s condition holds: choosing a uniform multiplier \,, = My > 1 over a finite collection
of arcs containing T makes ) A, A;- K) —r¢ )N strictly positive definite, since AT ~ has
strictly positive diagonal entries. Hence strong conic duality holds with zero duality gap
[14], and

0 (1) = sup{ Te(TY) X) X 2 0, Te(A{)X) <1 forall [ CT}. (41)

(i) Factorization and the Grothendieck inequality. Let X € ST satisfy (40). Since X > 0,
it is a Gram matrix: there exist vectors {ugr}rer,y C C#R~ such that

X(RQ,Rl) = <U,R1,UR2>. (42)
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Set xg = ||ug||, and let vg = ugp/rgr when zg > 0 (and UR an arbitrary unit vector otherwise).
Evaluating the trace against the diagonal matrix A I N gives

5 1— 2| e 4
3 xR/RmQ,K( N ) dA(z) = Te(AfX) <1,

RERN

so the nonnegative sequence x = {wg} satisfies ||z[/x, , < 1. Define the auxiliary matrix
b b
A,EL,)N(Rlﬂ RQ) = FL7)]V(R1, Rz) TR TRy-

Since F}(Lb)N is Hermitian positive semidefinite, its Schur (Hadamard) product A/(Lb)]\f is also
Hermitian positive semidefinite. Using (42), the dual objective expands as

Tr(F;(f),)ZVX) = Z F,l(j,bEIV<R17 R2) <UR1, uR2>

R1,R2€RN

= D AR Ro){om,, vmy). (43)

Ri,R2€RN

The complex Grothendieck inequality [12] gives

’ Z AELIZV(R17R2)<UR171}R2> < Kg sup

b _
AL,)N(RM Ry)ag, Br,|; (44)
R1,R2 lar|<LIBRISI B R,

where K& is the complex Grothendieck constant. Since ALb)]V is positive semidefinite, writing
it in its spectral decomposition and by the Cauchy—Schwarz inequality for positive semidef-
inite sesquilinear forms shows that :

sup A ~(Ri, Re)ag, fr,| < sup Z A N (B, Ro)og, O, (45)

locr|<1IBRI<1 R1,R2 |or|<1 R1,R2

For a sequence o = {ag} with |ag| < 1, set cg = vgag. Then |cg| < zg, and since ||-||x, »
depends only on the absolute values of the coefficients, ||c[|x, v < ||7||x, < 1. Expanding
the quadratic form gives

Z A R17R2 QR,QR, = Z F R17R2 (leo‘Pul)(x}baRz)

R1,R2 R1,R2
1 (b b
= ¢Thve < Cilpn (). (46)

Combining (43), (44), (45), and (46) yields
Tr(F(b)NX) < K¢ CI(?)R n (1)

Taking the supremum over all feasible X in (41) gives 5 ke () < K€ C(b) ~ (1), and taking
the supremum over N completes the proof. [l

Theorem 5.4. Let K € Wqo and p be a positive Borel measure on D. The embedding

id: Qi — L*(1)
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is bounded if and only if for any fixred b > 1,
#(D) + D (1) < oo,
Proof. Write f € Qg as f = f(0) + fo with fo = f — f(0) € Q. Since
£ 18, = (L + 1 fllQu.e) = LFO) + 1A l1Gy 0

we have
15 dis < 27O Pu®) +2 [ [fuf do
D D

< 2u(D)|F(0)]* + 2C, (1) foll. 0
< (1) + Cy () 1 £ 113,

Thus id is bounded whenever x(D) < oo and C () < oo.

Conversely, testing with the constant function f = 1 gives u(D) < ||id||?, and restricting
to Qx gives C, (1) < [lid||*. The result now follows from Theorems 4.2 and 5.3, which give
Co,. (1) =< Dg)R(,u) The proof is complete. O

6. COMPACTNESS FOR THE ()x—CARLESON PROBLEM

For p € (0,1) let S, = {z € D : |z] > p} denote the boundary shell, and let K, = {z € D :
|z| < p} denote the inner disc.

Lemma 6.1. The embedding id: Qx — L*(n) is compact if and only if whenever {f,} is
bounded in QK and f, — 0 uniformly on compact subsets of D, one has || ful|12(u) — 0.

Proof. Suppose first that id: Qx — L?(u) is compact. Let {f,} be a bounded sequence in
602 x such that f,, — 0 uniformly on compact subsets of D. By compactness, the sequence
{f.} is relatively compact in L*(p). If || f]|22(u) 7 0, there exists a subsequence {f,, } and
do > 0 such that ||f,,|r2) = do. Passing to a further subsequence if necessary, we may
assume that f,, — f in L?(u) for some f € L*(p). Since f,,, — 0 pointwise on D, we must
have f = 0 almost everywhere with respect to u, which contradicts || f||z2() > do. Thus
Fullzzg — 0

Conversely, let {f,} be any bounded sequence in Q)x. By Montel’s theorem, there is a
subsequence {f,, } that converges uniformly on compact subsets of D to some holomorphic
function f € Q k. Then {f,, — f} is bounded in Q x and converges to 0 uniformly on compact
subsets of . The hypothesis implies || f., — f|lz2() — 0, which proves that the unit ball of
Qr is relatively compact in L?(u), hence id is compact. O

Theorem 6.2. Let K € Wg and let p be a finite positive Borel measure on D, and let
R = {Rn}nso be the polar dyadic resolution defined in Section 2. Then

id: Qx — L*(n)
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is compact if and only if for fived b > 1,

C’S)R(,u) < oo and pl_iglﬁ CS?R(ISP,M) = 0.
Equivalently, this holds if and only if

D&?R(,u) <oo and lim DK)R(IS p) = 0.
b p 1
Proof. By Theorem 5.3, C’}?R = D?R and by Theorem 4.2, c}? = Cp,,, so it suffices to

prove the equivalence using Cj

Sufficiency. Suppose Cp (p) < oo and lim, ;- Cy (1s,1) = 0. By Lemma 6.1, to prove
compactness it suffices to show that for any sequence {f,} bounded in Qg (say || folloy.s <

M) with f,, — 0 uniformly on compact subsets of D, we have || f,.| 2(,) — 0.
Let € > 0. Choose py € (0,1) such that Cy (15, 1) < % Then

&2 2
| RGP ) < Co, s Il < 357+ M= 5 (47)

0]
On the inner disc K, the uniform convergence f, — 0 and p(K,,) < u(D) < oo yield an

index Ny such that for all n > Nj,

62

[ P < (s 15GF)uo) < 5 (15)
2€Kp, 2
Combining (47) and (48) gives ||f”HL2(u) < eforalln > Ny. By Lemma 6.1, id: Qx — L2(p)

is compact.

Necessity. Suppose that id: Qx — L?(u) is compact. Then it is bounded, so C’}?R(u) < 00
by Theorem 4.2. Assume for a contradiction that lim, ;- C}?,)R(lgp,u) # 0. Since p —

C}??R(lgp () is nonincreasing, there exist ¢y > 0 and radii p, — 1~ with
C(b) r(1s, 1) > €o, n > 1.

By Theorem 4.2, Cy (1s,, 1) > ceo > 0, so there exist functions f, € Qr with | frllogs <1
and

R RO S (19

Pn
By Montel’s theorem, a subsequence converges uniformly on compact subsets to a function

f € Qk. Since the embedding is compact, Lemma 6.1 implies Ifn — fllz2() — O along this
subsequence. By Minkowski’s inequality,

(f 10 an) ™ <= oo+ ([ 120" 50

The first term on the right tends to 0. Since f € L?*(u), dominated convergence gives
lim,, o0 fs |f(2)|?du(z) = 0. Hence (50) forces fsp | ful?dp — 0, which contradicts (49).

Therefore hmpﬁl— CKR(lS,,M) =0. O
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Consequently, for a positive Borel measure p on D,
id: Qr — L*(p)
is compact if and only if

(D) + D(b) =) <+oo and lim D%)R(ls w) = 0.

p—1-
This completes the compactness characterization for the () x—Carleson measure problem.
7. VOLTERRA INTEGRAL OPERATORS AND MULTIPLIERS ON QK

Let g € H(D). Recall that the multiplication operator M, and the Volterra-type integral
operators 1,, 1, act on f € H(D) by

M,1(2) = g(2) /(). 9= [ 10s@a e = [ roe
Integration by parts immediately yields the operator relation
My f(z) = f(0)g(2) + Ty f(2) + 1y f(2). (51)

For a € D, recall the associated measure

ditga(2) = 19'(2) K (1 — |@a(2)[?) dA(2).
By (8) and (2),

Sup flg,q, i (D —Sup/|g WK (1= [@a(2)]?) dA(2) = [lgll5c - (52)

a€D a€D

Theorem 7.1. Let K € Wg and g € H(D), and let R = {Rn}n>0 be the polar dyadic
resolution defined in Section 2. Then the Volterra operator T, is bounded on Qk if and only
if for any fived b> 1,
g€ Qg and sup D%)R(uga[() < 0. (53)
ac
Equivalently, this holds if and only if

g€ Qg and supC’KR(,ugaK) < 00.
a€D

Proof. Sufficiency. Assume (53), ando set M = sup,cp Dﬁ?R(,ug’a’K) < o0. For f € Qi write
f=f(0)+ fo with fo = f — f(0) € Q. Linearity gives

Tyf(2) = £(0)(g(2) — g(0)) + Ty fo(2).
Applying |u + v[* < 2|ul? + 2|v|? to (8) yields

175 f G < 21091l .« + QSlelg/leo(Z)IQdug,a,K(Z)a (54)

where the first term uses (52).
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By Theorems 4.2 and 5.3, for each a € D the embedding id: Qx — L*(p1g.0.1c) is bounded,

uniformly in a:

/D [Fo(2)I dptgare(2) < Co Dl (ttgare) 1ol < CoM | ol (55)
Substituting (52) and (55) into (54) gives
1T, 1. < 25O g3, +2C0M I folldy . < C gl + MU,
Since T, f(0) = 0 we have ||T,fllox = [Ty fllQx .« so T, is bounded.
Necessity. Assume T, is bounded. Testing 7j on the constant function f =1 gives
19llQw s = TelllQue s < 1Tyl 1l @i = 1Tl < oo,

so g € Q. Moreover, for every fy € QK and a € D,

SR dtgaie(z) < 510 [ 1P g z) = 1Ty ol < T NSl

Thus the optimal embedding constant for p,, r is at most ||7,||?, and since the capacity
D%?R(Ng,a,K) is equivalent to that constant (Theorems 4.2 and 5.3), there is a constant

Cy > 0 such that D%?R(ug7a7K) < C1||T,]]? for all @ € D. Taking the supremum over a gives
b
ey D) < 20 )

Theorem 7.2. Let K € Wg and g € H(D), and let R = {Rn}n>0 be the polar dyadic
resolution in Section 2. Then the Volterra operator Ty is compact on Qg if and only if for
any fived b> 1,

T, is bounded on Qk and lim sup D%)R(lgpuga[() = 0. (56)
p—=17 geD
Equivalently, this holds if and only if

T, is bounded on Qx and  lim sup CKR(ls Hga k) = 0.
p—17 qeb

Proof. Sufficiency. Let {f,} be a sequence in the unit ball of Qx converging to 0 uniformly
on compact subsets of D. For fixed p € (0,1), split

sup [ 11 dtgac < sup/ Ful? g + sup/ Ful? ditgase = 1) + 180,

ac D
The first term satisfies

15 < (50 () s0p tyasc(®) = (19112 ) gl

a€eD z€K,

by (52). Since T, bounded implies g € Qx (Theorem 7.1), the norm ||g||g, .« is finite, and

n)

the uniform convergence f, — 0 on K, gives lim, [1(7 , = 0. For the second term, applying

the embedding characterization to the restricted measure 1g, 1144 x gives

n b b
157) < Co (S‘;g D%?R(ls,,ug,a,xﬁ 1 alley.. < Cosup Didr(Ls, tg.a.x):
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By (56) this tends to 0 as p — 1. Given € > 0, choose py so that 12(77;)0 < €/2 for all n, and
then Ny so that Il(;)o < €/2 for all n > Nj. Hence

n—oo ach

lim Sup/|fn|2d,ug,a,K = 0.
D
Since T, f,(0) = 0, this gives ||T, fnllgx — 0, so T} is compact.

Necessity. Suppose T, is compact, hence bounded, so g € Qi by Theorem 7.1. If (56) fails,
then there exist ¢y > 0 and radii p, — 1~ with

b
Sug D&(?’R(lspn,ug,a,l() Z €0, n Z 17
ac

so we can choose a,, € D with Dg?R(lspn Hg.an i) > €0/2. By the equivalence of the capacity

and the optimal embedding constant, there are functions f, € Q x with

lullgws <1 and /|fn<z>|2dug7an,x<z>ze'o>o, n>1. (57)
S

on
By Montel’s theorem a subsequence converges uniformly on compact subsets to a function
f € Qk. Since f,(0) =0 and || fullok.» <1, and since the mass in (57) is carried by packets
concentrating in the boundary shells S, , we may replace f,, by f, — f and pass to a further
subsequence so that f,, — 0 uniformly on compact subsets (see Remark ??). Compactness
of T, then gives ||T,fullo, — 0: indeed {T,f,} is relatively compact, and any convergent
subsequence {7, f,, } has limit h € Q satisfying, for each fixed z € D,

h(z) = T, f,, (=) = lim / Fn(O)g(C) dC =0,

because f,,, — 0 uniformly on the compact segment [0, z]. Hence h = 0, so ||, fullo, — 0.
However (57) and (8) give

1/2
T, tullone = sup( [ 14, dmgusc) = (]
aeD D S

a contradiction. This proves the necessity. 0

1/2
’fn|2 ng,an,K> > \/6_6 > 0,

P

We now establish the complete, non-testing characterization of the pointwise multiplier

space M(Qg) on Q.

Theorem 7.3. Let K € Wg and g € H(D). Let R be the polar dyadic resolution defined in
Section 2, and let b > 1. Then the multiplication operator M, is bounded on Qk (that is,
g € M(Qx)) if and only if g € H* N Qg and

sup Dice (J1g.0.) < 00 (58)
ac

Equivalently, (58) can be formulated with sup,cp CS?R(,ug,a,K) < 00.
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Proof. Sufficiency. Assume that ¢ € H>® N Qx and (58) holds. Since (58) is satisfied

and g € Qk, Theorem 7.1 implies that the Volterra operator T, is bounded on Qg, with

| Tyfllox S IIfllox for all f € Qk. By [10], we see that ¢ € H* implies that I, obtained.
Consequently, for any f € ()i, by the triangle inequality:

1My fllaw < [FOllgllox +1Tofllox + g fllax
< I llexllgllex + 1Tl ox + lgllme=llfllox
S e

which establishes that M, is bounded on Qg.

Necessity. Assume that M, is bounded on @)g. Testing M, on the constant function fo =
1 € Qg gives
I9llox S 1Mglllox < Mgy < oo,

so g € Q. Moreover, by the general theory of Mobius-invariant spaces (see [2, 15]), every
pointwise multiplier on QY is necessarily bounded, which gives g € H>.

By the argument in the sufficiency part, since ¢ € H*, the companion operator I, is
bounded on Q. Applying (51) to any f € Qk (so that f(0) = 0), we have

T,f = M,f — I,f.

Since both M, and I, are bounded on @, it follows that T} is also bounded on @, with

I Toflaw < 1My fllow + Hafllow < (IMgll + gl ) llfllax-

Finally, by the necessity part of Theorem 7.1, the boundedness of T, on Q) implies

b
i D) <
a€D
The equivalence with C’}?R(/VLM, i) follows immediately from Theorem 5.3. This completes
the proof. 0

Remark 7.4. Theorem 7.3 completely settles the long-standing multiplier problem for Qg
spaces (Problem 3.1 in [2]). In [2, 10], it was conjectured that M(Qg) = H*> N Q¥, where
Qlfég is defined by the boundary logarithmic condition (10). However, just as in the Carleson
measure problem and the T, operator problem, the condition g & Qll‘;g only corresponds
to testing the condition on localized log-test functions and does not encode the fine dyadic
capacity cancellation. The true multiplier space M(Qk) is precisely the intersection of

H*> N Qg with the capacity-controlled space governed by Dg?n(pg% K)-

Remark 7.5. We now compare our dyadic capacity condition sup,cp C}?R(,ugya’;() < oo (or

equivalently sup,cp Dg?R(/LW, k) < 00) with the classical logarithmic conditions of Li and
Wulan [10]:
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(i) The Li—Wulan sufficient condition implies our capacity condition: Recall that in [10,
Theorem 2.1|, Li and Wulan proved that T} is bounded on @y provided that the
logarithmic moment condition (9) holds. Indeed, for each scale N > 0 and each
sequence of coefficients ¢ = {cg} with |cg| < 1 for all R € Ry, the packet expansion

satisfies

IR I Sat il |§/D|Lb(z,w)|dAb(w)

ReERN RERN
dA(w)
< | —————+1<log——. 29
—/Du—zwr” ST o

Squaring (59) and integrating against the measure djig, x(2) gives

/D‘ > crtl) ‘ dprgar(2) S /D(IOg1 €’z‘)2,g/(z)\2[((1— |0a(2)]?) dA(2).

ReERN

By [10, Theorem 3.1 & Theorem 4.3], condition (9) is equivalent to

e
sup/(log Vdig e (2) < 00.
D

achD - |Z|

Taking the supremum over ||c[/x, , <1 and N > 0 shows that (9) implies

b
D i (Hg.a,) < 00
ac

(ii) Owr capacity condition implies the Li—Wulan necessary condition: For each boundary
arc I C T with midpoint €?, choose a = (1 — |I])e and consider the test function
fa(z) =log == By [10, Lemma 2.2|, f, € Qx with ||fu|lgx+ < 1. On the Carleson
box Q7p, | fa(2)| Z log |72‘ Testing the embedding Qx < L?(pig4.5) on the normalized

function f, — f.(0) € Qx immediately vields the Li-Wulan necessary condition (10).

(iii) Optimality: Theorem 7.1 shows that sup,cp DE?R(;LM, k) < 00 is equivalent to the
boundedness of T, on (). This shows that the dyadic capacity provides the exact,
sharp threshold between (9) and (10), fully closing the gap in the literature.
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