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We investigate the neutral pion transition form factor Fπ0γ∗γ∗(q21 , q
2
2) in lattice QCD and confirm

that the connected and disconnected contributions have the same sign. We employ the recently
proposed blending method, which supplies an unbiased and cheap estimators for the required all-
to-all propagators. The external pion states are treated within the distillation framework, while the
electromagnetic currents are evaluated in the full blending space. Numerical tests are performed on
an Nf = 2 + 1 lattice ensemble. Our result shows that the contribution of the disconnected part is
approximately 1% of that of the connected part and enables constructive interference of probability
amplitudes.

I. INTRODUCTION

The pion transition form factor Fπ0γ∗γ∗(q21 , q
2
2) de-

scribes the coupling of a neutral pion to two (off-shell)
photons. It plays an important role in understanding pre-
cision tests of the Standard Model‌ [1–6]. The normal-
ization of the form factor at zero momentum is fixed by
the Adler–Bell–Jackiw (ABJ) chiral anomaly [4, 5], giv-
ing Fπ0γ∗γ∗(0, 0) = 1

4π2Fπ
≈ 0.274GeV−1. This predic-

tion has been tested to 1.5% precision by the PrimEx-II
experiment through the Primakoff production of neutral
pions, yielding Γ(π0 → γγ) = 7.802(52)(105) eV [7].
The theoretical uncertainty in the muon anomalous

magnetic moment (g− 2) is dominated by hadronic con-
tributions, namely hadronic vacuum polarization (HVP)
at O(α2) and hadronic light-by-light (HLbL) scattering
at O(α3) [8, 9]. While lattice QCD calculations have
now achieved sub-percent precision for the HVP compo-
nent [8–10], the HLbL contribution still poses a signif-
icant challenge. In particular, the π0-pole term consti-
tutes the dominant source of uncertainty in HLbL, mak-
ing a precise determination of the transition form factor
Fπ0γ∗γ∗ essential for reducing the theoretical error [11–
14]. In lattice QCD, this form factor can be extracted
from three-point correlation functions that involve two
electromagnetic currents and a pion interpolating opera-
tor.

For the hadronic light-by-light (HLbL) contribution to
the muon (g−2), two complementary approaches provide
theoretical predictions that are currently in good agree-
ment. One involves direct lattice QCD computations us-
ing vector-current four-point correlation function [15–18].
The other is a data-driven dispersive analysis [13, 14],
where the dominant hadronic contributions arise from
pseudoscalar poles, with the π0 pole being the largest sin-
gle [11, 14, 19]. Several lattice studies have calculated the
π0-pole contribution to HLbL [1–3, 17, 20–23], and both
approaches currently yield comparable uncertainties [11].
Since the π0 pole accounts for roughly two-thirds of the
total HLbL [11], a careful examination of the relative sign
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of connected and disconnected contributions is essential
for further reducing the theoretical uncertainty. Cru-
cially, the double-virtual form factor Fπ0γ∗γ∗(−Q2,−Q2)
required by the dispersive formula has not been mea-
sured experimentally [13], making lattice QCD the only
first-principles tool to access this kinematic regime.

From the Wick contraction of quark fields, the three-
point function decomposes into two topologically distinct
classes: the connected diagram and disconnected dia-
gram. The relative sign between these two contributions
determines whether they interfere constructively or de-
structively in the total amplitude. This sign is not only
of theoretical interest but also affects the size of certain
systematic uncertainties in lattice calculations [20].

Existing literature on the pion transition form factor
reports conflicting conclusions regarding this sign [3, 20,
21]. Some calculations [1–3, 17, 21–23] consistently found
that the connected and disconnected contributions carry
opposite signs. However, a recent study [20] presented
evidence that the two contributions carry the same sign,
implying constructive interference. The origin of this dis-
crepancy is not yet understood. We will present a new
calculation method based on blending to confirm this
symbol.

In this work, we aim to definitively determine the sign
relation between the connected and disconnected contri-
butions to the π0γ∗γ∗ form factor. We employ the re-
cently proposed blending method [24], which combines
the ground-state filtering property of distillation with a
stochastic estimate of high-frequency modes, thereby en-
abling statistically unbiased estimates of all-to-all propa-
gators at moderate computational cost. By applying the
blending method to the three-point correlation function,
we compute both contributions separately and compare
their signs directly.

This article is organized as follows. In Sec. II, we
define the form factor and the lattice three-point correla-
tion function. Section III describes the blending method
and its implementation for connected and disconnected
diagrams. We conclude numerical results and the con-
nected contribution and disconnected contribution have
the same sign in Sec. IV with a summary and discussion
of the implications for future lattice QCD studies.
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II. THEORY

A. Pion Transition Form Factor

The pion transition form factor is defined in Minkowski
spacetime through the matrix element. Using Lorentz
symmetry and parity conservation, the matrix element
can be parameterized as:

Mµν(q1, q2) = i
∫
d4x eiq1x⟨Ω|TJµ(x)Jν(0)|π0⟩,

= ϵµναβq
α
1 q

β
2Fπ0γ∗γ∗(q21 , q

2
2).

(1)

where ϵµναβ is the rank-4 Levi-Civita tensor, with the
convention ϵxyzt = 1. q1 and q2 are the four-momenta
carried by the electromagnetic currents Jµ(x) and Jν(y),
respectively. Fπ0γ∗γ∗(q21 , q

2
2) is the pion transition form

factor.
In this work we set pπ = (Eπ, 0⃗). Here pπ is the

momentum of the pion and Eπ is the energy of the
pion ground state. For Energy-Momentum Conservation
pπ = q1 + q2, the current momentum can be defined as
q1 = (δ, q⃗1), q2 = (Eπ − δ,−q⃗1). δ is an arbitrary real
number.

To evaluate this quantity in lattice QCD, we perform
the Wick rotation, causing the Minkowski space to ro-
tate into the Euclidean space. The electromagnetic local
current is defined as:

Jµ(x) =
∑

f=u,d

Qf ψ̄f (x)γµψf (x). (2)

where f is the quark flavor and Qf is the charge of ψf (x).
Since the SU(2) flavor symmetry, ψ(x) and Q can be
rewritten as a two-dimensional matrix with diag(ψ(x)) =
(ψu(x), ψd(x)); diag(Q) = (Qu, Qd). Therefore the
electromagnetic current can be rewritten as Jµ(x) =

ψ(x)Qγµψ(x).
We rewrite the spacetime integral in the continuum as

a summation over the discrete spacetime of lattice QCD.
Following the time-momentum representation method
of [21, 25, 26] in Euclidean spacetime. The three-point
function can be defined as:

C3
µν(tµ, tν , t0) = −a9

∑
x⃗,y⃗,z⃗

⟨T{Jµ(x⃗, tµ)Jν(y⃗, tν)P †
π(z⃗, t0)}⟩

e−iq⃗1x⃗e−iq⃗2y⃗e−ip⃗π z⃗.
(3)

where a is lattice spacing, the interpolating operator is
chosen as:

Pπ(x) =
(
ū(x)γ5u(x)− d̄(x)γ5d(x)

)
= ψ̄(x)τ3γ5ψ(x).

(4)
where Pauli matrix τ3, with diag(τ3) = (+1,−1), repre-
sents this flavor combination in the interpolating opera-
tor.

Inserting the complete set of pion energy eigen-states
1 =

∑
n

1
2En

|πn⟩⟨πn|. Therefore, the Hamiltonian opera-

tor acting on the vacuum yields a state with zero energy,

while acting on the eigen-states of the pion yields the

corresponding eigenvalue of the energy. e−Ĥt|Ω⟩ = |Ω⟩,
e−Ĥt|πn⟩ = e−Ent|πn⟩. We denote the ground-state en-
ergy by E0 = Eπ.

C3
µν(tµ, tν , t0)

= −a6Zπ

2Eπ

∑⃗
x,y⃗

⟨Ω|T{Jµ(x⃗, τ)Jν(y⃗, 0)}|π0⟩e−iq⃗1(x⃗−y⃗)e−Eπtπ .

(5)
where τ = tµ − tν , tπ = min(tµ − t0, tν − t0) and Zπ =
⟨Ω|P (z⃗, 0)|π0⟩.
We can extract Zπ, Eπ from the two-point function, it

can be defined as:

C2
π(t) = ⟨Pπ(x, t)P

†
π(y, 0)⟩ =

Z2
π

2Eπ
(e−Eπt + e−Eπ(T−t)).

(6)
we restrict our attention to the ground state. Where
Pπ(x) is the pion interpolating operator in Eq. (4).
This choice of time arguments follows from the

Heisenberg-picture expansion:

Jµ(x⃗, tµ) = eiĤt′µJµ(x⃗)e
−iĤt′µ = eĤtµJµ(x⃗)e

−Ĥtµ . (7)

The transformation relation between real time and the
imaginary time employed in lattice formulations is given
by t′ = −it.
A new function can be defined as:

Aµν(τ) = lim
tπ→∞

1
V C

3
µν(τ, tπ)e

Eπtπ ,

= − a6Zπ

2EπV

∑⃗
x,y⃗

⟨Ω|T{Jµ(x⃗, τ)Jν(y⃗, 0)}|π0⟩e−iq⃗1x⃗e−iq⃗2y⃗.

(8)
where V = L3 represents the volume of the coordinate
space, L is the spatial extent of the lattice. The factor 1

V
converts the double sum over x and y into a single sum.
Therefore, the Euclidean correlation function exhibits

exponential decay governed by the energy spectrum of
intermediate states.

Aµν(τ) = − a6Zπ

2EπV


∑⃗
x,y⃗

⟨Ω|Jν(y⃗,−τ)Jµ(x⃗, 0)|π0⟩e−iq⃗1(x⃗−y⃗),

∑⃗
x,y⃗

⟨Ω|Jµ(x⃗, τ)Jν(y⃗, 0)|π0⟩e−iq⃗1(x⃗−y⃗).

(9)
where the upper (lower) expression corresponds to τ ≤
0 (τ > 0). From this functional form, it is evident that
the desired matrix element equation (1) can be directly
obtained. Due to the time-ordered product and q1 =
(δ, q⃗1), q2 = (Eπ − δ,−q⃗1), we obtain two parts of the
function with respect to the time τ .

Mµν =
2Eπ

Zπ

{∫ 0

−∞ dτeδτAµν(τ)e
−Eπτ +

∫∞
0
dτeδτAµν(τ)

}
.

(10)
We can extract a new value A(τ) from the equation:

Aµν(τ) = ϵµναβq
α
1 q

β
2 A(τ). (11)
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then from the equation (1) and (10) we can extract the
pion transition form factor:

Fπ0γ∗γ∗ =
2Eπ

Zπ

{∫ 0

−∞ dτeδτA(τ)e−Eπτ +
∫∞
0
dτeδτA(τ)

}
.

(12)

B. Blending Method

The distillation method [27] is a set of reduction tech-
niques used to project the propagator onto the low-
mode subspace of the gauge-covariant Laplace operator
∇̃2

x,y(t).

∇̃2
xy(t) = 6δxy−

3∑
j=1

(
Ũj(x, t)δx+j,y + Ũ†

j (x− j, t)δx−j,y

)
.

(13)

where Ũ is the smeared gauge field. It can significantly
enhance the overlap with the ground state of the two-
point correlation function. The method divide the whole
Laplace space into two parts, the low-mode space L1 and
high-mode space L2. Since it projects the propagators
into a specific low-mode space L1 on a fixed time slice,
ignoring the information of the high-mode space L2, the
distillation method cannot be used for extracting the ma-
trix elements of quark. Because the matrix elements re-
quire information from the entire space [24].

The eigenvectors are obtained by solving:

∇̃2
xy(t)Vi = λi Vi, (Vi ∈ [L1]) (14)

where, since ∇̃2
xy(t) is an Hermitian operator, its eigen-

vectors are orthogonal and normalized ⟨Vi|Vj⟩ = δij , and
its eigenvalues are all positive real numbers λi ∈ R+.
Therefore a natural approach for extracting matrix ele-
ments is to incorporate information from the high-mode
space when calculating the multi-point correlation func-
tion. So we use the blending method [24]. On a fixed
time slice, let L be the whole Laplace eigenvector space,
with dimension [L] = NcN

3
L (Nc = 3, NL spatial lattice

size). We decompose L into:

L = L1 ⊕ L2. (15)

where

• L1 is spanned by the first [L1] = N1 eigenvectors

{Vi}N1
i=1 of the smeared Laplace operator with the

lowest eigenvalue.

• L2 is the orthogonal complement, [L2] = [L]− [L1].

However, in the Laplace eigenvector space defined by
the distillation, the dimension of the high-mode space
is extremely large ([L2] ≈ [L]), making it impossible
to consider every vectors. Therefore, one possible ap-
proach is to use certain number of the vectors in the

high-mode space randomly to simulate the whole space
approximately.
The blending basis {ϕi} consists of the exact low-mode

of space L1 plus a set of N2 orthonormal random vectors
that uniformly sample L2:

ϕi =

{
Vi ∈ L1, (i < N1)
Vi ∈ L2, (N1 ≤ i < N1 +N2).

(16)

where i represents the sequential number of the vector
and each vector Vi in space L2 is obtained by:

1. Generate a random vector Vr in the full L.

2. Orthogonalize these random vectors to all the vec-
tors of i < r (e.g. Schmidt Orthogonalization).

3. Normalize to this orthogonalized vector.

The vectors Vr are constructed sequentially.

C. Unbiased Estimator of the Identity

The identity operator on L can be written as Î =∑[L]
i=1 |Vi⟩⟨Vi| in any orthonormal basis. Using the blend-

ing basis, an unbiased estimator is:

Î ≈
N1+N2∑
k=1

Ω
(1)
k |ϕk⟩⟨ϕk|. (17)

with the weight factors:

Ω
(1)
k =

 1, k ≤ N1

ω0 ≡ [L2]

N2
, N1 < k ≤ N1 +N2.

(18)

The expectation value over the random vectors satis-
fies:

E

[
N1+N2∑
k=1

Ω
(1)
k |ϕk⟩⟨ϕk|

]
= Î . (19)

i.e., the unbiasedness is proved in [24] and its supplemen-
tary material.

D. Blending for bilinear operators and propagators

Consider a quark generic bilinear current:

O(tx, ty) =

∫
d3x d3y ψ̄(x)MO(x, y)ψ(y). (20)

where ψ(x) is the quark operator and MO(x, y) is an
operator that contains structures such as the Wilson line
and momentum operators.
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Inserting the identity on both sides of the structure
MO(x, y) and using the blending approximation gives:

MO(x, y) ≈MOBLD
(x, y) =

N1+N2∑
i,j=1

|ϕi(x)⟩Oij⟨ϕj(y)|.

(21)
where:

Oij(tx, ty) =
∑
z⃗,w⃗

Ω
(2)
ij ⟨ϕi(tx, z⃗)|MO(tx, z⃗; ty, w⃗)|ϕj(ty, w⃗)⟩.

(22)
and the second-order weight tensor is defined as:

Ω
(2)
ij =


1, i, j ≤ N1.
ω0, (i ≤ N1, N1 < j < N1 +N2) or (i↔ j).
ω0ω1, N1 < i, j < N1 +N2, i ̸= j.
ω0, N1 < i = j < N1 +N2.

(23)

where ωm = [L2]−m
N2−m . When the two vertices lie on dif-

ferent time slices (tx ̸= ty), the random vectors on each
time slice are independent, and the weight factorizes:

Ω
(2)
ij = Ω

(1)
i Ω

(1)
j . (24)

The all-to-all propagator G(x; y) = ⟨ψ(x)ψ̄(y)⟩ is sim-
ilarly expressed as:

G(tx, x⃗; ty, y⃗) =

N1+N2∑
i,j=1

|ϕi(tx, x⃗)⟩ Pij(tx, ty) ⟨ϕj(ty, y⃗)|,

(25)
with the blending perambulator:

Pij(tx, ty) =
∑
z⃗,w⃗

⟨ϕi(tx, z⃗)|G(tx, z⃗; ty, w⃗)|ϕj(ty, w⃗)⟩.

(26)
This representation compresses the propagator from
O([L]2) to O((N1 + N2)

2) degrees of freedom, while
the storage of the vectors ϕi of each time slice requires
(N1 +N2)×NcN

3
L numbers.

E. Improved Blending of Non-diagonal Operator
Matrix

If the operator is local and carries no momentum in-
sertion, because of ⟨Vi|Vj⟩ = δij , the operator is a purely

diagonal matrix. The weight matrix Ω
(2)
ij reduces to Ω

(1)
i .

Consequently, the signal-to-noise ratio improves signifi-
cantly because the off-diagonal element errors are elimi-
nated, which are amplified by approximately ( Ni

[Li]
)2.

Consequently, in order to calculate the operator with
non-diagonal elements, it is necessary to improve the
blending method. Blending divides the eigenvector space
into two parts, the low-mode part and the high-mode
part. The method uses all of the low-mode part eigen-
vectors and random noise vectors in the high-mode part.
The most important improvement is to divide the space

into more parts L = ⊕n
i=1Li and each part will use sev-

eral compressed vectors ϕni .

ϕi =


V 1
i ∈ L1, (i ≤ N1)
ϕ2i ∈ L2, (N1 < i ≤ N1 +N2)
...

ϕni ∈ Ln, (
n−1∑
m=1

Nm < i ≤
n∑

m=1
Nm).

(27)

where i is a positive integer index starting from 1, N1 =
[L1], Nm ≤ [Lm] (2 < m ≤ n), V n

i ∈ Ln is the Laplace
eigenvectors.
Given the importance of low-mode eigenvectors within

the eigenvector space of L1, it is imperative to retain all
eigenvectors in this subspace, while the remaining space
is compressed. It uses the combination of Block and In-
terlace method [28]. But the random number will use
the orthogonal normalized vector. The compressed vec-
tors can be defined as:

ϕni =
∑
jk

ηijPjkV
n
k . (28)

where Pjk denotes the extraction operator acting on the
eigenvector subspace Ln. The extraction operator selects
a subset of eigenvectors from {V n

k } according to the cor-
responding dilution scheme. For a fixed j, Pjk = 1 only if
the k-th eigenvector is selected, while all other elements
in the same row vanish. Each eigenvector is selected at
most once. The block and interlace schemes define dif-
ferent structures of the extraction operator: the block
scheme selects consecutive eigenvectors, whereas the in-
terlace scheme selects eigenvectors separated by a fixed
interval. The extracted vectors are therefore given by:

Ṽ n
j =

∑
k

PjkV
n
k . (29)

The extracted vectors are subsequently compressed
through an orthonormal transformation. The com-
pressed vectors are constructed as:

ϕni =
∑
j

ηij Ṽ
n
j =

∑
jk

ηijPjkV
n
k . (30)

where η is a random row-orthonormal compression ma-
trix satisfying: ∑

j

ηijη
†
jl = δil. (31)

The compression matrix is obtained from a unitary trans-
formation defined in the extracted eigenspace, with only
the required number of rows retained. Therefore, η maps
the extracted eigenvectors in Ln into a lower-dimensional
orthonormal basis, reducing the number of vectors while
preserving the structure of the original eigenspace.
The weight matrix can be defined as:

Ω
(1)
i = ωm0, for ϕi ∈ Lm; (32)
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Ω
(2)
ij =

 ωm0 for i = j, ϕi ∈ Lm

ωm0ωm1 for i ̸= j, ϕi, ϕj ∈ Lm

ωm0ωn0 for i ̸= j, ϕi ∈ Lm; ϕj ∈ Lm; n ̸= m.

(33)

where ωmm′ = [Lm]−m′

Nm−m′ and in the method the number

of vectors used is N =
n∑

m=1
Nm. The weight matrix is

then used to construct the identity matrix. Since the
vectors are defined in compressed Laplace space, it can
be defined as:

Î =

[L]∑
i=1

|ϕi(x⃗)⟩⟨ϕi(y⃗)| =
n∑

m=1

lim
Nm−>[Lm]

Nm∑
j

Ω
(1)
j |ϕj(x⃗)⟩⟨ϕj(y⃗)|.

(34)
and the all-to-all propagator G in the compressed space
is:

G(tx, x⃗; ty, y⃗) =

[L]∑
ij

|ϕi(tx, x⃗)⟩Pij(tx, ty)⟨ϕj(ty, y⃗)|. (35)

where Pij(tx, ty) =
∑

z⃗,w⃗⟨ϕi(tx, z⃗)|G(tx, z⃗; ty, w⃗)|ϕi(ty, w⃗)⟩
is the blending perambulator.

For an arbitrary quark bilinear currentO(tx, x⃗; ty, y⃗),
when constructing it within the blending framework, we
are only concerned with its Laplace indices. Thus, we can
rewrite the current as the perambulator in its blended
form:

MOBLD
(tx, x⃗; ty, y⃗) =

[L]∑
ij

|ϕi(tx, x⃗)⟩Oij(tx, ty)⟨ϕi(ty, y⃗)|.

(36)
whereOij(tx, ty) = Ωij

∑⃗
z,w⃗

⟨ϕi(tx, z⃗)|O(tx, z⃗; ty, w⃗)|ϕi(ty, w⃗)⟩.

However, when tx = ty, the same set of vectors is used
on both sides. Therefore, to ensure an unbiased estimate
in the statistical sense, it is necessary to employ for the
case tx ̸= ty:

Ωij =

{
Ω

(1)
i Ω

(1)
j , (tx ̸= ty)

Ω
(2)
ij , (tx = ty).

(37)

The above expressions apply to propagators and cur-
rent constructed using the blending method at both the
sink and the source. Alternatively, one can also apply
the blending only at source part.

G(tx, x⃗; ty, y⃗) =
∑
i

Pi(tx, x⃗; ty)⟨ϕi(ty, y⃗)|. (38)

where Pi(tx, x⃗; ty) =
∑

z⃗ G(tx, x⃗; ty, w⃗)|ϕi(ty, w⃗)⟩. When
|ϕi⟩ ∈ L1 the perambulator will reduce to the general
distillation perambulator.

O(tx, x⃗; ty, y⃗) =

[L]∑
i

Oi(tx, x⃗; ty)⟨ϕi(ty, y⃗)|. (39)

where Oi(tx, x⃗; ty) = Ω
(1)
i

∑
w⃗ O(tx, x⃗; ty, w⃗)|ϕi(ty, w⃗)⟩

0 5 10 15 20 25 30 35
 / a

0.96

0.98

1.00

1.02

1.04

R(
)

R( )

FIG. 1. In this work we also calculate the conserved vector
current matrix element in pion [24], in order to test its unbi-
ased nature. The results show that the value range remains
around 1, which verifies that it is unbiased within an error of
1%.

III. CALCULATION

From the Wick contraction, the three-point correlation
function is divided into two parts: the connected and
disconnected contributions.

C3
µν(τ, tπ) = C3,con

µν (τ, tπ) + C3,dis
µν (τ, tπ). (40)

In this section, we apply the blending method to the
pion transition form factor calculation. To suppress
excited-state contamination, we construct the external
pion states exclusively from the low-mode subspace L1

(i.e., using distillation). The electromagnetic currents,
however, are represented in the full blending space.

A. Lattice Setup

In the lattice calculation we use the Nf = 2+1 config-
uration with clover fermion, therefore the u and d quarks
are treated as two flavors of an isospin doublet, and the
detail information can be found in [29]

Ensemble a[fm] L3 × T mπ[MeV] mK [MeV] Nconf

C24P29 0.10530(18) 243 × 72 292.7(1.2) 509.4(1.1) 199

TABLE I. This table summarizes the parameters of the en-
semble used in this study. We use a single ensemble in
CLQCD, a is the lattice spacing, L3 × T is the lattice vol-
ume, mπ is the pion mass, mK is the kaon mass, Nconf is the
number of configurations we used.
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B. Connected Contribution

At the quark level, the connected three-point correla-
tion function can be written as:

C3,con
µν (τ, tπ) = Qcon ⟨

∑
x⃗,y⃗,z⃗

e−iq⃗1(x⃗−y⃗)

γµG(τ, x⃗; 0, y⃗)γνG(0, y⃗; t0, z⃗)γ5G
†(τ, x⃗; t0, z⃗)⟩.

(41)

where Qcon = 2 tr
[
τ3Q2

]
and τ3 is the Pauli matrix,

diag(τ3) = (1,−1). We set t0 is the time when the pion
interpolating operator is inserted at the source part and
t0 < 0. So tπ = min(τ − t0,−t0).
Inserting Î adjacent to the propagator in the correla-

tion function.

C3,con
µν (τ, tπ) = Qcon ⟨

∑
x⃗,y⃗,z⃗

e−iq⃗1(x⃗−y⃗)
∑
ij

Ωijϕi(τ, x⃗)

Pij(τ, 0)ϕ
†
j(0, y⃗)γνG(0, y⃗; t0, z⃗)γ5G

†(τ, x⃗; t0, z⃗)γµ⟩.
(42)

where Ωij is the weight matrix, Vi(τ, x⃗) are the blending
vectors. Because of (37), we need to rewrite the weight
matrix:

Ωij =

{
Ω

(1)
i Ω

(1)
j , for τ ̸= 0

Ω
(2)
ij , for τ = 0.

(43)

And the propagator G is given by the general distilla-
tion propagator [27]:

G(t1, x⃗; t2, y⃗) =
∑
i

Ω
(1)
i Pi(t1, x⃗; t2)⟨ϕi(t2, y⃗)|, ϕi ∈ L1.

(44)
Since the vectors ϕi belong to the low-mode space L1,

we have ω
(1)
i = 1. The correlation can be rewritten as:

C3,con
µν (τ, tπ) = Qcon ⟨

∑⃗
x,y⃗

e−iq⃗1(x⃗−y⃗)
∑
ijkl

Ωijϕi(τ, x⃗)

Pij(τ, 0)ϕ
†
j(0, y⃗)γνPk(0, y⃗; t0)γ5P

†
l (τ, x⃗; t0)γµδkl⟩.

(45)
Due to the orthogonality and normalization of the vec-
tors, δkl = ⟨ϕk(t0, z⃗)|ϕl(t0, z⃗)⟩.
This hybrid approach, combining blending with gen-

eral distillation, is exact in the sense that it retains all
spatial information without truncation. However, this
approach to the calculation would result in substantial
storage requirements. Therefore, a complete blending
approach can also be used for calculation.
Inserting Î into Eq. (45) adjacent to the Pk and Pl,

C3,con
µν (τ, tπ) = Qcon

⟨
∑⃗
x,y⃗

e−iq⃗1(x⃗−y⃗)
∑

ijmnkl

Ωijmnϕi(τ, x⃗)Pij(τ, 0)ϕ
†
j(0, y⃗)

γνϕm(0, y⃗)Pmk(0, y⃗; t0)γ5ϕ
†
n(τ, x⃗)P

†
nl(τ, x⃗; t0)γµδkl⟩.

(46)
where Ωijmn is the weight matrix. Because of (37), we
need to rewrite the weight matrix:

Ωijmn =

{
Ω

(2)
in Ω

(2)
jm, for τ ̸= 0

Ω
(4)
ijmn, for τ = 0.

(47)

P(p, t0)

J (q1, ti)

J (q2, tf)

BLDBLD/distillation

BLD/distillation

FIG. 2. Schematic diagram of the calculation process. BLD
means the blending propagator Eq. (35) and distillation
means the general distillation perambulator Eq. (38)

The operator can be rewritten as:

Oµ,ij(t) =
∑
x⃗

ϕ†i (t, x⃗)γµϕj(t, x⃗)e
−ip⃗x⃗. (48)

The three-point function can be rewritten as:

C3,con
µν (τ, tπ) = Qcon⟨

∑
ijmnkl

ΩijmnOµ,in(τ)Pij(τ, 0)

Oν,jm(0)Pmk(0, t0)γ5P
†
nl(τ, t0)δkl⟩.

(49)

20 15 10 5 0 5 10 15
/a

0

5

10

15

20

25
A(

) [
Ge

V]
0 * *   Connected

BLD
BLD + distillation

FIG. 3. Connected contribution to A(τ) defined in Eq. (11)
with q⃗1 = (0, 0, 1) and tπ = 18 (≈ 1.9 fm). BLD denotes the
blending method of Eq. (49) and BLD + distillation is the
combination of blending and general distillation of Eq. (45).

C. Disconnected Contribution

The disconnected three-point correlation function can
be written as:

C3,dis
µν = −Qdis

(

[∑⃗
x

e−iq⃗1x⃗G(x, x)γµ

] [∑⃗
y,z⃗

γνG(y, z)γ5G(z, y)e
−iq⃗2y⃗

]

+

[∑⃗
y

e−iq⃗2y⃗G(y, y)γν

][∑⃗
x,z⃗

γµG(x, z)γ5G(z, x)e
−iq⃗1x⃗

]
).

(50)
In the specific calculations, we computed the discon-
nected diagrams for the three quark flavors, u, d, and
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s. Since we treat the u and d quark have the same
mass, Qdis = tr

[
τ3Q

]
tr [Q] for them. For s quark, we

set Qdis = − 1
3 tr

[
τ3Q

]
.

In lattice QCD calculation, the signal-to-noise ratio
is severely limited by disconnected diagrams [3, 22, 30].
To improve the signal-to-noise ratio of the calculation
results, we just apply the blending approximation into
the source part:

C3,dis,1
µν = −Qdis

[∑⃗
x

∑
i

Ω
(1)
i Pi(τ, x⃗; τ)γµϕ

†
i (τ, x⃗)e

−iq⃗1x⃗

]
[∑⃗

y

∑
j

γνPj(y; t0)γ5P
†
j (y; t0)e

−iq⃗2y⃗

]
.

(51)
and then:

C3,dis,2
µν = −Qdis

[∑⃗
y

∑
i

Ω
(1)
i Pi(0, y⃗; 0)γνϕ

†
i (0, y⃗)e

−iq⃗2y⃗

]
[∑⃗

x

∑
j

γµPj(x; t0)γ5P
†
j (x; t0)e

−iq⃗1x⃗

]
.

(52)

where Ω
(1)
i is the weight matrix.

IV. CONCLUSION

We define a new symbol for the squared magnitude of
the momentum as Q2 = −q21 . The parameter δ can be
chosen arbitrarily (subject to energy-momentum conser-
vation pπ = q1 + q2), thereby controlling the virtualities
assigned to the two photons.

20 15 10 5 0 5 10 15 20
/a

0

5

10

15

20

25

A(
) [

Ge
V]

0 * *

Connected + Disconnected
Connected
100*Disconnected

FIG. 4. Total, connected, and disconnected A(τ) from eq (11)
with q⃗1 = (0, 0, 1) and C24P29 ensemble

Within our statistical precision, the disconnected con-
tribution to the neutral pion transition form factor has
the same sign as the connected contribution on the
C24P29 ensemble. In contrast to earlier claims [1–
3, 17, 21–23] of opposite sign, our finding supports the
recent observation in [20] that the connected and discon-
nected have the same sign.

Fπ0γ∗γ∗ × 103[GeV−1]
BLD-con con dis

Fπ0γ∗γ∗(−Q2,−Q2) 212.9(2.6) 209.5(2.0) 1.63(0.63)
Fπ0γ∗γ∗(−Q2,−Q2/2) 235.0(3.4) 230.8(2.5) 1.9(1.2)
Fπ0γ∗γ∗(−Q2, 0) 287.3(7.4) 282.0(4.0) 2.7(3.2)

TABLE II. Pion transition form factor Fπ0γ∗γ∗(−Q2,−Q2)

for different Q2 configurations with q⃗1 = (0, 0, 1) and |q⃗1| ≈
0.49 GeV of the C24P29 ensemble used in this study. BLD-
con means the complete blending method from Eq. (49); con
means the hybrid method of connected part from Eq. (45);
dis means the hybrid method of disconnected part from Eq.
(51) and (52).
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V. APPENDIX

For the improved Blending method, we calculated var-
ious different matrix elements, such as Vector, Scalar,
Axial Vector and Tensor with Proton external state. The
proton interpolating operator can be defined as:

ON = ϵabcP+u
a(ubCγ5d

c). (53)

where P+ = 1+γ0

2 and C is the charge conjugation oper-
ator.

The current operator can be defined as:

S V AV T
Γ I γt γ5γ1 γ5γ2 γ5γ3 iγ2γ3
P I I iγ5γ1 iγ5γ2 iγ5γ3 iγ5γ1

TABLE III. Γ indicates which current and P is the projection
operator we used in the two-point function. S means Scalar;
V means the Vector; AV means the Axial Vector; T means
the Tensor.

All the bare matrix elements can be expressed in the
following form:

C3(tsep, τ) = ⟨ON (tsep)|O(τ)Γ|ON (0)⟩ (54)

where tsep means the temporal position of the sink oper-
ator, O in this work is identity.

Two-point function is:

C2(t) = ⟨ON (t)|P+P|ON (0)⟩. (55)

the ratio will be defined as:

ratio = C3(tsep, τ)/C
2(tsep). (56)
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FIG. 5. The bare matrix element of Scalar Vector Axial Vec-
tor Tensor.


