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Abstract

Tight framelet systems on manifolds provide exact energy preservation and one-pass recon-
struction, but their standard semi-discretization relies on polynomial-exact quadrature rules,
which are difficult to reconcile with scattered and progressively refined data. We develop nested
Marcinkiewicz–Zygmund (MZ) measures on compact Riemannian manifolds as a quantitative
alternative. Using dyadic quasi-uniform nested point sets and local partition weights, we estab-
lish a sequence of deterministic MZ inequalities for diffusion polynomial spaces. The result has
two complementary forms: a fixed-tolerance version, in which the polynomial bandwidth grows
dyadically with the level, and a fixed-bandwidth refinement version, in which the MZ tolerance
improves as more nested nodes are added. When these measures are used to discretize continuous
tight framelets, the MZ tolerance transfers directly to the deviation of the frame bounds from
one. Thus quadrature exactness is relaxed with a controlled loss of tightness, and near-tightness
improves along the same nested hierarchy. For the fully discrete setting, we develop filter-bank
analysis and synthesis procedures, characterize one-pass and canonical reconstruction, and show
that the MZ tolerance also controls the conditioning of the frame-operator equation. Fast imple-
mentation of filter-bank transforms is also presented. Numerical experiments on the sphere and
the flat torus illustrate the resulting multiscale decompositions and reconstruction behavior.

Keywords. Marcinkiewicz–Zygmund; nested measures; nearly tight frames; framelets; filter banks.
AMS subject classifications. 42C15, 42C40, 41A55, 41A10, 41A17, 58C40, 94A12.

1 Introduction

Multiresolution analysis was originally developed largely for data in Euclidean spaces, such as one-
dimensional signals, two-dimensional images, and three-dimensional volumetric or video data. Mul-
tiscale representation systems that capture sparsity in Rd, including wavelets, framelets, curvelets,
and shearlets, have therefore been extensively developed and widely used; see, e.g., [6, 10, 13, 14,
18, 34, 35, 41]. Many modern data sets, however, are more naturally modeled on non-Euclidean do-
mains, such as spherical images, directional data, signals on surfaces, point clouds, and data graphs.
In such settings, multiscale methods can separate coarse geometric features from fine local details
while respecting the geometry of the underlying domain. This perspective underlies diffusion maps
and diffusion wavelets [15, 16], spectral graph wavelets [27], wavelet or frame constructions on com-
pact manifolds and spheres [24, 37, 45], and so on. In this paper, we work on compact Riemannian
manifolds, which provide a common spectral setting for these constructions.

When such manifold systems are discretized, the available samples are not always placed on a
prescribed quadrature grid. In many practical situations, they may be scattered or added progres-
sively. A multiscale method that can keep the old samples and add new ones at finer levels is then
attractive. Previously acquired samples do not have to be discarded, and the same hierarchy of point
sets can serve both sampling and filter-bank implementation.

To see where the sampling problem enters, it is useful to recall the continuous framelet system
before discretization. On a compact manifoldM, let {uℓ, λℓ}ℓ≥0 be the Laplace–Beltrami eigen-pairs.
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Let J0 ∈ N0 be an integer, and let Ψ = {α;β1, . . . , βr} with r ≥ 1 be a finite collection of framelet
generators. From Ψ, one forms the continuous kernels

φJ,y(x) =
∑
ℓ≥0

α̂

(
λℓ
2J

)
uℓ(y)uℓ(x), ψkj,y(x) =

∑
ℓ≥0

β̂k
(
λℓ
2j

)
uℓ(y)uℓ(x),

where J ≥ J0 is the coarsest scaling level, j ≥ J indexes the finer detail levels with k = 1, . . . , r, and
y ∈M is the center variable. The continuous framelet system is then given by

CFSJ(Ψ) = {φJ,y : y ∈M} ∪ {ψkj,y : y ∈M, j ≥ J, k = 1, . . . , r}. (1.1)

Under the usual spectral partition conditions, CFSJ(Ψ) is a continuous tight frame. Tightness is
particularly desirable. The framelet coefficients preserve the L2-energy exactly, and reconstruction
uses the same system without inverting a frame operator. To obtain a computable system, however,
one must replace the continuum of centers y ∈M by finitely many weighted nodes at each scale. The
passage from the continuous system to a semi-discrete one therefore raises the central question of this
paper: how much of the tight-frame property can be retained when the center variable is sampled on
scattered and progressively refined node sets?

1.1 Quadrature rules and nested sampling

In the tight framelet constructions, see, e.g., [45, 49], this discretization of the center variable y is
achieved by polynomial-exact quadrature rules. In a typical form, for a finite set X ⊂M and positive
weights {wx}x∈X , one asks∫

M
P (y) dµ(y) =

∑
x∈Xj

wj,xP (x), P ∈ Pmj
, mj ≍ 2j , (1.2)

where Pm denotes the diffusion polynomial space of bandwidth m. In the standard quadrature-based
discretization of manifold framelets, the exactness condition (1.2) on the relevant product spaces
transfers the continuous tight-frame identity to the semi-discrete system. In particular, it integrates
the squared coefficient functions exactly and therefore preserves the Parseval energy identity. On
the sphere, for example, a canonical equal-weight realization of such exact rules is given by spherical
t-designs [5, 20], which have also been used in spherical framelet constructions [49].

Although powerful, such exact rules are highly structured, whereas data nodes in applications are
often scattered. For scattered data, it is natural to replace exact integration by stable discretization of
polynomial norms. This leads to Marcinkiewicz–Zygmund inequalities on compact manifolds [23, 36].
An Lp Marcinkiewicz–Zygmund inequality for Pn has the form

A∥P∥pLp(µ) ≤
∑
x∈X

wx|P (x)|p ≤ B∥P∥pLp(µ), P ∈ Pn, (1.3)

with constants 0 < A ≤ B <∞. The Marcinkiewicz–Zygmund inequality is not merely a qualitative
stability substitute for exact quadrature. When A = 1− η and B = 1+ η, it preserves the continuous
polynomial norm up to the relative error η. Applied to the center-variable framelet coefficients and
combined with the continuous tight-frame identity, this gives a semi-discrete frame whose bounds are
1− η and 1+ η. Thus the loss of exactness leads to a quantitatively controlled, rather than arbitrary,
loss of tightness. Marcinkiewicz–Zygmund inequalities have long been used in stable sampling for
positive quadrature and approximation [7, 17, 19, 22, 25, 32], hyperinterpolation [1, 2, 3, 39, 46], and
numerical methods for partial differential equations and integral equations [4, 47, 48]. For a broader
discussion of the role and limitations of exactness in the design of quadrature rules, we refer the reader
to [43]. Related relaxations of spherical needlet discretizations have also been studied in [8] recently,
where the analysis relies on quasi-Monte Carlo designs [9, 40] rather than on Marcinkiewicz–Zygmund
inequalities.

The Marcinkiewicz–Zygmund point of view provides a controlled relaxation of exact quadrature
rules. For p = 2, exact integration of |P |2 corresponds to the special case A = B = 1, whereas
sufficiently fine Marcinkiewicz–Zygmund measures allow the constants to approach one while accom-
modating geometrically controlled scattered nodes. Such node sets can be characterized geometrically
through their mesh norm and separation in the sense that existing nodes with suitable geometric qual-
ity may be retained and assigned appropriate positive weights, rather than replaced by a specially
constructed exact quadrature rule.
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For multiscale constructions, there is a second requirement: the sampling sets should be compat-
ible across levels. Ideally they are nested in the sense of

Xj ⊂Xj+1, j ≥ 0.

Nestedness is the spatial analogue of dyadic refinement: a finer level keeps the old centers and adds
new ones. This is automatic for some classical one-dimensional rules, such as dyadically refined
Chebyshev–Lobatto points [42], but it is much less automatic for discretization rules on manifolds.
For spherical t-designs, this issue has recently been addressed in [50, 51] by showing that prescribed
point sets can be enlarged to spherical designs of higher degree. These works show that nesting
is a genuine and useful constraint in polynomial discretization on manifolds. Our aim is therefore
to construct sampling hierarchies that combine three properties: geometrically controlled scattered
nodes, nestedness across scales, and Marcinkiewicz–Zygmund constants close to one. The first two
properties make the systems compatible with progressively acquired data, while the third retains
the tight-frame identity up to a prescribed error. Figure 1 illustrates the kind of nested scattered
sampling hierarchy.

(a) X2 with |X2| = 75 (b) X3 with |X3| = 243 (c) X4 with |X4| = 867

Figure 1: An illustrative nested scattered sampling family on the sphere. Blue points form X2, red
points are the new points in X3 \X2, and green points are the new points in X4 \X3.

Accordingly, we introduce nested Marcinkiewicz–Zygmund measures. In the dyadic setting, the
basic goal is to construct nested sets X0 ⊂X1 ⊂ · · · and positive level-dependent weights such that

(1− η)∥P∥pLp(µ) ≤
∑
x∈Xj

wj,x|P (x)|p ≤ (1 + η)∥P∥pLp(µ), P ∈ Pnj
, nj ≍ 2j , (1.4)

with a fixed η independent of j. This is the fixed-tolerance version in the sense that the Marcinkiewicz–
Zygmund constants are kept uniformly controlled while the degree increases with the scale. For p = 2,
this fixed Marcinkiewicz–Zygmund tolerance becomes exactly the near-tightness parameter of the
resulting framelet system. We also prove a complementary fixed-degree version. If the degree n is
fixed, then the same construction gives

(1− ηj)∥P∥pLp(µ) ≤
∑
x∈Xj

wj,x|P (x)|p ≤ (1 + ηj)∥P∥pLp(µ), P ∈ Pn, (1.5)

where ηj → 0 as the nested sets are refined. These two forms reflect two common uses of multiscale
sampling: either one lets the approximation space grow with the dyadic scale, or one oversamples a
fixed space more and more accurately.

1.2 Nearly tight framelet systems and fully discrete transforms

The second purpose of the paper is to use nested Marcinkiewicz–Zygmund measures satisfying (1.4) or
(1.5) in framelet constructions. At the semi-discrete level, the measures discretize the center variable
y in the continuous framelet system (1.1). With the same notation as above, the semi-discrete system
is

FSJ(Ψ;X, w) = {w1/2
J,xφJ,x : x ∈XJ} ∪ {w1/2

j+1,xψ
k
j,x : x ∈Xj+1, j ≥ J, k = 1, . . . , r},

3



where J ≥ J0 is the coarsest scaling level, and j ≥ J indexes the finer detail levels with k = 1, . . . , r. In
the quadrature-based setting, exactness is what preserves the tight energy identity after discretization.
With Marcinkiewicz–Zygmund sampling, exact tightness is replaced by quantitatively controlled near-
tightness. A level-independent Marcinkiewicz–Zygmund tolerance η produces frame bounds 1 − η
and 1+ η. Moreover, sampling the same coefficient functions on s additional nested refinement levels
reduces the deviation to CM2−s. Hence the framelet systems become asymptotically tight along the
nested hierarchy.

At the fully discrete level, the same nested measures store the scaling and detail coefficient se-
quences. A filter bank

Θ = {a; b1, . . . , br}

with low-pass filter a and high-pass filters b1, . . . , br is linked to the generators Ψ by the refinement
equations

α̂(2ξ) = â(ξ)α̂(ξ), β̂k(2ξ) = b̂k(ξ)α̂(ξ).

On a finite range J ≤ j ≤ K, after the finest weighted scaling sequence vK has been computed on
XK , the analysis transform is obtained by repeated one-level filter-bank steps

vj−1 = (vj ∗j a∗) ↓j , wk
j−1 = vj ∗j (bk)∗, k = 1, . . . , r.

Here ∗j denotes the level-j spectral convolution and ↓j is the downsampling operator, implemented
by evaluating the resulting bandlimited function on the coarser weighted node set. The corresponding
direct synthesis, which we call one-pass synthesis, applies the adjoint filter-bank steps to the computed
framelet coefficients without solving an additional equation. For a tight system, the frame operator is
the identity, so one-pass synthesis recovers the original data exactly. For a Marcinkiewicz–Zygmund-
based system, however, the frame bounds generally differ, and one-pass synthesis instead applies the
finite-level frame operator. Near-tightness quantifies this departure from exact reconstruction: the
frame operator remains close to the identity, while the associated frame-operator equation remains
well conditioned. Canonical reconstruction is obtained by inverting this operator, which we implement
numerically using conjugate gradients.

1.3 Contributions

The main contributions of the paper can be summarized as follows.

(i) We establish nested Marcinkiewicz–Zygmund measures on compact manifolds and give a deter-
ministic dyadic construction of such measures. The construction produces nested point sets with
controlled mesh norm, separation radius, and optimal cardinality order. Combined with the dis-
cretization theorem of Filbir and Mhaskar [23], it yields nested deterministic Lp Marcinkiewicz–
Zygmund inequalities for 1 ≤ p <∞, in two regimes: a fixed-tolerance regime in which nj ≍ 2j ,
and a fixed-degree refinement regime in which the Marcinkiewicz–Zygmund tolerance tends to
zero as the nested sets are refined.

(ii) We use nested Marcinkiewicz–Zygmund measures to construct nearly tight semi-discrete framelet
systems from scattered sampling nodes. For any prescribed 0 < η < 1, the basic construction
has frame bounds 1 − η and 1 + η. For a fixed nested hierarchy, an oversampling shift s im-
proves the bounds to 1−CM2−s and 1+CM2−s. Thus near-tightness can be improved without
relocating or discarding previously used nodes.

(iii) We formulate the fully discrete filter-bank transform on the same nested measures. The
Marcinkiewicz–Zygmund bounds control both the deviation of one-pass synthesis from the iden-
tity and the condition number of the canonical frame-operator equation. We derive reconstruc-
tion and approximation estimates, develop the corresponding conjugate-gradient reconstruction,
and record fast implementation and complexity estimates.

1.4 Organization

The rest of the paper is organized as follows. Section 2 introduces the notation and the nested
Marcinkiewicz–Zygmund definitions. Section 3 gives the deterministic construction and proves the
corresponding Lp inequalities. Section 4 constructs framelets from nested Marcinkiewicz–Zygmund
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measures and proves the semi-discrete frame bounds. Section 5 develops the fully discrete filter-
bank transform, coefficient-space reconstruction, and fast implementation. Section 6 derives the
corresponding polynomial reconstruction and approximation estimates. Section 7 presents numerical
experiments on the sphere and the torus, and Section 8 concludes the paper.

2 Notation and definitions

For nonnegative quantities A and B, we write A ≲ B if A ≤ CB for some constant C > 0, A ≳ B if
B ≲ A, and A ≍ B if both hold. Implicit constants are independent of the varying parameters but
may depend on the fixed manifold and other fixed parameters.

Let (M, g) be a compact, connected, d-dimensional smooth Riemannian manifold without bound-
ary, with Riemannian metric g. Let µ be the normalized Riemannian volume measure on M with
µ(M) = 1. We denote by dist the geodesic distance onM, that is,

dist(x, y) := inf
ω(0)=x, ω(1)=y

∫ 1

0

|ω̇(t)|g dt, x, y ∈M,

where the infimum is taken over all piecewise smooth curves ω : [0, 1] → M joining x and y. For
R > 0, let B(x,R) := {y ∈M : dist(x, y) ≤ R} be the closed geodesic ball.

We work with diffusion polynomials associated with the Laplace–Beltrami operator ∆M on M.
Let {uℓ}ℓ≥0 be an orthonormal basis of L2(µ) consisting of eigenfunctions of −∆M in the sense of

−∆Muℓ = λ2ℓuℓ.

The nondecreasing spectral parameters satisfy 0 = λ0 ≤ λ1 ≤ λ2 ≤ · · · with λℓ →∞. For f ∈ L2(µ),
its generalized Fourier coefficients are

f̂ℓ := ⟨f, uℓ⟩L2(µ) =

∫
M
f(x)uℓ(x) dµ(x), ℓ ≥ 0.

Then

f =

∞∑
ℓ=0

f̂ℓuℓ in L2(µ), ∥f∥2L2(µ) =

∞∑
ℓ=0

|f̂ℓ|2.

For n ≥ 1, the diffusion polynomial space of bandwidth n is

Pn := span{uℓ : λℓ ≤ n}.

On the sphere this is equivalent, up to the usual change of bandwidth parameter, to the spherical
polynomial spaces generated by spherical harmonics of bounded degree. Indeed, if ℓ denotes the
spherical harmonic degree, then the Laplace–Beltrami spectral parameter is

√
ℓ(ℓ+ d− 1). Thus

statements formulated with the harmonic degree or with λℓ differ only by harmless constants in the
bandwidth. In this compact manifold setting the standard Weyl-type growth gives dimPn ≍ nd.

We begin with the single-level notion. A Marcinkiewicz–Zygmund measure for Pn is a measure
whose Lp norm on Pn is equivalent to the ambient manifold Lp norm.

Definition 2.1 (Marcinkiewicz–Zygmund measure). Let 1 ≤ p < ∞, n ∈ N, and let ν be a positive
finite Borel measure on M. We say that ν is an Lp Marcinkiewicz–Zygmund measure for Pn with
constants A,B > 0 if

A∥P∥pLp(µ) ≤
∫
M
|P (x)|p dν(x) ≤ B∥P∥pLp(µ), P ∈ Pn.

If ν is discrete, say ν =
∑
x∈X wxδx, then the condition becomes

A∥P∥pLp(µ) ≤
∑
x∈X

wx|P (x)|p ≤ B∥P∥pLp(µ), P ∈ Pn.

The nested object is obtained by requiring such inequalities at a sequence of polynomial degrees,
while also requiring the supporting node sets to be nested. The constants may either be uniform in
the level or improve along a refinement sequence, depending on the intended application.
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Definition 2.2 (Nested Marcinkiewicz–Zygmund measures). Let {nj}j≥0 be an increasing sequence
of positive integers. A sequence of discrete measures νj =

∑
x∈Xj

wj,xδx with j ≥ 0 is called nested

Lp Marcinkiewicz–Zygmund measures for {Pnj
}j≥0 if

Xj ⊂Xj+1, j ≥ 0,

and there exist constants Aj , Bj > 0 such that

Aj∥P∥pLp(µ) ≤
∑
x∈Xj

wj,x|P (x)|p ≤ Bj∥P∥pLp(µ), P ∈ Pnj
, j ≥ 0.

We shall use standard geometric parameters of finite point sets onM. These parameters provide
a convenient deterministic route to Marcinkiewicz–Zygmund inequalities. For a finite set X ⊂ M,
we define its mesh norm and separation distance by

hX := sup
y∈M

min
x∈X

dist(y, x) and sep(X) := min
x,y∈X, x̸=y

dist(x, y),

respectively. The mesh norm measures how well X covers the manifold: every point ofM lies within
distance hX of some node of X. The separation distance measures how far distinct nodes are from
each other, and rules out excessive clustering when it is bounded from below.

For multiscale applications the most relevant spatial scale is dyadic. We therefore emphasize the
dyadic geometry of the nodes. These node sets are nested, coverM at dyadic resolution, and remain
uniformly separated at the same scale.

Definition 2.3 (Dyadic nested sampling family). A sequence of finite point sets {Xj}j≥0 on M is
called a dyadic nested sampling family if

Xj ⊂Xj+1, j ≥ 0,

and there exist constants c, C > 0, independent of j, such that

hXj ≤ C2−j , sep(Xj) ≥ c2−j , |Xj | ≍ 2jd.

Since M is compact, its injectivity radius is positive and its curvature is bounded. Hence there
exist constants RM > 0 and c1, c2 > 0, depending only onM, such that

c1R
d ≤ µ(B(x,R)) ≤ c2Rd, x ∈M, 0 < R ≤ RM. (2.1)

This standard local volume estimate on compact Riemannian manifolds can be found in, e.g., [11,
Chapter III, Sections 3–4].

3 Deterministic dyadic nested sampling families

In this section, we construct dyadic nested point sets with controlled geometry and then establish
nested Marcinkiewicz–Zygmund measures.

3.1 Dyadic nested quasi-uniform sets

Let 0 < γ < RM, where RM is the constant in the estimate (2.1), and set nj := 2j and Rj := γn−1
j

for j ≥ 0.

Lemma 3.1 (Nested quasi-uniform sets). There exists a sequence of finite subsets {Xj}j≥0 of M
such that, for any j ≥ 0,

Xj ⊂Xj+1,

and
hXj

≤ Rj , sep(Xj) ≥ Rj , |Xj | ≍ R−d
j ≍ γ

−d2jd.

The constants in ≍ depend only onM.
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Proof. We construct the sets inductively. A point set Y ⊂ M is called maximal R-separated if it
is R-separated and no point of M\ Y can be added while preserving R-separation. Choose X0 to
be a maximal R0-separated subset of M. Then sep(X0) ≥ R0. Moreover, maximality implies the
covering property: if some y ∈M satisfied dist(y, x) > R0 for all x ∈X0, then X0 ∪ {y} would still
be R0-separated, a contradiction. Hence hX0 ≤ R0. Now assume that Xj has been constructed.
Since Rj+1 = Rj/2 and sep(Xj) ≥ Rj , the old set Xj is Rj+1-separated. Enlarge Xj , without
removing any old point, to a maximal Rj+1-separated set and call the result Xj+1. Compactness
ensures that this enlargement is finite. By construction,

Xj ⊂Xj+1, sep(Xj+1) ≥ Rj+1.

The same maximality argument gives hXj+1
≤ Rj+1. This proves the nestedness, mesh norm, and

separation estimates.
It remains only to estimate the cardinality. Since Rj = γ2−j ≤ γ < RM, the local volume

estimate (2.1) gives µ(B(x,R)) ≍ Rd for 0 < R ≤ RM, with constants depending only onM. Since
Xj is Rj-separated, the balls B(x,Rj/3), x ∈Xj , are pairwise disjoint. Therefore

|Xj |Rdj ≲
∑
x∈Xj

µ(B(x,Rj/3)) ≤ 1,

and so |Xj | ≲ R−d
j . Conversely, since hXj ≤ Rj , the balls B(x,Rj), x ∈Xj , coverM. Thus

1 ≤
∑
x∈Xj

µ(B(x,Rj)) ≲ |Xj |Rdj ,

which gives |Xj | ≳ R−d
j . Combining the two bounds yields |Xj | ≍ R−d

j ≍ γ−d2jd.

3.2 Dyadic partitions and weights

Geodesic Voronoi diagrams on Riemannian manifolds are standard; see, e.g., [33]. For the weighted
discretization below, we use a measurable version obtained by assigning points on Voronoi boundaries
according to a fixed ordering of the nodes.

Definition 3.1 (Partition weights). Let Xj ⊂ M be a finite point set. A measurable partition
{Yj,x : x ∈Xj} ofM is called a nearest-neighbor partition associated with Xj if

M =
⋃
x∈Xj

Yj,x, x ∈ Yj,x,

and

Yj,x ⊂
{
y ∈M : dist(y, x) = min

z∈Xj

dist(y, z)

}
, Yj,x ⊂ B(x, hXj

),

where points tied between several nearest nodes are assigned to the first such node in a fixed ordering
of Xj. This produces a Borel partition because the geodesic distance is continuous and Xj is finite.
The corresponding partition weights are

wj,x := µ(Yj,x), x ∈Xj .

The next lemma shows that, for the dyadic nested sampling family constructed above, these
geometrically defined weights have the expected volume scale at every level.

Lemma 3.2 (Dyadic weights). Let {Xj}j≥0 be the dyadic nested sampling family constructed in
Lemma 3.1, and equip each Xj with the partition weights from Definition 3.1. Then

wj,x ≍ Rdj ≍ γd2−jd, x ∈Xj , j ≥ 0.

The constants depend only onM.

Proof. Fix j ≥ 0 and x ∈ Xj . The upper bound uses only the mesh norm. By construction of the
nearest-neighbor partition, Yj,x ⊂ B(x, hXj

). Lemma 3.1 gives hXj
≤ Rj , and hence Yj,x ⊂ B(x,Rj).

The local volume estimate (2.1) therefore gives

wj,x = µ(Yj,x) ≤ µ(B(x,Rj)) ≲ Rdj .
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For the lower bound we use the separation. Let y ∈ M satisfy dist(y, x) < Rj/2, and let z ∈ Xj

with z ̸= x. Since sep(Xj) ≥ Rj , we have dist(x, z) ≥ Rj . By the triangle inequality,

dist(y, z) ≥ dist(x, z)− dist(y, x) > Rj −Rj/2 = Rj/2.

On the other hand, dist(y, x) < Rj/2. Thus x is the unique nearest node to every point in the open
ball B◦(x,Rj/2) := {y : dist(y, x) < Rj/2}. Hence

wj,x ≥ µ(B◦(x,Rj/2)) ≥ µ(B(x,Rj/3)) ≳ Rdj ,

where the last inequality follows from (2.1). Combining the two estimates gives wj,x ≍ Rdj . Since

Rj = γ2−j , this is the same as wj,x ≍ γd2−jd.

3.3 Deterministic Marcinkiewicz–Zygmund inequalities

We now recall the form of the Filbir–Mhaskar discretization theorem [23, Theorem 5.1(b)] on compact
manifolds. The statement is specialized to the nearest-neighbor partitions used in this paper.

Proposition 3.1 (Filbir–Mhaskar [23]). Let 1 ≤ p <∞, 0 < η < 1, κ ≥ 1, and n ≥ 1. There exists
a constant c = c(M, κ, p) > 0 with the following property. Let X ⊂ M be a finite set satisfying the
quasi-uniformity condition hX ≤ κ sep(X), and {Yx}x∈X a measurable partition ofM such that

x ∈ Yx, Yx ⊂ B(x, hX), x ∈X.

If nhX ≤ c η/p, then, for every real- or complex-valued P ∈ Pn,∣∣∣∣∣
∫
M
|P (y)|p dµ(y)−

∑
x∈X

µ(Yx)|P (x)|p
∣∣∣∣∣ ≤ η

∫
M
|P (y)|p dµ(y).

The condition in Proposition 3.1 involves three quantities: the polynomial degree n, the mesh
norm hX , and the Marcinkiewicz–Zygmund tolerance η. In a nested construction, the mesh norm
changes from level to level. This gives two natural ways to read the result. The first one fixes a
tolerance η and chooses the degree at level j so that njhXj

stays uniformly small. The second one
fixes a degree n and lets the tolerance decrease as the nested sets become finer.

Theorem 3.1 (Fixed-tolerance dyadic nested Marcinkiewicz–Zygmund measures). Let 1 ≤ p < ∞
and 0 < η < 1. There exist γη,p,M > 0, dyadic nested point sets Xj ⊂ Xj+1, nj = 2j, and positive
weights {wj,x}x∈Xj such that

|Xj | ≍ γ−dη,p,Mndj , wj,x ≍ γdη,p,Mn−dj , x ∈Xj , j ≥ 0,

and
(1− η)∥P∥pLp(µ) ≤

∑
x∈Xj

wj,x|P (x)|p ≤ (1 + η)∥P∥pLp(µ)

for every P ∈ Pnj
and every j ≥ 0. The parameter γη,p,M may be chosen so that

0 < γη,p,M < min{RM, c η/p}, (3.1)

where c is the constant in Proposition 3.1 for κ = 1. The implicit constants in the cardinality and
weight estimates depend only onM; the dependence on η and p is carried by the explicit factor γη,p,M.

Proof. Let c be the constant in Proposition 3.1 with κ = 1. Choose γη,p,M > 0 so small that
(3.1) holds. Construct Xj with Rj = γη,p,Mn−1

j and define wj,x = µ(Yj,x) as above. For each j,
Lemma 3.1 gives hXj

≤ Rj and sep(Xj) ≥ Rj . Hence hXj
≤ sep(Xj), so the quasi-uniformity

condition of Proposition 3.1 holds with κ = 1. Moreover, hXj ≤ Rj = γη,p,Mn−1
j , and therefore

njhXj ≤ γη,p,M ≤ cη/p. Proposition 3.1 therefore gives, for every P ∈ Pnj ,∣∣∣∣∣∣
∫
M
|P (y)|p dµ(y)−

∑
x∈Xj

µ(Yj,x)|P (x)|p
∣∣∣∣∣∣ ≤ η

∫
M
|P (y)|p dµ(y).

This is exactly the stated Marcinkiewicz–Zygmund inequality. The cardinality and weight estimates
follow from Lemmas 3.1 and 3.2, since Rj = γη,p,Mn−1

j .
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Theorem 3.2 (Fixed-degree dyadic nested Marcinkiewicz–Zygmund measures). Let 1 ≤ p <∞ and
let n ≥ 1 be fixed. There exist dyadic nested point sets Xj ⊂Xj+1 and positive weights {wj,x}x∈Xj

,
constructed with a fixed parameter γ = γ(M), such that

|Xj | ≍ γ−d2jd, wj,x ≍ γd2−jd, x ∈Xj , j ≥ 0,

and, for all sufficiently large j,

(1− ηj)∥P∥pLp(µ) ≤
∑
x∈Xj

wj,x|P (x)|p ≤ (1 + ηj)∥P∥pLp(µ), P ∈ Pn,

where ηj ≤ CM,p n 2
−j. In particular, the Marcinkiewicz–Zygmund constants tend to 1 as j →∞.

Proof. Let c be the constant in Proposition 3.1 with κ = 1. Fix once and for all a number 0 < γ < RM,
for instance γ = RM/2. Construct the dyadic nested sets with Rj = γ2−j , and define wj,x = µ(Yj,x)
as in Lemma 3.2. For each j, Lemma 3.1 gives hXj

≤ Rj = γ2−j and hXj
≤ sep(Xj). Define

ηj :=
p

c
n hXj .

Since hXj
≤ γ2−j , we have

ηj ≤
pγ

c
n 2−j .

Because γ depends only on M, the constant pγ/c may be absorbed into CM,p. This also shows
that ηj → 0 as j → ∞, and hence ηj < 1 for all sufficiently large j. For such j, nhXj

= c ηj/p,
so Proposition 3.1 applies to Pn with tolerance ηj and gives the desired Marcinkiewicz–Zygmund
inequality. The cardinality and weight estimates follow from Lemmas 3.1 and 3.2, since Rj = γ2−j .

4 Nearly tight framelet systems from nested Marcinkiewicz–
Zygmund measures

We now turn the nested sampling inequalities into multiscale systems. The continuous framelet
construction provides spectral building blocks at dyadic scales, with a center variable y ranging over
the whole manifoldM. To obtain a usable semi-discrete system, this center variable must be sampled
at each scale.

4.1 Continuous framelets on compact manifolds

We first recall the continuous framelet construction on a compact manifold, following the spectral
approach in [45]. Let Ψ := {α;β1, . . . , βr} be a finite collection of framelet generators in L1(R)
whose Fourier transforms are compactly supported on the nonnegative frequency axis. Throughout
this section we use the 2π-Fourier convention ĥ(ξ) :=

∫
R h(t)e

−2πitξ dt. We fix an arbitrary starting
scale J ∈ N0, and define, for j ≥ J and y ∈ M, the low- and high-pass continuous framelet kernels
by

φj,y(x) :=

∞∑
ℓ=0

α̂

(
λℓ
2j

)
uℓ(y)uℓ(x), x ∈M, (4.1)

and

ψkj,y(x) :=

∞∑
ℓ=0

β̂k
(
λℓ
2j

)
uℓ(y)uℓ(x), x ∈M, k = 1, . . . , r, (4.2)

respectively. The variable y ∈M plays the role of the translation parameter.

Definition 4.1 (Continuous framelet system). Let J0 ∈ N0 be an integer. For any J ≥ J0, the family

CFSJ(Ψ) := {φJ,y : y ∈M} ∪ {ψkj,y : y ∈M, j ≥ J, k = 1, . . . , r}

is called the continuous framelet system generated by Ψ from scale J .
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The system CFSJ(Ψ) is called a continuous tight frame for L2(M, µ) if its elements belong to
L2(M, µ) and if, for every f ∈ L2(M, µ),

∥f∥2L2(µ) =

∫
M
|⟨f, φJ,y⟩|2 dµ(y) +

∞∑
j=J

r∑
k=1

∫
M
|⟨f, ψkj,y⟩|2 dµ(y). (4.3)

The tightness condition (4.3) can be verified in a spectral manner. Assume that, for every ℓ ≥ 0,

lim
j→∞

∣∣∣∣α̂(λℓ2j
)∣∣∣∣ = 1, (4.4)

and that, for every j ≥ J and every ℓ ≥ 0,∣∣∣∣α̂( λℓ
2j+1

)∣∣∣∣2 =

∣∣∣∣α̂(λℓ2j
)∣∣∣∣2 + r∑

k=1

∣∣∣∣β̂k(λℓ2j
)∣∣∣∣2 . (4.5)

Then the identities (4.5) telescope to∣∣∣∣α̂(λℓ2J
)∣∣∣∣2 + ∞∑

j=J

r∑
k=1

∣∣∣∣β̂k(λℓ2j
)∣∣∣∣2 = 1, ℓ ≥ 0. (4.6)

Consequently, CFSJ(Ψ) is a continuous tight frame. To see this, first let f be a finite spectral

expansion, f =
∑
ℓ≥0 f̂ℓuℓ. Then

⟨f, φj,y⟩ =
∑
ℓ≥0

f̂ℓ α̂

(
λℓ
2j

)
uℓ(y), ⟨f, ψkj,y⟩ =

∑
ℓ≥0

f̂ℓ β̂k
(
λℓ
2j

)
uℓ(y). (4.7)

Parseval’s identity in the y variable gives∫
M
|⟨f, φJ,y⟩|2 dµ(y) =

∑
ℓ≥0

|f̂ℓ|2
∣∣∣∣α̂(λℓ2J

)∣∣∣∣2
and the analogous identity for each high-pass term. Summing over the high-pass levels and using (4.6),

the continuous framelet energy is exactly
∑
ℓ≥0 |f̂ℓ|2. For a general f ∈ L2(M, µ), the same identity

follows by approximating f by finite spectral sums and using Tonelli’s theorem for the nonnegative
energy terms. Further details and equivalent conditions can be found in [45, Theorem 2.1].

4.2 Nested Marcinkiewicz–Zygmund sampling and semi-discrete framelets

The continuous system CFSJ(Ψ) uses discrete scales and continuous centers. Semi-discretization
further replaces the center continuum at each scale by finitely many weighted nodes while preserving
L2(M, µ) frame bounds. Exact-quadrature constructions in [45, 49] preserve tightness but require
structured rules, such as spherical t-designs. Here we instead use the nested measures from Section 3,
whose Marcinkiewicz–Zygmund stability also allows geometrically controlled scattered and nested
nodes.

For a fixed function f , the quantities to be discretized are the center-variable coefficient functions

PφJ (y) := ⟨f, φJ,y⟩, Pψ
k

j (y) := ⟨f, ψkj,y⟩. (4.8)

To use the Marcinkiewicz–Zygmund measures, these functions should lie in finite-dimensional diffusion
polynomial spaces. Similar to the exact quadrature-based discretization [45, Corollary 2.6], we ensure
this by imposing a compact spectral support condition on the generators. Namely, we assume that
Ψ satisfies (4.4) and (4.5), and

(supp α̂ ∩ [0,∞)) ∪
r⋃

k=1

(
supp β̂k ∩ [0,∞)

)
⊂ [0, 1]. (4.9)

If a multiplier at scale j is supported in [0, 1] after the normalization λℓ 7→ λℓ/2
j , then only eigenvalues

λℓ ≤ 2j can occur. The next lemma records the resulting bandwidth of the coefficient functions (4.8).
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Lemma 4.1 (Bandwidth of coefficient functions). Assume that Ψ satisfies (4.9). For every f ∈
L2(M, µ),

PφJ ∈ P2J , Pψ
k

j ∈ P2j , j ≥ J, k = 1, . . . , r. (4.10)

Proof. By the coefficient expansion (4.7),

PφJ (y) =
∑
ℓ≥0

f̂ℓ α̂

(
λℓ
2J

)
uℓ(y).

The support condition (4.9) implies that the coefficient multiplying uℓ is zero unless λℓ/2
J ≤ 1, or

equivalently λℓ ≤ 2J . Therefore PφJ ∈ P2J . The proof for Pψ
k

j is similar.

Remark 4.1 (On products of diffusion polynomials). Since the product of two diffusion polynomials
may not necessarily be a diffusion polynomial, exact-quadrature discretizations often require a product
assumption, such as |P |2 ∈ PCn for P ∈ Pn; see, e.g., [45]. Filbir and Mhaskar proved the existence
of a manifold-dependent constant Cprod ≥ 2 such that

PQ ∈ PCprod2j for all P,Q ∈ P2j ;

see [23, Theorem A.1]. Consequently, exactness through degree Cprod2
j makes the level-j weighted

Fourier map an isometry. On the sphere and the flat torus one may take Cprod = 2, so exactness
through degree 2j+1 is enough. On a general compact manifold, however, Cprod need not equal 2, and
the quadrature degree must be enlarged accordingly. Indeed, the product inclusion and the correspond-
ing exactness rule give

∑
x∈Xj

wj,xP (x)Q(x) = ⟨P,Q⟩L2(µ). Thus, exactness alone is not the relevant
condition, and it must be paired with a product-bandwidth inclusion of this form. The Marcinkiewicz–
Zygmund approach in the current paper, however, needs no such hypothesis: Proposition 3.1 directly
provides the required two-sided estimate for |P |2.

Since the Marcinkiewicz–Zygmund inequalities are weighted, we absorb w
1/2
x into each sampled

atom. The resulting unweighted ℓ2-sum of framelet coefficients then coincides with the corresponding
weighted Marcinkiewicz–Zygmund sum. We first define this semi-discrete system and then establish
its frame property.

Definition 4.2 (Semi-discrete framelets from nested Marcinkiewicz–Zygmund measures). Let J0 ∈
N0 and J ≥ J0. For each j ≥ 0, let Xj be a finite subset ofM and let {wj,x}x∈Xj be positive weights.
Assume that the sampling family is nested, that is, Xj ⊂Xj+1 for all j ≥ 0. The family

FSJ(Ψ;X, w) = {w1/2
J,xφJ,x : x ∈XJ} ∪ {w1/2

j+1,xψ
k
j,x : x ∈Xj+1, j ≥ J, k = 1, . . . , r} (4.11)

is called the semi-discrete framelet system from nested Marcinkiewicz–Zygmund measures, associated
with the continuous framelet system CFSJ(Ψ).

Recall that a semi-discrete framelet system FSJ is a frame for L2(M, µ) with frame bounds
0 < A ≤ B <∞ if its framelet coefficients satisfy

A∥f∥2L2(µ) ≤
∑
g∈FSJ

|⟨f, g⟩|2 ≤ B∥f∥2L2(µ)

for every f ∈ L2(M, µ). If A = B = 1, the system is tight. With the normalization inherited from
the continuous tight frame, we call the system ε-nearly tight if

(1− ε)∥f∥2L2(µ) ≤
∑
g∈FSJ

|⟨f, g⟩|2 ≤ (1 + ε)∥f∥2L2(µ), 0 ≤ ε < 1.

Equivalently, its frame operator S satisfies ∥S − I∥ ≤ ε.

Theorem 4.1 (Nearly tight framelet systems from nested Marcinkiewicz–Zygmund measures). Let
J0 ∈ N0 and J ≥ J0. Assume that Ψ satisfies (4.4), (4.5), and (4.9). Let 0 < η < 1, and form the
nested semi-discrete framelet system (4.11) from the fixed-tolerance nested Marcinkiewicz–Zygmund
measures in Theorem 3.1, applied with p = 2 and constructed with the parameter γη,2,M. Then
FSJ(Ψ;X, w) is an η-nearly tight frame for L2(M, µ), with frame bounds 1− η and 1 + η.
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Proof. For fixed f ∈ L2(M, µ), by Lemma 4.1, PφJ ∈ P2J and Pψ
k

j ∈ P2j . Since the level-q rule in
Theorem 3.1 is a Marcinkiewicz–Zygmund rule for P2q , we apply it at level q = J to the low-pass
term. For a high-pass term at scale j, we use the level-(j + 1) rule; this is valid because P2j ⊂ P2j+1 .
The low-pass estimate is

(1− η)
∫
M
|PφJ (y)|

2 dµ(y) ≤
∑
x∈XJ

wJ,x|PφJ (x)|
2 ≤ (1 + η)

∫
M
|PφJ (y)|

2 dµ(y),

which is the same as

(1− η)∥PφJ ∥
2
L2(µ) ≤

∑
x∈XJ

|⟨f, w1/2
J,xφJ,x⟩|

2 ≤ (1 + η)∥PφJ ∥
2
L2(µ). (4.12)

Similarly, for every j ≥ J and k = 1, . . . , r,

(1− η)
∫
M
|Pψ

k

j (y)|2 dµ(y) ≤
∑

x∈Xj+1

|⟨f, w1/2
j+1,xψ

k
j,x⟩|2 ≤ (1 + η)

∫
M
|Pψ

k

j (y)|2 dµ(y). (4.13)

Summing the low-pass estimate (4.12) and the high-pass estimates (4.13) over J ≤ j ≤ L gives
the same two-sided inequality for the corresponding finite partial coefficient energy. Since all terms
are nonnegative, we may let L → ∞ and use monotone convergence on the discrete sums. On the
continuous side, the corresponding partial energies converge to ∥f∥2L2(µ) by the tight identity (4.3).

This proves the frame bounds 1− η and 1 + η for FSJ(Ψ;X, w).

Remark 4.2 (Sampling cost of near-tightness). The tolerance η in Theorem 4.1 is the same at every
level, but it can be chosen when constructing the measures. Choosing a smaller η gives tighter frame
bounds 1±η. The price is a denser sampling family. Indeed, by Theorem 3.1 with p = 2 and nj = 2j,
the construction gives

|Xj | ≍ γ−dη,2,M2jd, wj,x ≍ γdη,2,M2−jd, x ∈Xj , j ≥ 0.

Here the construction parameter is chosen subject to 0 < γη,2,M < min{RM, cη/2}, where c is the
constant in Proposition 3.1 with p = 2 and κ = 1. Thus improving the frame bounds by decreasing
η generally amplifies the number of sampling centers through the factor γ−dη,2,M, which is of order

η−d when γη,2,M is chosen proportional to η. A high-pass term at scale j uses Xj+1, and hence has
|Xj+1| ≍ γ−dη,2,M2(j+1)d sampling centers.

There is another way to improve the frame bounds once a nested family has been constructed.
Instead of rebuilding the whole family with a smaller value of γη,2,M, one may keep the same nested
sets and add s refinement steps beyond the basic sampling levels. Thus the low-pass term at scale
J is sampled on XJ+s, whereas a high-pass coefficient function at scale j, whose basic center set is
Xj+1, is sampled on Xj+1+s. This is the sense in which the next construction is oversampled: all
sampling levels in the basic semi-discrete system are shifted upward by s.

Definition 4.3 (Oversampled semi-discrete framelets from nested Marcinkiewicz–Zygmund mea-
sures). Let J0 ∈ N0 and J ≥ J0. Assume that Ψ satisfies (4.4), (4.5), and (4.9). Let {Xj , wj,x}j≥0

be a nested weighted sampling family, and let s ≥ 0 be an integer. The shifted sampling family remains
nested in the sense of Xq+s ⊂Xq+1+s, q ≥ 0. Define

φ
(s)
J,x := w

1/2
J+s,xφJ,x, x ∈XJ+s,

and
ψ
k,(s)
j,x := w

1/2
j+1+s,xψ

k
j,x, x ∈Xj+1+s, j ≥ J, k = 1, . . . , r.

The family

FS
(s)
J := {φ(s)

J,x : x ∈XJ+s} ∪ {ψk,(s)j,x : x ∈Xj+1+s, j ≥ J, k = 1, . . . , r} (4.14)

is called the oversampled semi-discrete framelet system from nested Marcinkiewicz–Zygmund mea-
sures with oversampling shift s.
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Theorem 4.2 (Near-tightness under nested oversampling). Let J0 ∈ N0 and J ≥ J0. Assume that
Ψ satisfies (4.4), (4.5), and (4.9). Let {Xj , wj,x}j≥0 be the nested weighted family constructed in
Lemmas 3.1 and 3.2 with a fixed parameter 0 < γ < RM, and form the oversampled nested semi-
discrete framelet system (4.14) from this family. Let c be the constant in Proposition 3.1 with p = 2

and κ = 1, and set CM := 2γ/c. Let s ≥ 0 be an integer such that ρs := CM2−s < 1. Then FS
(s)
J is

a ρs-nearly tight frame, where ρs = CM2−s. In particular, these systems become asymptotically tight
as s→∞.

Proof. We prove the estimate for a high-pass coefficient function; the low-pass term is treated sim-

ilarly. By Lemma 4.1, Pψ
k

j ∈ P2j . It is sampled on level j + 1 + s. For the dyadic construction in

Lemma 3.1, the mesh norm at this sampling level satisfies hXj+1+s ≤ γ2−(j+1+s). Therefore, with

Nj := 2j , we have NjhXj+1+s ≤ (γ/2)2−s. Set ηψj,s := (2/c)NjhXj+1+s . Proposition 3.1 with p = 2

and κ = 1, together with ηψj,s ≤ (CM/2)2−s ≤ ρs < 1, gives a Marcinkiewicz–Zygmund inequality for

Pψ
k

j with tolerance ηψj,s. The constant is independent of the framelet scale j, the high-pass channel k,

and the starting scale J . By the definition of ψ
k,(s)
j,x , this Marcinkiewicz–Zygmund inequality becomes

(1− ρs)∥Pψ
k

j ∥
2
L2(µ) ≤(1− η

ψ
j,s)∥P

ψk

j ∥
2
L2(µ) ≤

∑
x∈Xj+1+s

|⟨f, ψk,(s)j,x ⟩|
2 ≤ (1 + ηψj,s)∥P

ψk

j ∥
2
L2(µ)

≤(1 + ρs)∥Pψ
k

j ∥
2
L2(µ).

For PφJ ∈ P2J , sampled on XJ+s, we have 2
JhXJ+s

≤ γ2−s; hence the same Marcinkiewicz–Zygmund
argument gives tolerance at most CM2−s = ρs. Summing the low-pass estimate and the high-pass
estimates over J ≤ j ≤ L gives the desired two-sided estimate for the finite partial coefficient energy.
Letting L → ∞, monotone convergence applies to the discrete sums, while the continuous partial
energies converge to ∥f∥2L2(µ) by (4.3). This proves the claimed frame bounds.

Remark 4.3 (Oversampling cost). At high-pass scale j, for example, the construction uses

|Xj+1+s| ≍ γ−d2(j+1+s)d, wj+1+s,x ≍ γd2−(j+1+s)d.

Thus the improvement from 1±O(1) to 1±O(2−s) is obtained by using about 2sd more centers than
the basic high-pass set Xj+1.

5 Fully discrete framelet transform and fast implementation

We now pass from semi-discrete framelets to a fully discrete transform. We use the frame-theoretic
terms analysis and synthesis. In the filter-bank language, analysis is implemented by decomposition,
whereas synthesis gives reconstruction directly only in the perfect-reconstruction case. The same
nested weighted node sets as in the construction of semi-discrete framelets are used throughout.

5.1 Coefficients at the finest level

Fix a coarsest level J and a finest scaling level K > J . Since the generators are compactly supported
on the nonnegative spectral axis, we define the finite active index set Λαj :=

{
ℓ ≥ 0 : α̂

(
λℓ/2

j
)
̸= 0
}
,

j ≥ J . The support assumption (4.9) implies Λαj ⊂ {ℓ : λℓ ≤ 2j}. We assume, as is the case for the
filters used below, that Λαj−1 ⊂ Λαj .

For ẑ = (zℓ)ℓ∈Λα
j
∈ CΛα

j , the weighted discrete Fourier transform Fj : CΛα
j −→ CXj associated

with Xj is defined by

(Fj ẑ)(x) :=
∑
ℓ∈Λα

j

zℓw
1/2
j,x uℓ(x), x ∈Xj . (5.1)

Its adjoint discrete Fourier transform F∗
j : CXj −→ CΛα

j is then given by

(F∗
jv)ℓ :=

∑
x∈Xj

vxw
1/2
j,x uℓ(x), ℓ ∈ Λαj . (5.2)

For the oversampled construction we use instead F
(s)
j : CΛα

j → CXj+s , defined by replacing wj,x
and Xj in (5.1) by wj+s,x and Xj+s. For the Marcinkiewicz–Zygmund measures considered below,
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Proposition 5.1 shows that Fj is injective and well conditioned, although F∗
jFj need not be the

identity.

Proposition 5.1 (Gram bounds for the weighted Fourier map). Suppose the level-j sampling rule
has L2 Marcinkiewicz–Zygmund constants 1− εj and 1 + εj, where 0 ≤ εj < 1. Then on CΛα

j ,

(1− εj)I ≤ F∗
jFj ≤ (1 + εj)I. (5.3)

Proof. For ẑ ∈ CΛα
j , set Pẑ :=

∑
ℓ∈Λα

j
zℓuℓ. Since Λαj ⊆ {ℓ : λℓ ≤ 2j}, we have Pẑ ∈ P2j . Orthonor-

mality gives ∥Pẑ∥2L2(µ) = ∥ẑ∥22, while ∥Fj ẑ∥22 =
∑
x∈Xj

wj,x|Pẑ(x)|2. The Marcinkiewicz–Zygmund
inequality therefore yields

(1− εj)∥ẑ∥22 ≤ ∥Fj ẑ∥22 ≤ (1 + εj)∥ẑ∥22.

Since ∥Fj ẑ∥22 = ⟨F∗
jFj ẑ, ẑ⟩, this is equivalent to (5.3).

For f ∈ L2(M, µ), to start the finite transform, we need the spectral vector

v̂K =
(
f̂ℓ α̂(λℓ/2K)

)
ℓ∈Λα

K

of the finest scaling coefficient function vK(y) := ⟨f, φK,y⟩. If only the weighted nodal values vK of
f are available, we compute a spectral fit by

v̂K = argmin
z∈CΛα

K

∥FKz− vK∥22,

equivalently, F∗
KFK v̂K = F∗

KvK . Algorithm 1 solves it by a conjugate-gradient iteration. Here and
below, ϵmach denotes machine precision.

Algorithm 1: Finest-level scaling coefficient computation

Input: A weighted finest-level scaling sequence vK , operators FK and F∗
K , tolerance τ > 0,

and maximum iteration number Mmax

Output: Approximation to v̂K ∈ CΛα
K

1 b← F∗
KvK , z← 0;

2 r← b, p← r;
3 for m = 0, 1, . . . ,Mmax − 1 do
4 if ∥r∥/max{∥b∥, ϵmach} ≤ τ then
5 return v̂K ← z
6 end if
7 q← F∗

KFKp;
8 θm ← ⟨r, r⟩/⟨p,q⟩;
9 z← z+ θmp;

10 rnew ← r− θmq;
11 δm ← ⟨rnew, rnew⟩/⟨r, r⟩;
12 p← rnew + δmp, r← rnew;

13 end for
14 v̂K ← z;

Remark 5.1. Let Cprod be a product-bandwidth constant as in Remark 4.1. Suppose that the level-K
sampling rule is exact for polynomials of degree up to Cprod2

K , and that the corresponding product
condition holds at level K. For ẑ, ŷ ∈ CΛα

K , set Pẑ :=
∑
ℓ∈Λα

K
zℓuℓ and Pŷ :=

∑
ℓ∈Λα

K
yℓuℓ. These

functions belong to P2K . Hence exactness applied to PẑPŷ gives

⟨FK ẑ,FK ŷ⟩ =
∑
x∈XK

wK,xPẑ(x)Pŷ(x) = ⟨ẑ, ŷ⟩.

Thus F∗
KFK = I. Consequently, Algorithm 1 is unnecessary, and the finest-level coefficients can be

computed directly as v̂K = F∗
KvK using the adjoint discrete Fourier transform. This recovers the

setting considered in [45].
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5.2 Filter banks

The continuous framelet system CFSJ(Ψ) was described in terms of generators Ψ = {α;β1, . . . , βr}.
For an actual multilevel algorithm, one also needs a filter bank

Θ = {a; b1, . . . , br},

where a, b1, . . . , br ∈ ℓ1(Z). Here a is the low-pass filter and b1, . . . , br are high-pass filters. We
write their symbols, using the same 2π-Fourier convention as above, as â(ξ) =

∑
m∈Z ame

−2πimξ and

b̂k(ξ) =
∑
m∈Z b

k
me

−2πimξ. The role of the filter bank is to connect adjacent scales. The generators
and the filters are related by the refinement relations

α̂(2ξ) = â(ξ)α̂(ξ), β̂k(2ξ) = b̂k(ξ)α̂(ξ), k = 1, . . . , r. (5.4)

Thus α and βk describe the framelet atoms at absolute scales, while a and bk describe the transition
from one scale to the next. For example,

α̂

(
λℓ
2j−1

)
= â

(
λℓ
2j

)
α̂

(
λℓ
2j

)
, β̂k

(
λℓ
2j−1

)
= b̂k

(
λℓ
2j

)
α̂

(
λℓ
2j

)
. (5.5)

We assume that the filters split the energy of every active coefficient:∣∣∣∣â(λℓ2j
)∣∣∣∣2 + r∑

k=1

∣∣∣∣b̂k (λℓ2j
)∣∣∣∣2 = 1, ℓ ∈ Λαj , j > J. (5.6)

Together, these assumptions provide the algebraic basis of the fully discrete transform.

Proposition 5.2 (Generator conditions from a filter bank). Let Ψ = {α;β1, . . . , βr} ⊂ L1(R) and
the filter bank Θ = {a; b1, . . . , br} ⊂ ℓ1(Z). Suppose that the refinement equations (5.4) hold for all
ξ ∈ R, that the active spectral partition (5.6) holds, and that

|α̂(0)| = 1, supp α̂ ∩ [0,∞) ⊂ [0, 1/2].

Then Ψ satisfies the low-pass limit (4.4), the identity (4.5), and the support condition (4.9).

Proof. Since α ∈ L1(R), its Fourier transform is continuous. For each fixed ℓ ≥ 0, λℓ/2
j → 0 as

j →∞. Hence

lim
j→∞

∣∣∣∣α̂(λℓ2j
)∣∣∣∣ = |α̂(0)| = 1,

which is (4.4). Next fix j ≥ J and ℓ ≥ 0, and set ξ = λℓ/2
j+1. The refinement equations give

α̂

(
λℓ
2j

)
= â(ξ)α̂

(
λℓ
2j+1

)
, β̂k

(
λℓ
2j

)
= b̂k(ξ)α̂

(
λℓ
2j+1

)
.

If α̂(λℓ/2
j+1) = 0, then all terms in (4.5) are zero. Otherwise ℓ ∈ Λαj+1, and (5.6), applied at level

j + 1, yields∣∣∣∣α̂(λℓ2j
)∣∣∣∣2 + r∑

k=1

∣∣∣∣β̂k(λℓ2j
)∣∣∣∣2 =

(
|â(ξ)|2 +

r∑
k=1

|b̂k(ξ)|2
)∣∣∣∣α̂( λℓ

2j+1

)∣∣∣∣2 =

∣∣∣∣α̂( λℓ
2j+1

)∣∣∣∣2 .
This proves (4.5). Finally, the assumed support of α̂ gives supp α̂ ∩ [0,∞) ⊂ [0, 1]. For each k, the

second refinement equation implies β̂k(η) = b̂k(η/2)α̂(η/2), η ∈ R. Thus, on the nonnegative axis,

β̂k(η) ̸= 0 can occur only when η/2 ∈ supp α̂ ∩ [0,∞) ⊂ [0, 1/2], that is, only when η ∈ [0, 1]. Hence

supp β̂k ∩ [0,∞) ⊂ [0, 1] for every k, and (4.9) follows.

5.3 Analysis

We next define the level-transition maps used by the filter bank. Let vj = Fjv̂j be a weighted nodal
sequence on Xj , where v̂j = (v̂j,ℓ)ℓ∈Λα

j
. For a filter h ∈ ℓ1(Z), we define the discrete convolution of

vj with h by

(vj ∗j h)x :=
∑
ℓ∈Λα

j

v̂j,ℓĥ

(
λℓ
2j

)
w

1/2
j,x uℓ(x), x ∈Xj .
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The downsampling operator is defined in the same spectral language:

(vj ↓j)x :=
∑
ℓ∈Λα

j

v̂j,ℓw
1/2
j−1,xuℓ(x), x ∈Xj−1.

Thus ↓j is not a deletion of entries; it is a change of weighted sampling nodes from Xj to Xj−1.
Conversely, the upsampling operator from level j − 1 to level j is defined by

(vj−1 ↑j)x :=
∑

ℓ∈Λα
j−1

v̂j−1,ℓw
1/2
j,x uℓ(x), x ∈Xj .

The next result explains why the analysis step is implemented by the conjugate filters. For a filter

h, let h∗ be characterized by ĥ∗(ξ) = ĥ(ξ) on real ξ.

Theorem 5.1 (One-step coefficient decomposition). Suppose that the generators and filters satisfy
the conditions in Proposition 5.2. Fix f ∈ L2(M, µ) and a level j > J . Define the coefficient
functions

vj(y) := ⟨f, φj,y⟩ , vj−1(y) := ⟨f, φj−1,y⟩ , wkj−1(y) := ⟨f, ψkj−1,y⟩, k = 1, . . . , r.

Let vj and vj−1 be the weighted nodal sequences of vj and vj−1 on Xj and Xj−1, respectively, and
let wk

j−1 be the weighted nodal sequence of wkj−1 on Xj. Then

vj−1 = (vj ∗j a∗) ↓j , wk
j−1 = vj ∗j

(
bk
)∗
, k = 1, . . . , r.

Proof. By the coefficient expansion (4.7), the spectral coefficients of vj are v̂j,ℓ = f̂ℓ α̂ (λℓ/2j), ℓ ∈ Λαj .
The scaled refinement equations (5.5) therefore give, for every ℓ ∈ Λαj ,

v̂j,ℓ â

(
λℓ
2j

)
= f̂ℓ α̂

(
λℓ
2j−1

)
, v̂j,ℓ b̂k

(
λℓ
2j

)
= f̂ℓ β̂k

(
λℓ
2j−1

)
, k = 1, . . . , r.

For ℓ /∈ Λαj , the scaled refinement equations show that both coarse- and high-pass coefficients on the
right vanish as well. Thus these identities determine all the spectral coefficients of the corresponding
coefficient functions vj−1(y) = ⟨f, φj−1,y⟩ and wkj−1(y) = ⟨f, ψkj−1,y⟩. Evaluating the first one on
Xj−1 with the weights wj−1,x yields (vj ∗j a∗) ↓j= vj−1, while evaluating the second identity on Xj

with the weights wj,x yields vj ∗j (bk)∗ = wk
j−1 for k = 1, . . . , r.

Starting from the finest-level vector v̂K computed by Algorithm 1, we repeat the one-step decom-
position for j = K,K − 1, . . . , J + 1. The restriction Rj−1

j : CΛα
j → CΛα

j−1 is taken onto Λαj−1, that
is, (

Rj−1
j ẑ

)
ℓ
= zℓ, ℓ ∈ Λαj−1.

Algorithm 2 first performs the spectral filtering and then stores each branch on its prescribed weighted
node set.

Algorithm 2: Multi-level coefficient analysis

Input: Finest-level scaling vector v̂K ∈ CΛα
K , filters a, b1, . . . , br, and levels J < K

Output: Coarse sequence vJ and detail sequences wk
j−1, j = J + 1, . . . ,K, k = 1, . . . , r

1 for j = K,K − 1, . . . , J + 1 do
2 for k = 1, . . . , r do

3 ŵk
j−1 ← v̂j b̂k(2−jλ);

4 wk
j−1 ← Fjŵ

k
j−1;

5 end for

6 v̂j−1 ← Rj−1
j

(
v̂j â(2−jλ)

)
;

7 end for
8 vJ ← FJ v̂J ;

Let AJ,K : CΛα
K → CXJ ×

∏K
j=J+1

(
CXj

)r
be the linear map implemented by Algorithm 2, namely

AJ,K v̂K =
(
vJ , {wk

j−1}
)
.
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Equip the domain and codomain with their standard Euclidean inner products. The adjoint A∗
J,K is

therefore the unique linear map satisfying

⟨AJ,K v̂K , c⟩ = ⟨v̂K ,A∗
J,Kc⟩

for every v̂K and coefficient collection c. For an oversampling shift s ≥ 0, the operator A(s)
J,K is

defined by the same spectral filtering steps, with FJ and Fj replaced by F
(s)
J and F

(s)
j , respectively.

5.4 Synthesis

We now synthesize a finest-level scaling vector from a coefficient collection

c =
(
cJ , {ckj−1 : j = J + 1, . . . ,K, k = 1, . . . , r}

)
,

using the adjoint filter bank. Define the zero-extension map Ejj−1 : CΛα
j−1 → CΛα

j by

(
Ejj−1ẑ

)
ℓ
=

{
zℓ, ℓ ∈ Λαj−1,

0, ℓ ∈ Λαj \ Λαj−1.

It is the Euclidean adjoint of the restriction operator Rj−1
j in the analysis step. The recursion for

the Euclidean adjoint A∗
J,K is

ẑJ := F∗
JcJ , ẑj := Ejj−1ẑj−1â(2

−jλ·) +

r∑
k=1

(
F∗
jc
k
j−1

)
b̂k(2−jλ·), j = J + 1, . . . ,K.

This recursion is obtained by taking the Euclidean adjoint of each step of Algorithm 2: evaluation

by Fj becomes F∗
j , while multiplication by the conjugate filters becomes multiplication by â and b̂k.

It is described in the following Algorithm 3, computing A∗
J,Kc.

Algorithm 3: Multi-level coefficient one-pass synthesis

Input: Coarse sequence cJ , detail sequences c
k
j−1, filters a, b

1, . . . , br, and levels J < K
Output: One-pass finest-level spectral vector ẑK

1 ẑJ ← F∗
JcJ ;

2 for j = J + 1, J + 2, . . . ,K do

3 ẑj ← Ejj−1ẑj−1â(2
−jλ·);

4 for k = 1, . . . , r do
5 êkj−1 ← F∗

jc
k
j−1;

6 ẑj ← ẑj + êkj−1b̂
k(2−jλ·);

7 end for

8 end for

When the sampling rules have sufficient algebraic exactness, the adjoint filter-bank pass is already
an exact inverse; no iterative correction is needed. More precisely, we have the following result.

Proposition 5.3 (Exact one-pass synthesis). Suppose that the refinement relations (5.4) and the
filter-bank partition (5.6) hold. Let Cprod be a product-bandwidth constant as in Remark 4.1. Assume,
for every j = J, . . . ,K, that the level-j sampling rule is exact for polynomials of degree up to Cprod2

j,
and that the corresponding product condition holds. Then

A∗
J,KAJ,K = I on CΛα

K . (5.7)

Consequently, if c = AJ,K v̂K , then Algorithm 3 returns v̂K after one pass.

Proof. Recall that in this case, F∗
jFj = I on CΛα

j for every j, including the coarsest branch at level J ;
see the argument in Remark 5.1. We consider one spectral filter-bank step. The low-pass branch has
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coefficients v̂j â, restricted to Λαj−1, and the kth detail branch has coefficients v̂j b̂k. The refinement
relation makes the low-pass product vanish outside Λαj−1. Therefore the partition identity gives

∥v̂j∥22 = ∥v̂j−1∥22 +
r∑

k=1

∥ŵk
j−1∥22.

Iterating this identity shows that the spectral filter-bank map

WJ,K : CΛα
K −→ CΛα

J ⊕
K⊕

j=J+1

(
CΛα

j
)r
, v̂K 7−→

(
v̂J , {ŵk

j−1}
)
,

is an isometry, so W∗
J,KWJ,K = I. Let

DJ,K : CΛα
J ⊕

K⊕
j=J+1

(
CΛα

j
)r −→ CXJ ⊕

K⊕
j=J+1

(
CXj

)r
be the block-diagonal map that applies FJ to the coarse branch and Fj to each level-j detail branch.
The fact F∗

jFj = I shows that every block is an isometry, hence D∗
J,KDJ,K = I.

Since the analysis operator implemented by Algorithm 2 factors as AJ,K = DJ,KWJ,K , we obtain

A∗
J,KAJ,K =W∗

J,KD∗
J,KDJ,KWJ,K =W∗

J,KWJ,K = I on CΛα
K .

The conclusion follows because the one-pass algorithm computes A∗
J,Kc.

For Marcinkiewicz–Zygmund sampling, the weighted Fourier maps are well conditioned but gen-
erally not isometries. Hence one-pass synthesis is still the adjoint operation, but A∗

J,KAJ,K ̸= I in
general. To recover the canonical coefficient vector, we instead solve

ûK = argmin
ẑ∈CΛα

K

1

2
∥AJ,K ẑ− c∥22.

Its normal equation, involving the coefficient frame operator SJ,K := A∗
J,KAJ,K , is given by

SJ,K ûK = A∗
J,Kc.

Algorithm 4 applies conjugate gradients to this normal equation on the full coefficient space.

Algorithm 4: Coefficient-space frame-operator CG reconstruction

Input: Coefficient collection c, tolerance τ > 0, and maximum iteration number Mmax

Output: Canonical finest-level coefficient vector ûK ∈ CΛα
K

1 b← A∗
J,Kc, ûK ← 0;

2 r← b, p← r;
3 for m = 0, 1, . . . ,Mmax − 1 do
4 if ∥r∥/max{∥b∥, ϵmach} ≤ τ then
5 return ûK
6 end if
7 q← A∗

J,KAJ,Kp;

8 θm ← ⟨r, r⟩/⟨p,q⟩;
9 ûK ← ûK + θmp;

10 rnew ← r− θmq;
11 δm ← ⟨rnew, rnew⟩/⟨r, r⟩;
12 p← rnew + δmp, r← rnew;

13 end for

The Marcinkiewicz–Zygmund bounds do more than ensure that the least-squares problem is well
posed. They quantify the conditioning of its normal equation and therefore the convergence of
conjugate gradients.
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Proposition 5.4 (Finite-level near-tightness and CG reconstruction). Assume that the refinement
relations (5.4) hold and that (5.6) holds for j = J + 1, . . . ,K.

(i) For the fixed-tolerance nested Marcinkiewicz–Zygmund measures of Theorem 3.1, with p = 2
and tolerance 0 < η < 1,

(1− η)∥ẑ∥22 ≤ ∥AJ,K ẑ∥22 ≤ (1 + η)∥ẑ∥22 for all ẑ ∈ CΛα
K .

(ii) In the oversampled setting of Theorem 4.2, with ρs = CM2−s < 1, the corresponding operator

A(s)
J,K satisfies the same inequality with η replaced by ρs.

Both conclusions remain valid after restriction to a spectral subspace. In either case, let T = AJ,K
in (i) and T = A(s)

J,K in (ii), and write ε = η or ε = ρs, respectively. Then ST := T ∗T is a positive-

definite self-adjoint operator on CΛα
K . Let λmin(ST ) and λmax(ST ) denote its smallest and largest

eigenvalues, respectively. Its spectral condition number is

κ(ST ) :=
λmax(ST )

λmin(ST )
≤ 1 + ε

1− ε
. (5.8)

Denote by ∥ẑ∥ST := ⟨ST ẑ, ẑ⟩1/2. If ûK solves ST ûK = T ∗c and û
(m)
K is the mth CG iterate (using

T in place of AJ,K in Algorithm 4), then

∥û(m)
K − ûK∥ST ≤ 2

(√
κ(ST )− 1√
κ(ST ) + 1

)m
∥û(0)

K − ûK∥ST . (5.9)

Proof. For ẑ ∈ CΛα
K , iterating the one-level filter-bank energy identity gives

∥ẑ∥22 = ∥v̂J∥22 +
K∑

j=J+1

r∑
k=1

∥ŵk
j−1∥22.

The polynomial represented by v̂J belongs to P2J , while the polynomial represented by ŵk
j−1 belongs

to P2j . In case (i), the levelwise Marcinkiewicz–Zygmund inequalities therefore give

(1− η)∥ẑ∥22 ≤ ∥AJ,K ẑ∥22 ≤ (1 + η)∥ẑ∥22

after summing over the coarse and detail branches. In case (ii), the same argument samples a degree-
2j branch on Xj+s. Theorem 3.2 gives the uniform error ρs = CM2−s, and hence the asserted

bounds for A(s)
J,K . Restricting either operator to a spectral subspace preserves these inequalities. The

resulting frame bounds imply (1− ε)I ≤ ST ≤ (1 + ε)I, which proves positive definiteness and (5.8).
Finally, (5.9) is the standard conjugate-gradient estimate for a positive-definite linear system; see,
e.g., [44, Lecture 38].

5.5 Fast algorithms and computational cost

Fast algorithms for Fourier maps and their adjoints exist on many standard manifolds, including fast
spherical harmonic transforms on the sphere and nonequispaced Fourier transforms on the torus; see,
e.g., [21, 26, 28, 30, 31, 38]. Let Nj := |Xj |, Mj := |Λαj |, and let Cj be an upper bound for the cost of
one application of either Fj or F

∗
j . The estimates below assume a fixed fast-transform accuracy and

exclude one-time planning and precomputation costs. Diagonal filter multiplication costs O(Mj).
If Ifit iterations are used in Algorithm 1, finest-level coefficient preparation costs

O
(
(2Ifit + 1)CK + IfitMK

)
.

A coefficient analysis pass costs

O

r K∑
j=J+1

Cj + CJ + (r + 1)

K∑
j=J+1

Mj

 ,

and an adjoint synthesis pass has the same order. If Irec coefficient-space CG iterations are used,
canonical reconstruction costs one initial adjoint synthesis plus Irec analysis–synthesis pairs and
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O(IrecMK) additional vector operations. Projection of a spectral coefficient vector onto a subspace
such as P2L costs O(MK). For fixed-tolerance dyadic measures, the constants may depend on the
fixed tolerance η, but Nj ≍Mj ≍ 2jd. Here the estimate for Nj follows from the nested construction,
while that for Mj follows from Weyl’s law: continuity and α̂(0) ̸= 0 make α̂ nonzero near the origin,
and its compact support gives the matching upper bound.

For fixed dimension and transform accuracy, the torus nonequispaced fast Fourier transforms
(NFFT) and its adjoint satisfy Cj = O(Mj logMj + Nj) [31]. On S2, letting Mj ≍ n2

j , the nonequi-

spaced fast spherical Fourier transform (NFSFT) and its adjoint satisfy Cj = O
(
n2j log

2 nj + Nj
)
=

O
(
Mj log

2Mj + Nj
)
[30]. The diagonal weight scaling costs O(Nj) and does not change these esti-

mates. Thus both cases are covered by

Cj = O(Mj log
σMj + Nj) , σ =

{
1, M = Td,
2, M = S2.

Since Mj ≍ Nj and both grow geometrically, one analysis or adjoint synthesis pass costs

O((r + 1)NK logσ NK) .

Hence Irec coefficient-space CG iterations cost this quantity times Irec, up to the initial adjoint
synthesis, and the coefficient storage is O((r + 1)NK). For an oversampling shift s, Nj+s ≍ 2sdNj ,
while Mj is unchanged. Therefore

C
(s)
j = O(Mj log

σMj + Nj+s) ,

and one oversampled analysis or adjoint synthesis pass costs

O
(
(r + 1)

(
MK logσMK + NK+s

))
.

The corresponding CG cost is this quantity times Irec, up to the initial adjoint synthesis, and the
storage is O((r + 1)NK+s). Thus oversampling increases the node-dependent cost and storage by a
factor of order 2sd.

6 Approximation error

The fully discrete transform reconstructs an arbitrary vector in the terminal coefficient space. For
function approximation, we instead prescribe a target polynomial space P2L and restrict the recon-
struction to that space. Let

τα := max{τ > 0 : α̂(ξ) = 1 for 0 ≤ ξ ≤ τ} > 0

and
qα := min{q ∈ N0 : 2−q ≤ τα}.

We analyze P2L from the terminal level Kα := L+ qα, where we assume Kα > J . Then

α̂
(
λℓ/2

Kα
)
= 1, λℓ ≤ 2L. (6.1)

Consequently, the terminal scaling coefficients of P ∈ P2L are its ordinary Fourier coefficients, ex-
tended by zero to ΛαKα

. We denote this coefficient vector by P̂Kα , and define the restricted analysis
map

BJ,LP := AJ,KαP̂
Kα , P ∈ P2L . (6.2)

Its adjoint is the one-pass synthesis followed by spectral truncation:

B∗J,Lc =
∑
λℓ≤2L

(
A∗
J,Kα

c
)
ℓ
uℓ.

The canonical reconstruction can be computed by Algorithm 4 with BJ,L in place of AJ,Kα
. In

each application of B∗J,L, the coefficients with λℓ > 2L are discarded. This projection is part of the
restricted adjoint and ensures that the CG iteration remains in P2L .
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Theorem 6.1 (Polynomial reconstruction and approximation). Let J0 ∈ N0 be an integer and J ≥ J0.
Let Kα = L+ qα > J , and suppose that 0 ≤ ε < 1 and

(1− ε)∥P∥2L2(µ) ≤ ∥BJ,LP∥
2
2 ≤ (1 + ε)∥P∥2L2(µ), P ∈ P2L .

For f ∈ L2(M, µ), let

fL :=
∑
λℓ≤2L

f̂ℓuℓ

be its L2(µ)-orthogonal projection onto P2L , and consider the data model

c = BJ,LfL + e, (6.3)

where e encodes potential processing of the framelet coefficients. Define the one-pass reconstruction
by

f̃L := B∗J,Lc

and the canonical reconstruction by

uL := argmin
P∈P2L

∥BJ,LP − c∥22.

Then
∥f̃L − f∥L2(µ) ≤ ∥f − fL∥L2(µ) + ε∥fL∥L2(µ) + (1 + ε)1/2∥e∥2, (6.4)

and

∥uL − f∥L2(µ) ≤ ∥f − fL∥L2(µ) +
1√
1− ε

∥e∥2. (6.5)

Proof. Set SL := B∗J,LBJ,L. The assumed bounds imply

(1− ε)I ≤ SL ≤ (1 + ε)I.

Hence ∥SL − I∥ ≤ ε and ∥B∗J,L∥ = ∥BJ,L∥ ≤ (1 + ε)1/2. For the one-pass reconstruction, the data
model (6.3) gives

f̃L = B∗J,Lc = SLfL + B∗J,Le.

Consequently, f̃L − fL = (SL − I)fL + B∗J,Le, and therefore

∥f̃L − fL∥L2(µ) ≤ ε∥fL∥L2(µ) + (1 + ε)1/2∥e∥2.

Combining this estimate with ∥f̃L − f∥L2(µ) ≤ ∥f̃L − fL∥L2(µ) + ∥fL − f∥L2(µ) proves (6.4). For the
canonical reconstruction, its normal equation (B∗J,LBJ,L)uL = B∗J,Lc and the data model (6.3) yield
SLuL = B∗J,Lc = SLfL + B∗J,Le, hence

SL(uL − fL) = B∗J,Lc− B∗
J,LBJ,LfL = B∗J,Le.

Since SL is positive definite on P2L and hence invertible, it follows

uL − fL = S−1
L B

∗
J,Le.

Moreover, (
S−1
L B

∗
J,L

)(
S−1
L B

∗
J,L

)∗
= S−1

L B
∗
J,LBJ,LS−1

L = S−1
L SLS

−1
L = S−1

L .

Hence ∥S−1
L B∗J,L∥ ≤ (1−ε)−1/2, and therefore ∥uL−fL∥L2(µ) ≤ ∥e∥2/

√
1− ε. The triangle inequality

with f − fL now proves (6.5).

Remark 6.1. If e = 0, meaning that the decomposed coefficients are not perturbed or otherwise
modified, then uL = fL. In particular, every f ∈ P2L is reconstructed exactly in this case.
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Remark 6.2 (Finite-iteration CG error). The function uL above is the exact solution of the restricted

normal equation. In computation, a conjugate-gradients method produces an iterate u
(m)
L with residual

rm := B∗J,Lc− SLu
(m)
L = SL(uL − u(m)

L ).

Therefore, u
(m)
L − uL = −S−1

L rm. Using ∥S−1
L ∥ ≤ (1− ε)−1,

∥u(m)
L − uL∥L2(µ) ≤

∥rm∥2
1− ε

.

Combining this estimate with (6.5) gives the total error bound for the finite-iteration reconstruction

∥u(m)
L − f∥L2(µ) ≤ ∥f − fL∥L2(µ) +

∥e∥2√
1− ε

+
∥rm∥2
1− ε

.

Thus the total error consists of the polynomial approximation error, the coefficient perturbation error,
and the finite-iteration CG error. Moreover, the spectral bounds imply κ(SL) ≤ (1 + ε)/(1− ε), so a
smaller frame-bound deviation also improves the conditioning of the CG system.

Corollary 6.1 (Polynomial reconstruction for nested Marcinkiewicz–Zygmund measures). Let Kα =
L+ qα > J , and use the notation of Theorem 6.1.

(i) For the basic system in Definition 4.2, with p = 2 and tolerance η, Proposition 5.4(i) gives
ε = η. Hence

∥uL − f∥L2(µ) ≤ ∥f − fL∥L2(µ) +
∥e∥2√
1− η

.

(ii) For the oversampled system in Definition 4.3, let B(s)J,L denote the corresponding restricted anal-

ysis map, and suppose that ρs = CM2−s < 1. By Proposition 5.4(ii), this map has ε = ρs. If

c = B(s)J,LfL + e, its canonical reconstruction u
(s)
L satisfies

∥u(s)L − f∥L2(µ) ≤ ∥f − fL∥L2(µ) +
∥e∥2√
1− ρs

.

The error term ∥f − fL∥L2(µ) in these estimate can be refined if f has extra smoothness.

Remark 6.3 (Sobolev approximation [29]). If t > 0 and f belongs to the spectral Sobolev space

Ht(M) :=

f ∈ L2(M) :
∑
ℓ≥0

(1 + λ2ℓ)
t|f̂ℓ|2 <∞

 ,

then ∥f − fL∥L2(µ) ≤ 2−Lt∥f∥Ht(M).

7 Multiscale data analysis

We then illustrate the nested framelet transform on the sphere and on the torus, focusing on over-
sampling, multiscale decomposition, and reconstruction.

7.1 Common numerical setup

We consider the two-high-pass filter bank of Wang and Zhuang in [45], built from the smooth cutoff
used in [18, Chapter 4]. Let

ϑ(t) =


0, t < 0,

t4(35− 84t+ 70t2 − 20t3), 0 ≤ t ≤ 1,

1, t > 1.
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On the frequency interval 0 ≤ |ξ| ≤ 1/2, the filters are defined by

â(ξ) =


1, |ξ| < 1/8,

cos
(
π
2ϑ(8|ξ| − 1)

)
, 1/8 ≤ |ξ| ≤ 1/4,

0, 1/4 < |ξ| ≤ 1/2,

b̂1(ξ) =


0, |ξ| < 1/8,

sin
(
π
2ϑ(8|ξ| − 1)

)
, 1/8 ≤ |ξ| ≤ 1/4,

cos
(
π
2ϑ(4|ξ| − 1)

)
, 1/4 < |ξ| ≤ 1/2,

b̂2(ξ) =

{
0, |ξ| < 1/4,

sin
(
π
2ϑ(4|ξ| − 1)

)
, 1/4 ≤ |ξ| ≤ 1/2.

(7.1)

The associated generators obtained from the refinement equations (5.4) are

α̂(ξ) =


1, |ξ| < 1/4,

cos
(
π
2ϑ(4|ξ| − 1)

)
, 1/4 ≤ |ξ| ≤ 1/2,

0, otherwise,

β̂1(ξ) =


sin
(
π
2ϑ(4|ξ| − 1)

)
, 1/4 ≤ |ξ| < 1/2,

cos2
(
π
2ϑ(2|ξ| − 1)

)
, 1/2 ≤ |ξ| ≤ 1,

0, otherwise,

β̂2(ξ) =

{
cos
(
π
2ϑ(2|ξ| − 1)

)
sin
(
π
2ϑ(2|ξ| − 1)

)
, 1/2 ≤ |ξ| ≤ 1,

0, otherwise.

(7.2)

Figure 2 displays the filter symbols and the associated generator functions.

Figure 2: A two-high-pass filter bank and the associated framelet generators.

The assumptions used in the preceding sections are readily checked for this choice. The filters in
(7.1) satisfy

|â(ξ)|2 + |b̂1(ξ)|2 + |b̂2(ξ)|2 = 1, 0 ≤ |ξ| ≤ 1/2. (7.3)

This follows piecewise from cos2 θ + sin2 θ = 1, and, together with the refinement relations (5.4),
gives (4.5). The support condition (4.9) is immediate from (7.2) since supp α̂ ⊂ [−1/2, 1/2] and
supp β̂1∪ supp β̂2 ⊂ [−1, 1]. Moreover, α̂(ξ) = 1 for 0 ≤ |ξ| ≤ 1/4. Hence the low-pass limit condition
(4.4) holds and τα = 1/4. In the coefficient formulation of Section 5 this gives qα = 2: a target
polynomial space P2L is analyzed from finest scaling level K = L + 2. At that level the finest-level
scaling multiplier is identically one on every frequency λℓ ≤ 2L, as stated in (6.1). This finest-level
offset is used in the polynomial reconstruction and approximation results of Section 6. The finite
numerical experiments below instead keep the prescribed finest bandwidth fixed: they first compute
a weighted least-squares projection in that space and then apply the coefficient filter bank directly,
without adding two finest levels.
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Both CG routines start from zero and terminate when the relative residual of the corresponding
normal equation satisfies

∥rm∥2
max{∥b∥2, ϵmach}

≤ τ. (7.4)

or when the prescribed iteration cap is reached. Here Hz = b is either the finest-level least-squares
normal equation, with H = F∗F, or the canonical frame-operator equation, with H = A∗A. We use
τfit = 10−10 for every finest-level least-squares projection. The canonical reconstruction tolerance is
τrec = 10−9 in the following Examples 1–3 and τrec = 10−8 in Example 4. The corresponding iteration
caps (Mfit,Mrec) are (140, 50), (120, 40), (80, 40), and (80, 25), respectively.

All numerical experiments were performed in MATLAB R2024a on a MacBook Pro (16-inch, 2019)
with a 2.6 GHz 6-core Intel Core i7 processor and 16 GB RAM. The fast transforms were evaluated
with the NFFT 3.5.3 MATLAB package [31] via its macOS MEX interfaces; the spherical experiments
use its NFSFT routines when available, and the torus experiments use its two-dimensional NFFT
routines.

7.2 On the sphere

For the spherical experiments, at a dyadic level j we take nj = 2j as the spherical harmonic degree
cutoff and choose |Xj | = ⌈m(2j +1)2⌉ = ⌈m(nj +1)2⌉, where m ≥ 1 is the oversampling factor. The
nodes are generated from a large deterministic Fibonacci candidate set by a greedy farthest-point
ordering with chordal distance; the sets Xj are nested prefixes of this ordering with the cardinalities
specified above. Given the nested node set Xj , we use the surface-area version of the nearest-neighbor

partition weights in Definition 3.1. Numerically, a dense Fibonacci proxy set {zq}Qq=1 is assigned to
the nearest sample points and we set

wj,x =
4π

Q
#{q : x is nearest to zq}.

On the unit sphere, nearest neighbors in chordal and geodesic distance coincide, so these weights
approximate the areas of the corresponding spherical nearest-neighbor cells. Here we use the stan-
dard surface-area normalization

∑
x∈Xj

wj,x = 4π; this differs from the probability normalization in
the theoretical sections only by a constant factor. These farthest-point prefixes with partition-type
weights are not spherical designs or exact quadrature rules; they are used here as simple quasi-uniform
nested Marcinkiewicz–Zygmund-type sampling rules.

Example 1: Oversampling for a Wendland test function. We first test the effect of oversam-
pling on reconstruction. The signal is a sum of Wendland-type bumps [12] on S2:

f(x) =
∑

c∈{±e1,±e2,±e3}

ϕ(∥x− c∥2),

where

ϕ(r) =
(1− r)10+

(
429r4 + 450r3 + 210r2 + 50r + 5

)
5τ4

, τ4 =
15Γ(9/2)

2 Γ(5)
.

Here e1, e2, e3 are the coordinate vectors in R3, and (t)+ = max{t, 0}. We use two finest polynomial
degrees, n = 16 and n = 32, corresponding respectively to the dyadic levels j = 4, 3, 2 and j = 5, 4, 3.
For each fixed degree, we vary the oversampling factor over the twelve values mi = 1.2 + 0.1i(i+ 1)
for i = 1, . . . , 12.

Figure 3 shows the Wendland signal, the one-pass reconstruction and its pointwise error, and the
canonical CG reconstruction and its pointwise error, for the case n = 32 with oversampling factor
m = 1.4. The pointwise errors are measured against the bandlimited projection on an independent
Fibonacci test grid.

Figure 4 reports the corresponding relative errors as the number of finest-level nodes increases.
The one-pass synthesis error decreases as the sampling density increases, while the canonical CG
reconstruction error is several orders of magnitude smaller. Its eventual scale is compatible with
the reconstruction residual tolerance τrec = 10−9, after allowing for the conditioning and the fast-
transform error.
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(a) Wendland function (b) One-pass reconstruction (c) CG reconstruction

(d) One-pass error (e) CG error

Figure 3: Wendland-type signal reconstructions on S2, for n = 32 and oversampling factor m = 1.4.

Figure 4: Relative reconstruction error for the Wendland-type test function as the number of finest-
level nodes increases.
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Example 2: Multiscale analysis of an Earth texture signal. We next apply the same trans-
form to an Earth texture signal. The input is obtained from a Natural Earth texture map∗ by
converting the image to grayscale and sampling it at the finest nested nodes. The experiment there-
fore treats image intensity as a scalar function on S2, not as physical elevation data. We use levels
j = 7, 6, 5, with spherical harmonic degree cutoffs n7 = 128, n6 = 64, and n5 = 32. With oversampling
factor m = 2.5, the nested farthest-point prefixes have cardinalities |X7| = 41603, |X6| = 10563, and
|X5| = 2723. The ordering is selected from 249618 Fibonacci candidates; a separate Fibonacci proxy
set with 499236 points is used only to approximate the nearest-neighbor cell weights.

Let v denote the sampled texture data on X7. We compute its weighted least-squares projection
v7 onto spherical harmonics of degree at most 128, using conjugate gradients with tolerance 10−10

and at most 120 iterations. The residual is w7 = v− v7. Starting from the finest spectral coefficient
vector, two filter-bank analysis steps produce v6,w

1
6,w

2
6 and then v5,w

1
5,w

2
5. The projection relative

error is 1.5885 × 10−1. Relative to the projected signal v7, the one-pass synthesis error is 3.4203 ×
10−2, while the canonical coefficient-space CG reconstruction reduces this error to 6.4390 × 10−10.
The corresponding relative error against the original image data remains 1.5885 × 10−1, with SNR
15.888 dB. These values are consistent with (7.4): the canonical error relative to the projection is
at the algebraic solver scale, whereas the much larger error relative to the image is the bandlimited
projection error and is unaffected by further CG iterations. These quantities are shown in Figure 5:
the approximation terms retain the large-scale texture, while the detail terms capture oscillatory
features at the corresponding dyadic resolutions.

(a) Texture map data v (b) Projection term v7 (c) Error term w7

(d) Approximation v6 (e) Detail w1
6 (f) Detail w2

6

(g) Approximation v5 (h) Detail w1
5 (i) Detail w2

5

Figure 5: Multiscale decomposition of an Earth texture signal on nested spherical sampling sets.

∗Adapted from Natural Earth III by Tom Patterson (https://www.shadedrelief.com); public domain.
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7.3 On the torus

We also consider the flat torus T2 = [0, 1)2, with periodic boundary conditions and normalized
Lebesgue measure. With the 2π-Fourier convention, uk(x) = e2πik·x, k ∈ Z2, we have −∆uk =
(2π)2|k|2uk = λ2kuk with λk = 2π|k|, and we write Pn(T2) = span{e2πik·x : |k| ≤ n}, where Dn =
#{k ∈ Z2 : |k| ≤ n}. For dyadic degrees nj = 2j , we measure oversampling relative to Dnj

. Given

m ≥ 1, set qJ = ⌈
√
mDnJ

⌉ and qj = 2j−JqJ , so that |Xj | = q2j has the same order as mDnj .
The set Xj is a qj × qj periodic tensor-cell rule with one jittered point per cell: each grid center is
randomly displaced by a fixed fraction of the cell width and then reduced modulo one. The finest
jittered array is generated first, and coarser levels are dyadic subarrays, so XJ ⊂ · · · ⊂XL. We use
the cell-area weights wj,x = q−2

j . These are not exact tensor-product quadrature rules, but simple
quasi-uniform nested Marcinkiewicz–Zygmund-type sampling rules. For visualization, the flat torus
data are displayed on the standard embedded torus in R3.

Example 3: Multiscale analysis on an oscillatory signal. We use dyadic levels j = 6, 5, 4,
with n6 = 64, n5 = 32, and n4 = 16. The oversampling factor is m = 2.5, the jitter parameter
is 0.25, and the random seed is fixed at 5. This gives q6 = 180, q5 = 90, and q4 = 45, and hence
|X6| = 32400, |X5| = 8100, and |X4| = 2025. The test signal is a synthetic periodic function
consisting of low-frequency trigonometric modes, localized periodic Gaussian bumps, and two high-
frequency oscillatory modes. More precisely, before normalization to the range [0, 1], we use

f(u, v) = 0.32 cos(2πu) + 0.22 sin(2πv) + 0.18 cos(2π(u− v)) +
4∑
ℓ=1

Aℓ exp

(
−dT

2((u, v), cℓ)
2

2σ2
ℓ

)
+ 0.16 sin(2π(24u+ 16v)) + 0.12 cos(2π(31u− 11v)),

where (A1, A2, A3, A4) = (1.00, 0.70, 0.85, 0.55), c1 = (0.22, 0.28), c2 = (0.62, 0.36), c3 = (0.48, 0.76),
c4 = (0.82, 0.68), and (σ1, σ2, σ3, σ4) = (0.055, 0.075, 0.060, 0.045). The finest weighted least-squares
projection uses conjugate gradients with tolerance 10−10. The resulting spectral coefficient vector is
used as the input to the multilevel analysis transform. In this experiment the projection relative error
is 4.8773×10−11. The one-pass synthesis differs from the projected signal by 1.2697×10−2, while the
canonical coefficient-space CG reconstruction reduces this error to 2.7717×10−10. The latter is below
the prescribed residual tolerance 10−9, which is possible because the stopping criterion is an upper
threshold on the normal-equation residual rather than an identity for the reconstructed function error.
These numbers describe the observed behavior of the implemented jittered Marcinkiewicz–Zygmund-
type rule and should not be interpreted as computed theoretical frame bounds. Figure 6 shows
the resulting multiscale decomposition. The approximation terms retain the low-frequency trend
and localized bump structure, whereas the high-pass terms mainly capture the imposed oscillatory
components at the corresponding dyadic scales. The flat torus data are displayed on the standard
embedded torus in R3.

Example 4: Denoising on an oscillatory signal. We next use the same jittered nested torus
rule to test a simple framelet thresholding procedure. The levels, oversampling factor, jitter param-
eter, and NFFT implementation are the same as in Example 3. For this experiment the clean signal
is the smoother version of the periodic synthetic function, obtained by retaining the low-frequency
trigonometric modes and localized periodic Gaussian bumps and replacing the high-frequency os-
cillatory terms by 0.025 sin(2π(5u + 3v)). We add Gaussian noise g = f + σ std(f) ϵ, where the
entries of ϵ are independent standard normal random variables. After computing the finest weighted
least-squares projection, we apply the multilevel analysis transform to the recovered finest spectral
coefficient vector, use soft thresholding with threshold ηthr = 0.2σ std(f), and compare two recon-
struction procedures: direct one-pass synthesis and canonical coefficient-space CG reconstruction.
Errors in Table 1 are dominated by the added noise and coefficient thresholding; the reconstruction
tolerance τrec = 10−8 is several orders of magnitude smaller and has no visible effect at the reported
precision.

Figure 7 shows the denoising result for σ = 0.20. For this noise level, one-pass synthesis already
reduces the error of the noisy observation, but the canonical coefficient-space CG reconstruction gives
a smaller relative error and a higher SNR. This is consistent with the fact that one-pass synthesis
also contains the finite coefficient-frame discretization error, whereas the canonical reconstruction
compensates for it.
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(a) Torus data v (b) Projection term v6 (c) Error term w6

(d) Approximation v5 (e) Detail w1
5

(f) Detail w2
5

(g) Approximation v4 (h) Detail w1
4 (i) Detail w2

4

Figure 6: Multiscale decomposition of a synthetic signal on jittered nested sampling sets on T2.

σ noisy rel. err. one-pass rel. err. canonical rel. err. noisy SNR one-pass SNR CG SNR

0.10 4.5288× 10−2 2.0487× 10−2 1.7673× 10−2 26.880 33.770 35.054
0.20 9.0461× 10−2 3.7380× 10−2 3.5799× 10−2 20.871 28.547 28.922
0.30 1.3592× 10−1 5.4773× 10−2 5.3544× 10−2 17.334 25.229 25.426

Table 1: Denoising results on the jittered torus rule. SNR is reported in dB.

(a) Clean signal (b) One-pass denoising (c) CG denoising

(d) Noisy signal (e) One-pass error (f) CG error

Figure 7: Framelet denoising on the jittered torus rule for noise level σ = 0.20.
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8 Concluding remarks

Exact quadrature plays two logically distinct roles in many framelet constructions on manifolds. It
provides a stable discretization of bandlimited functions, but it also preserves the relevant inner prod-
ucts exactly, leading to tightness and one-pass perfect reconstruction. The present work separates
these two roles. Marcinkiewicz–Zygmund inequalities retain the stable discretization property but
without requiring polynomial exactness. This relaxation allows us to work with geometrically con-
trolled scattered nodes and, in particular, to construct nested measures that retain all previous nodes
as the resolution is refined.

Applying the nested Marcinkiewicz–Zygmund measures to continuous tight framelets produces
nearly tight semi-discrete systems with explicitly controlled frame operators. For a prescribed toler-
ance η, the frame operator lies within η of the identity. Alternatively, nested oversampling reduces
this deviation at the rate O(2−s). Therefore, relaxing polynomial exactness does not lead to an
uncontrolled loss of tightness. It makes scattered and progressively refined sampling possible while
retaining energy preservation and reconstruction stability to a quantifiable degree.

At the fully discrete level, the same near-tightness parameter controls both the error of one-
pass synthesis and the conditioning of canonical CG reconstruction. The resulting framework thus
connects the geometry of nested scattered samples, Marcinkiewicz–Zygmund discretization, nearly
tight framelets, and practical multiscale transforms on manifolds.
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