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We present a variational quantum linear solver (VQLS) for the Poisson equation built on an exact
block encoding of the discrete Laplacian, and demonstrate its performance on physically motivated
benchmarks. Unlike LCU-based VQLS where the number of distinct circuits required per cost-
function evaluation is O(L2), where L is the number of terms in the LCU decomposition of the
discrete Laplacian operator, this approach requires only a single circuit for cost evaluation. We
further empirically demonstrate that the choice of classical optimizer materially affects where the
variational optimization ceases to make progress. The solver is benchmarked on three problems:
a Poisson equation with sinusoidal forcing and a steady-state heat conduction problem with a
localized Gaussian source, both with Dirichlet boundaries, and the pressure-Poisson equation of
a two-dimensional lid-driven cavity flow, in which the solver is invoked once per time step under
Neumann boundary conditions.

I. INTRODUCTION

Solving large linear systems arising from the discretiza-
tion of elliptic partial differential equations is one of the
most persistent computational bottlenecks in scientific
computing, and among these the Poisson equation is par-
ticularly ubiquitous. It governs electrostatic and gravita-
tional potentials, steady-state diffusion and heat conduc-
tion, and the pressure field of incompressible flows, and
it also arises as an inner subproblem in a wide range of
larger simulation workflows.

Discretizing the equation on a grid with N unknowns
often yields a large, sparse, and structured linear system
Ax = b, which in many applications must be solved re-
peatedly, at every time step of a transient simulation, for
instance. The cumulative cost of these elliptic solves can
therefore constitute a significant fraction of the total sim-
ulation cost. Computational fluid dynamics (CFD) pro-
vides a demanding and representative instance: incom-
pressible flow solvers built on projection methods solve
an elliptic pressure system at every time step, and the
burden of high-fidelity flow simulation is severe enough
that community roadmaps have identified quantum com-
puting as a long-term research direction worth pursu-
ing [1, 2].

The theoretical foundation for quantum linear solv-
ing was laid by the Harrow–Hassidim–Lloyd (HHL) al-
gorithm [3], which establishes the possibility of an ex-
ponential speedup over classical methods for sparse,
well-conditioned systems under idealized assumptions on
sparsity, condition number, and data access. While
HHL has been demonstrated experimentally on small sys-
tems [4], practical implementations remain challenging
because it requires deep circuits and fault-tolerant hard-
ware [5–7]. Similar limitations apply to the Quantum
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Singular Value Transformation (QSVT) [8], which pro-
vides a unified framework for matrix inversion, Hamilto-
nian simulation, and related linear algebra operations [9].
For the near-term Noisy Intermediate-Scale Quantum
(NISQ) era [10], the Variational Quantum Linear Solver
(VQLS) [11] has emerged as the most practically acces-
sible alternative. VQLS recasts Ax = b as a variational
optimization problem: a classical optimizer iteratively
updates the parameters θ of a parametrized quantum cir-
cuit V (θ) so as to minimize a cost function quantifying
the mismatch between A |x(θ)⟩ and |b⟩. The approach
requires only shallow parametrized circuits and classical
post-processing, and it has been explored for several el-
liptic systems including heat conduction [12, 13] and the
Poisson equation [14].
Two obstacles have limited the practical reach of

VQLS on discretized PDE systems. The first is the
cost of encoding the operator. In the standard formu-
lation [11], A must be expressed as a linear combina-
tion of L unitaries (LCU), and the cost function is esti-
mated from O(L2) independent Hadamard-test circuits.
For the two-dimensional finite-difference Laplacian with
a Pauli-LCU [15], the number of circuits required per
cost-function evaluation grows exponentially in the qubit
count n = log2N (Section IIIA). Thus, whatever com-
pression the quantum state representation provides is for-
feited at the level of circuit count alone. The second
obstacle is trainability. VQLS optimization is affected
by barren plateaus [16], in which the variance of the
cost-function gradient decays exponentially with num-
ber of qubits, making it exponentially unlikely to sample
a parameter configuration with a non-negligible gradi-
ent [16, 17]. In practice this manifests as an optimizer
that appears to make no progress despite continued cir-
cuit evaluations.
A further and more fundamental caveat applies to

quantum linear solvers generally: the solution is pro-
duced as a quantum state |x⟩, and extracting the full clas-
sical solution vector requires O(N) measurements, which
eliminates any potential exponential speedup [18]. Prac-
tical advantage therefore requires either that the work-
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flow be restructured to query low-dimensional function-
als of the solution like forces, fluxes, energy norms, rather
than the full field, or that the linear solver be embedded
in a larger quantum pipeline that never requires classical
readout. Both directions remain open, and the present
work does not resolve them.

The block encoding [8] technique offers a route around
the first obstacle. Efficient constructions for structured
and sparse matrices have been explored [19–21], but their
consequences for VQLS have not been systematically
characterized. This paper develops block-encoded VQLS
as a solver in its own right and characterizes it empir-
ically. The block encoding is the unified construction
for discrete Laplacian operators, a companion contribu-
tion by the authors [21], which supports Dirichlet, Neu-
mann, Robin and periodic boundary conditions across
arbitrary spatial dimensions within a single modular cir-
cuit, achieving an exact (1,m, 0)-block encoding with
m = 3 + ⌈log2D⌉ ancilla qubits in D dimensions and
gate complexity O(logN · logD).

The second obstacle, trainability, is addressed empir-
ically in this work. We characterize the barren plateau
directly by measuring the decay of Varθ[∂µCG] with qubit
number, and then examine the Covariance Matrix Adap-
tation Evolution Strategy (CMA-ES) [22, 23] as an al-
ternative to COBYLA. CMA-ES is a population-based,
derivative-free optimizer that adapts the full covariance
matrix of its search distribution, enabling it to locate and
follow narrow descent directions in high-dimensional flat
landscapes. Across system sizes from N = 4 to N = 1024
we find that it delays the onset of stagnation and remains
effective in regimes where COBYLA makes no progress,
and that the parameter regions it visits carry gradient
variances substantially above those of uniformly sampled
parameters.

Our VQLS methodology is assessed on three bench-
marks. The first is a Poisson problem with smooth si-
nusoidal forcing. The second is a steady-state heat con-
duction problem with a localized Gaussian source, mod-
elling a heat-generating component embedded in a con-
ducting plate. Both carry Dirichlet boundary conditions
and are solved in isolation; the sinusoidal case admits an
analytical solution and therefore provides a controlled
accuracy check. The third places the solver inside a
projection-method incompressible Navier–Stokes loop for
the two-dimensional lid-driven cavity, where it is invoked
once per time step on a Neumann system whose right-
hand side changes as the flow evolves. This last case
tests whether the attainable accuracy suffices to sustain
a time-advancing simulation. All three are classically
tractable and therefore furnish references against which
the quantum solution can be measured.

The remainder of this paper is structured as follows.
Section II presents the discretized 2D Poisson problem
for Dirichlet and Neumann boundary conditions, devel-
ops the corresponding block-encoding circuits, and sets
out the VQLS methodology. Section III reports the nu-
merical results: the exactness and post-selection success

probability of the encoding, circuit cost relative to the
Pauli-LCU VQLS formulation, solution accuracy on the
three benchmark problems, followed by characterization
of the barren plateau and the effect of optimizer choice.
Section IV summarises the findings and outlines direc-
tions for future work.

II. VQLS VIA BLOCK ENCODING: THEORY
AND METHODOLOGY

A. The 2D Pressure-Poisson Problem

In incompressible CFD, projection and fractional-step
methods [24, 25] enforce the divergence-free condition on
the velocity field by solving a pressure-Poisson equation
of the form

∇2p =
ρ

∆t
∇ · u∗, (1)

where u∗ is the intermediate (non-solenoidal) velocity
field, ρ is the fluid density (taken as unity throughout),
and ∆t is the time step. The right-hand side represents
the local divergence error introduced during the velocity
prediction step, and solving (1) yields the pressure cor-
rection that restores incompressibility [26]. This elliptic
subproblem is one of the dominant computational bot-
tlenecks in many CFD workflows, and it is therefore a
natural and well-studied benchmark for linear solvers.
For the first two benchmark problems, we isolate

the elliptic subproblem and consider the general two-
dimensional Poisson equation on the unit square with
homogeneous Dirichlet boundary conditions,

−∇2u(x, y) = f(x, y), (x, y) ∈ [0, 1]2, u
∣∣
∂Ω

= 0,

(2)
where u is the unknown scalar field and f is a pre-
scribed source term. Depending on the physical appli-
cation, u may represent a pressure field arising from an
incompressible flow projection step or a temperature field
arising from steady-state heat conduction. The specific
source terms used to benchmark the VQLS solver in this
work are described in Section III.
The unit square is discretized on a uniform Carte-

sian grid with Nx interior points along x and Ny inte-
rior points along y, with uniform mesh spacings ∆x =
1/(Nx + 1) and ∆y = 1/(Ny + 1). Dirichlet boundary
conditions are imposed on all four domain boundaries.
As a result, only the N = Nx × Ny interior grid points
are treated as unknowns. Applying a standard second-
order central finite-difference stencil to the interior nodes
yields the linear system

Ax = b, (3)

where x ∈ RN contains the interior field unknowns, and
b ∈ RN contains the discretized forcing term together
with any boundary contributions arising from the finite-
difference stencil. The system matrix A ∈ RN×N inherits
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the separable Kronecker-sum structure of the Laplacian
operator,

A = INy
⊗ TNx

+ TNy
⊗ INx

, (4)

where INd
denotes the Nd × Nd identity matrix and

TNd
∈ RNd×Nd is the standard one-dimensional second-

order finite-difference Laplacian,

TNd
=

1

(∆xd)2


−2 1
1 −2 1

. . .
. . .

. . .

1 −2

 ∈ RNd×Nd . (5)

Here ∆xd = {∆x,∆y} based on the d involved. The
matrixA is sparse and symmetric. Its sparsity pattern re-
flects the standard five-point finite-difference stencil con-
necting each interior node to its four nearest neighbours.
In the present implementation, the negative sign associ-
ated with the continuous Poisson operator is absorbed
into the right-hand side vector.

We also consider the pressure-Poisson equation (1)
posed in a closed domain with impermeable walls, as in
the lid-driven cavity considered in Section III. For the
Neumann case the unknowns are placed at cell centres,
xi = (i − 1

2 )∆x with ∆x = 1/Nx, rather than at the in-
terior vertices of the Dirichlet grid. Imposing ∂p/∂n = 0
through the ghost-node relation p−1 = p0 modifies only
the first and last rows of each one-dimensional factor,
leaving the Kronecker-sum structure of (4) intact,

AN = INy
⊗ TN

Nx
+ TN

Ny
⊗ INx

, (6)

with the one-dimensional Neumann operator

TN
Nd

=
1

(∆xd)2


−1 1
1 −2 1

. . .
. . .

. . .

1 −1

 . (7)

Comparing (7) with (5), the sole difference is the diagonal
entry at the two boundary nodes, reduced from −2 to −1.
Two properties of AN (here the superscript N is a label
for Neumann) bear on the quantum solve. It is singular,
with null space spanned by the constant vector 1, so the
solution is determined only up to an additive constant;
we fix this gauge by projecting the recovered field onto
the zero-mean subspace, which leaves ∇p and hence the
corrected velocity unchanged. A solution exists provided
the data are compatible, 1⊤b = 0, which holds for the
pressure system provided the normal velocity component
of u∗ vanishes on every wall face entering the discrete
divergence. [26]

Both operators have spectral norm growing as
O(1/h2min) with hmin = min(∆x,∆y), whereas block en-
coding requires a matrix of spectral norm at most unity.
The system must therefore be rescaled. The particular
scaling used here is dictated by the structure of the en-
coding and is introduced in Section II B.

We consider a range of proof-of-concept discretization
sizes spanning from N = 4 to N = 1024 interior un-
knowns, corresponding to uniform grids ranging from
2 × 2 to 32 × 32 interior points. These problem sizes
are intentionally modest and are chosen to remain com-
patible with the qubit and circuit-depth limitations of
current quantum simulators. In all cases, the classical
reference solution is obtained using the Successive Over-
Relaxation (SOR) iterative method, against which the
VQLS solution is compared to assess solution accuracy.

B. Block Encoding of the 2D Laplacian

Block encoding provides the standard mechanism for
embedding a generally non-unitary matrix into a larger
unitary operator that can be realised as a quantum cir-

cuit. Formally, a unitary UA ∈ C2n+m×2n+m

acting on m
ancilla qubits and n system qubits is called an (α,m, ε)-
block encoding of A ∈ C2n×2n if∥∥A− α

(
⟨0|⊗m ⊗ I

)
UA

(
|0⟩⊗m ⊗ I

)∥∥
2
≤ ε, (8)

where α > 0 is the sub-normalization factor and ε ≥ 0
is the approximation error. When ε = 0 the encoding
is said to be exact. In block-matrix form, UA takes the
structure

UA =

(
A/α ∗
∗ ∗

)
, (9)

where the asterisks denote irrelevant blocks. Post-
selecting the ancilla register on the outcome |0⟩⊗m

projects the system register onto a state proportional to
A|ψ⟩, with success probability ∥A|ψ⟩∥2/α2.
The block-encoding requirement ∥A∥2 ≤ 1 is not sat-

isfied by the system matrix A introduced in (4), whose
spectral norm grows as O(1/h2min). We therefore intro-
duce the globally scaled 2D Dirichlet Laplacian

Ã :=
Λ

4
A, Λ :=

(
1

∆x2
+

1

∆y2

)−1

, (10)

which satisfies ∥Ã∥2 ≤ 1 by construction. The
Kronecker-sum structure of (4) is preserved under this
scaling, giving

Ã = ω1 Ã
(Nx) ⊗ INy + ω2 INx ⊗ Ã(Ny), (11)

where Ã(Nd) :=
∆x2

d

4 TNd
is the scaled 1D component

along dimension d, satisfying ∥Ã(Nd)∥2 ≤ 1, and the
dimension-dependent weights

ω1 =
1/∆x2

1/∆x2 + 1/∆y2
, ω2 = 1− ω1, (12)

satisfy ω1 + ω2 = 1. The linear system to be solved by

VQLS is accordingly Ãx = b̃, where b̃ = (Λ/4)b. For a
uniform grid, ∆x = ∆y, hence we get ω1 = ω2 = 1/2.
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We employ the unified construction of [21] to build an

explicit quantum circuit that block encodes Ã. The con-
struction exploits the Kronecker-sum separability of (11)
by introducing a one-qubit selector register |k⟩ that is
prepared in the superposition

Uprepk
|0⟩ =

√
ω1|0⟩+

√
ω2|1⟩, (13)

implemented by a single Ry(θ0) rotation with θ0 =
2arccos

√
ω1. Conditioned on |k⟩ = |d⟩ (d ∈ {1, 2}),

a one-dimensional block-encoding sub-circuit Ud for the
boundary condition imposed along axis d is applied to
the system register |j(d)⟩, after which U†

prepk
uncomputes

the selector. This selector construction is independent of
the boundary condition; only the one-dimensional sub-
circuits differ. We describe the Dirichlet and Neumann
sub-circuits in turn, and we note that the same scaling

∥Ã(Nd)∥2 ≤ 1 holds in both cases, since the spectrum of
TN
Nd

likewise lies in [−4/∆x2d, 0].

1. Dirichlet boundary conditions

Each 1D sub-circuit Ud is itself constructed from cyclic
shift operators S−|j⟩ = |j − 1 mod Nd⟩ and S+|j⟩ =
|j+1 mod Nd⟩, a Hadamard–Z–Hadamard ladder on two
ancilla qubits |ℓ0⟩, |ℓ1⟩, and one additional |del⟩ ancilla
that suppresses the unwanted wrap-around coupling at
the Dirichlet boundaries j = 0 and j = Nd − 1; see [21]
for the full construction and proof.

The complete circuit, shown in Figure 1, uses m = 4
ancilla qubits in total and constitutes an exact (1, 4, 0)-

block encoding of Ã.
Following the analytical resource estimates of [21], the

T-gate count of the 2D Dirichlet block-encoding circuit
scales as O(logN · logD), which for fixed dimension D =
2 reduces to O(logN). This poly-logarithmic scaling in
the matrix dimension is the central efficiency property of
the construction.

2. Neumann boundary conditions

The pressure-Poisson system of Section IIA carries ho-
mogeneous Neumann conditions on all four walls, and

the corresponding scaled operator ÃN differs from the
Dirichlet operator only in the boundary rows of each one-
dimensional factor. The framework of [21] accommodates
this case within the same circuit template. Dirichlet clo-
sure controls as shown in Figure 1 deletes the two wrap-
around contributions of the cyclic shifts; Neumann clo-
sure additionally deletes one of the two diagonal branches
at j = 0 and j = N − 1, which is precisely what reduces
the boundary diagonal from −2 to −1 in (6). This costs
two further comparator-controlledX gates, shown in Fig-
ure 2a, and the encoding remains exact. See [21] for the
full construction and proof.

The two-dimensional Neumann block encoding is as-
sembled by the same selector construction used in the
Dirichlet case. Writing UN

1 and UN
2 for the one-

dimensional sub-circuits of Figure 2a acting on the regis-
ters |j(0)⟩ and |j(1)⟩, Figure 2b shows the circuit in com-
pact form.

C. Cost Function Evaluation and Solution
Recovery

Given the scaled linear system Ãx = b̃, VQLS seeks
a quantum state proportional to the solution vector by
preparing a parametrized ansatz state

|x(θ)⟩ = V (θ)|0⟩⊗n, (14)

where V (θ) is a parametrized unitary circuit acting on
n system qubits and θ ∈ Rp is the vector of variational
parameters to be optimised. The goal is to find θ∗ such

that |x(θ∗)⟩ ∝ Ã−1 |̃b⟩, where |̃b⟩ = U |0⟩⊗n is the normal-
ized right-hand side state prepared by a unitary U [27].
To drive the optimization towards this target, one needs
a scalar cost function CG(θ) that is (i) efficiently com-
putable on a quantum circuit, (ii) equal to zero if and

only if Ã|x(θ)⟩ ∝ |̃b⟩, and (iii) positive otherwise.
A natural candidate is the normalized global cost func-

tion [11]

CG(θ) = 1−

∣∣∣⟨̃b|Ã|x(θ)⟩∣∣∣2
⟨x(θ)|Ã†Ã|x(θ)⟩

, (15)

which measures the squared overlap between the normal-

ized vectors Ã|x(θ)⟩/∥Ã|x(θ)⟩∥ and |̃b⟩. By the Cauchy–
Schwarz inequality, CG(θ) ≥ 0 always holds. Moreover,

CG(θ) = 0 if and only if Ã|x(θ)⟩ is proportional to |̃b⟩,
i.e. if and only if |x(θ)⟩ ∝ Ã−1 |̃b⟩, which is the desired so-
lution state. Minimising CG(θ) therefore directly drives
the ansatz state towards the solution of the linear sys-
tem. An equivalent and more convenient expression is
obtained by recognising that the denominator is simply

∥Ã|x(θ)⟩∥2, so that the cost can be written as

CG(θ) = 1−

∣∣∣∣∣⟨̃b| Ã|x(θ)⟩∥Ã|x(θ)⟩∥

∣∣∣∣∣
2

= 1− |⟨0n|Ψpost(θ)⟩|2 ,

(16)
where the post-selected state |Ψpost(θ)⟩ is defined in (22)
below. The cost is therefore the complement of the fi-

delity between the normalized state Ã|x(θ)⟩ and the tar-

get |̃b⟩: it equals zero at the solution and increases mono-
tonically as the ansatz deviates from it.
In the block-encoding formulation [13], we assume the

(α,m, 0)-block-encoding unitary UÃ of Section II B, with
α = 1 and m = 4 ancilla qubits for the discrete 2D
Laplacian operator. The extended Hamiltonian operator
is defined as,

H
(ext)
G := U†

Ã

(
|0m⟩⟨0m|a ⊗

(
Is − |̃b⟩⟨̃b|s

))
UÃ, (17)
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nx

ny

∣∣∣j(0)〉 0 Nx − 1 S− S+

∣∣∣j(1)〉 0 Ny − 1 S− S+

|l0⟩ H Z H

|l1⟩ H Z H

|del⟩

|k⟩ Uprepk 0 0 0 0 1 1 1 1 U†
prepk

FIG. 1: Block encoding circuit for the 2D Laplacian with Dirichlet boundary conditions along both spatial

directions, following the construction of [21]. Post-selecting all four ancilla qubits on |0⟩⊗4 realises the action of Ã
on the system register.

n|j⟩ 0 0 N − 1 N − 1 S− S+

|ℓ0⟩ H Z H

|ℓ1⟩ H Z H

|del⟩

(a) One-dimensional Neumann sub-circuit UN
d .

nx

3

ny

∣∣∣j(0)〉
UN

1

|ℓ0ℓ1 del⟩

UN
2∣∣∣j(1)〉

|k⟩ Uprepk U†
prepk

(b) 2D Laplacian with Neumann boundary conditions
along both spatial directions

FIG. 2: Block-encoding circuits for the Laplacian with Neumann boundary conditions [21]. In (b), UN
1 and UN

2

denote the sub-circuit of (a) applied to the x- and y-registers. Post-selecting all four ancilla qubits on |0⟩⊗4 realises

the action of ÃN.

where the subscripts a and s refer to the ancilla and sys-
tem subspaces respectively. For the input state |Xext⟩ =
|0m⟩a⊗|x(θ)⟩s, the expectation value of this Hamiltonian
is

⟨Xext|H(ext)
G |Xext⟩ =

1

α2
⟨x(θ)|Ã†(I − |̃b⟩⟨̃b|

)
Ã|x(θ)⟩,

(18)
which corresponds to the numerator of CG(θ) up to the
factor α−2. Evaluating this expectation value on a quan-
tum circuit proceeds as follows. One prepares

|Ψ′(θ)⟩ := UÃ

(
|0m⟩ ⊗ |x(θ)⟩

)
, U |0n⟩ = |̃b⟩, (19)

and post-selects the ancilla register on |0m⟩, yielding the
unnormalized system state(

⟨0m| ⊗ U†)|Ψ′(θ)⟩ = 1

α
U†Ã|x(θ)⟩. (20)

The probability of obtaining the ancilla outcome |0m⟩ is

p(θ) =
⟨x(θ)|Ã†Ã|x(θ)⟩

α2
, (21)

and the normalized post-selected state is

|Ψpost(θ)⟩ =
U†Ã|x(θ)⟩√

⟨x(θ)|Ã†Ã|x(θ)⟩
. (22)

Substituting into (16) and using Bayes’ theorem, the fi-
delity term becomes

|⟨0n|Ψpost(θ)⟩|2 = P (sys = |0n⟩ | anc = |0m⟩)

=
P
(
|0⟩⊗(n+m)

)
P (|0⟩⊗m)

,
(23)
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so that the global cost function is entirely determined by
two measurement probabilities obtainable from a single
quantum circuit, and the final expression for the cost is

CG(θ) = 1−
P
(
|0⟩⊗(n+m)

)
P (|0⟩⊗m)

. (24)

A key advantage of the block-encoding formulation is
that CG(θ) is estimated from the measurement statis-
tics of a single quantum circuit via (24), with m = 4
for the 2D Dirichlet/Neumann Laplacian case. Post-
selecting the ancilla register on |0⟩⊗4 and measuring all
qubits yields the numerator and denominator of Eq. (24),
from which CG(θ) is computed classically. This contrasts
with the LCU based VQLS formulation [11], which re-
quires O(L2) separate Hadamard-test circuits for com-
puting the cost function. The schematic VQLS circuit
implementing this evaluation is shown in Figure 3.

|0⟩⊗4

UÃ∣∣j0j1〉 V (θ⃗) U†

FIG. 3: Schematic VQLS circuit for the 2D Poisson
problem via block encoding.

The VQLS optimization returns the normalized state

|x(θ∗)⟩ satisfying Ã|x(θ∗)⟩ ∝ |̃b⟩. It therefore encodes
the direction of the solution but not its magnitude.
Writing x = ∥x∥ |x(θ∗)⟩ and substituting into (3) gives
A|x(θ∗)⟩ = b/∥x∥; taking norms yields

∥x∥ =
∥b∥√

⟨x(θ∗)|A†A|x(θ∗)⟩
, (25)

so that the classical solution vector is reconstructed as

x =
∥b∥√

⟨x(θ∗)|A†A|x(θ∗)⟩
|x(θ∗)⟩. (26)

The quantity in the denominator is obtained coher-
ently, from the post-selection statistics already collected
during cost evaluation: by (21) and (10), P (|0⟩⊗4) =

(Λ/4)2⟨x(θ)|A†A|x(θ)⟩, so that
√
⟨x(θ∗)|A†A|x(θ∗)⟩ =

(4/Λ)
√
P (|0⟩⊗4) with Λ a known classical constant. Es-

timating it to relative precision ε costs O(1/(pε2)) shots
with p the post-selection success probability, indepen-
dently of N , which is a further practical benefit of the
improved success probability of the construction of [21].

For the variational circuit V (θ), we utilize the
hardware-efficient ansatz (HEA) [28] comprising alter-
nating single-qubit Ry rotation gates and two-qubit
controlled-Z (CZ) entangling gates. Each layer consists
of Ry(θi) rotations applied to all n system qubits, fol-
lowed by CZ gates on alternating pairs of neighbouring
qubits, followed by a second round of Ry rotations, as
shown in the Figure 4. For an ansatz with l layers, the to-
tal number of variational parameters is p = 2l(n−2)+n,
which scales linearly with the number of system qubits.

...
...

...

|q1⟩ Ry Ry

|q2⟩ Ry Ry Ry

|q3⟩ Ry Ry Ry

|q4⟩ Ry Ry Ry

|q5⟩ Ry Ry Ry

...

|qn−1⟩ Ry Ry Ry

|qn⟩ Ry Ry

FIG. 4: Hardware-Efficient ansatz with one layer for

V (θ⃗).

D. The Barren-Plateau Phenomenon

A challenge shared by all variational quantum al-
gorithms, VQLS included, is the barren-plateau phe-
nomenon. As the number of qubits n or the circuit depth
increases, the gradient of the cost function with respect
to the variational parameters becomes exponentially sup-
pressed. Formally, CG(θ) exhibits a probabilistic barren
plateau [16] if, for θ sampled from some distribution,

Varθ[∂µCG(θ)] ∈ O(b−n), (27)

for some b > 1 and some θµ ∈ θ: as n grows, the probabil-
ity of sampling a parameter vector with a non-negligible
gradient becomes exponentially small. The behaviour is
attributed to the emergence of unitary 2-design charac-
teristics in sufficiently deep or expressive circuits, and
global cost functions of the form of (16) are known to be
particularly susceptible [16, 29].

It is important to note, however, that barren plateaus
describe an average-case property of the cost landscape
rather than a uniform absence of gradients everywhere.
Even in high-dimensional parameter spaces dominated
by flat regions– narrow “gorges” [17], localized directions
of non-negligible gradient magnitude can persist around
the global minimum, but occupy an exponentially small
fraction of the parameter space. Optimization success
therefore depends less on the typical gradient magnitude
than on whether the optimizer can find and stay within
these atypical regions. Deterministic gradient-free meth-
ods relying on local differential information tend to stall
once typical gradients are suppressed; on the contrary,
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population-based methods maintain broader exploration
and may sample gorge-like directions that local models
never see. Section III C tests this empirically, measur-
ing (27) both under uniform sampling and along the tra-
jectories the CMA-ES optimizer follows.

III. RESULTS

Section IIIA characterizes the block-encoding circuit
itself: its exactness, its post-selection success probabil-
ity, and its cost relative to the Pauli-LCU formulation
of [11]. Section III B then reports solution accuracy on
the three benchmark problems, and Section III C exam-
ines the barren plateau and the effect of optimizer choice.
All simulations are performed on the Qiskit Aer statevec-
tor simulator. Classical reference solutions are obtained
with the Successive Over-Relaxation (SOR) method ap-
plied to the identical discrete system. Because the varia-
tional optimization depends on the random initialization
of θ, every configuration is run with five independent
seeds; we report the geometric mean together with ±1
standard deviation in log10 across seeds.

A. Circuit Verification and Resource Comparison

1. Exactness of the encoding

The construction of Section II B is an exact (1, 4, 0)-
block encoding for both boundary conditions. Figure 5a
verifies this directly by extracting the top-left block of
the assembled circuit unitary and comparing it against
the target operator. The deviation ∥(⟨04| ⊗ I)UÃ (|04⟩ ⊗
I)−Ã∥∞ remains at the level of double-precision machine
epsilon across the full range N = 4 to N = 1024, for the
Dirichlet operator of the heat conduction benchmark and
the Neumann operator of the lid-driven cavity alike.

2. Post-selection success probability

Evaluating CG(θ) through (24) requires post-selecting
the ancilla register on |0⟩⊗4, and only that fraction of
shots contributes. Since estimating CG to relative preci-
sion ε costsO(1/(pε2)) shots, the scaling of p with system
size determines whether the reduction to a single circuit
translates into a genuine saving. Figure 5b reports p(θ∗)
at the optimized parameters. The decay is far slower than
the N−2 behaviour that the shrinking spectral gap of the
scaled Laplacian might suggest: fitting a power law gives
p ∼ N−0.57 for the Dirichlet operator and p ∼ N−0.94 for
the Neumann operator. The shot cost per cost-function
evaluation therefore grows as O(N0.57) and O(N0.94) re-
spectively, against Θ(N) circuits for the Pauli-LCU for-
mulation, each of which itself requires O(1/ε2) shots.

3. Comparison with the Pauli-LCU formulation

We compare against VQLS in the formulation of [11],
in which the Dirichlet Laplacian is expanded in the Pauli
basis and the cost function assembled from Hadamard
tests. The comparison uses the heat conduction operator;
the Neumann case behaves analogously and is omitted for
brevity. For the LCU implementation we report, at each
size, the resources of the most expensive circuit in the
set, which bounds the per-circuit requirement.
The principal difference is the number of circuits. A

Pauli decomposition of the 2D Dirichlet Laplacian yields
exactly L = Nx+Ny −1 terms, and the cost function re-
quires L(L+1) distinct Hadamard-test circuits per evalu-
ation (Figure 6a). On a square grid this is Θ(N), growing
from 12 circuits at N = 4 to 9120 at N = 2048, whereas
the block-encoded formulation requires exactly one cir-
cuit at every size.
Per-circuit resources tell a more nuanced story. The

block-encoded circuit carries four ancillae against one for
the LCU circuits, so its width is larger by three qubits at
every size. In gate count and depth the LCU circuits are
individually cheaper at small and intermediate sizes, but
the two constructions scale differently and the ordering
reverses beyond N = 512 (Figures 6b and 6c). At N =
1024 the block-encoded circuit is already the shallower of
the two, and the margin widens with system size: at N =
4096 it requires 16,034 two-qubit gates against 28,980 for
the heaviest LCU circuit, at a depth of 28,741 against
45,744.
Taken together with the circuit count, the aggregate

cost per cost-function evaluation, defined as the product
of the number of circuits and the gate count per-circuit,
differs by orders of magnitude and the gap widens mono-
tonically with the size of the system. The block-encoded
formulation is thus a cheaper construction on every axis
except for a modest constant increase in width.
The Pauli decomposition is in one respect the most

favourable LCU available: its per-circuit depth for the
Hadamard test circuits used in VQLS is close to the min-
imum any linear-combination formulation can achieve.
Its weakness is the term count, which forces Θ(N) cir-
cuit evaluations per cost function for the 2D Laplacian.
More compact decompositions of the discrete Laplacian
exist [30], reducing L at the cost of unitaries that are indi-
vidually more expensive. Since the block-encoded circuit
is already shallower than the Pauli-LCU circuit beyond
N = 512, and any such decomposition has a per-circuit
depth at least that of the Pauli case, the crossover against
a compact LCU would be expected at a smaller system
size.

B. Solution Accuracy

Three benchmark problems are considered. The first
two are instances of the Dirichlet problem (2) and dif-
fer only in the source term; the third places the solver
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(a) Infinity-norm deviation of the compiled circuit’s top-left
block from the target operator; the dotted line marks

double-precision machine epsilon.

(b) Post-selection success probability at the optimized
parameters, with least-squares power-law fits p ∼ N−s and

95% confidence intervals.

FIG. 5: Performance and numerical exactness of the block-encoding circuits used in this work.

(a) Circuits per cost evaluation,
Pauli-LCU.

(b) One- and two-qubit gate counts. (c) Circuit depth.

FIG. 6: Resource comparison between the Pauli-LCU VQLS and the block-encoded formulation of this work, for the
2D Dirichlet Laplacian. (a) The block-encoded formulation requires one circuit at every size and is therefore not

plotted. (b), (c) Per-circuit counts after transpilation to the {U,CX} basis; for the Pauli-LCU formulation these are
for the most expensive Hadamard-test circuit at each grid, an empirical per-circuit upper bound.

inside a time-advancing flow simulation under Neumann
boundary conditions. Accuracy is reported as the infi-
delity 1−F between the recovered and reference solution
vectors, where F = |⟨xSOR|x(θ∗)⟩|2. All runs use CMA-
ES optimizer with σ0 = 0.3 and a population of 15 per
generation, terminating at 6 × 104 generations or on a
cost tolerance of 10−12, whichever is reached first. The
ansatz layers is ℓ = 3 for N ≤ 256 and ℓ = 5 at N = 512
and N = 1024.

1. Sinusoidal source

The first benchmark takes the smooth source term

f(x, y) = − sin(πx) sin(πy), (28)

with homogeneous Dirichlet conditions on all four walls.
The forcing is smooth and free of singularities, and
the problem admits the analytical solution u(x, y) =
sin(πx) sin(πy)/(2π2).
Figure 7 shows the classical and VQLS solution fields

on the 32 × 32 grid (N = 1024, n = 10 system qubits,
14 total), together with the cost-function history aver-
aged over the five seeds. The VQLS solution repro-
duces the smooth bell-shaped distribution characteristic
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of the sinusoidal source, peaking at the domain centre
and decaying to zero at the walls in accordance with
the homogeneous Dirichlet conditions. Agreement is
exact to arithmetic precision: the median seed attains
1− F = 8.9× 10−16 at a final cost of CG = 4.7× 10−15,
and all five seeds lie at the same level.

2. Gaussian source

The second benchmark is the steady-state heat con-
duction equation −k∇2T = Q(x, y), an instance of (2)
with u ≡ T and a spatially localized source,

Q(x, y) = Q0 exp

(
− (x− x0)

2 + (y − y0)
2

2σ2

)
, (29)

with Q0 = 5, (x0, y0) = (0.5, 0.3) and σ = 0.1. The
boundary conditions are Dirichlet throughout: the bot-
tom wall is held at Thot = 1, the top wall at Tcold = 0,
and the side walls at the mean of the two. The config-
uration models a heat-generating component embedded
in a conducting plate held between a hot base and a cold
lid, and unlike the sinusoidal case it presents the solver
with a sharp interior gradient superposed on a smooth
background stratification.

Figure 8 shows the corresponding fields and cost his-
tory on the 32 × 32 grid. The VQLS field reproduces
the vertical thermal stratification set by the hot and
cold walls, but the isotherms are flattened relative to the
classical reference. The median seed attains 1 − F =
4.4× 10−2 at a final cost of CG = 4.2× 10−3.

Table I summarises the accuracy attained on both
Dirichlet benchmarks across the full range of system
sizes. The two behave quite differently. The sinusoidal
source is recovered to arithmetic precision at every size,
which is expected once one notes that the discretized forc-
ing is an exact eigenvector of the discrete Dirichlet Lapla-
cian: the solution state coincides with |b⟩, so the ansatz
need only prepare a state of Schmidt rank one across the
x–y register cut. This case therefore verifies the pipeline
end to end. Fo the Gaussian source, the solution has an
overlap of ≈ 0.78 with |b⟩ at N = 1024. Its infidelity re-
mains at arithmetic precision through N = 32, and rises
for grid sizes beyond this. This can be attributed to the
optimization which is discussed in Section III C.

3. Lid-driven cavity

Here we empirically examine, whether the accuracy at-
tainable by the VQLS solver suffices to sustain a simu-
lation in which the system is solved repeatedly, with a
right-hand side that evolves as the solution does.

We take the two-dimensional lid-driven cavity, the
standard validation case for incompressible flow solvers.
Fluid occupies a square domain with no-slip conditions
on all four walls, the upper wall translating at constant

TABLE I: VQLS solution infidelity 1− F across system
sizes for both Dirichlet benchmarks, where

F = |⟨xSOR|x(θ∗)⟩|2. Entries are the geometric mean
over five independent seeds, for CMA-ES with σ0 = 0.3
at ansatz depth ℓ. n denotes system qubits; total circuit

width is n+ 4.

Nx ×Ny N n ℓ
1− F

Sine Heat

2× 2 4 2 3 3.1× 10−16 3.0× 10−16

2× 4 8 3 3 2.1× 10−16 1.1× 10−15

4× 4 16 4 3 3.8× 10−16 1.8× 10−15

4× 8 32 5 3 3.2× 10−16 1.5× 10−15

8× 8 64 6 3 3.4× 10−16 3.2× 10−5

8× 16 128 7 3 2.5× 10−16 1.4× 10−3

16× 16 256 8 3 1.8× 10−16 3.8× 10−2

16× 32 512 9 5 1.2× 10−16 3.8× 10−2

32× 32 1024 10 5 2.0× 10−15 5.1× 10−2

velocity Ulid and driving a recirculating vortex in the in-
terior. The flow is advanced by the projection method
of Section IIA: at each time step an intermediate ve-
locity field is predicted, the Neumann pressure-Poisson
system (6) is solved to obtain the pressure correction,
and the velocity is projected onto the divergence-free
subspace [26]. The VQLS solver of Section IIC is in-
voked once per time step in place of the classical pres-
sure solve, using the Neumann block encoding of Sec-
tion II B 2. Each step is warm started from the converged
parameters of the previous step, so only the first solve be-
gins from a random initialization. Because the recovered
pressure enters the velocity correction directly, any error
committed at one step is carried into the initial condition
of the next.

The simulation is run on a 16 × 16 grid at Re = 100
with ∆t = 0.05, giving a Neumann system of N = 256
unknowns (n = 8 system qubits). Because every time
step requires a complete variational optimization, we ad-
vance ten steps to t = 0.5 and compare against the clas-
sical solver run. At this time the viscous diffusion length
is

√
νt ≈ 0.07, roughly one cell width, so the flow is still

developing and far away from the steady-state.

Figure 9 shows the outcome. The streamline patterns
are closely similar: both solvers place the primary vortex
near (x/L, y/L) ≈ (0.6, 0.85) and reproduce the same re-
circulation structure. The centreline profiles quantify the
difference. The discrepancy is systematic and the quan-
tum pressure solve slightly damps the velocity magnitude
while preserving the structure of the field.

Thus we observe that the two trajectories remain to-
gether over ten time steps. Each step feeds its pressure
directly into the velocity correction, so an error commit-
ted at one step enters the initial condition of the next;
a solver whose output were merely qualitatively correct
would be expected to drift.
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(a) Classical (SOR) solution. (b) VQLS solution, median seed. (c) Cost history over five seeds.

FIG. 7: Sinusoidal source benchmark on the 32× 32 grid (N = 1024, n = 10 system qubits, 14 total), CMA-ES with
σ0 = 0.3 and ℓ = 5 ansatz layers. Panels (a) and (b) share a colour scale and show the seed attaining the median
infidelity of the five runs, 1− F = 8.9× 10−16. In (c) the solid line is the geometric mean of the best-so-far cost

across seeds and the band is ±1 standard deviation in log10; the median seed reaches CG = 4.7× 10−15.

(a) Classical (SOR) solution. (b) Quantum (VQLS) solution. (c) Cost history over five seeds.

FIG. 8: Heat conduction benchmark with Gaussian source on the 32× 32 grid (N = 1024, n = 10 system qubits, 14
total), CMA-ES with σ0 = 0.3 and ℓ = 5 ansatz layers. The star marks the source at (x0, y0) = (0.5, 0.3). Panels (a)
and (b) share a colour scale and show the seed attaining the median infidelity of the five runs, 1− F = 4.4× 10−2.
In (c) the solid line is the geometric mean of the best-so-far cost across seeds and the band is ±1 standard deviation

in log10; the median seed reaches CG = 4.2× 10−3.

C. Barren Plateaus and the Role of the Optimizer

The results of the 2D heat conduction problem degrade
with system size as shown in Table I. The limitation lies
in the optimization, and we examine it here in two steps:
first establishing that the cost landscape exhibits a bar-
ren plateau in the sense of (27), then asking what dis-
tinguishes an optimizer that continues to make progress
from one that does not.

1. Gradient variance under uniform sampling

Figure 10a reports Varθ[∂µCG], averaged over param-
eter indices µ, for θ drawn uniformly from [0, 2π)d, at
ansatz depths ℓ = 2 to 5 and system sizes n = 2 to 10.
The decay is exponential in n at every depth, which is

the defining signature of (27). Fitting Var ∝ b−n gives
b = 3.90, 3.78, 3.77 and 3.95 for ℓ = 2 to 5: statisti-
cally indistinguishable across depths. This is consistent
with the plateau being a property of the global cost func-
tion (16) rather than of ansatz expressivity, the regime
identified in [29].

2. Gradient variance along the optimizer trajectory

An optimizer concentrates its evaluations where it has
found descent, and it is the gradient structure of those
regions, not of the parameter space at large, that governs
whether optimization proceeds. Figure 10b repeats the
measurement with θ drawn from the points CMA-ES ac-
tually visits over 100 generations. The variances are one
to three orders of magnitude above the uniform baseline
at every size, and the apparent decay rate varies strongly
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(a) Classical (SOR) streamlines. (b) VQLS streamlines.

(c) u along the vertical centreline. (d) v along the horizontal centreline.

FIG. 9: Lid-driven cavity at Re = 100 on a 16× 16 grid, after ten steps of ∆t = 0.05 (t = 0.5). The two solvers
differ only in the pressure-Poisson solve; the discretization, initial condition and time step are identical. The flow is

still developing at this time.

with depth, in contrast to the uniform sampling case.

We emphasize that this is an observation about where
the optimizer goes, not a demonstration that its search
strategy causes the effect: elevated gradient variance
along a trajectory is in part a consequence of successful
optimization as much as a cause of it. What the mea-
surement does establish is that the regions CMA-ES oc-
cupies are atypical of the landscape as a whole, in exactly
the manner the narrow-gorge picture of [17] anticipates,
and that the exponential suppression of variance of cost
gradient is substantially weaker along the path actually
taken.

3. Consequences for optimizer choice

The practical question is whether this difference is vis-
ible in convergence behaviour, and in Figure 11, the two
optimizers are compared at equal cost: a CMA-ES gen-
eration evaluates the cost function once per population
member, so 4,000 generations at a population of 15 cor-
responds to the 6×104 evaluations allotted to COBYLA.

At N = 1024, COBYLA descends rapidly over the first
few thousand evaluations and then flattens, making no
further progress within its budget: its local linear model
cannot identify productive descent directions once typical
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(a) Uniform sampling, θ ∼ U [0, 2π)d. Dashed lines are fits
of Var ∝ b−n.

(b) Sampling along the CMA-ES trajectory. No fit is shown;
see text.

FIG. 10: Variance of the global cost gradient against the number of system qubits n, at hardware-efficient ansatz
depths ℓ = 2 to 5. Each point averages the per-parameter variance over five randomly chosen parameters from 200

samples; error bars are 95% confidence intervals.

gradients are suppressed. CMA-ES continues to reduce
the cost throughout.

A further practical difference is that for the popula-
tion within a CMA-ES generation all cost evaluations
are independent and can be run in parallel. COBYLA
is inherently sequential, each iteration depending on the
outcome of the last. This does not alter the number of
circuit calls, and on a single quantum processor circuits
execute serially in any case, but it is relevant wherever
multiple devices or simulator instances are available.

It is important to note that CMA-ES does not remove
the barren plateau which is fundamental to the cost land-
scape. It postpones the size at which stagnation sets in,
which is what the difference between the two panels of
Figure 10 would lead one to expect.

IV. CONCLUSION AND FUTURE WORK

We have developed a variational quantum linear solver
for the discrete Poisson equation built on an exact block
encoding of the Laplacian, and characterized it on three
benchmarks.

The encoding reproduces the target operator to
double-precision machine epsilon at every size from N =
4 to N = 1024, for Dirichlet and Neumann boundaries
alike. Its post-selection success probability decays as
N−0.57 and N−0.94 for the two boundary conditions, far
more slowly than the N−2 that would cancel the ad-
vantage of reducing the cost function to a single circuit.
Against the Pauli-LCU formulation, the difference is one
of circuit count: the Pauli-LCU VQLS requires Θ(N)
circuits per cost evaluation, against one in the block en-

FIG. 11: Cost function convergence for COBYLA and
CMA-ES on the heat conduction benchmark

(N = 1024) at equal budget: 4,000 CMA-ES generations
of population 15 against 6× 104 COBYLA iterations,
i.e. 6× 104 cost-function evaluations each. Solid lines
are the geometric mean of the best-so-far cost across
five seeds; bands are ±1 standard deviation in log10.

coded VQLS. Per circuit the LCU is cheaper at small
sizes, but the ordering reverses beyond N = 512 in both
gate count and depth, at a fixed cost of three additional
ancilla qubits.
Solution accuracy separates sharply between the two

Dirichlet benchmarks, and the reason is instructive. The
sinusoidal forcing is an exact eigenvector of the discrete
Laplacian, so its solution state coincides with |b⟩; the
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solver recovers it to arithmetic precision at every size,
which verifies the pipeline end to end but does not probe
its scaling. For the Gaussian source, the infidelity re-
mains at machine precision through N = 32, then grows
by roughly an order of magnitude per grid size increase.

That degradation is attributable to the optimization.
Direct measurement confirms a barren plateau: the gra-
dient variance under uniform sampling decays as b−n,
statistically indistinguishable across ansatz depths ℓ = 2
to 5 and therefore driven by the growth of the Hilbert
space rather than by circuit depth. Sampled instead
along the CMA-ES trajectory, the variance is one to three
orders of magnitude higher at every size. The regions the
optimizer occupies are thus atypical of the landscape as
a whole, which is consistent with its continuing to make
progress at sizes where COBYLA stalls, though we do
not claim a causal mechanism.

Embedded in a projection-method Navier–Stokes loop,
the solver sustains a lid-driven cavity simulation at Re =
100 on a 16× 16 grid, tracking the classical trajectory in
both streamline structure and centreline profiles over ten
time steps.

Several directions follow. On the encoding side,
the construction extends without modification to mixed
boundary conditions and to three or more spatial di-
mensions [21], and block encodings have been developed
for non-uniform grids and non-Cartesian meshes [31];
both are needed before the approach can address re-
alistic geometries. A quantitative comparison against
compact, non-Pauli LCU decompositions would sharpen
the resource argument made in Section IIIA. The
block-encoding circuits used in this work are directly
reusable as subroutines in Quantum Singular Value
Transformation (QSVT)-based fault-tolerant quantum
linear solvers [8], which is theoretically known to pro-

vide speedups over classical methods under well-defined
conditions on matrix sparsity and condition number.
On the optimization side, the empirical advantage of

CMA-ES lacks a theoretical account. Understanding why
a covariance-adapting search locates and remains within
the atypical regions identified here, and whether that be-
haviour persists as n grows, is the open question this work
raises most directly. Related is the design of ansätze that
exploit the sparsity and Kronecker-sum structure of the
Laplacian rather than treating it as a generic operator.
The most promising path to practical quantum ad-

vantage and utility is to identify and efficiently obtain
low-dimensional functionals of the solution rather than
the full solution field, thereby circumventing the classi-
cal readout bottleneck. Identifying which quantities of
engineering interest admit efficient quantum observable
estimation is an important open problem that we intend
to pursue in future work. Finally, all results reported
here are from exact statevector simulation. This isolates
the properties of the encoding and of the optimization
landscape from sampling and hardware noise, but leaves
the shot requirements and noise resilience of the method
uncharacterized; the success-probability scaling of Sec-
tion IIIA quantifies the former but does not substitute
for measuring it. Establishing both is a prerequisite for
any hardware demonstration.
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