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Entanglement and magic are fundamental resources that capture the complexity of quantum
many-body systems. Non-local magic isolates the irreducible nonstabilizerness intrinsically tied
to entanglement. However, evaluating this quantity generally requires a prohibitive minimization
over the full Hilbert space, making it computationally inaccessible beyond a few qubits. Here,
we overcome this bottleneck by establishing a closed-form expression for the non-local stabilizer
entropies of fermionic Gaussian states over local Gaussian unitaries, which we prove at Rényi index
α = 2 for arbitrary subsystem size, and which can be evaluated in polynomial time directly from the
eigenvalues of the reduced Majorana covariance matrix. We apply this framework to characterize
fermionic non-local magic across diverse physical regimes: we derive an exact Page-like curve for
typical random states, reveal logarithmic scaling at the quantum critical point of the XY model, and
establish a quasiparticle picture for magic generation during out-of-equilibrium quantum quenches.
Crucially, because our result relies solely on two-point correlation functions, it provides a scalable
route for the experimental estimation of fermionic non-local magic in large-scale quantum processors
via fermionic shadow tomography.

I. Introduction

Entanglement and magic, or nonstabilizerness, are two
fundamental notions of quantum complexity that capture
complementary aspects of what makes a many-body sys-
tem genuinely quantum [1–3]. Their operational signif-
icance is equally distinct: states with low entanglement
admit efficient classical simulation via tensor-network
methods [4], whereas states with low magic are acces-
sible to stabilizer-based techniques such as tableau sim-
ulation [5, 6] or Pauli propagation [7, 8]. While entan-
glement is by now a well-characterized concept in many-
body physics [9, 10], the role of magic has only recently
come into focus, driven by the development of stabi-
lizer entropies [11, 12], scalable probes of nonstabiliz-
erness whose computational cost is comparable to that
of entanglement entropy [13–15] and which have an im-
portant operational meaning [16–18]. This advance has
stimulated a broad program of research, from equilibrium
phenomena [19–23] to quantum-circuit and Hamiltonian
dynamics [24–32].

A central open question concerns the interplay be-
tween entanglement and magic [33–35]. The recently
introduced non-local magic [36–39] addresses precisely
this problem: it isolates the irreducible nonstabilizer-
ness, as quantified by stabilizer entropy, that cannot be
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removed by local basis changes, thereby separating gen-
uinely correlated magic from purely local contributions.
However, this conceptual advance comes at a steep com-
putational cost: in general, non-local magic is defined
through a minimization over all local unitaries acting
on the full Hilbert space, rendering it intractable be-
yond a few qubits. Although estimation schemes exist
for matrix-product states [36], where entanglement re-
mains bounded, which broader classes of quantum mat-
ter admit an analytic characterization of non-local magic,
especially in regimes with extensive entanglement, has
remained an open question.

Here, we answer this question for fermionic Gaussian
states and unitaries. We introduce the fermionic non-
local (FNL) magic, which restricts the minimization to
Gaussian unitaries. We prove (cf. Theorem 1) that
the FNL magic of order α = 2 admits a closed-form
expression (Eq. (6)) in terms of the eigenvalues of the
reduced Majorana covariance matrix on a subsystem of
size ℓ, computable with poly(ℓ) resources. The key in-
sight behind this result is that the minimization over
local Gaussian unitaries is solved exactly by the BCS
canonical form [40]. This is in stark contrast with the to-
tal magic, which requires Majorana Monte Carlo [41] or
perfect sampling [42], both converging in general with an
exponential number of samples. We leverage this result
to obtain a series of rigorous physical insights: an exact
Page-like curve for typical fermionic Gaussian states, cor-
roborated numerically by SYK2 eigenstates [41, 43–46];
logarithmic scaling of non-local magic at the XY critical
point, captured analytically via the Fisher–Hartwig ap-
proach; a quasiparticle picture [47] for magic spreading
after quantum quenches; and diffusive growth in brick-
work Gaussian random circuits. Because our result re-
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lies solely on two-point correlation functions, it also pro-
vides a scalable route for the experimental estimation of
fermionic non-local magic in large-scale quantum proces-
sors via fermionic shadow tomography [48].

II. Methods

We begin by introducing the notation and key defi-
nitions; we refer to Refs. [49–52] for pedagogical intro-
ductions. We consider fermionic Gaussian systems on N
qubits in a lattice Λ = {1, . . . , N}, described by a Hilbert
space of dimension d = 2N . The natural degrees of free-
dom are the 2N Majorana operators γj , obtained via the
Jordan–Wigner transformation γ2j−1 =

(∏j−1
m=1 Zm

)
Xj

and γ2j =
(∏j−1

m=1 Zm

)
Yj , where Xj , Yj , Zj are the Pauli

operators on qubit j. These operators are Hermitian,
γj = γ†j , and satisfy the Clifford algebra {γj , γk} = 2δjkI.

Fermionic Gaussian unitaries (FGU), or matchgates,
are the operators that act adjointly on Majorana as ro-
tations UOγjU

†
O =

∑
mOmjγm, with O ∈ O(2N); they

form a group, which we denote MN . Orthogonal ma-
trices can be decomposed as O = R(1−detO)/2Q with
Q ∈ SO(2N) and R = diag(1,−1, . . . ,−1) a reflec-
tion. This implies that UO = X

(1−det(O))/2
1 exp[−iH]

is split into a part induced by special orthogonal trans-
formations, captured by the so-called fermionic Gaussian
Hamiltonians

H =
i

4

2N∑
m,n=1

hm,nγmγn , (1)

where h = −hT is the 2N × 2N antisymmetric matrix
such that Q = exp[h], and the implementation of the
reflection R via the Pauli operator X1 = γ1.

A pure fermionic Gaussian state (FGS), or free
fermionic state, is defined by |ΨO⟩ = UO|0⟩ for the
fermionic Gaussian unitary induced by O ∈ O(2N), and
|0⟩⟨0| = d−1

∏N
m=1(I− iγ2m−1γ2m) is the fermionic vac-

uum state. Denoting for any pure state |Ψ⟩ the covari-
ance matrix Γmn = i⟨Ψ|[γm, γn]|Ψ⟩/2, fermionic Gaus-
sian states are fully characterized by the covariance ma-
trix. In fact, given the vacuum covariance matrix

Γ0 =

N⊕
m=1

(
0 −1
1 0

)
, (2)

using the adjoint transformation, one obtains that
|ΨO⟩⟨ΨO| is uniquely fixed by Γ = OΓ0O

T . For pure
fermionic Gaussian states and any bipartition Λ = A⊔B
with |A| = ℓ ≤ N/2 (made precise below), Ref. [40]
showed that local FGU, UOA

⊗ UOB
∈ MN , are suffi-

cient to bring the state into a canonical modewise form
of independent two-mode BCS-like pairs

|Ψcan⟩ := (TσA
⊗ TσB

)

ℓ⊗
i=1

[|B(θi)⟩]⊗ |0⟩⊗(N−2ℓ) , (3)

where |B(θi)⟩ = cos θi |00⟩i+sin θi |11⟩i and TσX
are per-

mutations that act separately on qubits in X ∈ {A,B}.
This form is analogous to the Schmidt decomposition for
pure fermionic Gaussian states, and it is fundamental for
the main result.

A. Non-local magic and its fermionic counterpart

We now present our main quantity: non-local
magic. We recall that the stabilizer entropy
of order α is defined for a pure state |Ψ⟩ as
Mα(|Ψ⟩) = (1 − α)−1 log2 ζα(|Ψ⟩) [11], where ζα =
d−1

∑
P∈PN

⟨Ψ|P |Ψ⟩2α is the stabilizer purity and PN =

{I, X, Y, Z}⊗N is the set of N -qubit Pauli strings. This
quantity is a magic monotone for integer α ≥ 2 [12, 53].

The non-local magic (NLM) is defined for the biparti-
tion Λ = A ⊔B and a pure state as

MNL
α := min

UA,UB

Mα

[
TπAB

(UA ⊗ UB)T
†
πAB

|Ψ⟩
]
, (4)

where A = {i1, . . . , iℓ} ⊂ Λ contains ℓ qubits and
B = Λ \ A the remaining N − ℓ ones, πAB ∈ SN is
any permutation such that πAB(A) = {1, . . . , ℓ} and
πAB(B) = {ℓ + 1, . . . , N}, and the minimization is over
U(dA)⊗U(dB) with dA = 2ℓ and dB = 2N−ℓ. This is the
magic that cannot be erased or extracted by local unitary
operations. This notion is cognate to (but distinct from)
that of long-range magic, that is, the non-stabilizerness
that cannot be removed by finite-depth local unitary cir-
cuits [54]. One salient distinction is that maximally en-
tangled states have vanishing non-local magic as they are
locally equivalent to stabilizer states. This minimization
is superexponentially costly, rendering non-local magic
intractable beyond a handful of qubits. In Ref. [36], it
was shown that for α = 2 a reliable proxy for non-local
magic can be obtained from the Schmidt spectrum of the
state over the same bipartition.

To study fermionic Gaussian states and their non-local
magic, we introduce the fermionic non-local magic

MFNL
α := min

UOA
,UOB

Mα

[
TπAB

(UOA
⊗ UOB

)T †
πAB

|Ψ⟩
]
, (5)

where now the minimization is over the Gaussian uni-
taries induced by O(2ℓ) ⊕ O(2(N − ℓ)), hence MNL

α ≤
MFNL

α . Up to a non-Gaussian permutation, this quan-
tity corresponds to the minimization over the full uni-
tary group for Gaussian systems. Throughout this work
our main interest is the case α = 2, the smallest Rényi
index for which the stabilizer entropy is a magic mono-
tone [12, 53], the most studied in the literature, and the
one we implicitly refer to when writing simply fermionic
non-local magic. Nevertheless, we will also comment on
results for α > 2, in particular in Appendix VD. Our
main result is that, for fermionic Gaussian states, the
fermionic non-local magic can be evaluated exactly in
poly(N) resources.
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III. Results

Consider a pure fermionic Gaussian state |ΨO⟩ with
covariance matrix Γ = OΓ0O

T and the bipartition Λ =
A ⊔B, where we denote without loss of generality A the
smallest partition with |A| = ℓ ≤ N/2. Our main re-
sult shows that the FNL magic is entirely determined
by the spectrum of the reduced covariance matrix. Let
{λi}i=1,...,ℓ denote the non-negative eigenvalues of the
2ℓ×2ℓ reduced covariance matrix iΓA := iΓ|IA

of the Ma-
jorana modes restricted to A, IA := {2m − 1, 2m | m ∈
A}. Then, our main finding is the following closed-form
expression at α = 2.

Theorem 1 (Fermionic non-local magic of Gaussian
states at α = 2). Let |ΨO⟩ be an arbitrary pure fermionic
Gaussian state on N modes and let Λ = A ⊔ B with
|A| = ℓ. Then

MFNL
2 (|ΨO⟩) =

ℓ∑
i=1

m2(λ
2
i ) ,

m2(x) = − log2
(
1− x+ x2

)
,

(6)

or, equivalently, in terms of the stabilizer purity,

max
OA∈O(2ℓ)

OB∈O(2(N−ℓ))

ζ2
[
TπAB

(UOA
⊗ UOB

)T †
πAB

|ΨO⟩
]

=

ℓ∏
i=1

(
1− λ2i + λ4i

)
,

(7)

the maximum being attained in the Botero–BCS canoni-
cal axes of Eq. (3).

The proof, holding for any 1 ≤ ℓ ≤ N/2, is given in
full detail in Appendix V A. It assumes that the state
|ΨO⟩ is pure and Gaussian. The key point is that local
Gaussian unitaries over a bipartition of the system bring
any pure fermionic Gaussian state into a canonical mod-
ewise form |Ψcan⟩ in Eq. (3), consisting of independent
two-mode Bell-like pairs [40], a normal form that under-
lies several equivalent descriptions of fermionic Gaussian
entanglement [55–57]. We prove that this representative
is the global maximizer of the stabilizer purity ζ2 on the
local Gaussian orbit, i.e. MFNL

2 (|ΨO⟩) = M2(|Ψcan⟩),
from which Eq. (6) follows by direct computation of the
two-mode stabilizer entropy [36, 37].

For integer α > 2 we conjecture that the same struc-
ture survives, with the Rényi weight adapted accordingly,

MFNL
α (|ΨO⟩)=

ℓ∑
i=1

mα(λ
2
i ) , (8)

where mα(x) is the weight function

mα(x) :=
1

1− α
log2

[
(1− x)

α
+ 1 + xα

2

]
, (9)

which reduces to Eq. (6) at α = 2. This conjecture
is supported by the extensive variational optimization
reported in Appendix V B, and it reproduces the same
phenomenology as the α = 2 case, as we discuss in Ap-
pendix V D.

Several remarks are in order. First, the proof of The-
orem 1 relies heavily on the specific quadratic (collision)
functional form. Proving the result for α > 2 would
require a different proof strategy, which we leave open
for future investigations. Second, for small subsystems
the restriction to Gaussian unitaries is immaterial. For
ℓ ≤ 2, structural simplifications make the Gaussian min-
imization coincide with the full one, MNL

2 =MFNL
2 , and

Eq. (6) reproduces the expression obtained in Ref. [36]
from the Schmidt spectrum. For larger subsystems, this
is no longer the case: non-Gaussian local transformations
can further decrease the magic even when the initial state
is Gaussian, so that Theorem 1 provides an upper bound
on the generic non-local magic, MNL

2 ≤ MFNL
2 . Lastly,

our formula is considerably simpler even than computing
the total stabilizer entropy Mα for fermionic Gaussian
states, which requires either Majorana Monte Carlo [41]
or perfect sampling [42], both requiring an exponential
number of samples for convergence in the worst case. In
contrast, evaluating MFNL

α via Eqs. (6) and (8) requires
only poly(ℓ) operations.

In the following, we will consider throughout the case
α = 2, where the stabilizer entropy is a magic monotone
and where Theorem 1 applies. (Nevertheless, as afore-
mentioned, we have checked that the same phenomenol-
ogy holds for α > 2, see Appendix V D.) We will show
that the structure highlighted in Eq. (6) enables sev-
eral analytical results, both at equilibrium and out-of-
equilibrium.

A. Simple example: entanglement without
non-local magic

Before presenting applications, we illustrate the phys-
ical content of the non-local magic with a simple but
instructive example that clarifies the distinction between
entanglement and non-local magic. Consider N qubits
with ℓ = N/2 and the rainbow state

|Ψrb⟩ =
ℓ⊗

j=1

1√
2

(
|0j0ȷ̄⟩+ |1j1ȷ̄⟩

)
, (10)

where ȷ̄ = N + 1 − j is the mirror site in B = {ℓ +
1, . . . , N}, for the bipartition A = {1, . . . , ℓ}. This is a
fermionic Gaussian state: it is the ground state of a free-
fermion hopping Hamiltonian with suitable long-range
pairing. Each pair (j, ȷ̄) forms a maximally entangled
Bell pair, so every eigenvalue of iΓA vanishes, λj = 0,
and the entanglement entropy is maximal: S = ℓ bits,
a volume law. Yet, this state is a stabilizer state: it
belongs to the Clifford orbit of the computational ba-
sis. Consequently its magic, and therefore its non-local
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magic, vanishes identically: MNL
2 = 0.

This result is transparent from our formula: m2(λ
2
j )

vanishes both at λj = 0 (maximally entangled mode) and
at λj = 1 (unentangled mode). Non-local magic requires
modes at intermediate entanglement, 0 < λj < 1, where
the bipartite correlations are neither trivial nor of the
Bell-pair type.

One might attempt to introduce magic into the rain-
bow state by applying local unitaries, e.g. a non-Clifford
single-qubit rotation R(ϕ) on site j ∈ A. This produces a
state (R(ϕ)⊗ I)|Bell⟩jȷ̄ that carries nonzero total magic.
However, by construction, this magic is entirely local : it
can be removed by the inverse rotation R(−ϕ)⊗ I acting
on A alone, and therefore does not contribute to MNL

2 .
The only way to create genuine non-local magic is to en-
tangle the two qubits of each Bell pair in a non-stabilizer
fashion, for instance, by applying a joint non-Clifford
Gaussian rotation Vjȷ̄ [58] that acts simultaneously on
sites in A and B, so that the state remains Gaussian
and Theorem 1 applies. Such a rotation shifts λj away
from 0 and 1, placing it in the interior of [0, 1] where
m2(λ

2
j ) > 0. In other words, entanglement is necessary

but not sufficient for non-local magic: a state can be max-
imally entangled yet carry zero nonstabilizerness across
the bipartition.

B. Experimental observability

A key practical advantage of Eq. (6) is that the
fermionic non-local magic of Gaussian states is entirely
determined by the reduced covariance matrix ΓA, a poly-
nomial number of two-point correlation functions. While
a proof-of-principle demonstration of non-local magic has
recently been reported on a superconducting processor in
a two-qubit setting [59], our result opens a scalable route
applicable to large fermionic Gaussian systems.

A natural experimental protocol is fermionic shadow
tomography [48]: random matchgate circuits are applied,
followed by computational-basis measurements, and ΓA

is inferred from the resulting classical-shadow data. A
conservative sample-complexity estimate yields, for fail-
ure probability at most δ,

Nshots = O

(
ℓ2 log(ℓ/δ)

ϵ2Γ

)
,

to reconstruct ΓA with accuracy ϵΓ, while the propaga-
tion of this error to MFNL

2 is discussed in Appendix V C.

C. Fermionic Non-local magic of typical Gaussian
states

Having established the exact formula, we first investi-
gate the fermionic non-local magic of typical Gaussian
states, i.e., states |ΨO⟩ = UO|0⟩ generated by Haar-
random O ∈ O(2N). Our goal is to compute the average

M
FNL

2 ≡ EO∼O(2N)[M
FNL
2 (|ΨO⟩)], which for our closed-

form expression reduces to a random matrix theory prob-
lem [60–62]. For a fixed subsystem A of size ℓ ≤ N/2, let
us define the stochastic variables xk := λ2k, whose joint
probability distribution is a Jacobi ensemble [60]

P(x1, . . . , xℓ) =
∆(x1, . . . , xℓ)

Zℓ

ℓ∏
m=1

(1− xm)N−2ℓ√
xm(1− xm)

,

(11)
with ∆(x1, . . . , xℓ) =

∏
1≤i<j≤ℓ(xi − xj)

2 the squared
Vandermonde determinant and Zℓ the normalization en-
suring

∫
P(x1, . . . , xℓ)

∏ℓ
m=1(dxm) = 1. Since MFNL

2 =∑ℓ
m=1 m2(xm) is a sum over separate xm contributions,

the only ingredient required is the one-point density func-
tion

ϱ(ℓ)(x) : = EP

[
ℓ∑

m=1

δ(x− xm)

]

= ℓ

∫
P(x, x2, . . . , xℓ)

ℓ∏
m=2

(dxm) ,

(12)

where we used relabelling in the second step. Notice that∫ 1

0
ϱ(ℓ)(x)dx = ℓ. Thus, the average fermionic non-local

magic is

M
FNL

2 =

∫ 1

0

m2(x)ϱ
(ℓ)(x)dx . (13)

For the Jacobi ensemble, the one-point density is given
by the standard orthogonal-polynomial kernel. Given
w(x) = (1− x)N−2ℓ/

√
x(1− x), we have [51, 52]

ϱ(ℓ)(x) = w(x)

ℓ−1∑
n=0

[pn(x)]
2 , (14)

where pn are polynomials in the domain [0, 1], that are
orthonormal with respect to the weight w(x), namely
pn(x) = P

(−1/2,N−2ℓ−1/2)
n (1 − 2x)/

√
hn in terms of the

Jacobi polynomials P
(a,b)
n and with normalization

hn =
Γ(n+ 1/2)Γ(n+N − 2ℓ+ 1/2)

(2n+N − 2ℓ)Γ(n+ 1)Γ(n+N − 2ℓ)
. (15)

Eq. (14) yields the exact average non-local magic at fi-
nite size N for a given ℓ, which we benchmark against
exact numerics in Fig. 1(a), finding perfect agreement.
We emphasize that this is a quenched average — per-
formed outside the logarithm — which is typically harder
to evaluate than its annealed counterpart.

We now turn to the thermodynamic limit ℓ,N → ∞ at
fixed ratio r = ℓ/N ∈ [0, 1/2], defining the fermionic non-
local magic density mFNL

2 :=M
FNL

2 /N (the final result is
symmetric under r → 1− r). In this regime, the rescaled
one-point density ϱ(ℓ)/N converges to the free Jacobi law
with support x ∈ [0, c], c = 4r(1− r),

ϱr(x) =

√
(c− x)x

2πx(1− x)
1[0,c](x) , (16)
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FIG. 1. Fermionic non-local magic of typical
fermionic Gaussian states. (a) Page curve for Haar-
random FGS: M2

FNL
/N is plotted against the ratio r = ℓ/N .

The results are compared with the closed form expression for
N → ∞ in Eq. (18). (b) The fermionic non-local magic Page
curve is tested against the numerically computed average non-
local magic for SYK2 mid-spectrum eigenstates. The results
are in quantitative agreement with Eq. (18).

where 1A(x) is the characteristic function of A, 1A(x) =
1 if and only if x ∈ A. The total mass of the density
is
∫ c

0
ϱr(x)dx = r, which is precisely the fraction of the

number of eigenvalues over the system size. Thus, in the
scaling limit, we have

mFNL
2 (r) ≃

∫ c

0

m2(x)ϱr(x)dx . (17)

A more convenient parametrization is obtained by setting
x = c sin2 θ with θ ∈ [0, π/2]. Then the integral is

mFNL
2 (r) ≃ c

π

∫ π/2

0

cos2 θ

1− c sin2 θ
m2(c sin

2 θ)dθ . (18)

At exactly half bipartition, r = 1/2, this integral can be
performed exactly and the formula reduces to mFNL

2 (r) ≃
2− log2(2+

√
3). On the other hand, for small r ≃ 0 (and

by symmetry r ≃ 1), we have c ≃ 4r and the integral
yields mFNL

2 (r ≃ 0) ≃ r2

ln(2) +O(r3). This fermionic non-
local magic Page curve shows a quadratic onset, for every
α (see Appendix Sec. V D), with a transparent physical
origin: when ℓ is of order one while N → ∞, the ℓ modes
of A are almost, or exactly, maximally entangled and
thus carry no non-local magic. This is in sharp contrast
with the entanglement Page curve, which vanishes only
at |A| = 0 and grows linearly for small r [63–65].

To test the universality of this result beyond Haar-
random states, we consider the Sachdev–Ye–Kitaev
model at quadratic order, SYK2. This model is speci-
fied by the Hamiltonian H of the form in Eq. (1) with
h a random antisymmetric matrix whose elements are
drawn from the normal distribution hm,n ∼ N (0, J2/N)
and set J = 1. The single-body Hamiltonian ih is Hermi-
tian with eigenvalues in ±εk pairs (k = 1, . . . , N), each
pair defining an effective fermionic mode. A many-body
eigenstate is specified by a filling F ⊂ {1, . . . , 2N} of N
single-particle modes with eigenvectors |vk⟩, yielding the

one-body density matrix Ξ =
∑

k∈F |vk⟩⟨vk| and the co-
variance matrix Γ = i(2Ξ− I). The ground state fills the
N lowest-energy modes; to probe typicality, we construct
mid-spectrum eigenstates H|En⟩ = En|En⟩ by flipping a
random subset of N/4 to N/2 modes from the ground-
state configuration, replacing occupied negative-energy
modes with their positive-energy partners. For each of
Ndis = 1000 disorder realizations, we compute MFNL

2

from Γ and average over 200 excited eigenstates |En⟩ per
realization, obtaining M

FNL

2 = Eh En[M
FNL
2 (|En⟩)]. In

Fig. 1(b), we plot the resulting non-local magic density
mFNL

2 versus r = ℓ/N for N = 40, 80, 160. The data
converge to the analytical Haar prediction Eq. (18) as
N increases, confirming that mid-spectrum eigenstates
of SYK2 reproduce the typicality of fermionic non-local
magic expected from random fermionic Gaussian states.

D. Fermionic Non-local magic in ground states

We now apply Eq. (6) to study the equilibrium prop-
erties of fermionic non-local magic in the ground state of
the XY chain

H = −
N∑
j=1

[
1 + η

2
XjXj+1 +

1− η

2
YjYj+1 + µZj

]
, (19)

with periodic boundary conditions. Using the Jordan–
Wigner transformation, Eq. (19) is mapped to the
quadratic Hamiltonian Hof the form in Eq. (1) with
single-body matrix entries h2m−1,2m = 2µ, h2m,2m+1 =
1 + η, h2m+2,2m−1 = 1 − η, and all remaining elements
fixed by antisymmetry [49]. Throughout this Section,
the XY chain is studied as a fermionic model, i.e. as a
Majorana chain: after the Jordan–Wigner mapping the
ground state is naturally written — and exactly solvable
— as a fermionic Gaussian state, and the natural notion
of locality is that of the fermionic modes. Accordingly,
MFNL

α is the non-local magic of the free-fermion prob-
lem, and the local Gaussian unitaries of Eq. (5) are, for a
contiguous cut, implemented by genuine tensor products
UOA

⊗ UOB
of qubit unitaries (cf. also Appendix V A).

Following standard practice in the literature, we sim-
plify the nomenclature and keep referring to it as the
XY model [66]. We restrict to system sizes N divisi-
ble by 4, for which the ground state lies in the Neveu–
Schwarz sector with antiperiodic fermionic boundary con-
ditions γN+1 = −γ1 [49]. The allowed momenta are
k = k(n) = π(2n+1)/N for n = 0, . . . , N/2−1, spanning
(0, π) with N/2 equally spaced points; in the thermody-
namic limit N → ∞, sums over k(n) become integrals
over [0, π]. Then, the single-body Hamiltonian ih is di-
agonalized by a Fourier transform to momentum space
followed by a 2 × 2 Bogoliubov rotation at each wave-
vector k [49]. The Bogoliubov angle θk is defined through

cos θk =
µ− cos k

εk
, sin θk =

η sin k

εk
, (20)
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FIG. 2. Equilibrium fermionic non-local magic in the Ising and XY models. (a) Validation of Eq. (6) for the
Ising ground state with N = 8, ℓ = 4: the fermionic non-local magic MFNL

2 from Eq. (6) (crosses) agrees with the brute-force
minimization over all local unitaries UA ⊗ UB (red marker) to numerical precision. The black line shows the total stabilizer
entropy M2 for reference. (b) MFNL

2 vs. transverse field µ in the thermodynamic limit for subsystem sizes ℓ = 16, 32, 64, 128;
the black curve is the exact ℓ → ∞ result from the Peschel entanglement spectrum, Eq. (28). The fermionic non-local magic
peaks at the critical point µc = 1 and is suppressed in both gapped phases. (c) Scaling of MFNL

2 (ℓ) at criticality (µ = 1, red):
logarithmic growth: the dashed line is the fit βfit ln ℓ+b, with βfit ≈ 0.1072 and b ≈ 0.27, in agreement with the Fisher–Hartwig
prediction Eq. (30). In the gapped phases (µ = 0.5, µ = 4.0), MFNL

2 saturates to a finite value. (d) Heatmap of MFNL
2 /ℓ over

the XY phase diagram (µ, η), computed from the exact Peschel formula. The fermionic non-local magic is concentrated near
the critical lines and is strongly suppressed deep in the gapped phases.

yielding the single-particle dispersion

εk =

√
(µ− cos k)2 + η2 sin2 k . (21)

In the diagonal basis, the Hamiltonian reads H =
i
2

∑
k εk γ̃2k−1γ̃2k, where γ̃m =

∑
nGmnγn are the ro-

tated Majorana operators. The ground state is the vac-
uum of all Bogoliubov modes, with covariance matrix
Γ = GΓ0G

T .
From now on, we consider the bipartition fixed by the

contiguous interval A = {1, . . . , ℓ} and its complement
B = Λ \ A. In the thermodynamic limit N → ∞ with
ℓ fixed, the reduced covariance matrix ΓA is a 2ℓ × 2ℓ
block-Toeplitz matrix with 2 × 2 blocks depending only
on m− n,

(ΓA)mn =

∫ π

−π

dk

2π
eik(m−n) g(k) ,

g(k) =

(
0 eiθk

−e−iθk 0

)
.

(22)

The fermionic non-local magic MFNL
2 =

∑
n m2(λ

2
n) is

therefore a spectral function of ΓA with symbol g(k),
providing a direct route to efficient numerical evaluation.
For a given Hamiltonian and subsystem size ℓ, we con-
struct ΓA by evaluating the integral in Eq. (22), exact
in the thermodynamic limit N → ∞, and compute the
non-local magic via Eq. (6) from the eigenvalues ±λn
(λn ∈ [0, 1]) of iΓA. This procedure reaches large sub-
system sizes ℓ at classical computational cost O(ℓ3).

In the scaling limit N ≫ ℓ ≫ 1, the asymptotic be-
havior of spectral functions of Toeplitz matrices is con-
trolled by two classical results: the strong Szegő theorem,
applicable when the symbol is smooth, and the Fisher–
Hartwig formula, which governs the corrections arising
from singularities in the symbol [67, 68].

Since the symbol (22) satisfies | det g(k)| = 1 for all k,
the Szegő theorem rules out volume-law scaling of MFNL

2 .
When g(k) is smooth, as occurs in the gapped phases
µ ̸= 1 where θk is analytic, the strong Szegő theorem
further implies that MFNL

2 saturates to a finite value as
ℓ → ∞, with exponentially small corrections [69]. Log-
arithmic growth can arise only from singularities in the
symbol, which for the Ising model (η = 1) occur at the
critical point µ = µc = 1, where the Bogoliubov angle
θk develops a jump discontinuity at k = 0. We now ex-
ploit this structure to obtain exact scaling forms in both
regimes.

1. Exact results off criticality via corner transfer matrices

The reduced density matrix of subsystem A is a fermionic
Gaussian state, and can be written as [70]

ρA =
exp[−Hent]

Zent
, Hent =

i

2

ℓ∑
n=1

εentn γ̃2n−1γ̃2n , (23)

where Hent is the entanglement Hamiltonian, Zent =
Tr(exp[−Hent]) is the normalization and γ̃m are the Ma-
jorana operators that diagonalize ρA, and εentn ≥ 0 are
the single-particle entanglement energies. The covariance
matrix ΓA and the single-particle entanglement Hamilto-
nian hent implicitly defined in Eq. (23) are related by

iΓA = tanh

(
i hent
2

)
, (24)

so that the eigenvalues of iΓA are ±λn with λn =

tanh
(

εentn

2

)
. Here λn = 1 corresponds to a pure (un-

entangled) mode and λn < 1 to an entangled one.
For the XY model away from criticality, the entan-

glement spectrum of a semi-infinite bipartition fixed by
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A = Z+ = {1, 2, . . . } is known in closed form through
the corner transfer matrix approach [71, 72]. As we show
below, this leads to the exact computation of MFNL,Z+

2 in
this regime. This regime approximates the scaling limit
N ≫ ℓ ≫ 1. The single-particle entanglement energies
are equally spaced,

εentn =

{
(2n+ 1) ε µ > 1 ,

2n ε µ < 1 ,
(25)

where ε = πK(κ′)/K(κ) is the level spacing, K(x) de-
notes the complete elliptic integral of the first kind,
κ′ =

√
1− κ2, and κ is conditioned on the phase [71]

κ =



η√
η2 + µ2 − 1

µ > 1 ,√
η2 + µ2 − 1

η
µ < 1, η2 + µ2 > 1 ,√

1− η2 − µ2

1− µ2
µ < 1, η2 + µ2 < 1 .

(26)

This leads to the exact expression for the off-critical
phases

M
FNL,Z+

2 =

∞∑
n=0

m2

[
tanh2

(
εentn

2

)]
. (27)

For a block of ℓ sites in the infinite chain with peri-
odic boundary conditions, two separate boundaries con-
tribute, so that the fermionic non-local magic is twice the
single-cut result

MFNL
2 (ℓ) ≃ 2M

FNL,Z+

2 = 2

∞∑
n=0

m2

[
tanh2

(
εentn

2

)]
,

(28)
up to corrections exponentially small in ℓ/ξ, where ξ is
the correlation length of the problem. Since m2(x) ≃
(1− x)/ ln 2 vanishes linearly as x → 1, and 1− λ2n → 0
exponentially for large n, the series converges rapidly:
for µ away from criticality, only a few terms contribute,
consistently with the Szegő prediction of a finite MFNL

2 .
In Fig. 2 we benchmark these predictions against nu-

merical simulations with periodic boundary conditions
for the Ising model (η = 1). In Fig. 2(a), we validate
Eq. (6) by comparing against a brute-force minimization
over the full unitary group U(dA) ⊗ U(dB) for N = 8,
ℓ = 4: the two results agree to numerical precision.
In Fig. 2(b), we compare exact numerics for N = 106

qubits and ℓ = 16, 32, 64, 128 with the asymptotic for-
mula Eq. (28), finding quantitative agreement. Notably,
for µ < 1 the non-local magic is strongly suppressed,
MFNL

2 being exponentially small in the level spacing ε of
the entanglement spectrum and vanishing exactly only
in the GHZ limit µ → 0. This is the ordered (ferromag-
netic) phase, whose ground state approaches the GHZ
state 1√

2
(|0⟩⊗N + |1⟩⊗N ) as µ → 0. The suppression of

non-local magic in this regime can be understood from

the Peschel entanglement spectrum, Eq. (25): for µ < 1
and η = 1, the single-particle entanglement energies are
εentn = 2nε. The n = 0 mode has ε0 = 0, yielding
λ0 = tanh(0) = 0 (a maximally entangled, stabilizer-like
Bell pair), while all n ≥ 1 modes have λn = tanh(nε) ex-
ponentially close to 1 (nearly unentangled modes). Since
m2(0) = m2(1) = 0, every mode contributes an exponen-
tially small amount of non-local magic. This is a striking
example of a phase with nonzero entanglement entropy
(area law) but negligible non-local magic. In contrast,
the entanglement entropy receives a finite area-law con-
tribution from the n = 0 maximally entangled mode.

At the critical point µc = 1 (η = 1), the gap closes
and the correlation length diverges as ξ ≃ |µ − 1|−1;
the spacing ε → 0 (since κ → 1 and K(κ) → ∞), so
the series in Eq. (28) diverges. The Bogoliubov angle θk
develops a jump discontinuity at k = 0, placing the prob-
lem squarely in the Fisher–Hartwig regime [67]. The key
result is that the asymptotic density of the positive eigen-
values λn ∈ [0, 1) of iΓA — one per ±λn pair, with two
Fisher–Hartwig boundary points for the block — scales
as ρ(λ) ≃ 2 ln ℓ [π2(1−λ2)]−1 [68]. Inserting this spectral
density into the fermionic non-local magic,

MFNL
2 (ℓ) =

∑
n

m2(λ
2
n) ≃ βFNL ln ℓ, (29)

with constant

βFNL =
2

π2

∫ 1

0

m2(λ
2)

1− λ2
dλ =

π2 − ln2
(
7− 4

√
3
)

π2 ln(16)
, (30)

where in the second step we performed the integral ex-
plicitly. This logarithmic scaling is the non-local magic
analogue of S ≃ (c/3) ln ℓ [73], with the central charge
c replaced by βFNL. In Fig. 2(c), a fit to the numerical
data for ℓ > 50 at µ = 1 yields βfit ≈ 0.1072, in excellent
agreement with Eq. (30).

Finally, in Fig. 2(d) we extend our analysis to the full
XY phase diagram. The fermionic non-local magic is
concentrated near the critical lines and is strongly sup-
pressed deep in the gapped phases, where it saturates to
a small O(1) value.

E. Area law for fermionic non-local magic

The results presented in the previous subsection are
more general. In fact, Eq. (6) immediately implies an
area law for fermionic non-local magic in ground states
of one-dimensional local gapped free-fermion Hamiltoni-
ans. We present the argument for arbitrary α ≥ 1; it
is rigorous at α = 2 by Theorem 1, while for α ̸= 2 it
inherits the status of the conjectured weights of Eq. (8).

Let |ΨO⟩ be such a Gaussian ground state and let A
be a contiguous interval. The Gaussian entanglement
entropy is

S(A) =

ℓ∑
i=1

f

(
1 + λi

2

)
, (31)
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where f(x) := −x log2 x − (1 − x) log2(1 − x). On the
other hand, taking the limit α→ 1 in Eq. (9) gives

MFNL
1 (|ΨO⟩) =

1

2

ℓ∑
i=1

f(λ2i ). (32)

Moreover, MFNL
α ≤ MFNL

β for α ≥ β, since Rényi en-
tropies are non-increasing in the index. By noticing that
for every λ ∈ [0, 1)

1

2
f(λ2) ≤ 2 f

(
1 + λ

2

)
, (33)

then, summing over the single-particle entanglement
modes gives

MFNL
α (|ΨO⟩) ≤MFNL

1 (|ΨO⟩) ≤ 2S(A), α ≥ 1.
(34)

This is the Gaussian analogue of the general
entanglement-controlled bound discussed for MNL

2

in Ref. [36].
Finally, by Hastings’ theorem [74], the entanglement

entropy of a unique gapped ground state of a one-
dimensional local Hamiltonian obeys

S(A) ≤ Cent|∂A|, (35)

with Cent independent of |A| and of the total system size.
Therefore

MNL
α (|ΨO⟩) ≤MFNL

α (|ΨO⟩) ≤ 2Cent|∂A|, (36)

whenever α ≥ 1.

F. Quench dynamics and quasiparticle picture

We now turn from equilibrium to the non-equilibrium
dynamics of fermionic non-local magic, focusing on quan-
tum quenches in the Ising chain. The system is prepared
in the ground state |Ψ0⟩ of H(µ0) and, at time t = 0,
the transverse field is suddenly quenched to µ ̸= µ0;
the state then evolves unitarily as |Ψ(t)⟩ = e−iH(µ)t|Ψ0⟩.
Since both the initial state and the time evolution pre-
serve the Gaussian structure, |Ψ(t)⟩ remains a fermionic
Gaussian state at all times, fully characterized by its
time-dependent covariance matrix Γ(t). In particular,
the time-dependent block-Toeplitz symbol of ΓA(t) takes
the form [75]

(ΓA)mn(t) =

∫ 2π

0

dk

2π
eik(m−n) g(k, t) , (37)

with time-dependent symbol

g(k, t) =

(
−q(k, t) p(k, t)
−p(−k, t) q(k, t)

)
, (38)

where we defined the functions

p(k, t) = e−iθk [cos(∆θk) + i sin(∆θk) cos(2εkt)] ,

q(k, t) = i sin(∆θk) sin(2εkt) .
(39)

Here εk is the post-quench dispersion, θk is the post-
quench Bogoliubov angle, and ∆θk = θk − θ

(0)
k is the

mismatch between the post-quench and pre-quench Bo-
goliubov angles, with

cos(∆θk) =
(µ− cos(k))(µ0 − cos(k)) + sin2(k)

εk ε
(0)
k

. (40)

At t = 0, q(k, 0) = 0 and p(k, 0) = e−iθ
(0)
k , recovering

the ground-state symbol of H(µ0). The diagonal compo-
nent, q(k, t), is generated dynamically by the quench and
oscillates as sin(2εkt).

1. Stationary state via dephasing

At long times t → ∞, the oscillating terms cos(2εkt)
and sin(2εkt) in p(k, t) and q(k, t) average to zero due
to dephasing across modes with different group veloci-
ties [75]. Only the time-independent part of p survives,
p(k,∞) = e−iθk cos(∆θk), while q(k,∞) = 0. The re-
sulting stationary covariance matrix is that of a gen-
eralized Gibbs ensemble (GGE) [62, 75] and is again
a block-Toeplitz matrix, now with a time-independent
symbol. The eigenvalues ±λ∞k of the stationary iΓ∞

A
are determined by the Bogoliubov angle mismatch alone,
λ∞k = | cos∆θk|, and the stationary fermionic non-local
magic density is obtained via the Szegő theorem [75]

MFNL
2 (∞) =

ℓ

π

∫ π

0

dk m2

(
sin2∆θk

)
. (41)

This result reveals that for any µ ̸= µ0, the quench gener-
ically produces extensive (volume-law) fermionic non-
local magic; the expression is symmetric under µ↔ µ0.

2. Quasiparticle picture

Eq. (41) bears a striking structural similarity to the
entanglement entropy of the same quench [75], S =
ℓ
π

∫ π

0
dk f

(
sin2(∆θk/2)

)
, with f(x) := −(1 − x) log2(1 −

x) − x log2(x) the binary entropy: in terms of the sta-
tionary eigenvalues λ∞k = | cos∆θk|, the entanglement
weight f

(
(1 + λ∞k )/2

)
is replaced by the magic weight

m2

(
(λ∞k )2

)
= m2(sin

2∆θk), using the symmetry m2(x) =
m2(1 − x). This parallel extends beyond the station-
ary state and allows us to derive, from first principles, a
quasiparticle picture for the spreading of fermionic non-
local magic.

The fermionic non-local magic can be written as a con-
tour integral over the characteristic polynomial Dℓ(λ) =
det(λI2ℓ − iΓA),

MFNL
2 =

1

4πi

∮
C
dλ m2(λ

2)
d

dλ
lnDℓ(λ) , (42)

where C encircles all eigenvalues counterclockwise; the
factor 1/2 compensates the double counting of the ±λn
pairs. Expanding lnDℓ(λ) in powers of λ−1 expresses
MFNL

2 as a series in the even moments Tr(iΓA)
2n. The
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FIG. 3. Dynamics of fermionic non-local magic. (a) Quench at η = 1 from the fully polarized state (µ0 → ∞) to the
critical point (µ = 1): the exact numerics (circles) agrees quantitatively with the analytical prediction in Eq. (44) (solid lines) for
subsystem sizes ℓ = 40, 60, 100, 160. Dashed lines mark the GGE stationary value. (b) Same for a finite quench µ0 = 2 → µ = 1,
showing weaker fermionic non-local magic production due to the smaller Bogoliubov overlap sin2 ∆θk. (c) Stationary-state
density MFNL

2 (∞)/ℓ as a function of the post-quench field µ (µ0 → ∞): analytical prediction from Eq. (41) (solid) and GGE
numerics at ℓ = 160 (crosses). (d) Random Gaussian circuit dynamics: M2

FNL
/N is plotted against

√
t/N for N = 20, 40, 80,

exhibiting diffusive growth ∼
√
t and saturation to the fermionic Gaussian Haar-random value mFNL

2 (r = 1/2) = 2−log2(2+
√
3)

(dashed line).

2ℓ × 2ℓ matrix iΓA has a block-Toeplitz structure in-
herited from the symbol g(k, t). Exploiting this struc-
ture, one can show that its 2ℓ eigenvalues coincide
with those of two Hermitian matrices W± = H ± iT ,
where Tjl =

∫
dk
2π e

−ik(j−l) q(k, t) is Toeplitz and Hjl =∫
dk
2π e

−ik(j+l−ℓ−1) p(k, t) is Hankel. This enables the ex-
act time dependence of MFNL

2 (t) following the strategy in
Ref. [76]. The moments Tr(iΓA)

2n = TrW 2n
+ + TrW 2n

−
are then computed by expanding the matrix products
into 2n-fold momentum integrals. As shown in Ref. [76],
these integrals can be evaluated exactly in the limit ℓ≫ 1
via a multidimensional stationary phase approximation.
This procedure leads to the asymptotic expression

Tr (iΓA)
2n ≃ 2ℓ

π

∫ π

0

dk
[
1−

(
1− cos2n(∆θk)

)
×min

(
1,

2|vk|t
ℓ

)]
,

(43)

where vk = dεk/dk is the group velocity.
At t = 0 the bracket equals one and all moments take

the pure-state value 2ℓ, while the term proportional to
min(1, 2|vk|t/ℓ) interpolates ballistically towards the sta-
tionary (GGE) moments 2ℓ

π

∫ π

0
cos2n(∆θk) dk, capturing

the propagation of quasiparticle pairs. Inserting Eq. (43)
into Eq. (42) and carrying out the contour integration
yields the quasiparticle formula

MFNL
2 (ℓ, t) ≃

∫ π

0

dk

π
min
(
2|vk| t, ℓ

)
m2

(
sin2(∆θk)

)
,

(44)
valid in the scaling limit ℓ, t ≫ 1 with t/ℓ arbi-
trary. Eq. (44) predicts linear growth MFNL

2 ∝ t for
t < t∗ = ℓ/(2vmax) and saturation to the extensive
value MFNL

2 (∞)/ℓ = π−1
∫ π

0
m2(sin

2∆θk) dk for t ≫ t∗.
Eq. (44) has a transparent physical interpretation in

terms of the quasiparticle picture [75, 76]: the quench
creates pairs of entangled quasiparticles at each point,
which propagate ballistically with mode-dependent ve-
locities ±vk. A pair at momentum k contributes toMFNL

2

of the block A only when one partner has entered A while
the other remains outside, hence the min(2|vk|t, ℓ) fac-
tor. The weight m2(sin

2 ∆θk) quantifies the fermionic
non-local magic carried by each entangled pair: it van-
ishes both when ∆θk = 0 (no quench, no entanglement
production) and when ∆θk = π/2 (maximally entangled
but stabilizer-like mode), and is maximal at intermediate
values.

We benchmark Eq. (44) at η = 1 (Ising chain) by eval-
uating numerically Eq. (37). Our results are reported
in Fig. 3 for the quench µ0 = ∞ → µ = 1 (panel (a))
and µ0 = 2 → µ = 1 (panel (b)) at subsystem sizes
ℓ = 40, 60, 100, 160. The exact time evolution (markers),
obtained by constructing the full block-Toeplitz ΓA(t) via
Eq. (39) and diagonalizing, is in excellent agreement with
the semiclassical prediction (solid lines) from Eq. (44).
The dashed horizontal lines indicate the stationary val-
ues from Eq. (41), which are approached at t ≃ t⋆. In
Fig. 3(c) we benchmark the steady state MFNL

2 (∞) with
the analytical expression Eq. (41) for the GGE, again in
perfect agreement.

G. Random Gaussian circuit dynamics

Finally, we consider the dynamics of fermionic non-
local magic under random Gaussian circuits [77]. The cir-
cuit is composed of nearest-neighbor fermionic Gaussian
unitaries arranged in a brick-wall geometry on N sites.
A single layer Olayer = OoddOeven consists of an even
and an odd half-step, namely Oeven =

∏N/2
j=1 R2j−1,2j and



10

Oodd =
∏N/2−1

j=1 R2j,2j+1, where each Rj,j+1 ∈ SO(4) is
a random orthogonal matrix drawn independently from
the Haar measure, acting on the four Majorana oper-
ators (γ2j−1, γ2j , γ2j+1, γ2j+2) of sites j and j + 1. The
full circuit after t layers is O(t) =

∏t
s=1O

(s)
layer ∈ SO(2N).

The initial state is the product state |0⟩ (vacuum of all
fermionic modes), with covariance matrix Γ0.

The time-evolved state remains Gaussian at all times,
with covariance matrix Γ(t) = O(t) Γ0O(t)T . The
fermionic non-local magic is therefore entirely determined
by the restricted covariance matrix ΓA(t) and its eigen-
values ±λj(t).

In contrast to the ballistic quasiparticle spreading
found in the integrable quench setting, operator spread-
ing in local random free-fermion circuits is diffusive [78,
79]. Since the fermionic non-local magic is a smooth spec-
tral functional of ΓA(t), it inherits this diffusive trans-
port. At early times, expanding the single-mode con-
tribution for small λ, m2(λ

2) ≃ λ2

ln 2 + O(λ4), so that
MFNL

2 (t) ≃ 1
2 ln 2Tr[(iΓA(t))

2], which is governed by the
diffusive spreading of two-point correlations across the
entanglement cut [78]. This argument yields

MFNL
2 (t) ∝

√
t , 1 ≪ t≪ N2 . (45)

At late times, MFNL
2 saturates to the Haar-random

fermionic Gaussian value, and the natural scaling vari-
able is

√
t/N . In Fig. 3(d), we plot M2

FNL
(t)/N versus√

t/N for N = 20, 40, 80, finding an excellent data col-
lapse onto a single scaling function that interpolates be-
tween

√
t growth and saturation at the Page-curve value

mFNL
2 (r = 1/2) = 2−log2(2+

√
3) (dashed line). The sat-

uration timescale t ∼ O(N2) is consistent with diffusive
dynamics.

IV. Discussion

A. Summary

We have proved an exact, closed-form expression for
the fermionic non-local magic of Gaussian states at Rényi
index α = 2. A generalized expression for α > 2 is veri-
fied numerically and shares the same qualitative features.
By reducing the minimization over Gaussian unitaries,
the computation simplifies to a single eigenvalue decom-
position of the reduced covariance matrix, completely
bypassing the prohibitive variational minimization over
the full Hilbert space. This establishes fermionic Gaus-
sian states as a broad class of highly entangled many-
body systems where the related non-local magic is ex-
actly tractable, providing a useful proxy for the non-local
magic over the full Unitary group. Beyond the physical
result, the proof introduces two ingredients that we ex-
pect to be of independent interest: a sharp bound con-
trolling the collision probability of a single Slater deter-
minant by its transpose overlap; and a Hadamard-type

determinant inequality for positive matrices of rank at
most two, proved using fermionic creation operators.

We applied this framework across three key physical
settings. For typical fermionic Gaussian states, we de-
rived an exact Page-like curve via random matrix the-
ory, a prediction independently confirmed by SYK2 mid-
spectrum eigenstates. At equilibrium, we character-
ized the fermionic non-local magic of the XY spin chain
ground state, obtaining exact results in both gapped and
critical phases: a finite saturation value off criticality via
corner transfer matrices, and logarithmic scaling at the
critical point via the Fisher–Hartwig formula. Out of
equilibrium, we established a quasiparticle picture for
the spreading of fermionic non-local magic after quan-
tum quenches, finding linear growth up to a crossing
time t⋆ = ℓ/(2vmax) followed by saturation to a volume-
law value. In contrast, random Gaussian circuits exhibit
diffusive growth, with non-local magic scaling as

√
t be-

fore saturating at the Haar-random value on a timescale
t ∼ N2.

B. Outlook

The analytical tractability established here opens sev-
eral natural directions for future investigation.

Higher dimensional systems. While our results are
formulated for arbitrary bipartitions of one-dimensional
chains, fermionic Gaussian states in higher dimensions
D > 1 offer a rich arena where entanglement and magic
may exhibit qualitatively different behavior. In two and
three dimensions, a richer structure tied to the geometry
of the Fermi surface is expected, and the entanglement
entropy obeys an area law with multiplicative logarith-
mic corrections O(ℓD−1 ln ℓ) [80]. Investigating how the
scaling rate βFNL emerges in such systems is a natural
generalization.

Conformal field theory and integrable systems. A key
question is to determine whether βFNL captures universal
features of the underlying conformal field theory, much as
the central charge governs the scaling of entanglement en-
tropy [73]. Responding to this question requires extend-
ing our analysis to interacting integrable Hamiltonians,
where Bethe-ansatz methods provide access to the entan-
glement spectrum. On the dynamical side, it remains an
open question whether the quasiparticle picture that suc-
cessfully describes the spreading of entanglement after a
quantum quench [81–83] can be adapted to account for
the growth of non-local magic in these models.

Disordered systems. Our formula provides a natural
framework to study non-local magic in the presence of
quenched disorder. For example, in Anderson localiza-
tion models [84, 85], we expect deeply localized eigen-
states to have a trivial structure, for which the fermionic
non-local magic density mα(x) vanishes. Similarly, free
fermionic models of strongly disordered systems [86–88],
where rare Griffiths regions and anomalous entanglement
scaling emerge, are another avenue of further study.
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Topological systems. One and two-dimensional topo-
logical phases, such as the Kitaev chain and model [89,
90], host boundary modes whose non-local magic content
is expected to reflect the topological invariant. In such
systems, the interplay of non-local magic and quantum
coherent errors in fermionic systems is another fascinat-
ing direction to pursue [91, 92].

Interplay with symmetry. When the system possesses
a continuous symmetry, such as U(1) charge conserva-
tion, the covariance matrix acquires a block structure
that could enable a symmetry-resolved decomposition
of MFNL

2 into contributions from different charge sec-
tors [93]. This connects to the broader program of
symmetry-resolved entanglement [94], coherence [95] and
stabilizer entropies, and may reveal sector-dependent
magic resources [96–98]. An intriguing related ques-
tion is whether fermionic non-local magic exhibits quan-
tum Mpemba-like effects [23, 99, 100], where symmetry-
broken initial conditions lead to anomalously fast relax-
ation of specific magic sectors.

Monitored systems and non-Hermitian dynamics. Hy-
brid systems combining unitary evolution with local mea-
surements give rise to measurement-induced phase tran-
sitions in entanglement [101–103]. For free-fermionic se-
tups, the dynamics remain within the Gaussian mani-
fold, and our formula applies at each quantum trajec-
tory. Whether fermionic non-local magic exhibits its
own measurement-induced transition, and how it re-
lates to the entanglement transition, is an open ques-
tion. Similarly, non-Hermitian free fermionic Hamiltoni-
ans [104, 105] generate effective Gaussian dynamics with
complex spectra. Our framework makes amenable to
analytic treatment the behavior of fermionic non-local
magic in these settings [106–109].
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V. Appendix

A. Proof of Theorem 1: An Odyssey

In this Appendix, we prove Theorem 1, i.e. the closed
form of Eq. (6) for the fermionic non-local magic at α =
2. The proof is a chain of eight steps, cf. Fig. 4, one per
subsection below. (1) Collision probability (Sec. V A1):
Wick’s theorem turns the stabilizer purity ζ2 into the col-
lision probability of a classical distribution pS built from
the covariance matrix, ζ2 = d

∑
S p

2
S (Lemma 1) [42].

(2) The Slater bound (Sec. VA 2): we bound the collision
probability of a single Slater determinant by its trans-
pose overlap, C(Q) ≤ 2−kD(Σ) (Lemma 2) — the first
key ingredient, used in Step 4. (3) BCS parametrization
(Sec. VA 3): all the dependence of ζ2 on the local rota-
tions is packaged into the single matrix Z = OAZ0O

T
B ,

and ζ2 becomes, up to a constant along the orbit, the sum
F(Z) of the fourth powers of the moduli of all the minors
of Z (Lemma 3) [49, 50]; a Cauchy–Schwarz argument
then reduces the two independent rotations to a single
one, OA = OB (Lemma 4). (4) Principal-minor residual
(Sec. V A 4): the Slater bound of Step 2 converts the all-
minors functional into the residual R(H) of H = Z2,
F(Z) ≤ R(H), with equality at the canonical point
(Proposition 2). (5) Two sign averages (Sec. V A5): av-
erages over independent random signs, combined with a
Cayley transform, rewrite the residual exactly as R(H) =

∆−2
Ω

∑
S det(AS)

2, a sum of squared principal minors
of a single Hermitian matrix A (Lemma 5, Proposi-
tion 3). (6) Down to one unitary (Sec. V A 6): in-
terpreting this sum as a probability, a change of basis
within pairs of coordinates collapses it to the functional
L(U) =

∑
S | detUS |2 of a single unitary matrix, times a

prefactor constant along the orbit, see also Refs. [42, 111].
(7) The rank-two bound (Sec. VA 7): a determinant in-
equality for positive matrices of rank at most two — the
second key ingredient — bounds L(U) through the diag-
onal of U , hence by the orbit invariant det

(
I2ℓ + T †T

)
with T = (U + UT)/2 (Theorems 2–3). (8) Conclusion
(Sec. VA 8): the canonical BCS form saturates every in-
equality of the chain; a continuity argument covers the
endpoints λj = 1, and padding with ancillas removes the
balanced-cut assumption, proving Theorem 1.

1. The stabilizer purity as a collision probability

We use the conventions of the main text, recalled here for
convenience: |Ψ⟩ is a pure fermionic Gaussian state on N
modes, d = 2N , A is without loss of generality the smaller
subsystem, ℓ ≤ N/2, and Γmn = i⟨Ψ|[γm, γn]|Ψ⟩/2, with
purity condition equivalent to

ΓT = −Γ , Γ2 = −I2N . (46)

Pauli strings are in one-to-one correspondence, up to
irrelevant phases, with Majorana monomials γI =∏

m∈I γm, I ⊆ [2N ] (we denote throughout [m] :=

{1, . . . ,m}). Wick’s theorem gives |⟨Ψ|γI |Ψ⟩|2 = det(ΓI)
for even |I| and zero otherwise, where ΓI is the princi-
pal submatrix of Γ on I. Since det(ΓI) = Pf(ΓI)

2, the
stabilizer purity is the Wick determinant sum

ζ2(Γ) = d−1
∑

I⊆[2N ]

det(ΓI)
2
. (47)

It is convenient to introduce

qI(Γ) = d−1 det ΓI = d−1Pf(ΓI)
2 ≥ 0 . (48)

Odd-dimensional principal minors vanish, and the
principal-minor identity

∑
I det ΓI = det(I+ Γ) = d

shows that q(Γ) is a probability distribution, with

ζ2(Γ) = d
∑

I⊆[2N ]

qI(Γ)
2 . (49)

Local Gaussian unitaries act on covariance matrices as

Γ 7−→ (OA ⊕OB) Γ (OA ⊕OB)
T , (50)

with OA ∈ O(2ℓ) and OB ∈ O(2(N − ℓ)), so that max-
imizing ζ2 over the local Gaussian orbit is exactly the
problem defined by Eq. (5). We write spec(iΓA) =

{±λ1, . . . ,±λℓ} with 0 ≤ λj ≤ 1 and set νj =
√
1− λ2j .

For completeness, we recall the covariance version of the
modewise normal form of Eq. (3), cf. [40], which also fixes
the orientation conventions used below.

Proposition 1 (Local covariance normal form). There
exist local real orthogonal bases in which Γ is the direct
sum, up to the ordering that places all A coordinates be-
fore all B coordinates, of the four-dimensional blocks

Γcan
j =

(
λjJ νjI2
−νjI2 −λjJ

)
, J =

(
0 1
−1 0

)
, (51)

together with N − 2ℓ pure 2× 2 blocks on B.

Proof. For self-containment we briefly recall the proof of
the result, cf. Ref. [40] for details. Write Γ in local blocks
as Γ =

(
ΓAA ΓAB

−ΓT
AB ΓBB

)
. Purity, Eq. (46), is equivalent to

ΓABΓ
T
AB = I2ℓ + Γ2

AA,

ΓT
ABΓAB = I2(N−ℓ) + Γ2

BB ,

ΓAAΓAB + ΓABΓBB = 0 .

(52)

A real orthogonal change of basis puts the antisym-
metric matrix ΓAA into 2×2 blocks λjJ , with λj ∈ [0, 1],
the interval following from the first identity. On the cor-
responding two-dimensional block ΓABΓ

T
AB = ν2j I2. If

νj > 0, the map ΓT
AB/νj is an isometry from that block

into B; choosing an orthonormal basis of its image makes
the corresponding block of ΓAB equal to νjI2, and the last
identity in Eq. (52) forces the restriction of ΓBB to that
image to be −λjJ . This construction works simultane-
ously on degenerate spectral subspaces by choosing the
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N

1

2

3

4

5

6

7

8

collision probability
ζ2 = d

∑
S p2

S
LEMMA 1

the Slater bound
C(Q) ≤ 2−kD(Σ)

LEMMA 2

BCS parametrization
ζ2 ∝ F(Z), OA = OB

LEMMAS 3–4

principal-minor residual
F(Z) ≤ R(H), H = Z2

PROP. 2

two sign averages
R(H) = ∆−2

Ω

∑
S det(AS)2

LEMMA 5, PROP. 3

down to one unitary
R(H) ∝ L(U)

the rank-two bound
L(U)2 ≤ 22ℓ det

(
I + T †T

)
THMS. 2–3

optimum at Z0
equality ⇒ Thm. 1

FIG. 4. The route of the proof of Theorem 1: an odyssey in eight steps. The dashed route visits eight islands, one
per step of the argument and one per subsection of this Appendix; each island carries its step number, and the matching label
at the border states what the step does and its key relation. The essence of each step is spelled out in the text below.

polar isometry first and a compatible orthonormal basis
afterwards. If νj = 0, the associated rows of ΓAB vanish,
so the corresponding A mode is already pure and decou-
pled; the orthogonal complement of the image of ΓT

AB in
B is invariant under ΓBB and obeys Γ2

BB = −I, hence
decomposes into pure ±J blocks. Pairing as many of
these as needed with the decoupled pure A blocks gives
Eq. (51) at λj = 1, the remaining blocks being the B
spectators.

Remark 1. The modewise decomposition in Ref. [40]
uses a slightly different convention for the Majorana co-
ordinates, in which the covariance matrix of one entan-
gled pair is

Γ̃can
j =

 0 −λj 0 νj
λj 0 νj 0
0 −νj 0 −λj

−νj 0 λj 0

 , λ2j + ν2j = 1. (53)

This is locally orthogonally equivalent to (51). Indeed, let

X =

(
0 1
1 0

)
, Sj = X ⊕ I2. (54)

Since XT = X = X−1 and XJXT = −J , one has

Γ̃can
j = SjΓ

can
j ST

j . (55)

Thus the two forms differ only by exchanging the two
Majorana coordinates of the A mode of each entangled
pair.

For the complete covariance matrix, let SA =
⊕ℓ

j=1X
on the paired A modes and let SB be the identity on B,
including the spectator modes. Then

(OA ⊕OB)Γ̃
can(OA ⊕OB)

T

=
(
(OASA)⊕OB

)
Γcan

(
(OASA)⊕OB

)T
.

(56)

Right multiplication by SA is a bijection of the local or-
thogonal group. Consequently, the two conventions give

the same result concerning Theorem 1 (same optimized
stabilizer entropy). In the following, we use Eq. (51) be-
cause it gives more convenient and transparent formulas.

A direct four-Majorana computation on Eq. (51)
gives the six potentially nonzero entries q

(j)
can =

1
4 (1, 1, λ

2
j , λ

2
j , ν

2
j , ν

2
j ), while a pure unpaired, or spectator,

mode — one that lives entirely in A or B — contributes
(1, 1)/2. Equation (49) then yields the canonical value

ζ2,can =

ℓ∏
j=1

gj , gj = 1− λ2j + λ4j , (57)

which is the two-qubit result quoted in the main text.
Theorem 1 therefore amounts to the statement that
Eq. (57) is the maximum of ζ2 on the orbit (50).

The starting point of the proof is the following refor-
mulation.

Lemma 1 (Projection-DPP identity). Let K = (I +
iΓ)/2. Then K is a Hermitian rank-N projector, the
numbers pS = detKS with |S| = N form the projection
determinantal point process (DPP) [42] associated with
K, and

ζ2(Γ) = d
∑

|S|=N

p2S . (58)

Proof. Equation (46) givesK† = K, K2 = K and TrK =
N . For a projection kernel, the Cauchy–Binet formula
gives pS ≥ 0 and

∑
|S|=N pS = 1. Extend p by zero

from the N -th slice to all subsets of [2N ] and use the
Boolean Fourier convention p̂(I) =

∑
|S|=N pS(−1)|S∩I|.

The determinantal generating function gives

p̂(I) = det
(
I|I| − 2KI

)
= (−i)|I| det ΓI , (59)

so that Parseval’s identity on the Boolean cube yields∑
|S|=N p2S = d−2

∑
I det(ΓI)

2. Combining with Eq. (47)
proves Eq. (58).
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2. A sharp collision inequality for one Slater determinant

The first new ingredient bounds the collision probability
of an arbitrary Slater determinant [49, 50], specified by
the isometry Q whose columns span the occupied space,
by its transpose overlapQTQ. The transpose, rather than
the adjoint, is what remembers the particle–hole reality
constraint in the fermionic application.

Throughout this subsection we use the shorthand

D(X) := det
(
I+X†X

)
=
∑
I,J

|detXI,J |2 , (60)

the second equality being the Cauchy–Binet expansion,
in which (I, J) runs over all pairs of index sets of equal
cardinality, the empty pair contributing 1.

Lemma 2 (Sharp Slater collision bound). Let Q ∈ Cn×k

satisfy Q†Q = Ik, and set P = QQ† and Σ = QTQ. Then
the collision probability of the associated projection DPP,

C(Q) :=
∑
|I|=k

p2I , pI = detPI = |detQI |2 , (61)

obeys

C(Q) ≤ 2−k D(Σ) . (62)

Both sides are invariant under a unitary change of col-
umn gauge Q 7→ QW .

Proof. First, we note that gauge invariance is immediate:
P is unchanged by Q 7→ QW , while Σ 7→ WTΣW leaves
Σ†Σ unitarily equivalent to itself.

The proof is an induction on the number of rows n, in
which both sides of Eq. (62) are shown to satisfy the same
deletion recursion. The inequality enters only through a
single determinant estimate, cf. Eq. (69) below.

Let us fix a coordinate a ∈ {1, . . . , n} and set

p = ⟨ea, P ea⟩ =
∥∥Q†ea

∥∥2 , r = 1− p, (63)

assuming first 0 < p < 1, where ea is the canonical basis
vector with (ea)m = δma. We choose the column gauge
so that Q†ea =

√
p e1 with e1 ∈ Ck; the a-th row of Q

is then √
p eT1 . Let Q̂ ∈ C(n−1)×k be Q with that row

deleted, so that Q†Q = Ik gives

Q̂†Q̂ = Ik − p e1e
T
1 = ∆2

r, ∆r := diag(
√
r, 1, . . . , 1).

(64)
Hence

Q0 := Q̂∆−1
r ∈ C(n−1)×k (65)

is an isometry, and so are the last k − 1 columns of Q̂,
which we call Q1 ∈ C(n−1)×(k−1). These describe the
process conditioned respectively on the exclusion and on
the inclusion of a: expanding detQI along the a-th row
for a ∈ I, and using det∆r =

√
r for a /∈ I, gives detPI =

p det(P1)I\{a} and detPI = r det(P0)I respectively, with
P0 = Q0Q

†
0 and P1 = Q1Q

†
1. Squaring and summing,

C(Q) = p2 C(Q1) + r2 C(Q0) . (66)

We now write the transpose overlap of Q0 in block form,
singling out its first column,

Σ0 := QT
0Q0 := [u V ] =

(
u1 yT

y Σ1

)
, Σ1 = QT

1Q1.

(67)
Since Σ = QTQ = Q̂TQ̂+ p e1e

T
1 and Q̂ = Q0∆r,

Σ = p e1e
T
1 +∆r Σ0 ∆r =

(
p+ r u1

√
r yT√

r y Σ1

)
. (68)

The matrices Q1 and Q0 have k − 1 and k columns re-
spectively, so the induction hypothesis reads C(Q1) ≤
2−(k−1)D(Σ1) and C(Q0) ≤ 2−kD(Σ0). Inserting these
into Eq. (66), Eq. (62) follows provided we prove that

D(Σ) ≥ 2p2 D(Σ1) + r2 D(Σ0) ; (69)

where the factor 2 in front of p2 is precisely the mismatch
2−(k−1) = 2 ·2−k between the normalizations at k−1 and
k columns.

To this end, let us apply Eq. (60) to Σ0 and split the
sum according to whether the index 1 belongs to the row
set, to the column set, to both, or to neither:

N :=
∑

1/∈I, 1/∈J

∣∣∣det(Σ0)I,J

∣∣∣2 = D(Σ1),

X :=
∑

1∈I, 1/∈J

∣∣∣det(Σ0)I,J

∣∣∣2 ,
Y :=

∑
1∈I, 1∈J

∣∣∣det(Σ0)I,J

∣∣∣2 ,
(70)

so that, Σ0 being symmetric, the column-only class is
another copy of X and

D(Σ0) = N + 2X + Y, D(V ) = N + X . (71)

We now expand D(Σ) in the same way, comparing each
minor of Σ with the corresponding minor of Σ0 through
Eq. (68). If 1 /∈ I and 1 /∈ J the submatrix is unchanged;
if exactly one of I, J contains 1, the corresponding row or
column is scaled by

√
r and the squared modulus picks up

a factor r. If instead 1 ∈ I and 1 ∈ J , we set I ′ = I \{1},
J ′ = J \ {1} and note that Eq. (68) restricted to those
indices readsΣI,J = p e1e

T
1 + ∆r (Σ0)I,J ∆r. Expanding

the determinant by multilinearity in the first row, the
term proportional to p is developed along (p, 0, . . . , 0)
and leaves the complementary minor, which involves only
rows and columns > 1 and is therefore unscaled, while
the remaining term carries det∆2

r = r:

detΣI,J = p det(Σ1)I′,J′ + r det(Σ0)I,J . (72)
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Taking squared moduli, |pα + r β|2 = p2|α|2 + r2|β|2 +
2prRe(αβ̄), and summing over all such pairs produces
p2N + r2Y + 2prReZ, where we defined the cross term

Z :=
∑
I′,J′

det(Σ1)I′,J′ det
(
Σ†

0

)
{1}∪I′, {1}∪J′

. (73)

Collecting the four classes,

D(Σ) = N + 2rX + p2N + r2Y + 2prReZ . (74)

We claim that ReZ ≥ −D(V ). The strategy is to
compute one and the same derivative in two different
ways. Shift the (1, 1) entry of Σ0 by a real amount q and
set

f(q) := D
(
Σ0 + q e1e

T
1

)
. (75)

(i) By the minor expansion. Equation (72), applied
with∆r = I and p replaced by q, says that a minor
of Σ0 + q e1e

T
1 equals det(Σ0)I,J + q det(Σ1)I′,J′ when

1 ∈ I ∩ J , and is independent of q otherwise. Taking
squared moduli and summing over all pairs, using the
definition (73) of Z, we obtain

f(q) = D(Σ0) + 2qReZ + q2N , (76)

so that in particular ReZ = 1
2f

′(0).
(ii) In closed form. For an arbitrary matrix [w V ],

split into its first column w and the remaining columns
V , then by Schur’s complement formula

D([w V ]) = D(V )
[
1 + w†w − w†V

(
I+ V †V

)−1
V †w

]
.

(77)
The Woodbury identity [112] V (I+V †V )−1V † = I− (I+
V V †)−1 collapses the bracket into

D([w V ]) = D(V )
[
1 + w†Rw

]
,

R :=
(
I+ V V †)−1

.
(78)

Since Σ0 = [u V ], the shifted matrix is [u+ q e1 V ], so
that f(q) = D(V )

[
1 + (u+ q e1)

†R(u+ q e1)
]

and there-
fore

1
2f

′(0) = D(V )Re
(
e†1Ru

)
. (79)

Consistently, the coefficient of q2 here is D(V ) e†1Re1 =
D([ e1 V ])−D(V ) = N from Eq. (78), matching Eq. (76).

(iii) Comparison and bound. Equating the two evalu-
ations of 1

2f
′(0),

ReZ = D(V )Re
(
e†1Ru

)
, (80)

and it remains to bound the scalar. The matrix Q0 is
an isometry, so ∥Q0∥ = 1; since transposition and com-
plex conjugation preserve the operator norm, ∥Σ0∥ =
∥QT

0Q0∥ ≤ 1, and in particular its first column u = Σ0e1
obeys ∥u∥ ≤ 1. Moreover V V † ⪰ 0 gives 0 < R ≤ I, so

that Cauchy–Schwarz in the inner product defined by R
yields∣∣∣e†1Ru

∣∣∣ ≤ ∥R1/2e1∥ ∥R1/2u∥ ≤ ∥e1∥ ∥u∥ ≤ 1. (81)

Hence Re(e†1Ru) ≥ −1 and, D(V ) being nonnegative,

ReZ ≥ −D(V ) = −(N + X ) . (82)

We prove Eq. (69) using Eq. (71), Eq. (74) and r =
1− p, so that 1− p2 − r2 = 2pr,

D(Σ)− 2p2D(Σ1)− r2D(Σ0)

= 2pr (N + X +ReZ) ≥ 0
(83)

by Eq. (82), closing the induction step. For the base
cases, k = 0 gives 1 ≤ 1, while for n = k the matrix Q
is unitary, so C(Q) = 1 and Σ is unitary as well, hence
D(Σ) = 2k and Eq. (62) holds with equality. Finally,
if p = 0 or p = 1 only one of the two conditional pro-
cesses is present and the conclusion follows directly, or
by continuity in p.

3. BCS parametrization and reduction to a single rotation

From now on we assume a balanced cut with no unpaired
modes, so that N = 2ℓ and each side carries 2ℓ Majorana
coordinates; the general case is recovered at the end of
Sec. VA 8. We work first in the interior 0 ≤ λj < 1,
so that every νj > 0, and introduce the canonical BCS
matrix [49]

Z0 =

ℓ⊕
j=1

I2 + iλjJ

νj
=

ℓ⊕
j=1

eiϑjJ , tanhϑj = λj , (84)

which is positive Hermitian and complex orthogonal,
ZT
0 Z0 = I and Z0 = Z−1

0 . Each 2 × 2 block of Z0 en-
codes one canonical pair of the BCS-like form of Eq. (3).
In this parametrization, local Gaussian unitaries act as
the two-sided rotation Z0 7→ Z = OAZ0O

T
B by real or-

thogonal matrices.

Lemma 3 (Balanced all-minors representation). For
Z = OAZ0O

T
B define the all-minors functional

F(Z) =
∑

I,J : |I|=|J|

|detZI,J |4 . (85)

Then, writing with a slight abuse of notation ζ2(Z) for
the stabilizer purity of the state parametrized by Z, the
collision functional is exactly

ζ2(Z) = d−1
( ℓ∏

j=1

ν4j

)
F(Z) , (86)

and at the canonical point

F(Z0) = 4ℓ
ℓ∏

j=1

1− λ2j + λ4j
ν4j

. (87)
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Proof. After a gauge choice in the occupied space, the
rank-2ℓ projector of Lemma 1 is represented by the isom-
etry

QZ =

(
iZ
I2ℓ

)(
I+ Z†Z

)−1/2
, (88)

whose projector, for Hermitian Z, is

KZ = QZQ
†
Z =

(
Z(I2ℓ + Z2)−1Z iZ(I2ℓ + Z2)−1

−i(I2ℓ + Z2)−1Z (I2ℓ + Z2)−1

)
.

(89)
For a single canonical block Z0,j = (I2 + iλjJ)/νj ,

direct block algebra gives

Z0,j(I2 + Z2
0,j)

−1Z0,j =
1
2 (I2 + iλjJ) ,

Z0,j(I2 + Z2
0,j)

−1 = 1
2νjI2 ,

(I2 + Z2
0,j)

−1 = 1
2 (I2 − iλjJ) ,

(90)

so that QZ0,j
Q†

Z0,j
= (I4+ iΓcan

j )/2 : Eq. (88) reproduces
exactly the canonical covariance of Proposition 1, and
in particular iΓA = 2(KZ)AA − I has eigenvalues ±λj .
We note that, for Hermitian Z, the complex orthogonal-
ity Z = Z−1 is precisely what makes the state physical:
a direct computation on Eq. (89) shows that it implies
KZ = I4ℓ−KZ , i.e. that KZ = (I4ℓ+iΓ)/2 with Γ real, as
in Lemma 1. Acting with OA⊕OB on the rows and using
a right occupied-space gauge replaces Z0 by OAZ0O

T
B , so

Eq. (88) holds throughout the local orbit.
Given a set S with |S| = 2ℓ, we know from Lemma 1

that pS = |det(QZ)S |2, where (QZ)S is the square 2ℓ×2ℓ
submatrix formed by the rows of QZ selected by S. The
right factor (I2ℓ + Z†Z)−1/2 multiplies all rows at once,
so it factors out of the square determinant: det(QZ)S =

κ det Q̃S , where Q̃S collects the selected rows of the un-
normalized matrix

(
iZ
I2ℓ
)

and κ = det
(
I2ℓ + Z†Z

)−1/2.
The set S selects k rows in the upper block iZ of Eq. (88),
labeled by a subset I with |I| = k, and 2ℓ − k rows in
the lower block I2ℓ, whose column complement is labeled
by J . We are left to determine det Q̃S : expanding along
the rows selected from the identity block, what survives
is the minor of iZ on the rows I and on the columns J
left untouched. Up to a sign fixed by the row ordering,
det Q̃S = ± ik detZI,J , and |J | = 2ℓ− (2ℓ− k) = k = |I|
automatically. Explicitly,

κ = det
(
I2ℓ + Z†

0Z0

)−1/2

= 2−ℓ
ℓ∏

j=1

νj , (91)

where the first equality uses Z†Z = OB(Z
†
0Z0)O

T
B , which

has the same determinant as Z†
0Z0, and the second fol-

lows blockwise: from (I2+iλjJ)2 = (1+λ2j )I2+2iλjJ one
finds I2+Z2

0,j = 2(I2+iλjJ)/ν2j , so that det
(
I2 + Z2

0,j

)
=

4/ν2j and κ =
∏

j(νj/2). Altogether, pS = κ2| detZI,J |2:
squaring and summing over all S, i.e. over all pairs (I, J)
with |I| = |J |, gives

∑
|S|=2ℓ p

2
S = κ4F(Z), and Lemma 1

with N = 2ℓ, d = 22ℓ and κ4 = 2−4ℓ
∏

j ν
4
j proves

Eq. (86).
The functional F is multiplicative on direct sums, and

a direct 2× 2 computation gives

F

(
I2 + iλJ√
1− λ2

)
=

4
(
1− λ2 + λ4

)
(1− λ2)2

, (92)

which multiplied over the canonical blocks proves
Eq. (87). As a check, inserting Eq. (87) into Eq. (86)
with d = 4ℓ returns exactly the canonical value (57).

By Eqs. (86)–(87), Theorem 1 is equivalent to the in-
equality

F(OAZ0O
T
B) ≤ F(Z0) . (93)

The next exact reduction shows that it suffices to control
a single common real basis.

Lemma 4. For all OA, OB ∈ O(2ℓ),

F
(
OAZ0O

T
B

)
≤
√
F
(
OAZ0OT

A

)
F
(
OBZ0OT

B

)
, (94)

and consequently

sup
OA,OB

F
(
OAZ0O

T
B

)
= sup

O
F
(
OZ0O

T
)
. (95)

Proof. Let E(X) denote the matrix collecting all the mi-
nors of X: its rows and columns are labeled by subsets
I, J ⊆ {1, . . . , 2ℓ}, and its entries are the minors,

E(X)I,J =

{
detXI,J , |I| = |J |,
0, otherwise.

(96)

The Cauchy–Binet formula is precisely the statement
that E is multiplicative, E(XY ) = E(X)E(Y ), while
E(XT) = E(X)T and E(X) = E(X) are immediate from
Eq. (96); together these give E(X†) = E(X)†. Two con-
sequences are all we need. First, E(O) is real orthog-
onal whenever O is, since E(O)E(O)T = E(OOT) = I.
Second, E0 := E(Z0) is positive Hermitian: diagonaliz-
ing Z0 = ΥΛ0Υ

† with Υ unitary and Λ0 > 0 diago-
nal, multiplicativity gives E0 = E(Υ)E(Λ0)E(Υ)†, where
E(Υ) is unitary and E(Λ0) is diagonal with positive en-
tries

∏
i∈I(Λ0)ii.

By multiplicativity, E(OAZ0O
T
B) = E(OA) E0 E(OB)

T,
so that

det
(
OAZ0O

T
B

)
I,J

= αT
I E0 βJ , (97)

where αI and βJ denote the (real) rows of E(OA) and
E(OB). Splitting E0 = E1/2

0 E1/2
0 and using that E1/2

0 is
Hermitian while αI , βJ are real, this is an ordinary over-
lap,

det
(
OAZ0O

T
B

)
I,J

= ⟨uI , vJ⟩ ,

uI = E1/2
0 αI , vJ = E1/2

0 βJ .
(98)
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Hence the all-minors functional is a sum of fourth pow-
ers of overlaps between two families of vectors, obtained
from the same positive matrix E0 by two real orthogo-
nal changes of basis; note that ⟨uI , vJ⟩ = 0 whenever
|I| ̸= |J |, since the E-matrices vanish between blocks of
different cardinality, so the unrestricted sum over pairs
(I, J) below coincides with F:

F
(
OAZ0O

T
B

)
=
∑
I,J

|⟨uI , vJ⟩|4 . (99)

Introduce the rank-one matrices UI = uIu
†
I and VJ =

vJv
†
J , so that |⟨uI , vJ⟩|2 = Tr(UIVJ), and define the pos-

itive semidefinite operators acting on two copies of the
space

TA =
∑
I

UI ⊗ UI , TB =
∑
J

VJ ⊗ VJ . (100)

Since Tr[(X ⊗X)(Y ⊗ Y )] = (TrXY )
2, Eq. (99) be-

comes

F
(
OAZ0O

T
B

)
= Tr(TATB) . (101)

The same identity applied with OB = OA gives Tr(T 2
A) =

F(OAZ0O
T
A), and likewise for B.

Both TA and TB are positive semidefinite, so the
Cauchy–Schwarz inequality for the trace inner product
applies to Eq. (101),

Tr(TATB) ≤
√

Tr(T 2
A) Tr(T 2

B) , (102)

which is exactly Eq. (94). Since √xy ≤ max(x, y), taking
suprema in Eq. (94) bounds the two-sided supremum by
supO F(OZ0O

T), while restricting to OA = OB gives the
reverse inequality, proving Eq. (95).

4. From all minors to a principal-minor residual

By Lemma 4 it suffices to consider Z = OZ0O
T with

O ∈ O(2ℓ), which is again positive Hermitian and com-
plex orthogonal. Put H = Z2, so that H is positive
Hermitian and HHT = I2ℓ. The purpose of this subsec-
tion is to bound F(Z) by a simpler quantity involving
only the principal minors of H, using Lemma 2.

Proposition 2 (All-minors residual). With Z and H as
above,

F(Z) ≤ R(H) , R(H) =
∑

I⊆[m]

2−|I| det
(
I+HIHI

)
,

(103)
with equality at the canonical point, F(Z0) = R(H0),
H0 = Z2

0 .

Proof. Fix S ⊆ {1, . . . , 2ℓ} with |S| = k, let ES be the
2ℓ×k matrix whose columns are the canonical basis vec-
tors labeled by S, and let GS = E†

SZ
†ZES = HS be the

corresponding matrix. ThenQS = ZESG
−1/2
S is an isom-

etry, i.e. exactly the object to which Lemma 2 applies.
Its collision probability reproduces, up to normalization,
the row sums of F: the rows of QS labeled by a set J
with |J | = k form the square matrix ZJ,SG

−1/2
S , so the

probabilities of Lemma 2 are pJ = | detZJ,S |2/ detGS

and C(QS) = det(GS)
−2∑

|J|=k | detZJ,S |4; moreover,
Z = Z† gives detZJ,S = detZS,J , so | detZJ,S | =
| detZS,J | and the sum can equivalently be taken over
column sets at fixed row set S. We next compute the
transpose overlap. Complex orthogonality, ZTZ = I2ℓ,
gives ET

SZ
TZES = ET

SES = Ik, so that Σ = QT
SQS =

G
−T/2
S G

−1/2
S . Since GS is positive Hermitian, Σ†Σ =

G
−1/2
S G−T

S G
−1/2
S , and

Ik +Σ†Σ = G
−1/2
S

(
GS +G−T

S

)
G

−1/2
S . (104)

Factoring det
(
GS +G−T

S

)
= det

(
G−T

S

)
det
(
Ik +GT

SGS

)
and using GT

S = HS together with
det
(
Ik +HSHS

)
= det

(
Ik +HSHS

)
, we obtain

D(Σ) = det(GS)
−2

det
(
Ik +HSHS

)
. Applying the

bound C(QS) ≤ 2−kD(Σ) of Eq. (62), the factor
det(GS)

−2 appears on both sides and cancels, leaving∑
|J|=k

|detZS,J |4 ≤ 2−k det
(
Ik +HSHS

)
. (105)

Summing over all S proves Eq. (103).
At the canonical point, it suffices to check equality

block by block, since both sides multiply over mutually
orthogonal blocks. For one canonical 2×2 block, one can
directly compute

H0 =

(
λ2+1
1−λ2 − 2iλ

λ2−1
2iλ

λ2−1
λ2+1
1−λ2

)
(106)

from which follows

R(H0) =
1

4
det
(
I2 +H0H0

)
+

1

2
(1 +H0|11H0|11)

+
1

2
(1 +H0|22H0|22) + 1 =

4
(
λ4 − λ2 + 1

)
(λ2 − 1)

2 .

(107)

This matches exactly the single-block value of F in
Eq. (92).

5. Principal-minor and Cayley transforms

We are left with the maximization of the residual R(H)
over the orbitH = OH0O

T. In this subsection we rewrite
it exactly — no inequality is involved — as an unweighted
sum of squared principal minors of a single Hermitian
matrix A, at the price of a prefactor that will turn out to
be constant along the orbit (Sec. V A 6). The only tool is,
once more, the average over independent random signs,
used twice. For notational convenience, let us fix m = 2ℓ
in the following.
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Lemma 5 (Orthogonal principal-minor transform). Let
H ∈ Cm×m satisfy HHT = Im, let t ≥ 0 and let a, b ≥ 0
obey a+ b = 1 + 2t and ab = t. Then∑
I⊆[m]

t|I| det
(
I+HIH

T
I

)
=
∑

S⊆[m]

a|S|bm−|S| det(HS)
2
.

(108)

Proof. LetD = diag(ε1, . . . , εm), where εi = ±1 are inde-
pendent random signs with uniform distribution, so that
the average of any nonempty product of distinct signs
vanishes; we write εS =

∏
i∈S εi. We recall the principal

minor expansion

det
(√

b I+
√
aDH

)
=
∑

S⊆[m]

a|S|/2b(m−|S|)/2εS det(HS) .

(109)
Thus, upon average over the signs, the right-hand side
can be written∑
S⊆[m]

a|S|bm−|S| det(HS)
2
= ED det

(√
b I+

√
aDH

)2
.

(110)
Because HHT = I and D2 = I, we have(√

b I+
√
aDH

)(√
b I+

√
aDH

)T
= b I+

√
ab
(
DH +HTD

)
+ aDHHTD

= (a+ b)I+
√
ab
(
DH +HTD

)
,

(111)

so the determinant inside the expectation equals

det
(
(a+ b)I+

√
ab (HTD +DH)

)
= det

(
tI+XXT

)
, X = I+

√
tDH ,

(112)

with ab = t and a + b = 1 + 2t. Us-
ing the Cauchy–Binet formula, ED det

(
tI+XXT

)
=∑

|I|=|J| t
m−|I|ED det(XI,J)

2. SinceXij = δij+
√
t εiHij ,

expanding det(XI,J) over the set Q′ ⊆ I ∩ J of entries
supplied by the identity gives

det(XI,J) =
∑

Q′⊆I∩J

± t|I\Q
′|/2( ∏

i∈I\Q′

εi
)
det
(
HI\Q′,J\Q′

)
,

(113)
up to Q′-dependent signs fixed by the row and column
orderings, which are immaterial in what follows. Upon
squaring, the sign averaging kills the cross terms from
two distinct sets Q′

1 ̸= Q′
2 — their sign products run over

the nonempty symmetric difference Q′
1 △Q′

2 — while the
Q′-dependent signs square to one, giving

ED det(XI,J)
2
=

∑
Q′⊆I∩J

t|I|−|Q′| det
(
HI\Q′,J\Q′

)2
.

(114)
Hence, changing variables to I ′ = I \Q′ and J ′ = J \Q′,
and setting R′ = [m] \ (I ′ ∪ J ′) and L′ = R′ \Q′ (primes

denote auxiliary index sets),∑
S⊆[m]

a|S|bm−|S| det(HS)
2

=
∑

|I|=|J|

∑
Q′⊆I∩J

tm−|Q′| det
(
HI\Q′,J\Q′

)2
=

∑
I′,J′⊆[m]
|I′|=|J′|

∑
Q′⊆[m]\(I′∪J ′)

tm−|Q′| det(HI′,J′)
2

=
∑

I′,J′⊆[m]
|I′|=|J′|

t|I
′∪J′|

∑
Q′⊆R′

t|R
′|−|Q′| det(HI′,J′)

2

=
∑

I′,J′⊆[m]
|I′|=|J′|

t|I
′∪J′|

∑
L′⊆R′

t|L
′| det(HI′,J′)

2

=
∑

I′,J′⊆[m]
|I′|=|J′|

t|I
′∪J′|

|R′|∑
|L′|=0

(|R′|
|L′|

)
t|L

′| det(HI′,J′)
2

=
∑

I′,J′⊆[m]
|I′|=|J′|

t|I
′∪J′|(1 + t)|R

′| det(HI′,J′)
2

=
∑

I′,J′⊆[m]
|I′|=|J′|

t|I
′∪J′|(1 + t)m−|I′∪J′| det(HI′,J′)

2
.

(115)

For the left-hand side of Eq. (108), we arrive at the
same result:∑
I⊆[m]

t|I| det
(
I+HIH

T
I

)
=
∑

I⊆[m]

t|I|
∑

I′,J′⊆I
|I′|=|J′|

det(HI′,J′)
2

=
∑

I′,J′⊆[m]
|I′|=|J′|

 ∑
I⊆[m]

I′∪J′⊆I

t|I|

 det(HI′,J′)
2

=
∑

I′,J′⊆[m]
|I′|=|J′|

 ∑
K′⊆[m]\(I′∪J′)

t|I
′∪J ′|+|K′|

det(HI′,J′)
2

=
∑

I′,J′⊆[m]
|I′|=|J′|

t|I
′∪J ′|(1 + t)m−|I′∪J′| det(HI′,J′)

2
.

(116)

The two chains coincide term by term, proving Eq. (108).

We apply Lemma 5 at t = 1/2, i.e. with

a = 1 + 2−1/2 , b = 1− 2−1/2 , ab = 1
2 . (117)

Since H is Hermitian, HI = HT
I , and Eq. (103) becomes

(recall that here m = 2ℓ)

R(H) =
∑

S⊆[2ℓ]

a|S|b2ℓ−|S| det(HS)
2
. (118)
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These weights are precisely the ones for which a second
sign transform produces a simple Cayley numerator.

Proposition 3 (Cayley reduction). Write

H = (I2ℓ + iΩ)(I2ℓ − iΩ)−1 ,

Ω = O
( ℓ⊕

j=1

λjJ
)
OT ,

(119)

and set ∆Ω = det(I2ℓ − iΩ) > 0 and A = I2ℓ + i
√
2Ω.

Then A is Hermitian and

R(H) = ∆−2
Ω

∑
S⊆[2ℓ]

det(AS)
2
. (120)

Proof. The representation (119) follows blockwise from
H = OZ2

0O
T and real orthogonal conjugation: for one

block, (I2− iλjJ)−1 = (I2+ iλjJ)/ν2j , so (I2+ iλjJ)(I2−
iλjJ)

−1 = (I2 + iλjJ)
2/ν2j = Z2

0,j , and conjugating by
O preserves the Cayley form; since 0 ≤ λj < 1, I2ℓ − iΩ
is positive Hermitian and ∆Ω > 0 (the eigenvalues of iΩ
are ±λj , so those of I2ℓ− iΩ are 1∓λj > 0); moreover Ω
is real antisymmetric, so iΩ, and with it A, is Hermitian.

Let D = diag(ε1, . . . , ε2ℓ), where the εk are indepen-
dent uniform signs. By Eq. (118) and the sign-average
identity established at the beginning of the proof of
Lemma 5, we have

R(H) = ED det
(√

b I2ℓ +
√
aDH

)2
, (121)

and using the Cayley representation of H, we have
√
b I2ℓ +

√
aDH =[√

b (I2ℓ − iΩ) +
√
aD(I2ℓ + iΩ)

]
(I2ℓ − iΩ)−1.

(122)

Taking determinants we obtain

R(H) = ∆−2
Ω ED det

(√
b (I2ℓ − iΩ) +

√
aD(I2ℓ + iΩ)

)2
.

(123)
We now compare the random matrix inside this ex-

pectation with I2ℓ + DA. We use the elementary fact
that, for a random matrix with independent rows, the
expected squared determinant depends only on the sec-
ond moments of its individual rows. Indeed, expanding
the determinants with the Leibniz formula, we get

E det(M)
2
= E

( ∑
σ∈S2ℓ

sgn(σ)

2ℓ∏
k=1

Mk,σ(k)

)2
 ,

=
∑

σ,τ∈S2ℓ

sgn(σ)sgn(τ)

2ℓ∏
k,j=1

E
[
Mk,σ(k)Mj,τ(j)

]
=

∑
σ,τ∈S2ℓ

sgn(σ)sgn(τ)

2ℓ∏
k=1

E
[
Mk,σ(k)Mk,τ(k)

]
(124)

where sgn(σ) denotes the sign of the permutation σ and
S2ℓ the permutation group over 2ℓ elements and in the
last step we used the statistical independence of the rows.

To compare the row second moments, fix k, let u = eTk
be row k of I2ℓ, and let v = eTk · (iΩ) be row k of iΩ.
Row k of the random matrix in Eq. (123) is

√
b (u− v)+

εk
√
a (u+ v). Its second moment is therefore

b(u− v)T(u− v) + a(u+ v)T(u+ v). (125)

Using a+ b = 2, a− b =
√
2, we find

b(u− v)T(u− v) + a(u+ v)T(u+ v)

= 2uTu+
√
2
(
uTv + vTu

)
+ 2vTv

= uTu+ (u+
√
2v)T(u+

√
2v).

(126)

On the other hand, since A = I2ℓ + i
√
2Ω, row k of

I2ℓ+DA is u+εk(u+
√
2v). Its second moment is precisely

uTu+ (u+
√
2v)T(u+

√
2v). (127)

Thus the corresponding rows of the two random matrices
have the same second moments. Their rows are indepen-
dent because row k depends only on εk. It follows that

ED det
(√

b (I2ℓ − iΩ) +
√
aD(I2ℓ + iΩ)

)2
= ED det(I2ℓ +DA)

2
.

(128)

Finally, the principal-minor expansion combined with the
prefactor in Eq. (123) gives Eq. (120).

6. Reduction to a unitary-matrix functional

It remains to evaluate the sum
∑

S det(AS)
2 in Eq. (120),

which is not obviously maximized at the canonical point.
To that end, we interpret it as the probability of a sim-
ple event for another distribution of the same type as in
Lemma 1: this probabilistic reading lets us change basis
freely within pairs of coordinates, and in a suitable ba-
sis the sum collapses to a functional of a single unitary
matrix. Let

M =

(
I2ℓ
A

)
, G = M†M = I2ℓ +A2, Q = MG−1/2.

(129)
The columns of Q are orthonormal, since

Q†Q = G−1/2
(
I2ℓ +A2

)
G−1/2 = I2ℓ . (130)

As in Lemma 1, the rank-2ℓ projector QQ† defines
a probability distribution over the 2ℓ-element subsets
S of the 4ℓ coordinates, with probabilities pS =
det
[
(QQ†)S

]
= |detQS |2, where QS is the square 2ℓ×2ℓ

submatrix formed by the rows of Q selected by S. Let E
be the event that exactly one coordinate is chosen from
every pair {i, 2ℓ + i}, i ∈ {1, . . . , 2ℓ}: such a configura-
tion is labeled by the set S ⊆ [2ℓ] of pairs where the lower



20

coordinate is chosen, the upper one being chosen on Sc.
By the same factorization used in the proof of Lemma 3,
the right factor G−1/2 multiplies all rows at once, so it
factors out of the square determinant,

detQS = det
(
G−1/2

)
det Q̃S , (131)

where Q̃S collects the selected rows of M; expanding
det Q̃S along the selected rows of the identity block, la-
beled by Sc, removes one by one the columns in Sc, and
what survives is the principal minor of A on S, up to a
sign which is immaterial after squaring. Since the prin-
cipal minors of the Hermitian matrix A are real,

pS =
det(AS)

2

detG , (132)

and summing over the configurations in E,

P(E) =

∑
S⊆[2ℓ] det(AS)

2

detG . (133)

We now transform Q without changing P(E). We intro-
duce a unitary rotation acting pairwise on the coordi-
nates {i, 2ℓ+ i},

W =
1√
2

(
I2ℓ i I2ℓ
I2ℓ −i I2ℓ

)
, (134)

which maps Q to

WQ =
1√
2

(
U+

U−

)
. (135)

The probability of E is insensitive to the rotation W.
This can be seen as standard compariso between distri-
butions of the type of Lemma 1 and free fermions: for
an isometry Q, the probabilities pS are the occupation-
number probabilities of the Slater-determinant state
whose occupied single-particle space is spanned by the
columns of Q, and a number-conserving single-particle
unitary maps free fermion states to free fermion states,
transforming Q accordingly. In this language, E is the
event that each pair of modes {i, 2ℓ+i} hosts exactly one
particle; the subspace of the Fock space with this occupa-
tion pattern is invariant under arbitrary unitaries mixing
only the two modes of each pair, and W is precisely of
this form, so P(E) is unchanged.

By Lemma 2 a further invvariant transformation can
be introduced. Define

U± = (I2ℓ ± iA)G−1/2 . (136)

Because A is Hermitian and [A,G] = 0, both U+ and U−
are unitary

U±U
†
± = (I2ℓ ± iA)G−1 (I2ℓ ∓ iA)

= (I2ℓ +A2)G−1 = I2ℓ ,
(137)

and U†
± = (I2ℓ∓ iA)G−1/2 = U∓. By right multiplication

with U†
+, gives

WQU†
+ =

1√
2

(
U+U

†
+

U−U
†
+

)
=

1√
2

(
I2ℓ
U

)
, (138)

where

U = U−U
†
+ = U2

− = (I2ℓ − iA)(I2ℓ + iA)−1 ∈ U(2ℓ) .
(139)

For the final isometry 1√
2

( I2ℓ
U

)
, each of the 2ℓ selected

rows carries the normalization 2−1/2, and the same ex-
pansion along the selected identity rows leaves detUS up
to a sign, so the configuration with the lower coordinate
chosen on S ⊆ [2ℓ] and the upper one on Sc has proba-
bility

pS = 2−2ℓ | detUS |2 . (140)

Defining

L(U) =
∑

S⊆[2ℓ]

| detUS |2 , (141)

we conclude that P(E) = 2−2ℓ L(U), and comparing with
Eqs. (120) and (133),

R(H) =
det
(
I2ℓ +A2

)
22ℓ ∆2

Ω

L(U) . (142)

Finally, write Ω = OΩ0O
T with Ω0 =

⊕ℓ
j=1 λjJ the

block form of Eq. (119), and let A0 = I2ℓ + i
√
2Ω0 and

U0 = (I2ℓ− iA0)(I2ℓ+ iA0)
−1 be the corresponding block

representatives. Since O is real orthogonal,

A = OA0O
T , U = OU0O

T , (143)

so both det
(
I2ℓ +A2

)
and ∆Ω = det(I2ℓ − iΩ) depend

only on the spectrum of Ω0, i.e. on the λj : the prefactor
in Eq. (142) is constant along the real orthogonal orbit.
The remaining task is to show that L(U) is maximized at
its canonical block representative U0.

7. The rank-two bound and the unitary principal-minor
inequality

Now we introduce a matrix inequality independent of
the fermionic application; we will use it below to bound
L(U) through the diagonal entries of U alone. For a
polynomial f(z1, · · · , zn) the symbol, [z1 · · · zn]f indi-
cates the coefficient of the monomial z1 · · · zn, e.g. if
f(z1, z2) = 2z1 + z2 + 3z1z3, then [z1 z2]f = 3. The
left-hand side of Eq. (144) below is known in the linear-
algebra literature as a mixed discriminant, cf. Ref. [113].

Theorem 2 (Rank-two determinant inequality). Let
B1, . . . , Bn ⪰ 0 be Hermitian n × n matrices with
rankBi ≤ 2. Then

[z1 · · · zn] det
( n∑

i=1

ziBi

)
≤

n∏
i=1

∥Bi∥HS , (144)

with no factorial normalization.
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Proof. The strategy is to realize the coefficient in
Eq. (144) as the norm of an operator built by n succes-
sive applications of maps ΦBj

, each of which is a norm
contraction.

Consider the Fock space of n fermionic modes, with
creation operators c†i associated with the canonical basis
vectors ei of Cn, and for x ∈ Cn let

cx =

n∑
i=1

xi c
†
i (145)

be the operator creating one particle in the single-particle
state x; it maps the r-particle sector into the (r + 1)-
particle one. Given a rank-2 matrix B = λuu† + µ vv†

with u, v ∈ Cn orthonormal vectors and λ, µ ≥ 0, we
define the map

ΦB(X) = λ cuXc
†
u + µ cvXc

†
v , (146)

which raises the particle number by one. We claim that,
for the Hilbert–Schmidt norm || · ||2, the following holds

∥ΦB(X)∥2 ≤ (λ2 + µ2)1/2∥X∥2 = ∥B∥HS∥X∥2 , (147)

where the last equality follows from

∥B∥2HS = Tr(B2) = λ2 Tr(uu†) + µ2 Tr(vv†) = λ2 + µ2 ,
(148)

the cross terms vanishing by u†v = 0.
To prove the claim, we decompose the Fock space into

the four occupation sectors 00, 10, 01, 11 of the two modes
u, v, and correspondingly the operator X into blocks
Xs,s′ labeled by pairs of sectors. All four sectors are
canonically identified with the Fock space of the remain-
ing n−2 modes through the maps cu, cv; the sign ambigu-
ity of this identification is absorbed in the constant χ be-
low. Creation by u uses the input sectors 00, 01 and sends
them to 10, 11, whereas creation by v uses 00, 10 and
sends them to 01, 11: the operator cuXc†u has support
on the output blocks (10, 10), (10, 11), (11, 10), (11, 11),
and cvXc

†
v on (01, 01), (01, 11), (11, 01), (11, 11). The

two branches are therefore mutually orthogonal in the
trace inner product except in the single common out-
put block (11, 11), where the inputs X01,01 and X10,10

meet with a relative fermionic sign χ ∈ {±1} arising
from cucv = −cvcu. Thus,

∥ΦB(X)∥22 = λ2∥cuXc†u∥22 + µ2∥cvXc†v∥22
+ 2λµ Re

〈
cuXc

†
u, cvXc

†
v

〉
HS

= λ2(∥X00,00∥22 + ∥X00,01∥22
+ ∥X01,00∥22 + ∥X01,01∥22)
+ µ2(∥X00,00∥22 + ∥X00,10∥22

+ ∥X10,00∥22 + ∥X10,10∥22)
+ 2χλµ Re ⟨X01,01, X10,10⟩HS .

(149)

Focussing on the block with the mixed product,

λ2∥X01,01∥22 + µ2∥X10,10∥22
+ 2χλµRe⟨X01,01, X10,10⟩

≤ (λ2 + µ2)
(
∥X01,01∥22 + ∥X10,10∥22

)
,

(150)

which holds because the right-hand side minus the left-
hand side is a complete square,

∥µX01,01 − χλX10,10∥22 ≥ 0 . (151)

Inserting this majorization in Eq. (149) proves Eq. (147).
Let now C0 = |vac⟩⟨vac| be the vacuum projector, with

∥C0∥2 = 1, and set recursively Cj = ΦBj
(Cj−1) for 1 ≤

j ≤ n. Iterating Eq. (147) n times gives

∥Cn∥2 ≤
n∏

j=1

∥Bj∥HS . (152)

Choosing spectral decompositions Bj =∑2
r=1 λj,r uj,ru

†
j,r, with orthonormal eigenvectors

and λj,r ≥ 0 (allowing zero eigenvalues), the recursion
unrolls to

Cn =
∑

r1,...,rn

( n∏
j=1

λj,rj

)
|ψr⃗⟩⟨ψr⃗| ,

|ψr⃗⟩ = cun,rn
· · · cu1,r1

|vac⟩ .
(153)

The n-particle sector of n modes is one-dimensional,
spanned by the fully occupied state |full⟩ = c†n · · · c†1|vac⟩,
and applying n creation operators to the vacuum gives

cxn
· · · cx1

|vac⟩ = ± det(x1, . . . , xn) |full⟩ , (154)

where det(x1, . . . , xn) is the determinant of the matrix
with columns x1, . . . , xn. Hence

Cn =
[ ∑
r1,...,rn

( n∏
j=1

λj,rj

)
|det(u1,r1 , . . . , un,rn)|2

]
× |full⟩⟨full| .

(155)

It remains to identify the scalar in brackets with the coef-
ficient in Eq. (144). Let V be the matrix whose columns
are vj,r :=

√
zjλj,r uj,r. then V V † =

∑n
j=1 zjBj . By the

Cauchy–Binet formula,

det

 n∑
j=1

zjBj

 = det
(
V V †) = ∑

|S|=n

| detVS |2. (156)

The coefficient of z1 · · · zn receives contributions pre-
cisely from those subsets S containing one column
from each pair (vj,1, vj,2). Thus, writing Xr⃗ :=
(u1,r1 , . . . , un,rn), rj ∈ {1, 2},

| detVr⃗|2 =

 n∏
j=1

zjλj,rj

 | detXr⃗|2. (157)

and summing over r⃗ we have

[z1 · · · zn] det

 n∑
j=1

zjBj

 =
∑

r1,...,rn

 n∏
j=1

λj,rj

 | detXr⃗|2.

(158)



22

Since the Hilbert–Schmidt norm of a nonnegative mul-
tiple of the rank-one projector |full⟩⟨full| is the multiple
itself, combining with Eq. (152) proves Eq. (144).

Remark 2. The rank restriction in Theorem 2 is es-
sential: for Bi = In/n the left-hand side of Eq. (144) is
n!/nn while the right-hand side is n−n/2, the former be-
ing already larger at n = 3 therefore does not extend to
positive matrices of arbitrary rank, so that Eq. (144) does
not extend to matrices of arbitrary rank.

We now combine Theorem 2 with a standard singular-
value argument: the diagonal of U controls L(U), and
the diagonal is in turn controlled by the matrix T =
(U + UT)/2, whose singular values are invariant along
the orbit U 7→ OUOT. This yields a bound on L(U) by
an orbit-invariant quantity.

Theorem 3 (Unitary principal-minor inequality). For
U ∈ U(n) let L(U) =

∑
S⊆[n] | detUS |2 and T = (U +

UT)/2. Then

L(U)2 ≤ 2n det
(
In + T †T

)
. (159)

Proof. Let ei be the standard basis, put vi = Uei and
define

Bi =
1
2

(
eie

†
i + viv

†
i

)
, (160)

which are positive semidefinite of rank at most two, cho-
sen so that the mixed coefficient below reproduces exactly
2−nL(U). Indeed, expanding the determinant by multi-
linearity similarly to the previous proof, the coefficient
of z1 · · · zn selects one of the two rank-1 terms of Bi, the
choice being recorded by the set S of indices where 1

2 viv
†
i

is taken:

[z1 · · · zn] det
(∑

i

ziBi

)
= 2−n

∑
S⊆[n]

|det(ei : i /∈ S; vi : i ∈ S)|2 .
(161)

In the determinant labeled by S, each column ei with
i /∈ S can be expanded away, removing row i together
with it; the surviving matrix has entries (vi)j = uji with
j, i ∈ S, where uab denote the entries of U , so that, up
to a sign,

det (ei : i /∈ S; vi : i ∈ S) = ± detUS , (162)

and the coefficient above equals 2−nL(U). On the other
hand,

∥Bi∥2HS = Tr(B2
i ) =

1
4

(
1 + 1 + 2 |e†ivi|2

)
=

1 + |uii|2
2

,

(163)

since e†ivi = uii. Theorem 2 therefore gives

L(U) ≤ 2n/2
n∏

i=1

(
1 + |uii|2

)1/2
. (164)

Since tii = uii, it remains to compare the diagonal of T
with its singular values s1(T ) ≥ · · · ≥ sn(T ). For any set
I of k indices, define the diagonal rank-k partial isometry

ΘI =
∑
i∈I

eiθi eie
†
i , (165)

with the phases θi chosen so that e−iθitii = |tii|; then

∑
i∈I

|tii| =
∣∣∣Tr(Θ†

IT )
∣∣∣ ≤ k∑

j=1

sj(T ) , (166)

the inequality being the standard variational bound for
rank-k partial isometries [114]. In other words, every
partial sum of the ordered moduli |tii| is bounded by the
corresponding partial sum of singular values. Moreover,
T has norm less or equal to one, being the average of the
two unitaries U and UT, and considering the function

ϕ(x) = log
(
1 + x2

)
, ϕ′′(x) =

2(1− x2)

(1 + x2)2
, (167)

which is increasing and convex on x ∈ [0, 1], with ϕ(0) =
0, the following holds:

∑
i ϕ(|tii|) ≤ ∑

i ϕ(si(T )) [114].
Exponentiating this bound gives∏

i

(
1 + |uii|2

)
=
∏
i

(
1 + |tii|2

)
≤
∏
i

(
1 + si(T )

2
)
= det

(
In + T †T

)
.

(168)

Squaring Eq. (164) and inserting this bound proves
Eq. (159).

8. Conclusion of the proof

We return to the unitary U of Eq. (139). For one canon-
ical block Ωj = λjJ , we have Aj = I2 + i

√
2λjJ , hence

Uj = (I2 − iAj)(I2 + iAj)
−1

=
[
(1− i)I2 +

√
2λjJ

] (1 + i)I2 +
√
2λjJ

2(i+ λ2j )

=
(1− λ2j )I2 +

√
2λjJ

i+ λ2j
= eiφj (cjI2 + sjJ) ,

(169)

where we used (α I2 + βJ)−1 = α I2−βJ
α2+β2 , and we defined

the overall phase eiφj =
√
1 + λ4j/(i + λ2j ) and the coef-

ficients

cj =
1− λ2j√
1 + λ4j

, sj =

√
2λj√

1 + λ4j

, c2j + s2j = 1 .

(170)
The four principal minors of Uj contribute 1 (the empty
set), |eiφjcj |2 = c2j twice (the two diagonal entries), and
| detUj |2 = 1 (unitarity), so that

L(Uj) = 1 + 2c2j + 1 = 2(1 + c2j ) , (171)
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and since JT = −J , the transpose flips the sign of sj , so

Tj =
Uj + UT

j

2
= eiφjcj I2 . (172)

Theorem 3 is therefore an equality on each canonical
block,

22 det
(
I2 + T †

j Tj

)
= 4 (1 + c2j )

2 = L(Uj)
2 , (173)

and since both L and the determinant on the right of
Eq. (159) multiply over direct sums, equality also holds
for U0 =

⊕ℓ
j=1 Uj .

For a general point of the real orbit, U = OU0O
T and

hence T †T = OT †
0T0O

T, so det
(
I2ℓ + T †T

)
is orbit in-

variant. Applying Theorem 3 with n = 2ℓ and using the
canonical equality,

L(U)2 ≤ 22ℓ det
(
I2ℓ + T †T

)
= 22ℓ det

(
I2ℓ + T †

0T0

)
= L(U0)

2,
(174)

so that L(U) ≤ L(U0), since L is nonnegative. The pref-
actor in Eq. (142) being orbit invariant, we get R(H) ≤
R(H0), and Proposition 2, including its canonical equal-
ity, gives the inequality in the common basis

F(OZ0O
T) ≤ R(H) ≤ R(H0) = F(Z0) . (175)

Lemma 4 then restores the two independent local bases,

F(OAZ0O
T
B) ≤

√
F(OAZ0OT

A)F(OBZ0OT
B)

≤ F(Z0) ,
(176)

which is Eq. (93). Substituting into the exact physical
normalization (86) proves

ζ2
(
OAZ0O

T
B

)
≤

ℓ∏
j=1

(
1− λ2j + λ4j

)
(177)

whenever λj < 1, with equality in canonical axes by
Eq. (57).

The BCS matrix Z0 and the unnormalized functional
F are singular when some λj = 1, but this is only a singu-
larity of the parametrization: for fixed OA, OB , consider
the rescaled spectra λ

(r)
j = rλj and ν

(r)
j =

√
1− r2λ2j

with 0 < r < 1, for which every λ
(r)
j < 1 and Eq. (177)

applies. The functional ζ2 of Eq. (47) is a polynomial in
the covariance entries, hence continuous, so both sides of
Eq. (177) are continuous in r; taking r → 1− proves the
balanced result at every endpoint as well.

It remains to remove the balanced-cut assumption.
The strategy is to append trivial pure modes to the
smaller side, so as to reuse the balanced result, and then
to check that the addition changes neither side of the
bound. Indeed, tensoring a state with a pure vacuum

mode does not change ζ2. Removing the untouched an-
cillas therefore gives, with Γ the canonical covariance of
Proposition 1,

ζ2
[
(OA ⊕OB)Γ(OA ⊕OB)

T
]
≤

ℓ∏
j=1

(
1− λ2j + λ4j

)
(178)

for every unbalanced cut, with equality attained in
the canonical Botero–BCS axes. Together with M2 =
− log2 ζ2 this proves Theorem 1. ■

B. Verification via variational optimization

We discuss here the numerical methods behind the
results in Fig. 2(a), and substantiate our claim that
fermionic non-local magic as defined in Eq. (5) coincides
with magic of the canonical modewise form of the Gaus-
sian state in Eq. (3), for every Rényi index α ≥ 2; for
α = 2 this is a direct benchmark of the content of Theo-
rem 1, proved in Appendix VA.

We adopt a standard variational optimization ap-
proach: given a Gaussian state |Ψ⟩ on N sites (N even
for simplicity), we define the cost function

C(UA, UB) :=M2 [UA ⊗ UB |Ψ⟩] (179)

with UA, UB unitary operators acting on regions A =
{1, . . . , N/2} and B = {N/2 + 1, . . . , N} respectively.
The state is represented by its 2N complex coefficients on
the computational basis, and the unitaries as dI×dI com-
plex matrices, with dI = 2|I|, I ∈ {A,B}. The unitaries
are then parametrized by a set of real numbers (or an-
gles) θ⃗, depending on their constraints. For generic uni-
taries, we use the exponential map U(θ⃗) = exp

(
−iθ⃗ · τ⃗

)
,

with τ⃗ the generators of the u(dI) algebra. For fermionic
Gaussian unitaries, we write them as U(θ⃗) = exp

(
H(θ⃗)

)
,

with H quadratic form of the Majorana operators as in
Eq. (1), where the entries of the antisymmetric matrix
h are given by the angles θ⃗. With this parametrization,
the cost function becomes a function of the angles C(θ⃗),
and its gradient at a given point θ⃗ in an arbitrary direc-
tion e⃗j = (0, . . . , 1j , . . . , 0) can be approximated via the
finite-difference method:

∂θjC(θ⃗) ≈
C(θ⃗ + ϵe⃗j)− C(θ⃗)

ϵ
, (180)

where we set ϵ to be of order 10−8.
The cost function and its gradient are then fed into a

gradient-based optimization algorithm such as L-BFGS,
which updates the parameters until a minimum of the
cost function is reached. To help with convergence to
a global minimum, the whole optimization routine is re-
peated multiple times, with each component of the initial
angle vector θ⃗0 chosen uniformly at random in [0, 2π).
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FIG. 5. Results of the comparison between non-local magic
computed with the formula in Eq. (6) (crosses) and the one
obtained by minimizing the cost function in Eq. (179) with
both generic unitaries U (red marker) and fermionic Gaussian
unitaries UO (blue marker), for 100 different realizations of
random fermionic Gaussian states on N = 10 sites, ℓ = 5. The
realizations are ordered by increasing MFNL

2 . The formula
agrees with minimization over Gaussian unitaries to machine
precision in all cases.

For the results shown in Fig. 2(a), we minimize the cost
function above over generic random unitaries, choosing
for |Ψ(µ)⟩ the ground state of the Ising Hamiltonian ob-
tained by setting η = 1 in Eq. (19). The state is obtained
via exact diagonalization (ED) on N = 8 sites, and the
optimization procedure is repeated for multiple values of
µ. Instead, in Fig. 5 we show the results of the mini-
mization for 100 realizations of random Gaussian states
on N = 10 qubits, ℓ = 5, where the minimum is taken
both on generic and on fermionic Gaussian unitaries. We
also plot the values of fermionic non-local magic obtained
with our formula for these states, which agree within nu-
merical precision with the results obtained by minimizing
over Gaussian unitaries.

A few optimizations were considered in the steps to
compute the cost function. When applying the unitaries
on the state, it is convenient to reshape the state vector
into a dA × dB matrix Ψ, such that the application of
the unitary UA ⊗ UB can be computed as UAΨU

T
B , with

reduced cost O(d2AdB + dAd
2
B). Moreover, the stabilizer

entropy of the state vector can be computed using the
algorithm introduced in Refs. [13, 15], which implements
fast Walsh-Hadamard transforms to reduce the time com-
plexity of the computation from O(8N ) to O(N4N ), and
can also be parallelized for substantial speedup. Finally,
the finite-difference method can be replaced with back-
propagation, which allows the full Np-dimensional gradi-
ent to be computed at a cost comparable to a small con-
stant number of evaluations of the cost function, rather
than O(Np). Note that the number of parameters Np

grows exponentially in N in the case of generic unitaries,
and quadratically in N for fermionic Gaussian ones.

C. Error analysis for experimental accessibility

We provide the error propagation analysis connecting
the accuracy on ΓA to the accuracy on MFNL

2 . Since
m2(λ

2) = − log2(1 − λ2 + λ4) is smooth on [0, 1], its
derivative

d

dλ
m2(λ

2) =
2λ(1− 2λ2)

(1− λ2 + λ4) ln 2
(181)

is bounded, so m2 is uniformly Lipschitz on [0, 1] with
constant L = maxλ∈[0,1]

∣∣ d
dλm2(λ

2)
∣∣ = O(1). Combining

with the Hoffman–Wielandt stability bound for eigenval-
ues of iΓA,

|δMFNL
2 | ≲ L

√
ℓ ∥δΓA∥F . (182)

A uniform entrywise error ϵΓ implies ∥δΓA∥F = O(ℓϵΓ),
giving |δMFNL

2 | = O(ℓ3/2ϵΓ). To estimate the non-local
magic density mFNL

2 = MFNL
2 /ℓ with additive accuracy

ε, one needs ϵΓ = O(ε/
√
ℓ), yielding

Nshots = O

(
ℓ3 log(ℓ/δ)

ε2

)
. (183)

This estimate is pessimistic for gapped phases, where ΓA

is approximately banded and only O(1) entanglement
modes near the boundary contribute appreciably; near
criticality the bound is closer to the true cost.

D. α-Generalization of Results

In the Main Text, several results were discussed ex-
clusively for the Rényi index α = 2. For complete-
ness, we now present their extensions to arbitrary integer
α ≥ 2. These extensions are obtained from the conjec-
tured weights of Eq. (8); at α = 2 they reduce to the
results of the Main Text, which follow from Theorem 1.

We begin with the Page curve. From Eq. (18), replac-
ing m2 with mα, we find that the behavior for r ≃ 0
remains the same for every α up to a constant:

mα(r ≃ 0) = − α

1− α

r2

2 ln 2
+O(r3). (184)

Next, we consider the critical behavior in the Ising
model. From Eq. (30), substituting m2 7→ mα, a change
of variables λ = 1−t

1+t leads to

βFNL(α) =
1

π2(1− α) ln 2

∫ 1

0

m̂α(t)

t
dt, (185)

where

m̂α(t) = ln

[
(1 + t)2α + (1− t)2α + 4αtα

2(1 + t)2α

]
. (186)

Noting that m̂α(t) = m̂α(1/t), the integral can equiva-
lently be written as

βFNL(α) =
1

2π2(1− α) ln 2

∫ ∞

0

m̂α(t)

t
dt, (187)
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which corresponds to the Mellin transform of m̂α(t) eval-
uated as s→ 0. The result of the integral is given by

βFNL(α) =
1

2(1− α)π2 ln(2)

α∑
j=1

arccosh2(−rj/2) ,

(188)

where rj are the (generally complex) roots of the poly-
nomial Rα(x) = (x− 2)α + (x+ 2)α + 4α.
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