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WELL-POSEDNESS FOR CAUCHY PROBLEMS WITH SINGULAR
TIME-MEASURABLE PSEUDO-DIFFERENTIAL OPERATORS IN
QUASI-DECREASING WEIGHTED L;-SPACES

JAE-HWAN CHOI AND ILDOO KIM

ABSTRACT. This study examines Cauchy problems governed by highly singular, time-measurable pseudo-
differential operators (singular measurable families of Fourier multipliers). We show that the symbols of these
operators can exhibit arbitrary blow-up behavior. In particular, we prove the existence and uniqueness of
solutions even when the symbols grow super-exponentially in time and frequency. As a concrete application,
we solve evolutionary equations driven by fractional Laplacians of any negative order. Additionally, we
establish unique strong solutions under the sole condition that the symbol is locally integrable in frequency,
even in the presence of severe blow-up at the initial time.

1. INTRODUCTION

Pseudo-differential operators constitute an indispensable framework in the modern theory of partial
differential equations (PDEs), emerging naturally as a profound generalization of classical differential
operators when analyzing equations with variable coefficients. While classical differential operators are
strictly local, pseudo-differential operators are fundamentally characterized by their global, non-local na-
ture. This inherent non-locality means that standard localization techniques and classical perturbation
methods—which heavily rely on freezing coefficients or analyzing immediate neighborhoods—are rendered
ineffective. Consequently, the presence of these operators not only introduces significant analytical com-
plexities but also demands the development of far more sophisticated mathematical machinery to overcome
the limitations of classical PDE theories (c¢f. [15, 18, 35, 40]).

The significance of this work is deeply rooted in its connections to probability theory. Specifically, the
connection between pseudo-differential operators and the generators of stochastic processes is most clearly
seen in the study of Feller processes and Lévy processes. By Courrege’s theorem, the infinitesimal generator
of a Feller process—provided its domain contains the space of smooth functions with compact support,
C2°(R™)—can be uniquely represented as a pseudo-differential operator. The symbol of this operator,
typically a continuous negative definite function, corresponds directly to the characteristic exponent of the
associated stochastic process via the Lévy-Khintchine formula. This linkage is of fundamental importance
because it allows the powerful, rigorous machinery of harmonic analysis, symbol calculus, and operator
theory to be seamlessly applied to probability theory. Consequently, researchers can analyze the regularity
of transition densities, the pathwise behavior of jump processes, and the existence and uniqueness of
solutions to complex partial differential equations simply by studying the analytic and algebraic properties
of their corresponding pseudo-differential symbols. For instance, see [2, 3, 20, 34] for details.
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Historically, a substantial body of literature has been dedicated to relaxing the regularity conditions im-
posed on the symbols of pseudo-differential operators. This drive stems from the inherent need to analyze
partial differential equations modeling highly irregular or singular phenomena. In the standard frame-
work, establishing well-posedness for general data within Lj-spaces heavily relies on the continuity—or at
least the closedness—of these operators. This topological requirement has been widely considered indis-
pensable, as classical existence and uniqueness proofs fundamentally depend on density arguments, where
approximations by smooth functions are passed to the limit. Indeed, if one strictly seeks classical strong
solutions, operator continuity remains virtually an indispensable prerequisite. However, the breakdown of
standard operator boundedness does not preclude the existence of meaningful solutions. Modern PDE the-
ory recognizes a diverse spectrum of solvability regimes beyond the rigid confines of strong solutions. More
importantly, even in the complete absence of operator continuity, one can still secure both the existence
and the uniqueness of solutions by carefully constructing and identifying appropriate, specialized function
spaces that naturally accommodate the given operators. Motivated by this perspective, we introduce a
novel concept of solvability that fundamentally departs from conventional frameworks. We propose a new
class of solutions which is strictly weaker than standard distributional weak solutions defined via pairing
with test functions. Instead, our framework characterizes the solution through a rigorous approximation
procedure directly within the frequency domain (see Definition 2.11), thereby successfully bypassing the
traditional continuity bottlenecks.

To rigorously formulate our mathematical framework, let ¥ (¢,£) be a jointly Lebesgue-measurable

complex-valued function on (0,7") x R, and let w be a positive function on (0,7). In the present work, we

establish the existence and uniqueness of solutions in Lo ((0, T) x R, %dtdx) to the following Cauchy

problem, together with maximal regularity estimates for those solutions:

{atu(t, z) = ¥(t, —iViult,z) + f(t,z),  (t,z) € (0,T) x RY,

1.1
u(0,z) =0, r e RY, (1.1)

Here, ¥(t,—iV) denotes a time-measurable pseudo-differential operator (equivalently, a measurable family
of Fourier multipliers). It is governed by the complex-valued symbol 1 (t,£) and operates via the Fourier
transform as follows:

D(t, =iV )u(t, x) == F ' [p(t,€)Fylu(t, 9)](6)] (@). (1.2)
Crucially, our framework relies solely on a degenerate ellipticity condition for the symbol. We deliberately
impose no regularity or boundedness constraints on 1 (t,£) with respect to either the time variable ¢ or
the frequency variable £&. Remarkably, our approach remains entirely valid even without the standard
assumption of local integrability for the symbol. Furthermore, the weight w under consideration strictly
falls outside the classical Muckenhoupt As(RY) class. At first glance, one might assume that the analysis
is simplified by restricting the problem to an Ls-setting. Indeed, classical multiplier theory dictates that a
Fourier multiplier is bounded on Ls if and only if its corresponding symbol is uniformly bounded. However,
as previously emphasized, our framework completely abandons the requirement of operator continuity. Our
operators are not even densely defined in Ls. Consequently, standard arguments based on symbol bound-
edness break down, making the problem fundamentally non-trivial despite the Lo-framework. Moreover,
the intricate singularities of the symbols preclude the application of many elegant functional analytic tools
typically available in Hilbert spaces. Instead, we must carry out all computations and arguments using
elementary methods, relying heavily on Plancherel’s theorem, Fubini’s theorem, the generalized Minkowski
inequality, and the Cauchy—Bunyakovsky—Schwarz inequality. Ultimately, while the mathematical machin-
ery we employ is strictly elementary, it yields remarkably powerful and far-reaching results.
Our research group has extensively investigated this class of evolution equations in recent years (see, for
instance, [7, 8, 9, 27, 28, 29, 24, 25, 26]). To highlight the active nature of this topic within mathematical
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analysis, we also direct the reader to selected contributions from other researchers [11, 1, 22, 42, 12, 21,
4]. Notably, these prior investigations were primarily developed within an L,-framework. Consequently,
relying on principles akin to the Mikhlin multiplier theorem, they inherently necessitate strong regularity
assumptions on the symbols. Moreover, treating these operators via an integral approach strictly demands
some level of local integrability. To overcome these limitations, the present work specifically targets the
p = 2 case. Focusing on this special exponent allows us to achieve our primary objective: completely
dispensing with both the regularity and integrability requirements on the symbols.

While standard differential operators (such as the Laplacian) exhibit smooth polynomial growth exclu-
sively as |¢| — oo—yielding stationary domains homeomorphic to classical Sobolev spaces—our symbols
P(t,€) are allowed to undergo localized spatio-temporal blow-ups at finite times or frequencies. From
an operator-theoretic perspective, such localized singularities trigger a severe topological collapse of the
operator domains D(¢(t,—iV)) as ¢t approaches singular times, thereby destroying the uniform sectorial-
ity, resolvent bounds, and domain stability required by Kato’s evolution family framework. Consequently,
these operators cannot be continuously mapped within any classical Sobolev scale H?, rendering traditional
variational and semigroup methodologies fundamentally inapplicable. This severe breakdown necessitates
a novel theoretical structure capable of handling such severe singularities.

To illustrate the efficacy of our proposed framework, even without assuming local integrability of the
symbols, consider the following concrete toy model. Consider the highly singular symbol

b(t,€) = 1 exp (17) [¢ exp (I¢I°)

and the corresponding Cauchy problem:
Owu(t,z) = —t* exp (tﬁ) (—A)V/2 exp ((—A)‘S/Q) u(t,x) + f(t, x), (t,z) € (0,T) x R, (1.3)
u(0,7) = 0, r € R '

Remarkably, our results guarantee that this equation can be uniquely solved in the aforementioned ap-
proximating sense for any choice of real parameters «, 3,7,0 € R (see Theorem 4.1). Furthermore, we can
even establish the existence of a unique strong solution to (1.3) under the remarkably broad conditions
a€ (—1,0,, B=0~¢€ (—d/2,00), and § € [0,00) (Theorem 4.3).

Although the toy model we presented features irregularities at just one or two specific points to demon-
strate blow-up behavior, our broader framework is not bound by these limitations. In fact, a key advantage
of our methodology is its capacity to handle symbols possessing arbitrary levels of irregularity and blow-up.
Having laid out this motivating context, we now conclude the motivating discussion and proceed to the
rigorous theory.

We emphasize that the restriction to homogeneous initial data w(0,z) = 0 in (1.1) is not merely a
technical simplification, but a structural necessity dictated by the extreme initial singularities of the sym-

bols. When (¢, ) fails to be integrable near ¢ = 0, the heuristic propagator exp ( fg P(r, ) dr> becomes

ill-defined even in the sense of tempered distributions. In such hyper-singular regimes, standard trace
operators at t = 0 lose their classical meaning, rendering non-zero initial data ill-posed without imposing
additional temporal integrability constraints on the symbol. For more details, see Remark 3.14 below.

The remainder of this paper is structured as follows: Section 2 introduces the function spaces and
three distinct notions of solutions. Section 3 contains our main well-posedness theorems, while Section 4
illustrates these results through concrete fractional toy models. Sections 5 through 7 develop the necessary
a priori estimates, uniqueness criteria, and dense subclasses. Finally, Section 8 provides the proofs of the
main theorems; for logical cohesion, Theorem 3.9 is established first, followed sequentially by Theorems
3.6 and 3.12.
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We close this section by summarizing the standard notation that will be used throughout the remainder
of the paper.

e We denote the sets of natural numbers and integers by N and Z, respectively. The d-dimensional
Euclidean space is represented by R, with elements written as z = (z!,... ,xd). For a sufficiently
smooth function u(z) and multi-indices o = (v, . . ., ag) with non-negative integer components, we
denote the partial derivatives by u,: = % = D;ju and D%u = D" --- Dj%u. The spatial gradient
is written as uy = (Uyt, ..., Uyd).

e For a given domain O C R? and a normed space I, C(O; F) is the space of all F-valued continuous
functions on O. This space is equipped with the supremum norm |Ju||c := sup,co ||u(z)||F < co.

e Given a measure space (X, M, 1), a normed space F', and p € [1,00), L, (X, M, u; F) denotes the
space of all F-valued, M*-measurable functions u satisfying

1/p
llle, ot = ( / ||u<:c>u%u<dw>> <o,

Here, M* represents the p-completion of the g-algebra M. When p = oo, the space consists of
functions with a finite essential supremum:

[l Le My i= W {r > 0 p({z - fJu(e)|[F > v}) = 0} < oo

We often omit the measure space and o-algebra from the notation when they are evident from
context. By default, we work with the completion of the Borel g-algebra associated with the
underlying topology.

e In RY, we primarily rely on Lebesgue measurable sets (the completion of the Borel o-algebra under
the standard Euclidean metric). The Lebesgue measure of a measurable set @ C R? is written as
|O|. Within the context of Euclidean spaces, we use “measurable” to implicitly mean “Lebesgue-
measurable.”

e Suppose O C R? and N C O, where N is a null set (i.e., contained within a Borel set of Lebesgue
measure zero). A function f defined on O\ N is considered measurable and defined almost every-
where on O if it coincides with some globally measurable function g on O\ NV.

e We use the notation o < S to indicate that a < N for some generic constant N > 0. The exact
value of N may change from line to line. Subscripts, asin o S, 3, mean that the implicit constant
N depends solely on the parameters a, b, and c. The precise dependencies of these constants are
always explicitly stated in our theorems, lemmas, and corollaries.

e For a measurable function f on R?, its d-dimensional Fourier transform and inverse Fourier trans-
form are defined as

FUN) = s [, € H@)e and FUA) = o | e (eac

For a space-time function f(t, ) defined on (0,T) x R%, we denote the spatial Fourier transform by
1 .
L . — —ié-x
FAE) = FUNE) = oy [, e (ka1
and the spatial inverse Fourier transform by
1 )
—1 — 1 . _ ix-&
Fe [fl(@) = Ff (5, )l(2) (@2m) 2 /Rd et f(t, §)dS.

By the Riesz-Thorin and Plancherel theorems, these transforms extend naturally to Li(R%) +
Ly(RY), and we retain the symbols F and F~! for these extensions.
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We let C°(R?) denote the space of compactly supported smooth functions, S(R?) the Schwartz
space, and S’(R?) the space of tempered distributions. The set of Schwartz functions whose Fourier
transforms are compactly supported is denoted by F~1C®(R%); explicitly,

fe FIC®MRY «— fe8and F[f] € CC(RY).
e For real numbers a,b € R, we use the shorthand
aAb:=min{a,b} and aVb:=max{a,b}.

For a complex number z € C, its real part, imaginary part, and complex conjugate are denoted by
R[z], S[z], and Zz, respectively.

e For a complex-valued function u defined on a subset E of Euclidean space, we write u = 1 to
indicate that u(t) =1 for all t € F.

e For topological vector spaces X and Y, the notation X < Y means that X is continuously em-
bedded in Y.

2. SETTING AND SOLUTIONS

In this paper, T' € (0, co] denotes the terminal time and d € N represents the spatial dimension. Because
T can be infinite, our evolution equations are formulated on the open time interval (0,7). Unless otherwise
specified, all functions are assumed to be complex-valued. The sole exception concerns weight functions,
which are strictly real-valued and positive almost everywhere on (0,7"). For a complex-valued symbol
(t,€) defined on (0,7) x R, we define the associated time-measurable pseudo-differential operator (or
measurable family of Fourier multipliers), ¥ (¢, —iV), by

U(t, —iV)u(t,z) = F ' [(t ) Fy[ult,y)](€)] (x). (2.1)

While interpolation allows the Fourier transform and its inverse to be defined in a strong sense on Ly, (R¢)
for any p € [1,2], we strictly confine our framework to Li(R%) or Lo(R?). It should be emphasized
that distribution-valued functions are entirely absent from this work. Consequently, whenever the Fourier
transform of a function f is taken, both f and its transform are understood as standard complex-valued
functions, with the underlying assumption that f € L;(R?) 4 La(R?). Furthermore, although the symbols
1) handled in our main results are typically unbounded, the associated operators can still be interpreted in
a strong sense provided that Flu] exhibits sufficient decay.

Before presenting our main theorem, we review the notation for mixed-norm spaces. Let p € [1, 00] and
q € [1,00) be given exponents, and let W be a non-negative weight function defined almost everywhere on
(0,7) x R% To avoid cumbersome notation, we write

Ly ((O,T) x RY, W(t,m)dtdz)

as a convenient shorthand for the space L, ((O,T), dt; L (Rd, W(t, x)dx)) We require functions in this
space to be jointly measurable because iterated measurability alone does not guarantee joint measurability.
Explicitly, this space comprises all jointly measurable functions u defined a.e. on (0,7) x R? for which the
mixed norm is finite:

< oQ.
LP(OvT)

1/q
Iy, (07 st Wt apata) = H (/]Rd |u(.,ﬂc)qW(.,x)dx>
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Written out in full detail, u € Ly 4 ((0,7) x RY, W (¢, z)dtdz) if and only if

<fOT (fRd lu(t, a:)\qW(t,w)dm)p/q dt) 1 < oo, forpell,o0),

lullL, , =
o esssupye(o.7) (Jpa [u(t, ©)|“W (t, x)dx) Ve o 0o, for p=oc.

Remark 2.1. In our analysis, we employ weighted L,-spaces equipped with the weight function [y (¢,§)].
Because we allow for highly general symbols, this weight may vanish on a subset of positive Lebesgue
measure. In standard measure theory, this degeneracy introduces a critical issue: equivalence classes
formed with respect to the weighted measure allow functions to differ arbitrarily on the zero-weight set. This
ambiguity fundamentally conflicts with the standard notion of uniqueness for PDE solutions. To circumvent
this problem, we treat these weighted spaces as topological vector spaces endowed with seminorms rather
than true norms. We strictly define our equivalence classes based on almost-everywhere equality with
respect to the standard Lebesgue measure, independent of where the weight vanishes.

Definition 2.2 (Weighted local Ly, o-spaces). Let p € [1, o0].
e We define the local space Ly 2 1o¢ ((0, T) x R W(t, a:)dtdm) as the set of functions u satisfying

w€ Lo ((0, T') x RY, W(t,a:)dtda:) for all T’ € (0,T).

Naturally, this space forms a topological vector space equipped with a family of seminorms indexed
by T’. In particular, we say a sequence {u,} converges to u in Ly 2 ((0,T) x RY, W (¢, z)dtdz)
if, for every T" € (0,T), it converges with respect to the corresponding seminorm. For p < oo, this
means:

T p/2
lim </ lu(t, z) — un(t, 2)|*W(t, x)dx) dt = 0.
0 R4

n—oo

Throughout this paper, we predominantly focus on the case where p = 2, adopting the abbreviated
notation Ly joc ((O, T) x R, W(t, x)dtdx) in place of La 2 jo¢ ((O, T) x R, W(t, x)dtdw).

e Next, we introduce a local function class defined by the properties of its spatial Fourier transform.
We write

w € Fi Lpaoe ((o, T) x RL Wt §)dtd§>

if and only if, for every T' € (0,T), one has u(t,-) € La(R?) for almost every ¢ € (0,7"), and the
weighted mixed-norm of its Fourier transform is finite. Explicitly, this second condition requires:

(" (a1 Falu(t. O W (1. €)a8)"2at) " < o0, for p [1,50),
€ss SUPy¢ (0,77) (fga [ Falult, IL‘)](S)PW(t,{)dg)l/Q < 00, forp=oc.

Following standard conventions, we omit the measure notation W (¢, £)dtd{ whenever the weight is trivial
(ie,, W(t, &) =1).

IFalullle, , (007 xra w(t.)aag) =

Remark 2.3. Before proceeding, we briefly reiterate our convention concerning the Fourier transform.
To bypass the technical difficulties associated with tempered distribution-valued functions, we strictly
regard all functions and their Fourier transforms as standard complex-valued functions. Consequently, we
restrict the integrability exponent for the frequency variable to 2, which is reflected in our use of the space
F Ly 2.0c ((O, T) x RE, W (t,&)dtdé ) While it is possible to extend these definitions to a general exponent
q € [1,00] by employing classes of linear functionals broader than tempered distributions (see, e.g., [5, 6]),
such generality is unnecessary for the scope of this paper. We focus exclusively on the ¢ = 2 case because
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Plancherel’s theorem ensures that the Fourier transform is defined without any ambiguity. In particular,
when the weight W depends solely on the time variable ¢, Plancherel’s theorem yields the direct identity:

Fi ' Lo toe ((o, T) x R, W(t)dtdx) = L2 joc ((0, T) x R, W(t)dtdx) = Looc ((0, T) x R, W(t)dtdx) .

Definition 2.4 (Strong Solution). Let u € Lo o ((0,7) x R?). We say that u is a strong solution to
equation (1.1) if

u(t,r) = /0 (W(s, —iV)u(s,z) + f(s,x))ds a.e. (t,x) € (0,T) x RL (2.2)

Remark 2.5. Alternatively, one could formulate a strong solution in the frequency domain as follows:

Flult, )I(E) =/0 ((s, &) Fluls, )] (€) + F[f(s.)](€)) ds  ae. (£,€) € (0,T) x RY.

If we formally interchange the time integral and the Fourier transform, Plancherel’s theorem allows us to
treat the two formulations in essentially the same way.

Remark 2.6. The space Lgo.((0,7") x Rd) is not the optimal setting for defining strong solutions, pri-
marily because the integral term fot (s, —iV)u(s, z)ds is not necessarily well-defined for an arbitrary

u € Looe((0,7) x RY). However, we can readily deduce the necessary properties of strong solutions from
Definition 2.4. If u is a strong solution, it follows from (2.1) and (2.2) that for almost every t € (0,7), the

mapping
belongs to Ll(Rd) + Lo (Rd). Furthermore, we require that
(-, —iV)u(, ) € Ly joe ((0,T))  for almost every x € RY.

Because these conditions are generally not met by all functions within Lg ;,.((0,T") x R?), we must identify
a more suitable subspace to properly classify our strong solutions. A natural and optimal choice for this
is the space F, L1 2 j0c ((0, T) x R?, |4 (t, §)|2dtd§), which was introduced in Definition 2.2 with W (¢, ) =

v (t,§)I%.
Remark 2.7. By the Lebesgue differentiation theorem, we can deduce from (2.2) that
6tu(t7 iL’) = ¢(t» —iV)u(t, .%') + f(ta .1‘)

holds for almost every (t,z) € (0,T) x R%. Furthermore, if we introduce the function

it z) = /O (1(5, —iV)u(s, 2) + f(s,7)) ds,

it naturally follows that u(t,z) and @(t, ) coincide almost everywhere on (0,7) x R%. It is also apparent
that u(t,z) is continuous in ¢ for any given z. As a result, any strong solution u to (1.1) possesses a
modification that is continuous everywhere in time. Therefore, without loss of generality, we can assume
that (2.2) holds for all ¢ € (0,T) for almost every spatial point = € R

Definition 2.8 (Spatial Fourier Weak Solution). A measurable function u € Ly jo.((0,T) x R?) is termed
a spatial Fourier weak solution to equation (1.1) provided that, for all test functions ¢ € F~1CP(RY), the
following identity holds for almost every t € (0,7):

(u(t, ), )1, re) :/0 (u(s,-), (s, —iV)go)LQ(Rd) ds+/0 (f(s,), P)1ymayds  ae. t €(0,T). (2.3)
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Here, (-, )1, (ray represents the standard Lo(R%)-inner product, defined as

('Uz(t, .), SD)LZ(Rd) = /]Rd u(t,x)gp(:c)dx

Furthermore, the conjugated operator is defined via the Fourier transform as
@(57 —IV)(p(l‘) = f_l W(Sa )f[(p]] (ZL‘),
where 9(s, £) is the complex conjugate of the symbol (s, ).

Remark 2.9. Recall that F~1C°(R?) represents a subspace of the Schwartz class S(R?) consisting of
functions whose Fourier transforms are infinitely differentiable with compact support; that is,

feFICP(RY) «— fe S(RY) and F[f] € C(RY).

We select this space as our class of test functions to relax the upper bound requirements on the symbol.
Because F1CX(R?) is dense in L,(R%) for all p € (1,00), this choice still effectively bridges the gap
between weak and strong solutions. Furthermore, utilizing this test function class enables us to solve
evolution equations lacking ellipticity. For a comprehensive discussion on the existence and uniqueness
of these solutions to (1.1), we refer the reader to our previous work [5, 6]. Finally, we note a slight shift
in terminology: while we previously referred to these as “Fourier-space weak solutions” in [5, 6], we now
adopt the term “spatial Fourier weak solutions.”

Remark 2.10. Formally, integrating both sides of (2.2) demonstrates that any strong solution u to (1.1)
is inherently a spatial Fourier weak solution as well. However, although Plancherel’s theorem intuitively
suggests that a strong solution should naturally satisfy the weak formulation, the commutation of the
temporal integral fg and the Fourier transform is not automatic. Justifying this interchange requires
applying Fubini’s theorem or relying on the Ls-continuity of the Fourier transform, which consequently
imposes specific integrability constraints on the symbol ¥(¢,£). The rigorous theoretical foundation for
this commutation is provided by Hille’s theorem (cf. [41, Corollary V.5.2]), and a detailed analysis of this
operation is deferred to Lemma 6.7. Finally, for the integrals in the weak formulation to be well-defined,
the symbol (¢, &) must be locally integrable with respect to the frequency variable &.

Finally, we introduce our weakest notion of a solution, which we term the spectral-limit solution. This
terminology is motivated by approximation methods in spectral analysis.

Definition 2.11 (Spectral-limit solution). A function u € Lg,.((0,T) x R?) is defined as an spectral-
limit solution to equation (1.1) if there exists a sequence {u,}nen C Laoc((0,T) x RY) converging to u
in Lo joc((0,7) x RY), such that each wu,, is a spatial Fourier weak solution to (1.1) associated with the
truncated operator 1, (t, —iV). That is, for any test function ¢ € F~1CX(R?), the identity

(unlt) Dt = [ (5.l 900) iy @5+ [ ), Phiaen s 0 € (0.7)
holds. Here, the operator is given by
il —D)5,2) = Fo . €)F .)€ o),
where the truncated symbol (s, €) is defined by bounding its real and imaginary parts:
ls.€) 1= (=) V B3, €] A ) () ¥ (s, €)] Am).

Such a sequence {uy }nen is referred to as a spectral-limit sequence (for the solution wu).
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Remark 2.12. In the preceding definition, we chose the spatial Fourier weak solutions u,, corresponding
to the truncated symbols ¢, as the spectral-limit sequence. Theorem 3.6 constructs such a sequence and
proves its convergence for the explicit solution (3.4). Under the additional operator-integrability hypotheses
of Lemma 6.5, every strong solution is also a spatial Fourier weak solution. We do not assert a general
implication from an arbitrary spatial Fourier weak solution to a spectral-limit solution without a separate
convergence argument for its truncated approximations.

Remark 2.13. Identifying a solution as the limit of truncated spectral approximations is a well-established
method in the study of pseudo-differential operators and Lévy-type processes. Historically, this technique
stems from the construction of Feller semigroups for generators with unbounded symbols, where the oper-
ator is “tamed” via frequency-domain cutoffs to maintain analytical control. This “truncation and passage
to the limit” strategy—sharing the conceptual foundations of Yosida approximations—facilitates the con-
struction of Lo-solutions even when the symbol ¥ (s, £) exhibits singular growth or non-symmetric, complex-
valued behavior. Typically, by deriving uniform estimates for the truncated sequence {u,}, one can employ
weak compactness arguments or the completeness of Bessel potential spaces to establish a unique spectral-
limit solution. For foundational studies on these spectral truncations, we refer to [16, 20, 23]. However, it is
crucial to note that such weak compactness strategies are inapplicable in our current setting. As discussed
in Remark 2.10, our symbols are generally too singular to admit a standard weak formulation; specifically,
P (t, &) may exhibit arbitrary blow-up at any frequency &, thereby precluding a weak formulation based on
test functions.

Definition 2.14 (A weighted ¢-potential space). Let w be a positive function defined almost every-
where on (0,7), and let ¢ be a complex-valued function defined almost everywhere on R?. We denote by
Hgloc ((0,T) x RY, w(t)dtdz) the space of all measurable functions u(t,z) such that for every 7" € (0,T),

T T!
/ / lult, 2)|% w(t)dzdt + / / (B(—iV)u(t, 2)|” w(t)dzdt < oo,
0 Rd 0 Rd
Here, the pseudo-differential operator is defined via the Fourier transform as

S(—iV)u(t,x) = F ' [8(6)F[ult, y)](€)] ().

By Plancherel’s theorem, a function u belongs to
H;loc ((07 T) X Rd, 'LU(t)dtdm)

if and only if, for every 7" € (0,7,

T T
| oot uwasae [ [ o@F i@ P unds < .
When the weight is trivial, i.e., w(t) = 1, we simplify the notation to H;loc ((0,T) x RY).

Remark 2.15. The space Hg 1o ((0,T) x RY, w(t)dtdz) is complete. We emphasize that no structural condi-
tions on the symbol ¢p—such as smoothness, ellipticity, or growth bounds—are required for the completeness
of the space. For any fixed 7" € (0,7, the spatial Fourier transform maps H;’ ((0,T") x R, w(t)dtdz)
isometrically onto the weighted Lo space

Ly ((0,7) x R, (14 |6(¢)) w(t)dedt)

by Plancherel’s identity. Consequently, the space inherits Hilbert (and thus Banach) space completeness
directly from the standard completeness of weighted Lo spaces, which demands only the measurability of
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¢. Furthermore, equipped with the countable family of seminorms induced by 7" € (0,T), the local space
HY ((0,T) x RY, w(t)dtdz) forms a Fréchet space.

2,loc

Remark 2.16. While Definition 2.14 introduces the ¢-potential space for an arbitrary complex-valued
function ¢ defined almost everywhere on R¢, our primary theorems focus exclusively on non-negative
symbols ¢ to simplify the presentation. This restriction naturally captures the most relevant physical
applications, as ¢ acts as a symmetric compensating symbol regulating the broader complex-valued symbol
1. Despite this focus in the main results, we prove several intermediate lemmas for general complex-valued
symbols to preserve mathematical generality.

It is worth noting the rich literature surrounding specific classes of complex-valued symbols. For instance,
Walter Farkas, Niels Jacob, and René L. Schilling [20, 16] have made foundational contributions to the func-
tional analytic framework of pseudo-differential operators by systematically developing the theory of func-
tion spaces generated by continuous negative definite symbols. Bridging probability theory—specifically
the study of Lévy and Feller processes—with harmonic analysis, they rigorously established the properties
of generalized Bessel potential spaces (often referred to as anisotropic fractional Sobolev spaces). Their
comprehensive work proved essential structural characteristics of these spaces, including their complete Ba-
nach and Hilbert space formulations, Sobolev-type continuous embeddings, duality, and the critical density
of the Schwartz class. (Note that while the literature typically refers to these as “i)-Bessel potential spaces,”
we utilize ¢ here to avoid confusion with the main symbol ¢ in (1.1)).

Crucially, our symbol ¢ is defined under much broader assumptions and does not, in general, correspond
to the generator of a stochastic process. Consequently, the elegant structural properties of the function
spaces derived in [20, 16] cannot be universally expected in our generalized setting. For example, while ¢
is assumed to be a non-negative function in one of our main results (Theorem 3.12), the sole mathematical
requirement is simply that ¢(£) > 0 almost everywhere. Because this condition is so minimal, one cannot
expect the resulting space to inherently possess nice properties as a function space. We urge the reader to
carefully distinguish our simple non-negativity assumption from the highly structured “continuous negative
definite symbols” studied in [20, 16].

To clearly highlight our primary results and their underlying assumptions, we detail them in the subse-
quent section.

3. MAIN RESULT

Let us first establish our assumptions regarding the weight function. In our framework, the weight
depends solely on the temporal variable. This temporal weight plays a crucial role in constructing both
spatial Fourier weak and strong solutions by mitigating the singularities of the symbols. Specifically, our
symbols are permitted to blow up arbitrarily near the initial time. Consequently, classical Muckenhoupt
weights are insufficient to control these singular behaviors. It is therefore essential to introduce a new class
of weights tailored to accommodate this arbitrary, symbol-dependent blow-up. The detailed assumption
for our weight is given below.

Assumption 3.1 (Quasi-decreasing Weight). Let w be a real-valued measurable function defined a.e. on
the interval (0,7"). We assume that w satisfies the following conditions:
(i) The weight is strictly positive almost everywhere:
w(t) >0 ae. te(0,7T)
(ii) There exists a constant N,, > 0 such that the weight is quasi-decreasing; that is,
w(t)
w(s)

<N, ael0<s<t<T.
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Remark 3.2. A quasi-decreasing (or almost decreasing) function serves as a robust generalization of a
classical non-increasing function. It is defined by the condition w(t) < Cw(s) for all s < ¢, where C' > 1
is an absolute constant. The core advantage of such a function is its ability to capture the macroscopic
decay or blow-up of a standard decreasing function while simultaneously permitting localized, microscopic
oscillations. Structurally, a powerful property of a quasi-decreasing function is its equivalence to a purely
non-increasing function w(t). Specifically, one can construct @ as either
w(t) :==esssupw(s) or w(t):= essinfw(s),
t<s<T 0<s<t

ensuring that c;w(t) < w(t) < cow(t) for some constants cj,co > 0. Thanks to this tight equivalence,
quasi-decreasing weights seamlessly inherit the integrability and convergence properties of monotonic func-
tions. This inherent stability under integral transformations, such as Hardy-type operators, makes them
indispensable in the study of weighted spaces—particularly when addressing arbitrary endpoint singular-
ities that classical Muckenhoupt Aj,-weights fail to control. For further details, we refer the reader to
[37, 35, 3, 33].

Recall that our assumption requires neither continuity nor the existence of a finite limit at ¢ = 0.
Consequently, this framework accommodates the following mathematically interesting examples.

Example 3.3. e It naturally follows that every positive, non-increasing function w on (0,7") satisfies
this assumption. In particular, our weight class includes functions such as w(t) = exp(1/t%) for
a > 0. This means the class permits weights that blow up exponentially near the initial time. In
fact, because any non-increasing function is admissible, the weight can exhibit an arbitrarily severe

blow-up as t — 0.
_ 2+sin(1/t9)

e Furthermore, highly fluctuating functions also satisfy the assumption, such as w(t) o

for positive constants a and .
e While our sine example sin(1/t%) oscillates with rapidly increasing frequency as t — 0, the class
also includes weights that oscillate logarithmically:

1Mﬂ:t£(2+am<M(1>)> for a > 0

e There is no requirement for the weight to be continuous. We can explicitly construct a non-smooth
weight with jumps that still belongs to our class:

1
w(t) (1.5 + 0.5(—1)U/”> fora >0

T e

e A quasi-decreasing function need not blow up; it may remain bounded without converging:

1
w(t) =2+ sin <tf3> for 5>0

e We can combine different types of singularities and extremely high-frequency oscillations into a
single quasi-decreasing weight:

ct-ep () (+2) (om0 ()

Recall that the symbol ¢ (¢,&) is a complex-valued function defined almost everywhere on the domain
(0,7) x R?. We now detail the primary assumptions imposed on (¢, £), beginning with the non-positivity
(or degenerate ellipticity) condition required of its real part.

Assumption 3.4 (Degenerate Ellipticity). Assume that
R[W(t, €] <0  ae. (,E) € (0,T) x R4 (3.1)
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Assumption 3.5 (Interior Local Integrability in Time). Assume that for almost every ¢ € R?, the
symbol 1 (t,€) is integrable over any compact subinterval of (0,7") with respect to the temporal variable,
meaning

t
/ [h(r,&)|dr < oo forall0<s<t<T.

Surprisingly, even under such weak conditions, a rigorous well-posedness theory can be established
provided we seek a spectral-limit solution (Definition 2.11).

Theorem 3.6. Let w be a weight satisfying Assumption 3.1, and suppose that Assumptions 3.4 and
3.5 hold. Then for any f € Lo joc ((O,T) x RY, w(t)dtda:), there exists a unique spectral-limit solution u €

Lajoc ((0,T) x RY, w(t)dtdz) to equation (1.1). Furthermore, this solution satisfies the following estimates:

//Rd z)[? 7)01 ds < 4N, //]Rd | f (s, 2)[Pw(s)dxds, (3.2)

ess sup (Hu( HL2 Rd) > < Ny / / (s, 2)[2w(s)dzds (3.3)
s€[0,t] S R4

for allt € (0,T). Moreover, the solution u can be represented as

u(t,z) = F ! [/Ot exp (/Stw(r, ~)dr> Flf(s, -)]ds} (). (3.4)

We provide the proof of Theorem 3.6 in Section 8.

and

Remark 3.7. None of the estimates established in Theorem 3.6 depend on any upper bound for the symbol
1. This independence facilitates a specific approximation approach, even for solutions involving unbounded
symbols. While the symbol is permitted to blow up arbitrarily in the temporal variable, Assumption 3.5
restricts this behavior to neighborhoods of the initial and terminal times. Conversely, blow-up with respect
to the frequency variable & is completely unrestricted. Furthermore, we do not require the symbol (¢, )
to be continuous at any point in either the temporal or frequency domains.

Assumption 3.5 alone is insufficient to interpret (1.1) in our weak sense using test functions. It is
therefore natural to seek an additional condition on the symbol that permits such a weak formulation.

To establish stronger temporal regularity for the solution u, the most intuitive approach might be to
impose stricter integrability conditions on the symbol with respect to the time variable. Surprisingly,
however, this is not strictly necessary near ¢ = 0. Because the quasi-decreasing weight function we employ
is sufficiently general to capture virtually any type of initial growth, we can still allow the symbol to
exhibit arbitrary blow-up behavior as it approaches the initial time. The precise conditions utilized in this
framework are detailed below.

Assumption 3.8 (local integrability). Let w be a weight satisfying Assumption 3.1. We assume that
the symbol (t, ) satisfies the following local square-integrability condition on (0,7) x R%:

// <W’ O+ [v(s, &) ()>d§ds<oo for all t € (0,T) and R > 0.

Theorem 3.9. Suppose that Assumptions 3.4 and 3.8 hold, and let f € Lo joc ((0, T) x R, w(t)dtda:). Then
there exists a spatial Fourier weak solution u € Ly o ((0,T) x R%, w(t)dtdz) to equation (1.1) satisfying
(3.2) and (3.3). This solution is unique among spatial Fourier weak solutions satisfying (3.2)—(3.3), and
it is explicitly given by (3.4).
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The proof of Theorem 3.9 can also be found in Section 8.

Next, we introduce a condition stronger than Assumption 3.8. This strengthened assumption enables
us to establish a maximal regularity estimate and, subsequently, to construct a strong solution using an
approximation argument based on this estimate.

Assumption 3.10 ((Degenerate) Ellipticity with respect to a spectral function ¢). Let ¢ be a
non-negative function defined a.e. on R?. We assume that the real part of the symbol satisfies the bound

R[1p(t,€)] < —p(&) for ae. (t,€) € (0,T) x R% (3.5)

Here, the term “spectral function” ¢(&) refers to a purely frequency-dependent profile that governs the
coercivity of the symbol in Fourier space. Because the only mathematical requirement imposed on ¢ is
non-negativity, the choice of this function retains a great deal of flexibility.

Assumption 3.11 (Spatial compatibility with the spectral function ¢). Let w be a weight satisfying
Assumption 3.1, and suppose that Assumption 3.10 holds for a non-negative function ¢. We assume that

(s, O\ 1
/0 ess sup ( © ) () ds < oo forallte (0,7). (3.6)

£eRd ¢

At first glance, requiring ¢ to be strictly positive in Assumption 3.10 appears necessary to prevent
singularities in the ratio within Assumption 3.11. However, because the principal symbol ¥ (s,&) can
degenerate at any point, ¢(£) may also vanish wherever ¥ (§) = 0, provided we set 8 :=0in (3.6). This
convention perfectly aligns with the assumption’s core objective, which is to guarantee that

()]
$(¢)

across all t € (0,7) and ¢ € RY. Furthermore, as shown in Remarks 5.5 and 7.4, this relaxation does not
affect the resulting maximal regularity estimates and continuity of operators.

[(t,&)] =

¢(¢)

Theorem 3.12. Suppose that Assumptions 3.8 and 3.11 hold, and let f € Lo . ((O,T) X Rd,w(t)dtdz).
Then there exists a unique strong solution u to equation (1.1) belonging to the class

t t
Lo 2.10c ((o, T) x RY, wi)dtdx> M Laoc ((o, T) x RY, wtg)dtdx> NHY,, ((o, T) x RY, w(t)dtdx) .

This solution satisfies the estimates (3.2) and (3.3). In addition, for every t € (0,T), it satisfies

/ot </]Rd [1(s, =iV)u(s, 2)|" dx> 7 s
- </o Ciemi <’¢ D 23)(13) N ( /0 t /R ) \¢(—iV)u(s,x)|2w(s)dxds) v 37)

/t/Rdlcb(—iV)u(s,xﬂ w(s)dads < N, // (s, 2) Pao(s)dads. (3.8)

Moreover, the unique solution u is explicitly given by (3.4).

and

The proof of Theorem 3.12 is similarly deferred to Section 8.
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Remark 3.13. e By combining inequalities (3.7) and (3.8), we obtain the following bound:

/Ot ( /R (s, —iV)u(s,z)|? dx>1/2 ds

, ) e,
<V [l (5] ) ([ fromrucones)

This estimate shows that the symbols do not need to be bounded in the temporal variable for a
strong solution to exist. Instead, weighted local integrability of the symbols is sufficient to guarantee
the existence of a unique strong solution.

When studying general PDEs involving non-linearities or variable coefficients, perturbation meth-
ods serve as a fundamental tool. Because these techniques generally rely on the availability of strong
solutions, PDE applications frequently assume bounded coefficients to ensure such solutions can be
readily found. However, as demonstrated by our theorem, this strict boundedness assumption can
be successfully relaxed to allow for coefficients that are merely locally square (1/w)-integrable.

1/2

For convenience, we introduce the space H11p2loc ((O,T ) X Rd) to denote the class of functions u
satisfying

t 1/2
/ (/ [ (s, =iV )u(s, )| dar) ds < oo ¥Vt e (0,T). (3.9)
0 R
In view of (3.7), provided that (3.6) holds, one readily obtains the continuous inclusion
HY . ((0,7) x RY, w(t)dtds ) < HY, , ((0,7) x RY)

Naturally, establishing solution uniqueness within a broader function class yields a stronger and
more desirable result. As presented in Theorem 6.1, we later demonstrate that the uniqueness
indeed holds within this larger space.

The constant in (3.8) is the quasi-decreasing constant N,, and is independent of the spatial dimen-
sion d. This dimension-free characteristic also occurs in certain L,-estimates for p € (1, 00) when
evaluating the L,-norm of the second-order directional derivative. Although classical Calderén-
Zygmund theory is insufficient to derive this independence, probabilistic methodologies offer a
rigorous proof for a particular L,-estimate (as demonstrated in [36]).

Furthermore, this framework clarifies the relationship between the main operator and the uniform
ellipticity condition. For instance, consider the operator (¢, —iV)u = a¥ (t)u,:,; satisfying uniform
ellipticity, meaning there exists a positive constant x such that

A ()€€ > kl¢]? for ae. t € (0,T) and V¢ € RY
By setting ¢(£) = x|¢|? in (3.8), we can derive the following inequality for the Laplacian:

g 2 Nw T 2
/0 /Rd |(Au)(t, )| w(t)dzdt < /<;2/0 /Rd |f(t, z)[Pw(t)dxdt.

Notably, the fact that the constant depends exclusively and explicitly on the ellipticity parameter
remains valid for general values of p € (1,00). Much like the property of dimension independence,
deriving this relationship is challenging if one relies solely on the L,-boundedness of singular integral
operators. Instead, it is most effectively established using probabilistic techniques (see [30, 31]).

The functional class in Theorem 3.12 establishes a subtle balance between time-weight decay near
t = 0 and spatial spectral regularity. Specifically, the factor =2 in Lg j,c(w(t)/t?dtdz) quantifies
the precise rate at which the solution vanishes as ¢ — 0T, compensating for the lack of operator
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integrability, while Hg 1oe(w(t)dtdz) captures the optimal spatial regularity governed by the spectral
function ¢(§).

Remark 3.14. We emphasize that handling non-zero initial conditions presents a fundamental challenge in
this framework. Formally, one can write the solution w to the initial-value problem

Owu(t, x) = (t, —iV)u(t, z), (t,z) € (0,T) x R,
u(0,x) = up(z), r € RY,

via the Fourier representation

u(t,z) = F! [exp < /O e -)dr) ]-'[uo]} .

Nevertheless, since we do not assume the symbol (¢, €) is locally integrable near ¢t = 0, the time integral
fg P(r,&)dr generally fails to make sense, even when interpreted as a tempered distribution. Therefore,
incorporating non-zero initial data strictly requires imposing an extra temporal integrability condition on
Y(t,€). This restriction remains essential even for second-order operators when their coefficients exhibit
severe singularities near the initial time ¢t = 0 (see [32, Remark 2.34]). Indeed, as discussed in [32, Remark
2.34] for second-order equations with non-integrable time coefficients, extreme singularities near ¢ = 0
structurally prevent solutions from converging to arbitrary non-zero initial data ug in standard unweighted
spaces.

In summary, our framework guarantees well-posedness for the inhomogeneous problem with zero ini-
tial data (u(0,z) = 0); the resulting solution decays naturally under the given weighted norms (such as
Ls joc(w(t) /t3dtdz)). Conversely, admitting general non-zero initial data (ug # 0) degrades well-posedness
unless 1)(t, £) satisfies stronger integrability conditions as t — 0.

4. ApPLICATIONS TO PDES (A TOY MODEL)

We believe that our main theorem paves the way for many interesting new results, even within the
context of classical second-order equations. However, to fully demonstrate the broad generality of our
framework, we have chosen to present toy models featuring operators of an arbitrary real order. At the
same time, we restrict our attention to isotropic operators to minimize unnecessary technical complexities.
For the reader’s convenience and to make the results in this section more readily accessible, we now recall
equation (1.3):

Owu(t,x) = —t*exp (tﬁ) (—A)"/2 exp ((—A)‘S/z) u(t,x) + f(t,x), (t,z) € (0,T) x R4, (41)
u(0,z) =0, r € R4, '
where
—texp () (—A)2exp ((-8)72) ult,2) = F 7 [(t, ) Flul (8, )] (=)
and

0(t,€) =~ exp (17) ¢l exp (I¢I°)

Theorem 4.1. Let o, 3,7,0 be real numbers, and suppose f € Lo joc ((O,T) X Rd,w(t)dtd;r), where w is a
weight satisfying Assumption 3.1. Then there exists a unique spectral-limit solution

U € Lo joc ((0, T) x RY, w(t)dtdx)
to equation (4.1) such that (3.2) and (3.3) hold.
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Proof. 1t suffices to verify that the hypotheses of Theorem 3.6 are satisfied for the symbol
v(t,€) = —t"exp (1) & exp (I¢I7)

More precisely, we only need to confirm that Assumptions 3.4 and 3.5 hold. This verification is straight-
forward. First, the real part of the symbol trivially satisfies the required upper bound:

RLw(t, €)] = (L, &) = —1* exp (tﬁ) €] exp (\gy ) <0 forae. (£¢) € (0,T) x R%

Second, the local integrability condition,
¢
/ [h(r, €)|dr < oo forall0 <s<t<T and a.e. £ € RY,
S

is clearly met. This is because the temporal coefficient r* exp (7"8 ) is continuous on (0,7") and can only

locally blow up near the initial time r = 0, regardless of whether o and 3 are negative.
O

We now turn our attention to the existence of a spatial Fourier weak solution to equation (4.1). To
ensure that the integrals in the weak formulation are well-defined, we must restrict the range of certain
exponents to guarantee local integrability.

While our previous analysis focused on a general quasi-decreasing weight w, establishing more regular
solutions—such as spatial Fourier weak solutions and strong solutions—requires us to impose specific
conditions on the weight. This restriction is mathematically natural; when the principal operators exhibit
rapid singularities, strong solutions cannot exist unless they are appropriately compensated by a specialized
weight.

Theorem 4.2. Let a € (—1,00), f =0, v € (—d/2,00), § € [0,00), and § € (—00,3/2) N (—o0, —a].
Define the weight

w(t) _ t2a+20,
and suppose f € La e ((O,T) X Rd,w(t)dtda:). Then there exists a spatial Fourier weak solution u €

Lo joc ((0,T) x R4, w(t)dtdz) to equation (4.1) satisfying (3.2) and (3.3). It is unique among spatial Fourier
weak solutions satisfying these two estimates.

Proof. To apply Theorem 3.9, it suffices to verify its hypotheses under the specified parameter ranges.
Since Assumption 3.4 is trivially satisfied, our task reduces to confirming Assumptions 3.1 and 3.8.

To confirm Assumption 3.1, we restrict the exponents so that the weight w(t) is monotonically decreasing.
This requires o + 6 < 0.

Next, we verify the strong local integrability condition of Assumption 3.8:

/ /BR <W s Ol (s OF e )>d§ds
2/0 /BR <$OC|§|7 exp (\g|5> + (,gp exp <|£|6))2$2—29> déds < o

for all t € (0,7) and R € (0,00). This integrability requirement naturally imposes restrictions on the
exponents: we need v > —d/2 for spatial integrability near the origin, 6 > 0 for appropriate exponential
behavior, and o > —1, 6 < 3/2 for temporal integrability near s = 0.

Combining these constraints yields v € (—d/2,00), 6 € [0,00), and 6 € (—o0,3/2) N (—o0, —a]. Under
these conditions, Assumptions 3.1 and 3.8 are fully satisfied, completing the proof. O
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Finally, we turn our attention to establishing the existence of a unique strong solution to equation (4.1).
In this context, we restrict our analysis to a finite time interval (0,7"). However, this restriction does
not limit the scope of our theory; since T' > 0 can be chosen arbitrarily large, obtaining a unique strong
solution on (0,7") ultimately implies the existence of a unique global strong solution on the entire temporal
interval (0, 00).

Theorem 4.3. Let T € (0,00), o € (—=1,0], 8 =0, v € (—=d/2,00), 0 € [0,00), and 0 € (—o0,1/2) N
(=00, —al. Define the weight w and the spectral function ¢ by

w(t) =122 and ¢(&) = T exp (J¢)°) .

respectively. For any f € Lajoc ((O,T) X Rd,w(t)dtdx), equation (4.1) admits a unique strong solution u
associated with the spectral function ¢ in the class
w(t)

Lo 2,l0c ((0, T) x R, wit)dtdm> N Lo joc <(o, T) x R, t2dtdx> NHY,, ((0, T) x R, w(t)dtdx) .
Furthermore, this solution satisfies the estimates (3.2), (3.3), (3.7), and (3.8).

Proof. To invoke Theorem 3.12, we must demonstrate that Assumptions 3.8 and 3.11 hold under the stated
hypotheses. This entails verifying four conditions: first, that the weight w(¢) is monotonically decreasing;
second, that the symbol satisfies the ellipticity bound

D(t,€) < —¢(€) for ae. (1,€) € (0,T) x RY; (4.2)
third, that the strong local integrability condition is satisfied,

t 2
/0 /BR \¢(s,§)12w‘9(8)d§ds <oo forallte (0,T) and R € (0,00);

and finally, that the symbol is compatible with the spectral function ¢, meaning

t 2
/ ess sup <|1/)(s,§)|> ! ds < oo forallte(0,7). (4.3)
0 ¢eRd o(€) w(s)

Drawing on the proof of the preceding theorem, the requirements for a decreasing weight w and the local
integrability condition (Assumption 3.8) immediately restrict our parameters to v € (—d/2,00), ¢ € [0, 00),
and 0 € (—00,3/2) N (—o0, —a].

For the ellipticity bound (4.2), we note that since a < 0, the temporal coefficient ¢* is a non-increasing
function on the interval (0, 7. Consequently, it attains its infimum at ¢ = 7', yielding the lower bound 7“
and thereby validating (4.2).

Lastly, we check the compatibility condition (4.3) by explicitly computing the integral:

! wmmf P L
Ai§?<¢@ ae s [ s <o

Convergence at the origin s = 0 dictates that —26 > —1, which forces § < 1/2. Intersecting all of these
necessary constraints yields the exact parameter ranges specified in the theorem, which completes the
proof. O

Remark 4.4. Consider the case where v = 2 and o = f = 6 = 0, under which equation (4.1) simplifies to
the classical heat equation. Even in this well-studied setting, our findings provide a novel contribution. In
this case, the weight in Theorem 4.3 is w(t) = t?°. It belongs to the one-dimensional Muckenhoupt class
Ay (R) if and only if § € (—1/2,1/2). Consequently, the range 6 < —1/2 lies outside the classical A, regime
and illustrates the strongly singular weights covered by our framework.
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Conversely, our framework for highly singular weights does not capture the entirety of Muckenhoupt
weights. For the classical heat equation, standard weighted Lo-theory applies to ¢ throughout 6 €
(—=1/2,1/2), whereas the monotonicity condition in our toy model with a = 0 restricts us to § < 0. For
comprehensive treatments of the heat equation and its generalizations involving temporal As-weights, we
refer the reader to [39, 38, 7, 13, 14].

Remark 4.5. While Model (4.1) focuses on isotropic operators for expositional clarity, our general frame-
work (Theorems 3.6, 3.9, and 3.12) applies equally to complex-valued symbols possessing highly singular
imaginary parts. For instance, consider the Cauchy problem driven by a singular advection-diffusion op-
erator:
deu(t, ) = —t* (=AY 2u(t, x) +tPb - Vu(t,z) + f(t,z),

where b € R?\ {0}. Here, the corresponding symbol is given by 1 (t,&) = —t*|&|Y 4+ it~ B(b - £). Since
R[W(t,&)] = —t*|&]" < 0, Assumption 3.4 holds identically regardless of the severe temporal blow-up (for
any 8 > 0) or high-frequency oscillations induced by the purely imaginary transport term S[¢(t,€)] =
t=B(b- &) near t = 0. Thus, the presence of severe temporal oscillations or singular transport terms does
not disrupt the well-posedness of spectral-limit solutions.

5. A PRIORI ESTIMATES

Deriving a priori estimates, frequently alongside the method of continuity, is a standard and powerful
technique for establishing the well-posedness of PDEs. However, because the symbols in our operators are
unbounded, the method of continuity is inapplicable. Furthermore, while the traditional approach assumes
a solution u exists before deriving its bounds, we adopt a different strategy. We explicitly construct a
candidate solution to (1.1) and establish estimates directly for this specific function. Since uniqueness
holds within our designated function classes, this strategy is conceptually equivalent to classical well-
posedness arguments based on standard a priori estimates and the method of continuity. Consequently,
we continue to refer to our derived bounds as “a priori estimates,” despite them originating from a concrete
candidate. Specifically, we define our candidate solution to (1.1) as

u(t,z) = F1 Uot exp </;¢(r, -)dr) Flf (s, -)]ds] (z) (5.1)

and dedicate the remainder of this section to establishing fundamental estimates for this explicitly defined
U.

In other words, we derive a priori estimates for the function u in (5.1), provisionally treating it as a
solution to (1.1). The rigorous justification of u as a solution will be provided in the next section. These
a priori estimates require no upper bound on (¢, §); this fact motivated our main theorem.

Lemma 5.1. Assume that f € Lo, ((0,T) x RY) and let u be given by (5.1). Under the conditions
specified in Assumptions 3.4 and 3.5, the following inequalities hold for almost every t € (0,T):

t 2
ot M e < [ [ P17 €| g (52)

1 t
ess sup <||u(8, ')Hiz(Rd)S) S/O /Rd |f(s,2)|*dzds, (5.3)

s€[0,¢]

and

t 1 t
A2 _ < 2 ) '
/0 (s, i, may zds < 4/0 /Rd £ (s,2)|* dads (5.4)
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Proof. We begin by deriving the initial bound, (5.2). By employing Plancherel’s theorem and utilizing the
fact that the real part of the symbol is non-positive, we deduce

u(t, IE gy < ‘/ | FLf( |ds

This establishes the first bound. Furthermore, applying Jensen’s inequality to (5.2) yields

||u(t, ')Hiz(Rd < ‘/ | Ff( €)|ds d§<t/ / |f (s, z)|2dzds. (5.5)

The second estimate, (5.3), follows 1mmed1ately by dividing (5.5) by ¢t and taking the essential supremum.
To deduce the final inequality, we multiply the first two terms of (5.5) by t~2, which results in

1

Integrating this expression with respect to the temporal variable, we find

/OtQHU( ||L(Rddt</ /Rd /|]-“ £)lds

Finally, invoking Tonelli’s theorem, the classical Hardy inequality, and Plancherel’s theorem completes the
proof, yielding (5.4). O

dgdt VT’ € (0,T).

It is straightforward to extend the preceding lemma to cases involving a quasi-decreasing weight w.

Corollary 5.2. Let f € Lyjo. ((0,T) x R, w(t)dtdz), and let w be a weight function that satisfies As-
sumption 3.1. Given a function u defined by (5.1), and assuming that Assumptions 3.4 and 3.5 hold, the
following estimates are valid for almost every t € (0,T):

ot M < [ | [ 1215601 e,
(&} u u d S .T 2 TWw .
52[2,5)(”( YE, g ><N // 7 (s, 2) Pdao(s)ds, (5.6)
and
t
/H HL2 Rd) S(ZS)dSSZle/O/Rd\f(s,a:)Idew(s)ds. (5.7)

Proof. Due to Assumption 3.1, the unweighted locally square-integrable space contains the weighted one:
Looc ((0,7) x RY, w(t)dtdw ) € Logee ((0,7) x R7).

As a result, the bound from (5.2) derived in the previous lemma remains applicable. By multiplying (5.2)
by w(t) and utilizing both Jensen’s inequality and Assumption 3.1, we find that for almost every ¢t € (0,7),

“’it) / Fl (s ]©)lds]

§w()/0 Rd|f(sx)|da:ds<N// £ (s, 2)Pw(s)dads.

lut, IE, ey < tw(t (5.8)
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This establishes (5.6). For the final estimate, we multiply (5.8) by 1/t and integrate over time on the
interval (0,7"). Utilizing Assumption 3.1 once more gives us the following for all 77 € (0,7):

A (W(Nkw®<N/!@

Finally, combining Fubini’s theorem, the classical Hardy inequality, and Plancherel’s theorem yields the
required bound in (5.7). O

2
/ | FLf (s, )] w(s)ds| d&dt.

Remark 5.3. Lemma 5.1 and Corollary 5.2 are equivalent: the lemma implies the corollary, and setting
w(t) =1 for t € (0,7) in the corollary recovers the lemma. This reflects classical weighted extrapolation,
where bounding a Calderén-Zygmund operator A for a single Muckenhoupt As(RY) weight (including the
unweighted w = 1 case) guarantees its boundedness for all As(R?) weights (cf.[19, 17, 10]). In our context,
if a weight w under Assumption 3.1 is bounded above by a positive constant x, such that w(t) < « for
almost all ¢t € (0,7), then only the following inclusion is immediate:

L joc ((0, T) x Rd> = Lojoe ((o, T) x R, w(t)dtdx) :

Thus, a structural similarity to extrapolation theorems with Muckenhoupt weights becomes apparent.
However, such an extrapolation argument is not expected to apply directly to our class of weights.

We now establish our primary estimate, demonstrating a regularity gain for the solution derived from the
equation. This estimate is controlled by the spectral function ¢, which ensures the (degenerate) ellipticity
condition is satisfied. We want to emphasize the strength of this result: despite being derived using only
elementary tools, the estimate is remarkably powerful due to the inclusion of a very general weight.

Lemma 5.4. Let w be a weight satisfying Assumption 3.1, and let f € Lo o ((O,T) X ]Rd,w(t)dtdx).
Suppose u is given by (5.1). If Assumptions 3.5 and 3.10 hold, then for any T' € (0,T), we have the
following maximal reqularity estimate:

T’ T
—iV)u(t, z)|? w T w , X 2w zdt. .
| [ or udate < 8, [ [ 1f0Pud (5.9

Proof. Fix an arbitrary 7" € (0,7). We first observe the following bounds for all 0 < s < t < T and
£ € R

exp (—sp(§)) <1 and w(t) < Nyw(t—s),
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where the second inequality is a direct consequence of Assumption 3.1. Applying Tonelli’s theorem,
Plancherel’s theorem, and the generalized Minkowski inequality, we can bound the norm as follows:

-
/ / |p(—=iV)u(t, z)|* w(t)dzdt
0 R4

Tl
~/0 »/]Rd
T/
R JO
2

() T 1/2
< Ny / ¢(&) exp (=59(¢)) (/ 10<ts]:[f(t_sa')](g)Qw(t_s)dt> ds | d¢
Rd 0 0
2

o0 T 1/2
< Ny / ¢(§) exp (=59(¢)) </ |f[f(t7')](5)\2w(t)dt> ds | d¢
R4 0 0

2

/Ot exp </:¢(7°vf)d7°> (&) F[f(s,)](€)ds| w(t)dedt

2

/0 6(€) exp (—(t — $)6(€)) | FLF (5, N(©)lds| w(t)drde

0o 2 T
< [ ([T otrew-soteas) (/0 \f[f(t,-ﬂ(é)\?w(t)dt) it

T/
< Nw/ / |f(t, z)Pw(t)dzdt.
0 JRrd
This establishes the desired estimate and concludes the proof. Il

Remark 5.5. In the proof of the preceding lemma, it might appear that strict positivity is required to
establish the bound:

/O " 6(€) exp (—s6(€)) ds < 1.

If (&) = 0, the integrand vanishes identically, so the bound holds trivially at that frequency. More precisely,
by examining the terms prior to applying Plancherel’s theorem, we obtain the following inequality for this

¢:
-
/

This directly yields (5.9). In other words, the maximal regularity estimate (5.9) remains valid even if ¢ is
degenerate. Therefore, we could relax the condition in Assumption 3.11 by dropping the strict positivity
requirement, permitting ¢(¢) = 0 (and consequently (¢, &) = 0) for £ € R

2

/ot P </t vir, f>dr) (&) F[f (s, -)](€)ds

»
w(t)dt < N, ( / FIA, ->]<§>|2w<t>dt) .

6. EXISTENCE AND UNIQUENESS OF SOLUTIONS

The solution concepts introduced in this paper—strong, spatial Fourier weak, and spectral-limit solu-
tions—are closely interconnected under suitable conditions. Consequently, well-posedness could theoret-
ically be established using any of these frameworks. We intentionally choose the spatial Fourier weak
solution as our primary setup; this strategic choice enables us to build upon our prior results, significantly
simplifying and shortening the proofs that follow.

We first establish the uniqueness principle needed below directly in the present Lo framework.
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Theorem 6.1. Let f € Ly joc ((O,T) X ]Rd). Assume that

/t/ [t(s,€&)|déds < 0o for all t € (0,T) and R > 0,
0 JBg

¥(s,) € Lojoc(RY)  for a.e. s € (0,T).

Then there is at most one spatial Fourier weak solution u to (1.1) in the space

Looe ((0,7) x RY) NHY, . ((0,7) x RY),

(6.1)

where the definition of H%Qloe ((0,T) x RY) is given in (3.9).
Proof. Let u1 and ug be two such solutions and set v = u; — uo. By the definition of HY

G(s) == F (s, ) Flo(s, )] € Li((0, £); La(RY))

for every t < T'. Subtracting the two weak formulations gives

<v(t) _ /OtG(s) ds,<p>L2 —0

for every ¢ € F~1CX(R?) and almost every t. Choose a countable Lp-dense subset of this test-function
space and remove the union of the corresponding null sets. It follows that

:/OtG(s) ds  in Ly(RY)

1,2,loc?

for almost every t. After taking the Fourier transform and using Fubini’s theorem on each ball Bg, we
obtain, for almost every &,

u(t, &) = /7,/} v(s,&)ds for a.e. t.

The first part of (6.1) implies that ¢(-,&) € L1(0,¢) for almost every . Hence the right-hand side has an
absolutely continuous representative V (-, &) satisfying

VIt &) =p(t, V(L€ ae, V(0,6 =0.

Multiplication by the integrating factor exp(— fo r,&)dr) shows that V(¢,£) = 0. Thus v = 0 almost
everywhere. 0

We next give a direct existence and uniqueness result in the precise Fourier-side product class used in
its proof.

Theorem 6.2. Let f € Lo loc ((O,T) X ]Rd) Suppose Assumption 3.4 and condition (6.1) hold. Addition-
ally, assume that for all R € (0,00) and t € (0,T), the following integrability condition is satisfied:

/ / v (p, & / | Ff( €)|dsdpdé < oo VR € (0,00) and Vt € (0,T). (6.2)
Br

Then there exists a spatial Fourier weak solution u to (1.1) in the space
1 1
Lo 2.l0c ((O,T) x RY, tdtdx) N Lo joc ((O,T) x RY, tzdtd:p) :

It is unique among the solutions in this space that satisfy

/t/ [(s,&)| | Flu(s,-)](§)]déds < 0o for allt <T and R > 0. (6.3)
0 J/Bg
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Furthermore, u is given by (5.1) and satisfies (5.3) and (5.4).

Proof. Condition (6.1) implies Assumption 3.5 by Fubini’s theorem. Define u by (5.1). Since Ry < 0,
Lemma 5.1 gives (5.3) and (5.4), and therefore places u in the two asserted spaces.

For almost every &, both ¢(-,£) and the function s — F[f(s,-)]({) are locally integrable in time. The
scalar variation-of-constants formula therefore yields

HWM@=A¢@&WMM@®+AFWwW&h (6.4)

for almost every (t,£). Moreover,

vwmmmzﬁhv@MM®

so (6.2) proves (6.3). If ¢ € F1CX(RY) and supp@ C Bg, the second part of (6.1) ensures that
(s, —iV)p € Lo for almost every s, while (6.3) justifies Fubini’s theorem in (6.4). Multiplying that
identity by @, integrating in ¢, and applying Plancherel’s theorem gives (2.3). Thus u is a spatial Fourier
weak solution.

For uniqueness, let u1,us be two solutions in the asserted class that satisfy (6.3), and put v = u; — us.
Subtracting their weak formulations and using a countable dense family in C2°(Bp) gives, simultaneously

outside one null set,
t
909 = [ V00,9 for ae. (1.6).

Here (6.3) justifies the local Fourier-side integrals and the passage from the test identities to the displayed
equality. The same integrating-factor argument as in Theorem 6.1, using the first part of (6.1), yields
v =0. O

Remark 6.3. Assuming that Assumption 3.8 is satisfied and f € Ly o ((0,T) x R%, w(t)dtdz), condition
(6.2) holds automatically. While straightforward to verify, the details are deferred to the proof of Theorem
3.9 in Section 8. This sufficient condition plays a pivotal role in establishing Theorem 3.9

To optimize this framework further, we introduce a relevant corollary immediately following this remark.
It is worth noting that condition (6.2) holds intrinsic value beyond merely satisfying the prerequisites of
our main theorem. Specifically, it exposes a critical structural trade-off: the symbol v is allowed to exhibit
highly singular behavior, provided that the inhomogeneous data f is sufficiently well-behaved to control
those singularities.

Corollary 6.4. Let w be a weight satisfying Assumption 3.1, and let f € Lo o ((O,T) X ]Rd,w(t)dtd:v).
Suppose that Assumption 3.4 holds. Additionally, assume (6.1) and (6.2) are true. Then (1.1) admits a
spatial Fourier weak solution w in the space

t t
Lo 2,10c <(0,T) x RY, wi)dtdm> N L2 10c ((O,T) x RY, wtg)dtdac> .
It is unique among the solutions in this space satisfying (6.3). Furthermore, u is given by (5.1) and satisfies
(5.6) and (5.7).

Proof. Recalling Remark 5.3, we have the inclusion:

Lo foc ((o,T) x RY, w(t)dtdx) C Looc ((o,T) x Rd> .
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Therefore, by Theorem 6.2, there exists a spatial Fourier weak solution u to (1.1), unique among those
satisfying (6.3), in

1 1
Lo 2,10c ((O,T) x R?, tdtdx) N Lo joc ((O,T) x R?, t2dtd:c> ,

such that (5.3) and (5.4) are satisfied. Moreover, Corollary 5.2 ensures that (5.6) and (5.7) hold. Finally,
it is evident that (5.6) and (5.7) imply

U € Liog.2.10c <(O,T) x R, “’( v Gt )mLW ((O,T) x RY, w( )dtd >

which completes the proof. ([l

Recall that establishing our well-posedness theory relied on selecting the spatial Fourier weak solution as
our fundamental starting point, a choice that seamlessly bridged our earlier findings. The relation between
strong and spatial Fourier weak solutions is summarized in Lemma 8.1; convergence to a spectral-limit
solution is proved separately in Theorem 3.6.

The substantial mathematical challenge, rather, lies in establishing higher regularity. Transforming
a weak solution into a strong solution is highly non-trivial. Therefore, the main focus of this section
is to resolve this issue by determining the precise conditions on the symbol that ensure this regularity
enhancement, effectively converting the spatial Fourier weak solution into a strong one.

Before proceeding, we introduce two function classes defined via the Fourier transform. We say that

€ Lojoe ((o, T) x RY, w(t)dtdx) A F Ly joe ((o, T) x ]Rd)

provided f € Ly o ((0,T) x R, w(t)dtdz) and

// (€)|deds < o0 YVt € (0,T).
Rd
Similarly, in a formal sense, we write

we FHY,, ((0.7) < RY)
whenever

// Ol Ffu(s, )](€)ldéds < 00Vt € (0,T).
Lemma 6.5. Let f € Ly 0. ((0, T) x R, w(t)dtdx) ﬁ]:_lLl,loc ((O, T) x Rd), where w 1s a weight satisfying

Assumption 3.1. Assume in addition that (6.1) holds. Suppose u is a spatial Fourier weak solution to (1.1)
that belongs to the intersection of the following four function spaces:

Loo,2,loc ((0, T) X ]Rd, wl(et)dtdﬁﬂ> ,

t
L2 10c <(0,T) x R?, wt(Q)dtda:> ,
Hzlp,Q,loc ((O,T) X Rd) ’
FY,, ((0,7) xRY).

Then, u is the unique strong solution to (1.1) within this class.



A WEIGHTED L,-THEORY FOR CAUCHY PROBLEMS WITH NON-INTEGRABLE P-D OPERATORS 25

Proof. We first show that the spatial Fourier weak solution w is a strong solution. For any test function
© € F7ICP(RY), the weak formulation yields:

/ u(t,x dac—/ /Rd u(s, )P (s, —iV)p(x d:nds+/ Rdf s,x)p(z)dxds (6.5)

for a.e. t € (0,T). Given that the weight w satisfies Assumption 3.1 and
w € Lo e ((0,7) x R, ¢ 2w(t)dtdz )

we obtain the following bound for all ¢ € (0,T):

t
/ lu(s, z)*dzds <en, / / |u(s, x) )dmds < 0.
0 JRrd

In particular, this implies

lu(t,z)|?dz < 0o for a.e. t € (0,T).
R4

Furthermore, if Fp] € C°(R?), we can bound the term involving the symbol as follows:

2
/]R'i ‘w(tf)]:[@](i)’ df < Hlsupp f[gp]w(tv )HiQ(Rd)H]:[SO]H%OO(Rd) < o0

for a.e. t € (0,T), where supp F[¢] denotes the compact support of F|p]. Applying Plancherel’s theorem
to (6.5), we find that for any ¢ € F~1C®(RY),

Flut, )(€)Fel(§)dE

Rd
= [ [ Futs N©uts. o FTAE s + / FIf (s, )1 FlR E)deds (6.6)
0 JR4 RY
for a.e. t € (0,T).

We now introduce a Sobolev mollifier. Let x € F~1C°(R?) be chosen such that its Fourier transform
F|x] is non-negative and symmetric, satisfying the normalization condition:

/ x(z)dz = (2m)4/2.
Rd

For a scaling parameter ¢ € (0, 1), we define the scaled mollifier as
1 x
€ e )
X(2) = 5x (6)

Fixing z € R? and substituting x°(z — -) for the test function ¢ in (6.6), we obtain the following identity
for almost every t € (0,7T),

Flult, ) e @)
/ [ Flus N0 0 FG = @deds + [ [ Flp(e ) G - l@deds.

R4

Observe that Flu(t, )] F[x°] € L1(R?) for almost every ¢ € (0,T), since F[x°] is a bounded function with
compact support.
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Consequently, by applying Plancherel’s theorem, Fubini’s theorem, and a straightforward change of
variables, we deduce that for any z € R,

= [ [ Pt N@rwto. T @+ [ [ FlstoNOFRG — Teheds
0 JR4 Rd
= [ [ e tuts Nl O FICIdeds + / [ e P O TN des
0 JR4
—enery [ w<s,£>ﬂu<s,->1<s>ﬂx€1<s>ds] () + (@m)¥2F, [ [ Fenerne] @

for almost every ¢t € (0,7"). The application of Fubini’s theorem in this step is rigorously justified by the
Cauchy—Bunyakovsky—Schwarz inequality, combined with the integrability assumptions placed on v and f.
Furthermore, all terms in the preceding estimates are continuous with respect to x, owing to the sufficient
regularity imposed on v and f. Consequently, this equality holds for almost every t € (0,7") and for all
r € RY,
Applying the spatial Fourier transform to the first and final expressions in the preceding chain of equal-
ities, we obtain the following equation for almost every ¢ € R%:

f[U(t,-)](é)J’[xs](ﬁ):/o (s, &) Fluls, ')](E)f[xa](f)dﬁ/o FLf (s, I FIXN(€)ds (6.7)

for a.e. t € (0,7). Next, we observe the pointwise behavior of the mollifier’s Fourier transform as € | 0:

lm 7 x ](§)=1€iﬁ)lf[x](€£)=ﬂx](0)=(2;)01/2 /R @)z =1 ac. R

Therefore, by setting € = 1/n and passing to the limit as n — oo in (6.7), we arrive at the following identity
for almost every ¢t € (0,7):

- / (5, €) Flu(s, )] (€)ds + / FIf(s,))€)ds ae. ¢ € RY.
0 0

Finally, we recall that the inverse Fourier transform is a continuous operator, allowing us to utilize Hille’s
theorem (cf. [41, Corollary V.5.2]) to interchange the inverse Fourier transform with the temporal integrals.
The hypotheses required for Hille’s theorem are clearly satisfied; based on our assumptions regarding u
and f, we have the following bound for any ¢t € (0,7):

[ ([ wsoruemera) “ass [ ([ e norae) i<

Therefore, by applying the inverse Fourier transform to both sides and invoking Hille’s theorem, we defini-
tively conclude that u is a strong solution to (1.1).
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It remains to prove uniqueness in the stated class. By Lemma 6.7 below, every strong solution in this
class is a spatial Fourier weak solution. Condition (6.1) and Theorem 6.1 then imply that any two such
strong solutions coincide.

O

By combining Lemma 5.1 and the preceding lemma, we establish the well-posedness of a strong solution
to (1.1) for smooth data f, without relying on a priori estimates.

Theorem 6.6. Let the function f belong to the weighted space
Looc ((0,7) x RY, w(t)dtde ) 1 F Ly ee ((0,7) x ),

and let the weight function w satisfy the conditions of Assumption 3.1. Assume that Assumptions 3.4 and
3.5 and condition (6.1) hold true. In addition, suppose that the following integral condition is finite for
every t € (0,7):

A (/R (w01 [ @as) dg) dos [ [ oo [[1Fs N asaedp < . 69

Under these conditions, there is exactly one strong solution u to equation (1.1) that belongs to the inter-
section of the following local spaces:

t t
Lo 2.0c <(0,T) X RY, wi)dtdaj> La.toc <(O,T) x RY, wt(Q)dtdx> HY, 00 ((O,T) X Rd) :
and .7-"_1H11/’l0c ((0,T) x RY). Furthermore, this solution u satisfies the inequalities (5.6) and (5.7), and it
can be explicitly represented by the formula (5.1).

Proof. First, condition (6.8) implies the local integrability condition (6.2). Therefore, Corollary 6.4 yields
a spatial Fourier weak solution u, given by (5.1), in the two weighted spaces stated in the theorem and
satisfying (5.6) and (5.7); it is unique among such solutions satisfying (6.3).

It remains to verify the operator-integrability condition required by Lemma 6.5. Since the real part of
1 is non-positive, the representation (5.1) implies

Fulpl©)] < [ 171
Consequently, (6.8) yields

/Ot (/RdW(Pa §)Fulp,-)](€)] d€>1/2d,0+/ / (p, & P, (6)|dedp < oo

for every t € (0,7). Thus
we WYy, (0.7) xRY) 0 FHY,, ((0,7) x RY).
Lemma 6.5 now upgrades u to the unique strong solution in the asserted class. (Il

One might assume, as noted in Remark 6.3, that condition (6.8) alone could control the singularity
of the symbol by imposing stricter requirements on the inhomogeneous data f. However, a significant
discrepancy exists between (6.8) and (6.2), primarily because the condition in (6.2) is purely local. As
a result, (6.8) demands that f exhibit strong decay at infinity in the frequency domain. This dictates
that f must possess high spatial regularity in order to apply the previous theorem. Consequently, this
theorem falls short when attempting to establish a strong solution for irregular data f. To guarantee a
strong solution to (1.1) for more general data f, we must instead employ an approximation argument that
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relies on the continuity of the main operator; this approach is detailed in the final section. Regarding
uniqueness, our strategy for proving the uniqueness of the strong solution to (1.1) relies on leveraging
the uniqueness of its spatial Fourier weak solution. This requires identifying the precise mathematical
criteria under which a strong solution also qualifies as a spatial Fourier weak solution. While verifying
this equivalence is trivial for well-behaved operators like the Laplacian, the severe singularities present in
our main operator make this a highly non-trivial problem. Fortunately, this equivalence is valid under
the hypotheses of Lemma 6.5, which outlines the conditions required for a spatial Fourier weak solution
to upgrade to a strong solution. The majority of these conditions fundamentally deal with justifying the
interchange of mathematical operations, such as swapping integration with the Fourier transform.

Lemma 6.7. Let the source term f belong to the space La joc ((O,T) X ]Rd,w(t)dtd$), where the weight
function w satisfies Assumption 3.1. Assume in addition that (6.1) holds. Assume that u is a strong
solution to equation (1.1) and resides in the intersection of the following three local spaces:

w(t)

Loo,2,loc ((O,T) X Rd, tdtd:ﬂ) ,

w(t
L2,loc <(07T) X Rd, t(Q)dtdaj) ,

HY e ((0,7) x RY).

Under these conditions, u is also the unique spatial Fourier weak solution to (1.1) within this function
class. Consequently, any strong solution is unique within this intersection space.

Proof. Fix t < T. Choose 7 € (t,T) such that 0 < w(7) < oo and the quasi-decreasing inequality in
Assumption 3.1 holds with terminal time 7. Then w(s) > w(7)/N,, for almost every s < ¢t. Consequently,

AWU@»uﬂs<w@Q%;Awﬂaﬂ&w®dg”2<m'

The assumption u € H"fQ loc Similarly gives

¢
/0 lv(s, —iV)u(s, )|, ds < oo.

Thus the strong identity is an equality of Ls-valued Bochner integrals for almost every t¢.
Let ¢ € F~'C®(RY). Taking its Ly inner product with the strong identity and using the two preceding
estimates gives

MW@MZAW@4WM%@m®+AU@WM®-

The second part of (6.1) ensures that (s, —iV)p € Lo for almost every s. Plancherel’s theorem then gives

(¥ (s, =iV)u(s), p)r, = (u(s), P(s, =iV)@)r,.

Substitution proves the weak formulation (2.3); hence w is a spatial Fourier weak solution. Theorem 6.1
now gives uniqueness in the stated class. Applying the same argument to any other strong solution in that

class proves the final assertion as well.
O
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7. A DENSE SUBCLASS AND CONTINUITY OF OPERATORS

In this section, we introduce a suitably regular dense subset of Ly 5. ((O, T) x R, w(t)dtd:z;), which plays
a pivotal role in constructing a strong solution to (1.1). Our approach relies on a standard approximation
argument prevalent in the theory of partial differential equations. Specifically, we approximate the general
inhomogeneous data f using a sequence of well-behaved data f, chosen from this dense subset. After
establishing a strong solution u, to (1.1) for each regularized source term f,, we demonstrate that the
sequence {u,} converges to the desired strong solution corresponding to the original, general data f.

Theorem 7.1. Let us define the set A as the collection of finite sums of separable functions over (0, T) xR,
specifically,

A= {Z 1(ai,bi)(t)fi(x) meN, 0<a; <b;<T, f; € f_ICSO(Rd)} . (71)
=1

Then the function class A is dense in the mized-norm space Ly, ((O,T) X Rd) for all exponents p,q €
(1,00). Additionally, A is dense in Ly 4 0c ((O,T) X Rd).

Proof. Observe that Ly, 4 ((O, T) x Rd) is dense in Ly 4 10c ((0, T) x ]Rd), as the topology of our local spaces
is generated by the family of seminorms on L, , ((0, T') x ]Rd) for all T" € (0,T). Consequently, the second
assertion follows immediately, allowing us to focus solely on proving the main statement.

We proceed by contradiction. Let p,q € (1,00) and assume that the set A is not dense in

Ly ((0,7) x R).
By standard duality arguments, there must exist a non-zero function
v E Lp’,q/ ((O,T) X Rd>

—where p’ and ¢ are the Holder conjugates of p and ¢, respectively—that annihilates A. Specifically, this

means
n T
> / / 0(t, )1 (g, 1) () fi(z)dadt = 0
=170 JRI

for all n € N, intervals 0 < a; < b; < T, and spatial functions f; € F~1C®(R?). It is a known fact that
the space F~1C®(R?) is dense in L,(RY). Furthermore, any open set & C (0,T) can be constructed as a
countable union of disjoint open intervals (a;, b;). Because the integral equals zero for all such temporal
intervals and over a dense set of spatial test functions, it necessarily follows that v(t,z) = 0 for almost every
(t,x) € (0,T) x RZ. This forces v to be the zero function, which directly contradicts our initial assumption
that v is a non-zero element of L,y » ((O,T ) X Rd). Therefore, the set A must be dense, completing the
proof. O

Although the Laplacian operator A is unbounded on Lo (Rd), it is defined on a Sobolev space that is dense
within Lg(R?). We aim to identify a similar dense subset in which our strong solution resides. Because
we are dealing with an evolution equation that incorporates a temporal weight, the necessary formulation
is inherently more complex. Nevertheless, proving this density remains straightforward because we have
already established a highly regular dense subset that naturally embeds into many relevant function spaces.
The following corollary provides a concrete example demonstrating this property.
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Corollary 7.2. Let w denote a weight function satisfying Assumption 3.1, and let ¢ be a compler-valued
function defined almost everywhere on RY. Under these conditions, the scaled set

1
ﬁ = { Z(a” Vi) :neN, 0<a; <b; <T, fief‘lcgo(Rd)}

1s dense in the weighted space LQJOC ((0, T) x R?, w(t)dtda:). Then, as a direct result, assuming (6.1) holds,
those f belonging to

Looc ((0,7) x RY, w(t)dtde ) 0 F Ly ee ((0,7) x RY).
that satisfy (6.8) form a dense subspace of Ly joc ((0,T) x R, w(t)dtdz).

Proof. First, observe that if a function f belongs to the weighted space Lo . ((O,T) X Rd,w(t)dtdx),
then the product f/w naturally resides in the standard, unweighted space L joc ((O,T ) X Rd). By the
preceding theorem, the class A is dense in Lgjo. ((0,7) x R?). Therefore, the function fy/w can be
approximated by elements from A. Dividing this approximation by /w implies that the set ﬁA is dense
in La joc ((0, T) x R4, w(t)dtdx).

It remains to prove the second assertion. Let & denote the class of functions appearing therein. Since
A/y/w is dense in the weighted space, it suffices to prove that

1
ﬁAC@

Fix

1
) € ﬁfl,

9(s, )

and set

n
Qs = 112121 a;, by = lrga}; b;, K = LJlsupp]:[fi}.
1=

By Assumption 3.1, w™/? is essentially bounded on (a,, b,). Since F[f;] € C°(R%), it follows immediately
that
9 € Looe ((o,T) x R w(t) dt da:) N F Lo ((0,7) x RY).

/ Flg(s,)](&)] ds.

G(p.€) < Colia, m)(P)1K (§)-
Thus, when ¢ < a,, both terms in (6.8) vanish. For ¢ > a., (6.1), the local boundedness of w, and the
Cauchy—Schwarz inequality yield

[ (/Kw,s)\?da)l/zdps(/ [ rt e p)m (f w{f?dp)mm.

Moreover, since K has finite measure,

t ¢ 1/2
/ / (p, €)) dé dp < | K| / < / w<p,a>|2d£> dp < ox.
ax J K A K

Together with the bound on G, these estimates imply (6.8). Hence A/v/w C &, and the second assertion
follows from the density of A//w. O

Define

For some constant Cy > 0,
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Next, our objective is to formulate a straightforward criterion that ensures the continuity of the principal
operator ¥ (t,—iV) as a mapping from the weighted local ¢-potential space H2 loc ((0, T) x Rd,w(t)dtdw)

into Ly 2 j0c ((O, T) x Rd). Establishing this continuity property is a vital component in proving the ex-
istence of a strong solution. To consolidate all the fundamental tools required for this construction, we
present the following theorem in this section, despite it being largely independent of the regular dense sub-
set established previously. Additionally, the subsequent corollary is stated in a somewhat broader context
to facilitate its use in future applications.

Theorem 7.3. Let w, ¢, and ¢ be complez-valued functions defined almost everywhere on (0,T), R?, and
(0,T) x R?, respectively, and assume that w(t) # 0 for almost every t € (0,T). We use the convention
P(t,€)/p(&) =0 when P(t, &) = ¢p(§) =0, and interpret its modulus as +o00 when ¢(&) = 0 but Y(t,&) # 0.
Suppose that the following integrability condition holds:

/tesssup W(s,€)|?
o eemt | 0(©) | Jw(s)

Under this assumption, the mapping u — ¥ (t,—iV)u is a continuous operator from the weighted space
Hg’loc ((O,T) x R4, ]w(t)]dtdm) into Li 2 10c ((O,T) X Rd). More precisely, it satisfies the following quanti-
tative bound:

t 1/2
/ < [ (s, =1V)u(s, x)\2dx> ds
0 Rd

([l ) ([ oot

Consequently, for any function u € Hgloc ((0,T) x RY, |w(t)|dtdz), the term (¢, —iV)u(t, z) is well-defined
almost everywhere on (0,T) x RY. This establishes the continuous embedding

ds < oo forallte (0,T). (7.2)

1/2

HS e ((0,7) x BY w(]didr) < 1Y, . ((0,7) x R)

Proof. This result is a direct consequence of applying Plancherel’s theorem followed by the Cauchy-
Bunyakovsky-Schwarz inequality. By transforming into the frequency domain and estimating the integrals,
we deduce

t 1/2
/ < W (s, —iV)u(s, z)|? dx> ds
0o \Jrd

- /0 < (s, ) F[uls, ->1<§>Fde> s

S/o eiiiip(w >< G d£>1/2ds

- </o Ceert (‘1# Gh >2 ) </ o 19) -)](5)\2d§]w(s)]ds> v
([ () o) ([ i)™

This completes the proof. ]
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Remark 7.4. We reiterate that ¢ is permitted to degenerate in (7.2). In the event that ¢({) = 0 and
P(t, &) = 0, the inequality

[(t,8)] < [$(£)| ess sup

ner?

’ b(t,n) ‘
o(n)

remains valid under the convention stated in Theorem 7.3.

8. PROOFS OF MAIN THEOREMS

We begin this section by establishing the inclusion relationships among the various notions of solutions
mentioned in Remark 2.12. Since most of these results follow either from direct verification or from
previously established facts, our primary goal here is simply to summarize them in the subsequent lemma.

Lemma 8.1. Let f € Loo((0,T) x RY, w(t)dtdz) and suppose w is a weight satisfying Assumption 3.1.
Assume also that (6.1) holds. If u is a strong solution to (1.1) belonging to the functional classes

Loo,?,loc <(0, T) X Rd, U)iwdtd:E)

w(t
N L2,loc ((07 T) X Rd, t(Q)dtdx>

NHY, 4. ((0.7) x RY)

then w is also a spatial Fourier weak solution to (1.1).

Proof. This assertion was established in Lemma 6.7. g

We are now ready to prove our main theorems. Rather than following their initial order of presentation,
we have sequenced the proofs to optimize logical flow. Consequently, we begin with the proof of Theorem
3.9, as it directly builds upon previous results and the groundwork already established in Section 6.

Proof of Theorem 8.9. We first verify all hypotheses used below. The first term in Assumption 3.8 and
Fubini’s theorem show that, for almost every &, ¥(+,&) € L1(0,t) for every t < T’; in particular, Assumption
3.5 holds. The same term gives the first part of (6.1). Since s?/w(s) > 0 almost everywhere, the second
term in Assumption 3.8, again by Fubini, gives (s,-) € LQJOC(Rd) for almost every s. Thus the second
part of (6.1) also holds.

To apply Corollary 6.4, it remains to verify condition (6.2). That is, we must show that

[ [ 1.0l [[1F1s6. 1 @lasine < so vR € 0,00) and i € (0.7)
Br Jo 0
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Applying Fubini’s theorem, the Cauchy—Schwarz inequality, Hardy’s inequality, and Plancherel’s theorem
in sequence, we obtain the following bounds:

/ / 1¥(p,€) I/ \F[f(s,)](€)|dsdpd€
:/0 /0 /BRW(Pafm]’—[f(sa‘)](5)|d£dsdp
[ " (] ) "o

< [ </B Sves >2df>1/21 ([ 17 >]<g>|2d5>1/2 Vaols)dsdp

L gretse) ([ )

<N, (//BR il |d§ds>1/2(// F(s,7)|*dzw(s)d )1/2<oo.

Corollary 6.4 now gives the solution (3.4) and the estimates (3.2)—(3.3).

It remains to prove uniqueness in the class stated in the theorem. Let uq, us be two spatial Fourier weak
solutions satisfying those estimates and put v = u; — ue. For every R > 0 and t < T', Plancherel’s theorem
and Cauchy—Schwarz give

/ /B E)11F (s, ))(€)] déds
(/ /BR &)I° d§d5> 1/2 (/Ot /Rd w;;) ’]‘—[U(S:')]({)\Qd{ds) 1/2 .

Subtracting the two weak formulations and using a countable dense family of frequency test functions on
each Bp therefore yields

:/0 P(s, &) Flv(s,)](&)ds for a.e. (t,£).

The already established time integrability of (-, £) and the integrating-factor argument from Theorem 6.1
imply v = 0. Hence the solution is unique among spatial Fourier weak solutions satisfying (3.2)—(3.3). O

Proof of Theorem 3.6. Since the a priori estimate (3.2) was established in Corollary 5.2, our remaining
task is simply to demonstrate that the function u defined in (5.1) is the unique spectral-limit solution
within the specified classes. We will address this in two stages: existence and uniqueness.

I. Existence.

We first verify that Theorem 3.9 applies to every truncated symbol. Since Ry < 0, the definition of
Yy, gives R, < 0 and |[¢0,| < v/2n. Fix t < T and choose 7 € (¢,T) as in the proof of Lemma 6.7. The
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quasi-decreasing property gives w(s) > w(7)/N,, for almost every s < t. Hence, for every R > 0,

[ ] (o wn<s,,g>|jwi)> teds

202N,y
< |Bg| (\/int—k " / s2ds> < 0.
w(r) Jo

Thus 1, satisfies Assumptions 3.4 and 3.8. Theorem 3.9, applied to each bounded truncated symbol, yields
a spatial Fourier weak solution to the corresponding truncated problem. Specifically, for any test function
¢ € F7LCX(RY), there exists a spatial Fourier weak solution wu,, so that the following identity holds for
almost every t € (0,7):

t

t
(un(ta ')7 QD)LQ(]Rd) = /0 (un(5> ')7an(57 _iV)SO)LQ(Rd) ds + /0 (f(‘g) ')7 (P)LQ(]Rd) ds ae. te (Oa T)v

where the pseudo-differential operator is defined by

Yn(s, =iV)un(s,2) = F " (s, ) Flun(s, )] (),

and its corresponding truncated symbol is the symbol v, defined in Definition 2.11. Theorem 3.9 further
guarantees that for each integer n, the solution takes the explicit form:

un(t,x) = F ! [/Ot exp (/t Yo (7, -)dr) Flf(s, -)]ds] (z).

To establish existence, it is sufficient to prove that the sequence {u,} converges to the target function

u(t,z) = F! Uot exp (/;w(r, -)dr> Flf (s, -)]ds] (z)

in Lo joc ((0, T) x ]Rd). Furthermore, under Assumption 3.1, we have the continuous embedding;:
Looc ((0,7) x R, w(t)dtde ) < Lo ((0,7) x ). (8.1)
Consequently, our goal reduces to demonstrating that u, converges to u in the weighted space
Lo joc ((o, T) x RY, w(t)dtdx) .

Fix T" € (0,T) and write

Ent,s,€) = oxp (/t (1) dr) Bl s€) = exp (/:w(r, 9 dr) .

For almost every £ and every 0 < s < t < T”, the definition of the truncation gives 1, (r,&) — ¥ (r, &) and
[t (1, &)| < |3(r,&)|. Assumption 3.5 therefore implies, by dominated convergence in r, that E,(t,s,&) —
E(t,s,&). Moreover, the non-positivity of the real parts gives |E,(t,s,&)| <1 and |E(t,s,§)| < 1.

Set

Gu(t,€) = /0 (Ba(t,5.€) — E(t, 5,6)) FIf(s,)](€) ds.
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For almost every (¢,£), dominated convergence in s yields Gy, (t,£) — 0. In addition, Jensen’s inequality
and the quasi-decreasing property of w give

w(b)| Gt )2 < 4t wi(t) /0 FLF (s, (€)1 ds

.
< AN, T /0 FLf (5, ))(E)Pao(s) ds.

The last expression is independent of ¢ and is integrable on (0,7") X R?. Hence the dominated convergence
theorem and Plancherel’s identity yield

T T’
/0 /Rd [ (t, ) — u(t, z)|*w(t) dz dt = /0 /Rd |G (t, €)Pw(t) d¢ dt — 0.

Thus u,, — v in the required weighted local space, proving existence.
I1. Uniqueness.

By the embedding (8.1), establishing uniqueness in the broader space Ls joc ((O,T ) X Rd) is sufficient
to guarantee uniqueness in our target space. Let u and v be two spectral-limit solutions to (1.1). By
definition, there exist approximating sequences {u,} and {v,} in La . ((0,T) x RY) converging to u and v,
respectively. For each n € N, both w,, and v,, serve as spatial Fourier weak solutions to (1.1) corresponding
to the truncated symbol v, defined in Definition 2.11. Since the truncated symbol 1, is bounded, all
hypotheses of Theorem 3.9 are satisfied. Furthermore, Theorem 6.1 ensures that each truncated problem
enjoys uniqueness within the class

Lo toc ((0, T) x Rd) A F L 2400 ((0, T) x R, [ihn(t, g)Pdtdg) = Looc ((0, T) x Rd> .

Consequently, Theorem 3.9 yields an explicit, deterministic representation formula for u,, and v, implying
that u,, = v,, for all n:

up(t,x) = F ! Uot exp (/t Y (r, ~)dT> Flf(s, .)]ds} = v (t, ).

Since u, = v, pointwise for every n, their limits in Lo ;4. ((O,T) X Rd) must coincide. We conclude that
u(t,r) = v(t, ) almost everywhere on (0,7T) x R
O

Proof of Theorem 3.12. 1. Uniqueness and Setup

As shown at the beginning of the proof of Theorem 3.9, Assumption 3.8 implies condition (6.1). The
a priori bounds given in (3.7) and (3.8) have already been established by Lemma 5.4 and Theorem 7.3.
Furthermore, the combination of Theorem 7.3 and Lemma 6.7 guarantees that any strong solution must
be unique. Therefore, the remaining task is simply to demonstrate that a strong solution to (1.1) actually
exists within the specified function class.

I1. Existence via Approximation

To prove existence, we use the first density assertion in Corollary 7.2 to choose a sequence f,, € ﬁfl that

converges to f in Lo o ((O, T) x Rd,w(t)dtdx). Since Assumption 3.8 holds, the calculation in the proof
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of Corollary 7.2 shows that every f, belongs to Lg 1o ((0, T) x R, w(t)dtdx) ﬂ]—"‘lLl,loc ((O7 T) x Rd) and
satisfies (6.8). For every index n, Theorem 6.6 ensures we can construct a strong solution wu,, expressed as

un(t, ) = F) [/Ot exp (/:w(r, ~)dr> Flfuls, -)]ds} (2).

This sequence of solutions resides in the intersection space:
t t
Liso,2,l0c ((o, T) x RY, wi)dtdx> M Lo joc ((0, T) x R, wt(Q)dtdx> NHY, . ((0, T) x Rd) :

The additional ¢-regularity of u, follows from Lemma 5.4, rather than from Theorem 7.3. Indeed, As-
sumption 3.8 implies Assumption 3.5, while Assumption 3.11 includes Assumption 3.10. Hence, for every
T € (0,7),

T/ T/
(=¥ )tn(t, ) I y ey w() dt < Noo [ 1 fults )T, gayw(t) dt.
0 0 (R)
Moreover, since 2 < (T")? on (0,T"), estimate (5.7) gives

T T w
/0 a2, )HL2 (RHY w(t)dt < (T/)Q/O l[un(t, )||L2 (R) t(2t) dt

§4Nw(Tf)2/0 ||fn(t,.)||iQ(Rd)w(t)dt.

Consequently, u,, € Hg”l oc ((O, T) x R, w(t)dtd:c). Theorem 7.3 may now be applied in its stated direction.
It follows that u, € HY, ., ((0,T) x R?).

ITI. Convergence to the True Solution

Fix an arbitrary 77 € (0,7) and use the abbreviation

T/
o= [ ot )R oot

Also set
’ 1/2
(/" Wt o|* 1
A = ess sup ——dt ,
0 eerd | 98 | w(?)
which is finite by Assumption 3.11. For n,m € N, put
hn,m = fn - fmv Znm = Un — Um.

By linearity of the representation formula, 2, ., is the function given by (5.1) with h,, ., in place of f.
Therefore, Corollary 5.2 and Lemma 5.4 give

T ()
o ||an( )H dt < 4Ny, ||hnm”2wT’

%wm@%M e (§SNMMM&MM
o<t<T’

.
tAHMﬂW%m(HL()MSMAM
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In particular,

T/
| (Ul + 16926, ) 100) 2 < N (14 4T [

Theorem 7.3, applied in the forward direction, also yields
1/2

T’ T
/0 HQ/}(L —iV)zmm(t, ')HL2 dt < Aq (/0 H‘b(_iv)zn,m(tv )HiQ w(t) dt) < Ap V Ny th,mHZw;T’-

Since f,, — f in the weighted local Lo-space, these estimates show that {u,} is Cauchy, on every (0,7"),
in each of the three spaces appearing in the statement of the theorem. The fixed-interval ¢-potential space
is complete by the remark following Definition 2.14, and the other two fixed-interval weighted spaces are
complete as well.

We next verify that the local limits determine one function. Choose 7 € (T, T') such that 0 < w(7) < oo
and the quasi-decreasing inequality holds for almost every s < 7, and put

_ w(r)
crr = N, > 0.
Then w(s) > e for almost every s € (0,7"). Thus convergence in any of the above fixed-interval spaces
implies convergence locally in the unweighted Ls-space. Taking an increasing countable sequence T}, 1 T,
uniqueness of the unweighted limits on overlapping intervals allows the fixed-interval limits to be patched
into a single function

t t
U € Lo 2,100 <(0,T) x RY, wi)dtdx) M Latoc <(O,T) x RY, wt(Q)dtd:c> NHY,, ((O,T) X Rd,w(t)dtdx) .

By Theorem 7.3,
G, =iV)un — (- ~iV)u in Ly ((0,7): L2(RY))

We now pass to the limit in the strong equation. The lower bound w > cp gives

T 1/2
I = Fllio,77)m0) < <> Ifn = fll2w;rr — 0,

crr
and convergence in the ¢-potential space similarly implies
Un —u in Ly ((O,T’); LQ(Rd)) .

Define
Gn(t) :=¥(t, —iV)un(t) + fu(t),  G(t) =¥(t, =iV)u(t) + f(t).

The preceding convergences show that
Gn — G inL ((O,T’);Lg(]Rd)) .
Since u,, is a strong solution,
up(t) = /Ot Gn(s)ds in Ly(R?) for almost every t € (0,7").

Moreover,

sup

< |[|Gn = GllL,(017);12) — 0.
0<t<T"

/0 (Gu(s) — G(s)) ds

Lo
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Combining this uniform convergence with u, — u in L1((0,7"); La) gives

u(t) = /0 ((s, —iV)u(s) + f(s)) ds in Lo(R%)

for almost every ¢t € (0,7”). Since T’ < T was arbitrary, this is the Lg-valued Bochner form of (2.2), and
hence u is a strong solution in the sense of Definition 2.4.

Finally, let u denote the function defined by the right-hand side of (3.4). Applying (5.7) to the repre-
sentation formula with f,, — f in place of f gives

r ~ 2 w(t) 2
; lun(t, ) = ut, )L, —5~ dt < 4Nwllfu = fll2wr — 0.

The uniqueness of the limit in this space therefore gives u = u almost everywhere, proving the representation
(3.4). Passing to the limit in the preceding estimates gives (3.2), (3.3), and (3.8); estimate (3.7) then follows
from Theorem 7.3.

O
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