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Abstract

Standard neural network training relies on learning-rate schedules tied to a fixed horizon, leading to
strong path dependence and costly re-tuning as data availability changes. Schedule-Free (SF) methods
address this by removing explicit schedules, yet SF-AdamW, the current state-of-the-art anytime optimizer,
consistently underperforms well-tuned AdamW baselines. We propose SF-NorMuon, a schedule-free
spectral optimizer that closes this gap: with a single hyperparameter configuration, SF-NorMuon matches
or exceeds tuned AdamW on 125M and 772M parameter language models across 1-8x Chinchilla horizons.
On the theoretical side, we prove a stationarity guarantee for schedule-free spectral dynamics and identify
weight decay at the fast iterate as essential for long-horizon stability. SF-NorMuon enables practitioners to
obtain high-quality checkpoints at any point during training without committing to a horizon in advance.
By closing the performance gap with tuned baselines, SF-NorMuon makes horizon-free optimization more
practical, taking a step towards truly open-ended, continual learning.

1 Introduction

In the standard machine learning paradigm, after curating a dataset, a model is trained and then evaluated on
a held-out, previously unseen portion of the data [1, 2, 3]. However, models are increasingly being deployed
in scenarios where large amounts of data comparable to or even exceeding the training data are generated
during the deployment period. Examples of this include large language models (LLMs) [4, 5, 6, 7] interacting
with billions of users, and Vision-Language-Action (VLA) models controlling robots in industries [8, 9, 10].
As a result, judiciously leveraging the a priori unknown amount of data available at deployment time is
crucial for improving model capabilities through continual learning [11, 12]. However, beyond addressing
catastrophic forgetting [13, 14], there is also an optimization obstacle to overcome [15, 16, 17, 18].

Most existing training methods are not designed to be anytime, as they depend on learning rate schedules
tied to a fixed training horizon and require extensive hyperparameter tuning under a predetermined compute
budget [19, 20, 21]. For example, the standard cosine decay schedule has a strong path dependence. Consider
training an LLaMA-2-style transformer with cosine decay as shown in Figure 1. The black dashed lines
highlight the performance discrepancy: at the same token count, a run tuned for a shorter horizon significantly
outperforms one tuned for a longer horizon, despite seeing identical data (e.g.: 2x vs 4x Chinchilla at 31B
tokens for 772M model). This occurs because cosine decay ties the learning rate to the training horizon. At
any intermediate point, runs with longer horizons have barely begun decaying, while shorter-horizon runs
have already annealed to near zero, resulting in the big discrepancy in performances. Ideally, we want the
model to learn as much as possible from a given set of training data regardless of how much data awaits in
the future.
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Figure 1: Comparison of SF-NorMuon (this work), SF-AdamW, and tuned AdamW baselines for
LLaMA-2-style transformers trained on FineWeb-100B. Left: 125M model with AdamW learning rate
tuned per horizon with cosine schedule. Right: 772M model with a single optimized AdamW configuration
across horizons. Dashed lines highlight that learning rate schedule for a long horizon is sub-optimal for a
smaller token budget. The grid of hyperparameters are summarized in Table 4, and validation losses for
different learning rates are illustrated in Figure 6. SF-NorMuon consistently out performs SF-AdamW, and
matches tuned AdamW baselines.

To that end, Schedule-Free (SF) methods [17] were recently proposed, removing the need for an explicit
learning-rate schedule. The SF framework maintains three iterate sequences. In its most basic form, SF-SGD
iterates as follows:

Yr = Bry + (1 = B)z, (1)
zer1 = 20 — VLY &), (2)
Tip1 = (1 — 1) + Co12e41, (3)

where z; = x1 and ¢;y1 = 1/(t +1). The y sequence is where the gradient is evaluated at interpolated points,
in spirit of Nesterov’s accelerated method [22, 23], the z sequence is the fast iterate taking the (stochastic)
gradient direction with a constant step size n throughout the training, and the x sequence is the evaluation
sequence where validation loss is computed. Rewriting the update, we obtain

Tip1 = Ty — e 1 VLW &) + cop1(Zeg1 — ). (4)

Thus, even though z moves at a constant rate, the effective learning rate for x is neg = n/(¢t+ 1), which decays
over the duration of the training. Note that since z is a linear combination of y and z it can be computed on
the fly, and so it does not need additional memory overhead. An alternative but closely related approach for
horizon-free training is simply training with a constant learning rate, and returning an some moving average'
of the weights [24, 25, 16, 26]. Notably, SF-AdamW, the practical variant of SF-SGD, won the first prize in
the self-tuning track of the AlgoPerf challenge [27], demonstrating a new level of effectiveness for anytime
training. For completeness, Appendix B reviews SF-SGD and SF-AdamW, and summarizes the convergence
guarantee for SF-SGD.

Despite this success, as observed in [28, 29, 30], SF-AdamW is unable to match the performance of well-tuned
AdamW [31, 32], the primary workhorse for optimizing neural networks. This is also confirmed in Figure 1,
where SF-AdamW (blue) consistently lies above the well-tuned AdamW baselines (red stars, tuning grid in
Table 4) across all Chinchilla horizons. Since the schedule-free averaging mechanism in (1)—(3) is agnostic to
the base update rule applied at (2), a natural question is whether a different choice of base optimizer can
close this gap.

In modern neural networks, the vast majority of learnable parameters reside in weight matrices that act
linearly on incoming activations. However, AdamW treats weight matrices as flat vectors, discarding how

1For instance, with 8 = 0 in (1), SF-SGD recovers constant SGD with uniform averaging.



they act on activations. The spectral norm provides a natural measure of the effect a weight matrix update
has on the output activation, motivating recent interest in spectral optimization methods such as Muon
[33, 34] and its variants [35, 36, 37, 38, 39, 40, 41, 42, 43, 44]. Muon performs steepest descent under the
spectral norm via the polar decomposition of the gradient computed by Newton-Schulz iterations, and has
been successfully scaled to trillions of tokens [45, 46, 47, 48]. Neural network loss surfaces are characterized
by many nearly-flat directions corresponding to small Hessian eigenvalues [49, 50], and thus taking uniformly
sized steps in all spectral directions via the polar decomposition enables Muon to extract more information
from the training data per step [51]. This motivates the question:

Does optimization under the spectral norm improve upon existing schedule-free methods,
and can it close the gap with well-tuned, horizon-dependent AdamW baselines?

Apart from the choice of base geometry, schedule-free methods exhibit a stability challenge that becomes
critical for long horizon training. As shown in Figure 2, the validation loss increases for long runs in absence
of weight decay. This is in sharp contrast to the convex optimization theory underlying schedule-free methods,
where convergence holds without regularization [17, 52]. Moreover, weight decay at y as originally proposed
in [17], is inadequate for the spectral case, where the instability is significantly amplified (right panel of
Figure 2). Therefore, in schedule-free methods weight decay plays a qualitatively different role: it is not
merely a regularizer that improves generalization [53, 54, 55], but is necessary for long-horizon stability.

Combining these two insights, spectral geometry to speed up training and weight decay at the fast iterate to
ensure stability, our contributions are as follows:

e We propose SF-SpectralSGD (with momentum), a schedule-free spectral method for matrix optimization,

and prove a stationarity guarantee matching the 6(T*1/ 4) rate achieved by recent work on convergence of
Muon [56, 57, 58, 59] (Theorem 2.1 and Corollary 2.1).

e For practical deep learning, we incorporate the per-neuron normalization of NorMuon [36, 35] and obtain
SF-NorMuon, as summarized in Algorithm 1. SF-NorMuon substantially improves over the state-of-the-art
anytime optimizer SF-AdamW, and matches tuned AdamW across training horizons (c.f., Figure 1, Table 1).
In particular, including explicit momentum buffer and per-neuron normalization is crucial in achieving
good practical performance (c.f., Figure 3).

o We identify the key role of weight decay in schedule-free optimization. Unlike in standard optimizers, the
fast iterate z; in (2) continues to move at constant learning rate throughout training, so weight decay is a
necessity for long-horizon stability. For spectral optimization, the aggressive polar updates amplify the
instability (Figure 2), but weight decay directly applied to z; leads to stable training. We prove boundedness
of all iterates (Lemma 3.1), and derive a closed-form steady-state characterization (Lemma 3.2) that closely
matches empirical training dynamics (Figure 4).

2 Schedule-Free Spectral Optimization

The fundamental design choice in a schedule-free optimizer is the geometry used for the fast update. When

inputs and outputs are measured in the Euclidean norm || - ||2, the induced operator norm on a matrix
A e R™*™ s
[All2—2 = sup [[Aufz = omax(4) = [[Allop- (5)
llull2<1

where oyax(A) denotes the largest singular value of A, which is precisely the spectral norm. Geometrically, it
measures the maximum factor by which A can stretch any unit vector, making it the natural measure of how
much a weight perturbation can alter the network’s activations. The analysis for other induced norms, and
their corresponding optimizers is presented in Appendix A.

For matrix-valued weights acting as linear maps on activations, the spectral norm is the natural metric, since it
equals the operator norm governing the largest change an update induces on activations. The steepest-descent
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Figure 2: Weight decay strategies for schedule-free optimizers. Left: SF-AdamW with no decay
(orange) diverges; decay at Y (blue) exhibits the best performance up to ~30B tokens (c.f., Table 1), but
eventually diverges. Decay at Z (green) yield stable training, but is suboptimal in the early phase. Right:
SF-NorMuon with no decay (orange) diverges faster; decay at Y (blue) is also unstable. Decay at Z (green)
maintains stable and performs the best throughout, motivating the analysis in Section 3.

direction under a spectral-norm constraint solves [60, 61]
argmln”Awl‘npgn(Vf(W), AW>F (6)
Let V(W) = ULV be the SVD with U € R™*", V € R™" orthonormal and ¥ = diag(cy,...,0,).

Decomposing AW = UQV " + R where R is orthogonal to the column/row space of the gradient, only Q
contributes:

(VIW),AW)p = tr(27Q) = Y Q- (7)
i=1
Since ||Qllop < 7 implies |Qy;| < 7, the minimum is achieved at @* = —nl,. Thus, the polar factor is the

steepest-descent direction under spectral norm:

AW* = —nUV" = —npolar(V f(W)). (8)

Unlike Adam [31] or Lion [62] which act entry-wise and distort the gradient’s singular-vector structure, the
polar factor UV T preserves the left and right singular subspaces. The polar update extracts learning signal
from all singular directions of the gradient and not just those with the largest entries, and by making all
the singular values unity, it makes uniform progress along all singular directions. This uniform treatment is
more aggressive than coordinate-wise updates, so we include an explicit momentum buffer M; to smooth the
gradient before taking its polar factor. We build on this spectral-norm geometry to design a schedule-free
optimizer that respects how weight matrices act on activations, while obtaining implicit learning-rate decay
through online averaging.

2.1 Schedule-Free Spectral Descent with Momentum

For parameters 3, u € [0,1) and step-size n > 0, update rules for SF-Spectral Descent with Momentum are
given by

Yy = B8X: + (1 - B)Z, Gy = VI(Yi; &), My = puM;—q + (1 — )Gy,
P; = polar(My), Ziy1 = Zi —nh;, Xiv1 = (1 = 1) Xy + co41Z441, 9)
with ¢;41 = 1/(t + 1), X1 = Z1 and My, = G;. Here Z; is the fast sequence with polar update, X; is the

returned schedule-free average, Y; is the gradient-evaluation point, and M; is an explicit momentum buffer,
which is crucial in practical performance (c.f., Figure 3).



Assume the existence of W* € R™*" such that f(W*) = f* and Vf(W*) =0, and define

r = min{m, n}, A= f(Y1)— f*. (10)

Our convergence analysis relies on the following standard assumptions:

Assumption 2.1 (Frobenius Lipschitz smoothness). There is a constant Ly > 0 such that for all U,V €
Rmxn’
IVAU) =VIV)lp SLFU=V]p. (11)

Assumption 2.2 (Unbiased gradient and bounded-variance noise). Let F; be the sigma-field generated by all
randomness up to the construction of Y;. We assume, for some batch size B > 1 and 02 > 0,

EG | F)=VIY).  E[IG - VIW)I} | R <o?/B. (12)
Assumption 2.3 (Bounded diameter). There exists a constant Dp > 0 such that

IW*||lr < Dp/2, 1 Z:)lr < Dp/2 for all t. (13)

Note that bounded iterate assumption is typically employed in the convergence analysis of spectral methods
(e.g., see [63, Theorem 7] and [39, Theorem 1]), and if necessary it can be enforced algorithmically by
considering a projected variant that keep the fast iterates Z; inside the corresponding norm ball. Further,
with weight decay at Z, Assumption 2.3 can be lifted, as can be seen in Lemma 3.1.

Under these assumptions, we obtain the following convergence guarantee:

Theorem 2.1 (Stationarity of SF-Spectral Descent with Momentum). Under Assumption 2.1-2.3, for every
T > 1, SF-Sepctral Descent with Momentum in (9) satisfies the following:

1 £l A + 2L g D% (log(eT) + 2 /6) 2/ro -4 1
T ;EHW(K)H* S (1-8)Tn * (1-8)VB ( Thp (1 —u)T)
2\/r LpDplog(eT) (14 p Lprn (1+43p
P PP () iy () (14

The first term is the descent term, the next captures the stochastic noise, the third term is the price of
schedule-free drift, and the final term reflects the constant spectral step and momentum tracking. The explicit
momentum stabilizes the aggressive polar steps at the cost of a tracking error. By optimizing the terms that
appear on the right hand side of the theorem above, we obtain the following corollary for any 8 € [0, 1), both
with and without noise.

Corollary 2.1 (Optimized convergence rates for SF-Spectral Descent). Under Assumption 2.1-2.3, for any
fized B € [0,1) there exist choices pr € [0,1) and nr > 0 such that

T T
%ZEIIW(K)II*:@T’““) (0 >0); and Z IVF(YD)ll. = O(T/?) (o =0). (15)

These convergence rates match the ones derived in recent works on convergence of Muon [56, 57, 58, 59].
An analogous result can also be proven under Lipschitz smoothness measured in the spectral norm rather
than the Frobenius norm. Since the Frobenius-smooth version is more directly comparable to existing
matrix-optimization methods, we state it here and defer the spectral-smooth variant, together with the full
proofs of both results, to the Appendix C.



Algorithm 1 Schedule-Free NorMuon (SF-NorMuon)

1: Input: base learning rate 7, interpolation parameter (i, variance parameter (32, momentum parameter pu,
perturbation parameter €, weight decay A, warmup steps Twarmup
2: fort=1to T do

3: Y+ (1—51)Z: + B1 Xs > Interpolate weights
4: Gt <+ VwL(Yz, &) > Compute gradient at interpolation point
5: My pMi—1+ (1 — p)Gy > Explicit momentum buffer
6:

7 P, < polar(M) > Polar factor of momentum
8: Ve = Pavi—1 + (1 — B2) meancos (Pr © Pr) > Row-wise second moment
9: Vi < ExpandRows(v¢) > Broadcast to matrix
10: ]Bt —Po(WVite) > Adaptive row-wise normalization
11:
12: N < nmin(1, t/Twarmup) > Learning rate with warmup
13: i < 0.2n/mn/|| P ¢ > Match Adam RMS scaling
14: St < S¢—1 + nf
15: Coy1 & NP /st > Averaging coefficient
16:
17 Ziy1 < Ze — nAZy — 2 P, > Update with weight decay at Z;
18: Xit1 + (1 —ct41) Xt + ct41Z¢ 41 > Update averaged iterate
19: end for

20: Return: Xr

2.2 Schedule-Free NorMuon for Neural Network Training

To make schedule-free spectral descent practical for neural network training, we incorporate three refine-
ments below. The resulting algorithm is SF-NorMuon, which we summarize in Algorithm 1. A PyTorch
implementation of this algorithm is provided in Appendix F.

Learning rate warm up and scaling. We warm up the learning rate linearly, which stabilizes early
training [64] and enables larger learning rates [65]. After computing the adaptively normalized direction
P,, the algorithm scales the base learning rate by f; = 0.21;\/max(m,n)/||P;||r. This scaling serves two
purposes [45]: (i) It normalizes the effective step size to be comparable to Adam’s RMS-normalized updates,
enabling 7 and A to be shared with SF-AdamW; and (ii) it provides additional stability by accounting for the
overall magnitude of the normalized update direction.

Weight decay at the fast iterate Z. Weight decay is applied to Z;, rather than Y; (as originally proposed
in [66] for SF-AdamW). This choice treats weight decay as a modification to the base optimizer dynamics
rather than as an {5 regularizer in the loss, which would correspond to decay at Y;. The scaled weight decay
term m;AZ; is subtracted from Z; in the base update. Weight decay at Z; is necessary for long-horizon
training with schedule-free methods, as we explain in Section 3.

Row-wise Normalization. We incorporate row-wise adaptive normalization [36, 35]. The polar factor can
produce orthogonalized updates with high variance in step sizes across individual neurons, as different rows
of a weight matrix may have vastly different update magnitudes. To accomodate, SF-NorMuon maintains a
running average v; € R™ of the squared row norms of the polar factor P;, capturing the typical magnitude of
updates for each neuron and enabling per-neuron step size adaptation. The exponential moving average with
parameter o provides stability while remaining responsive to changes in gradient statistics, analogous to the
second-moment estimation in Adam, but operating at the neuron level rather than element-wise.

In Figure 3, we ablate the two key aspects of SF-NorMuon: (i) the explicit momentum buffer (by setting p = 0),
which reduces to direct polar decomposition of the gradient, and (ii) the row-wise adaptive normalization (by
removing the v; computation and normalization step), which reduces to uniform spectral steps. These ablations
help isolate the contribution of each component to the overall performance. We find that removing the
row-wise adaptive normalization slows down convergence by around 12% at 8x Chinchilla ratio, but removing
momentum leads to a significant drop in performance. Note that the original SF-SGD or SF-AdamW does
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Figure 3: Importance of explicit momentum and row-wise normalization for SF-NorMuon. Left:
Ablating explicit momentum (= 0) significantly degrades performance, with final loss increasing from 3.14
to 3.28. This validates the importance of smoothing the gradient before computing the polar factor, as
discussed in Section 2. Right: Ablating row-wise normalization leads to a smaller gap, with SF-NorMuon
reaching the same loss approximately 12% faster.

not have an explicit momentum buffer. Therefore, the above ablation study illustrates how direct application
of schedule-free dynamics to spectral optimzer (e.g., replacing VL (yz; &) in (2) with polar(VL(y;&))) would
perform.

Remark 1 (Memory footprint). Consider a matriz parameter of shape m x n. For SF methods, we need
to track' Y and Z (since X can be computed on the fly). For SF-AdamW the second moment buffer (per
parameter) takes up memory mn, whereas SF-NorMuon uses a row-wise second-moment buffer of size m.
Thus, there is room for an explicit momentum buffer matriz M of size m x n buffer unlike SF-AdamW. Hence,
the total persistent memory is 3mn for SF-AdamW and 3mn + m for SF-NorMuon, compared with 3mn for
AdamW and 2mn + m for NorMuon.

3 Necessity of Weight Decay in Long Horizon Training

Modern language models are trained for very long horizons [67, 68, 69], and the training tokens for Mixture-
of-Experts models can exceed 30 times the Chinchilla ratio to the number of active parameters [47, 48, 46].
Thus, to assess long-horizon behavior of schedule-free methods, we train the 125M LLaMa-2-style model for
up to 48x Chinchilla with the default hyper-parameters.

Interestingly, for SF methods, the validation loss at X diverges without weight decaying specifically at Z.
This is in sharp contrast to convex optimization theory, where convergence holds without regularization [17,
52]. In particular, for SF-AdamW in Figure 2 (left panel), decay at Y performs the best up to around 30B
tokens, but eventually leads to divergence. Note that the original paper [17] recommended decaying at Y,
which is sensible from the perspective of {5 regularization. In contrast, for SF-NorMuon in Figure 2 (right
panel), decaying at Z is not only stable (see also Lemma 3.1) but also maintains the best validation loss
throughout the long training exceeding 50B tokens.

To better understand this phenomenon, we consider a quasi steady-state analysis, following [70, 71]. Recall
from (4) that the schedule-free method can be rewritten as

Xit1 =Xy — cor1nUs + ci41(Zep1 — Xo)s (16)

where ¢;11 = 1/(t + 1), and Uy is either gradient divided by second moment buffer for SF-AdamW or polar
transform of momentum buffer for SF-NorMuon, respectively. As can be seen, the evaluation sequence X;
evolves with an effective learning rate n§f = ¢;.1n7 = n/(t + 1) that decays to zero as t — oo, which makes
the divergence surprising.



The culprit is in the fast Z; sequence: it evolves with constant learning rate n throughout training, and in
fact, we observe in practice that validation loss at Z; often diverges. Since X averages all past {Zs}s<i, Z;
eventually contaminates the X; sequence.

For SF-NorMuon, applying weight decay directly at Z; addresses this issue, while maintaining good perfor-
mance. To make this precise, we prove that weight decay at Z; ensures all iterates to remain bounded, and
characterize the precise steady-state norm to which Z; converges.

Lemma 3.1. Consider the update Z; 1 + Zt—n)\Zt—ﬁtﬁt and assume 0 < n\ < 1 withn = O.Qn\/mn/||f’t||p.
Then, we have for all t,

0.2¢/mn 0.2¢/mn

1Z]|F < | Zol|p(1 — nA)t + = iy = | Zi|lr < — N st oo (17)

Furthermore, since X; and Yy are convex combinations of {Zs}s<t, they satisfy the same bound.

In Figure 2, we see that weight decay at Y; eventually leads to divergence, for both SF-NorMuon and
SF-AdamW. We make the following remark regarding this observation:

Remark 2. For weight decay at Yy, the coupled dynamics (Zy, Dy) where Dy = Zy — Xy satisfy:

| Zea e 1— A nAB Ar 1
{|Dt+1nF] S [(1 —e)md (1= e)(1 +n/\ﬁ)} {nDtnF} +0.2v/mn [1 - +] ' (18)

In the long-horizon limit ¢, — 0, the iteration matriz above has the leading eigenvalue

A1:1+%(\/1+6ﬁ+52—(1—ﬂ))>1 (19)

for all B >0, and so the triangle-inequality upper bound similar to (17) diverges.
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Figure 4: Quasi steady-state analysis for SF-NorMuon with decay at Z (averaged over layers).
Left: The ratio |ps+1 — pt|/p: remains below 1% after warmup, validating the quasi steady-state hypothesis
(Hypothesis 3.1). Right: Alignment oy (purple) and RMS(Z) (red) over training. The theoretical prediction
Apr = 0.1[—ay + /a? + 21 from Lemma 3.2 (blue dashed) closely tracks the observed values. This training
run corresponds to n = 0.01, A = 0.05.

Having established iterate boundedness in Lemma 3.1, we now study how the norm of Z evolves during the
training. For this purpose, the analysis greatly simplifies if we make a quasi steady-state hypothesis following
[70, 71], which states that change in norm of Z between two iterations is much smaller than the norm itself.

Hypothesis 3.1 (Quasi Steady-State). There exists an iteration count T and a constant € = 0 such that for
allt > T,
N Zeallr = 1Zell pl < ellZell 7 - (20)



To enable uniform comparison across layers of different shapes, we define the RMS norm p; := || Z¢|| p//mn
for an m x n weight matrix, and the alignment oy := (P;, Z,)/(|P:||p|| Z|| ) € [~1,1], which is the cosine
of the angle between the preconditioned update and the current iterate. The left panel of Figure 4 shows
that |ptr1 — pe|/p+ remains small after warmup, validating the hypothesis. Based on this, we derive the
steady-state value of p; :

Lemma 3.2 (Quasi Steady-State of Z). Consider the update Zy 1 < Zy—n\Z; —ﬁtﬁt and assume 0 < nA < 1
with ) = 0.2ny/mn/||Pi||r. Then, the steady-state satisfies

Ape =0.1 {—at +4/a? + 217)\}. (21)

After the end of the warm-up period, the alignment «; approaches a small and negative value that persists
for the rest of the training period as shown by the purple curve in right panel of Figure 4. Based on the
Lemma 3.2, we expect that the RMS norm of Z (depicted in red) will asymptote to a constant value, which
is also confirmed by the red curve sitting on top of the theoretical prediction shown in blue. Crucially, since
the Z norm reaches a fixed value, the fast iterate remains controlled throughout training, and stabilizes other
sequences as shown in Lemma 3.1.

4 Experiments on Training Language Models

Table 1: Validation loss at X across Chinchilla horizons. The best loss at each horizon is indicated
with bold. Speedup is the percentage of steps saved by SF-NorMuon to reach the final loss of SF-AdamW.
SF methods use hyperparameters tuned at 2x Chinchilla for both models. AdamW uses cosine schedule
tuned per-horizon (c.f., Table 4) for 125M model, and the configuration for 8x was reused for the 772M
model. SF-AdamW uses weight decay at Y as it performs the best in these horizons (c.f., Figure 2) and is
the originally proposed option in [17].

125M Model 772M Model
Chinchilla  SF-NorMuon SF-AdamW  AdamW SF-NorMuon SF-AdamW  AdamW
Ratio (decay@Z) (decay@QY)  (cosine) Speedup  (decay@Z) (decay@Y’)  (cosine)  Speedup
1x 3.318 3.399 3.354 35% 2.777 2.852 2.826 50%
2x 3.229 3.282 3.231 35% 2.729 2.780 2.768 52%
4x 3.170 3.205 3.170 36% 2.698 2.726 2.720 47%
8x 3.136 3.141 3.124 11% — — — —

We validate SF-NorMuon on auto-regressive language modeling by training decoder only transformers at
two scales: a 125M parameter model and a 772M parameter model. Both architectures follow the LLaMA-2
design [72], with tied input-output embeddings, rotary positional embeddings (RoPE) [73], RMSNorm for
pre-normalization [74], and squared ReLU activations in the MLP blocks [75]. Additional architecture details
are provided in Appendix D. Our training code is based on the NanoGPT repository [76, 77].

Dataset and training setup. We train on the FineWeb-100B dataset [78] tokenized with the GPT-2
tokenizer [79]. All experiments use batch size of 512 sequences and sequence length of 1024 tokens, yielding
approximately 524K tokens per gradient step. We adopt the Chinchilla scaling [20], where N x Chinchilla
denotes training on ~ 20N tokens per model parameter. For our 125M model, this corresponds to 2.5B
tokens at 1x (5,000 steps), scaling up to 21B tokens at 8x (40,000 steps).

Hyperparameter tuning. We start with the 150M model. For schedule-free optimizers, we use 2,000
warm up steps and tune hyper-parameters at 2x Chinchilla, and reuse these for all settings. The best
hyperparameters for SF-AdamW are n = 0.01, (81, f2) = (0.95,0.99), and A = 0.05. For SF-NorMuon, we
reuse the same learning rate and weight decay parameter, following the 0.2n;1/mn/ ||]3t || F rescaling factor from
[46]. The other hyper-parameters were set to (31, 82) = (0.9,0.95), momentum g = 0.8. For the non-matrix



parameters (embeddings, layer norms), both schedule-free methods run SF-AdamW. For the AdamW baseline,
we tune the learning rate separately at each horizon, using 2,500 warm up steps followed by cosine decay
to zero; comparison of these runs can be found in Figure 6 in Appendix D. Other hyperparameters were
tuned at 2x Chinchilla. This represents a well-tuned baseline with per-horizon optimization, using optimized
n € {0.004,0.008}, and B = 0.9, B3 = 0.95, and A = 0.1. Additional hyper-parameter tuning details and
learning rate sweeps are provided in Table 4 in Appendix D.

For the 772M parameter model, we reuse the optimal 8x Chinchilla hyper-parameters from AdamW and the
2x-tuned hyper-parameters for schedule-free methods. This approach is motivated by the observation that
losses near the optimal learning rates exhibit only small variation, and recent work has shown similar optimal
learning rates across small and large Llama-2 model scales (see Table 7 and Table 35 in [30]). We omit the
8% Chinchilla runs for the large model due to compute limitations.

Results. Table 1 reports validation losses (evaluated at X) across training horizons. Note that the SF-
NorMuon uses exactly the same learning rate and weight decay as SF-AdamW. For both models, SF-NorMuon
with weight decay at Z consistently outperforms SF-AdamW across all horizons. Crucially, SF-NorMuon
matches the per-horizon tuned AdamW baselines (except at 8x Chinchilla where it lags marginally), while
SF-AdamW lags behind consistency. This demonstrates that SF-NorMuon delivers competitive performance
with AdamW at any stopping point, without a horizon-specific learning rate schedule. For the 772M model,
the speedup advantage of SF-NorMuon over SF-AdamW is even more pronounced: 50% at 1x and 52% at
2x Chinchilla.

- Improvement across learning rates. A key practical
3.51%1(1)edule-Free LR Sweep (125M, 8x Chinchilla) advantage of SF-NorMuon is robustness to the choice of
2155 : :Ejﬁi‘?ﬁmn learning rate. Figure 5 shows a learning-rate sweep at 8x

Chinchilla for both schedule-free methods: SF-NorMuon
3.150 o achieves lower validation loss than SF-AdamW across all
3145 learning rates tested. Importantly, SF-NorMuon’s per-
formance degrades gracefully away from the optimum,
3.140 1 .\‘/‘/‘ confirming that the spectral geometry provides a favor-

able optimization landscape even without careful per-run

Validation Loss

3.135 - .
tuning.
3.130 . . . . . )
0.006 0.008 0.010 0.012 0.014 Other findings. We present the full convergence proofs
Learning Rate under both Frobenius and spectral smoothness in Ap-

pendix C. Additional material includes: a self-contained
Figure 5: Learning rate sweep comparison be- derivation of spectral and sign update rules from first prin-
tween SF-AdamW and SF-NorMuon. ciples (Appendix A), a review of SF-SGD and SF-AdamW

(Appendix B), detailed model architectures and hyperpa-
rameter search spaces (Appendix D), an ablation study with a comparison against tuned NorMuon across all
horizons (Appendix E), and a PyTorch implementation of SF-NorMuon in Algorithm 1(Appendix F).

5 Conclusion

In this work, we proposed SF-NorMuon, a schedule-free spectral optimizer that matches per-horizon tuned
AdamW across Chinchilla horizons without requiring schedule or horizon specification in advance. We proved
a O(T—'/*) stationarity guarantee for the underlying schedule-free spectral dynamics for smooth non-convex
functions and identified weight decay at the fast iterate is a necessity for long-horizon stability, which is a
departure from the convex optimization theory. A limitation of this work is the diversity of model architectures
and datasets; extending the validation of SF-NorMuon to more diverse settings, and considering larger scales
and multi-stage continual learning pipelines are therefore a natural direction for future work.
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Technical Appendices and Supplementary Material for
“Anytime Training with Schedule-Free Spectral Optimization”

In this appendix, we provide more thorough preliminaries and background information that supplement the
main text. We also state the formal version of the informal theorems from the main text, as well as their
proofs. This appendix is organized as follows:

e In Appendix A, we review metrized deep learning, and derive optimizers from norms on weight matrices.

e In Appendix B , we review the Schedule-free method. In particular, we discuss SF-SGD and its
convergence bound, and the algorithm for SF-AdamW.

e In Appendix C proves in the detail the convergence of SF-Spectral Descent, for noisy Lipschitz smooth
functions in both the Frobenius and spectral norm. In addition, we prove the lemmas used in the
steady-state analysis.

e In Appendix D, we review the architecture of the language models used in our experiments and present
the hyper-parameter selection procedure.

e In Appendix E, studies the effect of ablating momentum term for SF-NorMuon (setting p = 0), and
ablating the row-normalization. Furthermore, we present a detailed comparison against NorMuon with
cosine decay of learning rate.

e In Appendix F, we present a PyTorch implementation of SF-NorMuon algorithm.

A Optimizers from Weight-Space Matrix Geometry

For the reader’s convenience, we collect here the basic derivations of the update rules discussed in the main
text. The starting point is always the same: given a current iterate W; and gradient G; := V f(W,), we
choose an update AW, by minimizing the first-order model of the loss subject to a constraint, or equivalently
a quadratic penalty, in the geometry of interest. Our treatment follows the work of Bernstein and Newhouse
[60].

A.1 Steepest descent in a prescribed geometry

Let || - ||x be any norm on the space of matrices. The corresponding norm-constrained steepest-descent step is
AW, € arg min  (Gy, AW). 22
\IAW\|x<n< > (22)

Since the objective is linear, the solution lies on the boundary of the ball and points in an extremal descent
direction for the chosen norm. Writing

1Gille s = sup (G, U) (23)
IUlIx<1
for the dual norm, (22) is equivalent to
AWy = —n Uy, U; € arg max (G, U), (24)
IUllx<1

and the optimal value is —n||G¢||x «.
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In practice one often uses the equivalent regularized local model

1
AW, in 3 (Gy, AW) + — || AW||3 25
v e agigin { (G AW) + LIAWI, | (25)
where || - || x+ may depend on time through a momentum estimate or a preconditioner. The constrained form

(22) produces normalized directions such as sign and polar updates, while the regularized form (25) produces
the preconditioned-gradient forms used by practical optimizers.

A.2 The sign geometry: p=1, ¢ = o0
Take the matrix norm

[Alle, >0 = sup | Aul|oc. (26)

ul|1<1

A direct calculation shows that this is simply the entrywise max norm:

1Alle, e = max|Ai]. (27)

Indeed, for each row ¢,
[(Au)i| = > Asjuy| < max | A > lugl < mjaX|Aij|» (28)
J J

50 ||Au||eo < max; j|A;;|. Equality is achieved by choosing u to be a signed coordinate vector supported on
an entry attaining the maximum.

Substituting (27) into (22) gives

max;, ; |[AW;|<n <=
i,j

This decouples coordinatewise, and for each entry the minimizer is
(AWL)ij = —nsign((Gr)ij)- (30)

Hence the steepest-descent rule is
AWt = -0 SigH(Gt)7 (31)

which is the base update underlying signSGD:

Wt+1 = Wt — 7751gn(Gt) (32)

A.3 Momentum in the sign geometry

To overcome the noise from the computing the gradient on a mini-batch a standard practical modification is
to replace the raw gradient by a smoothed momentum estimate. Let

Mt = BMtfl + (]. - ﬁ)Gt, 0 < B < 1. (33)
Applying the same steepest-descent rule to M; instead of G, yields
Wt+1 = Wt — nSigD(Mt), (34)

which is the update for signSGD with momentum.
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Lion. Lion uses a sign update applied to a momentum direction that directly incorporates current gradient
as well. In the standard implementation, one first forms

Cy = BiMi—1 + (1 — B1)Gy, (35)
then updates
Wip1 = Wy — nsign(Cy), (36)
and finally refreshes the state
My = BaM; 1 + (1 — 32)Gh. (37)

Thus Lion can be viewed as a two-timescale version of the basic sign steepest-descent rule.

Adam with $; = 0. Adam augments the gradient with both a momentum buffer and a variance buffer:
my = Bimy_1 + (1 — B1)Gy, v = Bavr—1 + (1 — B2)GY2, (38)

where G?z denotes the entrywise square. Its coordinatewise update is

Wip1 =Wi—n UT:— - (39)
When B3 = 0, the variance buffer collapses to the current squared gradient,
vy = Gt® 2, (40)
and so
Wip1 = Wy — nsign(My). (41)

Thus, Adam with S = 0 keeps the momentum buffer but normalizes it coordinatewise by the current gradient
magnitude. This leads us back to signSGD with momentum.

A.4 The spectral geometry: p=¢q =2

Now take the matrix norm

[Allez e, = [ Allop, (42)

the spectral norm. The norm-constrained step becomes
AW, € ar min (G, AW). 43
tCaE Jn G AW (43)

Let the singular value decomposition of G be
Gy = UV, (44)
By von Neumann’s trace inequality,
(G, U) < ||Ge[l«[Ullop  for all U, (45)
so over the unit spectral-norm ball the maximum of (G, U) is |Gy «, attained by
U=UV,". (46)
This matrix is the polar factor of G¢, which we denote by polar(G;). Therefore
AW, = —npolar(Gy), (47)
and the corresponding update for spectral descent is

Wt+1 = Wt - npolar(Gt). (48)
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A.5 Momentum in the spectral geometry

Muon. Exactly as in the sign case, we may replace G; by a momentum-smoothed matrix

My = M1 + (1 - B)Gy. (49)
Applying spectral steepest descent to M; gives the update for Muon

Wip1 = Wy — npolar(My). (50)

In practical implementations, this polar factor is not computed by an exact SVD but is approximated by
a small number of Newton-Schulz iterations. This minimizes the computational overhead as they can be
implemented using only matrix multiplications (GEMMs).

Shampoo. Shampoo maintains left and right second-moment buffers for each matrix parameter and updates
by preconditioning with their inverse quarter-powers

M, = 1M1+ (1= 51)Gy, Ly = BoLi—1 + (1 — B2) My M,", Ry = BoRy—1 + (1 — B2)M," My, (51)

followed by the update
Wipr = Wi =L MR (52)

In the limiting case B2 = 0, these buffers collapse to the instantaneous matrices
Ly = M;M,", Ry = M," M. (53)
If M, = UXV is the singular value decomposition, then
LM R = s 2T (Usv T VETY2YT = UV T = polar(M,), (54)

where the identity is exact in the idealized full-rank case (and otherwise understood with pseudo-inverses on
the support of M;). Hence, when the second-moment buffers are collapsed in this way, Shampoo reduces to
the same polar transform of the momentum matrix that underlies spectral descent and Muon.

B Review of SF-SGD and SF-AdamW

Schedule-free (SF) methods were introduced to remove the need for a prescribed training horizon in learning-
rate scheduling. The basic idea is to keep a fast sequence z;, on which the base optimizer runs at a
nearly constant learning rate, while returning an averaged sequence x; whose effective learning rate decays
automatically through online averaging. Gradients are evaluated at an interpolation point y; between these
two states. In this way, schedule-free optimization replaces explicit time-based annealing by implicit annealing
through online weight averaging [17].

SF-SGD. In its simplest form, Schedule-Free SGD maintains three sequences,

Yo = By + (1 = B)z, 9t = VL(y1; &), Zt+1 = 2t — NGt (55)
together with the online average

1

o (56)

Tpp1 = (1 — cpq1) @ + Ct41 2041, Cip1 =

Here z; is the base iterate, x; is the returned iterate, and y; is the point at which the stochastic gradient
is computed. The parameter 3 € [0, 1] interpolates between Polyak-Ruppert averaging (8 = 0) and primal

averaging (8 =1).
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Implicit decay of the effective learning rate. The averaging update can be rewritten as

Tip1 — T = Cop1 (2041 — Tt) = Coy1(2e — Tt) — cop1nge- (57)
Using
Yt — Xt
ye = Bry + (1 - B)z - 2 — Ty = 1-3" (58)
we obtain Coit
t
Ti+1 — Tt = 1 jﬂ(yt = T) = Ce41nYe- (59)
Thus the returned iterate z; moves as though it were taking a gradient step with effective learning rate
eff n
~ = —. 60
MR G = (60)

Thus, the effective learning rate decays like 1/t even though the base update on z; uses a constant step size.
This is the basic mechanism by which schedule-free methods replace an explicit schedule. In the convex
Lipschitz setting, this implicit learning rate decay is sufficient to retain the optimal worst-case convergence
rate of O(T~'/2). For a convex G-Lipschitz function with D = ||z; — ]|, the choice of = D/(GV/T) for

any 3 € [0,1] leads to

E[F(xr) — F(2.)] < 3;. (61)

SF-AdamW. For deep-learning applications, the raw gradient is replaced by a preconditioned update
together with warmup and decoupled weight decay.

Algorithm 2 Schedule-Free AdamW

1: Input: base learning rate 7, interpolation parameter (5, variance parameter 35, weight decay A\, warmup
steps Tyarmup, NUmerical constant e, decay location g, € {y, 2}
2: fort=1,2,...,7T do

3: yr < (1= B1)z + Pray > Momentum via interpolation
4: gt < VL(y; &) > Gradient is evaluated at y;
5: vy 4 Bovi—1 + (1 — B2)gs?

6: ne < ny/ 1 — B4 min(1, ¢t/ Twarmup) > Warmup and Adam bias-correction
T 41 S 2t — Mt gt/(\/’LTt + E) — nt)\gt

8: St < S¢_1 + 17t2

9: Cty1 < 77t2/8t

10: Ty (1= 1) + Coy12041 > Update weighted iterate average
11: end for

12: return zr

The choice y; = y; corresponds to applying weight decay at the gradient location, which matches the
interpretation of decay as an fo-regularizer in the loss, while §; = z; applies decay at the fast iterate. A useful
practical feature is that SF-AdamW does not require more memory than AdamW. One stores z; and y; in
memory, and reconstructs
oy — (1= Pr)z
T = —7"——
B
when evaluation is needed. Note that unlike classical momentum, which introduces a separate momentum
buffer, schedule-free momentum is implemented through the interpolation y; = (1 — )z, + Bz in weight
space.

(62)

C Convergence of Schedule-Free Spectral optimization

We first state the iterations of the schedule-free spectral optimization and the assumptions of Lipschitz
smoothness and bounded diameter.
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Iterates. For parameters 0 < 8 < 1,0 < u < 1, stepsize nn > 0, and batch size B > 1, consider

Y = BXe + (1 - B)Z, (63)
1B
Gi=5 ; V (Vi) (64)
My = Go, My =pMy1+ (1 —p)Gy (t=1), (65)
P, = polar(M,), (66)
Ziy1 = Zt — Nk, (67)
t 1
Xt+1 = th + mZH_l, Xo = Z(). (68)
Assume there exists W* € R™*" such that
fw*)=f VW) =0,
and let
r:=min{m,n}, A= f(Yo) - f*.
Throughout, the stochastic oracle is unbiased with bounded Frobenius variance:
2
o
EG | F]=VI(Y) =g,  E[IG:— gl | F] < E (69)
Smoothness assumptions. For the spectral proof, we assume there exists a constant Lg such that
IVF(A) = VF(B)|. < Ls|A—Bllop  for all 4, B € R™". (70)
For the Frobenius proof, we assume there exists a constant Lp such that
IVF(A) ~ VI(B)|lr < LelA— Bl forall A,B e R™", (71)

Bounded diameter assumptions. For the spectral proof, we assume there exists a constant Dg > 0 such
that
IW*|lop < Ds/2, 1 Ztllop < Ds/2 for all ¢, (72)

while for the Frobenius proof, we assume there exists a constant Dg > 0 such that

[W*||r < Dp/2, | Z:i|lr < Dp/2  for all t. (73)

Consequently, || X¢|lop, [|Y:]lop < Ds/2 for all ¢, and hence
HYVt - W*”Op < DS, HZt - W*”Op < DS for all t,

and a similar statement holds for the Frobenius norm.

These are standard bounded-iterate assumptions (see Theorem 7 in [63] and Theorem 1 in [39]), and they
can be enforced algorithmically by considering a projected variant that keep the fast iterates Z; inside the
corresponding norm ball. The iterates X,Y are unweighted and weighted averages of current and previous Z
iterates and hence remain within the ball.
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C.1 Reusable identities and bounds

Lemma C.1 (Iterate identities). Define

St 2:Zt—}/;§.
Then Sy = B(Z; — X¢), and for every t > 0,
t
Sty1 = m (St - 577Pt)a (74)
St B
Yo - Y = —p(1-p+-2\p.
t+1 O] 77( 6+t+1> t (75)

Consequently, if || - ||o is any norm for which ||Yy — W*||o < Do and || Zy — W*||o < D, then

2D
[Stllo < 2Ds, ¥Year = Yello < 5 +°1 + || Ptfo- (76)
In particular,
2Dg
Y _Y e} < T 4 9 77
1Yir1 — Yillop t+1+77 (77)
2D
1Yig1 — Yi|lr < H%Jrnx/?- (78)

Proof. Since Y; = X + (1 — 8)Z;, we have
St =2y =Y = B(Z; — Xy).
Using (67) and (68),

St+1 = Zt+1 — Yo
= ﬁ(Zt-‘rl - Xt+1)

t 1
=p (Zt+1 - Xy Zt+1)

t+17" t1
— 2 B(Zin - X0)
= H_Llﬁ((zt —nP;) — Xy)
= H%(St — BnP),

which proves (74). Then

Yiv1 =Y = (Zig1 — Ser) — (24 — Sy)
=P — S+ 5,

St B
- —g(1-p+ 2P
t+1 77( 5+t+1> b

which is (75). The norm bounds follow from

1Stllo = 1 Ze — Yillo < || Z¢ — W6 + [|Y2 — W¥||o < 2D,
together with ||Pllop < 1 and ||P]|r < V7. O
Lemma C.2 (Polar alignment). For every ¢t > 0,

(96, Pr) = llgell« = 2llge — M| (79)
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Proof. Since P, = polar(M;),
(Mg, Pr) = || M|

Also,
(gt = My, Py) 2 —|lge — Me|l«||Pillop = —llge — M|
Therefore
(g, Pr) = (My, Py) + (gr — My, Pr) > || M|l — [lge — Myl
Finally,

[Mell+ = llgells — llge — Ml
which yields (79).

Lemma C.3 (Stochastic EMA error). Let
Co = go, Ct = pCi—1 + (1 — p)ge, Ey = Cy — M.

Then
By = pE 1+ (1 - p)(ge — Gy),

and

T-1

1 o 1l—p o
— E|| B« < V7T + — .
T; - f((l—u)T\/B 1+u\/B>

Proof. The recursion (80) is immediate from the definitions. Using (69),

B[IB I | 7] <21 Bics 3+ (1— .
Solving this recursion and applying Jensen gives

o l—p o
VB N1+ uvE
Since ||All« < /7 ||Al|F, averaging over t =0,...,T — 1 yields (81).

E||Ei|lr < pf

Lemma C.4 (Tracking bound under spectral smoothness). Assume (70) and (72). Then

T = (1—M)T\/§jL 1+u+/B

(1—=p)T
Proof. Write
gt — My = (g¢ — Cy) + (Cy — My), Ay = |lge — Cil-
Then
A = |lge — pCr1 — (1 — p)gell«
= pllge — Cr1ll-

< pllge — ge—alls + Ay
< ,LLLS”Y; - Yz—lHop + ,LLAt—l

2D
< pLs <ts + 77) + pAi-,
where we used (77). Iterating and averaging gives

1 uLsn  2uLsDglog(eT)
- Ar <
T < 1—p (1—p)T

Combining this with Lemma C.3 proves (82).
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T—1

1 Lsn  2uLsDglog(eT - —

*ZE||gt—Mt||*</f_SZ+ s Ds log( )+\/?( M>.
=0
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Lemma C.5 (Tracking bound under Frobenius smoothness). Assume (71) and (73).

WLFn

2uv/T Lp Dplog(eT)

g

Then

l—p o

T Z Ellg: — M|« <

Proof. Again write

— M; = (9: — Cy) +

Then

Ay < pullge

T || gt

NN N

N

where we used (78). Iterating and averaging gives

< urLpn

(1—=pwT

(Ct —

+\/F((1

— i1« + pAi1
—gi—1llFp + pAiq
pr Lp||Y: —

Dp
ﬂfLF (+77\/>> +HAt—la

Yioillp + pAi—q

M), Ap = Hgt -

STVE

2[&\/? LFDF 10g(€T)

1—p

Combining with Lemma C.3 proves (83).

C.2 Spectral-smooth analysis

(1—=pT

1+uﬁ

Ctl|«-

).

(83)

Theorem C.1 (Stationarity at the Y-iterates under spectral smoothness). Assume (69), (70), and (72).

Then for every T > 1,

= A+2LgD% (log(eT) %) Lgn 2uLgn
f;]EHVf(Yt)H* < - 5)Tn a-pta-pu-n
2LsDs log(eT) <1 L2 > L _2re  fl-p
1-p)T —n)  (1=pWBV 1+p
2\/ro

A A0-wIVE

Proof. By (70),

L
F(Yer1) S S+ (g1, Yewr = Yo) + 52 [Yewr = Yill3,.
Using Lemma C.1,
Sy B
Vi — Y, = =L B+ \P
t+1 O < ﬂ+t+1> t
hence
1 8 Ls 2
Y, V) 4+ ——(g0, S0y = (1= B+ ——) (g0, P) + =2|[Yis — V3|2,
F0Vhi2) < 100+ w5 =0 (1= 8% ) G P + 50 e - R,
Now ||g¢|l« < LsDs, ||Stllop < 2Ds, ||Yit1 — Yillop < 2Dg/(t + 1) + 1, and Lemma C.2 gives
<gt7Pt> = ||9t||* - 2Hgt - Mt”*
Therefore
2LsD% Lg (2Dg 2
f(Yerr) < f(Y2) = (L = Bl gell« + 2nllg¢ el + i1 5 (i1 77

24
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Summing (85) from ¢ = 0 to T — 1, taking expectations, and using f(Yr) > f*, we obtain

T-1 T-1

1
=8) 2 Blal. < A+ 203 Ellge— Mill +20sD8 >
=0
T-1 2
Lg (2DS )
+ - —+n| .
2 = t+1
Using
T-1 T—1
1 72
< log(eT), 5 < —,
- S (t+1)2 7 6
and substituting Lemma C.4 yields (84). O

C.3 Frobenius-smooth analysis

Theorem C.2 (Stationarity at the Y-iterates under Frobenius smoothness). Assume (69), (71), and (73).
Then for every T > 1,

T-1 A+2LFD%(log(eT)+%2> Lprn 2uLprn
—ZEHVfYtH < @By Tai-p) T A=A -w)
2y/F LDy log(eT) (1+ 2u> 2o [T—p
11— AT l—p) Q-BVBV1l+n
2yro (86)

A=A - TVB
Proof. By (71),
F(Yern) < V) + g1, Yoo = Yo + 5 Vi = Vil

Using Lemma C.1,

S, B
Yigr—Yi=— —p(1-p+-—"—)pP.
T "( ﬁ+t+1> !

Hence

L
F0Vhi2) € S0+ oS =0 (1= 8 20 )t P+ S i = Yl

Since ||gt|r < LrDp, ||StllF < 2Dp, ||[Yi41 — YillFr < 2Dp/(t +1) 4+ ny/r, and Lemma C.2 gives
(9t; Pe) = |lgell« — 2llge — Mells,

we obtain

2
FVier) < £V = 01 = B)llgells + 2nllge — M|, + 22EPE 4 LE <2DF

t+1 2 t+1+”\[> (87)

Summing (87) from ¢ = 0 to T — 1, taking expectations, and using f(Yr) > f*, we get

T-1 T-1

1
- Ellgll. <A+2 Ellg, — M|, + 2LpD? -
5)2 el + 77; llg¢ tll« +2LrDE 111

Sy (o)

t=0
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Using

-1 -1 2
—— < log(eT), 5 < —,
—t+1 — (t+1) 6
and substituting Lemma C.5 yields (86). O

C.4 Corollaries with optimized hyperparameters

Corollary C.1 (Tuned rates under spectral smoothness). Assume the hypotheses of Theorem C.1, and fix
B elo,1).

(i) Noisy case. There exist choices ur € [0,1) and nr > 0 such that

= log T\ /4
= E Yol = . 88
F 3 EIVS00)] 0<( eL) ) (58)
(ii) Noiseless case. If o =0, then there exist choices pr € [0,1) and nr > 0 such that
T-1
1 logT
TZ||Vf<n>||*=0< - ) (89)
=0
(iii) Log-free specialization when 3 =0. If B =0, then the schedule-free drift disappears, and the rates
improve to
=
T Z E[|Vf(Y)|. = O(T_1/4) in the noisy case, (90)
t=0
and
=
T Z V(Y| = O(T*1/2) in the noiseless case. (91)
t=0
Proof. Let

2
AT,S = A+ 2L5’D‘29 (log(eT) + 776) .

Then Ar s = O(logT).
For part (i), write

a:=1-pe(0,1].

Then Theorem C.1 becomes

1

Ars  Ls(4—3a) 2LsDglog(eT) 2 — «
5| T+ +

Tn 2a g T @

2\/ro @ 2\/ro
\/E 2—a oTVB

1 T-1
l <

+ . (92)

For fixed «, the exact optimizer in 7 is

@) = || T (98)
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Substituting (93) into (92) gives

1= 1
— <
7 ;ZO E[VFYlle < e

\/QATVSLS 4—3a 2LsDglog(eT)2— «
: +
T « T «

+2\/770 a _’_2\/?0
VB V2—a oTVB

) [Ar sLgB N
ar,g = min {1, 2 77:52;} , prs :=1—oargs, nr,s == nr.s(ar,s). (95)

This is the leading-order optimal choice obtained by balancing the first and third terms in (94). With this

choice,
2AT75LS 4— 304T,S -0 AT,S 1/4
T ar. s o T ’

2y/ro ars (AT,S>1/4
vB \2-ars T '

The remaining terms are lower order:

2LsDglog(eT) 2 —ars o log T ﬂ _ O(1>
T ars T |’ arsTVB TlogT )"

;gmwmn* _ o(("l;s)/) _ o((biT)M) 7

For part (ii), when o = 0, the stochastic terms vanish from (92). The remaining bound is increasing in p,
hence minimized by

. (94)

Choose

and

Hence

which proves part (i).

prs =0 equivalently ars = 1.
Then the exact optimizer in 7 is
2Ar1 s
= = 96
nr,s ToT (96)

Substituting pr g = 0 and (96) into Theorem C.1 gives

T-1

1 1 2L5AT S 2LSDS 10g(€T)
T Y *g :
e

Since Ap ¢ = O(logT'), this implies

1= log T
T§||Vf<m||*=0< J )

which proves part (ii).
For part (iii), suppose 8 = 0. Then Y; = Z;, hence

Si=7Z;—Y; =0 for all ¢z,
and therefore

Yipn = Ye = —nkb.
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Thus the harmonic-drift term disappears from both the descent and tracking arguments. Repeating the proof
of Theorem C.1 with S; = 0 gives

T-1
1 A Lsn 2uLgn 2yro [1—p 2\/ro
= E(|VFY)|« € 5+ + . 97
Writing « := 1 — p, this becomes
T-1
1 A Lg(4—3a) 2\/ro o 2Vro
= D EIVIY)lle < — + + + :
For fixed «, the exact optimizer in 7 is
. 2A o
T TN\ LT~ 3a)
Substituting this back and balancing the first two leading terms gives
[, [ALsB . 9A ap
= min =1- =y
or CN e (0 T O A LT - 3ar)
With this choice,
=
= SEIVY)]. = 0T ),
t=0
which proves the noisy claim in (90).
If in addition o = 0, then (97) reduces to
T-1
1 A | Lgn
= VIY)l« € —+ —.
72 IS0 < o+ 55
Its exact optimizer is
_0 [ 2A
,LLT - ) nT - LST
Substituting yields
T-1
1 2LsA _
=3IVl <\ 22 = o),
t=0
which proves (91). O

Corollary C.2 (Tuned rates under Frobenius smoothness). Assume the hypotheses of Theorem C.2, and fix
B el0,1).

(i) Noisy case. There exist choices pr € [0,1) and nr > 0 such that

T-1 o 1/4
T BVl =0<(1 e7) > (99
t=0

(i) Noiseless case. If o =0, then there exist choices pr € [0,1) and nr > 0 such that

1 flogT
Z ”Vf(yt)”* = O( T) . (99)

t=0

=l
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(iii) Log-free specialization when 3 =0. If B =0, then the schedule-free drift disappears, and the rates

improve to
=
T Z E|ViY)|« = O(T_1/4) in the noisy case,
t=0
and
=
T Z IVf(Y)« = O(T_1/2> in the noiseless case.
t=0
Proof. Let

2
Arp:=A+ 2Lp D% <log(eT) + 7;) )

Then Ap p = O(logT).

For part (i), write
a:=1-pe(0,1].

Then Theorem C.2 becomes

1= 1
— <

AT,F LFT(4 — 3&) 2\/77LFDF log(eT) 2—«
+ n+
Tn 2a T «a

_’_2\/770 a +2\/770
VB V2—a oTVB

% (a) - 2AT,FOz
ME) A Lo T(4 — 3a)

\/2ATFLpr 4—3a 2¢/rLpDplog(eT) 2 —a
\ ) 1
T « T «

For fixed «, the exact optimizer in 7 is

Substituting (103) into (102) gives

1
1-p5

1 T-1
= SRV <
t=0

+2\/770 a +2ﬁ0
VB V2—a oTVB

. [A rLrB
O[T7F = min {17 2 T70'2T‘} s MT,F =1 aT,F; nT,F = U},F(QT,F)~

Choose

(100)

(101)

(102)

(103)

(104)

(105)

This is the leading-order optimal choice obtained by balancing the first and third terms in (104). With this

choice,

2AT,FLF7" 4—3CVT7F - O AT,F 1/4
T ar F n T ’

2\/ro arr_ _ (AT,F)1/4
\/E 2 — ar T '

The remaining terms are lower order:

2\/r LpDplog(eT) 2 — arp O( logT> 2\/ro O< 1 >

and

T ar F T aT,FT\/E - \/TIOgT
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Hence

7Z]E”vf ¥l _O<<ATF>1/4> :O<<1O§T)1/4>7

For part (ii), when o = 0, the stochastic terms vanish from (102). The remaining bound is increasing in y,
hence minimized by

which proves part (i).

prp =0 equivalently arr = 1.

Then the exact optimizer in 7 is
2AT,F
LFT’ T '

Substituting pr p = 0 and (106) into Theorem C.2 gives

QLFT AT,F 2\/’FLFDF log(eT)
T + T

nrE = (106)

1= 1
T ; VSOl < 1 5

Since Ap p = O(logT'), this implies

1= log T
T§||Vf<n>||*=0< - )

which proves part (ii).
For part (iii), suppose 8 = 0. Then Y; = Z;, so
St =0 and Yt+1 — )/f = 777Pf

Thus the harmonic-drift term disappears from both the descent and tracking arguments. Repeating the proof
of Theorem C.2 with S; = 0 gives

T-1
1 A Lprn  2uLprn 2¢/ro [1—p 2\/ro

— E|V f(Y; < — + + + + . 107
F 3 EIVAON. < g H e BRI B ol e (107)

Writing a := 1 — p, this becomes

T—1
A Lpr(4d-3a 2 ro Q 2/ro
*Z]E”nyt” A L Ler( ) VT L e
STy 200 \F 2—-a oTVB
For fixed «, the exact optimizer in 7 is
. 2A @
g LprT(4-3a)’

Substituting this back and balancing the first two leading terms gives

ar=mind 1. 2 M’iFB —1—a — mi
= N e (0 KT T TN T T4 — 3ar)

With this choice,

1 T-1
= S EIVA¥)IL =0,
t=0

which proves (100).
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If in addition o = 0, then (107) reduces to

T—1
1 A Lprn
= E VIYe)|« < — .

[ 2A
KT = Oa nr = LFTT.
T-1
1 2Lpr A _
= DIVl <\ == = o),
t=0

which proves (101). O

Its exact optimizer is

Substituting yields

C.5 Steady-State Analysis for Weight Decay at 7

In this subsection, we prove the boundedness and steady-state characterization lemmas stated in Section 3.
For convenience, we restate the lemmas here.

C.5.1 Proof of Lemma 3.1

Lemma 3.1 (Restated). Consider the update Zy1 < Zy — n\Zy — ﬁtﬁt and assume 0 < nA < 1 with
7 = 0.2n/mn/||P:||r. Then for all t, we have

0.2¢/mn 0.2y/mn
1Zule < 1Zolle(1 = + 22—z < P2 g o
Furthermore, since X, and 'Y, are convex combinations of {Zs}s<:, they satisfy the same bound.

Proof. Triangle inequality gives

1 Zes1llr < (L= ZellF + 3l Pelle = (1= )| Ze|l p + 0.20v/mn.

Unrolling and bounding the geometric sum:

=1 0.2y/mn
1Zellp < (1= 0N Zollr + 0.2nv/mn Y (1 —nA)* < (1= M) Zollr + f
k=0

C.5.2 Proof of Lemma 3.2

Lemma 3.2 (Quasi-Steady-State of Z, Restated). Under the same conditions as Lemma 3.1, for n\ < 1 the

steady-state satisfies
Aps = 0.1 {—at +4/a? + 277/\],

where py = || Z¢||p/v/mn is the RMS norm and oy = (ﬁt,Zt>/(||13t||F||Zt||F) is the alignment.
Proof. Squaring the update Z;11 = (1 — nA)Z; — ﬁtﬁt gives

1Zesa 07 = (1 =01 Ze13 = 2(1 = nA\)ie(Ze, Br) + 07| P - (108)
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The NorMuon learning rate 7, = 0.2n\/mn/||P;|| ¢ ensures that 7| P, ||z = 0.2n,/mn is constant. Substituting
into (108):
1ZesallE = (1= N2 Zel5 — 0.4n(1 = nA)aev/mnl|Z; || F + 0.04n*mn.

Dividing by mn:

piia = (1 =nA)?p} — 0.4n(1 = nA)asp; + 0.047°. (109)
In steady state, p;+1 = pr =: pt. Rearranging (109):

pi[L— (1 =nA)?] = —0.4n(1 — nA)arps + 0.04n>.

For n\ < 1, we have 1 — (1 — n\)? ~ 2\ and 1 — n)\ ~ 1, giving the quadratic \p? + 0.2a;p; — 0.02 = 0.

Taking the positive root:
Ape = 0.1 [—at +4/a? + 277)\}.

D Architecture and Hyperparameter Details

This appendix provides complete details of the model architectures and hyperparameter sweeps used in our
experiments. All experiments were conducted on 8x NVIDIA A100-40GB GPUs [80] using PyTorch 2 [81].

Table 2: Small and large Model architecture details.

Hyperparameter Small Model (125M) Large Model (772M)
Vocabulary size 50,304 50,304
Number of layers 12 36
Hidden dimension (dpoder) 768 1,280
Number of attention heads 6 10
Head dimension 128 128
MLP hidden dimension 3,072 5,120
Context length 1,024 1,024
Total parameters ~124M ~T772M
1D parameters (embedding/head) 38,633,472 64,389,120
2D parameters (attention/MLP) 84,934,656 707,788,800
Batch size (global) 512 512
Tokens per batch 524,288 524,288

Model Architecture We use a Llama-style GPT architecture with rotary positional embeddings (RoPE),
RMSNorm, and QK-normalization in attention. The MLP uses a squared ReLU activation. Weight tying is
applied between the token embedding and output head.

Training Regimes We follow Chinchilla-optimal training budgets [20], scaling the number of training
steps proportionally with model size. For the small model, we evaluate four training horizons denoted 1x,
2x, 4%, and 8x Chinchilla-optimal. For the large model, we train at 1x, 2%, and 4x Chinchilla-optimal.
Table 3 summarizes the training budgets.

Hyperparameter Search We conduct extensive hyperparameter sweeps for each optimizer using the 125M
model. In particular, for AdamW we tuned the all hyper parameters except learning rate at 2x Chinchilla but
the learning rate was tuned for each horizon, while for SF-AdamW we tuned at 2x Chinchilla and used the
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Table 3: Training budgets in steps and tokens for each model and regime.

Model 1x 2% 4x 8%

Small (125M)  Steps 5,000 10,000 20,000 40,000
Tokens 2.6B 5.2B 10.5B 21.0B

Large (772M) Steps 30,000 60,000 120,000 —
Tokens 15.7B  31.5B 62.9B —

same configuration for runs up to 8x Chinchilla. Using the learning rate adjustment described in Section 2,
SF-NorMuon was able to use an identical learning rate and weight decay as SF-AdamW. Table 4 summarizes

the search space.

Table 4: Hyperparameter search space for each optimizer. Values in bold indicate the best configuration
found. The learning rate in bold is for AdamW corresponds to the 2x training duration.

Optimizer Hyperparameter Values Searched

AdamW Learning rate {0.002, 0.004, 0.006, 0.008, 0.01}
51 {0.9, 0.95, 0.99, 0.995}
Ba {0.9, 0.95, 0.99, 0.995}
Weight decay A {0, 0.05, 0.1}
Warmup steps {1000, 1500, 2000, 2500}
Scheduler Cosine decay to 0

SF-AdamW Learning rate {0.005, 0.008, 0.01, 0.012, 0.015}
51 {0.9, 0.95, 0.99, 0.995}
Ba {0.9, 0.95, 0.99, 0.995}

Weight decay A
Warmup steps
Decay location

{0, 0.05, 0.1}
{1500, 2000, 2500}
{y, 2}

SF-NorMuon Learning rate
b1
B2

Momentum g
Weight decay A
Warmup steps
Decay location

{0.005, 0.008, 0.01, 0.012, 0.015}
{0.9, 0.95, 0.99, 0.995}

{0.9, 0.95, 0.99, 0.995}

{0.8, 0.9, 0.95, 0.99}

{0, 0.05, 0.1}

{1500, 2000, 2500}

{y, z}

Table 5 reports the best hyperparameter configuration for each optimizer on the 125M model at 8 x Chinchilla-
optimal training. These configurations were used for all experiments conducted for the large model.

Remarks. We make the following observations from our hyperparameter sweeps:

e Momentum parameters: For SF-AdamW, (51, 82) = (0.95,0.99) consistently outperforms the SF-
AdamW default of (0.9,0.95). For SF-NorMuon, we use separate beta values for 1D and 2D parameters,
with the NorMuon-specific momentum p = 0.8 providing the best results.

e Decay location: For SF-AdamW, applying weight decay at the y iterate (gradient evaluation point) works
best. For SF-NorMuon, applying decay at the z iterate (base sequence) achieves the lowest validation loss.

Learning Rate Sweep Results Figures 6-5 show the validation loss curves across different learning rates
for each optimizer. For all experiments, other hyperparameters are fixed at their optimal values from Table 5.
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Table 5: Best hyperparameter configurations for each optimizer on the small model (learning rate corresponds
to 8x Chinchilla for AdamW).

Hyperparameter AdamW SF-AdamW SF-NorMuon
Learning rate 0.004 0.008 0.008

(81, B2) for 1D params (0.9, 0.95)  (0.95, 0.99) (0.95, 0.99)
(81, B2) for 2D params (0.9, 0.95)  (0.95, 0.99) (0.9, 0.95)
Momentum g — — 0.8
Weight decay A 0.1 0.05 0.05
Warmup steps 2500 2000 2000
Decay location — Y z
Scheduler Cosine None None

E Ablation of SF-NorMuon and Comparison with NorMuon

We conduct ablation experiments to validate the key design choices in SF-NorMuon, and compare schedule-free
methods against NorMuon across multiple training horizons.

E.1 Ablation of SF-NorMuon Components

In Figure 3, we conduct ablation experiments to validate the two key modifications that distinguish SF-
NorMuon from schedule-free spectral descent: the explicit momentum buffer and the row-wise adaptive
normalization. All experiments use the 125M parameter model trained for 8x Chinchilla tokens (=21B
tokens) with decay at Z.

Explicit momentum. As discussed in §2, the polar update treats all singular directions uniformly, which
can be more aggressive than coordinate-wise methods. We therefore introduce an explicit momentum buffer
My = pM;i—1 + (1 — 1)Gy to smooth the gradient before computing its polar factor. The left panel of Figure 3
compares SF-NorMuon (¢ = 0.8) against the ablation with no explicit momentum (¢ = 0). Removing
momentum increases the final validation loss from 3.14 to 3.28, a rather large degradation. This confirms
that explicit momentum is essential for stable, effective training with spectral updates.

Row-wise normalization. The polar factor can produce updates with high variance across neurons,
as different rows of a weight matrix may have vastly different typical magnitudes. Row-wise adaptive
normalization addresses this by maintaining a running average of squared row norms and normalizing
accordingly. The right panel of Figure 3 compares SF-NorMuon against the variant without row normalization
on a tighter y-axis scale to reveal the small but consistent improvement. SF-NorMuon achieves a final loss of
3.136 compared to 3.142 for SF-Muon, and reaches the same loss approximately 12% faster in terms of tokens
processed. This speedup is quite similar to the speedup achieved by NorMuon relative to Muon [36].

E.2 Comparison with NorMuon

We compare schedule-free methods (SF-NorMuon, SF-AdamW) against their scheduled counterparts (Nor-
Muon, AdamW) across multiple training horizons (1x, 2x, 4x, 8x Chinchilla). All scheduled runs use a
cosine learning rate schedule tuned for each horizon. Table 6 reports the final validation loss for each method
at each horizon, and Figure 7 visualizes the training curves.

NorMuon vs AdamW. Across all horizons, NorMuon consistently outperforms AdamW. This confirms
the benefits of spectral-norm geometry for matrix-valued parameters as discussed in §2, because the polar
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AdamW Learning Rate Sweep (125M Model)

1x Chinchilla (5,000 steps) 2x Chinchilla (10,000 steps)
3.39 A
3.27
(7))
8
3 3387 3.26
a
S
£ 3.37 3.25
=
S 3.36 - 3.24 7
3.23
3.35 T T T T T T T T T T T T
0.002 0.004 0.006 0.008 0.010 0.012 0.002 0.004 0.006 0.008 0.010 0.012
Learning Rate Learning Rate
4x Chinchilla (20,000 steps) 8x Chinchilla (40,000 steps)
3.20
3.15
7))
[7)]
© 3.19 -+
-
g 3.14
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® 3.18
2
— 3.13
®
>
3.17 A
3.12
T T T T T T T T T T T T
0.002 0.004 0.006 0.008 0.010 0.012 0.002 0.004 0.006 0.008 0.010 0.012
Learning Rate Learning Rate

Figure 6: Learning rate sweep for AdamW with cosine scheduling on the 125M model across four training
horizons: 1x (5K steps), 2x (10K steps), 4x (20K steps), and 8x (40K steps) Chinchilla-optimal. The
optimal learning rate is = 0.008 for 1x— 4x Chinchilla, and = 0.004 for 8x Chinchilla, indicating that
longer training benefits from smaller learning rates.

update makes uniform progress across all singular directions of the gradient rather than being dominated by
large coordinate-wise entries.

SF-NorMuon is competitive with scheduled NorMuon. Despite being an anytime optimizer that
does not know the training horizon in advance, SF-NorMuon closely tracks the performance of scheduled
NorMuon. At each horizon, the gap between SF-NorMuon and NorMuon is only ~ 0.02 — 0.03 nats. This is
notable because scheduled methods benefit from the learning rate cool down at the end of training horizon
[82], yet SF-NorMuon remains competitive through implicit learning rate decay via online averaging. In
contrast, SF-AdamW under performs both AdamW and also SF-NorMuon substantially.
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Table 6: Final validation loss at each training horizon (125M model). Scheduled methods (NorMuon, AdamW)
use cosine decay tuned for each horizon; schedule-free methods (SF-NorMuon, SF-AdamW) use the same
hyperparameters throughout and can be evaluated at any checkpoint.

Horizon SF-NorMuon SF-AdamW NorMuon AdamW
1x (2.6B tokens) 3.318 3.399 3.292 3.354
2x (5.2B tokens) 3.229 3.282 3.200 3.231
4x (10.5B tokens) 3.170 3.205 3.139 3.170
8x (21.0B tokens) 3.136 3.141 3.103 3.124

Optimizer Comparison (125M, 8 x Chinchilla)

1x 2x 4x 8x
3.8 - 1 1 1 1
= SF-AdamW
® = SF-NorMuon
g 3.6 —— AdamW
- NorMuon
=]
2 341
]
=]
S 32
S 3.
30 T T T T T
1 2 5 10 20

Tokens (Billions)

Figure 7: Optimizer comparison on the 125M model. Scheduled methods (NorMuon, AdamW) are shown with
separate curves for each horizon (1x, 2x, 4x, 8x Chinchilla), while schedule-free methods (SF-NorMuon,
SF-AdamW) use a single run evaluated at any point. SF-NorMuon closely tracks scheduled NorMuon
throughout training, demonstrating that the benefits of spectral-norm optimization transfer effectively to the
schedule-free setting.

F Reference PyTorch Implementation

Below we provide a self-contained PyTorch implementation of SF-NorMuon, closely following Algorithm 1.
Our implementation is based on the code from [17, 34].

Implementation notes.

The zeropower_via_newtonschulz5 function computes an approximation to the polar factor P = polar(M)
using 5 iterations of the Newton-Schulz method with coefficients (a, b, ¢) = (3.4445, —4.7750,2.0315). The
function handles both tall and wide matrices by transposing when necessary. There are other alternatives
methods to accomplish the polar transformation which either use randomized methods [37, 38| or differ in
the choice of coefficients [41].

In addition to the live weights p (the gradient evaluation sequence Y;), the optimizer maintains three state
variables per parameter: z (the fast iterate Z;), v (the row-wise second moment estimate v;), and mom (the
momentum buffer M;).

The eval() method computes X; on the fly using Z; and Y;. The train() method restores p to the Y;
iterate for further training.

Weight decay is applied to the fast iterate Z;, consistent with our analysis in Section 3, and the learning
rate scaling factor eta_scale (default 0.2) normalizes the effective step size to be comparable to Adam’s
RMS-normalized updates.
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!

64
65
66
67
68

69

import math, torch

@torch.compile

def zeropower_via_newtonschulz5(G, steps=5, eps=1le-7):
assert len(G.shape) == 2
, b, ¢ = (3.4445, -4.7750, 2.0315)

= G.bfloat16 ()
/= (X.norm() + eps)
f G.size(0) > G.size(1):
X =X.T
for in range (steps):
X e X.T
= A Q@ X
X=ax*xX+Db*xB+c* AQB
return X.T
in range(steps):
X e X.T
= A @ X
a * X +bx*xB+cx*x AQB

a
X
X
i

W =

oo

return X

class NorMuonScheduleFree(torch.optim.Optimizer):

def __init__(self, params, 1lr=0.005, betas=(0.9, 0.95),
eps=1e-8, weight_decay=0.1, warmup_steps=2000,
defaults = dict(lr=1r, betas=betas, momentum=momentum,
weight_decay=weight_decay,
eta_scale=eta_scale, k=0, train_mode=False,
super () . __init__(params, defaults)

Qtorch.no_grad ()
def eval(self):
for group in self.param_groups:
if group["train_mode"]:
beta = group["betas"][0]
for p in group["params"]:
state = self.statel[p]
if "z" in state:
group["train_mode"] = False
@torch.no_grad ()
def train(self):
for group in self.param_groups:
if not group["train_mode"]:
beta = group["betas"][0]
for p in group["params"]:
state = self.statel[p]
if "z" in state:
group["train_mode"] = True
@torch.no_grad ()
def step(self, closure=None) :
loss = closure() if closure else None
for group in self.param_groups:

p.lerp_(end=state["z"

p.lerp_(end=state["z"

momentum=0.8,

eps=eps,

weight=1.0 -

weight=1.0 -

group ["weight_decay"]

beta, beta2 = group["betas"]

mu, eps = group["momentum"], group["eps"]
eta_scale, decay = group["eta_scale"],

k, warmup_steps = group["k"], group["warmup_steps"]

sched =
lr = group["1lr"] * sched
weight = 1r * 1r
weight_sum = group["weight_sum"] =
ckpl = weight / weight_sum
for p in group["params"]:

if p.grad is None: continue

grad, state = p.grad, self.statel[p]
if "z" not in state:
state["z"] = p.clone()
state["v"] = torch.zeros(p.shape[0],
state["mom"] = torch.zeros_like(p)
z, v, mom = state["z"], state["v"],

mom.mul_(mu) .add_(grad, mu)
P =
row_ms = (P * P).mean(dim=1).float ()

v.mul_(beta2).add_(row_ms, alpha=1.0 -

alpha=1.0 -

(k + 1) / warmup_steps if k < warmup_steps else 1.0

device=p.device,

state ["mom"]
zeropower_via_newtonschulz5 (mom) .to(p.dtype)

beta?2)

Phat = P / (v.sqrt() + eps).to(P.dtype).unsqueeze (1)
m, n = p.shape
eta_hat = eta_scale * lr * math.sqrt(m * n) / max(le-12,
x_t = (p - (1.0 - beta) * z) / beta
if decay != 0.0: z.sub_(z, alpha=1lr * decay)
z.sub_(Phat, alpha=eta_hat) # z is now Z_{t+1}
x_tpl = (1.0 - ckpl) * x_t + ckpl * z
p.copy_((1.0 - beta) * z + beta * x_tpl)
group["k"] = k + 1

return loss
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eta_scale=

0.2):

warmup_steps=warmup_steps,
weight_sum=0.0)

1.0 / beta)

beta)

group ["weight_sum"] + weight

dtype=torch.float32)

Phat.float () .norm())
# recover X_t before z update
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