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We investigate the Magnus expansion for a generic time-dependent two-level system under single-axis driving.
By virtue of the su(2) Lie algebra, the expansion is decomposed into a commutator-free form. To illustrate
the usefulness of the gained expression, we then revisit the Landau-Zener-Stiickelberg-Majorana model, with
a focus on non-adiabatic transitions as well as the Stokes phase. In addition, the semiclassical Rabi model is
systematically treated by determining the Floquet quasienergy up to different orders. We demonstrate how
to employ suitable picture transformations as well as on how to enforce the symmetry of the underlying model
in order to guarantee convergence of the expansion as well as to achieve satisfactory agreement with the exact
results. For both models that we studied it turns out that a third order approximation yields results that are
in next to perfect agreement with exact analytical ones. Surprisingly, in the case of the semiclassical Rabi
model, even the second order Magnus approximation in the adiabatic picture produces almost exact results
for a large parameter range.
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I. INTRODUCTION

In this work we investigate the Magnus expansion'

(ME) with a focus on two-level quantum dynamics under
single-axis driving, modeled by the Hamilton operator
H(t) = éaz + moz, (1)
2 2
with Pauli matrices 0.,0, and where A is a (positive)
constant while f(¢) may be arbitrarily time-dependent.
Hamilton operators in the form of Eq. (1) have a long
tradition starting in the heyday of quantum theory, with
the works of Landau, Zener, Stiickelberg and Majorana
(LZSM)?™®, as well as Rosen and Zener (RZ)%. In ad-
dition, the semiclassical Rabi model” ' with a linearly
polarized drive falls into this class. It is striking that al-
though the quantum dynamics of LZSM and RZ models
have long been known to be solvable analytically exactly,
the semiclassical Rabi model has only been solved ana-
lytically without employing the rotating wave approxi-
mation in the early 21st century'’!2. Furthermore, al-
ternative (as well as more insightful) derivations and in-
terpretations of Landau-Zener transitions are published
up to the present days'> '8 and the relevance of the above
models in different fields of physics and chemistry cannot
be overemphasized. Applications are ranging from molec-
ular collisions'®?% and driven quantum tunneling?' 27 to
quantum state preparation%’?’o, to name but a few.
The interest in two-level quantum dynamics has per-
sisted in recent times, driven by the increasing relevance
of qubit dynamics and control??3!. For the well-known
exactly solvable cases mentioned above, non-elementary
special functions are frequently encountered, making
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them impractical for applications and physical interpre-
tation, however. In order to mitigate this problem, re-
verse engineering approaches have been developed3?33,
enabling the construction of infinitely many analytically
solvable driving functions f(t). However, it remains un-
clear how the general dynamical behavior is determined
by external driving with, e.g., pulsed laser fields. For ex-
ample, previous studies have observed that although the
pulse shapes may be qualitatively similar, the system’s
evolution will depend sensitively on their precise form in
the case of non-resonance of the drive3436,

Groundbreaking efforts to understand general aspects
of two-state quantum dynamics have been made, partic-
ularly in the context of non-adiabatic transitions. Based
on the work of Davis and Pechukas3” and Berry38, non-
adiabatic transitions can be understood by analyzing the
singularities of the Hamiltonian under analytic continu-
ation into the complex-time plane. This approach yields
the correct exponent for the LZ transition probability and
the underlying ideas were taken up by the so-called exact
WKB analysis®, which has been extensively developed
and discussed in the past few years. While this approach
is promising, its mathematical complexity and the chal-
lenges associated with generalizing to multi-level systems
limit its practical appeal. As another commonly applied
approach, the Dyson series*? converges for quantum sys-
tems with a finite-dimensional Hilbert space at any fixed
time. Nevertheless, issues such as wave-function normal-
ization and the emergence of secular terms require special
care*!. More fundamentally, non-perturbative effects are
often exponentially small in the coupling strength and
cannot be captured by any finite-order or even infinite-
order perturbative expansion. A prominent example of
such behavior is the so-called Landau-Zener transition in
the LZSM model.

In contrast to the two approaches discussed above, the
ME for the time-evolution operator exhibits an elegant
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simplicity. By construction, it automatically preserves
the unitarity of the time-evolution operator for a Her-
mitian Hamiltonian, and can therefore considerably sim-
plify the calculation. Specializing to two-level systems,
the ME has been successfully applied to the Rosen-Zener
problem*?, Rashba spin-orbit coupling*®, Rabi models
in the context of nuclear magnetic resonance** 4% and
under chirped pulses*” as well as to non-Hermitian two-
level systems*®. Furthermore, in half-cycle pulse driven
hydrogen atoms, different orders of ME have been used
in different gauges to reach the same accuracy®. As
will be shown in the present paper, a low order ME
approach serves as a quickly converging approximation
for the LZSM problem, as well as for the semiclassical
Rabi model thereby indicating its ability to describe non-
perturbative effects.

Yet the ME has its own subtleties; even in the sim-
plest case of a two-level system, it can diverge when the
evolution time becomes large®*®!. By now, the mathe-
matical aspects of the convergence of the ME are well-
studied®?®®. For physical applications, on the other
hand, properties of convergence can be drastically dif-
ferent in different pictures of quantum mechanics, as no-
ticed by several authors*?°2°6, The importance of con-
vergence studies and the usefulness of picture transfor-
mations, however, have not yet been fully exploited in
previous work. In the present contribution, we will make
further progress in this direction. We show that it is
constructive to study different parameter regimes of the
Hamiltonian Eq. (1), requiring only the qualitative fea-
tures of f(¢) to be specified. In particular, we prove that
when f(t) is a monotonic function, the ME in the adia-
batic picture is ensured to converge. This also provides a
quantitative characterization of the adiabatic theorem®”
in the simple case of two-level systems.

The article is structured as follows: In Sec. II we lay
the foundation for the rest of the article by employing the
su(2) algebra to reduce the ME for the two-level prob-
lem into commutator-free form, the detailed derivation
of which can be found in Appendix A. Sec. III is then
devoted to the reinvestigation of the non-adiabatic prob-
lem, emphasizing the importance of the adiabatic picture.
Our investigations are exemplified by the LZSM prob-
lem. In Sec. IV a novel analytic computational scheme
for the Floquet quasienergy of a periodically driven two-
level system is proposed, based on the ME and unitary
transformations. We systematically apply the scheme to
the semiclassical Rabi model. The ME is found to be
a versatile tool that is even more broadly applicable as
well as more powerful (quickly converging) than it might
have been expected. We conclude with a discussion of
the presented results and the future potential of the ME
in Sec. V. Two further Appendices B and C deal with
the symmetries of the problems discussed and with the
different types of quasienergy crossings encountered, re-
spectively.

Il. SU(2) GROUP AND MAGNUS EXPANSION

The quantum mechanical time-evolution operator
U (t,to) allows to propagate an arbitrary initial state from
a fixed initial time ¢y to the final time ¢ and has the ini-
tial condition U (tg,tg) = I, with I denoting the identity
operator. For notational convenience, we mostly drop
the initial time argument and use the fact that U can be
written in exponential form

U(t) = exp [~iQ(1)] (2)

for all times'. () is referred to as the Magnus oper-
ator which, in general, is given in terms of an infinite
series, to be explicitly detailed below for the case of dy-
namics under time-dependent Hamiltonians of the form
of Eq. (1).

Since the Hamiltonian in Eq. (1) is traceless, at each
point of time, the corresponding time-evolution operator
U (t) belongs to the SU(2) group and admits the standard
angle-axis parameterization®®. I.e., there exists a real-
valued function 6(t) and a unit vector 7i(¢) such that

U(t) = exp [—ib(t)7i(t) - 7] (4)

=cosf og —isinf - o (5)

where & = (0,,0y,0,) is a vector whose elements are the
Pauli matrices and oy is the matrix representing the 2 x 2
identity operator. Comparing Eq. (4) with Eq. (2), the
Magnus operator can be identified as

Q) = B(1)7(t) - 5. (6)

and it belongs to the su(2) algebra, i.e., it can be repre-
sented by the set of traceless Hermitian 2 x 2 matrices.
The initial condition U (ty) = o9 is then accounted for by
0(tp) = 0.

The raising and lowering operators o4 := %(az +ioy),
together with o, fulfill the commutation relations

[02,04] = 4204, [04,0-] =0, (7)

and form a complete basis for su(2). Thus Q(t) can be

decomposed as
Q(t) = A(t)oy + A*(t)o— + C(t)o, (8)

where the coefficient A(t) is complex in general, while
C(t) has to be real-valued. Comparing Eq. (6) with
Eq. (8), the angle and axis can be expressed by these
coefficients as

0= VIAP? +[C?, 9)

7= é(Re(A), Tm(A), O). (10)

The quantities in Egs. (9,10) will be the main objects of
the calculations in this work.

As reviewed in®?, the Magnus expansion expresses €(t)
as an infinite series built from time integrals of the Hamil-
tonian H (t) and its nested multi-time commutators. Ob-
serving that the su(2) decomposition in Eq. (8) can be
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performed to each order of the ME, in Appendix A, we
derive an expansion directly for A(t) and C(t), reading

A=) Aut), CH=) Cult),  (11)

where A, (t) and C,,(t) are scalar functions that can be
viewed as decomposition coeflicients of the n-th order ME
and can be determined recursively. Later-on, we refer to
them as the Magnus coefficients. The Magnus approx-
imation is then achieved by truncating the summations
in Eq. (11) at certain orders.

Up to this point, our discussion is valid for the most
general two-level Hermitian Hamiltonian. The specific
structure of the Hamiltonian may, however, provide fur-
ther simplifications. While a Hamiltonian in the form of
Eq. (1) admits for a direct physical interpretation, for
reasons that will become clear later, we will switch to a
Hamiltonian of the form

H(t) = v(t)oy + v (t)o_, (12)

where v(t) is a complex scalar function, which can be
expressed by f(t) and A in different ways for different
pictures of quantum mechanics, see for example Eq. (36)
and Table I further below. For a Hamiltonian in the
above special form, by using Eq. (A17) and Egs. (A14)-
(A15), it can be recursively verified that

Agn(t) = an_l(t) = 0, Vn Z 1, (13)

i.e., all even indexed A-coefficients and all odd-indexed
C-coefficients vanish, considerably simplifying our ef-
forts. Defining vy := v(t1),vs := v(t2)..., the three
leading non-zero coeflicients read

Al(t) = /t dtlvh (14)

to
t t1
Cg(t) = dtl/ dtQ Im[vlvg], (15)
to to
2Z t t1 to
Ag(t) = 7/ dtl/ dtg/ dts
3 to to to
[Im(vgvg)vl + Im(vgvi‘)vg]. (16)

Commutator free equations for the coefficients similar
to the ones above have been found before directly from
the ME*®, while in Appendix A we employ the su(2)
decomposition to provide a systematic treatment. For
algorithmic evaluation, the recursion relations of A, (¢)
and C,,(t) derived there are much more efficient than the
multi-variate integration form in Eq. (14)-(16).

We would like to point out that our formalism is
based on a methodology that is essentially different from
so-called commutator-free integrators®%-6! in numerical
applications, where the evaluation of commutators is
avoided by using the Baker—-Campbell-Hausdorff formula

and suitability choosing the quadrature rule. Further-
more, the idea of using ladder operators to achieve sim-
plifications can also be found, for example, in? on the
Wei-Norman method that expresses the time-evolution
operator of a driven quantum system in terms of a prod-
uct of exponential operators.

We now turn to the final aspect of the ME for two-level
systems, namely the convergence criterion. According to
Maricq®?, a sufficient convergence condition is given by

tE(s)ds <m, (17)

to

where E(t) is the positive instantaneous eigenvalue of the
two-level traceless Hamiltonian. In the case of Eq. (12),
we have

E(t) = [v(®)]- (18)

We note that E(t) can be regarded as the operator norm
of a 2 x 2 traceless Hermitian matrix, and therefore
Eq. (17) is a special case of Casas’ m-criterion®® for gen-
eral bounded Hamiltonians. The different performance of
the ME in different pictures of quantum mechanics can be
traced back to the fact that the norm of the Hamiltonian
may differ drastically by switching to another picture as
will be seen in Section IV.

11l. NON-ADIABATIC TRANSITION PROBLEM

The (quantum) adiabatic theorem states that a quan-
tum system initially prepared in an instantaneous eigen-
state of an infinitely slowly varying Hamiltonian remains
in the corresponding instantaneous eigenstate through-
out the evolution, up to a phase factor®”°°. The non-
adiabatic transition problem deals with the determina-
tion of transition probabilities between instantaneous
eigenstates of a time-dependent Hamiltonian when the
adiabatic condition is violated.

In the present section, we consider a two-level Hamil-
tonian with instantaneous eigenstates |¢4(t)) and the
system shall be prepared in one of those states in the

asymptotic limit ¢ — tg = —o0, i.e.,
dim [(@() |64 (1) ] = 1. (19)

The central task then is to find the final transition proba-
bility to the other instantaneous eigenstate, i.e., we want
to determine
. 2

P(+oo) = lim [W(O)l6- ()P (20)
This problem can be most cleanly addressed in the adia-
batic (interaction) picture?*%3:64 as reviewed below. We
note that the ME in the adiabatic picture has been paid
special attention to in previous works, such as*?%%. Qur
main target in this section is to point out that the con-
vergence condition Eq. (17), which has this far not been
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in the center of interest, holds for a large class of driv-
ings in Eq. (1). This statement is then corroborated by
applications of the formalism established in Sec. II to the
LZSM model in the present section and to the semiclas-
sical Rabi model in Sec. IV.

A. Adiabatic picture

To start with, one defines the dynamical phase

/\/AQ—i-f? ydr,  (21)

o(t) = E (1)

t'

where E(t) is the positive instantaneous eigenvalue of the
Hamiltonian of Eq. (1) and the lower limit of integration
t;, can be chosen arbitrarily.

The adiabatic picture then follows by expanding the
wave function in instantaneous eigenstates, according to

[9(1)) = a(t)e Do, (1)) + BT Dp_(1))  (22)
= W(t)2(t) [¥a(t)) =: Uo(t) [¢a(?)) , (23)
where

U(t) = [lo+(1) [o- (1)), (24)
B(t) = exp [—ip(t)o-], (25)

and [1h4(t)) = la(t), B(t)]"
tion in the adiabatic picture. Comparing Eqs. (2
Eq. (19), its initial condition follows to be

is denoting the wave func-
2) and

lato) =1, [B(to)] =0 (26)
and the non-adiabatic transition probability is given by
P(t) = [B(t)]*. (27)

On the other hand, Eq. (23) is equivalent to a unitary
transformation under the evolution operator

U(t) = Us()Ua (U] (to) (28)

where
Ua(t) = {%Eg v *(t)} (29)

denotes the time-evolution operator in the adiabatic pic-
ture. The presence of Ul(ty) in Eq. (28) ensures the
initial condition U(tg) = U, (to) = L.

Now we move on to determine the the Hamiltonian in
the adiabatic picture, such that

iUq(t) = Ho(t)Ua(t). (30)

According to the Schrédinger equation for U(t) and
the definition of Uy(t), a well as by using H(t)U(t) =
U(t)[E(t)o,], one finds

H,(t) = —i®T ()T ()T (1) D (). (31)

To proceed, one has to make use of the explicit expres-
sions of instantaneous eigenstates |¢4(t)) of the Hamil-
tonian in Eq. (1), which can be chosen up to a time-
dependent phase factor. In this work, we choose the
real-gauge®®%  leading to

where
x(t) := arctan [f(t)/A]. (34)

It is clear from Eq. (34) that x(¢) does not increase be-
yond 27 whenever f(t) evolves continuously, in contrast
to the double axis driving considered in®”. In our case,
|¢+(t)) thus is real as well as continuous, and the Berry
phase®® vanishes. Furthermore, by taking the derivative
we have

(@+ )]0+ (1)) = (d-(B)|6-(1)) = 0, (35)

and according to Eq. (31), the matrix representation of
the adiabatic Hamiltonian is given by

_XO 0 e

5 | _ie—2ie) (36)

In addition, one finds that Eq. (36) is in accord with
the structure of the Hamiltonian in Eq. (12) with the
identification

v(t) = i@e%”m, (37)
W) = gl 39

It is striking that the (positive) instantaneous energy
of H,(t), namely E,(t) = |v(t)| = @, is very different
from that of the original Hamiltonian in Eq. (1). There-
fore, according to Eq. (17), one may expect that the con-
vergence property of the Magnus expansion is drastically
different among different pictures. Indeed, remarkably,
in the time interval where f(t) is monotonic, the conver-
gence condition Eq. (17) is always satisfied in the adia-
batic picture. To see this, we first assume that f(¢) mono-
tonically increases on t € [to,t1], and hence f(t) > 0.
Then according to Eq. (37), |x(¢)| can be replaced with

X(t)

and hence by using the definition in Eq. (34), we find

/OE

One may draw the same conclusion if f(¢) is monotoni-
cally decreasing instead.

= ) -l S S <m (39)

<.
2
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Furthermore, it can be seen from Eq. (39) that Eq. (17)
holds also for a bell-shaped driving. Indeed, assuming
that f(t) is peaked at the origin and decays monotoni-
cally away from t = 0, by splitting the integration interval
in two pieces, we find

| B < -o0) = x(O)]+ 51x(0) - x(0)

— 00

< . (40)

Thus, the Magnus expansion can be safely applied to
the non-adiabatic transition problem for a large class of
drivings. For example, the LZSM driving f(t) = vt is
monotonic over the whole time domain, while the Rosen-
Zener®*2? driving f(t) oc sech(t) belongs to the bell-
shaped type. When the driving function oscillates, the
Magnus expansion can be still applied in a piecewise man-
ner to successive time intervals.

Once the Magnus operator is determined, using
Eq. (5), its equivalence to Eq. (29) is established by the
relations

o =cosf, — isnel;paca, (41)
B=—i bo 42, (42)

where 0, is given in Eq. (9) while A,(¢) and C,(t) are the
coeflicients obtained from the Magnus expansion in the
adiabatic picture. The non-adiabatic transition proba-
bility then follows from

2

Sl AP (43)

b

P(t) =8(t)]* =

To provide an intuition for this procedure, we briefly
consider the leading order approximation for the general
case with the initial time t¢ = —oo. By substituting
Eq. (37) into Eq. (14), we get

A(t) =1 /_ x(s)e? ) ds. (44)

Meanwhile, in first-order Magnus approximation (FMA),

A () = Au(t), CMA() = 0= 0,0 (8) = [Au()]

(45)

and thus Eqgs. (41),(42) turn into
oMA) = cos | Ay (t)]. (46)
gy — - ge,

In the adiabatic limit, i.e., |A1(¢)] — 0, Eq. (47) can be
further approximated by

FA ) & —idi() = - [ L e s, (1)

— 00

which is also the starting point of the complex WKB
approximation3”.

Finally, we stress that Eq. (46) contains no phase infor-
mation about a(t). In particular, the Stokes phase%70,

defined as
s = —argla(+o00)], (49)

is crucial for the discussion of Landau—Zener—Stiickelberg
interference™® ™, however. We show below that ¢g can
be extracted from the second (and higher) order Magnus
expansion.

B. Magnus expansion for the LZSM model

As an illustrative example for its quick convergence,
we now explicitly consider the Magnus expansion for the
LZSM model, i.e., a linear drive of the form f = vt with
sweep velocity v > 0. Its final non-adiabatic transition
probability is given exactly analytically by the so-called
Landau-Zener formula?3

P(+00) = exp(—27m7), (50)
with the definition

A2

=4 (51)

vy
For small sweep velocities the above probability vanishes,
which is a special case of a well-known general result”?.
Furthermore, the Stokes phase reads

™
ps =3 +y(lny—1) +arg[[(1 —iy)].  (52)
These exact results can, e.g., be found by converting the
Schrodinger equation into a second-order ordinary differ-
ential equation and identifying the asymptotic behavior
of its solution in terms of special functions.® "0
We note that the LZSM model displays parity time-
inversion (PT) symmetry, i.e., due to the fact that
f(=t) = —f(t) € R, it follows that

PH*(—t)P = H(t), (53)

where P = o,. To explicitly maintain this symmetry for
H,(t) in the adiabatic picture, we choose ¢(0) = 0 for
the dynamical phase defined in Eq. (21). Under such a
choice, we have

PH?(—t)P = H,(t). (54)

As shown in Appendix B, due to the PT symmetry,
A¥ (ty = 00) = —Ayn(ty = 00) holds for each order of the
ME, i.e., the A-coefficients at infinity are purely imag-
inary. Furthermore, the dynamical phase in the LZSM
case reads

o(t) = %/0 VA2 4+ 0252ds = yg(vt/A), (55)



Magnus expansions for two-level quantum dynamics

where g(z) := 2v1 + 22 +1In |x ++/1 + 22| is an auxiliary
dimensionless function. In addition, from Eq. (38), we

find
v 1

X(t) = AT+ (vt/A)2 (56)

in the LZSM case. For convenience, we employ a dimen-
sionless time variable x = vt/A, so that the complex
function in Eq. (12) can be written as (also in dimen-
sionless form)

jei2vg(z)

v(x) = 127 (57)

In FMA we now finally have
A;(400) =1id, (58)

where J is determined by taking the limit ¢ = +o00 in
Eq. (44) and it can be simplified as

[T cos[y(sinh(2s) + 2s)] .
T0) _/0 cosh(s) ds. (59)

As shown in panel (a) of Fig. 1, the FMA yields quali-
tatively good results for the transition probability calcu-
lated from Eq. (43) together with Eq. (47). In order to
uncover the Stokes phase, we have to consider at least the
second order Magnus approximation (SMA), however. It
then follows from the resolution for the angle of the tran-
scendental equation

smay _ tany/[Ai]? + |Cof?
tan(p3V?) = READ Co, (60)

where

Coly) = // sin(27[g(x1) — g(x2)])
according to Eq. (15).

For a graphical display of the results, in a final step,
the integrals in Eqgs. (59) and (61) and analogous expres-
sions for higher order have to be performed numerically.
The corresponding ”"semi-analytical” results up to third
order for the transition probability as well as the Stokes
phase are depicted in Fig. 1. Remarkably, the third order
approximation already yields almost exact values for the
transition probability over the whole range of « that is
displayed and a little less accurate results for the Stokes
phase. Furthermore, when -y is either large or small, also
the lower ME orders are quite accurate, i.e., we do not
encounter the celebrated 7/3-problem that appears if the
integration in Eq. (48) is done analytically in the complex
plane in first order3”. The former case can be understood
by noticing that the integrand in Eq. (15) oscillates faster
as vy increases, and thus higher order Magnus terms van-
ish. While when ~ is small, H,(t) varies slowly with time
and thus commutators of it at different times are small.
In the sudden limit v — 0%, A;(y) and Cy(y) yield the
exact value pg = 7/4.

dIldI’Q. (61)

6
1.0
X (a)
0.81 \,
\ —=-=- 1lst-order
a 0.6 % 2nd-order
0.4 > —-= 3rd-order
>y —— Exact
0.2
0.0
0.0
0.25
(b)
0.20
2nd-order
= 0.15
) —-= 3rd-order
s — Exact
0.10 .. Xac
0.05
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14
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FIG. 1: Magnus approximations of different order (1st
order: dashed blue, 2nd order: dotted orange, 3rd
order: dash-dotted green) and exact results (solid

black) for the LZSM problem: (a) transition
probabilities (exact and 3rd order results are almost
indistinguishable), (b) Stokes phase (1st order not

shown, as it gives a zero result) in units of 7, both as a

function of v, defined in Eq. (51).

IV. FLOQUET QUASIENERGIES AND THE RABI
MODEL

The Floquet quasienergy e determines the long-time
evolution of a periodically driven system. Considering
the case f(t+T) = f(t) in Eq. (1) with period T, in his
seminal work, Shirley”™ applied the Floquet formalism
and the Hellmann-Feynman theorem (see Eq. 24 in™) to
prove the following result for the time-averaged transition
probability from level one to level two:

_ 1 e \ 2
Py =3 [1 4 <6A>

This result allows us to directly gain a physical under-
standing from the quasienergy spectrum as a function of
A. For example, the resonance condition is located at
avoided crossings since g—g = 0. At exact crossings, how-
ever, transition probabilities may become zero®!. Fur-
thermore, in their vicinity, the dissipative behavior is
sensitive to small parameter variations™7®.

. (62)

As reviewed in*?, the Floquet quasienergy e can be
extracted from the phase of the time-evolution operator
over one period, U(T'), independent of the choice of initial
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time to. For example, in the two-level case, we have
o(T)

0(T)

E—j:T —:I:Qﬂ_w mod w, (63)
where w = 27 /T denotes the frequency. In the remainder
of this presentation, we will omit writing + and mod for
€ since there is only one independent quasienergy due to
the traceless nature of the Hamiltonian under study.

Alternatively, the quasienergy corresponds to an eigen-
value of the effective Hamiltonian, which is defined mod-
ulo 27/T,

Hop = %Q(T). (64)

First applications of the Magnus approximation to pe-
riodically driven quantum dynamics have been reported
in the field of nuclear magnetic resonance** 45, Despite
the fact that the connection between the quasienergy and
the Magnus operator appears quite natural, and the so-
called Floquet-Magnus expansion®?7% has been discussed
and employed to compute H.g, only few authors have
used the above connection to compute the quasienergy
spectrum?3.

In the following, we first propose a scheme for calculat-
ing the quasienergies using suitable picture transforma-
tions together with the Magnus expansion. This scheme
is, in principle, valid for a general driving shape and any
coupling strength. However, we note that to properly
distinguish exact and avoided crossings, further consid-
erations about symmetry have to be taken into account.
Our methodology is then illustrated by its application to
the semiclassical Rabi model.

A. Quasienergy computation via Magnus expansion

Our strategy to compute the quasienergy is to perform
the Magnus expansion in the picture appropriate for the
studied parameter regime. To make progress, we first
isolate the effect of the driving strength by rewriting the
function f(t) in Eq. (1) as

() = gf (), fe+1)=J@), [fO]<1,

where g denotes the driving strength and thus the shape
function f(t) is dimensionless. With f(t) given, there are
only two independent dimensionless parameters, which
can be chosen as g/w and A/w. For notational conve-
nience, in the following we choose w = 1 and thus T' = 27.
To recover the dimension, one uses the correspondence

e=c¢ (A 9) w. (65)

w'w

g >0,

Next, we divide the entire (g, A) plane into three pa-
rameter regimes as indicated in Fig. 2 and employ suit-
able picture transforms such that the ME can be safely
applied. Our scheme is summarized in Table I, where

Lg<w I A<w I g > w,A>w

v(t) f(t)e s

Nk

%eiF(t) %X(t)e—i&p(t)

TABLE I: Parameter regimes and the corresponding
functions v(t) that enter the interaction picture version
of Eq. (12), which is employed for computing the
Floquet quasienergy via the Magnus expansion.

v(t) is the crucial ingredient of the Hamiltonian. For
each parameter region, v(t) is chosen such that the in-
stantaneous energy E(t) = |v(¢)|, corresponding to the
operator norm, is small so that the ME exhibits control-
lable convergence properties.

Region I: 0 < |g| < w
Region II: 0 < |A| < w
1 Regionlll: [g] > w, |A] > w

7

1Al/w

FIG. 2: Parameter regions for which the Floquet
quasienergies of the semiclassical Rabi model are
investigated.

Region I: |g| < w

Let us first consider the case |g| < 1 = w, where we
regard the off-diagonal part of Eq. (1) as the perturbation
and transform into the corresponding interaction picture.
More specifically, we let H(t) = Hy + V(t) with

Hy = %UZ, V() = %@)U% (66)

For the transformation into the interaction picture, we
use the unitary transformation

Uo(t) = exp (iA;JZ> (67)

Furthermore, the evolution operator U (t) = Uy ' (£)U (1)
is generated by the Hamiltonian

Hi(t) = Uo(t) "'V () Uo (1) = vg(t)o™ +vy(t)a~, (68)
with

vy(t) = SF ()™, (69)



Magnus expansions for two-level quantum dynamics

which is the entry in the first column of Table I. Since
lg| < 1, the convergence condition Eq. (17) is satisfied
for the whole interval ¢ € [0, 27]:

t t
t
/0 lvg(s)|ds < /0 %ds = % <. (70)

This inequality holds without any condition for the mag-
nitude of A.

In order to find the angle-axis parameterization in
Eq. (4), one needs to solve the BCH problem™, i.e., to
use

exp(—i07 - &) = exp(—iboilo - &) exp(—ifriiy - &) (71)

and to determine # and 7 from the pairs (6y, 7o) and
(01,77). Using the properties of the Pauli matrices, we
get

cos ) = cos By cos by — sin Oy sin Orig - iy, (72)
sin @ 7 = sin 6 cos Orilg + cos O sin 0;7i;
+ sin g sin 077y X 7ig. (73)

0o and 7y will be read off from the unitary transformation
matrix Uy. For example, from Eq. (67) one finds

fio = é,. (74)

0r and 77, on the other hand, will be determined from the
ME, i.e., from the insertion of Eq. (11) into Egs. (9,10).

Once we obtain Aj(27) and Cr(27) as well as 07(2m)
from the ME for U;(27), using Eq. (72) together with
Eq. (63), the quasienergy follows to be

sin 9[

€ = 5o cos™! |cos By cosf; — Crsin by (75)

™ 1

The quasienergy is thus given in terms of easily acces-
sible trigonometric and inverse trigonometric functions
and the sinc function. Here, we explicitly denote the fact
that the quasienergy is extracted from the time-evolution
operator over the full period by the index 2.

Region II: |A| < w

Next we consider the regime |A| < 1. To reuse the
above derivation, we exchange o, and o, in Eq. (1) by
the 2x2 Hadamard matrix Hy = %(O’I +0,), via

HQCTIHQ =0, HQO'ZHQ =0g. (76)

This is a time-independent similarity transform and
does not affect any physical observables, as well as the
quasienergy. Compared to the previous regime |g| < 1,
we switch also Hy and V', namely we set

Hy(t) = %(t)az, V= %O’I, (77)

and stress that the unperturbed Hamiltonian is now time-
dependent, although it does not contain non-commuting
operators. Thus a transformation into the interaction
picture using

Uo(t) = exp (igp ®) az) (78)

2
with
P = [ s (79)
yields
Hi(t) =va(t)ot +vi(t)o, (80)
where
va(t) = %eigﬁ ®), (81)

Again, |A| < 1 ensures that the ME for U;(t) converges
within a period.

The quasienergy can be then determined by again us-
ing Eq. (75), but now with

0o(t) = L (1), (82)

instead of the use of Eq. (74).

Region IlI: w < |g| and w < |A|

The last parameter regime left to consider is given by
w < |g| and w < |A|, which intuitively means the driv-
ing is relatively slow-varying. We expect the adiabatic
picture explained in Sec. III to be a suitable choice. We
repeat Eq. (28), but now for the time-evolution over one
period,

U(T,to = 0) = U(T)®(T)U,(T)®T(0)WT(0),  (83)

where the definition of Up in Eq. (23) has been inserted.
Since the Hamiltonian is periodic, we have ¥(T") = ¥(0).
Furthermore, ®(T") contributes the dynamical phase,
whereas under the adiabatic approximation U, (T") is only
responsible for the geometric, so-called Berry phase®®.

Thus, in the adiabatic limit, we have

1

€= 51e(T) + Pperry (T)] (84)
for the quasienergy. The geometric contribution for
single-axis driving considered here is zero. For a more
detailed discussion of the dynamical/geometrical decom-
position of the Floquet quasienergy in the more general
case, we refer the reader to”®. In the following, we apply
the ME to the Rabi model and at the end of the next
subsection, we show how to go beyond the adiabatic ap-
proximation.
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B. Semiclassical Rabi Model

In the present section we demonstrate the application
of the scheme outlined above by studying the semiclas-
sical Rabi model, where the shape function f(¢) can be
chosen either as coswt or sinwt. The concrete choice
does not affect the ezact analytic/numeric value of the
quasienergy and we will be using

f(t) = coswt (85)

in the following. Yet we would like to point out that
employing f(t) = sinwt, instead, may lead to qualitative
differences for the ME, since sine and cosine functions
possess different symmetries in the interval [0, 7], see also
Appendix B.

For either choice, the Hamiltonian Eq. (1) obeys the
so-called generalized parity (GP) symmetry

PH(t + )P = H(t), (36)

where P = o,. The relevance of this symmetry in the
context of periodically driven tunneling was highlighted
in™, as well as in®0. In", based on a classic argument by
von Neumann and Wigner®!, it was shown that GP sym-
metry allows for exact crossings of quasienergies along
one-dimensional manifolds in a two-dimensional param-
eter space made up of frequency and driving strength?.
In the two-level system studied herein similar crossings
may occur??33. The two parameters to be varied herein
are driving strength g and A, i.e., the unperturbed level
splitting, however. By using the GP symmetry one can
prove that € is an odd function of A and an even function
of g, namely,

E(Avg) = E(A7 79) = 76(7Aag)' (87)

Thus we may focus on the case where all parameters are
positive valued. However, as will be seen below, the ex-
istence of the GP symmetry also leads to some subtleties
that require special attention.

Exact analytic results

As a reference to compare our ME results to, we re-
produce the exact solution for the quasienergy, given by
Schmidt and collaborators®+®°. It was found that

1. ;
€(A,g) = —sin™" [V2ARe (7. (g, Ay (9. 2) |
(88)
holds for the quasienergy, where

1
ni(A7g) = HeunC(i,uo,,ul, bo,b1,a;z = 5)7
1 .
N0:M1=§, a = 2ig,

1
bo = —§(4ig +2A% 4 1), b =ig.

Here "HeunC” denotes Heun’s confluent function®,
which is implemented in standard mathematical soft-
ware packages and/or can be programmed via Taylor
expansion. In Fig. 3 the exact analytical quasienergy
€(A,g = 1) is depicted as a function of A. As shown by
the magnifying view in panel (b) of the figure, near the
boundary of the first Brillouin zone (extending from -0.5
to 0.5) crossings are avoided, as to be expected from the
argument given in Appendix C.

We note in passing that the exact quasienergies can
also be calculated numerically by diagonalizing the so-
called Floquet matrix?®. Especially for large values of
g, the number of 2x2 sub-matrices to be taken into ac-
count to achieve convergence of the final result increases
considerably, however.
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FIG. 3: Exact results for the quasienergy of the Rabi
model at g/w =1 as a function of A. Panel (b) shows a
magnified view for the boxed region in panel (a),
displaying an avoided crossing.

Region |

Applying the ME, firstly, we consider the weak driving
case [, i.e., |g| < w. We recall that the quasienergy follows
from Eq. (75) once Ct and 6; are obtained for U;(T).

Fig. 4 (a) shows the results for the first three orders of
the Magnus approximation for g = 1 at the border of the
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first domain and up to A/w & 3, i.e., up to the avoided
crossing highlighted in Fig. 3 (b). For smaller |A| the ME
converges faster and the results are more accurate. As the
order increases, the accuracy does improve. In particular,
the second order is needed to observe the shift of the
position of the avoided crossing, which corresponds to
the Bloch-Siegert shift?, originally introduced in nuclear
magnetic resonance and discussed in the present context
by Shirley 3.

There is an apparent flaw in the results presented in
panel (a) of Fig. 4, however. This is the fact that the ex-
act crossings at A/w ~ 1.82 (see Fig. 3(a)) are artificially
avoided by the Magnus results. We note in passing that
a similar issue occurs for another related model*3. This
flaw arises because the GP symmetry involves a time-
translation operation. Unlike PT symmetry, it is artifi-
cially violated under finite order Magnus approximation
due to truncation errors.

To fix the issue, we have to explicitly maintain the GP
symmetry. It has been noticed in® that, in the presence
of this symmetry, the evolution operator over the whole
period can be expressed by the one over half a period
according to

U(2r) = [PU(x)]%. (89)

As discussed in Appendix C, this relation makes the exact
crossings at € = 0 much easier to find. Motivated by
this, we will extract the quasienergy from the Magnus
approximation to the time-evolution operator U(w) =
Uo(m)Ur(m) over only half a period. In Appendix C we
prove that,

tr[PU(w)] = sin (er) = 7ip - (sinf ) (90)

holds, where 7ip = €, is determined by P = 7ip - 6. The
remaining task is thus to determine 6(7) and 7i(r).
To this end, firstly, from Eq. (67) we read off

A
ST iy = e (91)

Oo(m) = 5

Secondly, we have to determine 0y (m) and 7 () for Uy ()
via the ME according to Egs. (9,10). Then applying é.-
to both sides of Eq. (73) we have

é, - (sinf i) = cosfrsinby + cosysinbré, - iy.  (92)
Finally, comparing Eq. (92) with Eq. (90), we get

1 in 6
€x = —sin~! [sinfg cosO; + C; cos by 512 L1, (93)
i 1

where 0y(7) is given in Eq. (91) while C; and 6; are
now also taken at time ¢ = T/2 = w. The complexity
of the result is similar to the one of Eq. (75) and the
results gained from the improved formula are depicted in
panel (b) of Fig. 4. As expected, now the exact crossings
are properly reproduced and in addition also the overall
accuracy has improved due to the extra work. The second

10

order results, e.g., are so well-converged that they barely
can be distinguished from the exact ones in panel (b) over
the whole range of A. Going to third order the results
are graphically almost indistinguishable from the exact
ones.
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FIG. 4: Quasienergies for g/w = 1: (a) exact result for €
and —e (solid black lines) and Magnus approximations
of different order based on the picture appropriate for

region I (1st order: dashed blue, 2nd order: dotted
orange, 3rd order: dash-dotted green) for e, directly
computed from U(27); (b) same as (a) but with
Magnus approximations with generalized parity
symmetry explicitly maintained by using U () for the
determination of € (see text).

Region 11

Secondly, we compute the quasienergy for the parame-
ter regime of region II, i.e., |A| < w with the correspond-
ing identification of v(t) = va(t) given in the second col-
umn of Table I. Specifically, with f(t) = cos () yielding
F(t) = sin (t), we get

AL
va(t) = gel sint, (94)
For the discussion of the FMA in the present case we

start with the time-evolution operator over the full pe-
riod. We note that here 6y(27) = 0 according to Eq. (82)



Magnus expansions for two-level quantum dynamics

and hence Hj(t) remains periodic, which is a direct re-
sult by the GP symmetry. Thus from Eq. (63), we can
directly read off

e = 0, (27). (95)
2

Using Egs. (9) and (14), the first order Magnus approxi-
mation thus generally yields

FMA _ |A¥MA(2W)| o A
27\' 27_(_

/0 i exp [igF(T)] dr|, (96)

47
which under cosine-driving becomes

FMA _ él
2 27_[_

= Shle). O7)

/ cos(gsinT)dr
0

This is the zeroth-order Bessel function®” expression for
the quasienergy of the semiclassical Rabi model, a re-
sult which has been found using perturbation theory
more than sixty years ago by Shirley” and can also be
extracted from the Heun function solution in the limit
A — 08°. A physical interpretation of Eq. (96) has been
given in terms of an effective tunneling rate that vanishes
at the zeros of J,21:22:26,88

With the ME it is straightforward to find next order
correction terms, yet we refrain from going to higher or-
der for Uy(2m) here and turn to the approach with the
GP symmetry explicitly maintained. To make progress,
we note that we have exchanged o, and o, by Eq. (76)
for region II and thus the representation of the parity
operator changes accordingly, i.e.,

P=o,, 17p=2é,. (98)

In the present case we have Op(r) = 0 and thus
Eq. (73) simplifies considerably and the corresponding
quasienergy reads

€r = 1 sin~! {Re(AI)

sin 0
- .

1

(99)

Herein, the A; and 6; are again taken at t = 7 as in-
dicated by the quasienergy index. To compare Eq. (96)
with Eq. (99), for the latter the first order ME contribu-
tion reads

ATMA () = 2/0 explig sin t]dt

Ar

= 7[J0(g) + iH()(g)],

(100)

where Hy is the zeroth-order Struve function®’. As de-
picted in Fig. 5, the first-order symmetry conserving re-
sult is slightly more accurate than the one based only on
Jo, at the cost of a more complicated form for e.
Furthermore, since cos(m/2+1t) = —cos(n/2—1),
H(t) and Hy(t) possess PT symmetry with respect to
the reflection time ¢ = 7/2 in the interval ¢t € [0,n].

11

Therefore, as explained in Appendix B, the Cp,(m) co-
efficients automatically vanish. That is, even-order ME
terms for U(m) are all zero and thus the SMA does not
improve on FMA. We stress, however, if f = sinwt in-
stead of f = coswt is adopted, the symmetry is realized
in another way.

-== 503)
E 1st/2nd-order
—-= 3rd-order
Exact

0.4

0.2

0.0

elw

-0.2

-0.4

FIG. 5: Quasienergy of the semiclassical Rabi model at
A/w =1 as a function of ¢: exact result for e and —e
(solid black lines) and Magnus approximations of
different order based on the picture appropriate for
region II: 1st order extracted from time evolution over
2m: dashed blue, 1st (equal to 2nd) order with the
generalized parity symmetry explicitly maintained:
dotted orange, 3rd order with the generalized parity
symmetry explicitly maintained: dash-dotted green.

In Fig. 5 for A = w, i.e., at the border of region II, we
observe that especially for small values of g there is still
a discrepancy between the exact result and the lower or-
der Magnus approximations. In contrast, TMA leads to
a dramatic reduction in error, including the correction of
the shifted relative extrema as well as the inaccurate po-
sitions of the first three exact quasi energy crossings ob-
served in FMA. It is also noteworthy that all orders of the
symmetry conserving calculation show a nonzero slope at
g = 0, in agreement with the exact result, whereas this
feature is absent from the Jy result . We note that for
smaller values of A <« 1 inside region II, FMA is a very
good approximation already (not shown).

The non-zero slope at g = 0 is related to a coincidental
crossing on the boundary of 1st Brillouin zone, i.e. ¢ =
0.5w. Actually, when g = 0 the quasienergy obviously
coincides with the static energy, namely,

€g=0 = :I:; (mod w). (101)
For fixed A, two values (modulo w) of € must vary
smoothly with g by virtue of the smooth dependence of
solutions on parameters in linear systems. On the other
hand, according to Eq. (87), in general € is an even func-
tion of g and thus has vanishing derivative at g = 0. The
only exception arises when crossings take place, i.e., when
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A/w is an integer. This is further illustrated in Fig. 6 by
the exact results of €. Furthermore, we remark that the
crossing at € = 0.5w restricts the convergence radius of
the ME®®. When convergence of the ME is not guaran-
teed, spurious crossings may appear in the quasienergy
spectrum, resulting in a complete loss of accuracy, as de-
picted in Fig. 7, where the different orders of the ME for
€2, using the picture appropriate for region II are com-
pared in the case A = 1.2w (which is outside of region
).
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FIG. 6: Exact results for € in the Rabi model as a
function of g for different fixed A: when A =w a
coincident crossing takes place at g = 0, which results in
non-zero slope (solid yellow line); for most values of A,
the crossing is avoided and the slope is zero (A = 0.9w:
dashed blue, A = 1.1w: dotted green).

Region 111

Finally we address the adiabatic picture, which is ex-
pected to be a good approximation in region III, when
lg| > w, |A[ > w. For this regime we choose the shape
function as f(t) = cos(t) which is monotonic for ¢ € [0, 7]
so that that ME can be safely applied. As explained in
Sec. III, on the LZSM problem, the ME for U,(7) actu-
ally converges for the entire (g, A) plane.

Firstly, in this case, the dynamical phase from Eq. (21)
reads

©()

1 t
3 / VA2 + g2 cos? rdr
0

I . 5 m
5/0 \/A2+92—g251n rdr = EE(t’k)’
(102)

with m = /A2 + g2,k := ¢g?/m? and where E is Ja-
cobi’s incomplete elliptic integral of the second kind®7.
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FIG. 7: Different results for es, in the Rabi model
based on the picture appropriate for region II as a
function of g for A/w = 1.2, outside of region II. Exact
result for € and —e (solid black lines) and Magnus
approximations of different order (Bessel function
results: dashed blue, 1st order: dashed orange, 2nd
order: dotted green, 3rd order: dash-dotted red) for e,
directly computed from U (27)

Secondly, we recall the transform into the adiabatic pic-
ture from Eq. (28), now taken at the half period:

U(r) = ¥(m)®(m)Usq () ¥ (0). (103)
With the GP symmetry, one may verify that
PU ()P = ¥(0) (104)
and therefore
PU(7) = U(0)®(7)Uy (7)¥T(0) = ®(m)U, (7). (105)

Here we omit the similarity transform, which does not
change the trace in Eq. (90). Using Eq. (73) and Eq. (90),
we can again extract the quasienergy from the time-
evolution operator over half a period according to

€r = 1 sin~! {Sil’l[(p(ﬂ')] cos b, + Cq cos[p(m)] sin b, }
7r

a
(106)
The plain adiabatic approximation corresponds to the
zeroth order Magnus approximation (ZMA) (4, = C, =
0, = 0) and in this limit, from Eq. (106), we get

ZMA — %gp(w) mod 1, (107)
which by using Eq. (102), is given in terms of the complete
elliptic integral of the second kind. The quasienergy thus
is proportional to the dynamical phase only, as can be
seen by comparison with Eq. (84) and the above ZMA
result is analogous to the one given by Shirley in his Eqn.

(28)™, which was also derived for small frequencies.
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FIG. 8: Quasienergies of the Rabi model as a function
of A and g¢: (a) along the diagonal in the parameter
plane displayed in Fig. 2, i.e., for ¢ = A: exact result

for € and —e (solid black lines) and Magnus
approximations of different order ( adiabatic: dashed
blue, 1st order: dotted orange, 2nd order: dash-dotted
green, 3rd order: red circles) in the adiabatic picture;

(b) same as (a) but with fixed A/w =1, i.e., we move along

the horizontal line delineating regions III and II in Fig. 2.

Fig. 8 (a) shows the increasing accuracy of the adia-
batic result for large A and g, i.e., in the adiabatic limit
of relatively small w. Higher order Magnus approxima-
tions, on the other hand, also properly reveal the avoided
crossings (between quasienergies from different Brillouin
zones) at the extrema, with the most prominent ones
at small values of A(= g). However, when A/w is fixed,
the adiabatic approximation breaks down for large exter-
nal driving strength driving strength g. In this case, as
demonstrated in Fig. 8 (b), higher order Magnus approx-
imations still may yield nearly exact results, thus vastly
extending the applicability of the adiabatic approxima-
tion. To demonstrate the accuracy of TMA based on
Eq. (106), we show the €(A,g) in Fig. 9. The extreme
accuracy of the Magnus results can be seen there (the
light yellow colors in panel (c) are already down to 1073).
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FIG. 9: Comparison between exact and third order
Magnus results for quasienergies of the Rabi model as a
function of A and g¢: (a) exact result; (b) third order
Magnus approximation; (c) absolute error
|eexact - eTMA|

V. CONCLUSIONS AND OUTLOOK

In this study we have demonstrated that the Mag-
nus expansion may serve as a highly accurate approx-
imation for the (semi-)analytical determination of non-
perturbative transitions as well as of the quasienergy
spectrum in (single-axis) driven two-level systems already
for relatively low orders if symmetry properties are taken
care of. For both models that we studied, the third order
Magnus approximation was sufficient for almost complete
agreement with the known exact analytical results in all
of parameter space.

For the Landau-Zener problem, we have, e.g., shown
that higher order Magnus approximations can not only
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accurately reproduce transition probabilities, but (from
second order on) also yield the Stokes phase quite accu-
rately. The PT symmetry of the model is preserved by
the ME to all orders and the convergence criterion is al-
ways met. This is true for every monotonic drive and if
this condition is not fulfilled, the drive can be split into
monotony intervals and the Magnus approximations can
be used for the separate domains.

It is well-known that the lowest order Magnus approx-
imation for the semiclassical Rabi model has a similar
accuracy as the rotating wave approximation”®8?. By
studying the time-evolution operator over one period up
to higher order Magnus approximation, we have inves-
tigated the entire parameter regime of this model and
have shown that exact and avoided crossings can be re-
produced to a high degree. Especially, the Bloch-Siegert
shift is quite accurately reproduced using a next-to-
leading order Magnus approximation. The correct quali-
tative as well as quantitative prediction of exact crossings
calls for a ME based on the time-evolution operator over
only half the period, however, which allows to restore
the generalized parity symmetry that is lost otherwise.
Results of third order are almost indistinguishable from
the exact analytic results based on the confluent Heun
function for the whole parameter space. The quality of
the results for the quasienergies is thus similar as that
of previous iterative approaches®® but there is no restric-
tion to the applicability of the ME if appropriate picture
transformations are performed. If a picture is applied in
a domain where it is not appropriate, the results are de-
teriorating rapidly as exemplified in the case of the Rabi
model. An especially appealing picture is the adiabatic
one, as has already been noted by Klarsfeld and Oteo,
who found that the ME in the adiabatic pictures dra-
matically improves on perturbation theory for a spin 1/2
system in a rotating magnetic field®®. We have shown
herein that, in the Rabi case and in the adiabatic pic-
ture, the second order ME result already gives almost
perfect agreement with the exact analytic quasienergies
in a large parameter range.

On a technical note, we have emphasized the impor-
tance of the convergence condition, picture transforma-
tions and the maintenance of symmetry of the underlying
problem. For monotonic driving, it has been shown that
convergence criteria can be easily satisfied. However, in
quantum control, the driving field is often modeled as a
carrier oscillation modulated by a slowly varying enve-
lope. It remains an important problem whether one can
gain qualitative insights into the system’s behavior from
the driving fields. A fully satisfactory answer remains
elusive; nevertheless, our method appears promising and
warrants further investigation. A very interesting ques-
tion, e.g., is if the application of the ideas herein improves
on the findings by Begzjav and Eleuch on the two-level
dynamics under an off-resonant pulse in the presence of
a dissipative channel*®.

A simple yet effective twist of this study is to employ
the su(2) algebra to decompose the Magnus expansion.
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This procedure can be generalized to the non-Hermitian
case®!, without significant changes. Furthermore, also
multiple axis driving can and should be studied along
the lines that we used herein. In addition, it seems to
be a natural extension to apply the su(3) algebra®? to
treat three-level systems. Furthermore, the Magnus co-
efficients are very often expressed as multi-variate oscil-
lating integrals. This indicates that that the Magnus
approximation often becomes accurate under both large
and small parameter limits, as we have noticed in the re-
sults of the LZSM and Rabi model. An error estimation
analysis®®?3 seems very appealing, yet it is far beyond
the present study’s scope.

Finally, in” the ME is used to design an effective driv-
ing along a third axis from a commutator of Pauli o,
and o, matrices. To show this, the authors employed the
Magnus-Floquet expansion to second order, whose accu-
racy depends on frequency. Yet our study shows that the
validity of the ME is in general not limited by the fre-
quency range, which might trigger new insights for the
design of effective counter-diabatic Hamiltonians® allow-
ing adiabatic transitions within finite time”. In a simi-
lar vein, correction dissipators for a driven system have
been derived in?" by using a truncated Magnus expan-
sion. The ideas presented here may help to optimize this
procedure.
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Appendix A: su(2) decomposition of the Magnus expansion

Here we first review the Magnus expansion' for a gen-
eral Hamiltonian. Owing to the Schrédinger equation for
the time-evolution operator U(t) with initial condition
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U(tg) = I, the Magnus operator (¢) in Eq. (2) must
fulfillt

i .B. .
Q) = Z(—Z)j]jjadfu(H(t)) Q(to) =0 (A1)
3=0
where the adjoint operator is defined by adq(-) = [, ],

adgy () = [Q,ads ()] and By = 1,B, = —1/2,By =
1/6, B3 =0, B4 = —1/30, ... are Bernoulli numbers.
Replacing the Hamiltonian H(t) by AH (t) (and taking
A equal to 1 in the end), the Magnus expansion amounts
to finding a power series expansion for the solution of

Eq. (A1),

(A2)

- i A"Q, (£)

In order to find €, one substitutes Eq. (A2) into Eq.
(A1) and needs to collect all the A™ contributions from
both sides.

To proceed, we are following the notation of Klarsfeld
and Oteo”® and we define S (t) as the A\ contribution

from (—1)7 ad’,(H(t)). Eq. (A1) can be then written as
(1) = (1), 2u(0) = Z 2S00 (2. (4
Noting that
(=1 ad(H) = (=) [, (1) adf, '(H)],  (A4)

the quantity S7 can be thus recursively determined by

3

J
SO (t) £), 891, 1<i<n—1,

m=

[

(A5)
with initial terms S\ (t) = H(t), S () == 0 (n > 2).
For reference, the first three orders of the Magnus oper-
ator read®’

() = / "ty Ht), (AG)
Qg(t):—%/t dtl/tldtg [H(t), Ht)], (A7)
:—7/ dtl/tl dtg/tZdtg
([H(t1),[H(t2), H(t3)]]
+ [H(ts), [H(t2), H(t1)]]). (A8)

Now we specialize the recursion relation to a Hamilto-
nian in su(2). Using the standard commutation relations

[fia - G iip - &) = 2i(fia x fip) -

7, (A9)
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from Eq. (A5) it follows that Sy (t) is also an element of
su(2) at any time, and thus it can be decomposed as

SP = aP (o +aP* (o +cP(t)o..  (A10)
Then the decomposition of §2,,(¢) follows to be
Q,(t) = A, (t)or + A} (t)o— + Cp(t)os, (A11)
where
n—1 ) t
Aty =32 / o) (7)dr (A12)
=0 75 Jto
n—1 ] t
cuty =52 / 9 (7)dr (A13)
j:O ]' to

By substituting Egs. (A10)-(A11) into Eq. (A5) and
using the su(2) commutation relations in Eq. (7), the
recursion relation can be reduced into commutator-free
form:

— n—m
(A14)
n—j
=23 Tm [An()af=)) ()] (A15)
m=1
aQ(t) =P() =0 (2<n, 1<j<n-—1). (Al6)

Recalling that S%O) (t) = H(t), the initial terms for the
above recursion are determined by the su(2) decomposi-
tion

H(t) = a” (0" +ai”" (o~ +¢”(o.  (AL7)
of the Hamiltonian.

Finally, we emphasize that the recursion relations,
Egs. (A14)-(A16), are particularly amenable to algorith-
mic implementation, as pointed out in®®. At each order,
no more than two accumulative integrals are required,
which allows for efficient numerical evaluation of the co-
efficients, at least to leading orders.

Appendix B: Parity-time symmetry of the Magnus operator

In this appendix we discuss how the parity-time (PT)
symmetry is carried over to the Magnus operator level.
For the reader’s convenience, we repeat the definition of
PT symmetry

PH*(—t)P = H(t), (B1)
from Eq. (53), where the parity operator is Hermitian as
well as unitary, i.e., it satisfies

Pl=pP P’=1I (B2)
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In addition in this appendix we propose that P has a real
(matrix) representation, i.e.,

P =p (B3)

is assumed to hold.

On the time-evolution operator level, according to the
Schrodinger equation, one may directly verify that PT
symmetry leads to the following result:

U*(~t,0) = PU(t,0)P. (B4)

We now consider the Magnus operator on a symmetric
time interval [—ts,¢s]. For simplicity, we denote

S=U(ty,—ty) = exp(—iQ). (B5)
By the group property of the evolution operator, we have
S = U(tfv O)U(07 _tf)
=U(ty, 00U (~t5,0)
=Ul(ty,0)P[U"(t,0)] "' P. (B6)

In the last step we have used Eq. (B4) and the properties
of P. It thus follows that

[S*]7! = PSP. (B7)

On the other hand, according to Eq. (B5) and the defi-
nition of matrix exponent we have

[S*]7! = exp(—iQY*) (B8)

and
PSP = exp[—i(PQP)]. (B9)
Equating the two last equations, finally, we conclude that

Q* = PQP. (B10)
Note that 2 as well as 2* are both associated with the
time interval [—ts,¢f].

Remarkably, since the Magnus expansion is essentially
a power series expansion of ), as given in Eq. (A2), the
property Eq. (B10) holds to each order. We note in pass-
ing that to reach the final conclusion, the Hamiltonian
does not have to be Hermitian.

To illustrate the application of Eq. (B10), we elaborate
on the PT symmetry of the two-level Hermitian systems
from the main text. For this, we rewrite Eq. (8) as

Q' =Re(A)oy, —Im(A)oy + Co, (B11)
and thus (note that C' is real-valued) we find
2" =Re(A)oy + Im(A)oy, + Co,. (B12)

Due to the symmetry expressed by Eq. (B10), certain
coefficient in Eq. (B11) may vanish, depending on the
choice of P:
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1. When P = o,, we have

PQP = —Re(A)o, + Im(A)o, + Co., (B13)

and thus Re(A4) = 0, as we have seen in the discus-
sion of LZSM model in Sec. III

2. When P = o,, we have

PQP = Re(A)o, + Im(A)o, — Co, (B14)

leading to C' = 0, as in region II for the Rabi model,
discussed in Sec. IV.

3. When f(—t) = f(t) € R in Eq. (1), the Hamil-
tonian displays time reflection symmetry, i.e.,
H*(—t) = H(t). Formally, this amounts to taking
P = oy in Eq. (B1), which results in Im(A) = 0.
This symmetry, e.g., holds for ¢ € [0, 7/w], reflected
about t = 7 /2w, if the shape function f(t) = sin wt
is used in the Rabi model.

Appendix C: Exact and avoided crossings of quasienergy in
two-level Floquet systems

Here we discuss the quasienergy crossings in a periodi-
cally driven two-level system in greater detail. Due to the
multi-valuedness of € (which is defined modulo w = 1),
quasienergy crossings can be grouped into two classes:

1) crossing in the middle of the Brillouin zone:

e=—€=e=0&U2m) =09

2) crossing of different branches (at the boundary of
the Brillouin zone):

1
62—6:|:1:>6::|:§<:>U(27T):—0'()

In both cases, any initial state reproduces itself after
one period, up to a global phase factor. This provides
a two-level interpretation of the coherent destruction
of tunneling?!, originally discovered in the periodically
driven symmetric double-well potential model. In gen-
eral, because an element in SU(2) is characterized by
three free parameters, realizing the crossing requires at
least tuning three coupling constants in the Hamiltonian.
This constitutes a particular case of the Wigner-von Neu-
mann non-crossing rule®!. Exact crossings become much
easier to achieve in the presence of symmetry, however,
as explained below. ~ ~

When f(t) has the property f(t + ) = —f(t), the
Hamiltonian Eq. (1) displays the following adjoint sym-
metry

PH(t + )P = H(t), (C1)

where P = o, in this case. More generally, we define
Eq. (C1) as the generalized parity (GP) by allowing P to
be a unitary Hermitian operator, satisfying

P'=P P?’=g0y, det{P}=-1. (C2)
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And thus P can be represented as

P—iip-& |ip| = 1. (C3)
With Eq. (C1) one may prove®® that
U(2r) = [PU(x)]%. (C4)

It follows from Eq. (C4) that PU(m) has eigenvalues
Fet™ where € is the quasienergy and its eigenstates are

the initial Floquet states. Thus we have
tr[PU(w)] = —2isin (err). (C5)

On the other hand, by writing U(7) in angle-axis form
exp(—if7i - &), one finds

tr[PU(w)] = —2i(7i - 7ip) sin 6. (C6)
Comparing the two equations above, one obtains
sin (emr) = (7i - 7ip) sin 6. (Cn

Eq. (C7) explains explicitly the crossing and non-crossing
rules of the quasienergies by the following argument. For
case 1) to appear,

(C8)

siner=060=0o0rmn-np=0.

The set of allowed U(rw) thus is two-dimensional, and
therefore it suffices to tune only one parameter to achieve
an exact crossing at € = 0 in general. In contrast, case
2) is equivalent with

siner = +1 & § = j:g and i = iip,  (C9)

that is, ¢ = +1/2 and U(r) = 4iv/P. This case is much
harder to realize since the allowed set of U(w) has zero
measure in the SU(2) group. Therefore under change of
parameters, around € = £1/2, i.e. at boundaries of the
Brillouin zone, crossings are usually avoided.
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