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Abstract

An n-qubit Dicke state of weight k, |Dn
k ⟩, is the uniform superposition over all n-bit strings of Hamming

weight k. Dicke states are an entanglement resource with important practical applications in the NISQ era

and, for instance, play a central role in Decoded Quantum Interferometry (DQI) [JSW+25]. Furthermore,

any symmetric state can be expressed as a superposition of Dicke states.

First, we give explicit constant-depth circuits that prepare n-qubit Dicke states for all k ≤ polylog(n),

using only multi-qubit Toffoli gates and single-qubit unitaries. This gives the first QAC0 construction of

|Dn
k ⟩ for k = ω(1). Previous constant-depth constructions for any super-constant k required the FANOUTn

gate, while QAC0 is only known to implement FANOUTk for k up to polylog(n). Moreover, we show that any

weight-k Dicke state can be constructed with access to FANOUTmin(k,n−k), rather than FANOUTn. Combined

with recent hardness results [GGJ26], this yields a tight characterization: for k ≤ n/2, |Dn
k ⟩ can be prepared

in QAC0 if and only if FANOUTk ∈ QAC0.

We further extend our techniques to show that, in fact, any superposition of n-qubit Dicke states of

weight at most k can be prepared in QAC0 with access to FANOUTk. Taking k = n, we obtain the first

O(1)-depth unitary construction for arbitrary symmetric states. In particular, any symmetric state can

be prepared in constant depth on quantum hardware architectures that support FANOUTn, such as trapped

ions with native global entangling operations [MCD+21]
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1 Introduction

QAC0 circuits are a fundamental model of shallow quantum computation consisting of constant depth,

polynomial size circuits—a direct analog of the classical AC0 [Moo99]. It is a major open question whether

QAC0 can implement the FANOUTn operation, which, given a classical bit b, produces n classical copies

of b. This operation is freely available in AC0, which cannot compute functions such as PARITYn and

MAJORITYn [Has89]. In contrast, the ability of QAC0 circuits to perform classical tasks such as PARITYn,

modular arithmetic, threshold computations, and sorting, depends on whether QAC0 can implement FANOUTn
[Moo99, GHMP02, HS05].

The hardness of FANOUT for QAC0 is also closely tied to the complexity of several state-synthesis tasks,

including the preparation of n-qubit GHZ states [Moo99, Ros21]. GHZ states are fundamental entangled

resources with applications in quantum metrology and nonlocality tests [GLM11, MSB+11, Kaf13]. However,

n-qubit GHZ states can be synthesized in QAC0 if and only if FANOUTn ∈ QAC0. This provides an inherently-

quantum complete task for QAC0
f , the class of constant depth circuits obtained by augmenting QAC0 with

fanout.

Another important entanglement resource is the family of Dicke states, introduced by Robert H. Dicke

[Dic54]. The weight k, n-qubit Dicke state, |Dn
k ⟩, is defined as the uniform superpositions over n-bit strings of

Hamming weight k. These states form a complete orthonormal basis for the symmetric subspace of n qubits,

which comprises all states invariant under permutations of the qubits. Dicke states also have applications

in quantum metrology [ZD14] and play a central role in Decoded Quantum Interferometry (DQI) [JSW+25].

From a computational perspective, Dicke states capture the ability of a circuit to generate a superposition

over inputs satisfying a high-degree combinatorial constraint. This makes Dicke state preparation a natural

candidate to probe the ability of shallow circuits to enforce global structure.

The states |Dn
n−k⟩ and |Dn

k ⟩ are equivalent up to local operations, thus, we may assume k ≤ n/2 to

discuss their circuit complexity in terms of k. For k = O(1), these states can be prepared in QAC0 [JV26].

However, for any k = ω(1), existing constant-depth constructions rely on the FANOUTn gate [JV26] and cannot

be implemented in QAC0 unless QAC0 = QAC0
f . Recent work showed that FANOUTk is in fact necessary for

preparing weight-k Dicke states [GGJ26]. However, prior to this work, it was not known whether FANOUTk

suffices to construct weight-k Dicke states on n qubits. In particular, for the case of k = polylog(n), although

QAC0 circuits can implement FANOUTk [Ros21, GM25], it was not known how to construct polylog(n) weight

Dicke states on n qubits. Existing techniques for constructing constant weight Dicke states break down in this

regime – they either require Grover amplification in poly(k) depth or parallel amplification of poly(n) runs that

crucially requires FANOUTpoly(n) to aggregate the runs [JV26, GMW26, Ros21].

In this work, we close this gap by proving new upper bounds for Dicke-state preparation: for every

k = polylog(n), weight-k, n-qubit Dicke states can be constructed exactly and cleanly in QAC0. To achieve

this, we introduce several new techniques for QAC0 and QAC0
f that may also be of independent interest. More

generally, we provide explicit QAC0 circuits with access to FANOUTk gates (instead of FANOUTn gates), that

prepare |Dn
k ⟩ and |Dn

n−k⟩. In light of the reductions of [GGJ26], our upper bounds are optimal with respect
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to the width of FANOUT gates. This establishes an equivalence between Dicke state preparation and FANOUT :

for any k ≤ n/2,

|Dn
k ⟩ can be prepared in QAC0 ⇐⇒ FANOUTk ∈ QAC0.

Our techniques also extend to arbitrary symmetric states, i.e., superpositions of Dicke states. We show that

any symmetric state supported on Hamming weight at most k can be constructed exactly in constant depth

using QAC0 circuits with access to FANOUTk gates. Notably, we give the first O(1)-depth unitary construction

for arbitrary symmetric states, by providing explicit QAC0
f circuits for them. Combined with prior work on

simulating QAC0
f using only FANOUTn and local gates [TT16], we can thus prepare any symmetric in constant

depth on quantum hardware architectures with native global entangling operations, such as trapped ions

[MCD+21].

1.1 Our results

Our main result is that, QAC0 augmented with FANOUTk gates, which we denote as QAC0[FANOUTk], can

construct |Dn
k ⟩. Previously, |Dn

k ⟩ was only known to be preparable in constant depth with access to FANOUTn,

rather than FANOUTk.

Theorem 1.1 (|Dn
k ⟩ with FANOUTk (Informal Theorem 5.11)). For every n and k ≤ n/2, the states |Dn

k ⟩ and
|Dn

n−k⟩ can be exactly and cleanly prepared by a constant depth poly(n)-ancillae QAC0[FANOUTk] circuit.

When k = polylog(n), FANOUTk can be implemented using poly(n) ancillae in QAC0 [Ros21, GMW26]. This

immediately leads to the following corollary.

Corollary 1.2 (Poly-log weight Dicke states in QAC0). For all n and k = polylog(n), the states |Dn
k ⟩ and

|Dn
n−k⟩ can be synthesized exactly and cleanly in constant depth with poly(n)-ancilla, using only multi-qubit

Toffoli gates and single qubit unitaries.

We remark that the upper bound in Theorem 1.1 is tight in the required FANOUT, since previous work

[GGJ26] proved FANOUTk is necessary to construct |Dn
k ⟩. Thus, we have the following equivalence.

Corollary 1.3 (Dicke states are equivalent to fanout). For any n and k ≤ n/2, the state |Dn
k ⟩ can be prepared

in QAC0 if and only if FANOUTk ∈ QAC0.

Our constructions require substantially different techniques than the constant-weight Dicke state construc-

tion of [JV26], as we elaborate upon in Section 2.

Moreover, results generalize to symmetric states that are supported on low weight Dicke states.

Theorem 1.4 (General symmetric states with FANOUTk (Informal Theorem 5.12)). Let k ≤ n. Any n-qubit

symmetric state |ψ⟩ supported on weights at most k, can be constructed exactly and cleanly in constant depth

and poly(n) ancillae by a QAC0[FANOUTk] circuit.

As a consequence, we obtain constant-depth constructions for all symmetric states using FANOUTn.

Corollary 1.5 (Arbitrary symmetric states in constant depth). Any symmetric state on n qubits can be

prepared exactly and cleanly by a constant-depth poly(n) ancilla QAC0
f circuit.

1.2 Prior work

QAC0, the quantum analogue of AC0, is defined as the class of constant depth circuits with a polynomial

number of ancilla qubits. The gate set of QAC0 consists of poly(n)-width Toffoli gates (reversible AND) and

single-qubit unitaries [Moo99]. Although wide Toffoli gates allow for global interactions among qubits, these

interactions are seemingly weaker than those allowed by the FANOUT gate.

It is known that FANOUTn gates and local unitaries can simulate poly(n)-width Toffoli gates in constant

depth [TT16]. However whether the converse, FANOUTn ∈ QAC0, holds is a major open problem in quantum

circuit complexity.

3



The work on Dicke states in the setting of QAC0, which includes non-local interactions, is fairly new.

Meanwhile, there is extensive work on preparing Dicke states in the more restricted setting where the gates

are subject to locality constraints that limit their width to O(1). Upper bounds in this setting include

[BE19, BE22, YZ25, CFG+19, LCG24, RN24], all of which require Ω(logn) depth as dictated by light-cone

based lower-bounds [MN01]. Achieving constant depth requires bypassing this lower bound and some prior

works do so by allowing for (long-range) classical communication and post-processing. These result in non-

unitary constructions that are incomparable to ours and include [BFLN24, PSC24, FZIP25, YMW+25].

In the QAC0 model where light-cone arguments also break down, Dicke states have recently been of interest

for both upper bounds [GMW26, JV26] and for understanding the power of Toffoli gates vs FANOUT (QAC0 vs

QAC0
f ) [GGJ26]. [GMW26] showed the first constant-depth unitary construction of a Dicke state, by giving a

QAC0 circuit to prepare |Dn
1 ⟩, also known as theW state (|Wn⟩). [JV26] further showed that for any k = O(1),

|Dn
k ⟩ can be prepared in QAC0. For k = ω(1), the only known constant depth unitary construction is that of

[JV26] and uses FANOUTn to prepare |Dn
k ⟩, producing a QAC0

f circuit. As referenced earlier, QAC0
f is a very

powerful class and is in fact the quantum analogue of TC0, i.e. QAC0
f = QTC0 [GMW26]. It is unknown if

QAC0, the quantum analogue of AC0, can simulate QAC0
f . This naturally raises the question of whether Dicke

states can be prepared without relying on FANOUTn gates. Recently, [GGJ26] showed that FANOUTk is necessary

to prepare |Dn
k ⟩. However, for k = ω(1), known constructions rely on FANOUTn, leaving a large gap between

the upper and lower bounds on the required fanout.

2 Overview

In this section, we describe the main ideas behind the proof of our first main theorem and briefly touch on the

extension to arbitrary symmetric states.

Theorem 5.11 (|Dn
k ⟩ with FANOUTk). There exist constants d ∈ N and c > 0 such that for every n ∈ N and

k ∈ [n], there is a clean depth-d QAC0[FANOUTk] circuit of size at most nc that takes as input |0n⟩ and outputs

|Dn
k ⟩.

We prove this theorem in Section 5 and provide an overview below. In Section 4 we first introduce a toolkit

of primitives for constant-depth state synthesis using limited fanout. The first set of primitives we introduce

enable controlled operations for certain structured circuits. Note that implementing a controlled version of

an otherwise arbitrary QAC0 circuit cannot necessarily be done in QAC0 (See Section 4.1). We also introduce

additional primitives to manipulate amplitudes by rescaling branches (Lemma 4.1) Together, these tools allow

us to build more complex states, including arbitrary O(log k) qubit states (Corollary 4.4) from simple product

states through iterative amplitude shaping and hybrid constructions.

Existing tools and their limitations. We start by explaining the approach used in [JV26] to construct

constant-weight Dicke states.

[GMW26] showed that Grover’s amplitude amplification procedure [Gro98] can be performed in QAC0. This

can be used to amplify any state of the form
√
α |ψ∗⟩ |1⟩+

√
1− α |bad⟩ |0⟩ with at-least a constant α weight

on the marked part, to the marked state |ψ∗⟩ in constant depth. [GMW26] also showed that THRESHOLDnk , and

therefore EXACTnk , can be implemented using FANOUTk in QAC0.

Then, let us start with the state |k/n⟩⊗n |0⟩. (We use the notation |p⟩ :=
√
1− p |0⟩ +

√
p |1⟩.)

Using the EXACTnk gate, we mark the component with exactly k 1’s to produce a state of the form√
α |Dn

k ⟩ |1⟩ +
√
1− α |bad⟩ |0⟩. From here, if α is constant, we can apply Grover’s amplitude amplification

procedure to produce |Dn
k ⟩ exactly. Since α corresponds exactly the probability of getting exactly k ones in n

independent Bernoulli(k/n) samples, α is indeed constant when k is constant.

However this idea falls short as soon as k = ω(1). Indeed, there is no similar amplification procedure

anymore, and that is the central challenge that we must overcome.
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2.1 Our construction

In order to use the EXACTnk gate and Grover’s amplitude amplification, we need to construct some state of the

form
√
α |Dn

k ⟩ |1⟩+
√
1− α |bad⟩ |0⟩ where α is constant and |bad⟩ only has amplitude on strings of weight not

equal to k.

It suffices to construct some |ψ⟩ that meets the following two criteria:

(1) |ψ⟩ has constant fidelity with |Dn
k ⟩.

(2) |ψ⟩ has equal amplitude on all strings with k ones.

Note the necessity of the second constraint. If |ψ⟩ had different amplitudes on the different weight-k strings,

then applying the EXACTnk gate to |ψ⟩ would not result in a marked branch exactly equal to |Dn
k ⟩, which is

needed for the amplitude amplification step. In particular, it is worth noting that (1) may be satisfied even if

some weight-k strings are entirely missing from the support of |ψ⟩.

2.1.1 Constructing a state with constant fidelity with |Dn
k ⟩.

We will start with the simpler goal of just constructing a state |ψ⟩ that has constant fidelity with |Dn
k ⟩, i.e. a

state that satisfies (1). Although known constructions of |Dn
k ⟩ require FANOUTn, we can apply them to prepare

|Dk3

k ⟩ using FANOUTk [JV26]. Starting with this state, we will “expand” each qubit into m = n/k3 qubits, so

that ultimately the state will be on n qubits.

More formally, we will make use of the following controlled-W map, which is known to be in QAC0, for

example as a consequence of Lemma 4.8 and Fact 3.8.

• |0⟩ |0m⟩ → |0⟩ |0m⟩

• |1⟩ |0m⟩ → |0⟩ |Wm⟩

First, partition the n target qubits into ℓ ≈ k3 buckets of size m. On ℓ ancilla qubits, construct |Dℓ
k⟩, where

each qubit corresponds to one of the ℓ buckets. Then, for each bucket, whenever the corresponding ancilla

qubit is a 1, map it to |Wm⟩ on the target qubits within that bucket, and otherwise to |0m⟩. This procedure

is illustrated below in Figure 1.

−→ . . .

−→ . . .

...

−→ . . .

|Dk3

k ⟩

|Wm⟩

|0m⟩

|Wm⟩

Figure 1: Visualization of the bucket occupancy of ℓ = k3 buckets (left) and the corresponding n = mk3-qubit state
on each bucket obtained via a controlled-W preparation on each group of m qubits (right).

This gives us an equal superposition over all strings of weight k where each bucket has at most one 1. In

order to show that this state has constant fidelity with |Dn
k ⟩, it suffices to show that a uniformly random string

has constant probability of having at most one 1 in every bucket. This is true by a simple birthday paradox

argument: as long as ℓ = ω(k2), it is unlikely that two 1s will be in the same bucket. In fact, since a collision

occurs with o(1) probability, only an o(1)-fraction of weight-k strings are missing from our superposition.

At a high level, this method overcomes the challenge of making strings of weight exactly k appear with

constant probability by using the |Dℓ
k⟩ construction. However, in the process, we lose the small fraction of

strings that don’t adhere to the induced bucket structure, which violates our second criteria.
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2.1.2 Adding back the missing strings.

If there are j < k non-empty buckets in a given string, it will not appear in our superposition. More precisely,

we can write |Dn
k ⟩ as follows:

|Dn
k ⟩ =

k∑
j=1

√
p(j) |Dm,ℓ

j,k ⟩ (2.1)

Here, |Dm,ℓ
j,k ⟩ is the superposition of all weight k strings where the ones fall into j of the ℓ buckets. The

previous section approximated the full state by constructing only the j = k case |Dm,ℓ
k,k ⟩.

In the next section, we will describe a more general construction that also works for each j < k. We remark

that this case was especially nice because all non-empty buckets have exactly one 1, but this property does not

hold in general. Moreover, the construction we described for the j = k case was exact, i.e. only had strings of

weight k, but the general argument described below will produce strings with a |bad⟩ component that we will

need to remove with amplitude amplification.

Constructing strings for a specific j < k. For a given j < k, we similarly start by constructing Dℓ
j on

ancilla qubits, where the 1’s correspond to the nonempty buckets. We need to modify our construction so that

a non-empty bucket can have more than one 1. Instead of using a map that takes |1⟩ → |1⟩ |Wm⟩, we will use

a map which allows each bucket to have more than one 1 with some small probability. More specifically, define

|φ(s(1), . . . , s(k))⟩ :=
∑
i

√
s(i) |Dm

i ⟩. As an example, the W state has s(1) = 1 and all other s(i) = 0. Then,

we construct the following map for some specific probabilities s(1), . . . , s(k) summing to 1 that we’ll solve for

later:

• |0⟩ |0m⟩ → |0⟩ |0m⟩

• |1⟩ |0m⟩ → |0⟩ |φ(s(1), . . . , s(k))⟩

We do not know how to construct this state for arbitrary values of s(1), . . . , s(k) (in fact, this would be exactly

Theorem 1.1 for m instead of n), so we will have to pick them specifically such that we can construct this

state. Intuitively, the state we will require can be constructed because the distribution we will end up needing

is very close to that of the W state where s(1) = 1 and all other s(i) = 0.

Unlike the j = k case, in this construction, it will not always hold that the resulting state has exactly

k ones, and we will need to post-select on such strings. We can mark all such strings, but we can only use

Grover’s amplitude amplification to post-select if the marked branch has constant amplitude. We might hope

that we can achieve this by setting s(1), . . . , s(k) appropriately, but actually, as it turns out, when j ≪ k, there

is actually no choice of s(1), . . . , s(k) that works, but we will be able to get around this by post-selecting only

at the very end, and not for each choice of j, since that way we only require that the combined |bad⟩ parts are
constant weight.

2.2 Setting the parameters and putting it together.

Let us outline the steps of our construction more precisely:

(1) For some to-be-determined probability distribution t(1), . . . , t(k), construct a superposition of weight-j

Dicke states on ℓ = k3 ancilla qubits
∑
j

√
q(j) |Dℓ

j⟩. (Think of t(j) as the mass assigned to having j

nonempty buckets; this is not the same as q(j) for reasons described later.)

(2) For each such ancilla qubit corresponding to a bucket, map it to m target qubits via the map

|0⟩ |0m⟩ → |0⟩ |0m⟩ and |1⟩ |0m⟩ → |0⟩ |φ(s(1), . . . , s(k))⟩. (Although the s(i)’s could in theory depend

on j, we won’t need this freedom. For the special case of j = k, we had previously set p1 = 1 else pi = 0

in the example, but our final construction will set parameters differently.)
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(3) Post-select on strings of weight k using Grover’s amplitude amplification.

It remains to choose t(1), . . . , t(k) and s(1), . . . , s(k) to satisfy a few conditions:

• We can implement the aforementioned map |0⟩ |0m⟩ → |0⟩ |0m⟩ and |1⟩ |0m⟩ → |0⟩ |φ(s(1), . . . , s(k))⟩.

• The probability of each string with k ones is exactly the same.

• The total mass on strings of weight k is constant (so that we can use Grover’s amplitude amplification).

We will set s(i) := C · k
(
m
i

)
/(mk)i, where C is chosen such that the s(i) add to 1 (see Definition 5.1). (It

turns out that C ≈ 1 always.) We will hold off on specifying the t(j)’s.

Implementing the map. We start by constructing the map |0⟩ |0m⟩ → |0⟩ |0m⟩ and |1⟩ |0m⟩ → |0⟩ |1/m⟩m.

This gives us some “approximate” version of the state we want. Then, we mark each string with some qubit

of the form
√
1− α |0⟩+

√
α |1⟩ to “correct” the ratios of amplitudes. For example, we mark the all 0 branch

with |0⟩ since that isn’t in the support of |φ(s(1), . . . , s(k))⟩, and similarly for all |Dℓ
>k⟩ branches. We mark

the |W ⟩ = |Dℓ
1⟩ branch with |1⟩. For every other |Dℓ

0<i≤k⟩, we mark it with some
√
1− α |0⟩ +

√
α |1⟩ so

that within the marked branch, the ratio of the amplitude on |Dℓ
i ⟩ and |Dℓ

1⟩ branch is
√
s(i)/s(1). We show

in Claim 5.9 that a constant fraction of the state will be marked, and so we can use Grover’s amplitude

amplification to construct |φ(s(1), . . . , s(k))⟩ exactly. (And we can ensure that the |0⟩ |0m⟩ → |0⟩ |0m⟩ part of
the map is unaffected.)

Each weight-k string has the same probability. Each weight-k string x has some particular number of

non-empty buckets s, when its indices are partitioned into groups of m as we have been doing.

Checking this condition really has two parts: x and x′ with the same s have the same probability, and

after the post-selection step, the probability of sampling a string with j nonempty buckets is exactly p(j).

Essentially, the first condition ensures that the constructed state is some superposition over |Dm,ℓ
j,k ⟩’s while the

second condition ensures it is the correct superposition. The former property follows directly from the pi’s

being of the form λ
(
m
i

)
βi (Claim 5.4).

The latter property requires setting the t(j)’s appropriately. Naively, it would seem that we should just

set t(j) := p(j). However, each value of j may have a different probability of post-selecting a weight-k string,

so the post-selection ratios may be different from the pre-selection ones. Define q(s) to be the probability

of post-selecting a weight-k when having s non-empty buckets (i.e. when starting with |Dℓ
j⟩ on the ancilla,

what mass of the constructed state is |Dm,ℓ
j,k ⟩). Then, we set t(s) ∝ p(s)/q(s), and indeed the post-selection

probabilities will be proportional to the p(s).

Total weight k mass is constant. Finally, we need to check that the total mass on weight k strings is

constant, so that the final amplitude amplification step is possible. We discussed in the previous section that

we can’t just do amplitude amplification on each j separately, because the q(j) will not be always constant for

any choice of the s(i)’s and certainly not for the ones we chose. However, when we do amplitude amplification

at the end, we only need to ensure that the total mass over all the j’s of the weight k branch is constant. Each

j contributes t(j)q(j) to this total mass, because its starting mass is t(j) and the conditional probability of

the final string being weight k is q(j). Thus, we just need to ensure that
∑
j t(j)q(j) = Θ(1), which is done in

Claim 5.9.

Thus, each step of the outlined algorithm indeed works and we can construct |Dn
k ⟩ exactly.

2.3 Extending to arbitrary symmetric states

We will briefly describe the ideas involved in the proof of Theorem 1.4. The formal version is stated below.
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Theorem 5.12 (Superposition of Dicke states inside Hamming ball k with FANOUTk). Let |ψ⟩ be an arbitrary

n-qubit symmetric state supported only on Hamming weight up to k strings, of the form ,

|ψ⟩ =
k∑
j=0

ηj |Dn
j .⟩

Then, there is a constant depth, poly(n)-ancilla QAC0[FANOUTk] circuit to exactly and cleanly prepare |ψ⟩.

Observe that symmetric states have compact O(logn)-qubit descriptions that encoding the amplitudes of

the corresponding Dicke superposition. For example, the amplitudes of an arbitrary symmetric state |ψ⟩ as

above can be compacted into a log n qubit state |ψ̂⟩ :=
∑
j∈[k] ηj |j⟩. To construct such states with O(k)

distinct amplitudes, one can incrementally adjust amplitudes of a simpler states using primitives we introduce

in Section 4. Specifically, we show that any O(log k) qubit state can be constructed in QAC with access to

FANOUTk (Lemma 4.3, Corollary 4.4). Our Dicke state construction from Theorem 5.11 also extends to a

controlled circuit that prepares |Dn
k ⟩ on a fresh ancilla iff the control bit 1. Given the corresponding O(log k)

qubit |ψ̂⟩, it is possible to construct |ψ⟩ using the controlled-preparation of each |Dn
k ⟩ as a black-box. However,

this is not sufficient for the fanout-efficient construction we claim in Theorem 5.12, which uses FANOUTk rather

than FANOUTn. We instead prove Theorem 5.12 by a constructing the desired state from scratch using the

bucking strategy previously described. This proof follows much of the same steps as our procedure for preparing

|Dn
k ⟩ and we provide it in Appendix A.

3 Preliminaries

The gateset of QAC0 is canonically defined as multi-qubit Toffoli (Reversible-AND) gates and single-qubit

unitaries [Moo99] and the depth is given by the number of multi-qubit layers. Equivalent formulations include

any multi-qubit reflection gate of the form I − 2 |θ⃗⟩⟨θ⃗| for arbitrary product state |θ⃗⟩ [Ros21]. Each qubit

belongs to at most one gate per layer and just as classical reversible circuits, QAC0 does not by default include

FANOUT, the ability to make (classical) copies of a qubit. A QAC0 circuit is defined to have constant depth and

poly(n) ancillae, and thus poly(n) gates.

Definition 3.1 (Circuit implementing unitary). A circuit C (cleanly) implements an n-qubit unitary U using

m = m(n) ancillae, if for all n-qubit states |φ⟩,

C |φ⟩ |0m⟩ = (U |φ⟩) |0m⟩ .

More generally, for linear subspaces S, T and a linear map M : S → T , a circuit C implements M if it cleanly

implements any unitary U that behaves as described on S.

Definition 3.2 (State preparation circuit). A circuit C (cleanly) prepares an n-qubit state |ψ⟩ using m = m(n)

ancillae, if, C |0n⟩ |0m⟩ = |ψ⟩ |0m⟩ .

All the upper bounds described in this work are clean computations, i.e, the ancillae are returned to |0m⟩. Thus,
any state preparation/unitary implementation circuits we refer to are presumed to be clean unless otherwise

specified.

Definition 3.3 (FANOUTk). FANOUTk is the reversible map satisfying |0⟩ |0k⟩ 7→ |0⟩ |0k⟩ and |1⟩ |0k⟩ 7→ |1⟩ |1k⟩.

Some works define FANOUTk as a unitary on the entire space by the map |b⟩ |x⟩ 7→ |b⟩ |x⊕ bk⟩ for b ∈ {0, 1}
and x ∈ {0, 1}n, which turns out to be the Hadmard conjugation of PARITYn. The two definitions are equivalent

in constant depth under QAC0 reductions and for our purposes, Definition 3.3 suffices. Note that definition of

QAC0[FANOUTk] remains unchanged regardless of which convention is used.

Definition 3.4 (QAC0[FANOUTk] circuit). For a function k = k(n), a circuit family {Cn}n is a QAC0[FANOUTk]

circuit family if for constants c, a, n0, each Cn for n ≥ n0 can be implemented using at most na ancillae and c

layers of Toffoli gates, single qubit unitaries and FANOUTk(n) gates.
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We focus on state preparation problems for which the circuits Cn are parameterized by the number of qubits

n in the output.

3.1 Additional Notation

All the quantum states referred to are taken to be normalized unless otherwise specified. We use the following

conventions.

1. For k ∈ N, [k] := {i}ki=1. For i ∈ [k], |i⟩ denotes the ⌈log k⌉-qubit standard basis vector, the binary

representation of i and eki refer to the string 0i−110k−i−1, the one-hot encoding of i. When k, the

number of bits, is clear from the context we denote it by ei.

2. For 0 ≤ ε ≤ 1, we define |ε⟩ to be the single-qubit state |ε⟩ =
√
1− ε |0⟩+

√
ε |1⟩. This is consistent with

the usual definitions of |0⟩ , |1⟩.

3. For 0 ≤ γ ≤ 1, define Rotγ to be the single-qubit unitary, Rotγ =

[ √
γ

√
1− γ√

1− γ −√
γ

]
. Note that any

Hermitian unitary, such as Rotγ is a reflection.

4. We will use the notation R|ψ⟩ to denote the reflection about |ψ⟩ given by R|ψ⟩ := I − 2 |ψ⟩⟨ψ|. When |ψ⟩
is separable this is a valid QAC0 gate. Thus, for any fixed y ∈ {0, 1}n, or any i ∈ [n], both R|y⟩ and R|i⟩
are valid QAC0 gates.

5. The n-qubit AND gate (Toffoli) is given by (I − 2 |1n⟩⟨1n| ⊗ |+⟩⟨+|t) where t is the output register. The

OR gate is given by (I − 2 |0n⟩⟨0n| ⊗ |+⟩⟨+|t), and the NOR gate by Xt · (I − 2 |0n⟩⟨0n| ⊗ |+⟩⟨+|t)

6. For a unitary U , c-U refers to the controlled-U unitary given by,

c-U(x, T ) = |0⟩⟨0|x ⊗ IT + |1⟩⟨1|x ⊗ UT (3.1)

When U is a valid QAC0 multi-qubit gate, or a Hermitian single qubit unitary, c-U is a also a valid QAC0

gate. Note that however, we cannot necessarily implement c-C for an arbitrary QAC0 circuit C in QAC0,

as this requires FANOUT. Although, given a FANOUTk gate, we can implement c-FANOUTk by introducing an

ancilla that computes the AND of the control qubit and the fanout source bit and then applying FANOUTk

on this ancilla.

7. For any binary string x ∈ {0, 1}n, we use |x| to denote its Hamming weight.

8. We use [.] to denote the truth value of the expression inside the brackets.

Using this notation we define THRESHOLDnk and EXACTnk .

Definition 3.5 (THRESHOLDnk ). THRESHOLDnk is the reversible map satisfying for all x ∈ {0, 1}n,

|x⟩ |0⟩ 7→ |x⟩ |[|x| ≥ k]⟩ .

Definition 3.6 (EXACTnk ). EXACTnk is the reversible map satisfying for all x ∈ {0, 1}n,

|x⟩ |0⟩ 7→ |x⟩ |[|x| = k]⟩ .

Observe that THRESHOLDnn−k can be implemented from THRESHOLDnk and also EXACTnk can be implemented using

THRESHOLDnk and THRESHOLDnk−1.
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3.2 Known procedures in QAC0

We list some standard procedures in QAC0 and some simple consequences that we will utilize.

Fact 3.7 (Reflection about preparable states). Let |ψ⟩ be an n-qubit state, and U be a unitary that cleanly

prepares |ψ⟩ using m ancillae. R|ψ⟩ can be cleanly implemented with a depth 3, m ancillae circuit consisting

of the gates U,U† and I − 2 |0m+n⟩⟨0m+n|.

Proof. We will argue that R|ψ⟩ is implemented using m ancillae by the circuit,

C := U(I − 2 |0m+n⟩⟨0m+n|)U† (3.2)

= UU† − 2U |0m+n⟩⟨0m+n|U† (3.3)

= I − 2 |ψ⟩⟨ψ| ⊗ |0m⟩⟨0m| . (3.4)

Observe that the commutator [I ⊗ |0m⟩⟨0m| , C] = 0. Thus, for any n-qubit state |φ⟩, as claimed,

C |φ⟩X |0m⟩A = |0m⟩⟨0m|A · C · |φ⟩X |0m⟩A (3.5)

= |0m⟩⟨0m|A · (I − 2 |ψ⟩⟨ψ|X ⊗ |0m⟩⟨0m|A) · |φ⟩X |0m⟩A (3.6)

= ((I − 2 |ψ⟩⟨ψ|) · |φ⟩)X ⊗ |0m⟩A (3.7)

= (Rψ |φ⟩)X ⊗ |0m⟩A . (3.8)

The state |Dn
1 ⟩ is also known as the W -state and can be prepared in QAC0 [GMW26] as well the following

states.

Fact 3.8 (Uniform 0n and Wn (Claim 5.1 of [GGJ26])). For any n, the state 1√
2
|0n⟩+ 1√

2
|Dn

1 ⟩ can be cleanly

prepared in QAC0 using O(n) qubits.

Fact 3.9 (Constant weight Dicke states in QAC0 [JV26]). For any n and k = O(1), the states |Dn
k ⟩ and |Dn

n−k⟩
can be cleanly prepared in QAC0.

QAC0 is not defined to include any FANOUT or THRESHOLD gates by default, but we can implement certain

regimes in QAC0.

Fact 3.10 (Fanout and Thresholds in QAC0
f [Ros21, GMW26]). For any m = poly(k), FANOUTm can be

implemented using O(1) FANOUTk gates and, for any n ≥ m,

THRESHOLDnm ∈ QAC0[FANOUTk].

Moreover, for any n there is a poly(n)-ancillae QAC0 circuit for FANOUTpolylog(n), i.e,

QAC0[FANOUTpolylog(n)] = QAC0.

3.2.1 Applications of FANOUT

Corollary 3.11 (Parallel W-controlled-swap Fanout (from Cor 3 of [JV26])). Let Q1 . . . Qm, Q∗ be a set of

m + 1 = poly(k) k-qubit registers and A be an m-qubit register. Then, the following map defined for every

i ∈ [m] and any state |ψ⟩ on the Q1 . . . Qm, Q∗ registers, can be implemented in QAC0[FANOUTk].

|ei⟩A |ψ⟩ 7→ |ei⟩A SWAP(Qi, Q∗) |ψ⟩ ,

where ei = 0i−110m−i. In other words, this map swaps the registers Qi and Q∗ controlled on the ith qubit bit

of A, under the promise that the state on A has hamming weight 1.
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Proof. Corollary 3 of [JV26] states that the above map can be implemented in O(1) depth whenever Qi is a

single-qubit register. Then, using FANOUTk we can make m copies of each control ai to implement the map in

parallel for each qubit of T .

Although not explicitly stated in their result, [JV26] only use Hermitian single qubit unitaries for all their

constructions. We require this subtle point as stated below.

Fact 3.12 (|Dn
k ⟩ with FANOUTn [JV26]). There exists a QAC0

f = QAC0[FANOUTn] circuit using poly(n) Hermitian

gates that cleanly prepares the n-qubit state |Dn
k ⟩ for any k ≤ n.

Note that Fact 3.10 and Fact 3.12 together for k = polylog(n) only implies QAC0 circuits for Dicke states on

polylog(n) qubits, |Dpoly(k)
k ⟩, rather than |Dn

k ⟩.

Fact 3.13 (One-hot encoding). For any k, and ℓ = ⌈log k⌉, the following reversible map on i ∈ [k] ∪ {0} can

be implemented in QAC0
f ,

|i⟩ |0k⟩ 7→ |0ℓ⟩ |ei⟩

where ei = 0x−110k−x−1 for i ∈ [k] and e0 := 0k.

3.2.2 Amplitude amplification

Fact 3.14 (Exact Grover in QAC0 (Thm 7 of [GMW26])). For any m-qubit circuit C that produces,

C |0m⟩ = cos θ |ψ0⟩ |0⟩+ sin θ |ψ1⟩ |1⟩ ,

for k odd and θ = π
2k , the state |ψ1⟩ |1⟩ can be prepared from |0m⟩ using O(k) applications of C,C† and single

qubit unitaries.

We will use a more convenient form of [GMW26], which applies to any constant amplitude, stated below.

Corollary 3.15 (Constant amplitude to exact). Let |ψ⟩ be any n qubit state. Suppose there is a depth d,

m-ancilla QAC0[FANOUTk] circuit C that, for some α ∈ [0, 1], cleanly prepares the following n + 1-qubit state

|φ⟩,
|φ⟩T,t =

√
α |ψ⟩T |1⟩t +

√
1− α |bad⟩T |0⟩t ,

Then, there exists a depth d′ = O(d/α), m′ = m+ 2-ancilla circuit C ′ to cleanly prepare |ψ⟩.

Proof. Let α = sinϕ for some ϕ ∈ [0, π/2]. Let θ ≤ ϕ be the largest value such that θ has the form π/(2k) for

odd k ∈ N. Then θ = Θ(ϕ). Let α′ = sin θ. Using a fresh ancilla a, we can prepare the following state cleanly

in depth 2d+ 1,

|φ′⟩ = c-Rα′/α(t, a) · |φ⟩T,t |0⟩a (3.9)

=
√
α |ψ⟩T |1⟩a Rα′/α |1⟩t +

√
1− α |bad⟩T |0⟩a |0⟩t (3.10)

=
√
α′ |ψ⟩T |1⟩a |1⟩t +

√
1− α′ |bad′⟩T,t |0⟩a . (3.11)

Then, since both C,C† are QAC0[FANOUTk] circuits, applying Fact 3.14 to |φ′⟩ |0m+2⟩ implies a depth

d′ = O(dk), m′ ancilla QAC0[FANOUTk] circuit to prepare |ψ⟩ |11⟩t,a. The preparation can be made clean

in the same depth using single qubit X gates to flip t, a registers. Note that sin θ is concave on the interval

[0, π]. This makes sin θ = Θ(θ) and hence, d′ = O(d/θ) = O(d/ϕ) = O(d/α).

3.3 Useful distributions and associated quantum states

For any distribution D on m-bit strings, we will use D⊗ℓ to refer to the distribution on ℓ ·m bit strings obtained

by ℓ independent samples of D. Additionally, for any D, we use ham(D) to refer to the distribution over [m]

induced by the Hamming weight of samples from D.
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Definition 3.16 (Bernoulli product distribution Bern(ε)⊗n ). The distribution of n independent Bernoulli

bits, each equal to 1 with probability ε. The associated state is |ε⟩⊗n.

Note that ham(Bern(ε)⊗n) is just the binomial distribution Binom(n, ε).

Definition 3.17 (Uniform k-hamming slice / Dicke Dn
k ). The uniform distribution on all n-bit strings of

hamming weight k. The associated state is |Dn
k ⟩, the n-qubit k-weight Dicke state,

|Dn
k ⟩ :=

1√(
n
k

) ∑
x∈{0,1}n,|x|=k

|x⟩ .

The special case of Dicke states where k = 1 is also called the W state, and is denoted |Wn⟩. Finally, below is

the reduction of [GGJ26] that demonstrates tightness of our bounds with respect to the required FANOUT.

Fact 3.18 (Dicke states imply FANOUT (Thm 4.14 of [GGJ26])). Suppose there exists a QAC(d,m) circuit C

that prepares the state |Dn
k ⟩, then, FANOUTk ∈ QAC0(O(d),m · poly(n)).

Note that C is not necessarily clean nor exact, while our matching Dicke states upper bounds are both clean

and exact, as is the ideal.

4 New limited-fanout primitives

We first describe a useful primitive which enables the reasonable adjustment of amplitudes on n marked

branches of a state.

Lemma 4.1 (Adjust amplitudes of n branches). For any n, k, let C be a m = poly(n) ancilla QAC0[FANOUTk]

circuit to produce the state C |0m⟩ = |ψ⟩ of the following form,

|ψ⟩ =
∑
i∈[n]

√
αi |ei⟩X |φi⟩T , (4.1)

where X is an n-qubit register and |φi⟩ are arbitrary states on the (possibly empty) T register. Let β1 . . . βn be

coefficients with each 0 ≤ βi ≤ 1. Let Z :=
∑
i αiβi. Then, there exists a depth d′ = O(d/Z), m′ = poly(n) ·m

ancilla QAC0[FANOUTk] circuit C
′ that cleanly prepares,

|ψ∗⟩ :=
1√
Z

∑
i∈[n]

√
αiβi |ei⟩X |φi⟩T . (4.2)

In other words, C ′ |0m′⟩ = |ψ∗⟩ |0m
′−|T |−|X|⟩.

Proof. Label the qubits of X as x1, x2 . . . xn. Prepare n new ancillae labeled a1 . . . an in the |1⟩ state. The

overall state is,

|ψ0⟩ =
∑
i∈[n]

√
αi |0n−1⟩X\xi

|1⟩xi
|φi⟩T |1n⟩a1...an (4.3)

For every j ∈ [n], let Gj := c-R(−βj)(xj , aj). This is a valid QAC0 gate that effects,

Gj |ei⟩X |1⟩aj =

|ei⟩X |1⟩aj if i ̸= j

|ei⟩X
(√

βj |1⟩aj +
√
1− βj |0⟩aj

)
if i = j

(4.4)
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Then, in a single layer obtain,

|ψ1⟩ :=

⊗
j

Gj(xj , aj)

 · |ψ0⟩ (4.5)

=
∑
i∈[n]

√
αi |ei⟩X |φi⟩T

(√
βi |1n⟩a1...an +

√
1− βi |ei⟩a1...an

)
(4.6)

where ei denotes the n-bit string with all but the ith bit being 1. Then, apply an AND gate to the a1 . . . an
with a fresh ancilla q, to produce,

|ψ2⟩ :=
∑
i∈[n]

√
αi |ei⟩X |φi⟩T

(√
βi |1n⟩a1...an |1⟩q +

√
1− βi |ei⟩a1...an |0⟩q

)
(4.7)

=
√
Z · |ψ∗⟩ |1n⟩ |1⟩q +

√
1− Z |bad⟩ |0⟩q (4.8)

where, recall that Z =
∑
i αiβi. Now applying Corollary 3.15, produces in O(d/Z) depth,

|ψ3⟩ := |ψ∗⟩ |1n⟩a1...an |0⟩q (4.9)

and finally applying X gates on each aj ancilla cleanly produces the desired state.

Using this we show that any log k-qubit state can be prepared with FANOUTk, or equivalently, any logn-qubit

state can be prepared in QAC0
f . First, the following is a QAC0

f generalization of the parallel amplification

technique of [Ros21].

Claim 4.2 (Parallel amplification with Fanout). For any n-qubit state |ψ∗⟩, suppose there exists a depth d, m

ancilla QAC0
f circuit C to cleanly construct the state

|φ⟩ :=
√
α |ψ∗⟩ |1⟩+

√
1− α |0n⟩ |0⟩ ,

for some α ∈ (0, 1] such that α−1 ≤ poly(n). Then there exists a QAC0
f circuit C ′ of depth d′ = O(d) using

m′ = O((m+ n)/α) ancillae that cleanly constructs |ψ∗⟩.

Proof. Let t = ⌈α−1⌉. First, starting with (m + n) · t ancillae, construct t copies of |φ⟩ in parallel,

each on a n qubit target register labeled Qi and a corresponding ancilla ai. Let A := {a1, a2 . . . at} and

Qall := Q1 ∪Q2 . . . Qt. The resulting state can be written as,

|ψ0⟩Qall,A
:=
⊗
i∈[t]

(√
α |ψ∗⟩Qi

|1⟩ai +
√
1− α |0n⟩Qi

|0⟩
)

(4.10)

=
√
p∗

 1√
t
·
∑
i∈[t]

|ψ∗⟩Qi
|1⟩ai |0

n·(t−1)⟩Qall\Qi
|0t−1⟩A\ai

+
√
1− p∗ |bad⟩ . (4.11)

where p∗ = Pr[Binom(t, α) = 1] = Θ(Pr[Binom(t, 1/t)]) = Θ(1). Recall that we have the EXACT1 gate in QAC0,

apply this to A with a fresh ancilla a0, obtain,

|ψ1⟩Qall,A,a0
:=

√
p∗

 1√
t

∑
i∈[t]

|ψ∗⟩Qi
|1⟩ai |0

n(t−1)⟩Qall\Qi
|0t−1⟩A\ai

 |1⟩a0 +
√
1− p∗ |bad⟩ |0⟩a0 . (4.12)

Then apply Corollary 3.15 to obtain in O(d/p∗) depth, the state,

|ψ2⟩Qall,A
:=

1√
t

∑
i∈[t]

|ψ∗⟩Qi
|1⟩ai |0

n·(t−1)⟩Qall\Qi
|0t−1⟩A\ai . (4.13)
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Now prepare a fresh n-qubit target register T , and apply t c-SWAP(ai, Qi, T ) gates, each swapping the registers

Qi, T controlled on ai to obtain,

|ψ3⟩Qall,A,T
:=

∏
i∈[t]

c-SWAP(ai, Qi, T )

 · |ψ2⟩ |0n⟩T (4.14)

=
1√
t

∑
i∈[t]

SWAP(Qi, T ) |ψ∗⟩Qi
|1⟩ai |0

n·(t−1)⟩Qall\Qi
|0t−1⟩A\ai |0

n⟩T (4.15)

= |0nt⟩Qall
|Wt⟩A |ψ∗⟩T . (4.16)

Due to Corollary 3.11 and t = poly(n), this transformation can be implemented in parallel in O(1) depth using

FANOUTn. Finally, since |Wt⟩ can be cleanly computed in QAC0 (Fact 3.9), we run its circuit in reverse to

uncompute the A register and produce the state |ψ∗⟩ cleanly as claimed.

Lemma 4.3. Let D be any distribution over [n] with pmf p. Then, the state |D⟩ :=
∑
i∈[n]

√
p(i) |i⟩, as well

as the state |D̂⟩ :=
∑
i∈[n]

√
p(i) |ei⟩ can be constructed cleanly using poly(n) ancillae in QAC0

f .

Proof. First using Fact 3.8 and an OR gate prepare the state |ψ0⟩ := 1√
2
|0n⟩T |1⟩a +

1√
2
|Wn⟩ |0⟩a, where T is

a n-qubit register. Then, letting βi = p(i) for i ∈ [n] and βn+1 = 1, and Z :=
∑
i αiβi = 1, apply Lemma 4.1

to obtain the following state in O(1) depth,

|ψ1⟩ :=
1√
2
|0n⟩T |1⟩+ 1√

2

∑
i∈[n]

√
p(i) |ei⟩T |0⟩a (4.17)

where ei = 0i−110n−i. Then, with ℓ = ⌈log n⌉ new ancillae Q, apply Fact 3.13 on the T,Q registers to produce

in O(1) depth,

|ψ2⟩ :=
√
1− α |0ℓ⟩Q |0n⟩T |1⟩a +

1√
2n

∑
i∈[n]

√
p(i) |i⟩Q |0n⟩T |0⟩a (4.18)

=
√
1− α |0ℓ⟩Q |0n⟩T |1⟩a +

√
α |D⟩Q |0n⟩T |0⟩a (4.19)

where α = 1/(2n). Next, discard the T register and apply an X gate on a to produce,

|ψ3⟩ :=
√
α |D⟩Q |1⟩a +

√
1− α |0ℓ⟩ |0⟩a (4.20)

This allows us to apply Claim 4.2 to obtain |D⟩ in QAC0
f as claimed. Additionally, we can obtain |D̂⟩ from |D⟩

by applying Fact 3.13.

Corollary 4.4 (Any O(logn)-qubit state with Fanout). Any ℓ = O(logn)-qubit state can be cleanly prepared

in QAC0
f using poly(n) ancillae. Furthermore, any superposition |ψ∗⟩ over {|ei⟩}i∈[n] can be prepared in QAC0

f .

Proof. It suffices to describe the preparation |ψ∗⟩, for all m using FANOUTm. Then, for m = 2ℓ = poly(n), the

corresponding ℓ-qubit state can be obtained from Fact 3.13. Any such |ψ∗⟩ can be described as follows for

nonnegative and real αi, and ϕi ∈ [0, 2π).

|ψ∗⟩ =
∑
i∈[m]

e−iϕi
√
αi |ei⟩ (4.21)

Let D be the distribution over [n] given by probability masses p(i) := αi. Using Lemma 4.3, first prepare |D̂⟩.
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Then, for each qubit, apply the single qubit unitary Ui := diag(1, e−iϕi) to correct the phases and obtain,⊗
j

Uj

 |D̂⟩ =

⊗
j

Uj

 ∑
i∈[m]

√
αi |ei⟩ (4.22)

=
∑
i∈[m]

√
αiUi |ei⟩ (4.23)

=
∑
i∈[m]

e−iϕi
√
αi |ei⟩ (4.24)

which is exactly the state |ψ∗⟩ as claimed.

Finally, we will need the following gadget derived from THRESHOLD gates.

Lemma 4.5 (Hamming weight computation gadget). For any n, k ≤ n and x ∈ {0, 1}n, let hk(x) :=

min(k + 1, |x|). Then, the following map HAMnk can be cleanly implemented by using poly(n) ancillae in

QAC0[FANOUTk].

|x⟩X |0k+1⟩Y 7→ |x⟩X |ehk(x)⟩Y .

where we define e0 := 0k+1 and ej := 0j−110k+1−j for j ∈ [k].

Proof. First use FANOUTk to obtain k+1 copies of the input register, labeled X1 . . . Xk, Xk+1. Label the k+1

output qubits Y as y1 . . . yk+1. For each j ∈ [k] apply and EXACTnj (Xj , yj) which is available to using threshold

gates due to Fact 3.10 and for j = k + 1, apply ¬THRESHOLDnk (Xj , yj) gate. This has the effect,

|x⟩Xj
|0⟩ 7→

{
|x⟩Xj

|[|x| = j]⟩yj (if j ∈ [k])

|x⟩Xj
|[|x| > k]⟩yj (if j = k + 1)

. (4.25)

The state on the Y register is now precisely the objective |ehk(x)⟩. Then, uncompute the registers X1 . . . Xk+1

with another FANOUT application to cleanly produces the claimed map.

4.1 Controlled-unitaries

Recall that we cannot implement the controlled circuit operator, c-C in QAC0 for arbitrary QAC0 circuit C.

However, this operator is available in QAC0
f for any QAC0

f circuit C, and hence we can scale down to obtain

the following claim.

Claim 4.6 (Controlled-circuit in QAC0[FANOUTℓ]). Let C be a depth d, m ancilla QAC0[FANOUTℓ] circuit that

consists of at most poly(ℓ) gates for some ℓ. Then, the controlled version of C, c-C can be implemented by a

depth O(d), O(m+ poly(ℓ)) ancilla and poly(ℓ) size QAC0[FANOUTℓ] circuit C
′.

Proof. Using nested FANOUTℓ gates, copy the control to poly(ℓ) ancillae. Then, each of these qubits can be

used as controls for each of the poly(ℓ) gates, without blowing up the depth (see Section 3.1). Uncomputing

the ancillae gives a clean implementation of c-C.

This provides the following corollary for the construction of [JV26].

Corollary 4.7 (Controlled-Dicke). For any ℓ there exists a QAC0[FANOUTℓ] circuit C that cleanly implements

the map for all k ∈ [ℓ],

|ek⟩ |0ℓ⟩ 7→ |ek⟩ |Dℓ
k−1⟩ ,

where ek is the ℓ-bit one-hot encoding of k.

Proof. Label the input qubits as |ek⟩a1...aℓ . For each j ∈ ℓ, let Cℓj be the circuit for constructing |Dℓ
j−1⟩

in QAC0[FANOUTℓ] using poly(ℓ) gates from Fact 3.12. Then, from Claim 4.6, we can implement c-Cℓj in
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QAC0[FANOUTℓ]. Create ℓ registers Q1 . . . Qℓ of ℓ-qubits each and let Qall =
⋃
j∈[ℓ]Qj . Apply a layer of c-Cℓj

gates as below,

|ψ0(k)⟩ :=

⊗
j

c-Cℓj (aj , Qj)

 · |ek⟩a1...aℓ |0
ℓ2⟩Qall

(4.26)

= |ek⟩a1...aℓ |D
ℓ
k−1⟩Qk

|0ℓ(ℓ−1)⟩Qall\Qk
(4.27)

Next, prepare another fresh ℓ-qubit target register T , and apply c-SWAP(Qj , T ) gates for each j. This produces,

|ψ1(k)⟩ :=

∏
j∈[ℓ]

I ⊗ c-SWAP(Qj , T )

 |ψ0(k)⟩ |0ℓ⟩T (4.28)

= |ek⟩a1...aℓ |0
ℓ2⟩Qall

|Dℓ
k−1⟩T . (4.29)

Although each gate has the same target T , the map only needs to work for inputs of hamming weight 1. Thus

this step can also be implemented in QAC0[FANOUTℓ] using Corollary 3.11, and |ψ1(k)⟩ is as claimed.

We cannot simply apply Claim 4.6 to arbitrary QAC0 circuits, even those with polylog(n) multi-qubit gates,

such as the Wn state constructions of [GMW26, JV26], because they require n single-qubit unitaries. We can,

however implement a controlled version of the Wn state and similar states using the following primitive.

Lemma 4.8 (Controlled state constructions). For any arbitrary |T | qubit states, |φ0⟩ , |φ1⟩, if the state

|ψ⟩T,t =
1√
2
|φ0⟩T |0⟩t +

1√
2
|φ1⟩T |1⟩t can be constructed by a depth d, QAC0[FANOUTk] circuit C0 then there

exists a depth 3d + 5, QAC0[FANOUTk] circuit C, taking a single input bit x, that (cleanly) implements the

following map:

|0⟩x |0
m⟩ 7→ |0⟩x |φ0⟩ , |1⟩x |0

m⟩ 7→ |1⟩x |φ1⟩ .

Proof. Let |α⟩ be the following state,

|α⟩T,a0,a1 =
1√
2
|φ0⟩T |0⟩a0 |1⟩a1 −

1√
2
|φ1⟩T |1⟩a0 |0⟩a1 (4.30)

This state can be prepared in depth d + 1 circuit by applying a single CNOT(a0, a1) gate to |ψ⟩T,a0 |1⟩a1
constructed using C0. Due to Fact 3.7 we can implement the reflection about |α⟩, Rα(T, a0, a1), in depth

2d+ 3. Rα effectively swaps the |φ0⟩ |01⟩ and |φ1⟩ |10⟩ branches, i.e, for on any b ∈ {0, 1},

Rα · |φb⊕1⟩ |b⊕ 1⟩ |b⟩ = (I − 2 |α⟩⟨α|) · |φb⊕1⟩ |b⊕ 1⟩ |b⟩ (4.31)

= |φb⟩ |b⟩ |b⊕ 1⟩ . (4.32)

Now, to implement C, on input b ∈ {0, 1}, first using C0 on |T |+ 1 ancillae prepare,

|ψ1(b)⟩ := C0 |0|T |+1⟩ |b⟩x (4.33)

=
1√
2
|φ0⟩T |0⟩a |b⟩x +

1√
2
|φ1⟩T |1⟩a |b⟩x (4.34)

=
1√
2
|φb⊕1⟩T |b⊕ 1⟩a |b⟩x +

1√
2
|φb⟩T |b⟩a |b⟩x . (4.35)
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The |b⟩a |b⟩x branch is orthogonal to |α⟩, and thus unaffected by Rα. Next, apply Rα(T, a, x),

|ψ2(b)⟩ := Rα(T, a, x) |ψ1(b)⟩ (4.36)

=
1√
2
|φb⟩T |b⟩a |b⊕ 1⟩x +

1√
2
|φb⟩T |b⟩a |b⟩x (from Eq. (4.32))

= |φb⟩T |b⟩a |+⟩x . (4.37)

Finally, the state on b and x can be cleaned up as,

|ψ3(b)⟩ := SWAP(x, a)Hx |ψ2(b)⟩ (4.38)

= SWAP(x, a) |φb⟩T |b⟩a |0⟩x (4.39)

= |φb⟩T |0⟩a |b⟩x . (4.40)

SWAP(x, a) = CNOT(x, a)CNOT(a, x), thus the described C has depth 3d+ 5.

Corollary 4.9. For any n-qubit state |⊥n⟩ satisfying ⟨⊥n |0n⟩ = 0, and α ∈ (0, 1) satisfying both α, 1 − α =

Θ(1), if the state |ψ⟩ =
√
α |0n⟩ +

√
1− α |⊥n⟩ can be prepared in QAC0[FANOUTk], then the following map is

in QAC0[FANOUTk]:

|0⟩x |0
n⟩ 7→ |0⟩x |0

n⟩ , |1⟩x |0
n⟩ 7→ |1⟩x |⊥n⟩ .

Proof. Let |φ⟩ = 1√
2
|0n⟩+ 1√

2
|⊥n⟩. Due to Lemma 4.8, it suffices to prepare |φ⟩. Let γ = α/(1− α). We will

describe the case when γ ≤ 1 (i.e α ≤ 1/2), the other case is symmetric and follows by replacing the OR gates

with NOR and Rγ with R1/γ below.

First, prepare the state |ψ0⟩ := |ψ⟩T |01⟩a′,a with a new ancillae a, a′ and compute the OR of the T register

onto a′ to produce, |ψ1⟩ :=
√
α |0n⟩T |0⟩a′ |0⟩a +

√
1− α |⊥n⟩T |1⟩a′ |0⟩. Then, apply a c-Rγ(a

′, a) gate and

uncompute the OR, obtain, |ψ2⟩ :=
√
2α |φ⟩ |01⟩a′,a+

√
1− 2α |⊥n⟩ |00⟩a′,a. This marks the equal superposition

of |0n⟩ , |⊥n⟩ and amplifying using Corollary 3.15 produces |φ⟩ cleanly in O(1/α) = O(1) depth.

5 Preparing symmetric states in constant depth

In this section, we prove the main theorem of our paper, that one can synthesize |Dn
k ⟩ in QAC0[FANOUTk].

Throughout this section, assume that k is at least a sufficiently large constant. For ease of exposition, we do

not optimize the constants in our analysis.

5.1 Intermediate distributional states

Recall that for a distribution D over {0, 1}n, its associated state |D⟩ is an n-qubit state whose amplitudes in

the standard basis are given by,

⟨x|D⟩ =
√

Pr
y∼D

[y = x]. (5.1)

We will frequently use the notion from Section 3.3 for the rest of this section. Any symmetric distribution D is

given by a convex combination of Dicke distributions thus can be uniquely defined by the probability masses of

ham(D). Analogously, the corresponding state |D⟩, can be described as a superposition of Dicke states. Next

we will define an intermediate distribution that forms the key piece of our main construction.

Definition 5.1 (Damped Binomial Distribution (Smk )). For m, k ∈ N, k ≤ m, let Smk be the symmetric

distribution over {0, 1}m defined by probability masses s(j) of ham(Smk ) supported on j ∈ [k], as,

s(j) = λ · 1

(mk)j
·
(
m

j

)
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where λ is chosen to normalize s(j) correctly. The associated state is,

|Smk ⟩ :=
∑
j∈[k]

√
s(j) |Dm

j ⟩ .

First we will show that Smk has the following useful properties.

Claim 5.2 (Bounds on the normalization constant). For any m, 1 ≤ k ≤ m, let λ be the normalization constant

from Definition 5.1.
k

k + 1
· k ≤ λ ≤ k.

Proof. By definition,

λ−1 =

k∑
r=1

(
m

r

)(
1

mk

)r
≥
(
m

1

)
1

mk
=

1

k
. (5.2)

Hence, λ ≤ k.

For the upper bound, use
(
m
r

)
≤ mr

r! to get

λ−1 ≤
k∑
r=1

1

r!kr
≤

∞∑
r=1

1

r!kr
= e1/k − 1 ≤ 1/k + 1/k2. (5.3)

Rearranging yields λ ≥ k · k
k+1 .

Claim 5.3 (pmf of Smk is dominated by a binomial). For any m ≥ 2, 1 ≤ k ≤ m/2 , let s(j) be as defined in

Definition 5.1, then, there exists a universal constant c such that

s(j) ≤ c · Pr[Binom(m, 1/m) = j].

Proof. For j ≥ 1,

s(j) = λ · (mk)−j ·
(
m

j

)
≤
(
m

j

)
m−j ≤ 4 · Pr[Binom(m, 1/m) = j].

Claim 5.4 (Hamming slice of Smk is uniform over support ). For any k ≥ 1 and 1 ≤ j ≤ k let D be the

distribution over {0, 1}mj defined by D := (Smk )⊗j. Then, for any x ∈ supp(D), Pr[D = x] depends only on

|x|, the Hamming weight of x.

Proof. Each string x ∈ supp(D) can be written as x = x1 . . . xj for xi ∈ {0, 1}m with hi := |xi| ∈ [k]. Since

each Smk is symmetric,

Pr[D = (x1, x2 . . . xj)] =
∏
i∈[j]

Pr[Smk = xi] (5.4)

=
∏
i∈[j]

(
m

hi

)−1

· s(hi) (5.5)
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Substituting from Definition 5.1 into Eq. (5.5) for τ = 1/(mk).

Pr[D = (x1, x2 . . . xj)] = λj
∏
i∈[j]

(
m

hi

)−1

·
(
m

hi

)
· τhi (5.6)

= λj
∏
i∈[j]

τhi (5.7)

= λj · τ |x| (5.8)

which only depends on |x| and is as claimed.

We require a controlled version of the associated state to leverage Corollary 4.9. To do so, we will show

that a superposition over |0m⟩ and |Smk ⟩ can be prepared.

Lemma 5.5. For any 1 ≤ k ≤ m, there exists γ ∈ (0, 1) with γ/(1 − γ) = Θ(1), such that the state

|ψ⟩ :=
√
1− γ |0m⟩+√

γ |Smk ⟩ can be prepared in QAC0[FANOUTk].

Proof. First prepare |ψ0⟩ = |1/m⟩⊗m. Then, using the HAMmk map from Lemma 4.5 on a fresh k + 1-qubit

register Y , obtain,

|ψ1⟩ =
k∑
i=0

√
ai |Dm

i ⟩T |ei⟩Y +

m∑
i=k+1

√
ai |Dm

i ⟩ |ek+1⟩Y . (5.9)

where ai = Pr[Binom(m, 1/m) = i] and recall e0 := 0k+1. Since Pr[Binom(m, 1/m) ≤ k] = Ω(1), we can apply

an X gate on the last qubit of the Y register followed by Fact 3.14 to obtain in O(1) depth,

|ψ2⟩ =
k∑
i=0

√
αi |Dm

i ⟩T |ei⟩Y , (5.10)

where αi = ai/Pr[Binom(m, 1/m) ≤ k].

Let s(j) be the probability mass function of ham(Smk ) as defined in Definition 5.1. For each j ∈ [k], let

βj = s(j)/(4 · αj) and β0 = 1. Then, αi ≥ ai and due to Claim 5.3, each βj ∈ [0, 1] for j ∈ [k]. Additionally,∑k
j=0 αjβj = 4−1 + α0 = Θ(1). Therefore, applying Lemma 4.1 produces the following state |ψ3⟩ in depth

O(1).

|ψ3⟩ :=
√
γ ·
∑
j∈[k]

√
s(j) |Dm

j ⟩ |ej+1⟩Y +
√
1− γ |0m⟩ |e1⟩Y , (5.11)

where γ
1−γ =

∑
j∈[k] αjβj/α0 = 1

4·α0
+ 1 = Θ(1), as required. Finally, we can apply HAMmk again to obtain,

|ψ4⟩ :=
√
γ ·
∑
j∈[k]

√
s(j) |Dm

j ⟩ |0k+1⟩Y +
√

1− γ |0m⟩ |0k+1⟩Y (5.12)

=
(√

γ |Smk ⟩+
√
1− γ |0m⟩

)
⊗ |0k+1⟩Y , (5.13)

as claimed.

Corollary 5.6 (Controlled dampened binomial state). For any k, m ≥ k, the following map on an input qubit

x ∈ {0, 1} can be implemented in QAC0,

|0⟩x |0
m⟩ 7→ |0⟩x |0

m⟩ , |1⟩x |0
m⟩ 7→ |1⟩x |S

m
k ⟩

where |Smk ⟩ is the state associated with the shifted-truncated binomial.

Proof. The required map is obtained through Corollary 4.9 due to Lemma 5.5.
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5.1.1 Dicke occupancy states

We now describe the preparation of the state corresponding to the Dicke occupancy distribution, induced on

each bucket of the Dicke state. First, we define the occupancy of a bistring distribution under bucketing.

Definition 5.7 (Binomial occupancy distribution, Occ(D, ℓ)). Given a distribution D on {0, 1}n, and ℓ s.t

ℓ | n, Occ(D, ℓ) is the distribution over {0, . . . , ℓ} as described below. Partition n bits into ℓ buckets of sizes

n/ℓ each. A bucket is empty if all its bits are 0. For x ∈ {0, 1}n, define occ(x) to be the number of non-empty

buckets in x. Then,

Pr[Occ(D, ℓ) = k] := Pr
x∼D

[occ(x) = k] .

When D is the Dicke distribution, define the corresponding state to track the occupancy as below.

Definition 5.8 (Dicke occupancy state, |Occ(Dn
k , ℓ)⟩). Let Dn

k denote the uniform distribution over n-bit,

Hamming weight k strings. For ℓ | n and k ≤ ℓ, this is an (n+ k)-qubit state corresponding to the occupancy

of |Dn
k ⟩ with ℓ buckets given by,

|Occ(Dn
k , ℓ)⟩ =

(
n

k

)−1/2 ∑
x∈{0,1}n,|x|=k

|x⟩ |eocc(x)⟩

=

k∑
j=0

√
p(j) |Dm,ℓ

j,k ⟩ |ej⟩A ,

where m = n/ℓ and |Dm,ℓ
j,k ⟩ is the state conditioned on measuring occupancy j, and es denotes the k-bit string

with all but the jth bit zero, and p is the pmf of Occ(Dn
k , ℓ).

Note that |Dm,ℓ
j,k ⟩ is symmetric within each bucket, and also symmetric across buckets whenever n ≡ 0 (mod ℓ),

and symmetric across the first ℓ− 1 buckets otherwise.

Our strategy will be to approximate |Occ(Dn
k , ℓ)⟩ by using the map from Corollary 5.6 and then correct the

amplitudes. First, will relate the two distributions as follows.

Claim 5.9 (Hybrid to Dicke occupancy ratio). For any m, 1 ≤ k ≤ m, and ℓ ≥ k3, let p(j) be the probability

mass function of Occ(Dm·ℓ
k , ℓ). For j ∈ [k], let

q(j) := Pr
x∼(Sm

k )⊗j

[
|x| = k

]
.

It holds that,

q(k) = Θ(1), p(k) = Θ(1) and
p(j)

q(j)
≤ e2 · kj−k

Proof. Let v = 1
mk . Define,

Γj :=
∑

t1,t2...tj∈[k]
t1+t2···+tj=k

∏
i∈[j]

(
m

ti

)
(5.14)

Then, we can write p(j) and q(j) in terms of this quantity as,

q(j) =
∑

t1,t2...tj∈[k]
t1+t2...tj=k

∏
i∈[j]

((
m

ti

)
· λ · vti

)
(5.15)

= λj · vk · Γj , (5.16)
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and

p(j) =

(
ℓ

j

)
·
(
mℓ

k

)−1

· Γj . (5.17)

Therefore, letting n = m · ℓ,

p(j)

q(j)
=

(
ℓ

j

)
·
(
n

k

)−1

· λ−j · v−k (5.18)

=

(
ℓ

j

)
·
(
n

k

)−1

· λ−j · (mk)k (5.19)

≤
(
ℓ

j

)
·
(
n

k

)−1

· k−j · (mk)k ·
(
k + 1

k

)j
(from Claim 5.2)

≤ e · ℓ
j

j!
·
(
n

k

)−1

· kk−j ·mk. (5.20)

Note, (
n

k

)
≥ (n− k)k

k!
=
nk

k!
·
(
1− k

n

)k
. (5.21)

Substituting into Eq. (5.20),

p(j)

q(j)
≤ e · ℓ

j

j!
· k!
nk

·
(
1− k

n

)−k

· kk−j ·mk (5.22)

= e · k!
j!

· ℓj−k · kk−j ·
(
1− k

n

)−k

(5.23)

≤ e · ℓ−k+j · k2(k−j) ·
(
1− k

n

)−k

(5.24)

≤ e · k−3(k−j) · k2(k−j) ·
(
1− k

n

)−k

(ℓ−1 ≤ k−3)

≤ e · kj−k ·
(
1− 1

mk2

)−k

(5.25)

≤ e2 · kj−k (5.26)

where in the last step, we used that k < m. To see q(j) = Θ(1), note that its upper bounded by 1, and lower

bounded by (1 − 1/(k + 1))k. To see p(j) = Theta(1), note that this occupancy distribution stochastically

dominates its “balls-and-bins” version, and so standard arguments give p(j) = Ω(1).

We now describe the construction.

Lemma 5.10 (Binomial occupancy states in QAC0). Given k, ℓ ≥ k3 such that ℓ | n, the state |Occ(Dn
k , ℓ)⟩

can be constructed cleanly in QAC0[FANOUTk] using poly(n) ancillas.

Proof. Recall, |Occ(Dn
k , ℓ)⟩ :=

∑k
j=0

√
p(j) |ej⟩A |Dm,ℓ

k,j ⟩T . Label the m qubits in each bucket as Tj so that

T = T1 ∪ T2 . . . Tℓ, and label the qubits in the A register as A = {a1, a2 . . . ak}.
Let q(j) be as defined in Claim 5.9, r(j) := p(j)/q(j) and R :=

∑
j∈[k] r(j). Perform the following steps in

QAC0[FANOUTk].
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1. Set δj =
√
r(j)/R and use Lemma 4.3 to prepare on the A register,

|ψ0⟩A :=
∑
j∈[k]

δj |ej⟩A (5.27)

2. Let C1 be the circuit from Corollary 4.7. With a new register, B = {b1, b2 . . . bℓ}, obtain,

|ψ1⟩ := C1 |ψ0⟩ |0ℓ⟩B (5.28)

=
∑
j∈[k]

δj · |ej⟩A |Dℓ
j⟩B (5.29)

3. Let m = n/ℓ and recall the state Smk from Definition 5.1. Let C2 be the map from Corollary 5.6, then,

for each bucket i ∈ [ℓ] prepare |Smk ⟩ on Ti controlled on bi as below.

|ψ2⟩A,B,T :=

⊗
i∈[ℓ]

c-C2(bi, Ti)

 · |ψ1⟩ |0n⟩T (5.30)

=
∑
j∈[k]

δj · |ej⟩A
∑

y∈{0,1}ℓ:|y|=j

|y⟩B

 ⊗
i:yi=1

|Smk ⟩Ti

 ⊗
i:yi=0

|0m⟩Ti

 . (5.31)

The nonzero-bits in each branch of |Dℓ
j⟩ will indicate which j of the ℓ buckets are non-empty. This

essentially prepares the state |Smk ⟩ on each non-empty bucket indicated by the bits of y.

4. Note ⟨Smk |0m⟩ = 0. Then, using an OR gate on Ti registers with bi as the target, uncompute bi to obtain,

|ψ3⟩ =
k∑
j=1

δj |ej⟩A |0ℓ⟩B
∑
S⊆[ℓ]
|S|=j

(⊗
i∈S

|Smk ⟩Ti

) ⊗
i∈[ℓ]\S

|0m⟩Ti

 (5.32)

Observe that due to Claim 5.4, all strings x ∈ {0, 1}mℓ with hamming weight k′ and occ(x) = j appear

with the same amplitude. Therefore, the state can be re-written as,

|ψ3⟩ =
k∑
j=1

δj |ej⟩A |0ℓ⟩B
k∑

k′=j

γj,k′ |Dm,ℓ
j,k′ ⟩T (5.33)

where |Dm,ℓ
j,k′ ⟩ is the state conditioned on measuring occupancy j conditioned on hamming weight k′ as

defined in Definition 5.8 γ2j,k′ is its corresponding probability. From here on we will drop the uncomputed

B register.

5. Recall r(j), R as defined previously with δj =
√
r(j)/R, and observe γj,k =

√
q(j). Apply THRESHOLDnk

gates, via Fact 3.10 on the T register and a new ancilla a to obtain,

|ψ4⟩A,T,a =

 k∑
j=1

δjγj,k |ej⟩ |Dm,ℓ
j,k ⟩

 |1⟩a + γbad |bad⟩ |0⟩a (5.34)

=
1√
R

 k∑
j=1

√
p(j) |ej⟩ |Dm,ℓ

j,k ⟩

 |1⟩a + γbad |bad⟩ |0⟩a (5.35)

=
√

1/R |Occ(Dn
k , ℓ)⟩+

√
1− 1/R · |bad⟩ |0⟩a . (5.36)

Let d0 = O(1) be the depth of the circuit so far to obtain |ψ4⟩. Due to Claim 5.9, R = Θ(1). Thus, applying
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Corollary 3.15 produces |Occ(Dn
k , ℓ)⟩ exactly as claimed.

5.2 Dicke States

Now we have the required pieces to prove the main theorem.

Theorem 5.11 (|Dn
k ⟩ with FANOUTk). There exist constants d ∈ N and c > 0 such that for every n ∈ N and

k ∈ [n], there is a clean depth-d QAC0[FANOUTk] circuit of size at most nc that takes as input |0n⟩ and outputs

|Dn
k ⟩.

Proof. Let ℓ = k3, we will describe the construction when ℓ | n. Partition the n target qubits T into ℓ buckets,

where Ti is the set of m = n/ℓ qubits in the ith bucket (T =
⋃
i∈[ℓ] Ti). Then, from Lemma 5.10, we can

construct the associated state with Occ(Dn
k , ℓ),

|Occ(Dn
k , ℓ)⟩ =

k∑
j=1

√
p(j) |Dm,ℓ

j,k ⟩
T
|ej⟩a1...ak (5.37)

We can prepare this state due to Lemma 5.10. To obtain |Dn
k ⟩ cleanly from this, use temporary ancillae to

mark whether each bucket is non-empty using an OR gate, then use HAMℓk to uncompute the A register, and

uncompute the marked buckets using another layer of OR gates. Discarding the uncomputed register produces

|ψ2⟩ :=
∑
j∈[k]

√
p(j) |Dm,ℓ

j,k ⟩ , (5.38)

which, by Definition 5.8 is exactly the state |Dn
k ⟩.

General case: When ℓ ∤ n, let m = ⌈n/ℓ⌉ and n′ = ℓ · m. First construct |Dn′

k ⟩T as above. Now use an

additional ancilla a to compute the NOR on the last n′ − n qubits, obtaining,

|ψ3⟩ :=
√
p0 |Dn

k ⟩T |1⟩a +
√

1− p0 |bad⟩T |0⟩ , (5.39)

where p0 is the probability of measuring 0 on the last n′ − n < m qubits. Observe that since m ≪ n/k,

this happens with overwhelming probability. Hence, we can apply Corollary 3.15 to obtain |Dn
k ⟩T in O(1)

depth.

Then, from Fact 3.10, since QAC0[FANOUTpolylog(n)] = QAC0 we immediately have the following.

Corollary 1.2 (Poly-log weight Dicke states in QAC0). For all n and k = polylog(n), the states |Dn
k ⟩ and

|Dn
n−k⟩ can be synthesized exactly and cleanly in constant depth with poly(n)-ancilla, using only multi-qubit

Toffoli gates and single qubit unitaries.

Finally we extend to any super position of these Dicke states as below.

Theorem 5.12 (Superposition of Dicke states inside Hamming ball k with FANOUTk). Let |ψ⟩ be an arbitrary

n-qubit symmetric state supported only on Hamming weight up to k strings, of the form ,

|ψ⟩ =
k∑
j=0

ηj |Dn
j .⟩

Then, there is a constant depth, poly(n)-ancilla QAC0[FANOUTk] circuit to exactly and cleanly prepare |ψ⟩.

The proof of this theorem follows by a first constructing the corresponding superposition over the |ei⟩ using
Corollary 4.4. Then, using a very similar procedure as the one in Lemma 5.10, we produce the corresponding

superposition over |Dm,ℓ
j,k ⟩ as defined in Definition 5.8. Finally, we obtain the corresponding Dicke state by

uncomputing the occupancies and hamming weights similar to Theorem 5.11.
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Even when provided black-box access to a controlled preparation of |Dn
k ⟩, preparing arbitrary superpositions

over |Dn
j ⟩ for j ≤ k naively requires FANOUTn. We instead construct the corresponding suerposition over

occupancy states from scratch using the same ideas as before. We provide the full proof in Appendix A.
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A Arbitrary symmetric states in constant depth

In this section we will formally prove Theorem 5.12. First, we need the following lemmas.

Lemma A.1 (General Hybrid to Dicke occupancy ratio). For any m, 1 ≤ k∗ ≤ m, ℓ = k3∗, k ∈ [k∗], and

j ∈ [k], let pk(j) be the probability mass function of Occ(Dm·ℓ
k , ℓ) and let

qk(j) := Pr
x∼(Sm

k∗
)⊗j

[
|x| = k

]
.

Then, for Rk :=
∑
j∈[k]

pk(j)
qk(j)

it holds that Rk ≤ c for a global constant c.

25



Proof. Let v = 1
mk . First observe that Smk is obtained by conditioning Smk∗ on Hamming weight ≤ k. The

probability that a single sample from Smk∗ has Hamming weight ≤ k is at least Pr
[
ham(Smk∗) = 1

]
≥ k∗

k∗+1 . Let

λj,k be the probability that j samples from Smk∗ all have Hamming weight ≤ k. Then,

λj,k ≥
(

k∗
k∗ + 1

)j
(A.1)

≥ e−2j/(k∗+1) (A.2)

≥ e−2j/k. (A.3)

Therefore, we can re-write qk as,

qk(j) = λj,k · Pr
x∼(Sm

k )⊗j

[
|x| = k

]
(A.4)

≥ e−2 · Pr
x∼(Sm

k )⊗j

[
|x| = k

]
. (A.5)

Therefore, using Claim 5.9,

pk(j)

qk(j)
≤ e2

pk(j)

Prx∼(Sm
k )⊗j

[
|x| = k

] (A.6)

≤ e4kj−k. (A.7)

summing over all k, this gives,

Rk ≤ e4
k−1∑
d=0

1

kd
(A.8)

≤ 2e4. (A.9)

Lemma A.2. For n, k ≤ n, the following map defined for x ∈ {0, 1}n, 0 ≤ j ≤ k, can be implemented in

QAC0[FANOUTk].

|ej⟩ |x⟩ |0⟩ 7→ |ej⟩ |x⟩ |[|x| ≤ j]⟩

Proof. On input |ej⟩A |x⟩X , make k copies of the X register and label them X1 . . . Xk. Let A = {a1 . . . ak}.
Prepare a fresh k qubit ancilla register y1, y2 . . . yk. Using the ith copy Xi, compute THRESHOLDni on yi to

obtain,

|ψ1(j, x)⟩ := |ej⟩ |x⟩X |x⟩⊗kX1...Xk

⊗
i∈[k]

|[|x| ≤ i]⟩yi (A.10)

Next, on an output register q, compute the OR of the AND(yi, ai). This is a standard procedure that one can

implement in cleanly in depth 3 using k additional ancillae. This produces,

|ψ2(j, x)⟩ := |ej⟩ |x⟩X |x⟩⊗kX1...Xk

⊗
i∈[k]

|[|x| ≤ i]⟩yi

 ||x| ≤ j⟩q (A.11)

Finally, uncompute the yi registers and then the X1 . . . Xk to produce,

|ψ3(j, x)⟩ := |ej⟩ |x⟩X |0kn⟩X1...Xk
|0k⟩y1...yk ||x| ≤ j⟩q (A.12)

as claimed.
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A.1 Main construction

We wish to prepare in QAC0[FANOUTk] the state,

|ψ∗⟩ :=
k∗∑
k=0

ηk |Dn
k ⟩

for arbitrary amplitudes η1, η2 . . . ηk∗ ∈ C with
∑
k |ηk|2 = 1.

Proof of Theorem 5.12. Let ℓ := (k∗)
3. First we will describe the case when ℓ | n. For ease of exposition define

I := {(j, k)}k∈[k∗],j∈[k] ∪ {(0, 0)} and define S as shorthand for the distribution Smk∗ from Definition 5.1.

Notation. For all k ∈ [k∗], let pk(j) be the probability mass function of Occ(Dn
k , ℓ). For a k∗ qubit register

A = a1, a2 . . . ak∗ and n qubit register T define the following state for k ∈ [k∗]

|On
k ⟩A,T :=

k∑
j=0

√
pk(j) |ej⟩A |Dm,ℓ

j,k ⟩
T
. (A.13)

Observe that this state is simply |Occ(Dn
k , ℓ)⟩ ⊗ |0k∗−k⟩. (For k = 0 define |On

k ⟩ := |0n+k∗⟩). Then, given

amplitudes η1, η2 . . . ηk∗ , it suffices to construct the following state

|φ∗⟩ :=
k∗∑
k=0

ηk |ek⟩Q |On
k ⟩A,T , (A.14)

where Q is a k∗-qubit register.

For k ∈ [k∗] and j ∈ [k], define pk(j), qk(j) and Rk as in Lemma A.1. To handle edge cases define e0 := 0k∗

and R0 = 0. From Lemma A.1, observe that,

R :=

k∗∑
k=0

Rk · |ηk|2 (A.15)

≤
k∗∑
k=0

|ηk|2 ·O(1) (A.16)

= O(1) (A.17)

Procedure for constructing |φ∗⟩. For all k ∈ [k∗], j ∈ [k] set δkj = ηk ·
√
rk(j)/R and set δ00 = η0/

√
R.

Begin with the following state whose preparation we will describe at the end

|ψ0⟩ :=
∑

(k,j)∈I

δkj |ek⟩Q |ej⟩A . (A.18)

1. Let C1 be the circuit from Corollary 4.7. With a new register, B = {b1, b2 . . . bℓ}, obtain,

|ψ1⟩ := C1 |ψ0⟩ |0ℓ⟩B (A.19)

=
∑

(j,k)∈I

δkj · |ek⟩Q |ej⟩A |Dℓ
j⟩B . (A.20)

2. Let m = n/ℓ and let C2 be the map from Corollary 5.6, then, for each i prepare |S⟩ on Ti controlled on
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bi as below.

|ψ2⟩A,B,T :=

⊗
i∈[ℓ]

c-C2(bi, Ti)

 · |ψ1⟩ |0n⟩T (A.21)

=
∑

(j,k)∈I

δkj · |ek⟩Q |ej⟩A
∑

y∈{0,1}ℓ:|y|=j

|y⟩B

 ⊗
i:yi=1

|S⟩Ti

 ⊗
i:yi=0

|0m⟩Ti

 . (A.22)

3. Note ⟨S|0m⟩ = 0. Then, using an OR gate on Ti registers with bi as the target, uncompute bi to obtain,

|ψ3⟩ =
∑

(j,k)∈I

δkj |ek⟩Q |ej⟩A |0ℓ⟩B
∑
S⊆[ℓ]
|S|=j

(⊗
i∈S

|S⟩Ti

) ⊗
i∈[ℓ]\S

|0m⟩Ti

 . (A.23)

4. Due to Claim 5.4, all strings x ∈ {0, 1}m with Hamming weight k′ and occ(x) = j appear with the same

amplitude. Therefore the state can be re-written as |ψ⟩ = |ψ′
3⟩ |0ℓ⟩B ,

|ψ′
3⟩ =

∑
(j,k)∈I

δkj |ek⟩ |ej⟩A
k∑

k′=j

γj,k′ |Dm,ℓ
j,k′ ⟩T , (A.24)

where |Dm,ℓ
j,k′ ⟩ is the state conditioned on measuring occupancy j and hamming weight k′ as defined in

Definition 5.8 and γ2j,k′ is its corresponding probability. We will drop the B register in the following.

5. Recall that qk(j) := Pr
[
|S⊗j | = k

]
, and is precisely the amplitude on |ek⟩Q |ej⟩A |Dm,ℓ

j,k ⟩
T
. Marking this

on ancilla a for all j, k using Lemma A.2 produces,

|ψ4⟩ =

 ∑
(j,k)∈I

δkj
√
qk(j) |ek⟩Q |ej⟩A |Dm,ℓ

j,k ⟩
T
|1⟩a

+ γbad |bad⟩ |0⟩a (A.25)

=

 1√
R

∑
(j,k)∈I

ηk
√
pk(j) |ek⟩Q |ej⟩A |Dm,ℓ

j,k ⟩
T
|1⟩a

+ γbad |bad⟩ |0⟩a (A.26)

=

(
1√
R

k∗∑
k=0

ηk
√
pk(j) |ek⟩Q |On

k ⟩ |1⟩a

)
+ γbad |bad⟩ |0⟩a (A.27)

Let d0 = O(1) be the depth of the circuit so far to obtain |ψ4⟩. Due to Claim 5.9, R = O(1). Thus, applying

Corollary 3.15 produces the desired state |φ∗⟩ from Eq. (A.14) in O(d0R) = O(1) depth.

Construction of the initial state. It remains to describe the construction of |ψ0⟩. Let b = ⌈log k∗⌉. Then,
for j, k ∈ [2b] define v(k, j) := k · 2b + j. Observe that, |v(k, j)⟩ = |k⟩ |j⟩, (recall that for an integer v, |v⟩
denotes its binary representation in the standard basis). Therefore, due to Corollary 4.4, we can prepare the

2b-qubit superposition, ∑
(j,k)∈I

δkj · |k⟩ |j⟩ (A.28)

and then obtain |ψ0⟩ by applying Fact 3.13.
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To corresponding Dicke superposition. Once we have |φ∗⟩, use Lemma 4.5 to uncompute the Q register

and uncomputing the A register the same way as in Theorem 5.11, to produce,∑
(j,k)∈I

ηk
√
pk |0k⟩Q |0k⟩A |Dm,ℓ

j,k ⟩
T
=
∑
k

ηk |Dn
k ⟩T |02k⟩Q,A (A.29)

= |ψ∗⟩ |02k⟩Q,A (A.30)

as required.

Generalizing to arbitrary n When ℓ ∤ n, let m = ⌈n/ℓ⌉ and n′ = ℓ · m. Let pk,0 be the probability of

measuring 0 on the last n′−n < m qubits of |Dn
k ⟩. Regardless of k, we have, pk,0 ≥ 1/2. Let η′k = (ηk ·pk,0)/

√
Z

where Z =
∑
k ηkpk,0 ≤ 2, and construct,

|ψ1⟩T :=
∑
k∈[k∗]

η′k |Dn′

k ⟩T (A.31)

using the above. Now use an additionally ancilla a to compute the NOR on the last n′ − n qubits labelled T ′,

to obtain

|ψ2⟩ :=
√

1/Z |ψ∗⟩T\T ′ |0n
′−n⟩T ′ |1⟩a +

√
1− 1/Z |bad⟩T |0⟩ , (A.32)

Then, using Fact 3.14, we obtain |ψ∗⟩ in O(Z) = O(1) depth.
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