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ABSTRACT. Calderbank-Shor-Steane (CSS) codes, constructed from nested classical codes C2 C C1,
are typically optimized for good code parameters. However, practical quantum computing equally
demands fault-tolerant logical gates. In this work, we characterize nested pairs (C1, C2) whose re-
sulting CSS codes realize a target logical diagonal gate via transversal physical Z-rotations. In doing
so, we recover a result of Camps-Moreno et al. that CSS codes can realize only logical single-qubit
Z-rotations and multi-qubit controlled-Z rotations via transversal physical Z-rotations. Building on
our characterization, we develop the “appending construction”, that takes as input an [[n’, £']] CSS
code Q" and a target logical Z-rotation (single-qubit or multi-controlled) Uy, and extends Q' by sys-
tematically appending n” physical qubits to obtain an [[n, k]] CSS code Q with n = n’ + n’ and
k = k'. The target logical gate Uy is realized in Q by applying a well-chosen physical transversal
Z-rotation to the n” appended physical qubits. Moreover, any logical gate realized via transversal
physical Z-rotations in the input code Q' remains transversally realizable in the extended code Q.
The CSS code Q may incur a loss in minimum distance, but the loss can be controlled through the
parameter choices made in the construction. By repeatedly applying the appending construction, we
can extend any CSS code Q' to obtain a CSS code Q that supports fault-tolerant implementations
of multiple desired logical Z-rotations. The cost to be paid for this is the increased physical qubit

overhead as the number of target logical gates grows.

1. INTRODUCTION

A central challenge in scalable quantum computing is designing quantum error-correcting
codes [1] that simultaneously possess high encoding rates, robust error correction, and diverse
fault-tolerant logical gates. Formally, a quantum code Q with parameters [[n, k, d]]2 encodes k
logical qubits (logical dimension) into n physical qubits (physical blocklength) and corrects Pauli
errors of weight up to | 452 |. A logical operator is a unitary applied to the n physical qubits that
preserves the code space Q, effectively executing a logical gate on the k encoded qubits.

Because physical gates are inherently noisy, logical operators must be implemented fault-
tolerantly. A canonical strategy for achieving this is the use of transversal gates (see [2, Chapter 5]).
When a quantum system is partitioned into code blocks with independent error-correcting capa-

bilities, a unitary is called transversal if it never couples physical qubits within the same block.
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This constraint ensures that physical gate failures remain localized: qubit errors cannot propagate
within a block and are reliably corrected by the underlying code block. In this work, we adopt the
simplest and most practical notion of transversality, wherein logical operators are implemented
via tensor products of single-qubit unitaries.

Thus, an ideal objective is to find quantum codes capable of realizing a universal logical gate
set entirely via transversal physical unitaries, but the Eastin-Knill theorem [3] forbids this. Quan-
tum gates are typically partitioned into gates belonging to the Clifford group—generated by the
Hadamard (H), Phase (.5), and controlled-Z (CZ) gates—and non-Clifford gates. Because the Clif-
ford group along with any single non-Clifford gate constitutes a universal gate set (see Section 2),
no quantum code can transversally implement both simultaneously.

A natural relaxation is to find codes that transversally realize logical Clifford gates [4,5,6]. For
instance, puncturing an [n, n/2, d] classical self-dual code yields an [[n — 1,1, > d — 1]] Calderbank-
Shor-Steane (CSS) code transversally supporting logical H, S, and logical CZ across any two such
code blocks [7]. Considering ¢ such code blocks produces an [[(n — 1)¢,¢,> d — 1]] code that
transversally realizes the full logical Clifford group, meaning that logical H and S on each logical
qubit, and logical CZ between any pair of logical qubits. Instantiating this with asymptotically
good classical self-dual codes [8} 9] for n blocks yields a CSS family realizing the full logical Clif-
ford group wherein both the number of logical qubits and minimum distance scale as the square
root of the number of physical qubits. However, by the Gottesman-Knill theorem [10], Clifford-
only circuits are efficiently simulatable on classical computers. Consequently, realizing only the
Clifford group is insufficient for quantum advantage.

Typically, a diagonal gate such as the 7" (or the controlled-controlled-Z, i.e., CCZ) gate is selected
as the required non-Clifford gate. Consequently, the set {H,CZ,T} (as S = T?) constitutes a
universal gate set. In practice, logical Clifford gates are executed transversally within one code,
while non-Clifford gates are implemented via protocols like magic state distillation [11, 12] or
code switching [13]. However, a crucial observation is that standard universal gate sets consist
entirely of diagonal gates supplemented by a single superposition-creating Hadamard gate. This
structure features prominently in major quantum algorithms, including Shor’s factoring [14] and
Grover’s search [15] algorithms. Therefore, our methodology focuses on constructing codes that
transversally realize a diverse set of logical diagonal gates, relying on code switching solely for
the logical Hadamard gate. Because practical algorithms demand a rich variety of diagonal gates,

this framework offers a viable paradigm for fault-tolerant quantum computation.

1.1. Literature Review. As motivated above, characterizing quantum codes that transversally
implement logical diagonal gates is crucial for fault-tolerant quantum computing. Prior
works [16) [17] investigate logical diagonal gates realized transversally within stabilizer codes.
For CSS codes specifically, constructions derived from classical divisible codes transversally re-
alize logical diagonal gates [18, 19, 20, 21]. Additionally, several studies establish characteri-

zations, constructions, and necessary conditions for specific non-Clifford gates, primarily the T
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gate [22, 123, 24} 25| 26} 27,128, 129, 30| 31}, 132, 33, 134} [35] 36} 37] and multi-controlled-Z gates such as
the CCZ gate [38]139] 140, 141, 142, 43, 44, 45, 46| 47, 148),149].

While the aforementioned literature primarily focuses on algebraic constructions, another im-
portant line of research investigates topological codes. For instance, 2-D doubled color codes
transversally realize the logical T" gate on a single logical qubit [50]. Recently, this doubling tech-
nique was utilized to construct a class of quantum color codes encoding a single logical qubit that
transversally realize any fixed logical single-qubit Z-rotation on the encoded qubit [51]]. Further-
more, higher-dimensional color codes also transversally support logical diagonal gates, specifi-
cally the T" gate [52, 53], the controlled-S (CS) gate [54], and the CCZ gate [55] 56, 57, 58, 59].

In this work, we characterize CSS codes that realize a fixed target logical diagonal gate via
transversal physical Z-rotations. Camps-Moreno et al. [60] independently derived a closely re-
lated characterization. However, our methodologies differ: given a specific transversal physical
Z-rotation, their approach determines whether it acts as a logical operator and computes the re-
sulting logical diagonal gate using the code’s logical-X basis. In contrast, our target-driven ap-
proach a priori fixes both the target logical diagonal gate and the transversal physical Z-rotation
to determine the exact conditions required of the CSS code.

Furthermore, we specifically focus on realizing addressable logical gates, which selectively
target specific subsets of logical qubits. Addressability is crucial for practical quantum algo-
rithms, which require localized gates rather than logical gates acting on all logical qubits. Con-
sequently, transversally realizing addressable logical gates is a major focus in the recent litera-
ture [61}, 162} 63, 164, 65],166] and in our current work.

1.2. Our Main Contributions. We now highlight the primary contributions of our paper.

1.2.1. Characterization of CSS Codes That Realize Logical Diagonal Gates Via Transversal Z-Rotations.
Restricting physical gates to dyadic transversal Z-rotations, we characterize the CSS codes capable
of realizing a target logical diagonal gate. As defined in Sections 2.4/ and an n-qubit dyadic
transversal Z-rotation U(p, w) is a diagonal gate characterized by a non-negative integer p and
an integer vector w € Z". We provide, in Theorem [5, a precise characterization of when U (p, w)
realizes a given logical diagonal gate within a specific CSS code. The theorem can be loosely
paraphrased as follows:

Let Q be an [[n, k]] CSS code defined by a pair of nested binary linear codes Cy C (',
and let Uy, = diag (exp{¢2; f(a)} : a € F}) be a target k-qubit logical diagonal gate
specified by an integer-valued function f : F§ — Z. The transversal physical Z-
rotation U (p, w) realizes Uy, if and only if p > ¢ and certain modular equations hold
on the support of the vector w. These modular equations involve p, the codewords

of Cy and the coset space C /C5, and the parameters f, ¢ that specify Uy,
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Furthermore, as established by Camps-Moreno et al. [60] (see also Remark , CSS codes can
realize only logical single-qubit Z-rotations and multi-controlled-Z rotations via transversal phys-
ical Z-rotations. Consequently, whenever we restrict physical gates to transversal Z-rotations, we
assume that target gates consist entirely of single-qubit and multi-controlled-Z rotations.

Finally, we provide a relaxed characterization of CSS codes that realize a target logical diagonal
gate via transversal physical Z-rotations. This relaxation allows the logical gate to be realized via

transversal Z-rotations up to the application of physical Z gates.

1.2.2. A Framework to Construct CSS Codes Transversally Realizing A Set of Logical Diagonal Gates.
While our characterization overlaps with prior literature [60], our primary contribution lies in
leveraging it to propose a systematic constructive methodology: the appending framework. As
established in Theorem 5, which we have paraphrased above, realizing a target logical gate Uy,
depends only on satisfying specific modular equations on the support of the physical Z-rotation’s
integer vector w. This localized dependency directly motivates our framework.

Given an [[n, k]| primary CSS code and a set of target logical diagonal gates, we systemati-
cally append extra coordinates (physical qubits) by attaching auxiliary appending matrices to the
X-stabilizer check matrix and logical-X generator matrix of the primary code. This process yields
an extended CSS code wherein each target logical gate is assigned a dedicated subset of the newly
appended coordinates. Realizing a specific target gate in this extended code involves choosing a
transversal Z-rotation that acts exclusively on the physical qubits associated with the target log-
ical gate’s dedicated subset of extra coordinates. Furthermore, all logical diagonal gates realized
via transversal physical Z-rotations in the primary code remain transversally realizable in the
extended code.

The modularity of the appending framework allows the primary code to be flexibly extended
to transversally support any desired set of logical diagonal gates. Crucially, this extended code
preserves the number of logical qubits & while maintaining a minimum distance comparable to
that of the primary code. However, on the flip side, the total number of physical qubits grows

with the number of implemented logical gates.

1.2.3. Appending Matrix Constructions for Addressable Single-Qubit and Multi-Controlled-Z Rotations.
To construct extended CSS codes capable of realizing any target logical gate achievable via
transversal Z-rotations, we adopt an inductive construction strategy:

We first establish the appending matrix construction for addressable single-qubit Z-rotations,
which serves as the base case. Building upon this, we systematically derive the appending ma-
trices for addressable m-controlled-Z rotations by recursively leveraging the matrices for lower-

order m-controlled-Z rotations and single-qubit Z-rotations, where m < m.

1.2.4. Families of CSS Codes Realizing Addressable Single-Qubit Z-Rotations. Leveraging our append-
ing matrix constructions, we derive explicit CSS code families that transversally realize address-

able logical single-qubit Z-rotations in two distinct regimes.
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First, we consider an arbitrary but fixed sequence of target address configurations. In
this regime, we obtain: (a) for / = 1, an asymptotically good CSS family with parameters
[[n, O(n), (n)]] that transversally realizes the S gate on any fixed subset of logical qubits; and,
(b) for £ > 1, a CSS family with parameters [[n,©(n), 2(n")]] that transversally realizes the Z-
rotation Rz (J;) on any fixed subset of at most n logical qubits, where € € (0, 1) is a constant, and

) l—e 1
n= mm{T’m}‘

Second, we consider codes that support any address configuration. For a fixed ¢, we con-
struct the following CSS families: (a) for £ = 1, a family with parameters [[n, Q(n'/2), Q(n'/?)]]
that transversally realizes any addressable logical S gate; and, (b) for ¢ > 1, a family ca-
pable of transversally realizing any addressable logical Rz (%) gate, achieving parameters
[[n, nY/AF)) Q(n/(EHDA+IN]] when € € (0,4 + 1), and [[n, Q(nY/1+)) Q(n!/(1+9)]] when
e>0+1.

1.3. Outline. The paper is organized as follows. Section2|establishes the notation and preliminar-
ies. Section 8| parametrizes the transversal Z-rotations that preserve a CSS code and characterizes
CSS codes that realize a target logical diagonal gate via transversal physical Z-rotations. Building
on this, Section [4] introduces our general appending framework. Section [ provides appending-
matrix constructions for addressable logical single-qubit Z-rotations. For clarity of exposition,
we focus on appending-matrix constructions for 1-controlled-Z rotations in Section [6|of the main
text, deferring constructions for arbitrary multi-controlled-Z rotations to Appendix [Al Section
applies these techniques to construct families of CSS codes that transversally realize addressable
logical single-qubit Z-rotations. The paper has several appendices which contain proofs deferred

from the main text.

2. NOTATION AND PRELIMINARIES

To lay the groundwork for our analysis, this section formalizes the core mathematical notation

and preliminary concepts used throughout this work.

2.1. Pauli Operators and the Clifford Hierarchy. We begin with the single-qubit Pauli operators:

10 0 1 1 0 0 -
I = . X = . 7= . Y i=uXZ= ‘1,
0 1 10 0 -1 L0

where ¢ = v/—1. These operators are Hermitian, unitary, and involutory (i.e., X? = Y% = Z2 = [,).

Let Fo denote the binary field. For any positive integer n and binary vectors a =
(a(1),...,a(n)),b = (b(1),...,b(n)) € F3, the n-qubit Pauli operators are defined via the tensor
product

E(a,b) == (Lau)b(l) xa(h) Zb(l)) R ® (Lam)b(n) xan) Zb<n>) ‘

The n-qubit Pauli group is defined as the set

P = {t"E(a,b) : a,b € Fy, k € {0,1,2,3}}.
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Like their single-qubit counterparts, the operators E(a, b) are Hermitian, unitary, and involutory.

Setting N = 2", let Uy represent the group of all N x N unitaries. The Clifford hierarchy is
defined recursively, starting with the Pauli group as its first level: C") := P,,. For £ > 2, the /-th
level is defined as the set of unitaries that map the Pauli group into the preceding level under
conjugation:

e .— {U cUy:UPUtect Dy pc Pn} .

The second level, C(?), constitutes the Clifford group. It is generated by the Hadamard (H ), Phase
(5), and Controlled-NOT (CNOT) gates:

jr e L B L cnor - |2 0
V2 1 -1 0 ¢ 0 X

The controlled-Z (CZ) gate is also a Clifford gate given byﬂ

I, 0

CZ:= (L@ H) CNOT-(hbe H)= | "

As is well-established, the Clifford group supplemented with any unitary from level £ > 3 of the

Clifford hierarchy forms a universal gate set for quantum computation.

2.2. Binary Linear Codes and Asymptotics. We next review standard coding theory notation.
The Hamming weight of a binary vector z is denoted by wp (x). For a binary linear code C, we
denote its dimension by dim(C) and its minimum distance by din(C). A code C is called m-
divisible if every codeword x € C' has Hamming weight wg () =0 (mod m).

The Schur product of two vectors z = (z(1),...,z(n)) and y = (y(1),...,y(n)) in Fy is defined

as their component-wise multiplication:

zxy = (z(Dy(1),...,x(n)y(n)).

This operation extends naturally to codes. The Schur product of two codes C; and C is defined

as the Fa-linear span of the pairwise Schur products of their respective codewords:
Cl*CQ = <x*y:x ECl,yG CQ>

Let 1{-} denote the indicator function and [n] := {1,2,...,n}. We denote the standard basis of
F3 by {e; : i € [n]}, where e; has a 1 at the i-th coordinate and 0 elsewhere. The support of a vector

x € [y specifies the coordinates of its non-zero entries:
Supp(x) := {i € [n] : z(i) # 0}.

Using inclusion-exclusion and induction, it can be shown that the binary linear combination

@le a(i)x; (where a(i) € Fy and z; € F3) can be expanded as an arithmetic sum over Z as

IThe set {H, S,CZ} also generates the Clifford group.
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follows:
k i
Patie:=> (-2 > 11 ep) | (g %+ % 25),
i=1 i=1 1<y <<ji<k \p=1

where @ and ) | denote modulo-2 and integer addition, respectively. By the linearity of the dot

product w - x = > | w;z;, for any integer vector w € Z", we have

k k 7
w-(@aum)—z(—zw 5 (Haum)w-(%*--w».

i=1 i=1 1<ji<-<ji<k \p=1

Let 1,, and 0,, denote the all-ones and all-zeros vectors of length n, respectively. Setting w = 1,
yields the Hamming weight

k k i

wH (@ a(z’)xi> = Z(—2)1_1 Z H a(jp) | wa(xj, *- - *zj,).
i=1 i=1 1<j1<-<ji<k \p=1

Crucially, if C' is a 2™-divisible code, the preceding equation implies that for any ¢ € [k] and

codewords z1,...,2, € C, we have

wp (1 %+ x) =0 (mod 2™ ).

To evaluate the asymptotic scaling of code parameters, we adopt the Bachmann-Landau order
notations O, €2, and © as defined in [67].

2.3. CSS Construction and Encoding. Consider a nested pair of binary linear codes Cy C C; with
parameters [n, k2| and [n, k1], respectively.

The stabilizer group S, generated by the X-type operators E(z,0) for x € Cy and the Z-type op-
erators E(0, z) for z € Ci-, defines an [[n, k]] quantum code, where k := k; — ko. The resulting CSS
code is denoted by (C1, C2)css or Qs. Its minimum distance is given by diin(Qs) := min{dx,dz},
where the X- and Z-distances are given by

dx := min wgy(r) and dz:= min wg(2).
X z€C1\C2 H( ) d z€C5\Ci- H( )
Here, C \ C> denotes the set difference, distinct from the coset space C/Cs. The projector Ps onto
the code space Qs is defined as

1 1
Ps := Gl (I;QE(x,o)) e (;of E(O,z)) :

Since the Z-type operators preserve |0"), applying Ps to this state yields the logical all-zero basis
(1 > :

state,

0F) = VICalPs 07)
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=i 2

To construct all the remaining logical basis states |a) for a € F§ \ {0*}, we first define logical-X
operators. Any non-zero coset representative x € C/Cy acts as a non-trivial logical-X operator
E(x,0). Therefore, we fix an arbitrary basis {yi,...,yx} for the coset space C;/ CQH Employing
the standard overline notation U, to represent a physical operator implementing a corresponding
logical gate Uy, on the code space, the logical-X operator acting as the Pauli-X gate on the i-th
logical qubit is defined as

For any a = (a(1),...,a(k)) € F%, the multi-qubit logical-X gate acting over the qubits within the
support of a is obtained by the product

—a(l —a(k
X1( )"'Xk:( ) _ E(ya,0),

where y, = @Y | a(i)y; is the coset representative corresponding to the vector a. Applying
E(ya,0) to the logical all-zero state yields the target logical basis state |a):

@) =X o) = B, 0)]0F)

\ﬁ D |z @ya).
z€C2
2.4. Diagonal Gates and Z-Rotations. We first formalize the notation for diagonal unitaries.
Definition 1. An n-qubit unitary operator U is diagonal if it acts on the computational basis as
Ulz) = exp{ip}|z), Vazely,
where ¢, € R. We compactly denote such an operator by
U = diag (exp{tpz} : z € Fy).

Remark 1. Without loss of generality, we set o= = 0, ensuring that U |0") = |0"). Any non-zero

@on introduces a phase factor exp{tpo» }, which can be factored out as a global phase.

Because the transversal gates we consider are tensor products of single-qubit unitaries, we first

define single-qubit diagonal gates, namely Z-rotations.

Definition 2. A single-qubit Z-rotation by an angle 6 € [0, 27) is defined by the unitary operator

Ra(0) = [(1) exp(;be}] .

2Throughout this paper, the choice of coset representatives is not unique; any such choice should be regarded as
arbitrary but fixed.
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We term this a dyadic Z-rotation if the phase exp{:0} is a 2-th root of unity (i.e., § = 2;—/‘3 for some
integer k) for a non-negative integer /.

Notably, for £ > 2, the dyadic Z-rotation R (;) is a non-Clifford gate. We next formalize

multi-controlled-Z rotations.

Definition 3. For any positive integer m and non-negative integer ¢, the m-controlled-Z rotation
C'™ (Rz (Z)) is an (m + 1)-qubit unitary that applies a phase of exp{¢Z } to a computational

basis state if and only if all m control qubits and the target qubit are in the |1) state.

Since the operator C(™ (R (2;)) applies its phase exclusively to the all-ones state 1)@0m+1),

the target and control qubits are completely interchangeable, rendering the action of the unitary
invariant under any permutation of its input qubits. To specify its action on a particular subset of
an ordered k-qubit system (k > m + 1), we introduce the indexed notation Ci(ff?.’imﬂ (Rz (%)),
where 1 <i; < -+ < ipq1 < k. By convention, we designate the highest-indexed qubit, ¢,,1, as

the target, while the first m indices, i1, . . . , i),, identify the control qubits.

2.5. Addressable Z-Rotations. We conclude this section by formalizing the notation for the ad-
dressability of single-qubit and multi-controlled-Z rotations.

o

z ), we define the

Definition 4. For a given binary vector A € F} and a dyadic Z-rotation Rz (

unitary Rz (J;) , via the following k-fold tensor product:

A

Rz (%)A = éRz (%A(z)) = diag (exp{L%wH(a xA):a€ Fg}) .

i=1

We refer to A as the address vector and Rz (37) , as the corresponding addressed gate.

X%k and an m-controlled-Z rotation

Definition 5. Given an order-(m + 1) binary tensor A €
C™ (Rz (%)), we define the gate c(m (Rz (37)) as the following product over all ordered (m +

1)-qubit subsets:

Cﬁxm) (RZ (%)) = H Oi(fj?.,im_,_l (RZ (%A(il, . ,imﬂ))) .

1§7;1<"'<2'7n+1§k

The tensor A is referred to as the address tensor, and the unitary Cﬁlm) (Rz (2)) is the corresponding
addressed gate. Because the product is exclusively over (m + 1)-tuples (i1, . . ., im+1) that are strictly
increasing, the gate’s action depends only on the tensor entries A(iy,...,im+1) for which 1 <
i1 < -+ < img1 < k. To eliminate ambiguity and to ensure that A is uniquely identified for
an m-~controlled-Z rotation, we enforce the convention that A(i1,...,in+1) = 0 unless we have

1§i1<'--<im+1§k.



Example 1. To illustrate this framework, consider a 4-qubit register where the two-qubit interac-

tions are controlled-S gates:

csin 0 (1 ().

Suppose the target addressability configuration is specified by the matrix A € F;**, whose only
non-zero entries are A(1,2) = A(2,3) = A(2,4) = 1. The resulting addressed unitary, CS4 =

CS) (Rz (%)), evaluates to
CS4 =CSy2-CSy3-CSyy,

where CS;; = Ci(;.) (Rz (5)). The equivalent quantum circuit for this addressed operation is
depicted below:

1) t

|q2) —

|43) Bl

|q4) Bl

3. CHARACTERIZATIONS OF CSS CODES THAT REALIZE LOGICAL DIAGONAL GATES
FAULT-TOLERANTLY

In this section, we characterize CSS codes that support the transversal implementation of a
target logical diagonal gate.

3.1. Physical Diagonal Gates Realizing Logical Diagonal Gates. The following theorem estab-
lishes the structural conditions under which a CSS code realizes a target logical diagonal gate
through a fixed physical diagonal gate. Our proof leverages techniques introduced in [23] and
independently in [60].

Theorem 1. Let (Cy, C2)css be an [[n, k]| CSS code. An n-qubit physical diagonal gate
Up = diag (exp{tps} : = € Fy)

realizes the k-qubit logical diagonal gate
Uy, = diag (eXp{L)\a} ta € IFIQC)

if and only if for all x € Cy and a € F%, the following holds:

exp{tzay. } = exp{tA.}, 1)

where y, € C1/Cy is the logical-X coset representative corresponding to the logical state |a).
10



Proof. The proof of sufficiency proceeds by direct substitution. For any a € F}, we have

Up la)), = \/‘10—2‘ (Z exp{tpuay, } [T @ ya>) :

zeCo

Applying the condition in , this simplifies to

\% |C2| zeCo

We now establish necessity. Suppose that the physical gate Up realizes the target logical gate Ur..

Upla)y, = 1 (Z exp{L)\a}x@ya>> = exp{tAe}|a); = Urla), .

Then, for any a € F’g, we must have
Up la);, =vpULla), (2)

where 7p denotes global phase. The left-hand side of (2) expands as

1
Upla), = \/ﬁ (3:22 exp{tpzay, } [T @ ya>) , 3)

while the right-hand side evaluates to
vpULla), = yp exp{ta}[a)
L

= P exp{tAq} N (Z |z ® ya>) : 4)
zeCo

Equating (3) and (@) and canceling the normalization factor 1/,/|C2|, we find that for all a € F,

> exp{tpray, 1T S ya) = e exp{tha} ( D lew ya>> :

zeCy zeCy

Because the states {|z ® y,) : © € Cy} form an orthonormal set in (C?) o equating the coefficients

of the corresponding basis states implies that for all z € Cy,

exp{t@aamy, } = TP exp{tAq}.

In particular, setting = 0" and a = 0¥ yields yp = 1 (see Remark , completing the proof. O

3.2. Physical Transversal Z-Rotations That Preserve a CSS Code. For the remainder of this pa-
per, we focus exclusively on CSS codes that realize logical diagonal gates transversally.
The following theorem establishes that transversal Z-rotations preserving a CSS code space are

necessarily dyadic.

Theorem 2 ([17], Theorem 1). If Up = Q)" | Rz(0;) is a logical operator on a CSS code space, then each

phase exp{10;} must be a 2'i-th root of unity for some non-negative integer l;.
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Remark 2. As a consequence of the preceding theorem, we hereafter restrict our attention to

dyadic transversal Z-rotations of the form
K3
UP = ®RZ <2p1> ’
i=1

where each p; is a non-negative integer and each ¢; is an odd integer.

The following lemma demonstrates that every transversal Z-rotation can be parameterized by

a non-negative integer and an integer vector.

Lemma 3. Any n-qubit dyadic transversal Z-rotation is characterized by a non-negative integer p and an

integer vector w € 7" containing at least one odd component, such that
U = diag (exp{L (w - x)} tx € IFE‘) . )

Moreover, the integer p is uniquely determined, and the vector w is unique modulo 2P,

m
20

The proof of this lemma is provided in Appendix|Cl Under this parameterization, the diagonal
unitary U resides precisely in the (p + 1)-th level of the Clifford hierarchy, C(P*+1).
Motivated by the characterization established in Lemma (3, we introduce the following formal

parameterization for transversal Z-rotations.

Definition 6. Any n-qubit dyadic transversal Z-rotation is uniquely identified by a non-negative
integer p and an integer vector w € Z" containing at least one odd component. We denote this
operator by the tuple (p, w), explicitly defined as
U(p,w) := diag (exp{L% (w - a:)} tx € Fg) :

3.3. CSS Codes Realizing Logical Diagonal Gates Fault-Tolerantly. In this subsection, we char-
acterize CSS codes capable of realizing a targeted logical diagonal gate via transversal physical
Z-rotations. Previously, Camps-Moreno et al. [60] established similar conditions under which
transversal physical Z-rotations preserve the code space, determined their resulting logical ac-
tions, and identified the operator groups that induce non-trivial logical gates versus those that in-
duce the logical identity. In contrast, the following lemma simultaneously fixes both the transver-

sal physical operations and the target logical gate.

Lemma 4. Let (C1,C2)css be an [[n, k]| CSS code. An n-qubit transversal physical Z-rotation U (p, w)
realizes the k-qubit logical diagonal gate

Uy, = diag (eXp{L)\a} ta € FS)
if and only if for all x € Cy and a € F, the following condition holds:
exp{a% (w-(z® ya))} = exp{t\.},

where y, € C1/Cy is the logical-X representative corresponding to the logical state |a).
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Proof. The result follows directly by substituting the parameterization of U (p, w) from Definition [f]
into the condition established in Theorem O]

TMg
2P

some integer m,. The following theorem refines this characterization by explicitly incorporating

The preceding characterization implies that each phase exponent A\, must be of the form for

the discrete phase constraint.

Theorem 5. Let (C1,C2)css be an [[n, k]] CSS code, and let f : F5 — 7 be an integer-valued function
such that f(0F) = 0 (mod 2°*1) and f(ag) is odd for some ag € F5. An n-qubit transversal physical
Z-rotation U (p, w) realizes the k-qubit logical diagonal gate

U, = diag <exp{L%f(a)} ja € IE";)

if and only if p > £ and for all x € Cy and a € F§, the following modular equations hold:

w-z=0 (mod 2F1), (6)
w-y, =2""f(a) (mod 2PH1), (7)
w-(x*y,) =0 (mod 2P), (8)

where y, € C1/Cy is the logical-X representative corresponding to the logical state |a).

Proof. By Lemmald} the physical gate U (p, w) realizes the logical gate Uy, if and only if for all 2 € C
and a € F%,

eXp{L;; (w- (3569ya))} :exp{b%f(a)}- )

In particular, when this expression is evaluated at a = ag, the condition that f(ao) is odd necessi-

tates that p > ¢. Consequently, condition (9) is equivalent to
w- (x®ys) =27 f(a) (mod 2PTY). (10)

For the remainder of the proof, we first establish necessity. The left-hand side of can be
expanded as

w-z+w-ya—2(w- (zxys)) = f(a) (mod 2°*1). (11)
Since f(0%) =0 (mod 2PT!), setting a = 0 (which implies y, = 0) in (T1) yields (6):
w-x=0 (mod 2PT). (12)
Similarly, setting = = 0 in (11)) isolates @:
w-ya = f(a) (mod 2°*1). (13)

Substituting (12) and (13) back into (T1)), we find that —2 (w - (z * y,)) = 0 (mod 2P™1), yielding (8).
To prove sufficiency, we simply substitute the conditions (6)—(8) back into the left-hand side of (11,

which immediately recovers the original modular equation (10). O
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Remark 3. From the above characterization, it is immediate that within a CSS code, a physical ro-
tation U (p, w) realizes the logical gate Uy, if and only if U(p, —w) realizes UE. This follows directly
from the diagonal representation

U{ = diag (exp{—b%f(a)} ta € IF’§> :

Remark 4. The modular criteria in (6) and (8) merely guarantee that the physical rotation U (p, w)
acts as a logical operator. To see this, we apply the gate to an arbitrary logical basis state |a):

Up,w) |a),, = J@Z exp{igzw (@ ) } 2 o)

zeCy

:\/%Z {L—w T — 2w - (x*ya)+w‘ya)}|$@ya>

zeCy

= exp{L ;T—p (w - ya)} la);

the final equality being obtained by an application of (6) and (8). Thus, realizing a specific target
logical gate U;, depends entirely on satisfying the modular equation (7)) over the coset space.

The following remark provides a general formula for the logical diagonal gates realizable via
transversal physical Z-rotations within a CSS code. From this, we observe that such logical gates
are limited to single-qubit Z-rotations and multi-controlled-Z rotations. Both this formula and the
observation were independently derived by Camps-Moreno et al. [60].

Remark 5. The function f in Theorem5|cannot be chosen arbitrarily. This restriction arises because
f expands as

k

) =w-ye=> (-2 > H a(jq) | w- (yj, %+ *y;,) (mod 2P,
1=1 1<j1<<ji<k
Consequently, the logical gate Uy, decomposes into a product of single-qubit dyadic Z-rotations

and multi-controlled dyadic Z-rotations, whose realization is governed entirely by the coset basis
{y1,...,yx} and its t-fold Schur products (for ¢t > 2):

UL = (ﬁ Rz <%w : yi)e> ' ( H Civ o (RZ (—%w (5 yj2)>>)
i=1 ‘ 1<51<g2<k

s

O (B2 (G0 e e ew))).

For certain choices of the function f : F5 — Z, to satisfy the conditions (6)-(8) in Theorem
a stronger condition than p > ¢ is needed. For example, take £ = 3 and consider the function
f(a) = 1if a = 111 and f(a) = 0 otherwise. The logical gate defined by this f is the 2-controlled

Z-rotation C? (R 2(3¢)). In particular, for £ = 0, this is the CCZ gate. Observe by Theoremthat
14



a transversal physical Z-rotation U (p, w) realizes logical CCZ only if p > 0. However, for p < 1,
transversal physical Z-rotations lie within the Clifford group, whereas CCZ is a non-Clifford gate
in the third level of the Clifford hierarchy. So, one intuitively expects that U(p,w) can realize
CCZ only if p > 2. Indeed, Proposition [f|below shows that the inequality p > ¢ must be further
strengthened for U(p, w) to realize an addressable multi-controlled Z-rotation.

Let (C1, C3)css be an [[n, k]] CSS code, and consider an addressable logical (m — 1)-controlled-

Rz (%) gate acting on the k-qubit code space, where 2 < m < k. Parameterized by an order-m

target address tensor A € F5* ¥ the logical gate Cj(qm_l) (Rz (%)) is given by

V(e (3)) = T Crd (Re (FrAGienin)

1<y < <im <k

= diag (exp{é?( Z A(il,...,im)a(il)--.a(im))}:aeIF’;),
1<ig < <im <k

where at least one upper-triangular tensor entry A(iy, ..., %y,) is odd.

Proposition 6. An n-qubit transversal physical Z-rotation U(p,w) realizes the logical gate
SV (Ry (&) on (C1,Co)css if and only if p > ¢+ m — 1 and for all = € Cy and a € F¥, the
following modular condition holds:

w-x=0 (mod 2P

w -y, = 2P ( Z A(z’l,...,im)a(il)"‘a(im)) (mod 2P 1),

1<y < <im <k
w- (z*xy,) =0 (mod 2P)
where y, € C1/Cy is the logical-X representative corresponding to the logical state |a).

The proof of this proposition is deferred to Appendix[D}

4. APPENDING FRAMEWORK: CONSTRUCTING CSS CODES THAT REALIZE LOGICAL
DIAGONAL GATES FAULT-TOLERANTLY

In this section, we propose a systematic framework for extending a CSS code to realize an ar-
bitrary number of target logical diagonal gates (Z-rotations or multi-controlled Z-rotations) via
transversal physical Z-rotations. Specifically, given an [[n’, k’]] primary CSS code and an arbitrary
but fixed sequence of logical diagonal gates Uﬁl), NN UﬁM) (for any M € N) as described in Theo-
rem [5, our objective is to construct a “derived” CSS code that preserves the £’ logical qubits while
realizing these logical gates transversally. Furthermore, we require this derived code to maintain

a minimum distance comparable to that of the primary code.
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Consider a primary CSS code, denoted by (C7, C%)css, with parameters [/, k', > d']], where the

minimum X- and Z-distances satisfy

dy = min g(z) >d,

xEC{l\Céw ( )
dy = min wi(2) > dmin((CH1) > d'.
2= s #(2) Z dmin((C3)7) =

Let Gy and G¢y /¢, denote the generator matrices for the code () and the coset space C7/C5,
respectively. The generator matrix for ('}, denoted by G¢/, can then be expressed as the block
matrix

For each i € N, suppose the diagonal representation of Uﬁi) is given by
i . ™ ’
Ué) = diag (exp{bﬁfi(a)} acFh ) ,

where ¢; is a non-negative integer and f; : F§' — Z is a function as in Theorem @

The primary CSS code (Cf,C%)css need not inherently realize any of the target gates Uﬁi)
transversally. To handle this, for each target logical gate Uﬂi), we append dedicated matrices to
the generator matrices Gy and Gy /¢y of the primary CSS code to obtain augmented generator
matrices G¢, and G, ¢, that define our derived CSS code (C1, C2)css. Each appended matrix is
structured to ensure that the modular equations (6)—(8) required to realize the specific logical gate
Uﬁi) in (C4, Cy)css are satisfied for some transversal physical Z-rotation U (p;, w;). Notably, any
logical diagonal gate realized via transversal physical Z-rotations in the primary code remains
transversally realizable within the derived code, since the corresponding physical Z-rotation ap-
plied to the primary code’s physical qubits in the derived code implements the exact same logical
gate.

To execute this plan, carefully chosen auxiliary matrices Ggl) € IF’;IX’“, ce G(lM) € IF];/X"M are

sequentially appended to G¢;/c;, where each G 5“ is dedicated to realizing the logical gate Ul(j).

(The issue of precisely how these matrices G gi) are chosen will be dealt with later.) Thus, we have

GCI/C2:[GC{/C§ G oG® GgM)].

Appending the matrix G¢; with zeros will result in a trivial Z-distance (dz = 1) for the result-

ing CSS code. Instead, we augment G, with another carefully chosen set of auxiliary matrices

Gél), . ,GgM), each Ggi) being a kéi) x n; matrix over Fy. Note that G(li) and Géi) have the same
16



number of columns so that one can be stacked atop the other. Thus,

Gey, 0 0 - 0
o %Y o - 0
Go,=| 0 0 G ... 0
0 0 0 aM|
and
] .
Gor ey ¢V ¢ ... ¢
Gey 0 0 - 0
(1
. Goye] _ | 0 G 0 0
= Ge, 0 o GP ... 0
0 o 0 - GM

The lemma below, proved in Appendix [F, establishes the parameters of the derived code
(C1, Ca)css:

Lemma 7. (C1,Cy)cgg is an [0/ + Zf\il n;, k' min{dx, dz}]] code, where dx > d’' and
. M
Az 2 0 {dmin((C3)), dmin(C3)5), -+ dmin (C") )},
with Céi) being the code generated by the rows of Gg) for each i € [M].

We now establish the precise conditions on the matrices ng‘) and Gg) required to realize US)
via a transversal Z-rotation U (p;, w;) applied to the physical qubits of (C, C2)css. This rotation is
applied exclusively to the physical qubits corresponding to the block-column of G¢, that contains
ng‘) and Ggi). Specifically, the vector w; takes the form

w; = (07,00, ...,0n,_, Wi, 0y, 0py )
Let y),...,y;, and ygi), e ,y,(;) denote the row vectors of the matrices G¢r /¢, and G(i), respec-

tively. The appending procedure merges these components so that the rows of G¢, /¢, take the
block form

yj = <y},yj(.1),..., §M)) for j € [K].

Because C5 is constructed as a direct sum, for any = € Cy, there exist 2/ € C) and z; € Céz) =

rowspace(Gg)) such that = (¢/,21,...,2)). Moreover, for any a € F}, the corresponding
logical-X representative is given by y, = (y(’l, y((zl), e ,y((lM)>, where
% 4 1% ‘
vo=Dali)y; and y = Pali)y)” fori € [M].
j=1 7=1

17



By Theorem [5/and the preceding decomposition, the physical gate U (p;, w;) realizes the logical

) )

gate UI(f if and only if for all z; € Céi and a € %, the following modular constraints hold:

Wi -x; =0 (mod 2Pit1)
W; - y((li) = 2pi*€ifi(a) (mod 2’”“) (14)

W - (3:Z * y(i)) =0 (mod 277).

a

These conditions make it clear that realizing the logical gate Uﬁi) within the code (C1, C2)cgg de-
pends entirely on the design of the auxiliary matrices ng') and Gg), as well as the applied Z-
rotation U (p;, w;). In subsequent sections, we will detail appending-matrix construction strategies
along with the corresponding transversal physical Z-rotations tailored to satisfy these conditions
for single-qubit and multi-controlled-Z rotations.

In summary, our appending framework provides a flexible means of extending a primary CSS
code to support fault-tolerant implementations of desired logical dyadic Z-rotations, single-qubit
as well as multi-controlled. For instance, one can realize both 7" and CS gates within the same code.
As noted earlier, such a capability is particularly valuable when designing codes for quantum
algorithms that require a diverse set of diagonal operations, as all gates are consolidated within a
single code to maintain robust error correction. However, the cost we pay for this is the increased

physical qubit overhead as the number of target logical gates grows.

5. FAULT-TOLERANT ADDRESSABLE LOGICAL SINGLE-QUBIT Z-ROTATIONS IN CSS CODES

For a non-negative integer ¢, we begin this section by characterizing CSS codes that transver-
sally support an addressable logical Rz (J;) gate for an arbitrary but fixed addressability config-

uration. The following proposition is an immediate consequence of Theorem

Proposition 8. Let (C1, Cs)cgg be an [[n, k]] CSS code. For any A € F5, the code realizes the addressable

logical gate Ry (%) , via a transversal physical Z-rotation U (p, w) if and only if p > € and, for all z: € Cy

A
and a € F5, the following modular conditions hold:

w-r=0 (mod 2°1), w-yq =2 wr(ax A)  (mod 2°T1),

w- (rxy,) =0 (mod 2P).

We now provide an alternative characterization of CSS codes capable of supporting the ad-
dressable logical gate Rz (37) . decomposing the modular condition on the coset space C1/Cs
into equivalent constraints on its basis vectors. Furthermore, we use this characterization to con-
struct the appending matrices introduced in Section [4] to realize these gates. While Proposition
allows any p > ¢, for our purposes, it suffices to take p = /.

We begin with a technical lemma that reduces modular constraints over the entire code to equiv-

alent conditions over its basis vectors.
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Lemma 9. Let C C F4 be a binary code with basis {x1, ...,z }, and let A € F% be a fixed vector. For any
a € F%, define the corresponding codeword x, = @le a(i)x;. For any integer vector w € Z", the modular
condition

w- e =wg(axA) (mod 2°1) (15)

holds for all a € FY if and only if the following conditions are satisfied for all i € [k] and ordered indices
1<y < <’ij §k10ithj€{2,...,€—|—1}.‘

w-x; = A(i) (mod 2°1), (16)

w - (x5 % *1w;) =0 (mod 2f=i+2), (17)

This lemma is proved in Appendix[E} Applying the lemma to Proposition[§]yields the following

characterization.

Proposition 10. Let (C1,Cy)cgg be an [[n, k]| CSS code, where {yi,...,yx} is a basis of C1/Ca. For

any A € F5, the code realizes the addressable logical gate Ry (2;) , via a transversal physical Z-rotation

A
U(4,w) if and only if forall x € Cy, a € F%, i € [k], and ordered indices 1 < i1 < --- < i; < k with

Jj€{2,...,0+ 1}, the following modular equations hold:
w-z=0 (mod 2¢Y), w- (z*y,) =0 (mod 2°),

weyp = A@)  (mod 271),  w- (yi, * - xyy;) =0 (mod 279F2),

5.1. Appending Matrices for a Targeted Addressable Logical Gate R, (%) 4+ Given a primary
[[n', k'] CSS code (C}, C%)css and an arbitrary but fixed addressability vector A € F5', our objective
is to extend the primary code to transversally realize the addressable logical gate Rz () 4 We
achieve this via the appending framework in Section 4 by deriving appending matrices tailored
specifically to Rz (%) " To construct these matrices, we leverage auxiliary CSS codes in which
the physical transversal Ry (%)T realizes the logical transversal Rz (3;) (see Section .

To this end, let (Cy, Cs)css be an [, k, > d]] CSS code in which the physical transversal Rz (%)Jr
realizes the logical transversal Rz (%) We require CA[Z > dmm(éj) > d so that all logical-Z op-
erators (including Z-stabilizers) have weight at least d. Following standard notation, let G &, and
Gél/ Co
Y1, - - ., Y; denote the rows of G /G, BY applying Proposition 10| with the negative all-ones vec-

denote the generator matrices for the code 52 and the coset space 5’1 / C~’2, respectively. Let

tor w = —15 (since Ry (%)T = Ry (%)71), forallz € Oy, a € Fg, i€ [E], and ordered indices
1<ip<---<i4; < k with j € {2,..., 0+ 1}, the following conditions are satisfied:
wy(Z) =0 (mod 21, w(Z*7,) =0 (mod 2°),

wy(Fi) = -1 (mod 2Y),  wy (G, *- - *7;,) =0 (mod 27912), (18)

where y, = @le a(i)y;.
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5.1.1. Setting up the construction. To align with the notation established in Section [} assume that
M =1and Uﬁl) =Rz (2“7) - For notational brevity, we temporarily suppress the superscript (1).
Thus, G; and G are the auxiliary matrices we need for our appending construction. The derived

CSS code (€4, C2)gg is obtained from the generator matrices

Gor 0 Gey e,
G|y GJ . CGoyer=[Goyey G| Ga= Go, |
Let v/, ...,y denote the rows of GC{ /Cr and let yi,...,y, denote the rows of the appended
matrix G1. The rows of G¢, /¢, are (y1,v1), - - -, (Y}, Y )- Forany a € F %', the corresponding coset

k' . 1% .
i—1 a(i)y; and yo = @iy a(i)yi-

Recall from the general appending framework that we aim to realize the addressable gate

representative is given by (v/,, ya), where y,, = €@

Rz (%) 4 Vvia a transversal Z-rotation U({,w), where the vector w is supported solely on the
appended coordinates. Let n” denote the number of appended coordinates, or equivalently,
the number of columns in G (or G2). By Proposition the physical rotation U (¢, w) with
w = (0,,—1,) realizes Ry (2—’2)  within the code (C1, C2)csg if the following conditions hold
for all € rowspace(Gz), a € FX i € [k], and ordered indices 1 < i; < --- < i; < K with
je{2,...,0+1}:

wy(x) =0 (mod 2°T1), wi(z*yq) =0 (mod 2%),

wr(yi) = —A®G)  (mod 2671, wy (Yiy * - *y;;) =0 (mod PARARS (19)

A comparison of with motivates us to extract vectors from the code (C1, Cy)css to con-
struct G; and G3. We first describe how to do this for the case when [Supp(A4)| < k, and subse-
quently show how this can be extended to the general case.

5.1.2. The bounded support case: |Supp(A)| < k. For each i € [k'], the construction must satisfy
wr (y;) = —A(i) (mod 21). This motivates the following assignment strategy: when A(i) = 0,
the row y; is set to the zero vector, and when A(i) = 1, we populate the row with a vector y;.
Crucially, the cross-weight condition wg (y, * y4) = 0 (mod 2°) strictly prohibits reusing the same
vector y; for distinct indices p # ¢ with A(p) = A(q) = 1. Consequently, each non-zero entry in
A demands a unique y;. The assumption |Supp(A4)| < k guarantees a sufficient supply of these
distinct vectors, ensuring the assignment is realizable without repetition.

To simplify the presentation of the construction, we assume that A(i) = 1 if and only if i € [s],
where s := |Supp(4)| < k. We define the rows Y1, ...,y of Gy as follows: we set y; = y; for target
rows i € [s], and set y; = 0 for all remaining rowss+ 1 < i < k.

Furthermore, setting G2 = G, satisfies all required modular equations to realize the logi-

cal gate Rz (%) , by applying physical U(£,w) with w = (0,/,—17). Since dmin(C3) > d, by
Lemma @ the distance of the final code (C1, Cs)css is at least min{dyx,dz}, where dx > d' and

dz > min{d’Z,g}.
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5.1.3. Removing the restriction on |Supp(A)|. A limitation of the construction described in Sec-
tion is that it does not directly scale: if [Supp(A)| > k, we exhaust the available supply of coset
vectors y;, and reusing them violates the required modular constraints (specifically, w (yp*y,) = 0
(mod 2)). To overcome this, we decompose the logical gate Ry (%) 4 into g = [|Supp(A)|/k]
addressable gates Rz () a oo Rz (%) 4, such that each of the first ¢ — 1 address vectors A;

(i =1,2,...,9 — 1) has support size equal to k, and |Supp(4,)| < k. To be precise, again setting
s = |Supp(A4)|, and letting ji, jo, . .., js denote the indices in Supp(A) listed in increasing order,
we define the address vectors for 1 < i < g —1by 4; = (Oj(i—l)E’ A (j(i—l)E +1: j¢E> ,Ok/,jﬁ;),

and the final vector by A, = <Oj<g_1)z"4 (j(g_1)E +1: k’)), where jo := 0 and A({; : {3) =
(A(l1),A(l1 +1),...,A(l2)). In other words, A, is determined by the prefix of A up to and in-
cluding the k-th 1, Ay by the next sub-block of A up to the 2k-th 1, and so on up to Ay_1, with 4,
capturing the remaining suffix. Altogether, we have Rz (3;) , = [I{_; Rz (37) A

We now instantiate the general appending framework from Section 4| with M = g, setting
U = Ry (%) 4, foreach i € [g]. Because [Supp(4;)| < k, we can leverage the strategy in Sec-
tion to construct the corresponding appending matrices. Thus, for each i € [g], a transversal

Z-rotation U (£, w;) realizes the logical gate Ry (3;) , , where w; is supported strictly on the ap-

A’

pended coordinates corresponding to Rz (g7) , :

w; = (04 (i—1)7> — L7, O(g—i)m)-
Consequently, the product of these physical rotations, [[7_, U(4,w;) = U (¢, 7_, w;), realizes
the target logical gate [[/_, Rz (%)A_ = Ry (%)A. Since Y7, w; = (0,7, —15,), we conclude

that the target logical gate Ry (%) , is realized within the CSS code (C1, C3)cgg by applying the

A
transversal Z-rotation U (¢, w), with w = (0,7, —15,), to the physical qubits of the code. Finally,
Lemma|/|guarantees the resulting code (C1, C2)gq has distance at least min{dx,dz}, withdyx > d

and dz > min{d},, d}.

5.1.4. Summary. We now summarize the appending-matrix construction. Fix a non-negative in-
teger / and an [[n, k> d] auxiliary code wherein the physical transversal Rz (%)Jr realizes the
logical transversal Ry (3;). Given a primary CSS code (C}, C))css and a target address vector
A € F', we perform the following steps to obtain the derived code:
(1) Determine the number of appending matrices M = [|Supp(A4)|/ k], and define the matrices
ng) € ]F'/’;/Xﬁ and ng) e F52X7 for j € [M], where ky := dim(Cy).
(2) Lets = |Supp(A)|, and let 1 < i3 < --- < is < k' denote the ordered indices in Supp(A).

Setting ¢ := 0, we decompose A into M address vectors Ay, ..., Ay, where
Aj = (Oi(jfl)‘lg’A <i(j_1)E +1: ij%> ,Ok/_ijg) , forje[M —1]and

Ap = (Oi(M—l)E’A (i(M—l)E b k/))
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(3) Foreach j € [M]:

(a) Lets; = [Supp(A;)|, and let 1 < p; < --- < ps; denote the indices in Supp(4;). We
G

define the rows y

©)

1 9

Y

k],) of GY) for each h € [K/] as

if h = p, for some ¢ € [s;],

otherwise.

] g 9
y}(LJ) _ )7
07,

(b) Set GY) = G, .
(4) The generator matrices of the final derived CSS code (C4, C2)css are given by

G 0 0 0
0o & 0 0
2

The above procedure yields a derived CSS code with parameters [[n' + nM, k', > min{d’, d}]] in
which the transversal physical Z-rotation U (¢, w) with w = (0,,,

gate Ry (2% ) K
The overall assignment strategy guarantees that no coset vector y; is repeated within any single

—15)) realizes the target logical

block G gi). The rationale behind partitioning R (%) 4 thus becomes apparent: if y, and y, are any
two distinct non-zero rows of Ggl) S GgM)} , then either wy (yp * yq) = wu(y;, * yj,) for some

Jj1 # jo (this happens if the two rows pass through the same block Ggi)) or y, * yg = 0. In either
case, wy (yp * yq) = 0 (mod 2°).
We next illustrate the mechanics of the appending construction with a concrete example.

Example 2. Let the primary CSS component of our construction be the order-4 quantum Ham-
ming code [68], denoted (C7, C5)gg, Which achieves parameters [[n' = 15,k" = 7,d’ = 3]]. Let the
vectors yj, . .., y; denote the rows of the coset generator matrix G¢y /¢y Given a target address-
ability vector A € F defined by non-zero coordinates A(1) = A(3) = A(6) = 1, our goal is to
construct a derived CSS code encoding k' = 7 logical qubits that realizes the addressable logical
gate Ty, where T' = Ry (%).

Our second component is an auxiliary CSS code, (6’1, 62)053 wherein the physical transversal
T realizes the logical transversal T'. We fulfill this using a [ = 14, k = 2,d > 2]] code derived by
puncturing two coordinates of the Reed-Muller code RM(1, 4). While the existence of this code is
well known, we will detail its construction in the Section [/} Let the vectors 91, y> denote the rows

of the coset space generator matrix G, /g, -
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We now commence the construction of the appending matrices. Since |Supp(A)| > k, we de-
compose T4 into g = [|Supp(A4)| Jk] =2 gates T4, and T4,, where

A; =(1,0,1,0,0,0,0) and A, = (0,0,0,0,0,1,0).

Setting UIEI) = T4, and UIE2) = T4,, the appending matrices Ggl) and G§2) in F7*!* are con-
structed as follows:

Y1 0
0 0
Y2 0
a=1o| and GP=]0],
0 0
0 0
L0 L0 ]

while the accompanying matrices Ggl) and G§2) are given by

1 2
Gy =GY =G

Let (C1, C2)cgg denote the resultant CSS code obtained by integrating these appending matrices
into the primary code. The generator matrix of the subcode (' is given by

Gey 0 0 Gy, 0 0
Go,=]0 G o0|=]|0 Gg 0],
o o GY 0 0 Gg

and the generator matrix for the coset space C/C5 is given by

IR R
Y| 0|0
Y | Y2 | O
1 2
GCI/CQZ GC&/CQ Gg) G(l) = yil 0 0
ys | 0 0
Y6 | O | o1
Lyz| 0] 0

This completes our appending construction. By invoking Lemma |7, we deduce that (C1, C2)cgg
is a [[43,7,> 2]] code. Applying the transversal Z-rotation U(2,w;) with w; = (015, —114,014)
realizes logical T4,, while U (2, w3) with wy = (015,014, —114) realizes logical T4,. Consequently,
the product of these physical rotations, U(2,w;)U(2,w2) = U(2,w) with combined vector w =
(015, —114, —114), successfully realizes the target logical gate T4, T4, = T4.

We end this section by pointing out that the methodology herein enables us to construct CSS

codes that admit transversal realizations of all possible addressable logical Rz (%) gates, for some
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fixed ¢ > 0. This is based on the observation that to do this, it suffices to construct CSS codes that
admit transversal realizations of Ry ( 577) on each logical qubit independently. Indeed, suppose
that for each i, a transversal Z-rotation U (¢, w;) realizes the logical Rz (2”7) gate on the i-th log-
ical qubit. Then, for any target address vector A, the composite gate [], U (¢, w;)*(®) realizes the
addressable logical gate Rz (;) ,-

The construction of such CSS codes is straightforward: we simply invoke the appending frame-
work of Sectionwith M = k' and set Uﬁi) =Rz (%)ez The strategy described in Section5.1.2|tells

us how to choose appending matrices for single-qubit Z-rotations with address vectors supported

on a single coordinate.

5.2. Relaxed Modular Equations to Realize Addressable Logical Single-Qubit Z-Rotations.
The system of modular equations in Proposition [10| can be further relaxed. Specifically, weak-
ening the modulo-2¢"! constraint w - y; = A(i) (mod 2*1) to make it a modulo-2 constraint still
allows the code to transversally realize the logical gate Rz (%) s we now demonstrate.

Using Lemma(17|in Appendix (B, we observe that any vector w satisfying the relaxed conditions
can be systematically refined into a vector w’ that satisfies the original modular equations, thereby
realizing the target gate Rz (%) 4 viaU(4,w'). Applying Lemma 17| to Proposition |10 yields the
following alternative characterization:

Proposition 11. Let (C1, C2)cgg be an [[n, k]| CSS code, where {x1, ..., x, } and {y1, ..., yx} are bases
for Co and Cy/Cs, respectively. For any A € F%, the code realizes the addressable logical gate Ry (%) N
via a transversal physical Z-rotation U (¢, w'") for some w' € Z" if and only if there exists a vector w € Z™
such that for all a € F%, i € [ko], ordered indices 1 < iy < --- < i; < kg with j € {2,..., 0+ 1},p € [K],

and ordered indices 1 < p; < --- < p, < kwith q € {2,...,k}, the following conditions hold:
w-x; =0 (mod 2%), w - (zyy *---*x;) =0 (mod =ity w-(z%y,) =0 (mod 2°),

w - Yp = A(p) (mOd 2£)7 w - (ypl Koo -e ok ypq) -0 (mOd 2[7q+2).

The vector w in Proposition 11| need not satisfy the original characterization in Proposition
required to realize the addressable logical gate R~ (%) , directly. Instead, by Lemma |17, we can
map the physical rotation U (¢, w) to a refined rotation U (¢, w’), where the modified vector v’ =
w — 2%w; — 2%wy exactly satisfies the original characterization in Proposition Here, following
the proof of Lemma the correction vector w; is obtained when lifting the conditions on w - z;
from 0 (mod 2¢) to 0 (mod 2°71), and ws is obtained when lifting the conditions on w - y,, from
A(p) (mod 2°) to A(p) (mod 2*1).

Because U (¢,w') differs from U (¢, w) only by the application of physical Pauli Z gates, the re-
laxed conditions can be interpreted as characterizing all CSS codes capable of realizing the ad-

dressable logical gate Rz (J;) , via transversal physical Z-rotations, up to the application of Pauli

A
Z corrections. In particular, the process of lifting the modular conditions using Lemma [17] es-

tablishes the sufficiency of Proposition[I1} Conversely, the necessity follows immediately, as any
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vector satisfying the strict characterization of Proposition [10|trivially satisfies the relaxed modular

conditions.

6. FAULT-TOLERANT ADDRESSABLE LOGICAL C (Ryz (57)) GATES IN CSS CODES

In this section, we utilize Proposition [f] to derive an alternative characterization of CSS codes
that transversally realize an addressable logical C' (Rz (2;)) gate, which motivates our appending-
matrix construction for 1-controlled-Z rotations. Although Proposition [6|allows any p > £+ 1, we
restrict our attention top = £ 4 1.

While the following characterization and appending-matrix construction extend to general
multi-controlled-Z rotations, the associated technical details can obscure the core ideas. There-
fore, we focus here on 1-controlled-Z rotations and defer a self-contained treatment of the general
case to Appendix

Lemma 13| in Appendix |A| extends Lemma |§I from binary vectors A € F5 to binary tensors
A € FE <k Applying it to Proposition@for 1-controlled-Z rotations directly yields the following
result.

Proposition 12. Let (C1, C2)cgg be an [[n, k]| CSS code, where {y1, ..., yx} is a basis of Cy /Cs. For any
matrix A € F5**, the code realizes the addressable logical gate Cx (Rz (Z)) via a transversal physical
Z-rotation U(¢ + 1,w) if and only if for all z € Cy, a € F%, and ordered indices 1 < iy < --- < ij < k
with j € [ + 2|, the following conditions hold:

w-z=0 (mod 2?), w- (xxy,) =0 (mod 2°F1),

—A(i1,i2) (mod 2¢Y), ifj =2,

' ’ 0 (mod 2(=7+3), otherwise.

6.1. Appending Matrices for a Targeted Addressable Logical gate C (Rz (%)). Given a pri-
mary [[n/,k']] CSS code (C1,C%)css and a target address matrix A € Fngk/, we utilize the ap-
pending framework from Section 4| to construct an extended code that transversally realizes the
addressable logical gate C4 (Rz (;)). We derive the required appending matrices using the aux-
iliary [[n, k,d]] CSS code (C, Cs)css from Section wherein the physical transversal Ry (QL,%)Jr
realizes the logical transversal Ry (37~ ), and dy > Aonin (C3) > d.

Recall from Section 5.1| that if g1, ..., y; are the rows of the coset generator matrix G the

61/62’
following hold for all z € 5’2, a € F’g, 1€ [E}, and ordered indices 1 < i1 < -+ < i; < k with
jed2,...,+2}

wg(Z) =0 (mod 2”2), wH(T*Y,) =0 (mod 2“1),

wg(y;)) = -1 (mod 2“‘2), wy (Yiy * - *¥;;) =0 (mod 2é_j+3). (20)

Our construction requires the following properties of the rows of G,
sition

16, established in Propo-
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)

%
Wi (@ g) = —k (mod 2+?). (21)
=1

(2) For any index p € [k],

E
wy ((@ ﬂl) *ﬂp) =—1 (mod 2. (22)
i=1

(3) For any integer ¢ > 2 and ordered sequence of indices 1 < p; < --- < p, < 75,

k
wy ((@ ?71) * (?7101 R K gm)) =0 (mod 2°7*%), (23)
i=1

6.1.1. Reduction to a simpler special case. We first decompose the target gate Cs (Rz (Z;)) by se-
quentially ordering its control qubits. Let ¢; < --- < ¢, denote the ordered indices in [k’ — 1]
corresponding to active control qubits—that is, indices i for which there exists at least one target
qubit t € {i +1,...,k'} such that A(i,t) = 1. We factor Cs (Rz (%)) into x addressed gates
Ca, (Rz (%)) v, Ca, (Rz (2“7)) Each matrix 4; isolates the interactions controlled by ¢; by
inheriting the c;-th row slice of A and vanishing elsewhere:

{A(cj,q), ifp=cjandqge {c;+1,..., K},
Aj(p,q) =
0, otherwise.

If the appending-matrix construction is established for each factor Cs; (Rz (;)), the append-
ing framework guarantees that each gate C'; (Rz (7)) is realized by some transversal Z-rotation
U(¢ + 1,w;) in the final extended code. The composition [[;_; U(£ + 1,w;) then realizes the full
target gate C4 (Rz (37)). Consequently, without loss of generality, we assume that the first row is
the only non-zero row of A—meaning the logical C (Rz (J;)) gates act exclusively with the first
logical qubit as the control qubit and a subset of the remaining qubits as targets.

Furthermore, we restrict the construction to target matrices satisfying |Supp(A(1,2 : ¥))| < k,
where A(p,q : r) := (A(p,q),Alp,q+ 1),..., A(p,7)) forp € [K']and 1 < ¢ < r < k. If the
target support exceeds k, the flexibility of the appending framework allows us to partition the
addressable gate C4 (Rz (7)) into g = [|Supp(A(1,2 : k)] /k] factors, each acting from control
qubit 1 onto at most k targets in {2,...,k’}. Constructing appending matrices independently
for each factor and composing their corresponding physical Z-rotations realizes the target gate

Ca (Rz ( %)) within the final extended code.
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6.1.2. The appending-matrix construction in the special case of |Supp(A(1,2 : k'))| < k. To simplify
the presentation of the construction, we further assume that A(, j) = 1 if and only if i« = 1 and
j€{2,3,...,s+1}, wheres := [Supp(A(1,2 : ¥'))| < k. This effectively designates {2,...,s+1} as
the set of all target qubits. Again, recall that we are given a primary [[n/, k]| CSS code (C7, C%)css,
and that we will obtain appending matrices G| and G2 using an auxiliary [[7, k, d]] CSS code
(51, 52)CSS for which the modular equations in hold. We define the rows y1,..., vy, of Gi
as follows: we set y; = @E:l yp for the control qubit row, assign y; = y;_1 for target qubits
2 <j <s+1,and set y; = 0 for all remaining rowss+ 1 < j <k’

Next, we set Go = G, and let (Ch, @)CSS denote the CSS code obtained by applying the

appending-matrix construction to (C}, C%)css.

6.1.3. U({ + 1,w) is a logical operator for (Cy,Cy)css. Consider the transversal Z-rotation U ({ +
1,w) with w = (0,/,17). By construction, G = G, and the rows of G are drawn from C1/Cs.
Consequently, for any x = (2/,7) € Cs and y, = (v',9) € Ch / O, (witha € F%), we have 7 € Cy
and § € C;/C,. By (20), this guarantees

w-z=0 (mod2?) and w-(z*y,)=0 (mod 21).
Thus, Remark@establishes U(¢+ 1,w) as a logical operator on (61, 52)@5.

6.14. U({ + 1,w) realizes Ca (Rz (Z)) up to a logical phase. For any logical state |a) with a € F¥,
the action of U (¢ + 1, w) is given by

i
Ul+1,w)la); = exp{LQZT+1 (w . <@ a(z)yl>> } la),
=1
. K ' %
= eXp{LQK_H (Z (_2)1_1 ( Z ( a(Jp)> wr (Yj, * - * yjz))) } ‘a>L'
i—1 1< << <k \p=1

Separating the linear and quadratic terms, we can express this action as
k/

U(C+1,w) a),, = p{QZL (Zau)wH(y» —2 Y ali)a)wn(y )

i=1 1<i<j<k’

K’ i
+> (-2 ( > ( a(jp>) wir (yj, % -+ *ym))}an-
=3 1<g1 << <k \p=1

We next show that the ¢-fold Schur products for ¢ > 2 vanish in the phase exponent, while the
2-fold products exactly realize the target gate C4 (Rz (J;)). The 1-fold terms (the linear terms),
however, introduce an extraneous logical phase, which we will eliminate in the next subsection.

To see why the t-fold Schur products for ¢t > 2 vanish, first consider any ordered sequence of
t > 2 target qubit indices 2 < p; < --- < p; < s+ 1. Condition implies

’U)H(ypl X ok ypt) = wH(gpl—l X ook gpt—l) =0 (mOd 2£—t+3).
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On the other hand, if the Schur product combines the control qubit index with ¢ > 2 target qubit
indices, yields

U)H(yl * Ypy koK ypt = WH ((@ yl) * yp1 1% ek gptl) =0 (mod 2Z—t+2)‘

Because only the first s + 1 rows of (1 are non-zero, the preceding modular equations guarantee
that all ¢-fold Schur products for ¢t > 2 vanish in the phase exponent. Consequently, the action of
the physical rotation U (¢ + 1, w) reduces to the linear and quadratic terms:

k‘l

U+1,0) |a), = exp{LQZH (Z aliyen(y) =2 Y alial)wn(y: + yj>> } @),

i=1 1<i<g <K

We now evaluate the 2-fold Schur products of non-zero rows of GG; in the phase exponent. For

any target qubit indices 2 < p < ¢ <s+1, gives
wH(yp * yq) = wH(gpfl * §q71) =0 (InOd 2€+1).

If the product instead involves the control qubit and any target qubit2 <p <s+1, yields

wh (Y1 *yp = WH ((@yz) * Y 1) =—1 (mod 2“1).

Substituting these evaluations into the quadratic terms, and recalling that A(7,j) = 1 if and only
iffori =1and j € {2,...,s+ 1}, we see that the logical action of the transversal physical rotation
U(¢ + 1, w) further reduces to

W
U+ 1,w)|a), = exp{LQ,fH (Z a(iywr(yi) +2 Y a(i)a(j)A(i,j)) } la),

i=1 1<i<j <k’

= e><p{L2ZT+1 (i Cl(i)wH(?/i)> }CA (RZ ( )) )y, -
=1

1=

Thus, we have successfully realized the target gate C4 (Rz (7)) up to a logical phase.

6.1.5. Eliminating the residual logical phase. By (20) and (21)), we have wy (7;) = —1 (mod 2+2) and

wWH (@le gjz) — —k (mod 2+2). Substituting these values allows us to rewrite the logical action

as
!

U+ 1,w)|a>L:exp{ v ( kz Z (i)Ag(i)>}CA (RZ( :)) labe

where A; = (1,0p7—1) and Az = (0,15,0,r—s—1). We can thus explicitly identify the unwanted

T

k
residual phase as the action of the logical Z-rotations <R z (22%);1) and Rz (57) -
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To cancel this unwanted logical phase, we append auxiliary matrices to ( C, Cs)css that realize

k
the inverse logical Z-rotations ( Ry (52 and Rz (5245 ) , - This yields the final derived CSS
g 20+1) A, 201 ) A, y

A
code (C, Cy)css, which transversally realizes the exact target gate C4 (Rz (%;)). Note that the

k
appending matrix required for the rotation (RZ (22%) A1> is the same as that of the rotation

Rz (%) A This is because if a transversal physical Z-rotation Up realizes Ry () A then Ug

k
1 ™
realizes (RZ (27)141) .
We note here that although not explicitly invoked, Proposition [12| motivates our construction.

We define the control qubit indexed row as the sum @;’;:1 y; and the target qubit indexed rows as
the vectors y; specifically to satisfy the modular equation w - (yi, * yi,) = —A(i1,i2) (mod 2¢+1).
The intermediate code (Cy, Cs)csg satisfies all requirements of the proposition except w - y;, = 0
(mod 2+2). Appending auxiliary matrices to this intermediate code to cancel the residual logi-
cal phase precisely resolves this modular equation, ensuring the final derived code fully satisfies
Proposition

Finally, observe that any code realizing the logical transversal Rz (57) can also realize the
logical transversal Ry (). Consequently, for the same blocklength 72, one can always find codes
that realize the logical transversal Rz (J;) with logical dimension and minimum distance at least
A and Ry (22%) N
the bounded support condition of Section so that the total appended blocklength in the
resulting code will be 3n.

k and c?, respectively. This ensures that the rotations Rz (ﬂ%) , trivially satisfy

6.1.6. Summary. We now summarize the appending-matrix construction for 1-controlled-Z rota-
tions. Fix a non-negative integer ¢ and an [[n, k, > cm auxiliary code wherein the physical transver-
sal Ry (22%)Jr realizes the logical transversal Rz (57~ ). Given a primary CSS code (Cf, C)css and

k! x k'
IF2

a target address matrix A € , we perform the following steps to obtain the derived code:

(1) First, we determine the number of appending matrices:

(@) Letl < ¢y < -+ < ¢ < k'—1denote the ordered indices ¢; for which Supp(A(c¢;, ¢;+1 :
k')) is non-empty.

(b) For each i € [k], let M; = [|Supp(A(ci,c; + 1 : K'))|/k] be the number of appending
matrices required for the control qubit c;.

(c) The total number of appending matrices is M = Y7, M;. We define the corre-
sponding matrices Ggi’j) e F¥*" and Ggi’j) e Fk2X% for i € [x] and j € [M;], where
ky = dim(Cy).

(2) Foreachi € []:
(a) Lets; = [Supp(A(ci,ci +1: K))|,and let¢; < j1 < -+ < js; < k' denote the ordered

indices in Supp(A(c;,¢; + 1 : k')). Setting jo := ¢;, we decompose A(c;, ) into M;
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address vectors A; 1, ..., A; ar,, where:
Ai,p = (0]'(?71)%, A (Ci’j(pfl)fl; +1: jp";) 70k’—jp%) s forp S [Mz - 1] and

Aiat, = (i oo 4 (GG + 13 V)
(b) For each j € [M;]:
(i) Lets;; = |Supp(4i; )|, and let ¢; < p1 < --- < ps;; < k' denote the indices in
Supp(A; ;). We define the rows yY’j), .. ,y,(j’j) of @gi’j) for each h € [K/] as

@];:1 §p7 If h = Ci,
y](lz,]) _ ,@Vq, if h = Dq for some ¢ € [si:j]’
0, otherwise.

(ii) Set Gy = G,

(iii) To cancel the residual phase induced by the addressable logical gates
k S

(RZ (%) A1> and Rz (3;) , , we append additional auxiliary matrices to G

and @g” ), as summarized in Section The corresponding address vectors

are Ay = (0¢-1,1,0p—,) and Ay, where A3(¢) = 1 if and only if ¢ = p, for

r € s; ;. This step yields the final appending matrices Ggi’j ) and Gg’j ),
(3) The generator matrices of the final derived CSS code (C4, C2)css are given by

Gcé 0 e 0
o G+ o 0 3
0 0 - Gg‘vMﬁ)

By Lemma [7} this procedure yields a derived CSS code with parameters [[n/ + 3nM, k', >

min{d’, d}]]. Within this code, the target logical gate C4 (Rz (Z)) is implemented via the transver-
sal physical Z-rotation

ﬁ ﬁ U (z 41, wf’”) (U (e ¥, wgm))% U (£ n 1,w§f’j>)

i=1j=1

where the vectors wg ) wéi’j ), and wéi’j ) are given by

O s (ih ) +—1) 7 10 O Oy O g, (5o mMp)))

= (
(On’+3n (i) M) +5-1)° 07, 15,05,0%( M=+ (i1 Mp )))’
= (

On’+3n Z; 11Mp)+] 1) 0n70ﬁ’_1ﬁ703ﬁ( ‘_J+(zp iv1 Mp ))) .
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As in Section 5, we conclude this section by constructing CSS codes that transversally real-
ize any addressable logical C' (Rz (J;)) gate. A CSS code can realize any addressable logical
C (Rz (%)) gate if and only if it can realize C' (Rz (J;)) between any pair of logical qubits. For

the construction, we invoke the appending framework with M = (’“2,), and for each pair of logical

qubits 1 < i < j < k', define a target logical gate U{"") = C;; (R (%))- This amounts to instan-
tiating the above construction with the target address matrices A; ; whose sole non-zero entry is
A; (i, j) =1

7. CSS FAMILIES REALIZING ADDRESSABLE LOGICAL SINGLE-QUBIT DIAGONAL GATES

Given an arbitrary but fixed sequence of target address vectors (4;);cny with A; € ng, we aim
to construct a CSS family ((C1,;, Ca,i)gg)icn encoding k; logical qubits and transversally realizing
the addressable logical gate Rz (%) .- To achieve this via the appending framework requires an

auxiliary CSS code family in which the physical transversal Rz (2”7)T realizes the logical transver-
sal Rz (57) As detailed in [23], puncturing t coordinates of a 2¢+1-divisible classical n, E, cﬂ code
with dual distance d* yields such an auxiliary [[7 — 1,7, > min{d — %, d* — #}]] CSS code for any
integer 1 < t < min{k, d, d*}. We construct the families for the cases ¢ = 1 and ¢ > 1 separately.

In both cases, we assume 7 is chosen to scale as © (min{/k\, d, (31}>

7.1. Case ¢ = 1: For fixed constants R, € (0, 1), the asymptotically good family of doubly-even
(4-divisible) codes from [8, 9] yields an asymptotically good CSS family ((C\, 5’271-)@5)1-@; with
parameters [[ﬁZ,EZ > R, c?z > n;0]], in which the physical transversal St realizes the logical
transversal S. For each i € N, selecting (C;, Ca.)css as both the primary and auxiliary codes
satisfies the bounded support condition |Supp(4;)| < k;. Consequently, the appending-matrix
construction in Section yields a [[2n;, Fl%, > JIH CSS code that transversally realizes Sy4,. This
confirms the existence of an asymptotically good CSS family supporting the addressable logical
gates S4,. Note, however, that this resulting CSS family is not explicit because the underlying
doubly even codes in [8| 9] are not explicit.

To construct such explicit asymptotically good families, we rely on the relaxed characterization
in Proposition 11| (with ¢ = 1) to realize addressable logical S gates. This relaxed characterization
establishes that, rather than requiring doubly-even codes, it suffices to use self-orthogonal codes in
the puncturing construction above. Crucially, explicit asymptotically good binary self-orthogonal

codes with asymptotically good duals are known to exist [69].

7.2. Case/ > 1: For this case, we employ the classical Reed-Muller family, C, := RM(r, ((+1)r+1)
for any integer » € N. By Ax’s theorem [70], this code is 2/((“"+1)r+1/71=1 — 9f+1_djvisible. Fur-

thermore, it has blocklength 7, = 2(*1)r+1 dimension k, = S o ((”1}”1) > 22" minimum

distance d, = 2"+!, and dual distance d = 2"+, Puncturing 7 = 2" coordinates results in an

([7, = 2W+Dr+1 o ky = 27, d, > 27]] CSS code, (617,«, 52,7«)CSS, in which the physical transversal
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Ry (%)T realizes the logical transversal Rz (J;) [23]. These represent the best parameters cur-
rently known in the literature for such CSS codes.

Because the logical dimension of the auxiliary code (5177«, 5’%) css does not scale linearly with its
physical blocklength, we instantiate the primary code with an asymptotically good family of CSS
codes ((C1 ;, Cévi)CSS)ieN from [69]. For this family, as the blocklength grows arbitrarily large, the
parameters [[n;, k;, d;]] scale linearly: k{ > Rn; and d} > min{dmin(C];/C3,), dmin((Cévi)L)} > on;,

for fixed constants R, 0 € (0,1).

7.2.1. CSS code families for sub-linear target vector support size: We first construct CSS code families
that transversally realize the addressable logical gate Ry (;) A, for A; € Fgg, assuming a sub-linear
target support |Supp(A4;)| < (n}) for a constant € € (0, 1).

For each ¢ € N, we apply the appending-matrix construction to the primary CSS code
(C{ji, Céﬂ-)css- Because the logical dimension already scales linearly with n/, we seek an index
r for the auxiliary code (5’17“ éz,r)css such that the physical blocklength of the derived code re-
mains ©(n}).

The appending-matrix construction for single-qubit Z-rotations from Subsection [5.1| requires
g = [|Supp(4;)|/2"] appending matrices. By Lemma [7} the blocklength of the derived CSS code
(Clir, C2ir)cgg is given by

nj o+ 7ng = g+ (2T = 20)[[Supp(Ai)|/27) < nf+ 27 ()" + 2D

To ensure that the blocklength of the derived code scales linearly with n}, we set r as

. 1—c¢ 1
ri= max{l, {mm {g, f—i-l} log(n;)J — 1} .

For sufficiently large i, we have

B . [1—-€e 1 N . [1—-€e 1 /
r= {mm{g ,£+1}log(nZ)J 1 < mm{g ,€+1}log(nz)

This allows us to bound the block length relative to n; as follows:

obr (n{)miﬂ{l—ﬁf/(g-l-l)} < (ng)(l—ﬁ) and 2@+Dr (n;)min{((f'i‘l)(l—ﬁ))/fvl} <n

7
= n} +n,g < 5n.

Thus, the derived CSS code has physical blocklength ©(n}) and preserves the logical dimension
of the primary code, k/ > Rn). Its minimum distance is min{dx, dz}, where dx > on} and dz >
min{én},2"}. To analyze the asymptotic distance, let = min {%, @%1} € (0,1). Since n <
1/(¢ + 1), the term 2" grows sub-linearly with respect to n/. Therefore, for large i, the Z-distance

of the derived CSS code evaluates to

min{n/s, 2"} = 2lnlos(ni) |1 > 1(n<)"_

= 4\

This establishes that the minimum distance of the derived code scales sub-linearly as Q((n})").
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In conclusion, we constructed an explicit CSS code family with parameters
[[©(n]), ki > njR,Q((nj)")]] that transversally realizes the addressable logical gates Rz (37) A
The inverse relationship between 7 and € exposes a tradeoff: a larger target support (increasing e)

decreases the minimum distance, while a restricted support increases it.

7.2.2. CSS code families for arbitrary target vector support size: A limitation of the CSS code fam-

ily constructed above is its inability to realize the logical gate Rz (%) . for linearly scaling tar-

get support sizes. In particular, the special case of realizing the logical transversal Rz (%) ex-
poses the primary bottleneck of our appending construction: the best known CSS codes real-

izing the logical transversal Rz (2”7) via transversal gates achieve only sub-linear parameters

[, Q(ﬁ}n/ (Hl)), Q(ﬁ}n/ (ZH))]]. Indeed, the existence of asymptotically good CSS codes transver-
sally realizing the logical transversal Rz (%) remains a prominent open problem. As demon-
strated for the case ¢ = 1, resolving this open problem for larger ¢ would allow our framework to
yield an asymptotically good CSS family for arbitrary support sizes. Solving the following clas-
sical coding problem, initially posed in [23] for ¢ = 3 (8-divisible codes, see [71]), would directly
resolve this quantum open problem.

Open Problem 1. For any fixed ¢ > 3, does there exist a family of asymptotically good 2*-divisible codes

whose dual codes are also asymptotically good?

7.3. CSS families realizing any addressable logical Rz (J;) gate. To realize any addressable log-
ical Rz (;) gate, we construct auxiliary matrices to apply Rz (J;) to each logical qubit indepen-
dently and append them to the primary code. This again requires auxiliary codes wherein the

physical transversal Ry (%)Jr

realizes the logical transversal Rz (%) Because each appending-
matrix targets only a single logical qubit, we set # = 1. As before, we consider the cases ¢ = 1 and

¢ > 1 separately.

7.3.1. Case ¢ = 1: We use the asymptotically good primary CSS family from Section which
has parameters [[n;, Q(7;), 2(n;)]], and realizes the logical transversal S via physical transversal
ST, For the auxiliary codes (with # = 1), we utilize a CSS family with parameters [[©(7;), 1, Q(7;)]]
in which the physical transversal ST realizes the logical S. Applying the appending-matrix con-
struction to realize S independently on each logical qubit yields a CSS family with parameters
[©((7:)%), A7), 7;)]]. Rescaling the parameters in terms of the total physical blocklength, we
obtain a final CSS family with parameters [[©(7;), Q((7;)'/?), Q((72;)'/?)]] that can realize any ad-
dressable logical S gate. While this resulting family is not explicit, we can construct such explicit
families achieving the same asymptotic parameters by using explicit asymptotically good self-

orthogonal codes with asymptotically good duals, as discussed in Section [7.1]

7.3.2. Case ¢ > 1: From Section we use the asymptotically good primary CSS family with

parameters [[n}, k, > niR,d, > n}f]]. For the auxiliary family (with # = 1), we consider the
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Reed-Muller based CSS family with parameters [[2(“+1)+1 — 11,21 — 1]] in which the phys-

ical transversal Rz (2% ) f

these codes, Lemma [7|guarantees a CSS code family with parameters [[n} + (2(+D7+1 — 1)k! k!, >

) TV —

realizes logical Ry (J;). Performing the appending construction with

min(d}, 2" 7! — 1)]] that realizes any addressable logical Rz (%) gate.
Because k! grows linearly with n/, any choice of » where 2“7 grows with n/ results in a super-

linear overall physical blocklength. To balance this scaling against the minimum distance, we set

r = max {1a L(e/(£+1)) log(n;)J} ’

for a constant € > 0. This choice bifurcates the asymptotic scaling into two regimes depending on

which code limits the overall minimum distance:

(1) € € (0,£+ 1). The auxiliary code limits the distance, yielding parameters
[O(()"), (), 2((n) ).
(2) € > £+ 1. The primary code limits the distance, yielding parameters
[©((nf)"*), 2(ny), Q(n})]].
Rescaling these families to a linear physical blocklength ©(n}) yields a family of CSS codes with
parameters [[O(n}), Q((n})/(F)), Q((n})/(HDA+Y]] for e € (0,4 + 1), and

[[©(n}), Q((n))"/ +)), Q((nf) /1 +)]] for e > £ + 1, realizing any addressable logical Rz (Z;) gate.

Finally, similar to the £ = 1 case, an affirmative resolution to Open Problem I]yields a CSS code
family with parameters [[©(n}), 2((n})'/2), Q((n})'/?)]] that transversally realizes any addressable
logical Rz (f;) gate. Note that for multi-controlled-Z rotations, analogous CSS families can be

constructed for both a fixed target sequence of tensors and any arbitrary addressable gate.

We remark that the CSS families constructed in this section are not low-density parity-check
(LDPC), as the weights of all non-trivial stabilizers in CSS codes derived from punctured classical
divisible codes scale with the blocklength. If both the primary and auxiliary codes possess LDPC
X-stabilizer generators, our construction yields a derived CSS family with an LDPC X -stabilizer
check matrix. However, because we guarantee the Z-distance by bounding the minimum weight
of the entire logical-Z space (which includes all non-trivial Z-stabilizers), we must sacrifice the
LDPC property for the Z-stabilizer check matrix. Indeed, constructing LDPC auxiliary codes that

transversally realize the logical transversal Ry (J;) is an open problem.

8. CONCLUSION

To summarize, in this paper, we characterized CSS codes that realize target logical diagonal
gates via transversal physical Z-rotations. We then introduced the appending framework, which
extends a primary CSS code using appending matrices to transversally realize an arbitrary number
of such target gates. Because CSS codes can only realize logical single-qubit Z-rotations and multi-

controlled-Z rotations, we detailed appending-matrix constructions for both these addressable
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cases. Finally, we constructed CSS code families that realize addressable logical single-qubit Z-
rotations.

We lay out some directions for future work here. As noted in Section [I, the construction of
CSS codes that transversally realize the full logical Clifford group relies on an inefficient com-
bination of ¢ independent code blocks, where each block individually realizes this group. An
important direction for future work then is to construct single-block codes with shorter physical
blocklengths that achieve this. Moreover, improving the asymptotic parameters of such families
remains an open problem—specifically, determining whether there exist such families whose rate
or minimum distance scales better than the square root of the physical blocklength.

While the appending framework can be utilized to flexibly realize any desired set of logical
gates, the resulting blocklengths are generally not minimal because each appended support is ex-
clusively dedicated to a specific target gate. To achieve shorter blocklengths, one could bypass ap-
pending matrices and directly construct CSS codes that satisfy the characterization conditions, ei-
ther analytically or via computational search. However, satisfying these simultaneous constraints
for multiple target gates within a tight blocklength is inherently difficult. Consequently, length-
optimized codes typically sacrifice flexibility and only support a restricted set of target gates.

To maintain a robust Z-distance in the appending framework, the minimum weight of the entire
logical-Z space, including all non-trivial Z-stabilizers, must remain high. While this requirement
is acceptable for the shorter blocklengths used in practical quantum computing, it constitutes
the primary obstacle to constructing LDPC CSS families that realize target logical diagonal gates.
Therefore, a direction for future research is developing alternative constructions that circumvent
the need to bound the weight of all logical-Z operators.

An affirmative resolution to Open Problem [Ijwould yield improved asymptotic parameters for
all CSS families derived from Reed-Muller based codes in this work (the case ¢ > 1 for single-qubit
Z-rotations).

Finally, no existing CSS codes in the literature utilize the relaxed characterizations derived in
Sections 5.2land Exploiting these conditions could yield improved codes for realizing target
logical diagonal gates. Currently, we can only leverage these relaxations for S and CZ gates, where

punctured self-orthogonal codes can directly replace punctured doubly-even codes.

APPENDIX A. ADDRESSABLE LOGICAL MULTI-CONTROLLED-Z ROTATIONS IN CSS CODES

For integers m > 2 and ¢ > 0, we provide an alternative characterization of CSS codes that

s
20

vates our appending-matrix construction for multi-controlled-Z rotations. While Proposition [f]

transversally support the addressable logical gate C" ™" (R (Z)). This characterization moti-

permits any p > £ 4+ m — 1, we restrict our focustop = £ +m — 1.
Analogous to Lemma [J) the following technical lemma reduces modular constraints on the

entire code to equivalent conditions on its basis vectors.
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Lemma 13. Let C C F} be a binary code with basis {x1, ...,z }, and let A € F5*¥ be q fixed order-m
tensor. For any a € F%, define the corresponding codeword z, = @le a(i)x;. For any integer vector

w € Z", the modular condition

woze=2""" Y A, im)ali) - alin) (mod 27 (24)
1<iy <o <ign <k
holds for all a € F% if and only if for all ordered indices 1 < iy < --- < i; < k with j € [ + m] , the

following modular equation is satisfied:

—D)™ YA, i d 2ty ifj =m,
we (o xeeray) =D A ) (med 2, = (25)
0 (mod 26m—it+l) otherwise.
The proof of this lemma closely follows that of Lemma [9]and is provided in Subsection[A.3

Applying the Lemma to Proposition@yields the following proposition.

Proposition 14. Let (C1, Co)cgg be an [[n, k]| CSS code, where {y1,...,yx} is a basis of C1/Ca. For
any order-m target addressability tensor A € F5* >k the code realizes the addressable logical gate
c(m=y (Rz (%)) via a transversal physical Z-rotation U (¢ + m — 1,w) if and only if for all z € Cs,
a € F and ordered indices 1 < iy < --- < ij < kwith j € [£+m)], the following modular equations hold:

w-z =0 (mod 27™), w-(r*y,) =0 (mod 2771,

D™ YAy, ... im)  (mod 264Y), if 5 = m,
(mod 26+m—i+l)] otherwise.

w'(yil*.'.*yij){(
0

A.1. Appending Matrices for a Targeted Addressable Logical Gate C{/" ") (Rz (%)). Our con-
struction of appending matrices for logical (m — 1)-controlled Z-rotations proceeds inductively.
We assume appending matrices have already been derived for all logical single-qubit Z-rotations
and (m — 1)-controlled Z-rotations, where m < m. The single-qubit constructions established in
Subsection5.1|serve as the base case.

Given a primary [[n/,k’]] CSS code (Cf,C%)css and an order-m target address tensor A €

IF"Q“,X"'XI‘/, we employ the appending framework from Section @ to construct an extended code

that transversally realizes the addressable logical gate " (Rz (3)). We construct the re-
quired appending matrices using the auxiliary [[2, k,d]] CSS code (Cy, Ca)css from Section
in which the physical transversal Ry (QH%)Jr realizes the logical transversal Ry (QH%), and
JZ 2 dmin(ézJ_) Z Cfiv

Recall from Section that if g1, ..., y; are the rows of the coset generator matrix G G /G the
following hold for all z € Cy, a € Fk, i € [E}, and ordered indices 1 < iy < -+ < i < k with
je{2,...,0+m}:

wy(F) =0 (mod 2¢7™), wi(F*Pq) =0 (mod 2¢7m1),
36



wg(y;)) = -1 (mod 2£+m), wy (Yiy * - *yi;) =0 (mod 2€+m_j+1). (26)

The following proposition, which is crucial for our subsequent construction, analyzes the Schur

product of @F_, 7; with the rows of the coset generator matrix G &1 /Gy

Proposition 15. Let 31, . .., y; denote the rows of G = ,= . The following modular conditions hold:
| % k C1/Ca g

1)
‘];: ~
wWH (@ 271) = —k (mod 2¢t™). (27)

(2) For any index p € [k,

k
wy ((EB @) * yjp) =—1 (mod 2€+m_1). (28)
i=1

(3) For any ordered sequence of indices 1 < p; < -+ < pg < k with q>2,

%
wy ((@ g) % (U *...*gpq)) =0 (mod 2¢+m=9), (29)
=1

The proof of this proposition is provided in Subsection [A.4]

A.1.1. Reduction to a simpler special case. We first decompose the target gate Cgm_l) (Rz (%)) by

lexicographically ordering its control qubit tuples. Let (1,2,...,m — 1) < (cgl), . ,cﬁrhl) <

< (cgn),... ) > < (K — m + 2,...,k') denote all the active control qubit tuples—

yCm—1 >
that is, tuples (i1,...,im—1) for which there exists at least one target qubit t € {ip—1 +

1,...,k'} such that A(iy,...,im_1,t) = 1. We factor Cgm_l) (Rz (%)) into s addressed gates

C’g"ffl)(RZ (Z))s-- S:*l)(RZ (%))- Each tensor A; isolates the interactions controlled by the

qubit tuple (cgj ), D) ) by inheriting the following tuple slice of A and vanishing elsewhere:

» “m—1
A (cgj),...,cg)_l,im> , i (i1, imet) = (cgj),...,c%)_l)

Aj (’il, .. -aim—lyim) = and i,, € {C%ll +1,.. .,]’C,},

0, otherwise.

If the appending-matrix construction is established for each factor C’X;L*D (RZ (%)), the ap-

pending framework guarantees that each gate 01(47?_1) (Rz ()) is realized by some transversal
Z-rotation U(¢+m — 1, w;) in the final extended code. The composition [[}_, U(£+m—1,w;) then
realizes the full target gate C(" ") (Rz (3%)). Consequently, without loss of generality, we assume

that the only active control qubit tuple is (1,...,m — 1)—meaning, the logical C("~Y (Rz (Z))
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gates act exclusively with the first qubit tuple (1,2,...,m — 1) as the control qubits and a subset
of the remaining qubits as targets.

Furthermore, we restrict the construction to target matrices satisfying |Supp(A(1,...,m —1,m:
k'))| < k, where

A(l,...om—1m k) = (A,...,m—1,m),A(1,....m—1,m+1),...,A(1,...,m — 1,K)).

If the target support exceeds k, the flexibility of the appending framework allows us to partition
the addressable gate C4 (Rz (%)) into g = [|Supp(A(1,...,m—1,m : k'))|/k) factors, each acting
from the control qubit tuple (1,...,m — 1) onto at most k targets in {m,...,k'}. Constructing
appending matrices independently for each factor and composing their corresponding physical

Z-rotations realizes the target gate C" ") (Ry (Z;)) within the final extended code.

A.1.2. The appending-matrix construction in the special case of |[Supp(A(1,...,m —1,m : ¥))| < k.
To simplify the presentation of the construction, we further assume that A(iy,...,im—1,0m) = 1
if and only if (i1,...,9m-1) = (1,...,m — 1) and 4, € {m,m +1,...,s + m — 1}, where s :=
ISupp(A(1,...,m — 1,m : k)| < k. This effectively designates {m,...,s +m — 1} as the set of
all target qubits. Again, recall that we are given a primary [[n/, k'] CSS code (C7{, C%)css, and that
we will obtain appending matrices G; and G3 using an auxiliary [[n, k, d]] CSS code (Cy, Ca)css
for which the modular equations in hold. We define the rows 1, ...,y of G1 as follows:
we set y; = @5:1 yp for the control qubit rows j € [m — 1], assign y; = y;—m+1 for target qubits
m < j <s+m — 1, and set y; = 0 for all remaining rowss+m — 1 < j < k.

Next, we set Gy = G52, and let (61, CA’Q)CSS denote the CSS code obtained by applying the

appending-matrix construction to (C}, C%)css.

A.13. U(l+m—1,w) is a logical operator for (61, @)Css. Consider the transversal Z-rotation U (£ +
m—1,w) withw = (0,7, (—1)"15). By construction, G = Gg, and the rows of G are drawn from
C1/Cs. Consequently, for any z = (/,%) € Cy and y, = (i/,7) € C1/Cy (with a € FY'), we have

T e 62 and y € 51 / 52. By , this guarantees
w-z=0 (mod2™) and w-(z*y,) =0 (mod 2°Fm"1).
Remark@then establishes U (¢ + m — 1, w) as a logical operator on (61, éz)css.
Al4. Ul +m —1,w) realizes Cﬁlm_l) (Rz (%)) up to a logical phase. For any logical state |a) with
a € T, the action of U(£ 4+ m — 1,w) is given by

¥
Ul+m—1w)la), = exp{L%_fm_l (w . (@ a(l)yz>> } la);

=1

K i
— exp{LQZij1 (Z (—1)ctm—lgi-l ( Z (H a(jp)) wir (yj, * -« * yjz)) ) } la); .
=1 1<1 << <k \p=1
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We next show that the ¢t-fold Schur products for ¢ > m vanish in the phase exponent, while the
m-fold products exactly realize the target gate C{" ") (Rz (3)). The t-fold products for t < m,

however, introduce an extraneous logical phase, which we will eliminate in the next subsection.
To see why the t-fold Schur products for ¢ > m vanish, first consider any ordered sequence of
t > m target qubit indices m < p; < --- < p; < s+ m — 1. Condition (26)) implies

W (Ypy * % Yp,) = WH (Ypi—m41 % -+ % Yp—m41) =0 (mod =),

On the other hand, if the Schur product combines the control qubit indices 1 < p; < -+ < pg <
m — 1 with ¢ > 1 and target qubit indices m < r; < --- <1, < s+ m —1witht > m (and
q+t>m), yields

k
U)H(y}h*"'*ypq*yrl*"'*yrt):wH @f’rj@ *grl—m—i—l*"'*yrt—m—i-l
=1

=0 (mod 2™
=0 (mod 2fm-a-tHly,
Because only the first s+m—1 rows of (1 are non-zero, the preceding modular equations guarantee

that all ¢-fold Schur products for t > m vanish in the phase exponent. Consequently, the action of
the physical rotation U (¢ + m — 1, w) reduces to

U(C+m—1,w)la),
T

m 7
st | Do 02 ST (T al) | wn g seev) | | lads
=1

2 1<i1<<gi <k \p=1

= exp{ ¢

(2

We now evaluate the m-fold Schur products of non-zero rows of (G; in the phase exponent. For
any control qubit indices 1 < p; < --- < p, < m — 1 and target qubit indices m < r; <--- <1y <
s+m — 1 with ¢ +t = m. We distinguish three cases: ¢ = 0,1 <g<m—-landg=m—-1.If¢ =0,
then by , these m-fold Schur products vanish:

Wer (Y * % Ypy) = WPy 1% - * Ypy—my1) = 0 (mod 26Fm 7+,

If ¢ <m —1, then ¢t > 2. Consequently, by (29), these products similarly vanish:

k
wH(yp1*"'*ypq*yrl*"'*yrt):wH @gl *grlferl*"'*gmferl
i=1

=0 (mod 2¢F™m~%)

=0 (mod 21).
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If ¢ = m — 1, all control qubits are included, and yields

WH (Ypy * % Yppy 1 *Yry) = WH ((@ yz) * Yy — m+1) =—1 (mod 2Z+m—1) =—1 (mod 2€+1).

Substituting these evaluations into the m-fold product terms, and recalling that
A(ir, ... im—1,%n) = 1 if and only if (i1,...,%m-1) = (1,...,m — 1) and 4, €
{m,m +1,...,s + m — 1}, we see that the logical action of the transversal physical rotation
U(¢ +m — 1,w) further reduces to

Ul+m—1,w)la),

m—1
+ —loi—1
=1 1<ji<--<ji <k! \p=1
2m—1 Z A(j1>~"7]m >
1<j1 < <jm <K’

m—1
_ 2 : ji+m—lgi=1 Z
i=1 1<1 << <k \p=1

m— 1)
C(A 22

(m

Thus, we have successfully realized the target gate C{" " (R (%)) up to a logical phase.

A.1.5. Eliminating the residual logical phase. The residual logical phase arises entirely from the m-
fold Schur products for 2 < m < m, which correspond to addressable logical (m — 1)-controlled-Z
rotations, and the linear terms, which correspond to addressable logical single-qubit Z-rotations.
Let U{ denote the composite logical gate induced by this extraneous phase. By our inductive con-
struction hypothesis on the number of control qubits, we can systematically construct appending
matrices for both these m-controlled-Z and single-qubit Z-rotations to transversally realize the
inverse gate, (U] )'. Incorporating the appending matrices for (U{ ) cancels the residual phase,
yielding the final extended CSS code that transversally realizes the target gate C'" " (Rz (%))
To make this cancellation concrete for the ¢-fold Schur products, we explicitly evaluate the resid-
ual logical phases for ¢ = 1 and ¢t = 2. For the linear terms (t = 1), by and (27), we have

wy(7;) = —1 (mod 24™) and wgy (@Ezl @) = —k (mod 2¢+™). Consequently, the linear terms

. . . . - (_1)m*1 k . (_1)77171
induce the addressable single-qubit Z-rotations (R 7 (W) AL ) and Ry (W) Ay ,

where A1 = (11,0 _p41) and Az = (071, 1s, Op sy 1)-
We systematically eliminate the phase induced by these linear terms by appending auxiliary

matrices realizing Rz (g75—) 4, and Rz (5rm=t) 4, Depending on the parity of m, we may
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specifically need to realize the inverses of this gate; crucially, Remark 3| guarantees that this inver-

sion is straightforward: if U (p, w) realizes a logical gate Uy, then U (p, —w) realizes UE.

Similarly, evaluating the 2-fold product terms using wg ((@?:1 37Z> * yjj) = —1 (mod 2¢+™m~1)

and wy (@Ezl §Z> = —k (mod 2+™~1) identifies the residual addressable 1-controlled-Z rota-

m k m
tions as (CA1 (Rz (Mm))(fl) ) and Cy, (Rz (W))(fl) , where the non-zero entries of

Ajand As in Fngk' are
Ai(iyj)=1for1<i<j<m-—1 and As(i,j)=1forie[m—-1], m<j<s+m-—1.

Appending auxiliary matrices that realize the inverse of these gates cancels the phase induced by
the 2-fold products. Iterating this cancellation procedure through all remaining ¢-fold products
(3 <t < m) completely eliminates the extraneous logical phases. This completes our construc-

tion, yielding the final extended CSS code (C1, C2)css that transversally realizes the target gate
m—1 T
"™V (Rz (3))-

2f

As in Section [, we can construct CSS codes that transversally realize any addressable logical
Cm=Y (Rz (%)) gate. A CSS code can realize any addressable logical C'™~V (Rz (Z)) gate if
and only if it can realize C'"~1 (R (2;)) across any logical qubit tuple (i1, ... ,iy), where 1 <

i1 < -+ <y < k' For the construction, we invoke the appending framework with M = (ﬁ;), and

for every qubit tuple, define a target logical gate UIE“’""W) = Ciy....im (Rz (Z)). This amounts to

instantiating the above construction with the target address tensors A;, .. ;,, whose sole non-zero

cstm

entry is A;, i (i1, im) = 1.

A.2. Relaxed Modular Equations to Realize Addressable Logical Multi-Controlled-Z Rota-
tions. As in Section 5.2} we demonstrate that the system of modular equations in Proposition
can be relaxed. Applying Lemma([17)in Appendix [B|to Proposition[I4]yields the following alterna-

tive characterization:

Proposition 16. Let (C1, Ca)cgg be an [[n, k]] CSS code, where {x1, ...,z } and {y1, ..., yi} are bases

kx---xk
2

for Cy and C1/Cy, respectively. For any order-m target address tensor A € F , the code realizes the

addressable logical gate C'[" ) (Rz (7)) via a transversal physical Z-rotation U (£ +m — 1, w') for some
w' € Z" if and only if there exists a vector w € Z" such that for all a € F%, p € [ka], ordered indices
1 <p1 < - <pg < kowithqg € {2,...,ka}, i € k], ordered indices 1 < iy < --- < i; < k, the

following conditions hold:

w - Ty = 0 (mOd 2@+m,1)7 Ww - («Tm Kook qu) =0 (IIlOd 2€+qu+1)’

w-(z%y,) =0 (mod 26Fm~1),
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(=)™ Y A(iy, ... im)  (mod 2671, ifj =m,
w- (yiy, % *yi;,) =40 (mod 26-m—1y, ifj=1,
0 (mod 2(+m=itly, otherwise.

A.3. Proof of Lemma/i3l

Proof. We establish necessity via a two-phase induction on j € [+ m]: the first phase covers j = 1
through m — 1 (with base case j = 1), while the second spans j = m through ¢+ m (with base case
j = m). We begin with the base case of the first phase: for any i € [k], evaluating ata = ¢;
establishes the base case

w-z; =0 (mod 2°+™),

where the last equality holds because m > 2. For the induction step, assume the result holds for

all pwhere 1 < p < j < m — 1. Then, for any ordered indices 1 < i; < --- < i, < k, we have
w- (25 %+ *2;,) =0 (mod gftm-ptly (30)
Now, for any ordered indices 1 <i; < --- < ij41 < k, evaluating ata = @;ﬁ e, yields
j+1

w - @mip =0 (mod 2°™), (31)
p=1

By expanding the binary addition on the left-hand side of and applying the induction hypoth-
esis (30), we obtain
J+1 ‘
w - @mip = (—2)w- (zj, - *x,,,) (mod 9f+m). (32)
p=1
Equating (31) and (32), we complete the phase one induction argument:

w- (4, %+ *a;,,) =0 (mod otHm=i, (33)

We now turn to the base case of the second phase (j = m). For any ordered indices 1 < i1 <
-+ < iy <k, evaluating 24) ata = @, ¢;, yields

w- [ @i, | =27 A, . im)  (mod 2°77). (34)
p=1

Expanding the binary addition on the left-hand side of and incorporating the modular condi-

tions for 1 < j < m — 1, we arrive at the base case, j = m:

w-(zgy % -oxwg,,) = (=) A(iy, ... i) (mod 2671, (35)
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For the second phase induction, assume the result holds for all p where m < p < j < £+ m. Then,

for any ordered indices 1 <i; < --- < i, < k, we have

D™ Y A(iy, ... im)  (mod 261) if p = m,

W (T %k Ty,) = =
0 (mod 26+m—r+l) otherwise.

(36)

Now, for any ordered indices 1 < i; < --- < ij41 < k, evaluating ata = @;ﬁ e;,, We obtain
J+1
w - @wip =gm-1 Z Aligy, -, ig,) (mod 2¢4™). (37)
p=1 1< <-<gm<j+1
By expanding the binary addition on the left-hand side of and applying the induction hypoth-
esis (36), as well as the first phase modular conditions, we obtain

w- (24, %% a;,,) =0 (mod ot+m=jy,

completing the induction and establishing necessity. To prove sufficiency, we begin by expanding
the binary addition on the left-hand side of into an integer sum:

k k J
w - (@ a(i):cl) = Z(—2)j_1 Z H a(ip) | w- (@4 * - % x4;)
i=1 j=1 1<iy <-<ij<k \p=1

Because we evaluate this expression modulo ol+m any term in the outer summation with j >
¢ 4+ m + 1 vanishes. Substituting into the remaining terms completes the proof:

w - (@mm) =2m Y [T atp) | AGr,... im)  (mod 2¢F™).

i=1 1<ir<-<im<k \p=1

A.4. Proof of Proposition [15]

Proof. By the inclusion-exclusion principle,

k k
wr i | =Y (=2 > wu(@iy e+ Tiy)
/ :

= =1 1<iy<<i;<k

= —1 (mod 2™,

where the last equality follows by (26). We now turn to prove the second claim: For any p € [k],
expanding the left-hand side of via the inclusion-exclusion principle alongside the idempotent

property yp * 4, = yp yields

k
wi | | BT 0 | =wu | e | D+
i=1 i#p
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= wry (Yp) + wr @?ji*gp — 2wy | Yp * @E*ij
i#p i#p

=wr(Bp) —wu | D * B
i#p

Expanding the final term above via the inclusion-exclusion formula, we obtain

ESlt

—1
o o~ 1 ~ ~ ~
WH @yz *Yp | = (_2)q Z wH(yrl ook Y K yp)
i#p q=1 1§T1<"‘<TqSE3
rs#p Vs€lq]

=0 (mod 2¢+m-1),

by virtue of again. Substituting this result back into our main computation gives

k
wi | | DU | * % | =wr(@) (mod 2",
=1

Since we already know from (26) that wg (7,) = —1 (mod 2°+™), reducing the modulus establishes

E
wy @ﬂl *y, | =—1 (mod gbtm=1y,
i=1

completing the proof of the second claim (28).
To prove the third claim (29), consider an arbitrary ordered sequence of distinct indices 1 <
pr<---<pg < kwith g > 2,and let P = {py,..., pq}. Evaluating the left-hand side of based

on the parity of ¢, we have

é - (~ ~ ) WH (@z‘e[E}\P Yi % Ypy * - * %q) ; if ¢ is even,
WH Yi | * Ypy * - * Up, ~ ~ ~ ~ .
i=1 wy ((yp1 koK ypq) 5] @ie@\P Yi ¥ Ypy * -0 % ypq) , otherwise.

For odd ¢, applying inclusion-exclusion yields

wy (gjpl*---*ﬂpq)GB @ i * Upy * - * Up,
ic[k]\P

= wi(py % % Tpg) —wir | D Uik Upy %+ % U,

i€[k]\P

= —wg @ gl * gm K ook gpq (mOd 2£+m—Q)’
iclk]\P
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via (26). Note that showing that the last expression above is equal to 0 (mod 2+™~9) also resolves

the case of even ¢. To this end, applying inclusion-exclusion once again gives us

k—q
- o~ ~ _1 ~ ~ ~ ~
wH @ Yi* Ypy * - * Yp,y :Z(_Q)T Z wH(y31*"'*QST*ypl*"'*ypq)
’LE[E}\P r=1 1§51<...<5T§E:

st¢ P Vte]r]

=0 (mod 2¢+m=1),

again by (26). This completes the proof of the third claim (29). O

APPENDIX B. LIFTING MODULAR EQUATIONS

In this appendix, we prove the lemma that provides the mechanism for obtaining Proposi-
tions [11] and [16] from Propositions [10] and [14] respectively. Specifically, the lemma demonstrates
that if an integer vector w satisfies certain modulo-2¢ equations over a code’s basis vectors, along-
side modular constraints on their ¢-fold Schur products (for ¢ > 2), then we can systematically
refine w into a new vector w’ in such a way that the basis modular equations are lifted to their
modulo-2*! counterparts while leaving unchanged the modular constraints on all the ¢-fold
(t > 2) Schur products.

Lemma 17. Let C' C % be a binary code with basis {x1, ..., x}}, and let A € F% be a fixed vector. Suppose
there exists a vector w € Z" such that for all i € [k] and ordered indices 1 < iy < --- < i; < k with
Jj€A{2,...,0+ 1}, the following conditions hold:

w-xz; = A(i) (mod 29, (38)
w - (zyy % *1w;) =0 (mod 20=i12), (39)
Then, there exists an integer vector w' € Z™ such that
w' -z = A(i)  (mod 2¢1), (40)
W' (zj kx3y;) =0 (mod 2077F2). (41)
Proof. By Lemma 9] conditions and (1) hold if and only if
w -z =wg(ax A)  (mod 2¢71).
To proceed, we introduce a function f; defined over the code C' as follows:
fi(@a) = w-z, (mod 277,
where z, = @];:1 a(p)zp. Expanding the dot product yields
k J

W Ty = Z (_2)3‘71 Z H a(ip) | w- (-Til Kk wij) . (42)

Jj=1 1<iy << <k \p=1
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From (9), f1(x,) simplifies to

k

fi(zg) = Za(i)w -z;  (mod 2¢Fh).

=1

Furthermore, requires that for each i € [k], the difference w - 2; — A(i) must be either 0 or 2

(mod 2°+1). Factoring 2¢ from these terms, the expression evaluates to

k
fi(za) = (wH(a* A)  (mod 2"“)) + (Z a(i) (w-x; — A(9))  (mod 2”1))

i=1
k

= (wn(ax4) (mod 241)) + (25 (Z a(i)w (mod 2)) (mod 2”1)) .

=1
(43)

Next, we isolate the modulo-2 summation by defining the function f; as

k k o i
fo (EB a(z’)xi> =3 a(i)w (mod 2).

=1 i=1

As f5 is a linear transformation from C' to Fo, there exists a vector w; € Fy such that
fo(xg) = wy - xq  (mod 2).
Substituting this dot product representation back into yields
(w—2%w1) -z = wy(ax A)  (mod 2¢71).

Setting w’ = w — 2‘w, satisfies the target modular equations and (41), thereby completing the
proof. O

It should be pointed out that these modular equations cannot be further relaxed. If we weaken
the Schur product condition w - (z; * ;) = 0 (mod 2°) to modulo 2°~1, the expansion of f; in

gains an additional residual term:

2t Y a(z’)a(j)uw (mod 2).
1<i<j<k
The cross-terms a(i)a(j) make this expression non-linear over C. Consequently, it cannot be ex-
pressed as a dot product with a fixed vector, which prevents the linear refinement of w. While this
residual could be interpreted as a bi-linear map over C' x C, physically implementing such a map
requires physical two-qubit C'Z gates, destroying fault tolerance.
Furthermore, weakening the constraint w - z; = 0 (mod 21) to modulo-2°~! produces the

residual term:

k Al
2“Za(¢)w (mod 4).
=1
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Because arithmetic modulo 4 is not linear over C, we once again forfeit the linearity required to

refine w.

APPENDIX C. PROOF OF LEMMA [3]

Proof. We first verify sufficiency. For any non-negative integer p and integer vector w, the operator
U defined in (5) is precisely the transversal Z-rotation

= 7w (1)
U=Q) Rz ( o ) :
i=1
Conversely, consider an arbitrary dyadic transversal Z-rotation as described in Remark [2}

U= @ ()
i=1

Let pmax = max{p; : ¢ € [n]}, and define the integer vector w = (w(1),...,w(n)) € Z" by setting

w(i) = 2Pmx"Pig; By construction, at least one component of w is odd—specifically, any w; for

which p; = pmax. For any computational basis state |z) with x € F%, the action of U evaluates to

Ulz) = (f[exp{ég;qimi}) )

= exp{LQPZax (w - w)} |z) .

Consequently, Up admits the diagonal representation

U = diag (exp{L2pZax (w - x)} tx € FS) .

To establish uniqueness, suppose there exist two such parameterizations:

™

U = diag (exp{sz (wq a:)} tx € IFS) = diag (exp{L1 (ws - a:)} cx € IFS) , (44)

24
where p, ¢ > 0 are integers, and w;, w2 € Z" each contain at least one odd component. Let i be
an index such that wy (i) is odd. Evaluating both the representations at the standard basis vector
x = e; yields
T T o

exp{L2—pw1(z)} = exp{Lﬁwg(z)}.
Because w; (i) is odd, phase equality mandates that ¢ > p. A symmetric argument applied to
an odd component of wy implies that p > ¢, forcing p = ¢. Substituting p = ¢ in the diagonal
equality and evaluating at « = e; for every index i € [n] demonstrates that

wy (i) = we(i) (mod 21""'1)7

which completes the proof. O
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APPENDIX D. PROOF OF PROPOSITION [6]

Proof. By Eq. in the proof of Theorem 5} the physical gate U (p, w) realizes the logical gate Ur,
ifand onlyif p > fand forall z € Cy and a € IF’;, the following condition holds:

w-(z@y,) = 207" > A(in,.. . im)a(in) - alim) | (mod 277, (45)

1<ip < <im <k

We now show that condition implies the stricter bound p > ¢ + m — 1. We prove by contra-
diction, assuming p < ¢ 4+ m — 2. Because the addressability tensor A possesses at least one odd
component, we may permute the indices such that A(1,...,m) is odd.

Let {y1,...,yr} denote the basis for the coset space C/Cs. For any non-empty subset S C

[m — 1], setting = 0 and a = €, g €; in condition (45), we obtain

€S
WYy =W - (@ yi> =0 (mod 2°T1), (46)
ies
As a consequence of (46), for any non-empty subset {i1,...,i,} C [m — 1], it follows that
(=2)" " (w - (g, %% y;,)) =0 (mod 2771, (47)
Applying (47) to the evaluation at a = ;" , e;, we deduce that
W yo = (=2)""H(w- (yrx- -k ym))  (mod 277, (48)
On the other hand, directly evaluating condition (45) at a = ;" , e; (with z = 0) yields
w-y, =2P"YA(1,...,m) (mod 2P*1). (49)

Combining {#8) and [@9), we can express this modular congruence as an integer equation. For
some ¢ € Z, we have

A, ... m) = (=2)" (w- (yy %k ym)) + 2P e
= A(17 oo 7m) = (_1)m—12m—p+€—1 ('U) ' (yl koo X ym)) + 2K+1C.

Because we assumed p < m + ¢ — 2, the exponent m — p + ¢ — 1 is strictly positive. Furthermore,
since ¢ > 0, the exponent ¢ + 1 is also strictly positive. Thus, the right-hand side of the equation
is even, implying that A(1,...,m) must be an even integer. This directly contradicts our initial
premise that A(1,...,m) is odd. We therefore conclude that p > ¢+ m — 1. O

APPENDIX E. PROOF OF LEMMA [9]
Proof. We begin by proving necessity. For any i € [k], evaluating at a = ¢; yields (T6):

w-x; = A(i)  (mod 2H1). (50)
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We prove by induction on j € [¢ + 1], where the base case j = 1 is already established
by . For the induction step, assume the result holds forall 1 < p < j < £+ 1. Then, for any
ordered indices 1 < i < --- < ip <k, if p =1 we have and if p > 2 we have

w- (z, %+ *x;)) =0 (mod 2f-pt2), (51)
Now, for any ordered indices 1 < iy < --- < ij41 < k, evaluating ata = ;3 e;, yields
j+1 j+1
w - @xzp = Z A(ip)  (mod 2°71). (52)
p=1 p=1

By expanding the binary addition, the left-hand side of can be rewritten as

p=1 ISqr<-<gp<j+1

J+1 J+1
Ww - (@ xip) = Z (—2)1)71 Z w - (xiql % oeex :ciqp) (mod 2€+1).
p=1
Applying the induction hypothesis (50) and (51), we obtain
j+ 1 |
w - @xzp = ZA(ip) + (=2)w - (24 % *x,,,) (mod 2t (53)
p=1 p=1
Equating and (53), we finally obtain
w - (i K i) =0 (mod 2077,

completing the induction and establishing necessity. To prove sufficiency, we begin by expanding
the binary addition on the left-hand side of into an integer sum:

k k J
w - (@ a(i)@) = Z(—Q)j—l ( Z (H a(ip)> (CRNC AR 131])) :

i=1 j=1 1<ii<-<ij<k \p=1

Because we evaluate this expression modulo 27!, any term in the outer summation with j >
{42 contains a coefficient of (—2)7~!, which is a multiple of 2¢*! and therefore vanishes. Thus, the
expansion strictly truncates to the first £ + 1 terms. Substituting and into these remaining
terms causes all higher-order Schur products (2 < j < ¢+ 1) to vanish modulo 201 ag well, leaving

only the linear terms:

k k
w. (@aum) =Y a()A@)  (mod 2°)

i=1 i=1

=wg(a*xA) (mod 2¢T1).

This completes the proof. O



APPENDIX F. PROOF OF LEMMA [/]

Proof. The block length and logical dimension of the derived CSS code follow directly from the
construction. To establish the minimum distance, we begin by lower-bounding the X-distance.
For any z € C; \ (3, we can decompose = as = T + y, where z € Cy and y € C;/C> represents
a non-zero coset element. Partitioning these vectors according to their primary and appended

coordinates, we write T = (2/,7) and y = (v/,y), where 2/ € C) and ¢y € C}/C). Because the

appended submatrix [Ggl) e Ggm) merely extends the linearly independent rows of Ger /¢y,

the non-zero condition on y enforces that ¢’ # 0. Consequently, the weight of z is lower-bounded

by the X-distance of the primary CSS code, yielding
dX = dmin(cl \ CZ) > dmin(Ci \ Cé) > d,-

Next, we turn to the Z-distance, dz. By the block-diagonal structure of G¢,, the dual code 02L

decomposes into a direct sum of its constituent spaces:
Gy = ()t o ()o@ ()
Consequently, we obtain the lower bound
Az = din(CF \ CF) 2 dunin(C4) = min{din ((CH)), dmin((C57)) - dunin (C5™) 1)),

This completes the proof. O
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