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1. Introduction

The investigation of emergent phenomena in condensed matter occupies a distinctive
position in modern physics: the microscopic laws governing electrons and nuclei are
known, yet describing their collective consequences remains notoriously difficult [1,
2]. In practice, one therefore works with low-energy effective Hamiltonians or reduced
descriptions that retain only the degrees of freedom relevant to the phenomena of
interest [3–7]. Even after this reduction, most lattice models remain non-integrable, and
exact solutions are rapidly ruled out by the exponential growth of the Hilbert-space
dimension with system size [8–10]. Analytical progress is possible in special limits,
through low-dimensional effective theories, field-theoretic mappings, and integrable
constructions [11, 12], but the generic strongly correlated problem must ultimately be
addressed numerically.

From a broad perspective, classical simulations of quantum many-body systems can
be arranged as in Fig. 1, according to two dominant obstacles: severity of the sign
problem and spatial dimension. The dimension-related difficulty is most prominent in
wave-function-based approaches. These approaches represent the quantum state explic-
itly or in compressed form, and include exact diagonalization and Krylov methods [9,
10], configuration interaction [13], coupled-cluster methods [13, 14], and tensor-network
states [15, 16]. Although important exceptions exist [17], a common limitation among
wave-function-based methods is entanglement: as entanglement grows with system size,
dimension, or time evolution, the cost of representing the state accurately rises rapidly,
making generic two- and three-dimensional problems difficult.

Stochastic approaches, most notably quantum Monte Carlo [18, 19], avoid represent-
ing the full wave function explicitly and instead estimate observables by statistically
accumulating contributions from sampled configurations. Their main limitation is the
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Figure 1. The figure portrays the schematic landscape of the main computational approaches to strongly
correlated quantum many-body systems. The vertical axis indicates the severity of the sign problem, while the
horizontal axis shows spatial dimension, used here as a practical proxy for the growing entanglement complex-
ity that limits wave-function-based methods. Tensor-network methods are most effective in low dimensions,
quantum Monte Carlo performs best when the sign problem is weak or absent, and DMFT is accurate in the
high-dimensional limit. Neural quantum states (NQS) are shown as targeting the broad intermediate regime
between these established approaches. The illustrated NQS is a convolutional neural network on a 4 × 4 spin
lattice.

sign problem, which can make the variance grow exponentially and thereby render the
simulation impractical in precisely the physically interesting regimes [20]. This same
stochastic machinery also underlies many of the impurity solvers used in dynamical
mean-field theory (DMFT), whose central approximation maps the lattice problem
onto a self-consistent quantum impurity model [21–24]. DMFT becomes exact in the
infinite-dimensional limit, but in the physically important regime of intermediate di-
mensions (2D and 3D), quantum Monte Carlo is hindered by the sign problem while
DMFT and its extensions cede the advantage of the underlying infinite-dimensional
approximation.

Thus, the intermediate regime remains unsettled in the sense that neither tensor-
network methods nor conventional quantum Monte Carlo are uniformly satisfactory
there. Many central condensed-matter problems are believed to fall into this regime,
including frustrated magnets, doped fermionic lattice models, and non-equilibrium dy-
namics beyond one dimension [25–27]. Neural quantum states—which we discuss in
the following—constitute an emerging numerical technique aimed at filling this gap in
the computational toolbox by introducing artificial neural network representations of
the quantum wave function [28].

The central idea of NQS is to combine a flexible parametrization of the many-body
wave function with stochastic evaluation of observables. Artificial neural networks are
used for dimensional reduction to achieve a compressed representation of the wave
function. Monte Carlo sampling of computational states makes it possible to estimate
observables without summing over the exponentially large Hilbert space. This approach
does not exhibit the conventional Monte Carlo sign problem [29]; however, when the
ground state has a non-trivial sign or phase structure, the NQS must learn it explicitly.
This can be difficult, but it is not a fundamental obstruction [30, 31]. At the same time,
it has been shown that NQS wave functions can support entanglement structures that
go beyond the standard restrictions of low-bond-dimension tensor networks [32–35].
In fact, the universal approximation capabilities of artificial neural networks [36, 37]
guarantee that arbitrary wave functions can be represented as an NQS in the limit of
large network sizes. This constitutes the foundation for self-consistent accuracy checks,
rendering the approach systematically controlled. While tensor networks share this
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Figure 2. Schematic illustration of a feed-forward neural network, the prototypical artificial neural-network
architecture used in NQS. The network maps an input configuration through a sequence of hidden layers to an
output wave-function amplitude. Each layer consists of an affine linear transformation followed by an activation
function f , which is nonlinear and typically strictly monotonic.

property, a key advantage of NQS is that different neural network architectures can be
used to confirm convergence under varying approximation bias.

In this perspective, we review recent progress in applying NQS to lattice quan-
tum many-body problems in condensed matter. We discuss where NQS are already
competitive with alternative state-of-the-art methods, why NQS are suitable for those
settings, which obstacles still limit their broader use, and what future directions appear
promising at this point. Recent reviews have introduced the general NQS framework,
architectures, and applications, and we refer the reader to them for more technical
discussions [38, 39]. For current state-of-the-art NQS work in continuum electronic
structure, we refer to Refs. [40, 41]. The scope of the present work is to highlight the
most successful NQS architectures and best practices for optimization and sampling
strategies. To support these choices, we discuss recent results for frustrated spin sys-
tems, interacting fermions, and real-time dynamics that are state-of-the-art not only
within NQS. Throughout, comparisons to tensor-network, quantum Monte Carlo, and
dynamical mean-field approaches serve as a reference for identifying the class of prob-
lems for which NQS are most likely to extend the reach of classical simulations of
strongly correlated quantum matter.

2. Neural Quantum States in a nutshell

In NQS, the wave-function compression is achieved by representing the wave function
in a fixed local product basis, often referred to as the computational basis. For instance,
for a spin-1/2 system of N sites one commonly uses the joint eigenbasis of the local
spin-z operator (Ŝzi ), that is the product basis |s⟩ with s ∈ {−1, 1}N . In this basis
the exact wave-function amplitudes ψs1s2...sN = ⟨s|ψ⟩ are replaced by a parameterized
ansatz ψθ(s) defining the variational state

|ψθ⟩ =
∑
s

ψθ(s) |s⟩ . (1)
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The ansatz can be understood both as a function ψθ : s 7→ ψθ(s) that maps configura-
tions to amplitudes, and as a continuous function θ 7→ |ψθ⟩ that maps variational pa-
rameters θ ∈ RNP to a quantum state, as shown in Fig. 2. Introducing the parametrized
ansatz replaces the exponential storage of dimH amplitudes by NP parameters, which
is the key step toward a compressed approximation of quantum many-body states.

For NQS, this map from configurations to amplitudes is represented by an ANN.
The simplest example is the feed-forward network sketched in Fig. 2, where the input
configuration is transformed through successive compositions of linear and non-linear
transformations into an output amplitude. This elementary construction provides the
starting point for more problem-specific choices and design principles for NQS archi-
tectures, which we discuss in Sec. 4.2.

After choosing an ansatz and defining the NQS |ψθ⟩, one has access to any expec-
tation value of the form

⟨Ô⟩ ≡ ⟨ψθ| Ô |ψθ⟩
⟨ψθ|ψθ⟩

=
∑
s

pθ(s)Oloc(s), (2)

where pθ(s) ≡ |ψθ(s)|2∑
s |ψθ(s)|2 is the Born distribution defined by the current variational

state, and

Oloc(s) ≡
∑

s′:Oss′ ̸=0

Oss′
ψθ(s

′)

ψθ(s)
, Oss′ = ⟨s| Ô

∣∣s′〉 (3)

is the estimator or local observable for any physical observable Ô. The only requirement
on Ô is that it be sufficiently sparse [29], so that the sum over all s′ with Oss′ ̸= 0 is
tractable. The remaining sum over states s in Eq. (2) cannot in general be evaluated
exactly, since the Hilbert-space dimension grows exponentially with N . Instead, NQS
uses Monte Carlo (MC), replacing the sum by MC estimates obtained from samples
drawn from pθ

⟨Ô⟩ ≈ 1

NS

NS∑
i=1

Oloc

(
s(i)

)
, s(i) ∼ pθ(s). (4)

The Monte Carlo estimator in Eq. (4) is unbiased and converges to the expectation
value of the variational state |ψθ⟩ as the number of samples NS increases, with the
statistical error decreasing as O(N−1/2

S ).
Although NQS use artificial neural networks, their training is usually not data driven.

In conventional supervised learning, a neural network is trained from reference input-
output pairs and learns to reproduce an underlying mapping from these examples [42].

For quantum many-body states, this is typically not feasible, as the target wave
function is itself unknown and cannot be provided as training data. Instead, one de-
termines the network parameters through mathematical and physical constraints that
the state must satisfy. The paradigmatic example is the ground state |ψ0⟩, which is
singled out by the variational principle

E0 = min
ψ

⟨ψ| Ĥ |ψ⟩
⟨ψ|ψ⟩

. (5)
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If the ground state is not degenerate, the minimum is unique up to an overall phase.
Restricting the search to the variational family |ψθ⟩ gives the variational energy

E0 ≤ E(θ) =
⟨ψθ| Ĥ |ψθ⟩
⟨ψθ|ψθ⟩

. (6)

Thus, optimizing θ amounts to minimizing an upper bound to the exact ground-state
energy. The variational energy therefore plays the role of the loss function [42], and its
minimization is discussed in Sec. 4.3.1.

The other widely used principle concerns the time evolution of a variational state
|ψθt⟩, where θt are the NQS parameters at time t, which have to satisfy the time-
dependent Schrödinger equation up to the residual |ϕ⟩

|ϕ⟩ = i
∑
j

[θ̇t]j |∂jψθt⟩ − Ĥ |ψθt⟩ , with ⟨∂jψθt |ϕ⟩ −
⟨∂jψθt |ψθt⟩ ⟨ψθt |ϕ⟩

⟨ψθt |ψθt⟩
= 0 . (7)

Thus, the Schrödinger equation cannot usually be satisfied exactly, because Ĥ |ψ⟩ does
not necessarily lie completely in the tangent space span

{
|∂jψθt⟩

}
. With the condition

that the residual is completely outside of the tangent space one arrives at the time-
dependent variational principle (TDVP)

∑
j

[θ̇t]j ⟨∂iψθt | Q̂ |∂jψθt⟩ = −i ⟨∂iψθt | Q̂Ĥ |ψθt⟩ , with Q̂ = 1− |ψθt⟩ ⟨ψθt |
⟨ψθt |ψθt⟩

, (8)

which allows the propagation of NQS in time. The matrix Sij ≡ ⟨∂iψθt | Q̂ |∂jψθt⟩ on
the left-hand side of Eq. (8) is the quantum geometric tensor (QGT) and the vector
Fi ≡ −i ⟨∂iψθt | Q̂Ĥ |ψθt⟩ on the right-hand side is the force vector.

The key property of Eqs. (5) and (8) is that, for local Hamiltonians, the energy, its
gradients, the force vector and QGT can be written as MC expectation values over
the Born distribution |ψ(s)|2. This makes it possible to optimize E(θ) with gradient-
based methods and to evaluate the parameter time derivatives required by TDVP (as
discussed in more detail in Sec. 4.3.1 and Sec. 4.3.3). In this respect, NQS optimization
resembles the minimization of loss functions in machine learning, although it operates
without reference data. In practice, this Variational Monte Carlo (VMC )—or tVMC
in the context of time evolution—formulation is what makes both ground-state search
and time evolution feasible in Hilbert spaces too large for explicit summation.

3. The state of the art

In this section we discuss examples of NQS applied to condensed matter problems,
obtaining state-of-the-art numerical results when compared to other methods. This
illustrates the types of problems where NQS can overcome the limitations inherent in
other numerical approaches.
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Figure 3. Numerical results for the ground state of the J1 − J2 model. (Left) Timeline of ground state
phase diagrams using various numerical methods since 2010. The type of method / ansatz is indicated along
with the lead author of each study. NQS results are indicated by stars. The works shown are compiled from
Refs. [43–59]. A consensus has been reached that the ground state phase diagram consists of Néel, gapless spin
liquid, valence bond solid and collinear phases. (Right) Comparison of variational energies for J2/J1 = 0.5
using different NQS ansätze (adapted from Ref. [57] under CC BY 4.0).

3.1. Ground states of frustrated magnets

Our first example is the study of ground states of frustrated quantum magnets [60],
where NQS have recently developed into a powerful tool. Frustrated quantum magnets
have been well studied over the past few decades as systems which may host exotic
states of matter such as quantum spin liquids [61–64]. The success of NQS is best
illustrated by work on the J1 − J2 model on the square lattice,

Ĥ = J1
∑
⟨ij⟩

Ŝi · Ŝj + J2
∑
⟨⟨ij⟩⟩

Ŝi · Ŝj , (9)

where J1 couples nearest and J2 next-nearest neighbors. In this and many other
condensed-matter Hamiltonians, the matrix elements of the Hamiltonian are real, and
the off-diagonal elements have inhomogeneous signs in the sampling basis {|s⟩}, so
the ground state has real components with a non-trivial sign structure. Therefore, the
components ψ(s) = |ψ(s)|eiϕ(s) of the exact ground state will have quantum phases
ϕ(s) ∈ {0, π}, and the ansatz should not only approximate the magnitude |ψ(s)|, but
also the non-trivial sign structure, eiϕ(s) ∈ {−1,+1}.

For antiferromagnetic, non-zero J1, J2, quantum Monte Carlo has a sign problem
and the Marshall sign rule [65] does not solve the ground-state sign structure. Further-
more, around J2/J1 = 0.5, competing ground-state orders make variational approaches
challenging.

Despite efforts using various methods, including density matrix renormalization
group (DMRG) [44], conventional VMC [47] and projected entangled pair states
(PEPS ) [51, 52], the ground-state phase diagram in the quantum paramagnetic regime
(around J2/J1 = 0.5), remained controversial (see Fig. 3). One possible scenario [48,
49, 53, 54] was that the region consisted of two phases: a gapless quantum spin liquid
and a valence bond solid. However, resolving whether the spin liquid was indeed a phase
or a quantum critical point required precise finite-size scaling, with indirect evidence
coming from the locations of level crossings [53, 54]. Nomura and Imada [55] used a

6
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a) b) c)

Figure 4. a) Energies reached on 8 × 8 for various architectures at half filling. b-c) Stripe pattern at 1
8

hole doping for only nearest neighbor hopping (b) and including next to nearest neighbor hopping. The top
panel shows the spin correlation function, while the bottom panel shows cuts of the staggered spin correlation
function (red) and density (blue). All panels are adapted from Ref. [68] and published under CC BY 4.0.

RBM+PP wave function to simulate up to 18× 18 lattices with periodic boundaries,
obtaining the most accurate ground-state solutions yet. The RBM+PP wave function
constructs an ansatz

ψRBM+PP
θ (s) = J RBM

θ (s)ψPP
θ (s) (10)

from the combination of a shallow neural network (a restricted Boltzmann ma-
chine [28]), J RBM

θ (s), and a more conventional pair-product wave function, ψPP
θ (s) [66].

The authors also enforced symmetries on the ansatz in order to obtain accurate re-
sults. They showed that the level crossings did indeed correspond to the claimed phase
transitions and with careful finite-size scaling of the order parameters and correlation
ratios confirmed this ground-state phase diagram. Nevertheless, the RBM+PP wave
function relies on a parton mean-field decoupling of the Hamiltonian to derive the
pair-product part, therefore introducing a source of physical bias. Similar ground-state
energies were later obtained using a group-convolution neural network (GCNN ) [56],
retaining the role of symmetries while removing the mean-field-derived component of
the wave function. Subsequently, the introduction of minSR [57] (see Sec. 4.3.1) allowed
the use of much larger neural networks of up to O(106) parameters, resulting in even
more accurate ground states with translationally-equivariant neural networks [57–59].
This constituted a breakthrough in terms of tackling ground states with non-trivial
sign structure in two dimensions, using wave functions free from mean-field bias and
applicable to systems with periodic boundary conditions.

As a result, these neural network architectures have been successfully applied to
study the ground states of other models, such as the Shastry-Sutherland model [67].

3.2. Ground States of the Hubbard Model

In the study of itinerant, interacting lattice fermions, the square-lattice Hubbard model

Ĥ = −t
∑
⟨ij⟩,σ

(
ĉ†iσ ĉjσ + ĉ†jσ ĉiσ

)
+ U

∑
i

n̂i↑n̂i↓, (11)
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gives rise to a rich variety of physical phenomena from simple microscopic rules, in-
cluding qualitative features of cuprate superconductors [69]. It consists of a kinetic
term, with hopping t > 0, and an onsite interaction term of strength U . A particularly
numerically challenging problem is finding the ground state of the hole doped square
lattice model with filling fraction around n = 0.875 and repulsive, moderately large
interaction U as QMC solutions are hindered by the sign problem [70, 71] and various
near degenerate low-energy solutions make the problem also hard to deal with varia-
tionally [26, 72–74]. By now a consensus on length λ = 8 filled stripes as the ground
state has been reached in this regime by various numerical techniques [74–77].

More recently, NQS were applied to this part of the ground-state phase diagram [68,
78–80], achieving the lowest variational energies yet, with clear signatures of the λ = 8
striped phase, on large lattices of up to 16× 16 with periodic boundary conditions.

Previous work on the t − t′ Hubbard model with next nearest neighbor hopping t′
suggests that the ground state at t′/t = −0.2, U/t = 8 and n = 0.875 is a partially
filled superconducting state [81] in coexistence with spin density stripes with length
λ fluctuating around λ = 4 depending on the system size. Gu et al. [78] focused
on the details of the stripes using NQS, showing that this fluctuation, along with
the crossover in stripe direction, were boundary effects which could be eliminated
using periodic boundary conditions. The ability of NQS to simulate genuinely two-
dimensional systems with periodic boundaries offers a major advantage over other
methods, allowing one to identify boundary effects at smaller system sizes.

Using a different NQS architecture based on Pfaffians, a superconducting λ = 4
partially-filled stripe phase was found [79], qualitatively consistent with the results
in Ref. [81]. Despite various works showing comparable variational energies for the
groundstate in this regime [68, 78–80], they do not agree on the nature of the ground
state. Viteritti et al. reported convergence between different NQS architectures after
both symmetry restoration and energy-variance reduction [82]. Rende et al. introduced
a symmetry-preserving ansatz intended to avoid broken-symmetry local minima [80].
They achieved the lowest variational energies up to date for systems up to 24 × 24,
finding superconducting order.

3.3. Dynamics

While the ground state encodes the static zero-temperature properties of a Hamil-
tonian, out-of-equilibrium dynamics probes a much larger portion of its spectrum.
Access to dynamics therefore reveals quasiparticles and collective modes through re-
sponse functions [84, 85], tests the stability of ergodicity-breaking phases [86, 87], and
can even expose intrinsically dynamical phases of matter such as time crystals [88, 89].

This importance is matched by the numerical difficulty, as real-time evolution is
among the hardest problems in many-body physics. The introduction of NQS opened a
promising new route to this long-standing problem. Early time-evolution studies based
on the TDVP formulation of Eq. (8) already demonstrated the viability of this approach
for the transverse-field Ising model (TFIM) in one dimension. The substantially more
demanding two-dimensional TFIM,

Ĥ = −J
∑
⟨ij⟩

Ŝzi Ŝ
z
j − h

∑
i

Ŝxi , (12)

is of greater physical interest and has therefore become a particularly useful bench-
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Figure 5. The schematic a) shows a space-time picture of a quench across a critical point at t = 0. During a
ramp parameterized by the dimensionless distance to the critical Hamiltonian parameter ε(t) = t/τQ, critical
slowing down prevents the correlation length from following the equilibrium divergence of the correlation
length, so ξ saturates at a finite freeze-out scale ξ̂. A freeze-out length scale together with the freeze-out
time t̂ form a sonic horizon, so that the system breaks symmetry in quasi-independent domains of size ξ̂,
producing defects and thus excitations. Figure b) summarizes the results of the finite size examination of the
quantum Kibble-Zurek mechanism in Ref. [83]. It shows the finite-size scaling of the excitation energy density
Q = 1

L2

(
⟨Ĥ(t)⟩−E0(t)

)
at the critical point t = 0, shown as QL3 vs ξ̂/L for different L(=

√
N) and boundary

conditions. For ξ̂ ≪ L, the data collapse follows the quantum Kibble-Zurek prediction Q ∝ ξ̂−(d+z) = ξ̂−3(d =

2, z = 1). As ξ̂ approaches L, the finite-size gap induces a crossover to an adiabatic regime with Q ∝ τ−2Q.
The collapse across periodic (NQS) and open-boundary tensor-network simulation demonstrates universality
beyond ramp protocol and boundary details, and the system sizes reached in the NQS simulations are essential
to identify the scaling behavior in the non-adiabatic regime. Both figures are reproduced from Ref. [83] and
published under CC BY 4.0.

mark. In an early benchmark, Schmitt and Heyl showed that NQS can simulate quench
dynamics in this model on lattices as large as 10 × 10, reaching timescales compara-
ble to or beyond then-state-of-the-art tensor-network methods [27]. The techniques
introduced in Ref. [27] were subsequently used, with problem-specific modifications,
to compute the spectral function of the TFIM close to criticality [90]. This unprece-
dented access to late-time dynamics also enabled a clear numerical test of the quan-
tum Kibble–Zurek mechanism through a combination of TN and NQS simulations,
again in the TFIM [83]. In this picture, a finite-rate sweep across a quantum critical
point becomes nonadiabatic because of critical slowing down, generating defects in
the symmetry-broken phase, here ferromagnetic domains separated by domain walls.
Ref. [83] thereby confirmed the predicted finite-size scaling of the excitation-energy
density with the correlation length, as illustrated in Fig. 5. Recent work extended this
approach to the case of the three-dimensional quantum Ising model with up to 1000
qubits [91].

In a similar vein, Medvidović et al. computed the Loschmidt echo in the two-
dimensional quantum rotor model on systems of up to 8× 8 sites, showing that NQS
combined with Hamiltonian Monte Carlo yields stable unitary real-time dynamics and
quantitatively accurate echoes [92].

Beyond standard TDVP integration, an important alternative is to propagate the
state over a short time step and then variationally project the result back onto the
ansatz manifoldM = {|ψθ⟩ | θ ∈ RNP }. In projected time-dependent variational Monte
Carlo (p-tVMC), this projection is formulated as an optimization problem at each time
step, for example by minimizing the infidelity between

∣∣ψθt+1

〉
and the propagated state

e−iδtH |ψθt⟩ [93]. This is particularly useful when the wave function develops exact or
approximate zeros, where standard TDVP-based propagation can struggle [93]. Closely

9

https://creativecommons.org/licenses/by/4.0/


related projection-based ideas have also been successfully applied to ab-initio electron
dynamics by Nys et al. [41].

A second alternative abandons stepwise propagation altogether and instead opti-
mizes the full trajectory at once. In the explicitly time-dependent t-NQS approach,
the network represents ψθ(s, t) directly and its parameters are trained over a whole
time interval by minimizing a global residual (Eq. (7)) of the Schrödinger equation
[94]. Closely related in spirit, the time-dependent neural Galerkin method of Ref. [95]
represents the trajectory as a time-dependent linear combination of time-independent
NQS basis states and optimizes it through a global-in-time variational principle. Both
approaches have been benchmarked successfully on the TFIM, including long-time dy-
namics.

Open quantum systems constitute another established application for dynamic NQS
methods. The unitary evolution is replaced by a Lindblad master equation for the den-
sity operator. Early work introduced neural density operators based on latent-space
purification, restricted Boltzmann machine density matrices and purified steady-state
ansätze, and used them to compute non-equilibrium steady states or dissipative dynam-
ics of spin models [96–100]. The derivation of a TDVP directly for Lindblad evolution
with autoregressive neural density operators enabled real-time dissipative simulations
of one- and two-dimensional Heisenberg systems as well as confinement dynamics with
losses [101]. More recent formulations either represent the open-system state through
measurement probabilities in a POVM basis or employ deeper density-operator archi-
tectures, including Liouville-space, convolutional, and transformer ansätze, broadening
the class of accessible Lindbladian steady states [102–105]. Related applications now
extend to lattice-gauge and quantum-optical settings, including the Schwinger model,
waveguide-QED emitter arrays, and many-body super- and subradiant light–matter
dynamics [106–108].

4. Best Practices

Over recent years, several best practices for applying NQS have been identified, mostly
empirically:

(1) Symmetries. Enforce as many symmetries as possible (Sec. 4.1).
(2) Spin architectures. For spin models, use a translationally-equivariant or group-

equivariant architecture such as a CNN or GCNN (Sec. 4.2).
(3) Fermionic signs. For fermionic models, use a determinant- or Pfaffian-based

ansatz (Sec. 4.2).
(4) Ground states. For ground-state calculations, optimize the wave function using

minSR, enabling the use of deep neural networks (Sec. 4.3.1).
(5) Dynamics. For dynamics with TDVP, use as many samples as possible to esti-

mate the QGT and regularize its spectrum carefully for the inversion (Sec. 4.3.3).
(6) Parallelization. Use GPUs to parallelize sampling and observable estimation

(Sec. 4.4).

In the following, we discuss these points in more detail.

4.1. Physical Bias

The central idea of NQS is to use asymptotically unbiased and expressive wave func-
tions such that an accurate approximation of the true solution can be found via opti-
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mization, in a wide range of different phases of matter. However, using very unstruc-
tured wave functions makes finding a nearly-optimal solution difficult [109], so some
physical bias should be included to guide the optimization towards physically-relevant
solutions. Some of these are exact constraints, such as symmetry, or sign structure in
the cases when they are exactly known. Others are more general notions of the func-
tional dependence of the wave function on its input variables, such as locality. In this
subsection, we discuss aspects of these physical biases which are important factors in
NQS design.

First, since condensed matter Hamiltonians in most cases exhibit local interactions,
this leads to the notion of locality in their wave functions, for example in spin sys-
tems [110–112] and, from an entanglement perspective, the area law for non-critical
systems [112, 113]. The need to work with local structures arises not only in NQS, but
also naturally in a wide range of machine-learning tasks, including image classification,
time-series analysis, and natural language processing. Accordingly, a variety of archi-
tectures originally developed for such applications, including CNNs [114], RNNs [42],
and GCNNs [115], have also found use as NQS. We discuss these architectures in more
detail in Sec. 4.2.

Next, condensed matter Hamiltonians possess symmetries, which means that eigen-
states must belong to irreducible representations (irreps) of the symmetry group [116].
Enforcing this structure explicitly can improve the accuracy of variational energies and
other observables [49, 82, 117, 118]. A recent example is provided by Viteritti et al. [82],
who compared Pfaffian- and determinant-based states with nearly identical variational
energies but different correlation functions, especially in the pairing channel. Includ-
ing translational and rotational symmetries substantially reduced these discrepancies,
illustrating that reliable physical observables may require symmetry enforcement even
when the variational energies already agree.

In particular, for discrete symmetries, this can be done via a quantum number
projection of the form

ψsymm(s) =
dα
|G|

∑
g∈G

χ∗
gψ(g

−1s), (13)

where G is the symmetry group to be symmetrized over, dα the irrep dimension and
characters χg corresponding to the group element g, projecting the wave function
to a desired irreducible representation. Typically, Eq. (13) is used to enforce lattice
symmetries (the space group), as well as discrete spin symmetries, such as spin-parity
symmetry in the computational basis. However, as the number of translation group
elements scales with the number of lattice sites, naively applying this quantum number
projection is prohibitively expensive for large lattices. This limitation can be overcome
by a judicious choice of neural network architecture, which we discuss in Sec. 4.2.

Beyond projection, symmetries such as particle number or magnetization can be
easily enforced via sampling [55–57, 67]. Other approaches such as enforcing SU(2)
symmetry by working in a total momentum basis [119, 120], or translational symme-
tries via use of representative samples [121, 122] or through restricting sampling to a
particular set [123], have been proposed, although they have not been widely adopted.

Learning the sign structure (see Sec. 3.1) can be particularly challenging for
NQS [124, 125]. For this reason, it has been common to bias trial states towards known
proxy sign structures for spin systems [55, 66, 126]. For lattice fermions, successful wave
functions are based on determinants and Pfaffians [68, 78, 127–131], biasing towards
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Figure 6. A local, translationally-equivariant architecture. Since the output of each layer depends on local
information, locally identical environments are mapped to the same features (labelled cells). Since each layer
is translationally-equivariant, translating the output is equivalent to translating the input (compare top and
bottom rows). Therefore the wave function can be projected to a desired translational irreducible representation
in a single evaluation by appropriate choice of output function.

mean field sign structures. From this point of view, approaches that minimize built-in
bias while retaining high accuracy are preferable.

4.2. Architectures

A good choice of NQS architecture for a specific problem incorporates the physical
biases discussed in the previous section in an efficient way. Fortunately, some of these
requirements are encountered in well-established machine learning applications, so neu-
ral network components developed in these contexts can be directly applied in NQS.

Both locality and translational symmetry arise in computer vision tasks, resulting in
the development of deep convolutional neural networks (CNNs) [114, 132, 133]. These
are built out of convolutional layers which, for a two-dimensional system, perform the
operation

z
(n)
ijm = b(n)m +

∑
δx∈Kx

∑
δy∈Ky

Cn−1∑
c=1

K
(n)
δxδycm

h
(n−1)
i+δx,j+δy,c

,

h
(n)
ijm = f

(
z
(n)
ijm

)
.

(14)

Here h(0) ≡ s is the input configuration, m = 1, . . . , Cn labels output channels, and
Kx,Ky are the spatial kernel offsets of extents kx and ky. The convolutional kernel
K(n) ∈ Rkx×ky×Cn−1×Cn is the local, weight-shared analogue of the dense matrix W (n)

of the linear transformation in Fig. 2, with bias b(n)m ; spatial indices are interpreted
using the boundary convention of the lattice, for example modulo Nx, Ny for periodic
boundaries. Finally, the nonlinearity f acts element-wise on its input.

These layers incorporate locality as the output at a given position (i, j) depends
only on the input variables in a given region around it (see Fig. 6). In order to exploit
this, the input to convolutional layers in an NQS [27, 109, 134, 135] should be shaped
with the locality of the problem in mind, for example ensuring that the positions of
variables in x are related to their positions on the lattice, and using patching to ensure
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up and down spin electrons [68, 136] or variables within a unit cell [67] are associated
with the same spatial position.

Convolutional layers are also translationally equivariant [115, 137],

y(Tgx) = Tg′y(x), (15)

where on the left-hand side a translation, Tg, is applied to the input and on the right-
hand side, Tg′ , to the output of the convolutional layer (see Fig. 6). Using Eq. (13),
an NQS constructed from translationally-equivariant layers can be projected to a mo-
mentum sector (translation group irrep) during a single network evaluation. The wave
function can be further symmetrized over the point group by quantum number projec-
tion, projecting the wavefunction efficiently to a specific irrep of the lattice space group.
CNNs can be generalized to be symmetric under the full space-group in GCNNs [115,
138], projecting to a space group irrep in a single evaluation.

Combined with the development of minSR (see Sec. 4.3), allowing optimiza-
tion of neural networks with large numbers of parameters, state-of-the-art deep
translationally-equivariant NQS for ground states of spin problems have been devel-
oped [57, 59, 67, 139, 140], inspired by highly optimized architectures used for computer
vision tasks [141–143]. These are either explicitly convolutional networks [57] or vision
transformers with factored or spatial attention [59, 139], which have broadly similar
structures [140]. The structure of these networks consists of an embedding layer, used
to set the translational unit cell of the NQS, a deep encoder which extracts a high-
dimensional hidden representation [67], and a shallow, complex output block.

For fermions, the advantage of using lattice symmetry-equivariant networks is not
as clear-cut as for spins. As discussed in Section 4.1, high-accuracy fermionic NQS
use the output of neural networks as the elements of a determinant or Pfaffian state.
While it is possible to use the translationally-equivariant architectures described above
with determinants [144] and Pfaffians [68, 80], the equivariant encoder appears to be
performing worse than symmetrization via quantum number projection (Eq. 13) [136].
Nonetheless, this approach becomes unfeasible for large systems, due to the scaling of
the number of the number of elements in the space group symmetry group, tipping
the scale again towards equivariant architectures [80]. Instead of enforcing the full lat-
tice symmetries via quantum number projection, Chen et al. only restored sublattice
symmetries instead in order to overcome the computational cost of quantum number
projection achieving state of the art energies [68]. On the other hand, in Ref. [78] the
authors were able to obtain state-of-the-art energies using a neural backflow trans-
former without enforcing any lattice symmetries, highlighting the fact that there is
more work to be done in understanding the most effective way to implement lattice
symmetries for these systems.

For dynamics, state-of-the-art results have been achieved using CNNs [27, 92]; how-
ever, as discussed in Section 4.3, the time-evolution algorithm restricts the size of neural
networks which can be used. Therefore, lightweight versions of the translationally-
equivariant NQS used for ground states can be applied to dynamics [145, 146].

The notion of locality can alternatively be included using autoregressive architec-
tures [42], which model the output as

ψθ(s) =

√
|ψθ(s1)|2|ψθ(s2|s1)|2 . . . |ψθ(sN |s1, . . . , sN−1)|2eiϕ(s), (16)

where the conditional distributions |ψθ(si|s1, . . . , si−1)|2 are computed in a spatially
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sequential fashion starting from ψθ(s1). Examples of autoregressive NQS include recur-
rent neural networks (RNNs) [147] and transformers with masked self-attention [148,
149]. They have the advantage that uncorrelated samples can be drawn efficiently and
directly from the wave function, rather than being generated through an MCMC pro-
cess, as discussed in Sec. 4.3. For spin models, the use of autoregressive architectures
has largely been restricted to models where the ground state is real and positive (e.g.,
ground states of stoquastic Hamiltonians) [147–151]. This difficulty in learning non-
trivial sign structures could stem from the lack of expressivity of autoregressive wave
functions [152].

Other types of networks have been developed to incorporate problem-specific biases,
such as gauge symmetries for lattice gauge theories [120, 153–155] and quantum spin
liquids [156].

4.3. Optimization and Sampling

We now turn to the algorithmic question of how to optimize these states for ground-
state searches and how to propagate them in time. While the underlying variational
principles are conceptually the same as in traditional VMC, the practical setting is
remarkably different. Modern NQS ansätze contain far more parameters and exhibit
greater expressive power than the strong physically biased wave functions historically
used in VMC, which often involve only O(N) variational parameters. Their greater ex-
pressive power broadens the class of states that can be represented, but it also makes
optimization more demanding, increases memory requirements, and often requires spe-
cialized hardware for efficient training and evaluation. These challenges have motivated
the development of algorithms tailored to large neural-network ansätze, often draw-
ing directly on the software ecosystem and optimization strategies of modern machine
learning. In this section, we discuss the resulting best practices for ground-state opti-
mization and time evolution, as well as the sampling procedures used to estimate the
quantities required for both.

4.3.1. Ground state search

Starting from the variational principle in Eq. (5), ground-state search reduces to the
numerical minimization of the variational energy with respect to the NQS parameters
θ. In practice, this is carried out with first-order gradient-based optimization. A sim-
ple and computationally cheap choice is the Adam optimizer, an adaptive stochastic
optimization method widely used in machine learning [157]. Adam and related opti-
mizers are robust, easy to implement, and perform well for moderately sized networks.
In the NQS context they have been used successfully especially for autoregressive ar-
chitectures such as RNNs [158–160]. However, autoregressive architectures are by no
means limited to Adam-style first-order optimization, and can likewise be optimized
with stochastic reconfiguration [161, 162].

In fact, most state-of-the-art NQS ground-state results are obtained with stochastic
reconfiguration (SR) methods [19, 163], which can be viewed as a stochastic realization
of natural gradient descent [164]. Physically, SR corresponds to imaginary-time evolu-
tion projected onto the variational manifold, in close analogy to the TDVP equation in
Eq. (8). This connection is reflected by the close similarity between the TDVP equation
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Figure 7. Here we compare gradient descent vs natural-gradient descent on the Rosenbrock landscape. (a)
Standard gradient descent −∇R(x1, x2) produces a flow field with opposing directions that meet in a long
valley. The opposing gradient directions produce a zig–zag trajectory as it repeatedly overshoots across the
narrow curved valley of the Rosenbrock function (white contours), slowing convergence toward the minimum
(magenta star). (b) Natural-gradient descent −S−1∇R(x1, x2), with QGT S as preconditioner, reshapes the
flow to better align with the valley geometry, yielding a smoother path that follows the valley more directly.
Background colors indicate the gradient magnitude (left color bar), while the grayscale bar encodes the objective
value R(x1, x2).

for the parameter time derivative θ̇ and the SR equation for the parameter update ∆θ,∑
j

Sij ∆θj = −∂iE(θ). (17)

The parameters are then updated according to

θ ← θ + η∆θ, (18)

with learning rate η. The key idea is that the update is not chosen with respect to the
Euclidean geometry of parameter space, corresponding to the identity metric Sij =
δij used in ordinary gradient descent, but with respect to the geometry induced by
the quantum state itself. This geometry is encoded in the quantum geometric tensor
(QGT),

Sij = Re ⟨∂iψθ| Q̂ |∂jψθ⟩ , Q̂ = 1− |ψθ⟩ ⟨ψθ|
⟨ψθ|ψθ⟩

, (19)

or, equivalently,

Sij = ReEs∼pθ

[(
Γi(s)− E[Γi(s)]

)†(
Γj(s)− E[Γj(s)]

)]
, (20)

where Γi(s) = ∂θi logψθ(s) and pθ(s) ∝ |ψθ(s)|2. In this way, SR computes the pro-
jected imaginary-time update for which the residual of Eq. (19) is orthogonal to the
tangent space of the variational manifold span

(
{|∂iψθ⟩}

)
, in direct analogy to the

TDVP construction in Eq. (8). As illustrated in Fig. 7, this does not change the opti-
mization landscape itself, but rescales updates so that broad weak-gradient directions
do not slow down the optimization, thereby guiding the trajectory more directly toward
the minimum.
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The drawback of SR is its higher computational cost. In its standard form, one has
to estimate and solve a linear system involving the NP ×NP QGT, so the optimization
bottleneck scales with the number of variational parameters. Since the Monte Carlo
estimate of the QGT has rank at most NS , this parameter-space formulation becomes
prohibitive for modern deep architectures with NP ≫ NS . Recent low-rank reformula-
tions of SR, in particular minSR [57, 58], exploit the structure of the stochastic QGT
expression in Eq. (20) and replace the NP × NP linear system by an NS × NS prob-
lem (or 2NS × 2NS for complex wave functions), thereby shifting the bottleneck from
parameter count to sample count. Empirically, this reformulation is often already fa-
vorable for moderate sample numbers, and in many recent applications stable training
was achieved with NS ∼ 103, enabling deep architectures with up to 106 parameters
[57, 58, 79, 165].

In any formulation, the SR equation is typically ill-conditioned because the QGT
contains very small eigenvalues arising from statistical noise or redundant parameter
directions. In practice, this is mitigated by regularization, most simply through a diag-
onal shift S → S + λI with λ > 0. Stability and convergence can be further improved
by more refined regularization schemes. For example, SPRING (sub-sampled projected-
increment natural gradient descent) [166] smooths the effective eigenvalue cutoff of the
QGT and combines this with momentum, reducing sensitivity to Monte Carlo noise
while accelerating convergence. Gu et al. [78] later extended this idea with a dynami-
cally adapted variant that performed particularly well for the Hubbard model, further
improving the robustness and scalability of SR-based optimization.

4.3.2. Convergence Metrics

For the ground-state search with NQS, the most common figures of merit are the varia-
tional energy and the energy variance V

[
Hloc

]
=

〈
(Hloc−⟨Hloc⟩)2

〉
. By the variational

principle, the variational energy provides an upper bound on the exact ground-state
energy, while the energy variance vanishes for any exact eigenstate and therefore sup-
plies an additional stringent consistency check. A small variance alone does not certify
that the ground state has been found, but Ref. [167] empirically observed that the di-
mensionless variance (V-score) is approximately proportional to the true energy error,
namely the relative deviation between the exact and variational ground-state energies.
When MCMC is the sampler of choice, final accuracy checks should also be repeated
with fresh, independently initialized chains to verify that they thermalize and repro-
duce the reported observables, otherwise apparently accurate energies can be artifacts
of frozen or non-ergodic sampling rather than of an improved variational state [168].

4.3.3. Dynamics

In time-dependent VMC (tVMC), all derivatives are estimated using VMC as described
above. Unlike ground-state search, real-time dynamics does not steadily approach a
fixed point. Instead, integration errors are propagated forward and can accumulate
over time, so only very little noise can be tolerated in the MC estimate of the QGT
and in the solution of the TDVP linear system Eq. (8). In practice, increasing the num-
ber of samples is generally not sufficient to obtain a well-conditioned full-rank QGT,
making careful regularization essential [27, 169]. Since the hard cutoff of a plain Moore-
Penrose pseudo-inverse is incompatible with smooth solutions of the TDVP, established
regularization schemes rely on generalized pseudo-inverses with smooth truncations of
the eigenvalue spectrum [27, 92, 170]. As optimal values for the cutoff may vary with
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time, recent work introduced a scheme to adapt the regularization parameter dynam-
ically while fixing the residual [171]. In addition, Ref. [27] introduced an additional
regularization to eliminate particularly noisy contributions from the TDVP equation.
Due to the non-linearity of the TDVP equation (8), it is generally imperative to employ
integrators with adaptive time step. In many cases, unnecessarily small time steps can
be avoided by employing the quantum geometric tensor to quantify the integration
error in state space instead of parameter space [27].

By contrast, best practices for more recent alternatives such as p-tVMC [93], t-NQS
[94], and neural Galerkin [95] approaches are still much less established, so we restrict
our discussion to TDVP-based dynamics. Among these newer methods, some practical
guidance is beginning to emerge for p-tVMC, for instance in the recent work of Gravina
[145].

4.3.4. Sampling

The NQS formalism avoids explicit summation over the full many-body Hilbert space
by replacing it with averages over a set of configurations {|si⟩}NS

i=1 ∼ pθ(s), drawn
from the Born distribution of the variational wave function. Observables and derived
quantities are then obtained as MC averages of their respective estimators Eq. (4) over
these samples. Importantly, any quantity whose estimator can be written in the form of
the local observable estimator in Eq. (3) can be estimated efficiently, with the required
number of samples increasing only polynomially with the desired precision [29].

By contrast, quantities entering the ground-state search or TDVP, such as the energy
gradient and the QGT, do not admit a formulation as local observable estimators. These
quantities can nevertheless be estimated by rewriting them as importance-sampled
averages with respect to the Born distribution. For a quantity X =

∑
s x(s), one may

write

X =
∑

s: pθ(s)̸=0

pθ(s)
x(s)

pθ(s)
, (21)

but the resulting estimator is only unbiased if x(s) = 0 whenever pθ(s) = 0. If ψθ(s)
has roots on configurations where x(s) ̸= 0, the Born distribution does not sample
all relevant contributions and the estimator is therefore biased [38, 93]. This issue
is often negligible in ground-state calculations when one works in sectors where the
variational state is non-zero everywhere, but it can become important in real-time
evolution where nodes may proliferate during the dynamics [93]. Recent work proposes
to sidestep biased estimators by employing importance sampling techniques [172].

Even when no formal bias is present, Monte Carlo estimators can have a very large
variance. This applies both to local observables and to general importance sampled
quantities. While the resulting estimates remain efficient in the complexity-theoretic
sense, a large variance increases the practical sampling cost, because the statistical
error decreases only as N−1/2

S . A particularly unfavorable situation arises when the
Born distribution is strongly peaked in the chosen basis. Then the MC samples explore
only a small part of configuration space, while the estimator may receive appreciable
contributions from a much broader region. In that case, many samples are required
before averages converge reliably. For derivative-based quantities such as the QGT
and the energy gradient this problem is often more severe, because their significant
contributions in configuration space are typically broader than those sampled efficiently
by the Born distribution itself [162].
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Equally important as the estimation itself is the generation of the underlying sam-
ples. For that purpose, Markov-chain Monte Carlo (MCMC) is most commonly em-
ployed. In the standard Metropolis–Hastings scheme, illustrated schematically in Fig. 8,
one constructs a Markov chain by proposing updates of the current configuration s→ s′

and accepting or rejecting them probabilistically. In lattice models with discrete de-
grees of freedom, the most common proposals are local moves such as single-spin flips,
local particle hops, or pair updates chosen to preserve conserved quantum numbers
[28, 38]. These updates are simple and architecture agnostic, but their efficiency de-
pends strongly on how rapidly they explore the relevant part of configuration space.
MCMC produces correlated samples; in practice, one must also monitor thermalization
and autocorrelation times and discard an initial warm-up period before accumulating
measurements.

An important alternative is available for autoregressive NQS [147]. There, the joint
probability of a configuration is factorized into conditionals, as indicated by Eq. (16)

pθ(s) = |ψθ(s1)|2|ψθ(s2|s1)|2 . . . |ψθ(sN |s1, . . . , sN−1)|2 =
N∏
i=1

pθ(si|s<i), (22)

which allows one to generate configurations sequentially by ancestral sampling

si ∼ pθ(si|s<i) with pθ(s1) = pθ(s1|const.) . (23)

The resulting samples are independent by construction and therefore avoid both ther-
malization and autocorrelation issues. In addition, autoregressive models permit sam-
pling strategies such as Gumbel top-K sampling [173], which generate samples without
repetition and can improve sample efficiency when the Born distribution is strongly
concentrated, thereby alleviating the variance problem [162].

4.4. Complexity and GPU parallelization

The algorithm underlying ground-state optimization with NQS, and likewise TDVP for
real-time evolution, consists of three core stages: sampling, estimation of observables
and gradients, and the optimizer step. The total wall time of an algorithm iteration is
therefore composed of sampling-and-estimation part and an optimization part,

TALG ∼ Tsample+obs + Topt , (24)

where Tsample+obs = neval(N,NS)TNQS(N) and TNQS(N) denotes the cost of one
batched evaluation of the ansatz, that is the simultaneous evaluation of ψθ(s) for a
whole set of configurations, and neval the number of such evaluations required per
iteration.

The abstract decomposition above becomes more transparent by considering a typi-
cal example like a dense feed-forward ansatz (Fig. 2) with width proportional to system
size and depth D, for which one network evaluation scales as

TNQS(N) ∼ O(DN2). (25)

If sampling is performed with local Metropolis updates, then obtaining one effectively
new sample requires roughly one sweep of O(N) proposed moves, so the sampling
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Figure 8. The figures show a schematic of the multi-GPU-accelerated workflow for NQS-based VMC or
TDVP. The computationally dominant NQS evaluation is parallelized on GPUs during (left) Markov-chain
Monte Carlo sampling and (right) local observable estimation. Multiple independent Markov chains are ad-
vanced concurrently by batching NQS evaluations on each device to better saturate the GPU. The Metropolis-
Hastings accept/reject step is depicted as a probability-weighted binary decision tree, emphasizing the stochas-
tic decision that turns a proposed configuration into the next configuration of the chain. The resulting sample
pool {si}

NS/Nrank
i=1 is distributed across Nrank independent processes, which then independently evaluate local

observables of the form Oss′
ψθ(s

′)
ψθ(s)

. Finally, per-process contributions are reduced to obtain the global Monte
Carlo averages.

cost per sample is O(N TNQS). For a local Hamiltonian on a d-dimensional lattice,
the local-energy estimator couples a configuration to O(dN) connected configurations,
so observable estimation likewise requires O(dN TNQS) work per sample. The energy
gradient can be obtained at essentially the same cost as the energy itself, since the
required logarithmic derivatives are evaluated through automatic differentiation [42].
Under local Metropolis sampling and without architecture-specific fast updates, this
gives the illustrative estimate

Tsample+obs ∼ O
(
NSDN

3
)
, (26)

up to model-dependent prefactors and possible implementation-dependent speedups
from caching, symmetry reduction, or architecture-specific fast updates [174]. At the
same time, these stages are embarrassingly parallel, since each chain and each config-
uration can be processed independently, as sketched in Fig. 8. Distributing the work
over Nrank parallel processes therefore reduces the wall time approximately to

Twall
sample+obs ∼ O

(
NSDN

3

Nrank

)
, (27)

up to minor overhead. For MCMC, each chain incurs a warmup cost before measure-
ments are accumulated. In optimization runs, however, chains are usually initialized
from samples of the previous iteration, so once the parameters evolve smoothly only
a short rethermalization is often needed, which is why parallelization becomes more
effective as the sample count NS increases. Autoregressive samplers have the further
advantage that they generate i.i.d. samples directly and therefore benefit from paral-
lelization immediately.

The optimizer step can become a separate bottleneck when performing TDVP or
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ground-state search using (min)SR, since one must solve a linear system involving
the quantum geometric tensor (QGT). In a parameter-space formulation with NP

variational parameters, a dense QGT solve scales as O(N3
P ), which can become pro-

hibitive for modern neural-network ansätze. Matrix-free iterative solvers avoid storing
and factorizing the full QGT and instead reduce the problem to repeated QGT-vector
products, substantially lowering the per-iteration cost. Their total runtime, however,
still depends on the number of Krylov iterations and therefore on the conditioning of
the problem and the regularization scheme [28]. The minSR formulation exchanges the
parameter dimension NP for the sample dimension NS , which can be advantageous
when NS ≪ NP , but the same basic tradeoff between dense and matrix-free linear
solvers remains. In practice, SR is therefore most effective when the linear solve is kept
subdominant compared to sampling and observable estimation.

NQS are particularly well suited to hardware accelerators such as graphics process-
ing units (GPUs), because the dominant workload consists of large batches of dense
linear algebra and tensor contractions in the network evaluation and derivative compu-
tation. A single Markov chain or a single local-observable evaluation rarely saturates a
modern accelerator, so many such tasks can be batched on one or multiple devices with
little additional overhead, as illustrated in Fig. 8. This is precisely the execution model
exploited by modern NQS packages such as NetKet [175], jVMC [170], and Quan-
tax [176], which build on machine-learning frameworks like JAX [177] to provide dis-
tributed execution and accelerator support with comparatively little problem-specific
engineering.

5. Future Directions

As we have discussed in the previous sections, NQS is a versatile technique, able to
address open questions at the forefront of condensed matter research. The major ad-
vantages of NQS are:

(1) Versatile applicability across lattice geometries, entanglement structures, and ir-
respective of the QMC sign problem.

(2) Universal approximation capabilities enabling controlled accuracy and non-
perturbative treatment of strong correlations.

These two attributes define the realm where the most impactful future applications of
NQS may be expected: Strongly correlated systems exhibiting intricate entanglement
structures and a QMC sign problem. Thereby, NQS could break new ground on a
variety of current frontiers of condensed matter physics summarized in Fig. 9. However,
the most demanding applications pose recurring challenges that will require further
methodological advances, namely (A) learning sign and phase structures of the wave
function, (B) enforcing symmetries and representation constraints, and (C) accessing
dynamical response and non-equilibrium evolution. In the following, we discuss these
challenges and we outline possible future applications of NQS that would be enabled
by overcoming them.

5.1. (A) Learning sign and phase structures

Sign and phase learning is a central bottleneck whenever the ground state has a non-
trivial sign or phase structure, which is the case when the Hamiltonian, expressed in the
sampling basis, has both negative and positive off-diagonal entries, a property known as
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Figure 9. Signpost of future directions for NQS in condensed matter and related lattice problems. The central
panel summarizes three current roadblocks that limit the application of NQS to key physical systems: (A)
learning sign and phase structures, (B) enforcing symmetries and entanglement constraints, and (C) accessing
real-time propagation and dynamical response. The surrounding panels illustrate problem classes that fall
naturally within the scope suggested by versatile applicability and universal approximation capabilities, but
whose treatment is still held back by one or more of these bottlenecks.

non-stoquasticity [178]. This offers a useful distinction when discussing sign problems
of QMC versus NQS, since the non-stoquastic attractive Hubbard model can present a
significant challenge for general NQS, but has a sign-problem-free auxiliary-field QMC
formulation [19, 179].

Non-stoquasticity is a natural feature of fermionic Hamiltonians because of fermionic
anticommutation relations, and it is also a common property of frustrated magnets. In
some important cases, however, the non-stoquasticity can be cured. For example, in the
square-lattice Heisenberg antiferromagnet, the Marshall sign rule fixes the ground-state
sign structure [65]. For free fermions, the antisymmetric signs are not a fundamental
obstacle because the problem reduces to single-particle diagonalization. The difficulty
is that there is no generally efficient way to find such a cure: stoquastic local Hamil-
tonians form a special complexity class [178], and finding even restricted local basis
rotations that cure a non-stoquastic Hamiltonian is NP-complete [179]. This leaves the
vast majority of Hamiltonians in the seemingly untouchable class of non-stoquastic
problems.

The situation is in practice more nuanced than that, as shown by a recent study
of the isolated sign-learning problem, which demonstrates that frustrated sign struc-
tures can contain exploitable Boolean-Fourier structure and therefore need not behave
like featureless worst-case learning problems [31]. This nuance is further underlined
by high-quality NQS ground states that have been obtained for non-stoquastic spin
Hamiltonians close to simple proxy signs such as the Marshall sign rule [56, 57, 67].
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The epitome of non-stoquastic systems currently treated with NQS is the class of
fermionic Hamiltonians. Here the standard strategy is to build antisymmetry into de-
terminant, Pfaffian, or backflow-inspired layers [68, 127, 129, 131]. These approaches
represent the current state of the art for Hubbard-model benchmarks [68, 78, 79, 82],
but they introduce a mean-field bias and a raw determinant or Pfaffian scaling cost of
O(N3

e ), which low-rank-update techniques mitigate but do not remove [174].
This leaves two connected goals: (i) an unbiased treatment of sign and phase struc-

tures, and (ii) better scaling for controlled antisymmetric layers. Progress on (ii) would
already solve pressing problems that require large simulation sizes, like three-band
cuprate models [77, 180], multilayer nickelates [181–183], and Moiré Hubbard mod-
els [184, 185]. Progress on (i) would broaden access to elusive phases like quantum
spin liquids [25, 60, 63], topological order [186], and anyonic lattice models [119, 120].
Solving both goals is especially important near quantum criticality, where small en-
ergy differences between competing phases make careful finite-size scaling decisive [187,
188].

5.2. (B) Enforcing symmetries and representation constraints

Historically, variational Monte Carlo wave functions were often built from physically
motivated ansätze designed for a specific phase, such as Jastrow-correlated, Gutzwiller-
projected, or mean-field states. This makes their symmetry content and representation
limits relatively transparent, but it also builds in strong assumptions about the phase
being described [19]. That bias becomes limiting when the goal is to identify an un-
known phase or resolve a delicate critical point. A concrete example is the square-lattice
Néel–VBS deconfined quantum critical point, where spin-rotation symmetry, lattice
symmetries, and emergent critical symmetries all matter, while numerical scaling has
required nonstandard interpretations such as two divergent length scales [189, 190].
NQS offer a possible route through this problem, since their large parameter spaces
make systematic improvement with architecture and parameter count possible, but
increasing the number of parameters does not fully address the issue. For that, one
must also know whether the architecture can represent the required symmetry sector
and how its parameter count controls representational power. This leaves two closely
related challenges, namely symmetrizing NQS so that the Hilbert-space sector of in-
terest is represented directly and finding laws that connect architecture and parameter
count to representational power.

Recently, progress has been made on the latter in two significant ways. First, the
entanglement that NQS can represent is now better understood through bounds such
as SA = O(k logN) in the number of scalar nonlinearities k and system size N [35].
Second, transformer-NQS calculations on the square and triangular J1-J2 Heisenberg
models found, within the accessible precision window, that the V -score decays approx-
imately as a power law in training compute, with an exponent that decreases with
frustration [191]. Taken together, these results suggest that increasing model size and
training compute can systematically improve NQS accuracy, while also indicating that
frustration can make a given target accuracy more expensive. The latter observation
may be a symptom of an increasing number of near-degenerate low-energy states or
symmetry-sector mixing [30, 192].

Solving the problem of imposing symmetry constraints on NQS would make calcula-
tions more reliable when low-energy orders in different symmetry sectors compete [118,
121]. Currently, two complementary approaches exist for enforcing symmetries: project-
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ing the ansatz into the right subspace with Eq. (13), or building the symmetry into an
equivariant architecture such as a GCNN [115, 138]. The architecture-based route can
avoid explicit sums over all group elements and has been successful for lattice symme-
tries and, with more specialized equivariant constructions, also for non-Abelian gauge
symmetries [138, 144, 193]. Its accuracy and applicability, however, still depend on the
expressive power of the chosen ansatz and on which representations or symmetry con-
straints are built in. Projection-based approaches remain broadly applicable, including
to non-Abelian or anyonic symmetry sectors, but they add a symmetry-averaging cost
and can complicate optimization [118, 119, 121, 194]. Thus, whether symmetries are
enforced projectively or by the underlying ansatz, the interaction between symmetry
enforcement, expressivity, and optimization does not automatically improve results,
but requires special care, as illustrated by the escalating symmetry projections used
in [165].

Better handling of symmetry and representation constraints would make finite-size
scaling more reliable near quantum criticality, where competing states can be very
close in energy [187, 188]. It would also sharpen calculations of quantum spin-liquid
candidates and topologically ordered or anyonic phases, where the relevant sector is
selected by symmetry, gauge, or fusion constraints as much as by energy [25, 63, 186,
195]. For lattice gauge theories, the same progress would let NQS work directly in
the physical gauge-invariant sector for condensed-matter gauge descriptions and for
Hamiltonian gauge dynamics in high-energy physics, including finite-density regimes
where conventional Monte Carlo faces a sign problem [25, 196, 197].

5.3. (C) Accessing dynamical response and non-equilibrium evolution

Investigating quantum many-body systems in non-equilibrium situations is a multi-
faceted research area addressing questions that range from the foundations of statis-
tical physics to technological applications. Theoretical studies are motivated by the
development of increasingly more sophisticated experimental platforms for quantum
simulation and quantum computing [198–200] as well as ultrafast techniques to probe
solid state systems [201, 202]. Such experiments have, for example, revealed the pos-
sibility of light-induced superconductivity [203] or discrete time crystals [204], and in
many cases, the experimental observations challenge our theoretical understanding.

Time evolution of quantum states combines different challenges discussed in the pre-
vious sections. In generic cases, the wave function rapidly develops non-trivial phase
structures and the target state is typically surrounded by a continuum of mid-spectrum
states. Moreover, while the search for stationary low-energy states is often contractive
and thereby forgiving deviations in individual optimization steps, forward-propagation
in time requires high accuracy in every time step to avoid the accumulation of errors.
Simulations of linear response to weak perturbations as probed in various forms of
spectroscopy, however, allow the exploitation of additional structure present within
the low energy sector. Promising NQS directions include real-time variational prop-
agation, variational access to excited states, and direct reconstruction of dynamical
correlators [90, 161, 205]. Beyond ground-state response functions, scalable multi-state
optimization, for example through orthogonalization, penalty terms, or enlarged-space
formulations [40, 206], can turn NQS into a tool for computing experimentally relevant
response functions in correlated electron materials, even for finite temperatures.

While various works have exploited the capabilities of NQS for novel insights into
the non-equilibrium dynamics of quantum many-body systems beyond linear response
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[83, 91, 207–209], severe bottlenecks have been reported in other cases [210, 211]—the
precise origin of which, however, remains unclear. For further progress, it is therefore
pivotal to develop a better methodological understanding and to address the identified
limitations. Sinibaldi et al. recently pointed out that conventional tVMC is formally
ill-defined [93], triggering various efforts to circumvent the problem by devising alter-
native ways of solving the time-dependent variational principle [41, 145, 172]. Devel-
oping a reliable toolbox with well-understood scope will be crucial for broader future
applications. Besides effective optimization, there is a substantial gap between the
NQS network sizes used for time evolution (between 103 and 105 parameters) and the
state of the art for ground-state problems (around 106 parameters). As optimization
cost is the limiting factor for parameter numbers in time evolution, scaling up net-
work sizes is among the outstanding challenges—recall that enabling larger parameter
counts by more efficient optimization was a key breakthrough for ground-state search
[57]. The common approach to assess accuracy of time-dependent simulations is test-
ing agreement of observable quantities under varying network sizes and architectures
and analyzing estimated deviations from the exact solutions (if available) in each time
step. These are, however, often difficult to interpret. It would be desirable to develop
an expressive figure of merit comparable across NQS architectures and model systems
similar to the V-score for ground-state search [167].

Recent works have started exploring alternatives to the plain forward propagation
of NQS in time. The t-NQS [94] and neural Galerkin [95] methods incorporate time
as an explicit parameter of the wave function ansatz to solve Schrödinger’s equation
(or a Lindblad equation [107]) in the spirit of physics-informed neural networks [212].
Besides possible routes to circumvent bottlenecks of conventional forward propagation,
these methods may serve as a starting point for even more ambitious NQS modeling,
such as foundation models that simultaneously solve the dynamics across a range of
varying physical parameters [213].

Despite substantial room for methodological advances, NQS approaches are begin-
ning to reveal new insights into the dynamical properties of quantum many-body sys-
tems. Particularly promising directions connect to the strengths of NQS in targeting
arbitrary lattice geometries and strong correlations—recall that dynamical situations
are generally plagued by the MC sign problem. The ability to obtain spectral functions
in two- or three-dimensional systems could open new perspectives on the character-
istics of unconventional equilibrium states of matter such as quantum spin liquids
[214], unconventional superconductors [215] and quantum critical points [188]. Once
pushed out of equilibrium, quantum many-body systems exhibit a rich phenomenol-
ogy on transient timescales. Light-induced order has been observed in various forms,
but investigating the underlying microscopic mechanisms and developing a notion of
transient non-equilibrium phases of matter remains an active area of research [202].
The ability to realize artificial quantum many-body systems in two or three dimensions
poses numerous physical questions that advanced NQS techniques may help to shed
light on, e.g., concerning phase ordering dynamics [216], complex relaxation dynamics
of topological defects [217], or time evolution subject to strong dynamical constraints
[218, 219]—including lattice gauge theories [220, 221]. The ongoing developments in
quantum computing and quantum simulation demand numerical reference simulations.
While recent attempts have remained limited [222–224], NQS provide a possible route
to further raise the bar of classical simulation capabilities. Besides benchmarking, NQS
may serve as a tool to develop strategies for many-body quantum control and the sta-
bilization of non-equilibrium states of matter in quantum simulators.
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6. Conclusion

The state-of-the-art applications discussed in this perspective show that NQS have de-
veloped from a proof-of-principle variational ansatz into a competitive tool for selected
strongly correlated lattice problems. Their successes in frustrated magnets, doped Hub-
bard models, and non-equilibrium dynamics point to two useful organizing principles.
First, NQS have versatile applicability across lattice geometries, entanglement struc-
tures, and Hamiltonians for which conventional QMC suffers from a sign problem. Sec-
ond, they offer universal approximation capabilities, so that the approximation
error can in principle be reduced arbitrarily by enlarging and refining the variational
family. In combination with the varying bias of different architectures, this property
allows for the certification of obtained results via self-consistent convergence checks.

The same examples also make clear why NQS are not yet a black-box solver. The
main roadblocks are learning non-trivial sign and phase structures, enforcing sym-
metries and physical constraints without sacrificing expressivity, and obtaining stable
real-time evolution and dynamical response. These are serious algorithmic challenges,
but—to the best of today’s knowledge—they differ in character from the conventional
QMC sign problem or the entanglement bottleneck of tensor networks. In QMC, the
sign problem can make statistical errors grow exponentially for a fixed formulation, and
in tensor networks, high-dimensional or highly entangled states can exceed the practi-
cal capacity of the representation. For NQS, the corresponding obstacles are more often
questions of architecture, optimization, sampling, and diagnostics. They can still be
prohibitive in practice, but current results suggest that they are not universal no-goes
in the same sense.

This distinction is the main reason to continue working on the roadblocks summa-
rized in Fig. 9. Progress would let NQS shed light on long-standing problems such as
spin-liquid diagnostics in frustrated magnets, competing orders in multi-orbital and
Moiré correlated materials, heavy-fermion quantum criticality, lattice gauge dynamics,
and light-induced or transient phases of matter. It would also make NQS valuable as
classical verification tools for programmable quantum simulators and quantum com-
puting platforms [198–200], and as a route to theoretical predictions for ultrafast probes
of quantum materials [201, 202].
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