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Abstract. The notion of p-derivation as introduced by Buium has a rich history of applications in arithmetic

geometry. Working over Zp, Buium-Ralph-Simanca showed that arithmetic differential operators built from these
determine p-adic analytic functions and vice versa. Notably, over Zp, there is only one p-derivation. In this article,

we consider the same question for ramified extensions Aπ with uniformizer π. This has the effect of passing from

ordinary to partial differential operators, since such extensions can enjoy multiple π-derivations. We introduce a
notion of analytic functions which are naturally determined by these operators in a way analogous to that in the

unramified case, but with a significantly richer structure. We show that under mild conditions, analytic functions

and partial differential operators determine each other in this setting.

1. Introduction

We build on an arithmetic analog of differential equations pioneered by Buium and introduced in [Bui96], for
a thorough treatment see [Bui05] and the subsequent references. This subject rests on the development of a
remarkable analogy between differentiation and the Frobenius map. Fix throughout a prime integer p. Recall a lift
of Frobenius on a ring A is a ring homomorphism ϕ : A → A so that ϕ(x) ≡ xp mod p. When A is p-torsion free,
associated to ϕ is a p-derivation δ : A → A defined by

δ(a) :=
ϕ(a)− ap

p
for a ∈ A.

This is interpreted as an arithmetic differentiation or as in line with the perspectives here, a differentiation in the
‘arithmetic direction’ p. A basic example to consider is A = Zp and ϕ = id. Passing to the completed maximal
unramified extension of Qp it is important to note that its ring of integers, denoted R, still supports a unique such
ring homomorphism. That is, there is only one p-derivation on R. Viewing polynomial expressions in δ as analogs
of differential equations, these are ordinary differential equations. This theory has generated a substantial number
of applications to arithmetic geometry via finiteness type theorems in Diophantine geometry [Bui96, BP09]. These
applications come largely from the arithmetic analogs of Manin maps [Bui95] as well as the theory of δ-modular
forms [Bui00, Bui08]. Through this lens, problems are translated into a theory of ordinary arithmetic differential
equations, which then can be solved. Additionally, an entirely new subject aimed at honing this analogy into a
lens which transforms tools from differential geometry into tools aimed at purely arithmetic applications was again
pioneered by Buium [Bui17, Bui19].

There is a substantial difference between Zp and R however. Roughly, [BRS11] shows that, working in Zp the
basic operations coming from p-derivations are intimately connected to classic theories of p-adic analytic functions.
In fact, the main theorem of [BRS11] is that the theories determine each other. This is far from the case when
working over R, and so the δ-operation can be viewed as an algebraic replacement of more analytic techniques.

We give a precise recap of the connections over Zp. In [BRS11], two kinds of functions are considered. The first are
the arithmetic differential operators of order r, those functions f : Zp → Zp of the form f(a) = F (a, δ(a), . . . , δr(a))
for a restricted power series F ∈ Zp[[x0, x1, . . . , xr]]. The second are the p-adic analytic functions of level r,
which are functions f : Zp → Zp which for each a ∈ Zp, there is a restricted power series Fa ∈ Zp[[x]] so that
f(a+ pru) = Fa(u). Their main theorem is the following, see [BRS11, Thm. 4,5].

Theorem 1.1 (Buium-Ralph-Simanca). A function f : Zp → Zp is an arithmetic differential operator of order
r if and only if it is analytic of level r.

However, this theorem fails if one passes from Zp to R, [RS12, Thm. 10.1]. The failure highlights that arithmetic
differential equations are genuinely new objects from this classic perspective lying outside the realm of analytic
methods. Perhaps the best interpretation is that they are sometimes a replacement for the lack of these analytic
methods in arithmetic geometry. This in part helps explain their many applications.
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Some of the application of arithmetic differential equations to Diophantine geometry were recently enhanced by
the second author’s works with Buium which largely is unlocked by passing to a ramified extension. Specifically,
the rings Rπ := R[π] for π a root of an Eisenstein polynomial over R defining a Galois extension support multiple
π-lifts of Frobenius which should be viewed in analogy to rings of functions of several variables. This admitted
immediately a wider space of solutions to arithmetic differential equations. The ramified solutions to arithmetic
ordinary differential equations was explored [BM20, BM23a]. It also opened a door to a wider theory of arithmetic
differential equations, analogous to moving from ordinary to partial differential equations. Specifically, a study fully
embracing the arithmetic partial differential equations was taken on [BM23b]. Systematic adaptations yielded a
significant enhancement to the foundations of arithmetic differential geometry, [Bui17]. None of these are discussed
in the content here, but the interested reader should consult [BM26]. Problems in this theory naturally suggested
the questions that led to our work.

The relationships outlined in [BRS11] have been adapted to the ‘multivariate’ setting, but not in a way that can
be applied to the fully arithmetic PDE situation just described. Indeed, in [Bra20] the setting Zn

p was considered.
However, this passage to a multi-variable situation utilizes a different analogy. The topological ring Zp can be
viewed as both the unit p-adic ball as well as the p-adic valued functions on a point. One multivariate generalization
considered moves from Zp to Zn

p . This is a ‘spacial’ enhancement, it keeps the level of arithmetic the same but
adds more inputs, thus lies in the first analogy. Instead, viewing p-derivations as ‘directions’ as they are interpreted
in [BM26], one should consider ramified extensions of Zp. Such a consideration was made [Lam23], however, this
did not consider multiple π-lifts of Frobenius, instead only using one choice of lift. To fully harness the arithmetic
PDE setting we want to explore arithmetic differential operators attached to multiple π-lifts of Frobenius with
minimal restriction. To account for this, we also propose a new and deeper notion of analytic function to which
these differential operators correspond.

We briefly summarize the main results of this article. To prepare, we fix π a root of an Eisenstein polynomial
over Zp defining a Galois extension and set Aπ := Zp[π]. Unlike the unramified setting, Aπ can enjoy multiple
π-lifts of Frobenius coming from restrictions of Frobenius automorphisms in the absolute Galois group. These
always coincide when restricting further to Zp but can remain distinct over Aπ. Equip Aπ with π-lifts of Frobenius
ϕ1, ϕ2, . . . , ϕn, i.e. ring homomorphisms for which ϕi(a) ≡ ap mod π. Associated to each π-lift of Frobenius is its
π-derivation δi(a) := (ϕi(a)− ap)/π. To keep track of bookkeeping, set Mn the non-commutative monoid of words
on the set {1, . . . , n} under concatenation and for r ≥ 0, Mr

n the set of words of length at most r and M=r
n the

words of length exactly r. Each word µ = i1 · · · is ∈ Mn defines a composition dµ := δi1 ◦ · · · ◦ δis and a composition
ϕµ = ϕi1 ◦ · · · ◦ ϕis .

An arithmetic partial differential operator of order at most r is a function f : Aπ → Aπ which is given
by f = F (δµ(a) : µ ∈ Mr

n) where F ∈ Aπ[[xµ : µ ∈ Mr
n]] is a restricted power series. A function f : Aπ → Aπ is

analytic of level r provided for each a ∈ Aπ there is a restricted power series Fa ∈ Aπ[[xµ : µ ∈ Mr
n]] so that

f(a+ πru) = Fa(ϕµ(u)) for all u ∈ Aπ.

Note the definitions naturally agree, taking π = p and n = 1, with those of [BRS11]. Passing from Zp to Aπ is
an ‘arithmetic’ enhancement, it keeps the level of the space the same but now adds more ‘arithmetic directions’ i.e.,
more functions which honestly depend on multiple arithmetic directions as indicated by the multiple π-derivations.
This notion of analytic produces some interesting phenomena, namely a function of one variable that can depend
multivariately on its input and the non-trivial family of π-lifts of Frobenius on that variable. These analytic
functions are genuinely new objects to p-adic analysis that appear only in the ramified setting, they have no
unramified counterpart. It is this analogy that is of most utility in the theories introduced in [BM23b, BM26].

Theorem 1.2. (Theorem 3.3 and Theorem 4.1) Fix {ϕ1, . . . , ϕn} a collection of π-lifts of Frobenius on Aπ and
r ≥ 0. Every arithmetic partial differential operator of order r is analytic of level r. If ϕ1 is identity, then the
converse holds, that is, when f : Aπ → Aπ is analytic of level r, f is an arithmetic partial differential operator of
order at most r.

While the major beats of the proofs are similar to those in [BRS11], the level of notational precision necessary to
pass from the ordinary differential operator to the partial differential operator setting is substantial. Theorem 3.3,
which shows every arithmetic partial differential operator is analytic, is essentially direct to establish. We also
establish an order analysis similar to [BRS11, Lem. 10], see Theorem 3.4. To prove Theorem 4.1, one constructs the
desired power series by inductively computing its coefficients. Here, the setting is more complicated than that in
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[BRS11], and in fact uses [BRS11, Thm. 1] roughly as a base case. Additionally, there is an inherent uniqueness in
the main theorem of [BRS11] that does not persist to the multivariate setting. We give, in Section 4, a self-contained
summary of the proof of the corresponding theorem [BRS11, Thm. 5] which is the π = p, n = 1 case. We also
discuss the new ideas and nuances needed to accomplish our adaptation.

Acknowledgments: We thank Rajat Mishra for preliminary readings and helpful suggestions and A. Buium for
helpful discussions on the topic. The third author was supported by an AMS-Simons Research Enhancement Grant
for Primarily Undergraduate Institution Faculty.

2. Preliminaries

We review the setting of purely arithmetic PDEs utilized in [BM23b, BM26]. Fix Qalg
p an algebraic closure of

Qp. Additionally set Qur
p the maximal unramified extension of Qp in Qalg

p . Denote by K the metric completion of

Qur
p and R for the ring of integers of K. Throughout, we denote by Π the set of all elements π ∈ Qalg

p which are
roots of Eisenstein polynomials with coefficients in Zp and for which Qp(π)/Qp is Galois.

For any π ∈ Π write Aπ := Zp[π] the ring of integers of Qp(π). Let Gal(Kalg/Qp) be the Galois group of
Kalg/Qp. An element ϕ ∈ Gal(Kalg/Qp) is a Frobenius automorphism provided it is continuous and induces
the p-power Frobenius on the residue field of Kalg. Clearly for π ∈ Π the field Kπ is mapped into itself by every
Frobenius automorphism ϕ. By continuity of ϕ we have an induced automorphism ϕ : Aπ → Aπ inducing the
p-power Frobenius on Aπ/πAπ, i.e., a π-Frobenius lift on Aπ.

Associated to each π-Frobenius lift ϕ on Aπ is a π-derivation δ : Aπ → Aπ given by δ(x) := π−1(ϕ(x) − xp).
Each π-derivation is a set map such that δ(1) = 0 and

δ(x+ y) = δ(x) + δ(y) +
xp + yp − (x+ y)p

π
δ(xy) = xpδ(y) + ypδ(x) + πδ(x)δ(y).

Fix π ∈ Π. A partial δ-structure on Aπ is a choice (δ1, . . . , δn) where each δi is a π-derivation of Aπ.

Let Mn be the free non-commutative monoid with identity generated by the set {1, . . . , n},
Mn := {0} ∪ {i1 . . . is | s ∈ N, i1, . . . , is ∈ {1, . . . , n}};

its elements will be referred to as words. The length |µ| of a word µ := i1 . . . is is defined by |µ| = s. Denote by
0 the empty word and set its length |0| = 0. Multiplication is given by concatenation (µ, ν) 7→ µ · ν and 0 is the
identity element. For words µ = i1 . . . is and ν = j1 . . . jt we say ν is a subword of µ provided for each 1 ≤ ℓ ≤ t
there is 1 ≤ kℓ ≤ s so that jℓ = ikℓ

and k1 < k2 < · · · < kt. We write ν ≤ µ to denote that ν is a subword of µ.

By convention, we take N to be the set of non-negative integers. For all r ∈ N, let Mr
n be the set of all elements

in Mn of length ≤ r. Set M+
n := Mn \ {0} and Mr,+

n := Mr
n \ {0}. The quantity n is fixed throughout the paper, so

we drop this from the notation when possible, that is we will write M, Mr, etc. for Mn, Mr
n, etc.

Fix ϕ1, . . . , ϕn a family of Frobenius automorphisms which induce π-Frobenius lifts on Aπ. Set for each δi the
corresponding π-derivation. This gives Aπ a partial δπ-structure. For each µ = i1 . . . is ∈ M we define

ϕµ := ϕi1 ◦ · · · ◦ ϕis and δµ := δi1 ◦ · · · ◦ δis .
In the next definition we make reference to restricted power series with Aπ-coefficients in some number of
variables. This is always taken to mean an element F of Aπ[[x]], where x is a family of variables, for which
coefficients of F tend to zero π-adically. Specifically, this will occur often in variables indexed by words. To this
end, if x is a variable, set {xµ : µ ∈ M} a set of new variables. For a set of words E ⊂ Mr, let ΓE ⊂ Aπ[[xµ : µ ∈ E]]
be the set of restricted power series over Aπ in the variables xµ for µ ∈ E. Let ∆E : ΓE → Fun(Aπ, Aπ) be the
ring homomorphism taking xµ to v 7→ δµ(v) and extending Aπ-linearly. Similarly, let ΦE : ΓE → Fun(Aπ, Aπ) be
the ring homomorphism taking xµ to v 7→ ϕµ(v) and extending Aπ-linearly. Thus, to be precise, we have for any

G =
∑

j∈NE cj
∏

µ∈E x
j(µ)
µ ∈ ΓE ,

∆E(G)(v) =
∑

j∈NE

cj
∏
µ∈E

δµ(v)
j(µ) and ΦE(G)(v) =

∑
j∈NE

cj
∏
µ∈E

ϕµ(v)
j(µ)
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In the case E = Mr, which is our most common case, we suppress the subscript. That is, Γ := ΓMr , Φ := ΓMr , and
∆ := ∆Mr .

Definition 2.1. Fix a partial δπ-structure on Aπ and r ≥ 0 coming from {ϕ1, . . . , ϕn} a set of Frobenius automor-
phisms. A function f : Aπ → Aπ is an arithmetic partial differential operator of order at most r provided
there exists G ∈ Γ such that f = ∆(G).

Fix a ∈ Aπ and r ≥ 0. Call a function f : Aπ → Aπ analytic at a of level r provided there exists Fa ∈ Γ such
that f(a+πru) = Φ(Fa)(u) for all u ∈ Aπ. We say f is analytic of level r if f is analytic of level r at all a ∈ Aπ.

We can describe the analytic functions using the notation Φ above. First we note that if f : Aπ → Aπ is analytic of
level r at some a ∈ Aπ, then it is analytic of level r at any a′ in the ball a+πrAπ. Indeed, for any such a′, a′ = a+πru′

for some a ∈ A. Furthermore, since f is analytic of level r at a, there exists Fa ∈ Γ such that for all u ∈ Aπ,
f(a+ πru) = Φ(Fa)(u). Therefore, for any u ∈ Aπ, f(a

′ + πru) = f(a+ πr(u+ u′)) = Φ(Fa)(u+ u′) = Φ(Fa′)(u),
where Fa′ is the transformation of Fa under the rule xµ 7→ xµ + ϕµ(u

′). Hence f is analytic of level r at a′.

Therefore, to show that a function f : Aπ → Aπ is analytic of level r, it suffices to show that f is analytic of
level r at a set of centers of balls of radius 1/πr which cover Aπ. Let A ⊂ Aπ be a such a collection of centers, that

is, any v ∈ Aπ can be written uniquely as v = a+ πru for some a ∈ A, u ∈ Aπ. By the notation Φ⊕A
E we mean the

function Φ⊕A
E : Γ⊕A

E → Fun(Aπ, Aπ) given by, for all u ∈ Aπ,

Φ⊕A
E : Γ⊕A

E →Fun(Aπ, Aπ)

(Fa)a∈A 7→ (a+ πru 7→ ΦE(Fa)(u)) .

Thus, the set of analytic functions of level r is precisely the image of Φ⊕A and the set of differential operators of
order r is precisely the image of ∆.

Remark 2.2. A few basic observations are in order.

(1) As mentioned in the introduction, when π = p and n = 1, the unique lift of Frobenius on Zp is identity,
thus there is only one δπ-structure on Aπ. In this case, Definition 2.1 recovers the corresponding definitions
in [BRS11]. In this way, the arithmetic differential operators in [BRS11] are arithmetic ordinary differential
operators.

(2) Arithmetic partial differential operators are closed under sums and products.
(3) The level of an analytic function is not unique. When f is analytic of level r it is also analytic of level r′

for any r′ ≥ r. At times it is convenient to say f is analytic of level at least r.

Example 2.3. For p odd, on Zp, the Legendre symbol gives rise to a differential operator, and thus by [BRS11]
an analytic function.

Example 2.4. Set Aπ with two distinct π-derivations δ1 and δ2 which do not commute. Set a = 0. Fix r ≥ 2.
The function

u 7→ F0(u) :=
∑
n≥0

πn(ϕ1ϕ2(u)− ϕ2ϕ1(u))
n

defines an analytic function Aπ → Aπ as follows. The mapping πru 7→ F0(u) defines a function analytic at 0 of
level r. One can then extend this to an analytic function on Aπ by extension by zero to balls disjoint from πrAπ.

Remark 2.5. We note that ϕµ and δµ for words µ with |µ| ≥ 2 are not related as they are for words with |µ| = 1.
It is direct to verify when ϕ1 and ϕ2 are π-lifts of Frobenius, that

(ϕ1ϕ2)(x) ≡ xp2

+ π · δ1(π) · (δ2(x))p
2

mod π2.

However, quite generally, each δµ(x), with µ = i1 . . . is is a polynomial expression in ϕi1(x), . . . , ϕis(x) and their
compositions.

3. Arithmetic differential operators are analytic

Throughout, we keep a fixed partial δπ-structure on Aπ coming from a set {ϕ1, . . . , ϕn} of Frobenius automor-
phisms. The main result [BRS11, Thm. 4, 5] establishes that a function f : Zp → Zp is an arithmetic differential
operation of order at most r if and only if it analytic of level r. The by far easier direction of the two is to show
any arithmetic differential operation of level r is analytic. In the language here, this calculates δµ(a + πru) as a
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power series expression, see [BRS11, Lem. 10] from which it is easy to ascertain that this power series is π-adically
restricted.

To generalize this direction to the PDE setting, we need the following lemma, which is an enhancement of
[BRS11, Lem. 10]. However, the combinatorics needed to accurately describe δµ(a+ πru) as a power series in the
PDE setting are significantly more complicated, so we treat the lemma after developing some helpful notation.

Example 3.1. It is helpful to see the complication in the case n = 2. A direct computation shows the shape of
δ2(δ1(a+ πru)). First we have from definition

δ1(a+ πru) =
1

π
(ϕ1(a+ πru)− (a+ πru)p)

= δ1(a) +
∑
j

cju
j +

ϕ1(π)
r

π
ϕ1(u).

In this expression, each cj is divisible by πr. As ϕ1(π) ∈ (π) we may write this as

δ1(a+ πru) = δ1(a) + πr−1
∑

i+j≥1

c(i, j)uiϕ1(u)
j , for c(i, j) ∈ Aπ.

Furthermore, expanding once again, we find an even more unwieldy expression

δ2
(
δ1(a) + πr−1

∑
c(i, j)uiϕ1(u)

j
)

=
1

π

(
ϕ2

(
δ1(a) + πr−1

∑
c(i, j)uiϕ1(u)

j
)
−

(
δ1(a) + πr−1

∑
c(i, j)uiϕ1(u)

j
)p)

= δ2(δ1(a)) + πr−2
∑

i,j,k,ℓ

c(i, j, k, ℓ)uiϕ1(u)
jϕ2(u)

kϕ2(ϕ1(u))
ℓ

for values c(i, j, k, ℓ) ∈ Aπ.

The point that Example 3.1 shows is that the expression δµ(a+πmu) is not going to be a power series in u alone,
since the functions ϕi will not always be identity as was the case in [BRS11]. Instead, these are complicated power
series in ϕν(u) for all subwords ν ≤ µ and we want to introduce a more convenient notation to keep track of the
terms.

The key to simplifying the notation is to write these as sums over all functions from one set to another. As usual,
for sets A and B, the set of functions from A to B can be denoted BA. For a function β ∈ BA, if B is a subset of
the real numbers, then we set |β|1 :=

∑
a∈A |β(a)| if β(a) is nonzero for only finitely many inputs and ∞ otherwise.

Definition 3.2. For each µ ∈ Mr, we define the following.

(1) Let Pµ := {ν ∈ Mr | ν ≤ µ} be the set of subwords of µ, including of course the empty subword.
(2) Set jconst : Pµ → N the zero function.
(3) For ν ∈ Pµ, the indicator function jν : Pµ → N is the function given by jν(σ) = 0 for σ ̸= ν and jν(ν) = 1.
(4) Let

Jµ :=
{
j : Pµ → N | j(µ) = 0 and |j|1 ≤ p|µ|

}
∪ {jµ}

and note jconst ∈ Jµ.

Thus, repeating and expanding the calculation from Example 3.1, we see for each µ ∈ Mr and a ∈ Aπ there exist
ca(j, µ) ∈ Aπ such that

δµ(a+ πru) =
∑
j∈Jµ

ca(j, µ)
∏

ν∈Pµ

ϕν(u)
j(ν).

Immediately, we have a relationship between arithmetic partial differential operators and analytic functions.

Theorem 3.3. Every arithmetic partial differential operator of order at most r is also analytic of level r. Specifi-
cally, set A a collection of centers of balls of radius 1/πr covering Aπ and F ∈ Γ. Set also τa : Γ → Γ the Aπ-algebra

homomorphism induced by τa(xµ) :=
∑

j∈Jµ
ca(j, µ)

∏
ν∈Pµ

x
j(ν)
ν . We have that ∆(F ) = Φ⊕A(τa(F ))a∈A.

Proof. Write δµ(a+ πru) = Φ(τa(xµ))(u). Therefore, for any a, u ∈ Aπ,

∆(F )(a+ πru) = Φ(τa(F ))(u).
5



Similar to [BRS11, Lem. 10] we estimate the π-adic absolute values of c(j, µ).

Theorem 3.4. Fix r ≥ 0. If a ∈ Aπ, v = a+ πru in the disc a+ πrAπ, and µ ∈ Mr, expanding, then

δµ(v) =
∑
j∈Jµ

ca(j, µ)
∏

ν∈Pµ

ϕν(u)
j(ν)

with ca(j, µ) ∈ Aπ satisfying the following:

(1) |ca(jconst, µ)|π ≤ 1, and in particular ca(jconst, µ) = δµ(a),
(2) |ca(jν , µ)|π ≤ 1

πr−|ν| for all ν ∈ Pµ, with equality when ν = µ,

(3) |ca(j, µ)|π ≤ 1
π(r−|µ|+1)|j|1−1 when |j|1 ≥ 2,

In particular, if j ̸= jconst, then ca(j, µ) is a unit if and only if j = jµ and |µ| = r.

Proof. As a is fixed throughout, we suppress this subscript from the notation. We proceed by induction on |µ|. The
base case |µ| = 0 is immediate. Thus, we proceed with the inductive case. Assume that the estimates hold for µ.
Fix 1 ≤ i ≤ n. We show the estimates hold for i · µ. By definition

δi·µ(a+ πru) =
1

π

ϕi

∑
j∈Jµ

c(j, µ)
∏
ν∈Pµ

ϕν(u)
j(ν)

−

∑
j∈Jµ

c(j, µ)
∏
ν∈Pµ

ϕν(u)
j(ν)

p
=

1

π

ϕi(c(jconst, µ)) + ϕi(c(jµ, µ))ϕi·µ(u) +
∑

j∈Jµ : j ̸=jµ,jconst

ϕi(c(j, µ))
∏
ν∈Pµ

ϕi·ν(u)
j(ν)

−

c(jconst, µ) + c(jµ, µ)ϕµ(u) +
∑

j∈Jµ : j ̸=jµ,jconst

c(j, µ)
∏
ν∈Pµ

ϕν(u)
j(ν)

p
Statement (1) and the ν = µ case of statement (2) follow by direct computation as

c(jconst, i · µ) =
ϕi(c(jconst, µ))− c(jconst, µ)

p

π
= δi(c(jconst, µ)) = δi(δµ(a)) = δi·µ(a)

and

c(ji·µ, i · µ) =
1

π
ϕi(c(jµ, µ)) =

1

π
ϕi(ϕµ(π

r)/π|µ|)

which forces |c(ji·µ, i · µ)|π =
∣∣ 1
π|µ|+1ϕi·µ(π

r)
∣∣
π
= 1

πr−|µ|−1 = 1
πr−|i·µ| .

For the remainder of (2), let ν ∈ Pi·µ \ {i · µ}. If ν = i · ν′ and ν′ ∈ Pµ, then c(jν , i · µ) has as a summand
1
πϕi(c(jν′ , µ)). By the inductive hypothesis,∣∣∣∣ 1πϕi(c(jν′ , µ))

∣∣∣∣
π

= π |c(jν′ , µ)|π ≤ 1

πr−|ν′|−1
=

1

πr−|ν| .

If ν ∈ Pµ, then c(jν , i · µ) has as a summand p
π c(jconst)

p−1c(jν , µ), and by the inductive hypothesis,∣∣∣ p
π
c(jconst)

p−1c(jν , µ)
∣∣∣
π
≤ |c(jν , µ)|π ≤ 1

πr−|ν| .

Now, for assertion (3), suppose that j ∈ Ji·µ and |j|1 ≥ 2. All summands of c(j, i · µ) have only two forms. One
form is

c(j(1), µ) · · · c(j(p), µ)
π

for some j(1), . . . , j(p) ∈ Jµ with
∑p

k=1 |j(k)|1 = |j|1. Note, we have no control over what functions j(k) can be. Yet,

in all cases, using the inductive hypothesis we see |c(j(k), µ)|π ≤ 1

π(r−|i·µ|+1)|j(k)|1
for each k. Therefore,∣∣∣∣c(j(1), µ) · · · c(j(p), µ)π

∣∣∣∣
π

= π

p∏
k=1

|c(j(k), µ)|π ≤ π

π
∑p

k=1(r−|i·µ|+1)|j(k)|1
=

1

π(r−|i·µ|+1)|j|1−1
.
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The other type of summand only occurs when all of the words in the support of j are of the form i · ν. In this case,

c(j, i · µ) also has summands of the form ϕi(c(j̃,µ))
π , where j̃ ∈ Jµ is defined by j̃(ν) = j(i · ν). In particular, this

means that |j̃|1 = |j|1 ≥ 2. Therefore by the inductive hypothesis,∣∣∣∣ϕi(c(j̃, µ))

π

∣∣∣∣
π

≤ π
∣∣c(j̃, µ)∣∣

π
≤ 1

π(r−|µ|+1)|j̃|1−2
≤ 1

π(r−|i·µ|+1)|j|1+|j|1−2
≤ 1

π(r−|i·µ|+1)|j|1−1
.

4. Analytic functions are arithmetic partial differential operators

We now conclude with the rest of the proof of the main theorem. We also include a review the broad strokes of
the proof of [BRS11, Thm. 5], which is the n = 1 and π = p case of our theorem, to help the reader. Our extension
requires some extra work and is notationally much more complicated. One difference is paramount enough that it
introduces a hypothesis in our case that was automatic in [BRS11]. We do this first and state the theorem.

Theorem 4.1. Fix F = {ϕ1, . . . , ϕn} with ϕ1 = id and r ≥ 0. If f : Aπ → Aπ is analytic of level at least r then f
is an arithmetic partial differential operator of order at most r.

Before proceeding with the proof of Theorem 4, we summarize the proof of [BRS11, Thm. 5], in a less detailed
way but so that the major steps are outlined. We also indicate the differences needed in our proof before we proceed
to the detailed version. In particular, [BRS11, Thm. 5] proves for an analytic function f : Zp → Zp analytic of level
r, there is a restricted power series F ∈ Zp[[x0, . . . , xr]] so that f(u) = F (u, δ(u), . . . , δr(u)) for all u ∈ Zp. Note
for us r denotes order, where as this is m in [BRS11]. They explicate F as an expansion

F (x0, x1, . . . , xm) =
∑
n≥0

∑
β

sβ,nx
β0

0 · · ·xβr−1

r−1 xn
r

and show that when F is of this form, the coefficients sβ,n are uniquely determined. The sum over β is over tuples
β = (β0, . . . , βr−1) with each 0 ≤ βi ≤ p− 1. In [BRS11], sβ,k is denoted aβ,k, but this notational change will help
resolve confusion in our argument.

The first step for [BRS11, Thm. 5] is to reduce to the case where f is supported on a single p-adic ball of
radius 1/pr and that f(pru) = uℓ. This case is sufficient as any analytic function is an algebraic combination of
these. Next, one approximates F by a u-adically convergent series F k, F k → F as k → ∞ which are constructed
inductively on k. In each step of the induction, the vector of coefficients (sβ,k)β are determined by a linear system
of the following form

(1) ckW · (sβ,k)β + Ck−1 = d.

We explain the terms in this system. The constant Ck−1 is a term coming from the (k − 1)-step of the induction
and ck is a constant that appears as a coefficient in the expression δ(a+ pru). The matrix W is a pr × pr-matrix1

built entirely out of products of iterations of δ at a complete family of residue centers and is independent of f . The
value d is a product of Kronecker δ-functions constructed to ensure F k approximates f up to order uk+1. Now,
to solve this system, two major points are established. First, the value ck is a p-adic unit, which follows from the
p-adic estimates analogous to Theorem 3.4. Second, the matrix W is shown to be invertible.

For the adaptation, the F k we introduce is much more complicated to express, however it is nearly a direct
analog of what is used in [BRS11]. Indeed, the series F k involves a clever choice of centers in a covering family
of balls choosen via [BRS11, Lem. 11]. The most obvious analog of [BRS11, Lem. 11] is too much to hope for in
the multivariate setting. Instead we utilize the assumption that ϕ1 = id to allow us to adapt the main theorem of
[BRS11] as a bootstrap. Additionally, F is written in terms of monomials of the form ϕµ(u)

j(µ) for various µ ∈ Mr.
Many of these functions ϕµ as µ ranges coincide. The hypothesis that some ϕi = id is helpful towards controlling
this, but a complicated reindexing is also needed to find the right coefficients.

The convergence we need now works modulo powers of the ‘ideal’ m := (ϕµ(u) : µ ∈ Mr) in a fashion made
precise in the proof. Once setup properly, the critical point we arrive at is a linear system similar to that of (1).
Specifically, the new system has the form

(2) (Ck−1,ℓ)ℓ + L ·W · (sβ,γ)β = (dℓ)ℓ.

1Note the unfortunate typo in [BRS11] on the size is corrected in [Bra20].
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The system (2) is of course more complicated than (1), which is apparent by its shape. To explicate, here γ ranges
over functions γ : M=r → N with |γ|1 ≤ k, whereas when n = 1, #M=r = 1 and ℓ runs over a similar type of
family of functions. This means we have a larger system to consider which is not surprising. The vector (dℓ)ℓ is
chosen to ensure F k and f agree up modulo mk+1. The term (Ck−1,ℓ)ℓ is now a vector of values coming from the
(k− 1)-step of the induction. This time, W is not a square matrix, but instead has pr rows and a column for every
function β : Mr−1 → N with β(µ) < p for all µ. In the case π = p and n = 1, #Mr−1 = r yielding the square
shape of the W matrix in [BRS11]. We show however that this expanded W still has ‘full rank’, see Lemma 4.3.
The matrix L arises roughly from the regrouping needed to extract the coefficient of ϕη as η runs only over a set
of words including each unique function ϕµ once. It plays the role of ck before. This matrix L is also not square,
thus it is impossible to show it is invertible. Instead, we also show that the above system can be solved. Note the
systematic use of non-square matrices means one cannot expect uniqueness to hold.

Now, to begin working towards the proof of Theorem 4.1, we select a collection of centers of π-adic balls of radius
1/πr with certain properties. We make this selection because generally, we see no analog [BRS11, Lem. 11] to hold
for partial δ-structures without imposing conditions relating the associated lifts of Frobenius.

Lemma 4.2. Let ϕ = id, δ the corresponding π-derivation, and r ≥ 1. There exists a set A ⊂ Aπ with #A = pr

such that A+ πrAπ = Aπ and, for all a ∈ A, δr(a) = 0.

Proof. This is done by inductively constructing sets Ci for 1 ≤ i ≤ r for which #Ci = pi and ensuring the property
δi(a) = 0 for all a ∈ Ci. One then sets A := Cr. Indeed, C1 = {a ∈ Zp : a

p = a} is the set of constant2 lifts. To
construct Ci, for each a ∈ Ci−1, use Hensel lifting on the polynomial tp−t+πa ∈ Aπ[t] to find a set of p roots which
forms part of Ci. Furthermore, these roots are all distinct modulo π. This ensures by induction that δi(a) = 0 for
all a ∈ Ci and moreover #Ci = pi by construction.

Finally, if a, a′ ∈ Ci are distinct and a ≡ a′ mod πi, then δ(a) ̸= δ(a′) since a and a′ come from roots of
different polynomials in the previous step. However, we also have that (a − ap)/π ≡ (a′ − (a′)p)/π mod πi−1.
So we have δ(a) ≡ δ(a′) mod πi−1, a contradiction to the inductive hypothesis. Therefore the natural map
Cr ⊂ Aπ → Aπ/π

r ∼= Fr
p is injective and thus a bijection.

Continuing towards the proof of Theorem 4.1, we handle the analog of the matrix W . We appeal to linear algebra
over the ring Aπ. As such, we abuse notation and refer to a matrix as full rank provided it has a maximal minor
with unit determinant. We warn that this is a stronger condition than being full rank after changing to the fraction
field of Aπ. We first prove the needed rank condition analogous to [BRS11, Lem. 12].

Lemma 4.3. For fixed r ≥ 1, set A as in Lemma 4.2 and

B :=
{
β : Mr−1 → N so that β(µ) < p for each µ ∈ Mr−1

}
.

The pr ×#B-matrix W := (waβ)a∈A,β∈B where

waβ =
∏

µ∈Mr−1

δµ(a)
β(µ)

has full rank.

Proof. Note the elements of A are centers of pr balls of radius 1/πr which cover Aπ. We exhibit a selection of
columns for which the pr × pr-minor of W has unit determinant. Fix i ∈ {1, . . . , n} and let B be the collection of
maps β ∈ B with support in the words ij := ii · · · i︸ ︷︷ ︸

j times

for 0 ≤ j ≤ r − 1. We have #B = pr and so the submatrix

of W with columns corresponding to the maps in B is a square matrix. Consider the matrix V = (vaβ)β∈B with
entries in Fp given by vaβ = waβ , where waβ is the image of waβ under the projection map Aπ → Aπ/πAπ

∼= Fp.
We utilize a variant of the map ∇ defined in [Bui05, Eq. 3.8, Sec. 3.3, pg. 78]. Specifically, for each 1 ≤ i ≤ n, set
∇r

i : Aπ → Ar
π the map sending v 7→ (v, δi(v), . . . , δ

r−1
i (v)). By composing with reduction modulo π we consider

∇r

i : Aπ/π
rAπ → Fr

p. A direct adaptation of [Bui05, Lem. 3.20] shows ∇r

i is a surjection for each i. So for each
v = (v0, v1, . . . , vr−1) ∈ Fr

p, there exists a ∈ A such that

v = ∇r

i (a) = (a, δi(a), · · · , δr−1
i (a)).

2Normally, these are referred to Teichmüller lifts, but owing to the Nazi affiliations of O. Teichmüller, we have opted to refer to these

as constant lifts.
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Therefore, for any β ∈ B,

vβ := v
β(i0)
0 v

β(i1)
1 · · · vβ(i

r−1)
r−1 = aβ(i

0)δi(a)
β(i1)

· · · δr−1
i (a)

β(ir−1)
= waβ .

Thus, for every v ∈ Fr
p, the row vector (vβ)β∈B is a row of V . Let (bβ)β∈B ∈ F#B

p be a vector in the nullspace

of V , i.e. for all v ∈ Fr
p,

∑
β∈B vβbβ = 0. An easy argument then shows bβ = 0 for all β ∈ B. Indeed, we have

a polynomial
∑

β∈B bβX
β in r variables, each variable of degree at most p − 1, but which has pr roots. The only

such polynomial is the zero polynomial. Therefore det(V ) ̸= 0, and so the determinant of the submatrix of W with
columns from B is a unit. Thus the claim holds.

For µ, ν ∈ Mr, let µ ∼ ν if ϕµ = ϕν . For example, when ϕ1 = id, every word is equivalent to a word of length
r. This condition plays a role in Theorem 4.4. Let E = {η1, . . . , ηt} ⊂ Mr be a complete set of representatives of
the equivalence classes of ∼; that is, every µ ∈ Mr is equivalent to exactly one of the words in E. We have that
ΓE = Aπ[[xη : η ∈ E]]∩Γ is the set of restricted power series in the xη for η ∈ E, so let E : Γ → ΓE be the surjective
Aπ algebra homomorphism induced by E(xµ) := xη, where η is the unique element of E such that µ ∼ η. Note that
ΦE ◦ E = Φ.

The following diagram illustrates the relationships between the various sets involved. Recall, τa : Γ → Γ is the

Aπ-algebra homomorphism induced by τa(xµ) :=
∑

j∈Jµ
ca(j, µ)

∏
ν∈Pµ

x
j(ν)
ν . The arithmetic partial differential

operators are those functions in the image of ∆, and the analytic functions are the functions in the image of Φ⊕A.
The right triangle obviously commutes and the left triangle commutes by Theorem 3.3. Clearly the image of Φ⊕A

and Φ⊕A
E agree. The content of the main theorem is that the images of ∆ and Φ⊕A are equal, thus it suffices to

show the composition N along the horizontal maps is surjective.

Γ

Fun(Aπ, Aπ)

Γ⊕A Γ⊕A
E

∆ Φ⊕A

⊕
a∈A τa E⊕A

Φ⊕A
E

N

As we have no general analog of [BRS11, Lem. 11], our construction suffers from one more issue, namely we
cannot guarantee δµ(a) = 0 for a collection of centers of a covering family of balls of radius 1/πr. Instead, we
articulate a sufficient condition to ensure analytic functions are arithmetic partial differential operators. After this,
we will utilize this condition first to show locally constant functions are arithmetic partial differential operators and
then deduce the general case from this. We denote by N := E⊕A ◦

⊕
a∈A τa.

Theorem 4.4. Suppose (δ1, . . . , δn) is a partial δ-structure, r ≥ 0, and that every word in Mr is equivalent to a word

of length r. If for each µ ∈ Mr there exists Kµ ∈ Γ such that N (Kµ) = (δµ(a))a∈A, then the map N : Γ → Γ⊕A
E is

surjective.

Proof. We first establish some notation. In addition to retaining the notation for A and B in Lemma 4.3, we define
the following sets

NM=r

k := {γ : M=r → N so that |γ|1 ≤ k} and NM=r

=k := {γ : M=r → N so that |γ|1 = k} .
By hypothesis we may also assume that E ⊂ M=r.

Let (Fa)a∈A ∈ Γ⊕A
E . We will construct F ∈ Γ such that N (F ) = (Fa)a∈A by inductively defining sβ,γ for β ∈ B,

γ ∈ NM=r

k so that

F :=
∑

γ∈NM=r

∑
β∈B

sβ,γ
∏

µ∈Mr−1

xβ(µ)
µ

∏
µ∈M=r

(xµ −Kµ)γ(µ),

where Kµ ∈ Γ such that N (Kµ) = (δµ(a))a∈A. For k ∈ N we define F k ∈ Γ to be

F k :=
∑

γ∈NM=r

k

∑
β∈B

sβ,γ
∏

µ∈Mr−1

xβ(µ)
µ

∏
µ∈M=r

(xµ −Kµ)γ(µ)

so that F k → F as k → ∞.
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Setm := (xη : η ∈ E) ⊂ ΓE , and we inductively construct sβ,γ such that for all k ∈ N and a ∈ A, (E◦τa)(F k) ≡ Fa

mod mk+1, that is, the coefficients of all terms of degree k or less in (E ◦ τa)(F k) and Fa agree.

We first handle the base case of the induction k = 0. We want, for all a ∈ A,

(E ◦ τa)(F 0) ≡ Fa mod m

Now modulo m, and since E preserves degree and is identity on Aπ,

(E ◦ τa)(F 0) =
∑
β∈B

sβ,0
∏

µ∈Mr−1

(E ◦ τa)(xµ)
β(µ)

=
∑
β∈B

sβ,0
∏

µ∈Mr−1

E

∑
j∈Jµ

ca(j, µ)
∏

ν∈Pµ

xj(ν)
ν

β(µ)

≡
∑
β∈B

sβ,0
∏

µ∈Mr−1

ca(jconst, µ)
β(µ) mod m

≡
∑
β∈B

sβ,0
∏

µ∈Mr−1

δµ(a)
β(µ) mod m

≡
∑
β∈B

sβ,0wa,β mod m

Thus, we seek coefficients sβ,0, β ∈ B, such that for all a ∈ A,
∑

β∈B sβ,0waβ = da, where da is the constant
term of Fa. This is equivalent to the matrix equation

W (sβ,0)β∈B = (da)a∈A.

Since W is of full rank by Lemma 4.3, such a vector (sβ,0) exists, and the base case is proved.

Now we handle the inductive step. Suppose that k ≥ 1 and that for all a ∈ A, (E ◦ τa)(F k−1) ≡ Fa mod mk.
We wish to construct sβ,γ for β ∈ B and γ ∈ NM=r

=k so that similar equivalences hold modulo mk+1.

For a ∈ A, β ∈ B, and γ ∈ NM=r

k , set

Ga,β :=
∏

µ∈Mr−1

((E ◦ τa)(xµ))
β(µ)

and Ha,γ :=
∏

µ∈M=r

((E ◦ τa)(xµ −Kµ))
γ(µ)

,

so that

(E ◦ τa)(F k) =
∑

γ∈NM=r

k

∑
β∈B

sβ,γGa,βHa,γ

=
∑

γ∈NM=r

<k

∑
β∈B

sβ,γGa,βHa,γ +
∑

γ∈NM=r

=k

∑
β∈B

sβ,γGa,βHa,γ

= (E ◦ τa)(F k−1) +
∑

γ∈NM=r

=k

∑
β∈B

sβ,γGa,βHa,γ .

For any µ, the constant term of (E ◦ τa)(xµ − Kµ) is ca(jconst, µ) − (E ◦ τa)(K
µ) = δµ(a) − δµ(a) = 0. Therefore

Ha,γ ∈ mk for all γ ∈ NM=r

=k .

Furthermore, the degree k component of Ha,γ is the product of the degree 1 components of the factors
(E ◦ τa)(xµ −Kµ). Since (E ◦ τa)(Kµ) is constant, we need only consider the degree 1 components of (E ◦ τa)(xµ).
For a ∈ A, j ∈ NE , let c′a(j, µ) ∈ Aπ such that

(E ◦ τa)(xµ) =
∑

j∈NE

c′a(j, µ)
∏
η∈E

xj(η)
η .

The degree 1 terms are precisely those corresponding to the indicator functions jη for η ∈ E. Therefore,

(E ◦ τa)(xµ −Kµ) ≡
∑
η∈E

c′a(jη, µ)xη mod m2.
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Thus, we have that, when |γ|1 = k,

Ha,γ ≡
∏

µ∈M=r

∑
η∈E

c′a(jη, µ)xη

γ(µ)

mod mk+1.

This implies that modulo mk+1, Ga,βHa,γ is congruent to the constant term of Ga,β times Ha,γ . We have that

(E ◦ τa)(xµ) ≡ ca(jconst, µ) ≡ δµ(a) mod m, and therefore Ga,β ≡
∏

µ∈Mr−1 δµ(a)
β(µ) ≡ wa,β mod m. Hence

(E ◦ τa)(F k) ≡ (E ◦ τa)(F k−1) +
∑

γ∈NM=r

=k

∑
β∈B

sβ,γwa,β

∏
µ∈M=r

∑
η∈E

c′a(jη, µ)xη

γ(µ)

mod mk+1

Now since all terms in the second summand on the right above have degree k, the only terms of degree less than
k come from (E ◦ τa)(F k−1), which by the inductive hypothesis are congruent to Fa modulo mk for all a ∈ A. Thus
we need only ensure that the coefficients of the degree k monomials in (E ◦ τa)(F k) and Fa are equal.

For each a ∈ A, ℓ ∈ NE with |ℓ|1 = k, and γ ∈ NMr

=k, let La,ℓ,γ be the coefficient in multidegree ℓ in∏
µ∈M=r

(∑
η∈E c′a(jη, µ)xη

)γ(µ)

, i.e. the coefficient of
∏

η∈E x
ℓ(η)
η . Let Ck−1

a,ℓ be the coefficient in multidegree ℓ

in (E ◦ τa)(F k−1) and da,ℓ the coefficient in multidegree ℓ of Fa. Thus, we wish to find sβ,γ such that for all a and ℓ,

Ck−1
a,ℓ +

∑
γ∈NM=r

=k

∑
β∈B

sβ,γwa,βLa,ℓ,γ = da,ℓ.

Let Sa,γ =
∑

β∈B sβ,γwa,β , so that the system of equations above may be rewritten

for all a ∈ A and all ℓ ∈ NE with |ℓ|1 = k,
∑

γ∈NM=r

=k

La,ℓ,γSa,γ = da,ℓ − Ck−1
a,ℓ

or equivalently as the system of matrix equations

for all a ∈ A, (La,ℓ,γ)ℓ,γ(Sa,γ)γ = (da,ℓ − Ck−1
a,ℓ )ℓ

We claim that for each a ∈ A, the matrix La := (La,ℓ,γ)ℓ,γ has full rank, and prove it by showing that for each

ℓ ∈ NE with |ℓ|1 = k, we may select γℓ ∈ NMr

=k such that the square submatrix of La with the columns γℓ has unit
determinant.

For each ℓ ∈ NE with |ℓ|1 = k, let γℓ ∈ NMr

=k be defined by γℓ(µ) = ℓ(µ) if µ ∈ E and γℓ(µ) = 0 otherwise. Now,
each entry of the submatrix of La with columns γℓ is La,ℓ′,γℓ

for some ℓ, ℓ′, which is the coefficient in multidegree
ℓ′ in the expression ∏

µ∈M=r

∑
η∈E

c′a(jη, µ)xη

γℓ(µ)

=
∏
µ∈E

∑
η∈E

c′a(jη, µ)xη

ℓ(µ)

Recall that c′a(jη, µ) is the coefficient of xη in (E ◦ τa)(xµ). Since E preserves degree, the coefficient of xη in
(E ◦ τa)(xµ) is the sum of the coefficients of xν in τa(xµ) with ν ∼ µ, that is, c′a(jη, µ) =

∑
ν∈Pµ : ν∼η ca(jν , µ). By

Theorem 3.4, ca(jν , µ) is a unit if and only if ν = µ and |µ| = r. Therefore, for η, µ ∈ E, c′a(jη, µ) is a unit if

and only if η ∼ µ, i.e. η = µ. Therefore, the only term of
∏

µ∈E

(∑
η∈E c′a(jη, µ)xη

)ℓ(µ)

with a unit coefficient is∏
η∈E c′a(jη, η)

ℓ(η)x
ℓ(η)
η , i.e. the one with multidegree ℓ.

Thus, we’ve shown that La,ℓ′,γℓ
is a unit if and only if ℓ′ = ℓ. By Gaussian elimination, the maximal minor of

La with columns γℓ has unit determinant. Therefore, for each a ∈ A we may solve the system (La,ℓ,γ)ℓ,γ(Sa,γ)γ =

(da,ℓ − Ck−1
a,ℓ )ℓ for the vector (Sa,γ)γ . Finally we need to find sβ,γ satisfying

∑
β∈B sβ,γwa,β = Sa,γ . For each

γ ∈ NM=r

=k , we must solve the matrix equation W (sβ,γ)β∈B = (Sa,γ)a∈A, which is possible since W is of full rank
by Lemma 4.3.

To show that the power series F is restricted, we show that the π-adic order of the coefficients sβ,γ decreases as
|γ|1 increases. For a vector (αi) of elements of Aπ, let |(αi)|π = maxi(|αi|π). We use the fact that if M is a matrix
over Aπ of full rank and x, y are vectors with entries in Aπ, and Mx = y, then |x|π = |y|π.
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Let t0 = 1 and for k ≥ 1 set Dk := max{|da,ℓ|π : a ∈ A, ℓ ∈ NE with |ℓ|1 = k} and tk := max{tk−1/π,Dk}. We
claim that |sβ,γ |π ≤ tk for all γ with |γ|1 = k. This will suffice to show that F is restricted. When k = 0 this is
obvious. Suppose that k ≥ 1 and the statement is shown for |γ|1 = k − 1. For each γ with |γ|1 = k we have that
W (sβ,γ)β∈B = (Sa,γ)a∈A, and W is of full rank, and so |(sβ,γ)β∈B|π = |(Sa,γ)a∈A|π. Now, for each a ∈ A, we have

that (La,ℓ,γ)ℓ,γ(Sa,γ)γ∈NM=r

=k
= (da,ℓ − Ck−1

a,ℓ )ℓ, and since the matrix (La,ℓ,γ) has full rank,

|(Sa,γ)γ∈NM=r

=k
|π = |(da,ℓ − Ck−1

a,ℓ )ℓ|π = max
ℓ

(|da,ℓ − Ck−1
a,ℓ |π) ≤ max

ℓ
(|da,ℓ|π, |Ck−1

a,ℓ |π) ≤ max(tk,max
ℓ

|Ck−1
a,ℓ |).

Thus, it suffices now to show that |Ck−1
a,ℓ | ≤ tk−1

π for all a ∈ A and ℓ ∈ NE with |ℓ|1 = k.

Since Ck−1
a,ℓ is the coefficient of

∏
η∈E x

ℓ(η)
η in F k−1

a , it is a sum of terms of the form

sβ,γ

 ∏
µ∈Mr−1

β(µ)∏
i=1

ca(j
(µ,i), µ)

 ∏
µ∈M=r

γ(µ)∏
i=1

ca(j
(µ,i), µ)


where |γ|1 ≤ k − 1, j(µ,i) ∈ Jµ for each µ and i, and |ℓ|1 =

∑
µ∈Mr−1

∑β(µ)
i=1 |j(µ,i)|1 +

∑
µ∈M=r

∑γ(µ)
i=1 |j(µ,i)|1. By

Theorem 3.4, for any µ ∈ Mr−1 and j ∈ Jµ, |ca(j, µ)|π ≤ 1
π|j|1 , and for any µ ∈ M=r and j ∈ Jµ, |ca(j, µ)|π ≤ 1

π|j|1−1 .
Also,

∑
µ∈Mr−1

β(µ)∑
i=1

|j(µ,i)|1 +
∑

µ∈M=r

γ(µ)∑
i=1

(
|j(µ,i)|1 − 1

)
=

∑
µ∈Mr−1

β(µ)∑
i=1

|j(µ,i)|1 +
∑

µ∈M=r

γ(µ)∑
i=1

|j(µ,i)|1 −
∑

µ∈M=r

γ(µ)

≥ |ℓ|1 − (k − 1) = 1.

By the induction hypothesis, |sβ,γ |π ≤ tk−1. Putting these together, we see |Ck−1
a,ℓ |π ≤ tk−1

π . Thus |sβ,γ |π ≤ tk
when |γ|1 = k as desired. The terms tk → 0 π-adically as k → ∞, thus F is restricted.

The proof of Theorem 4.1 now comes down to showing that the hypotheses of Theorem 4.4 hold.

Proof of Theorem 4.1. We first show how to construct Kµ as needed in Theorem 4.4. Specifically, note that as
ϕ1 = id we may view in a distinguished way M1 ⊂ Mn. This means an arithmetic partial differential operator
in the variables corresponding to M1 is still an arithmetic partial differential operator, so we may without loss of
generality construct Kµ using M1.

All words in Mr
1 are equivalent, and the only word in M=r

1 is 1r. Furthermore, by Lemma 4.2, δ1r = δr1(a) = 0
for all a ∈ A. Therefore, taking K1r = 0 satisfies the hypotheses of Theorem 4.4 for n = 1. Thus, we have that the
map N|ΓMr

1
: ΓMr

1
→ Γ⊕A

M=r
1

is surjective. We have then that any locally constant function is an arithmetic partial

differential operator. As such, there is Kµ ∈ ΓMr
1
⊂ Γ such that N (Kµ) = (δµ(a))a∈A for each µ ∈ M=r. Now,

using these Kµ, we may apply Theorem 4.4 in the full context, to show N : Γ → Γ⊕A
E is surjective as desired.
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