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Abstract

We study large-sample properties of higher-order Markov chains on a finite alpha-
bet ¥ when the order m,, is allowed to grow with the sequence length n. By embedding
the process into a first-order chain on ™" and exploiting return-time decompositions,
we establish a central limit theorem for additive functionals Ztgn(Y;(n) ) under natural
ergodicity and sparsity conditions. The normalization involves the stationary return
time to a suitably chosen state and accommodates triangular arrays with m,, — oo and
my/n— 0. We further illustrate the assumptions in a binary variable length Markov
chain (VLMC), deriving explicit lower bounds on stationary masses that yield a con-
crete growth regime (e.g., m, logm,/n — 0) ensuring the CLT. These results provide
asymptotic foundations for inference in sparse/partitioned higher-order models; in-
cluding VLMCs and sparse Markov models (SMMs) where the effective dimensionality

grows with the sample size.
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1 Introduction

Large-sample properties of first-order Markov chains are well understood and have wide
applications. However, in many applications, the present state depends on the previous m
states. Let & = {X; : ¢t =0,1,2,...} be a sequence of random variables taking values in a
finite state space X of size |X| =d. Fort > m, if P(Xy =2 | X4o1 = 241,...,X0 =m9) =
PXy =z | Xooy = 241, , X4—y = T4—m), then @ is called a Markov chain of order m.
Studying a Markov chain of order m is not substantially different from the first-order case, as
we can transform it into a first-order Markov chain by taking consecutive m-tuples as states.
Denote this new chain by ® = {Y,:t =0,1,2,...}, where Y; = (X¢ym-1,...,Xs). The
new state space is ¥’ = X, i.e., the set of all possible m-tuples from X. The corresponding
transition matrix P’ has dimension d™ x d™. In each row of P’, at most d entries can
be non-zero, since P(Yi11 = (J1,---,Jm) | Y = (i1,...,%m)) > 0 only if iy = jp; for
k=1,...,m—1. In that case, P(Y 11 = (J1,-- -, Jm) | Ye = (i1, ,im)) = P(Xiom = 71 |
Xitm—1=11,...,Xs = iy). Hence, the total number of entries to be estimated is d™(d — 1),
which grows exponentially with increasing m.

To reduce this model complexity, several dimension-reduction techniques have been pro-
posed for higher-order Markov chains. For instance, Raftery [1985] introduced a linear

mixture model of the form
P(Xy=jo | Xic1 = J1, s Xomm = Jim) = Z Ailjsjo s
i=1

where Y " A\ = 1 and @ = ((¢;)) is a known transition matrix on 3. The weights
(A,..., A\n) are estimated via maximum likelihood. Another widely used strategy is the
Variable Length Markov Chain (VLMC) model, originally proposed by Rissanen [1983],
where the context length varies depending on the observed past. Biihlmann and Wymner
[1999] and Bithlmann [2000] developed model selection methods and studied the asymptotic

behavior of VLMCs. In these models, a context tree determines the relevant past suffixes



for predicting future states, allowing for substantial reduction in the number of parame-
ters when long dependencies are sparse. Recent work on Bayesian Context Trees (BCT) by
Kontoyiannis et al. [2020] and Papageorgiou and Kontoyiannis [2022] has provided posterior
inference and predictive distributions for discrete-time sequence models.

A more general approach to sparse modeling of higher-order Markov data involves group-
ing the m-tuples in ™ into partitions such that tuples within the same group share identical
transition probabilities. These models are referred to as sparse Markov models (SMMs), first
proposed by Garcia et al. [2011] and later extended in a Bayesian framework by Jadskinen
et al. [2014]. Xiong et al. [2016] introduced a recursive partitioning algorithm, while Bennett
et al. [2023] used Gibbs sampling for posterior estimation. More recently, Majumder et al.
[2026] developed a convex clustering approach for learning the underlying partition structure
in the SMM set-up.

As long as the state space ¥ is finite, the central limit theorems (CLTs) and other
large-sample results for SMMs mirror those for first-order Markov chains, provided certain
ergodicity conditions hold. For example, Bithlmann and Wyner [1999] derived large-sample
properties of VLMC estimators, including bootstrap-based CLTs. However, the scenario
becomes more intriguing when the Markov chain order grows with the sequence length, i.e.,
when the order is a function of n, denoted by m,,. Proving CLTs in this setup is considerably
more challenging. In this paper, we give a central limit theorem for this case.

The rest of the chapter is organized as follows. Section (2) presents our main theoretical
result. In Section (3), we illustrate the assumptions and conclusions for the special case of

a binary VLMC. Section (4) concludes the chapter with final remarks.

2 Central Limit Theorem

Consider a triangular array of variable-order Markov chains as follows. The n'* chain is

presented as ®,, = {X[()n), . ,X,S”)}, where X](") € Y. Recall that X is a finite state space



with |X| = d. However, the order of the Markov chain ®,, (denoted by m,,) varies with n.
One can easily represent this Markov chain as a first-order Markov chain in the following
manner. Let ¥;®™ = (X0 . X™), t=0,1,...,n —m, + 1. Then &, = {¥;} is a
first-order Markov chain with state space S, = ¥™". We work with the Markov chain ®/ in
the sequel.

Our goal is to establish a CLT-type result for a sequence of real-valued functions over
Y in this triangular-array set up. Before going into the main result, we define some useful
notation. Assume that the chain ®/ is aperiodic and irreducible for each n. Let m, be
its corresponding stationary probability vector of length d"~. For a state a € S,,, define
o(0) = inf{j > 0: ¥;™ = a}. Thus o{”(0) is the first hitting time of state « for the

chain ® . In a similar fashion, successively define the k™ hitting time of «a as follows:
oW (k) =inf{j > o™k —-1): ;"W =a}.

Also define

n—myn+1

lno =max{k: oV (k) <n—m,+1} = > Z(V;" =a)-1. (1)

a
J=0

Then ¢, , is the number of returns of @/, to state a after the first hitting time.

If the order of the Markov chains in each array is fixed, i.e m,, = m for some m € N,
then any state a € £™ is recurrent, so that ¢, , — 0o as n — oo. However, in our set-up,
my, — 00 as n — oo. Note that for a € ™, E ((,4) = (n — m, + 2)m,(a) — 1, where
E,, [] is the expectation under the stationarity assumption. If there exists a sequence of
states {av, : @, € ™} such that nm,(a,) — 00 as n — oo, then Ey, ({,,4,) — 00, i.e. the
expected number of returns to «a,, diverges.

Next, we present our main result, which demonstrates the large sample properties of a

triangular array of sparse Markov chains.
Theorem 2.1. Consider the following triangular array of higher order Markov chains over
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finite alphabet ¥ of cardinality d. The n'* array ®, = {Xén), e ,X,g")} has order m,,. Define
Y, = (Xt(gnn_l, . ,Xt(")), t=0,1,...,n —my, + 1. Denote the stationary probability

vector of the n'* chain by m,. Suppose the following assumptions hold.

(i) For eachn € N, ® = {Y;"} is an aperiodic and irreducible Markov chain over ¥™.
(i) my, — 00 asn — oo with = — 0.
(i1i) There exists a sequence of states {ay, : o, € ¥} such that nm, (o) — 00 as n — 0.
(v) Var, (Ina,/nmp(om)) = 0 as n — oo.

Define E,, [.] as the expectation under the assumption that the initial state of the Markov

chain is o,. Consider a sequence of functions g, : X — R, such that

2
(i) For each n, E,, [Z]T“”l gn(Yj("))} < 00;

Bo, | S 050

(ii) sup,, 3 (<
Bou | 271 9(%)]
where gn(x) = gn(z) — Er, (gn)-

Under the above conditions,

1 il g, (Y™
— 90(%5 ") 4 N(0,1)
\/ﬁ j:O Ean(Tan)
Ta ONE
Ea, | X7 90(¥;)]

Proof: From now on, we will denote ¢, ,, as ¢, for simplicity. First observe that

E. (t,) = (n —my, + 2)m,(a,) — 1, ie. Eﬂn< £ ) — 1 as n — oo. Also, by as-

ntn(an)

sumption (iv), Var,, ( b > — 0. Hence nﬂf’gan) 2 1 as n — oo, eventually leading to

n7n (n)

0, 5 .

For any function f : ¥™» — R, define

Oanp ]+1

s =Y f( M), =01, b, — L.

t_o'Oén (J)



(n)
J

Ean[ (()n)(gn)] and variance Var,, [s(()n)(gn)] = F,, [(s(()")(gn))Z} - Efm [s(()")(gn)] Define

gn(z) = gu(x) — E;, (9,(X)), where X ~ m,. For simplicity, let’s define F. (g,(X)) =

By the strong Markov property, s

E., [gn} Note that E,, [gn} = () Fa, [Z;‘;"l gn(Yj(”))}. Hence

=0, since m,(,) =1/E,, [Tan]'

The normalized and centralized random variables are defined as follows:
(n) /- (n) /-
J ( b (

S (9n) = - 2
Jrora 0] /B[ 0]

Thus, sg(n) (Gn),7 = 0,1,...,4, — 1 are i.i.d random variables with mean 0 and variance 1.
2

Denote v2 = E,, [sg”>(gn)] . Fix 0 < e < 1. Definen = [(1 — €)(n — mn + 2)mn(c)],

n=[(1+¢€)(n—m,+2)m,(ay,)], and n* = [(n — m,, + 2)m, ()], where [-] is the greatest

integer function.

Note that
n—mn-+1 Oap (0) ln—1 n—mp+1
P AL EID B A ADES PRI (S ES W e A
j=0 t=0 Jj=0 t=0an (fn)+1
n—mp+1 ln—1 oan (0)
IR AUED RIS SR A ADIE (A
=0 =0 =0
n—mp+1 bn—1 Can (0) (n) /)=
1 _ 1 ’(n) ;- 1 _ sp, (19n])
— | WY S (ga)] < W(F)| L
n*u, 2% 9 (%57) \/F]z: R Vnro, tz; (%) n*v,

(gn) are iid random variables with mean F,,, [ PN gn(Yj("))} =



Define

S gn
Zn,j j (| |) .

Un

By assumption (ii), there exists a constant C' < oo such that

e, | (5705D)’]

2
Un

sup E,, [Zio} = sup <C.

Recall that £, /n* % 1. Fix 7 > 0 and 0 < § < 1. Then
ln
-

Zn£
P = > <P >0
+ P (( max Znj > n\/n*) .

1-9)n*<j<(14+6)n*
By the union bound and Markov’s inequality,

[(148)n*]

P ( max Lnj > n\/ﬁ) < Z P <Zn7j > nﬁ)

1-8)n*<j<(14+6)n*
o=t =L o)

[(1+8)n*] 2
Ean [ZTL,]]

S Z 2%

. n'n
j=1(1=d)n*]
< (20m* + 2)0‘

772n*

Consequently,

S (zm . ) _ 20
11m Su —_—.
n—>oop v n* )= 772

Since 0 > 0 is arbitrary, letting ¢ arbitrarily small

Zn€

n

oo,

S

Therefore,

56 (194]) 5,

vV nru,



By similar logic,

Jan(o)
1 P
— > @) Bo.
vt =5
Combining these results, we obtain
n—mn-+1 ln—1
1 _ n 1 n)
= Y a) =" @] Lo
L vt i

Since#&n)glasn%oo,fl ng € N s.t. for n > ng

ln—1 n* n*

P<|\/% > s5(3m) - % > 5@ > B) e +P(] max s3] > BVr)

=0 j=l
l

+ P(
n*<I<n “
J=nx

max Z $5(Gn)| > 5\/?)

2emp(an)(n — my, + 2) By, [

()]

<e + G
< 4e
<€ + E
From equation (3), we can conclude that
1 ln—1 1 n*
5(gn) $5(Gn)| 5 0
) S jz; j N p j
Combining this with equation (2), we have
1 n—mn—+1 1 n*
G (Y;M) — s (gn) 2 0
\/F’Un jZO g ( J ) \/szo ](g )



Using the CLT for row-wise i.i.d random variables with mean 0 and variance 1, we obtain

n*

\/% > s N (0, 1),

Hence, from equation (5), we conclude

n—mp—+1

9 (Y;M) 5 A(0,1)
\/_vn ;

n—mpn+1
n)
\/mrn(oz U, Z gnl (©.1)
1 n—mn-+1 gn(Y (n)) p
\/ﬁ ];0 EOCn(’rOén)

Eo [s7(@0)]

3 Example

(6)

In the previous section, we discussed requirements for a large sample CLT. One of the

conditions to satisfy the CLT is nm,(a,) — oo as n — oo. It is easy to see that there is

always a state a,, € X" with m,(a,) > 1/d™, hence assuming n/d™ — oo will suffice.

However, this bound is the most obvious one. If we can make the bound tighter, we can

hope for m,, — oo at a faster rate. One such example is given below.

Example 3.1. Suppose . = {0,1}. Consider a VLMC of length n and order m with

the contexts {0,10,110,...,1™710,1™}. Hence there are m + 1 leaves in the context tree.

Suppose that for a fized m, P(0]190) = 1 — p; and P(1]190) = p;, j =0,1,...,m

P(0[1™) =1 — py,. In this set-up, we find that

m—2 m—2m—2
1 1 pg+1— 1
=[]+ Y I =
Wn(lm_l()) =0 Pj 11— Pm =1 k—j Dj

—1; and

Proof: We use recursive relations for stationary probabilities to determine 7, (1™10).



For any history (iy,...,i,) € {0,1}™, denote the index by w(i, ..., i,) =1+ Z;n:_ol 2.
Then the function w will provide a unique index, ranging from 1 to 2™. For simplicity,
we write m,(j) as the stationary probability of the m-tuple (iy,...,4,) € {0,1}" having

w(iy, ..., iy,) = j. Using the definition of stationary probability, we find that

am—k_1 am—k_1
doom@ 42t = ) m(@+2h-1); k=23 m (7)
=0 =0

Also define the following quantities and obtain the relations

2m—k_1 2am—Fk_1
Apmrg = > m@5+2 D=y Y m@ 42 =g A, (8)
j=0 j=0

and ¢x—1 = (1 — pr—2)/pr—2 for k = 2.3,...,m and ¢,, = (1 — p—1)/Pm. Define A,,; =

(2™ — 1), A2 = m,(2™). Now, observe that

Apog = Cm—2Am—22 = cno(Am—11+ Am1)
- Cm—Z(l + Cm—l)Am,l;

Aps1 = Cm—3(1 4+ cp2)(1 + 1) Ama;

A171 = 61(1 + CQ) N (]_ + Cm—l)Am,l

and
ALQ = (1 + 02) e (1 + Cm—l)Am,l
= Cm—Q(]- + Cm—l)Am,l;

A272 = (1 + 03) Ce (1 + Cm—l)Am,l;

Apoo =14 cmo1)Ama;

Amfl,Z = Am,l'
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Combining these relations, we have

1
Am,l == 7Tn(2m - ].) — m—1 poow ,
Hz 1 @ + ap + Zi:2 QiQiy1 ... A1

where a; = 1 4 ¢;. Replacing the values of ¢;, we find that

;_miQL pmfl—i_l_pm = l o
Wn(lmlo)_jgopj+ L —pm Z,Ep = alp,m).

If the transition probabilities satisfy ¢(p, m,) = o(n), we can claim nm,(1™710) — cc..

Corollary 3.1.1. Suppose p; = (j+1)/(j+2). Then nm,(1™10) = oo if m, log(m,)/n —
0.

Proof: q(p,m,) < 2m, +m, > 7" 2 71 = O(my log(my,)). Hence, the required condi-

+1

tion simplifies to m, log(m,)/n — 0 as n — oo.

4 Conclusion

The theoretical results given guarantee central limit theorems for certain functionals of a
higher order Markov chain, whose order changes with the length of the chain. We also
simplify the conditions of the theorem (2.1) for a particular type of binary variable length
Markov chain and determined how the order m,, varies with n. Similar reductions may be
possible for Sparse Markov Models (SMMs) by exploiting their underlying partition struc-
ture. Investigating such conditions for SMMs and other sparse higher-order Markov models

is an interesting direction for future work.
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