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In the excursion-set formalism, the mass distribution of primordial black holes (PBHs) is derived
from the first-passage time of a random walk describing the density contrast as the coarse-graining
scale varies. We address two recent concerns that have been raised about this approach. First, it
was argued that the random walks are subject to colored (i.e. correlated over time) noise, making
the first-passage-time problem cumbersome. We show that this arises from an incorrect separation
of drift and noise when sampling on the Hubble-crossing surface: if Fourier modes are uncorrelated,
the noise is strictly white. Moreover, sampling along the Hubble-crossing surface precludes using
the density dispersion as a time variable, explaining some pathologies. Sampling instead on a
synchronous surface removes both issues. This requires solving a first-passage-time problem with
a moving barrier, for which we provide an efficient numerical framework. Second, it was suggested
that cloud-in-cloud (i.e. that large black holes may engulf smaller ones) is irrelevant for PBHs
and that the excursion set is therefore not needed. While valid for widely separated scales, this
statement fails for broad power spectra with enhanced continua of modes. We further show that
Press–Schechter estimates neglecting boundary evolution can break down even without cloud-in-
cloud effects. Our results establish the robustness and necessity of the excursion-set formalism in
realistic PBH formation scenarios.

I. INTRODUCTION

Large primordial density fluctuations in the early uni-
verse may lead to the formation of primordial black holes
(PBHs) [1, 2]. The possible existence of such objects has
encountered a renewed interest as they could account for
(a fraction or all of) dark matter [3], act as seeds for
early structure formation [4] or for the presence of super-
massive black holes in galactic nuclei [5, 6]. From an ob-
servational standpoint, they could further explain some
of the black-hole mergers detected by gravitational-wave
experiments [7, 8], the stochastic background of gravi-
tational waves showcased by recent pulsar-timing-array
surveys [9, 10], and account for reported microlensing
events [11–13].

Various aspects of the PBH hypothesis are under cur-
rent scrutiny, ranging from formation scenario, calcu-
lations of their abundance, mass function and cluster-
ing properties, evaporation, merger rates and late-time
evolution, see for instance Refs. [8, 14]. In the present
paper, we focus on PBHs originating from the Hubble
reentry of large Gaussian density fluctuations. Several
approaches have been used in this context to predict
some of the aforementioned PBHs properties, e.g. Press-
Schechter formalism [15], peak theory [16, 17] or N -body
simulations [18–20].

Among them, the excursion-set framework [21–23] has
the ability to describe hierarchical structure formation,
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i.e. the fact that different structures form at different
scales and may encapsulate one another. In practice,
the density field is coarse-grained over a given distance
R around a reference location, and when decreasing R it
evolves stochastically as new Fourier modes contribute to
its realization. Structures form when the field overtakes
certain formation thresholds, with the largest structure
of a given type corresponding to the first “time” this
occurs. Here, “time” simply refers to any decreasing la-
belling of R and does not need to be related to physical
time, as we shall further elaborate on below. At the tech-
nical level, this amounts to solving a first-passage time
problem, where the barrier corresponds to the PBH for-
mation threshold, to which the nature and the statistics
of PBHs are exponentially sensitive [2, 24–27]. This auto-
matically accounts for the “cloud-in-cloud” problem [28],
namely the fact that large PBHs may form in regions al-
ready containing smaller PBHs, in which case only the
largest PBH needs to be listed in the final census.

Recently, concerns have been raised [29] regarding the
application of the excursion-set program to PBHs, which
allegedly requires solving stochastic processes with col-
ored noises – a technical complication that most studies
avoid – and may even yield negative mass fractions (a
result that is manifestly unphysical) if not handled prop-
erly. Building on Ref. [30], we will demonstrate that
all these difficulties arise from sampling the excursion
set across the Hubble-crossing hypersurface, and that all
such pathologies disappear naturally when a synchronous
hypersurface is rather used. This comes at the expense
of making the barrier “time” (i.e. R) dependent, but we
will show how first-passage time problems with moving
barriers can be readily solved.
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On a different note, the excursion-set approach has
been used to argue that the cloud-in-cloud phenomenon
is irrelevant for PBHs [31, 32], and that its occurrence
is suppressed by the abundance of the black holes them-
selves.

We will explain why this conclusion holds in the limit
where black holes form at well-separated scales, but
generically fails otherwise, in particular if they arise from
broad power spectra. We will even exhibit situations
where the standard Press-Schechter approach breaks
down and predicts negative mass functions, including for
narrow power spectra, which makes the excursion-Set for-
malism utterly necessary.

The rest of this paper is organized as follows. After
reviewing the excursion-set formalism in Section II and
discussing the role played by the space-like hypersurface
along which sampling is performed, in Section III we show
how first-passage time problems with moving barriers can
be solved efficiently using a particular set of Volterra inte-
gral equations. In Section IV, we apply our framework to
PBH formation scenarios with top-hat and (double) log-
normal power spectra for illustration. We emphasize the
importance of properly accounting for the time depen-
dence of the barrier, and show that although qualitative
pictures can sometimes be obtained with constant-barrier
approximations – which are analytically tractable [33] –
quantitative results based on neglecting the motion of
barriers [34, 35] might need to be tempered. In Section V,
we display the associated PBH mass functions, and we
discuss the importance of cloud-in-cloud. Finally, in Sec-
tion VI, we discuss some limitations of the excursion-set
framework and possible extensions of this work. In par-
ticular, an accompanying paper will focus on applying
the procedure of Sections II and III to the generic formu-
lae of Ref. [33] for PBHs initial clustering.

II. EXCURSION-SET FORMALISM

A. Coarse-graining and random walks

Given a density-contrast field δ(x, t) and its Fourier
transform δk(t), we want to estimate the probability to
form gravitationally-bound structures, the distribution
of their sizes and their hierarchical arrangement. In the
context of the excursion-set framework, we define the
coarse-grained density perturbation over a spherical re-
gion of radius R about a point x evaluated at a certain
time t as

δR(x, t) =

∫
d3k

(2π)3/2
δk(t)W̃

(
kR

a

)
e−ik·x (1)

where W̃ is a window function in Fourier space selecting
the subset of wave numbers k ≲ a/R. In agreement with
cosmological observations [36], we assume that the pri-
mordial density field has Gaussian statistics with reduced

FIG. 1. Schematic view of the two choices of sampling of
the excursion-set. PBHs form when the value of the coarse-
grained density contrast δR is above a certain constant thresh-
old δc, at the time t∗ where the smoothing scale R crosses in
the Hubble radius H−1 (black line). Different scales R are
thus associated to comoving wave numbers k (blue lines) reen-
tering the Hubble radius at different times. Since only super-
Hubble Fourier modes contribute to δR, δR(t∗) and δR(t0) can
be readily related, but working along fixed-time hypersurfaces
(red vertical line) has two advantages: (i) it leads to Langevin
processes with vanishing drift and (ii) it allows one to relabel
R by S, leading to Langevin processes with normalised white
noises.

power spectrum Pδ defined as

⟨δkδk′⟩(t) = 2π2

k3
Pδ(k, t)δD (k+ k′) , (2)

where δD denotes the Dirac distribution. As a conse-
quence, the coarse-grained field δR is also Gaussian, with
variance S(R, t) ≡

〈
δ2R(x, t)

〉
given by

S(R, t) =

∫ ∞

0

Pδ(k, t)W̃
2

(
kR

a

)
d ln k . (3)

Let us now study how the coarse-grained field changes
when R is varied. This can be done along different
space-like hypersurfaces, and in full generality those can
be parametrized by a function t(R). As a consequence,
δR(t) = δR[t(R)] becomes a function of R only (and we
omit the argument x hereafter since it is held fixed). One
obtains

dδR
dR

= t′(R)δ̇R + ξ(R) (4)
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where δ̇R is the coarse-grained time derivative of the den-
sity field, and

ξ(R) =

∫
d3k

(2π)3/2
δk(t)

∂

∂R

{
kR

a[t(R)]

}
W̃ ′

(
kR

a

)
e−ik·x .

(5)
In Eq. (4), the first term is driven by the evolution of
the mode functions δk[t(R)] along the sampled hypersur-
face, and plays the role of a “drift”. The second term
models the contribution of the Fourier modes crossing R
and joining the coarse-grained field as R decreases. As
such, Eq. (4) can be interpreted as describing a random
walk: as R decreases, new modes contribute to the in-
tegral of Eq. (1), and since each of these modes takes
a random realization, ξ plays the role of a “noise” with
centered Gaussian statistics. Since the field δR is statis-
tically homogeneous and isotropic, the statistical proper-
ties of such random walk are independent of x, hence by
taking ensemble averages over realizations of Eq. (4) one
effectively evaluates spatial averages.

For this description to be consistent, modes need to
cross the coarse-graining scale outwards, which implies
that R/a[t(R)] decreases as R decreases. This yields a
constraint on the sampling hypersurface, namely that

Rt′(R)H[t(R)] < 1 . (6)

Note also that an important simplification arises from
working with a top-hat window function in Fourier space,

W̃ (kR/a) = 1 if kR/a < 1 and 0 otherwise. In this case,
the two-point function of the noise reads

⟨ξ(R)ξ(R′)⟩ =
(

d

dR

{
ln

R

a[t(R)]

})2

Pδ

[
k =

a

R
, t(R)

]
× δD (R−R′) , (7)

namely the noise is white (i.e. uncorrelated over “time”
R), and Eq. (4) is a Langevin equation that describes a
Markovian process.1

B. Sampling along the Hubble-crossing
hypersurface

A first possible choice for the sampling hypersurface is
the Hubble-crossing surface, i.e. R(t) = H−1(t), which
implicitly defines the function t(R) and leads to t′(R) =

1/ϵ1 where ϵ1 = −Ḣ/H2 is the first Hubble-flow param-
eter. Then, the condition (6) reduces to ϵ1 > 1, i.e. the
expansion needs to decelerate, which is indeed the case
once inflation has ended. One advantage of this choice is
that the PBH collapse threshold δc is often expressed in

1 Non-sharp window functions would make the noise colored, as
recently discussed in Ref. [37] in the PBH context, see also
Refs. [38–41] in the context of large-scales structures.

terms of the comoving density contrast [30, 42] at Hubble
crossing time.2 This implies that PBH formation corre-
sponds to crossing a fixed “barrier” at δR = δc.
In this case, since only super-Hubble modes contribute

to δR, and given that the comoving density contrast
behaves as δk(t) ∝ (aH)−2 ∝ a1+3w on super-Hubble

scales, one has δ̇R = (1 + 3w)HδR. Here, for simplicity
we assume that PBHs form during an epoch where the
equation-of-state parameter w is constant. The Langevin
equation (4) thus becomes

dδR
dR

=
2

3

1 + 3w

1 + w
δR + ξ(R), (8)

where the noise obeys Eq. (7) with d
dR{lnR/a[t(R)]} =

1
R

1+3w
3(1+w) .

One may identify two problems about this approach.
First, it is reported in Ref. [29] that the noise is non-
white, which seemingly contradicts the above discussion.
This is because, in Ref. [29] the Langevin equation is writ-

ten as dδR/dR = ξ̃, where ξ̃ corresponds to the whole

right-hand side of Eq. (8). As such, ξ̃ is correlated over
time since δR is. However, when properly separating con-
tributions from the drift and the noise, the noise is always
white, if the window function is sharp in Fourier space.
There is a way to get rid of the drift and make ξ̃ white
that we discuss in the next subsection (see footnote 3) but
let us stress that ξ is by no means colored and Eq. (8)
always describes a Markovian process.
Second, it has been raised that negative mass functions

can be obtained in some regimes for instance in Ref. [49].
Mass functions will be further discussed in Section III B,
where we will explain why their computation is usually
performed by relabelling the “time” variable R by S in
the Langevin equation. For this change of variable to be
well-defined, the function S[R, t(R)] needs to be mono-
tonically decreasing. With top-hat Fourier-space window
functions, Eq. (3) leads to

R
dS

dR
= 4

ϵ1 − 1

ϵ1
S −

(
1− 1

ϵ1

)
Pδ [k = aH, t(R)] , (9)

where we have used that δk(t) ∝ a1+3w on super-Hubble
scales. We have also expressed the equation-of-state pa-
rameter w = 2ϵ1/3 − 1 in terms of the first Hubble-flow
parameter to make it clear that, under the condition (6),
i.e. ϵ1 > 1, the first term is positive while the second term
is negative. As a consequence, dS/dR is not necessarily
negative in this setup: at scales where Pδ assumes small
values, the first term in the above may dominate over the

2 Numerical simulations [25, 26, 43, 44] have shown that the critical
threshold depends sensitively on the details of the density profile
around the overdensity peak and may vary, see Section VI. Note
that if non-Gaussianities are involved, the criterion may also de-
pend on the very nature of the fluctuations triggering the PBH
collapse [45–48].
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FIG. 2. Variance S against coarse-graining scale R computed
for some of the benchmark scenarios listed in Section IV, see
Table I.

second one and ruin the monotonic mapping between R
and S. This is why Ref. [29] introduces a new variable
τ = R−1.

C. Sampling along a synchronous hypersurface

Another choice of sampling hypersurface corresponds
to one with constant t = t0. In this case, t′(R) = 0 so
Eq. (6) is immediately satisfied and the drift in Eq. (4)
vanishes altogether. The Langevin equation becomes

dδR
dR

= ξ(R), (10)

where the noise obeys Eq. (7) with d
dR{lnR/a[t(R)]} =

R−1. The “time” relabelling R → S is also always valid,
since

R
dS

dR
= −Pδ [k = a(t0)/R, t0] < 0 (11)

in that case. This allows one to rewrite Eq. (10) in the
convenient form

dδR
dS

= ξ(S), ⟨ξ(S)ξ(S′)⟩ = δD(S − S′) (12)

where ξ(S) is a white Gaussian noise, with vanishing
mean and unit variance.

The price to pay is that the PBH formation threshold
needs to be expressed at a fixed time rather than at Hub-
ble crossing. At a given R, if t∗ denotes the time when
R = H−1 and provided t0 < t∗, one has

δR(t∗) =

[
a(t∗)H(t∗)
a(t0)H(t0)

]−2

δR(t0) (13)

since both δR(t∗) and δR(t0) are made of super-Hubble
Fourier modes. In the following, we denote with a sub-
script 0 (resp. ∗) quantities evaluated at t0 (resp. t∗).

As a consequence, the PBH formation threshold δc,
that applies to δR(t∗), can be redshifted to the time t0
where it applies to δR(t0), leading to

δc (R) = (H0R)
− 2

3
1+3w
1+w δc . (14)

In practice, this leads to a “time” (i.e. R)-dependent bar-
rier. 3 The situation is summarized in Fig. 1. Along the
t = t0 hypersurface, starting from S = 0 (or equivalently
R = ∞) the first “time” when δR encounters the collapse
threshold δc(R) provides the size of the largest PBH sur-
rounding the point x. The statistics of this first-passage
time is thus related to the size distribution of black holes,
which we further study below.

Before closing this section, let us finally note that, ow-
ing to the simplicity of Eqs. (12) and (14), all the depen-
dence on initial conditions is contained in the relationship
between S and R, that is required to turn Eq. (14) into a
barrier function δc(S). It is convenient to express Eq. (3)
in terms of the power spectrum of curvature perturba-
tions ζ, given that those are conserved at super-Hubble
scales and thus be directly evaluated at the end of infla-
tion. At super-Hubble scales, ζ is related to the density
contrast in the comoving gauge according to

δk(t) ≃ −2(1 + w)

5 + 3w

(
k

aH

)2

ζk , (15)

hence

S(R) =

[
2(1 + w)

5 + 3w

]2 ∫ (H0R)−1

0

u4Pζ(k = a0H0u)d lnu .

(16)
One can thus check that, when R → ∞, S → 0. There
is however a maximal value to S: from Fig. 1, it is clear
that only curvature perturbations at scales k < kmax =
a0H0 can be resolved. This implies that R > Rmin =
H−1

0 , which in turns leads to a maximal value for S,
denoted Smax below. In practice, this does not limit the
application of the excursion-set formalism since it suffices
to match t0 with the end of inflation (or any time prior
to the re-entry of the peak of the power spectrum, as
discussed in Appendix B 1) in order to include all relevant
scales. However, it does imply that the first-passage-
time problem must be solved in the presence of an upper
bound on the “time” parameter.

3 Note that the rescaling δR → R
− 2

3
1+3w
1+w δR of Eq. (14) is pre-

cisely the one that makes the drift in Eq. (8) disappear, which is
consistent.
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FIG. 3. First-passage time obtained through solving the
Volterra equation numerically against MonteCarlo simulation
with 107 trajectories and 1000 time steps. The various mod-
els used are identified in Tables Ia to Ic and will be discussed
in Section IV. Note that despite the relatively large number
of trajectories, the noise in the MonteCarlo simulation is still
large. This is because only a small subset of trajectories end
up crossing the barrier. Of course, one could use importance
sampling to obtain better convergence.

III. FIRST-PASSAGE TIME PROBLEM

A. Moving barrier and Volterra equations

We now explain how one can solve the first-passage
time problem we are left with, namely a Brownian mo-
tion with a moving barrier. This problem, well-known
in probability theory, only admits very few analytical re-
sults and therefore numerics must be used. The availabil-
ity of numerically inexpensive methods [30, 50–53] is the
reason why formulating the excursion set on synchronous
hypersurfaces is so efficient.

First and foremost, the Brownian motion performed
by the density contrast δR for given initial conditions
(δR,i, Si) is characterized by its transition probability
without enforcing any boundary condition. It is given
by the Gaussian distribution

Pfree(δR, S|δR,i, Si) =
e
− (δR−δR,i)

2

2(S−Si)√
2π(S − Si)

. (17)

Then, when an absorbing condition is imposed at an ar-
bitrary time-dependent threshold δc(S), the first-passage
time probability distribution PFPT obeys the implicit re-

lation [30, 51, 52, 54]

PFPT(S|δR,i, Si) =

[
δc(S)− δR,i

S − Si
− 2δ′c(S) +K(S)

]
× Pfree [δc(S), S|δR,i, Si] +

∫ S

Si

ds Pfree [δc(S), S|δc(s), s]

× PFPT(s|δR,i, Si)

[
2δ′c(S)−

δc(S)− δc(s)

S − s
−K(S)

]
.

(18)

This is a Volterra integral equation of the second kind
with a generic kernel function K(S). As explained in
details in [30, 51], although Eq. (18) is satisfied for any
kernel functionK(S), the kernel can be chosen in order to
remove the singularities – and thus numerical instabilities
– plaguing the integrand of the above equation close to
the upper bound, at s ≃ S. This singularity is removed
when choosing K(S) = δ′c(S).
It should also be noted that, if one sets K(S) = 0, the

first term in the Volterra equation is nothing but twice
the flux of trajectories across the boundary δc(S)

PPS(S|δR,i, Si) ≡
[
δc(S)− δR,i

S − Si
− 2δ′c(S)

]
× Pfree [δc(S), S|δR,i, Si] . (19)

Up to a factor of 2, we recover the distribution used to
compute the Press-Schechter (PS) mass function [15], see
Ref. [30] for a detailed discussion.
Upon the discretization of the time variables S =

n∆s + Si and s = m∆s with n,m integers and ∆s a
numerical step4, this allows one to recast Eq. (18) as the
following linear matrix equation

PFPT = PPS + JPFPT∆s+ δ′c(S)Pfree . (20)

In this formula, PFPT = PFPT(n∆s) is a n-dimensional
vector, and so is Pn

PS, defined as

Pn
PS =

[
δc(n∆s+ Si)− δR,i

n∆s
− 2δ′c(n∆s+ Si)

]
× Pfree [δc(n∆s+ Si)− δR,i, n∆s] . (21)

Finally, J is a lower triangular matrix, with vanishing
diagonal and

Jn
m = Pfree [δc(n∆s+ Si)− δc(m∆s+ Si), (n−m)∆s]

×
[
δ′c(n∆s+ Si)−

δc(n∆s+ Si)− δc(m∆s+ Si)

(n−m)∆s

]
.

(22)

4 The discretization scheme is made explicit for a fixed step ∆s,
but in practice one can discretize the Volterra equation with any
slicing of S.
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FIG. 4. Probability kernel computed through Eq. (24) for different benchmark models. The solid black line corresponds to the
location of the time-dependent boundary δc(S).

The matrix equation is then solved according to

PFPT = (Id− J∆s)−1[PPS + δ′c(S)Pfree] (23)

where the lower triangular matrix Id − J∆s can be effi-
ciently inverted using dedicated algorithms.5

By comparison with a standard Monte-Carlo simula-
tion, this method proves to be much more efficient in
terms of numerical cost and reliability. It can be checked
with Fig. 3 where the two methods are compared for
several power spectra which will be introduced in Sec-
tion IV together with the parameters given in Tables Ia
to Ic. Furthermore, quite remarkably, the sampling n of
the Volterra integral equation does not need to be high
to ensure a fast-convergence for the first-passage time
distribution, see Section C.

From the knowledge of PFPT, one can also obtain the
transition probability P (δR, S|δR,i, Si) associated to the
random motion starting at (δR,i, Si) when the (moving)
barrier is accounted for :

P (δR, S|δR,i, Si) = Pfree(δR, S|δR,i, Si)

−
∫ S

0

ds PFPT(s|δR,i, Si)Pfree [δR − δc(s), S − s|δR,i, Si] .

(24)

We will call this quantity the “probability kernel” and
we show it for different benchmark models in Fig. 4. The
two quantities given by Eqs. (18) and (24) suffice6 to

5 A triangular matrix can be inverted in O
(
n2

)
using forward sub-

stitution as opposed to O
(
n3

)
for the simplest algorithm of ma-

trix inversion, O
(
nlog2(7)

)
≈ O

(
n2.8074

)
for Strassen’s algorithm

included in BLAS [55, 56] and O
(
n2.371339

)
for the current best

theoretical bound [57].
6 In order to avoid numerical instabilities near the boundary of
the integral in Eq. (24), a trick can be employed to rewrite this
equation and ensure high numerical precision, see Section A.

completely characterize the random motion performed
by the density contrast with respect to S. In particular,
we explain in the next subsection how the PBHs mass
distribution can be obtained from the knowledge of the
barrier-crossing distribution.

B. Mass function

For a given (stochastic) realization of δR, there are as
many substructures as the number of times δR crosses the
threshold δc(S). However, since PBHs engulf their inner
sub-structure, one only needs to keep track of the largest
structure formed. The excursion-set formalism allows
us to pick precisely those largest objects, thus avoiding
overcounting and by design solving the “cloud-in-cloud”
problem.
PBHs forming at the scale R have a mass of the order

of the Hubble mass at the time R re-enters the Hubble
radius,7

M(R) = 4πσ
M2

Pl

H [t∗ (R)]
= M0 (H0R) , (25)

where σ ∼ 0.1 is a parameter measuring the efficiency of
the collapse, MPl is the reduced Planck mass, and M0 is
the mass of PBHs forming at time t0. The above formula
provides a rough estimate only, while more refined meth-
ods involve the use of critical scaling laws [58–61] or rely
on the compaction function [24, 25, 62]. These methods
are however more challenging to implement within the

7 If the collapsing region already contains a black hole, its density
does not necessarily redshift as the background density since
black holes behave as non-relativistic matter. This is why, in
principle, the mass estimate (25) has to be refined if cloud-in-
cloud takes place.
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excursion-set approach, and we further discuss them in
Section VI.

Let β(M) denotes the PBH mass fraction at formation
time, i.e. β(M)d lnM corresponds to the fraction of the
universe comprised in PBHs of masses [M,M+dM ] when
black holes of mass M form. Then, from the excursion-
set viewpoint,

β(M)d lnM = −PFPT(S) dS , (26)

where S and M are related via Eqs. (16) and (25). This
is why, as mentioned in Section II B, if the function S(R)
is not monotonically decreasing, then one may get “neg-
ative” mass distributions, but this simply signals that S
cannot be used to relabel time in the stochastic process in
that case. The use of a synchronous hypersurface always
prevents this issue from occurring.

After PBHs form, they behave as non-relativistic mat-
ter, hence their fractional density scales as a3w. If f(M)
denotes the PBH mass fraction at some fixed, late refer-
ence time tref , after all PBHs formed, one thus has

f(M) = β(M)

[
a(tref)

a∗(M)

]3w
=

(
aref
a0

)3w

β(M)

(
M0

M

) 2w
1+w

.

(27)

IV. APPLICATIONS

The method laid out above was used to study met-
ric preheating in Ref. [30]. Here, we further illustrate
its application to the case where black holes form in
the radiation era (w = 1/3) with a formation threshold
δc = 1 in Eq. (14). In this context, it has been sug-
gested that power spectra with narrow peaks give rise
to nearly monochromatic mass functions [59, 63, 64] (al-
though some of the assumptions leading to this result
might be questioned [65]). In practice, most inflationary
models producing large fluctuations at small scales come
with a peak of finite width in the power spectrum [66–
69], and one may expect PBHs to form over a finite range
of masses. It has also been argued that cloud-in-cloud
remains marginal, and suppressed by the PBH abun-
dance itself, even in the presence of broad power spectra
[31, 32]. In this work, we wish to reexamine these claims
by considering several power spectra motivated by the
literature on PBHs.

A. Top-hat power spectrum

We first consider an idealized version of a broad power
spectrum, frequently used as a benchmark [31, 32, 70–
73], made of a scale-invariant “peak” that spreads over
the range of modes [k1, k2] with an amplitude A:

Pζ(k) = AΘ(k − k1)Θ(k2 − k) . (28)

Conveniently, the rescaling (16) can be performed ana-
lytically,

S(R) =
4

81
A
[
(H0R)−4 −

(
k1

a0H0

)4
]

(29)

if a0/k2 < R < a0/k1, and S(R) is constant outside
that range. This relation is displayed in Fig. 2 for a
benchmark model taken from Table Ia. Inverting Eq. (29)
and using Eq. (14), the time-dependence of the barrier is
given by

δc(S) = δc

[
81

4AS +

(
k1

a0H0

)4
]1/4

(30)

for 0 ≤ S ≤ Smax, where

Smax =
4

81
A k42 − k41

(a0H0)
4 . (31)

Together with the probability kernel introduced in
Eq. (24), the function δc(S) is displayed in Fig. 4a. 8

B. Log-normal peak

In order to avoid the (non-physical) sharp features
arising from the edges of a top-hat power spectrum, a
smoother version is often considered in the form of a log-
normal peak [65, 74–76],

Pζ(k) =
A√
2π∆

exp

[
− ln(k/kp)

2

2∆2

]
. (32)

The quantity A still controls the amplitude, kp repre-
sents a certain scale at which the power spectrum peaks,
whereas ∆ parametrizes the width of the peak. For
∆ ≪ 1, the above reduces to a Gaussian peak, character-
istic of the class of narrow-peak power spectra. Again,
the rescaling (16) can be performed analytically,

S(R) =
8A
81

(
kp

a0H0

)4

e8∆
2

×
{
erf

[
1√
2∆

ln

(
a∗
Rkp

)
− 2

√
2∆

]

− erf

[
1√
2∆

ln

(
kmin

kp

)
− 2

√
2∆

]}
, (33)

8 To ease numerical comparison with other models, a low-
amplitude scale-invariant contribution has been added to the
power spectrum (28) in all figures, such that the S(R) function
remains invertible until R = a0/kmax. The amplitude of that
contribution is taken sufficiently low so that it does not affect
our quantitative results.
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Identifier A k1 k2 Smax

A-N1 2.28 8.19× 10−2 1.22× 10−1 2× 10−5

A-N2 1.14 8.19× 10−2 1.22× 10−1 10−5

A-N3 0.57 8.19× 10−2 1.22× 10−1 5× 10−6

A-W1 849.1 2.707× 10−4 1.478× 10−2 2× 10−6

A-W2 84.91 2.707× 10−4 1.478× 10−2 2× 10−7

A-W3 8.491 2.707× 10−4 1.478× 10−2 2× 10−8

(a) Top-hat spectrum

Identifier A kp ∆ kmin Smax

B-N1 9.34× 10−1 10−1 10−1 10−3 2× 10−5

B-N2 4.67× 10−1 10−1 10−1 10−3 10−5

B-N3 2.35× 10−1 10−1 10−1 10−3 5× 10−6

B-W1 212.2 2× 10−3 1 10−5 2× 10−6

B-W2 21.22 2× 10−3 1 10−5 2× 10−7

B-W3 2.122 2× 10−3 1 10−5 2× 10−8

(b) Log-normal spectrum

Identifier A1 A2 kp,1 kp,2 ∆ kmin Smax

C-1 24 ×A2 9.34× 10−1 5× 10−2 10−1 10−1 10−3 4× 10−5

C-2 A2 9.34× 10−1 5× 10−2 10−1 10−1 10−3 2.125× 10−5

(c) Double log-normal spectrum, based on B-N1

TABLE I. Benchmark models, wave numbers are given in units of a0H0. A suffix N labels “narrow peak” models and a suffix
W labels “wide peak” models.

where a∗ depends on R through a∗(R) = a0
√
H0R. Here

we have introduced a minimum scale kmin, so the above
expression is valid only for R < a∗(R)/kmin, since other-
wise δc(S = 0) = 0 and δ′c(S = 0) = ∞, which cannot
be numerically handled. In Section B 2, we further check
that kmin has been set to sufficiently low values such that
it does not affect our physical results. For the sake of
comparison, we select the parameters of this model to
match qualitatively the top-hat power spectrum. In par-
ticular, the peak and the width are chosen such that

k1,2 = kp exp(±2∆) , (34)

and the amplitude A is set to obtain the same Smax =
S(R = a0/kmax), see Tables Ia and Ib.
Looking at Fig. 2, one can check that for narrow peaks

(with a suffix N) the function S(R) has a similar shape
to the one obtained with a top-hat power spectrum, al-
though smoother. The S-dependence of the threshold is
found by inverting Eq. (33) numerically, and it is dis-
played, together with the probability kernel extracted
from Eq. (24), in Fig. 4b. The behavior is again simi-
lar to (although smoother than) the one obtained with
the top-hat power spectrum in Fig. 4a.

However, we have checked that for wider peaks (with
a suffix W), the shape of the S(R) function with top-hat
and log-normal power spectra differs more significantly,
because of the heavy tails of the log-normal distribution.
Even if we match the peak and width of the distributions,
the two models are no longer qualitatively similar in that
regime.

C. Double log-normal spectrum

As a last application, we consider a power spectrum
that peaks at two distinct scales. This may seem fine-
tuned from an inflationary model-building point of view,

but this toy model will prove insightful when it comes to
determining under which conditions cloud-in-cloud may
or may not be neglected, and ponder the role of mass
hierarchies in that discussion. A simple way to achieve a
double-peak power spectrum is by adding to Eq. (32) a
second log-normal peak at kp,1 < kp,2. The width of the
second peak is also taken equal to ∆. If the two peaks are
sufficiently well separated, we expect the mass function
to exhibit two distinct, well-resolved maxima.

The two sets of parameters used for this model are
listed in Table Ic. For the model C-1, they are chosen so
that the second peak gives the same contribution to the
variance Smax as the first peak, as can be seen from the
green curve in Fig. 2. Conversely, the model C-2 is such
that the two peaks have comparable amplitudes, hence
the second peak contributes less to the variance Smax, see
the red curve in Fig. 2.

The S-dependence of the threshold along with the
probability kernel is represented in Fig. 4c for the model
C-1. The model C-2 presents a threshold with an anal-
ogous shape but the width of the first upward “step” is
reduced.

V. ON THE RELEVANCE OF THE
EXCURSION-SET APPROACH

For the models listed in Section IV, the first-passage
time distribution can be computed with the method de-
tailed in Section IIIA, from which the mass function can
be obtained as explained in Section III B. The result is
displayed in Figs. 5 and 8a for the parameters listed in
Tables Ia to Ic.
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(d) Wide log-normal spectrum

FIG. 5. Mass function for the top-hat power spectrum (left panels) and for the log normal power spectrum (right panels). The
dashed-lines correspond to the Press-Schechter approach, ie where cloud-in-cloud is neglected (see main text).

A. Broadness of the mass function

Let us first focus on power spectra with one narrow
peak, namely the models A-N1 to A-N3 and B-N1 to
B-N3. From the solid lines of Figs. 5a and 5b, the top-
hat and log-normal power spectra lead to similar mass
distributions (both in terms of amplitude and width),
which differ only in the far tails. The low-mass cutoff is
sharper with the top-hat power spectrum than with the
log-normal one, but the latter shall otherwise be seen as a
smoothed version of the former. The mass functions are
sharply peaked, since the value for ∆ – or equivalently,
for ln(k2/k1), see Eq. (34) – we have employed is small,
see Tables Ia and Ib. This confirms that peaked power
spectra give rise to PBH mass functions that are essen-
tially monochromatic (if critical scaling was accounted
for, a low-mass heavier tail would nonetheless develop,

see Section VI for further discussions).

To the contrary, we find in Figs. 5c and 5d that the
PBH distributions for the “wider peaks” differs signifi-
cantly between the top-hat and the log-normal model.
This is a direct consequence of the fact that a log-normal
distribution with ∆ = 1 does not fall off rapidly both in
the UV and the IR, and therefore cannot be matched ac-
curately to a top-hat distribution. Nonetheless, we find
that for both power-spectrum shapes, the PBH distribu-
tion spans several orders of magnitude, up to 5 for B-W1,
when the width of the power spectrum is only of order
one (∆ = 1). Crucially, the amplitude of the power spec-
trum plays a crucial role in determining the shape and
the width of the PBH mass distribution.

Finally, the mass function obtained with a double-peak
power spectrum is bimodal, as it can be seen from Fig. 8a.
Thus, the mathematical transformation Pζ(k) → f(M)
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FIG. 6. Mass function of model B-N1 in linear scale, from
both the excursion-set (solid) and the Press-Schechter ap-
proximation (dashed). Press-Schechter predicts that the mass
function becomes negative in a certain mass range, whereas
the excursion-set remains always positive.

defined by the excursion-set framework is such that, if
well-resolved features appear in Pζ(k), they manifest
themselves in f(M) as well. This is consistent with the
physical intuition that relates comoving scales with PBH
formation time and mass, but that conclusion is techni-
cally not so obvious given that the relationship between
Pζ and f(M) involves solving stochastic processes. When
the two peaks have the same power-spectrum amplitude
(C-2), they give rise to similar maxima in the mass distri-
bution, while if their amplitudes are set such that they
give the same contribution to Smax (C-1), the higher-
mass maximum is more pronounced.

B. Cloud-in-cloud

Let us now estimate the importance of cloud-in-cloud,
namely the fact that small-mass PBHs may end up in
regions forming larger-mass black holes, and therefore
disappear from the final PBH census.

1. Comparison to Press-Schechter

In Fig. 5 we display with dashed lines the mass function
resulting from the Press-Schechter approach [15], which
neglects the possibility of barrier multiple crossings and
thus does not account for cloud-in-cloud. In practice, as
explained in Ref. [30] and made explicit in Eq. (19), this
consists in setting the triangular matrix J and the kernel
K(S) to 0 in Eq. (18) and accounting for a global factor of

one-half.9 Let us emphasize that in this Press-Schechter
approach, we keep the “time”-dependence δc(S) of the
threshold in Eq. (21) – whereas certain works often as-
sume implicitly that the barrier is scale independent,
δ′c(S) = 0. Physically, the Press-Schechter approach re-
duces to computing (one half of) the “flux” of trajectories
across the barrier, if these trajectories are free (i.e. they
do not feel the barrier). As a consequence, it can very well
become negative when the barrier is too steep, and such
a behavior is showcased in Fig. 6. This signals a clear
limitation of the Press-Schechter approach when applied
to systems with a moving barrier, which the excursion-
set formalism overcomes. This also explains the origin of
the striking disagreement between the two approaches in
the low-mass tail for models B-N1 to B-N3 and B-W1 to
B-W3 in Fig. 5b. Let us however note that the severity
of the discrepancy depends on the detailed shape of the
power spectrum, since the narrow top-hat spectrum is
free from such pathology as displayed in Fig. 5a.
The aforementioned discrepancy is not, stricto sensu,

a measure of cloud-in-cloud, but rather reflects the fail-
ure of the Press-Schechter approach in itself when the
barrier δc varies, as illustrated in Fig. 4. As soon as
2Sδ′c(S) > δc(S), Eq. (19) gives a non-physical, nega-
tive value, signalling that the free flux across the barrier
cannot be used as a proxy for the first-passage-time dis-
tribution.
In contrast, the excursion-set always predicts positive

mass functions, with a low-mass tail that eventually be-
comes lighter as the amplitude of the power spectrum
increases, see for instance Figs. 5c and 5d. This is be-
cause, as the power spectrum increases, so does the num-
ber of massive PBHs, which engulf smaller ones. Light
PBHs are thus less frequent since they are absorbed by
their more massive companions, which is precisely what
is expected from cloud-in-cloud. In the Press-Schechter
approach, this effect is absent and the low-mass tails are
mostly insensitive to the overall abundance.
This shows that cloud-in-cloud can play a substantial

and subtle role in shaping the mass function.

2. The role of scale separation

So far, we have focused on either quasi-monochromatic
or wide mass distributions, but one may wonder about
the effect of cloud-in-cloud in the presence of more sig-
nificant mass hierarchies. In order to discuss how heavy
PBHs affect much lighter ones, in Fig. 8a we start from
the reference situation where a single peak at low mass is
present (B-N1), then introduce a second peak at large
mass (C-2), and finally increase its amplitude (C-1).
One can see that, when the second large-mass peak is

9 A comparison between the excursion-set and Press-Schechter ap-
proaches at the level of the first-passage time distribution is dis-
played in Fig. 10 in Section C.
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(a) No additional peak (b) Small peak (c) Large peak

FIG. 7. Schematic view for the effect of a second peak at large scales onto the PBH mass function. The grey region shows the
typical spread of the Langevin trajectories. The inclusion of a second peak at large scales adds an initial period of diffusion of
“duration” S1, increasing from the leftmost to the rightmost panel. At first, the main effect of this initial period of diffusion is
to spread initial conditions (blue ellipse), making barrier crossing more likely to occur during the second phase. As S1 becomes
larger, fewer trajectories survive this initial period of diffusion, hence first crossing during the second phase becomes less likely
and the abundance of low-mass black holes is reduced. This explains the non-monotonic behavior in Fig. 8a.

introduced, the abundance of low-mass PBHs slightly
increases, before decreasing when the amplitude of the
large-scale peak is enhanced.

This non-monotonic behavior can be understood as fol-
lows. If the two log-normal peaks in the power spectrum
are well separated, their respective contributions to Smax

read

Si =
8Ai

81

(
kp,i
a0H0

)4

e8∆
2

(35)

where i = 1, 2, see Eq. (32). In that same limit, since the
two peaks are narrow, δc(S) becomes piecewise constant,
with

δc(S) =

{
δ1 if 0 < S < S1

δ2 if S1 < S < Smax = S1 + S2

(36)

where we have introduced

δi = δc

(
kp,i
a0H0

)2

. (37)

In this simple piecewise toy model, as one increases the
amplitude of the large-mass peak, i.e. A1, S1 gets larger,
while the other parameters of the δc(S) function remains
fixed. This behavior is sketched across the three panels
of Fig. 7.

In the absence of a barrier, the transition probability
for the density contrast is given by the Gaussian distri-
bution (17). The probability distribution associated to
δR at the end of the first stage S < S1 when the barrier is
constant can thus be obtained by the method of images

as

P (δR, S1) =Pfree(δR, S1|0)− Pfree(δR, S1|2δ1)

=
1√
2πS1

[
e−

δ2R
2S1 − e−

(δR−2δ1)
2

2S1

]
. (38)

The probability to cross the barrier during the first stage
is thus

p1 = 1−
∫ δ1

−∞
P (δR, S1) dδR = erfc

(
δ1√
2S1

)
. (39)

A similar calculation applies to the probability to cross
the barrier during the second stage, except that the initial
condition for that second stage now follows the distribu-
tion (38). This leads to

p2 =

∫ δ1

−∞
P (δR, S1) erfc

(
δ2 − δR√

2S2

)
dδR . (40)

The integral can be expressed in terms of the Owen’s
T function [77] but the corresponding expression does
not bring additional insight. Keeping Eq. (40) in its in-
tegral form, one can nonetheless notice that p2 is non-
monotonic and exhibits two regimes.
Indeed, when S1 ≪ δ21 , the second term in Eq. (38)

remains negligible and p2 increases with S1. This is be-
cause, as S1 increases, more time becomes available for
the process to climb up to the second barrier overall. In
other words, at “time” S1, δR is already displaced from
the origin (it lies in the blue-shaded region in Fig. 7),
which makes it more likely to cross the barrier afterwards.
This effect is dominant for small secondary peaks, and
explains why C-2 features more small-mass PBHs than
B-N1.
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FIG. 8. Effect of a second peak at large scales on the PBH mass distribution.

When S1 ≫ δ21 , P (δR, S1) is almost flat but its over-

all amplitude decays as S
−3/2
1 , and so does p2. In other

words, the barrier may be crossed along its first (large-
mass) plateau, which prevents first crossing from occur-
ring in the second (small-mass) plateau. This is pre-
cisely the cloud-in-cloud mechanism, which dominates for
larger secondary peaks, and explains why C-1 features
less small-mass PBHs than C-2.

These two regimes can be observed in Fig. 8b where
p2 in the piecewise model is displayed, using parame-
ters to mimic the narrow peak of B-N1 and the situa-
tion of Fig. 8. The ratio δ1/δ2 is a direct measure of
the hierarchy of scales between the two peaks, and tends
to 0 for infinite separation. From Fig. 4c, one can es-
timate that models C-1 and C-2 have a ratio of δ1/δ2
between a quarter and a half. This piecewise model thus
explains well why the mass function of C-1 is suppressed
(S1/S2 = 1) and the mass function of C-2 is slightly in-
creased (S1/S2 = 1/16).

C. Comparison with previous estimates

We have demonstrated in the previous section that the
cloud-in-cloud mechanism may play an important role,
even when different masses are involved in the mass func-
tion, as illustrated in the case of the double log-normal
power spectrum.

Our results come at odds with the findings of Refs. [31,
32], where cloud-in-cloud was deemed to be systemati-
cally irrelevant. In these works, the argument given is
that if the formation of black holes at different masses
are independent events, then the conditional probabil-

ity to form a black hole of mass M1 given that a black
hole of mass M2 < M1 already exists is β(M1|M2) =
β(M1), hence it is suppressed by the PBH abundance it-
self. PBHs being a rare event, cloud-in-cloud should be
equally rare.
Let us examine this statement more closely. In the

limit where the mass ratio is large, we first note that sta-
tistical independence can indeed be recovered, provided
this limit is taken while maintaining the back-hole abun-
dances fixed. This is because, in the piecewise model
described above, the abundance of the large-mass black
holes is controlled by p1 given in Eq. (39). As a conse-
quence, in order to increase M1 while keeping p1 fixed,
one needs to decrease kp,1 while keeping δ1/

√
S1 fixed.

Since Eqs. (35) and (37) indicate that δ1/
√
S1 is inde-

pendent of kp, this can be done by decreasing kp,1 while
keeping A1 fixed. When doing so, both δ1 and S1 de-
crease, hence Eq. (38) asymptotes

P (δR, S1) −→
M1/M2≫1

(1− p1) δD (δR) . (41)

When substituting this expression into Eq. (40), one ob-
tains p2 = (1 − p1)p̃2, where p̃2 = erfc(δ2/

√
2S2) is the

abundance of light black holes that would be obtained
in the absence of the large-mass population. This shows
that the formation events become independent, and that
cloud-in-cloud is indeed β-suppressed in that limit.
Nonetheless, a broad power spectrum is not made of

well-separated, discrete peaks, and in the continuous
limit, our findings show that cloud-in-cloud does occur,
the wide top-hat spectrum displayed in Fig. 5c being per-
haps the most compelling example. It comes from the
fact that, from the excursion-set perspective, the forma-
tion of PBHs at masses M1 and M2, i.e. repeated barrier
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crossings, are not independent events.
We have already pointed out that, as the amplitude

of scalar perturbations is decreased, cloud-in-cloud may
become less pronounced, especially in the case of wide
power spectra. This is because, when decreasing Pζ , from
Eq. (11), |dS/dR| decays, hence δ′c(S) ∝ |R′(S)| increases
[see e.g. Eq. (30) in the case of a top-hat power spectrum]
and the barrier becomes steeper. If it grows more rapidly
than the rate at which diffusion widens the P (δR) distri-
bution, multiple crossings become less likely. Therefore,
at low black-hole abundances, cloud-in-cloud may be less
relevant. However, the failure of the Press-Schechter ap-
proach can as well remain significant, both in the tails
and in the overall amplitude of the PBH mass functions,
since as previously outlined it can lead to negative abun-
dances even for simple power spectra and irrespective
of their amplitude. Moreover, since δ′c(S) increases in
the low-amplitude limit, the constant-barrier approxima-
tion that often comes with Press-Schechter estimates may
become even less valid. In contrast, the excursion-set
method showcased in the present article provides reliable
estimates for any types of shapes of power spectra, and
properly accounts for correlations between PBH forma-
tion events.

VI. CONCLUSION

In this work, we have tackled some crucial yet of-
ten overlooked steps necessary to apply consistently the
excursion-set formalism to the context of primordial
black hole formation.

First, we have answered the concern raised in Ref. [29]
pertaining to the color of the noise in the Langevin equa-
tion which describes how the coarse-grained density con-
trast changes when the coarse-graining scale is varied.
We have proven that, as long as Fourier modes are uncou-
pled, the noise is always white. However, if the excursion-
set is sampled along the Hubble-crossing surface, the
coarse-grained density contrast is evaluated at different
times, which introduces a drift in the Langevin equation
that was mistaken for a colored noise. Moreover, such
sampling may lead to a non-monotonic relationship be-
tween scale and density-contrast dispersion, which pre-
vents using the latter to relabel time in the Langevin
equation. The only sampling surface that always pre-
vents this problem from occurring is one that is syn-
chronous. This, however, requires to properly take into
account the dependence of the barrier – describing the
PBH formation threshold – with respect to the coarse-
graining scale. We have demonstrated how the resulting
first-passage time problem with moving barrier can be
efficiently solved numerically. The motion of the barrier
is often neglected [34, 35] but we have found that it plays
a crucial role in most physical results.

Second, we have precisely reassessed under which con-
ditions the cloud-in-cloud phenomenon becomes relevant.
While it is innocuous in the limit of a large separation

of scales (i.e. for black holes forming at two widely dif-
ferent masses), it is more substantial in mass functions
arising for broad power spectra where a continuous set of
scales is enhanced. It also exhibits a subtle dependence
on the relative ratio of powers: at first, increasing the
power at large scales (i.e. large mass) leads to a mod-
erate enhancement of small-mass black holes due to the
spread of the initial conditions in the second stage of the
excursion set; then, as the power at large-scale contin-
ues to increase, the low-mass end of the mass fraction
inevitably decays. This suggests that cloud-in-cloud is
not always as irrelevant as argued in Refs. [31, 32].
Third, even when cloud-in-cloud does not play a signifi-

cant role, we have put forward the relevance of excursion-
set approach compared to other estimates. In particu-
lar, the Press-Schechter approach with a scale-dependent
threshold – setting δ′c(S) = 0 only worsens the results –
fails, for most models, to predict both the amplitude and
the low-mass tails of the PBH mass function. In certain
cases, it even predicts negative abundances.
Let us finally stress that the excursion set rests on

a few assumptions beyond which it remains to be ex-
tended. The main one is probably that the density
field obeys Gaussian statistics, while large fluctuations
are known to display strong non-Gaussian features with
heavy tails [78–96]. Other aspects of the PBH forma-
tion should be included in the formalism, such as the
role of critical scaling [59], or the use of the compaction
function [24] and refined window functions (as recently
discussed in Ref. [37]) to improve the reliability of the
collapse criterion.
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FIG. 9. Impact of the reference time and of the IR cutoff kmin on the mass function β(M) for the benchmark model B-W1.
Masses are expressed in units of the initial M0. On the left panel, all the curves superimpose exactly.

Appendix A: Numerical tips

As explained in Section III, we find the first-passage time distribution PFPT by solving the linear matrix equation
(18). From this distribution, we obtain the transition probability by performing the integral described in Eq. (24),

P (δR, S|δR,i, Si) = Pfree(δR, S|δR,i, Si)−
∫ S

0

ds PFPT(s|δR,i, Si)Pfree [δR − δc(s), S − s|δR,i, Si] . (A1)

By construction, this probability vanishes on the boundary, i.e. P [δc(S), S|δR,i, Si] = 0 and

0 = Pfree(δc(S), S|δR,i, Si)−
∫ S

0

ds PFPT(s|δR,i, Si)Pfree [δc(S)− δc(s), S − s|δR,i, Si] . (A2)

As a consequence, solving Eq. (24) close to the boundary δR → δc(S) yields a vanishing result and is subject to
truncation errors. Nonetheless, one can combine Eq. (24) with Eq. (A2) to obtain an equation that is immune to this
type of truncation error

P (δR, S|δR,i, Si) =

∫ S

0

ds PFPT(s|δR,i, Si)

×
{

Pfree(δR, S|δR,i, Si)

Pfree(δc(S), S|δR,i, Si)
Pfree [δc(S)− δc(s), S − s|δR,i, Si]− Pfree [δR − δc(s), S − s|δR,i, Si]

}
. (A3)

We also report that our results for the first-passage-time distribution converge faster if the discretization is performed
on the logarithm of the variance S = Smin exp(n∆ ln s) instead of the variance directly. In this case, the scalar ∆s in
Eq. (23) is promoted to a diagonal matrix that multiplies M .

Appendix B: Consistency checks

1. Dependence on the reference time

As explained in Section IIC, when the excursion-set is performed on a synchronous hypersurface, a certain reference
time t0 must be chosen, which amounts to setting a certain wave number kmax = a0H0. A natural choice for t0 can
be the end of inflation [30], such that all scales amplified by inflation are included in the analysis, although any
time preceding the reentry of the peak of the curvature perturbations power spectrum is suitable. Indeed, if scales
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FIG. 10. Convergence test for model B-N1 and an increasing number of points in the discretization of Eq. (18). We selected
different starting points (δR,i, Si) for each panel.

reentering before the peak are suppressed, they have little impact on PBH formation, hence physical results do not
depend on t0 provided it is taken early enough. To prove this, let us change the reference time t0 → t1. From Eq. (14),
this leads to a rescaling of the barrier by a constant multiplicative factor,

δc(S) → Aδc(S) where A =

(
H1

H0

)− 2
3

1+3w
1+w

. (B1)

Meanwhile, since S(R, t) involves Pδ(k, t), see Eq. (3), and given that δk(t) ∝ (aH)−2 ∝ H− 2
3

1+3w
1+w at super-Hubble

scales, one also needs to rescale

Smax → A2Smax . (B2)

It is clear that the stochastic process (12) is invariant under the rescaling δR → AδR and S → A2S, since this amounts
to rescaling both dδR/dS and ξ(S) by the same factor A−1. As a consequence, the mass function is not affected by
the choice of t0, at least for masses above M0. This is confirmed in Fig. 9a in the case of a log-normal power spectrum
where we show that different choices of t0 do not affect the mass function but only change the range of scales that
are selected. If t0 is chosen after the re-entry of the peak scale of the power spectrum, the mass function is not fully
reconstructed.
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2. Dependence on the IR cutoff

As mentioned in Section IVB, in the case of the log-normal power spectrum, an infrared cutoff kmin is needed
for all the quantities to be numerically well-behaved. For the top-hat power spectrum of Section IVA, such a scale
arises by construction. As for the reference time discussed above – and that may be seen as an ultraviolet cutoff –
this IR cutoff does not impact our results, since the density contrast is k2 suppressed with respect to the curvature
perturbation. Consequently, adding up or discarding IR modes (by decreasing or increasing kmin) does not impact
much the integral of Eq. (16) defining S(R). As such, kmin only plays the role of a numerical regularization scheme,
that should be evaluated to sufficiently low values such that final results do not depend on it. (in practice it has been
fixed to 10−3 or 10−5 in our applications, see Table Ib). This is confirmed in Fig. 9b, in the case of a wide log-normal
power spectrum. As soon as kmin is of order 10−4 or smaller, that is only one order of magnitude smaller than the
wave number kp at which the power spectrum peaks, the mass function converges to the same result.

Appendix C: Convergence test for the log-normal model

In Fig. 10, we perform a convergence test for the first-passage distribution by increasing the number of points in the
discretization of the Volterra integral equation (18) for model B-W1. We find overall that the convergence of our code
is reached very rapidly and consistently for all models. Above 100 points, the results are basically indistinguishable
from one another. Surprisingly, we recover accurate results with as little as 20 points in the discretization, although
the resulting distribution would be too sparse to be used in practice. In this article, all the results are presented with
1000 points in the discretization.
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