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Abstract

We study a one-dimensional free boundary problem arising in combustion theory, where
the motion of the interface is governed by a prescribed Neumann boundary flux and a zero
Dirichlet boundary condition. We treat both the half-line case and the bounded interval
case. For both settings, we employ maximal Lp-Lq regularity as our main analytical tool. In
the half-line case, the solutions need not decay at infinity, even though the spatial derivatives
belong to Lq(R+). To handle the evolution law of the free boundary, we introduce a deriva-
tive formulation that avoids second-order boundary traces. By combining maximal Lp-Lq

regularity and Schauder estimates, we establish the local-in-time existence, uniqueness, and
regularity of solutions, as well as the evolution law of the free boundary.

1 Introduction

Free boundary problems of Stefan and combustion-type arise in phase transitions, flame propa-
gation, and reaction-diffusion systems. In this paper, we study a one-dimensional free boundary

Keywords: Free boundary problem; combustion-type problem; maximal Lp-Lq regularity; parabolic equations;
Schauder estimates; derivative formulation
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problem in which the motion of the interface is determined subject to a prescribed Neumann flux
and a homogeneous Dirichlet condition. This problem may be regarded as a one-dimensional
parabolic Bernoulli-type free boundary problem. See, e.g., [3, 6, 7]. Mathematically, the main
difficulty lies in the strong coupling between the parabolic equation and the evolution law for
the free boundary.

We study the following free boundary problem.

∂tu− ∂2
xu = f(x, t), s(t) < x < ∞, t > 0,

u(s(t), t) = 0, t > 0,

∂xu(s(t), t) = α, t > 0,

u(x, 0) = u0(x), x > 0,

s(0) = 0,

(1.1)

where α > 0 and f is a given heat source. Here the free boundary s(t) represents the interface
determined by the prescribed boundary conditions, which are typical in combustion-type models.
One of the main objectives of this paper is to establish a local-in-time existence and uniqueness
theorem for problem (1.1) under suitable compatibility conditions on the initial data. For the
reader’s convenience, we first state a simplified version of our main result. The full statement
will be given in Theorem 11. We denote by S(R) the Schwartz space of rapidly decreasing
smooth functions on R.

Theorem 1. Assume that f : R × [0, T ] → R is bounded and Hölder continuous, and that
∂xf(·, t) ∈ S(R) uniformly for t ∈ [0, T ]. Let w0 ∈ S(R) satisfy w0(0) = α, and define

u0(x) =

∫ x

0
w0(y)dy.

Then the problem (1.1) admits a unique classical solution (u, s) on a time interval (0, T ∗) for
some T ∗ ∈ (0, T ].

From a physical viewpoint, we prove that u is positive when f and u0 are positive by the
maximum principle. This is stated in Remark 12.

The present paper can be regarded as a continuation of our previous work [9], but it explores
a different analytical direction. In [9], we focused on the effect of incompatible initial data and
bounded external forces f , and in particular we proved a non-existence result for the case u0 ≡ 0
under bounded forcing. We also constructed a unique bounded self-similar solution on the half-
line when the external force is of the form f = h/

√
t, where h is a constant. The analysis in

[9] was carried out on the half-line and a bounded interval as well as special multi-dimensional
domains. In contrast, the present paper aims to study the local-in-time well-posedness for
compatible initial data by a completely different analytical approach in one-dimensional space.
We treat both the half-line case and the case of a bounded interval with two free boundaries. The
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theorem for a bounded interval is given in Theorem 16. The proofs of the these two theorems are
different, and the latter admits a simpler proof. In the half-line setting, we allow solutions that
do not necessarily decay at spatial infinity, although their first spatial derivatives are required
to decay.

Strategy of the paper

To analyze the problem, we first transform the free boundary problem into a fixed-domain
formulation by introducing a moving coordinate system, i.e., y = x− s(t) and v(y, t) := u(s(t)+
y, t). Formally taking the trace of the transformed equation at the moving boundary leads to
an evolution equation for the free boundary:

αs′(t) = −∂2
yv(0, t)− f(s(t), t).

However, this procedure leads to a second-order boundary trace, which is not compatible with
the standard maximal Lp regularity framework, even for linear parabolic equations.

To overcome this difficulty, we reformulate the problem in terms of the derivative

w = ∂yv

where v is the transformed unknown function above. This reformulation eliminates the second-
order boundary trace and replaces it with a system consisting of

• a second-order parabolic equation for w, and

• an ordinary differential equation for the free boundary s, with a first-order trace of w.

See the equation (2.2) in the following section. Here, the equation for w is obtained by dif-
ferentiating the equation for v with respect to y. The key observation is that the resulting
system involves only lower-order boundary traces which are compatible with the maximal Lp-Lq

regularity framework. This allows us to apply a fixed point argument in appropriate function
spaces.

Our analysis on the half-line proceeds in three steps:

Step 1 We establish local well-posedness of the derivative system for (w, s) in Lp-based spaces
using maximal regularity.

Step 2 For the obtained free boundary s(t), we solve a linear parabolic problem for v using
Schauder theory.

Step 3 We identify w = ∂yv by a uniqueness argument and recover a classical solution to the
original problem.
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In the first step we use the fixed point theorem. To estimate the nonlinear terms, we use two
different Lp spaces with respect to time. As for Steps 2 and 3, in the case of a bounded interval
with two free boundaries, the recovery of v from w can be achieved by indefinite integration,
and Schauder theory is not needed at all. This provides a new functional analytic framework
for the problem, which avoids the limitations of direct approaches based on maximal regularity.

An alternative approach would be to work in a fractional Sobolev framework. However,
we need to carefully track the time dependence throughout the calculations. This becomes
technically involved when dealing with trace operators and embeddings in fractional Sobolev
spaces. For these reasons, we do not adopt a fractional Sobolev approach.

Related literature

We review related works. There are so many related works, so our review is not at all exhaustive.
More related articles are found in a review paper [11] or a recent paper [9].

Combustion-type free boundary problems arise as high activation energy limits of reaction–
diffusion equations. In this limit, the reaction zone becomes a moving interface, and the tem-
perature satisfies the heat equation away from the interface. The classical model corresponds to
the homogeneous case f ≡ 0. In this paper, we consider the more general problem with a forcing
term f , which represents external heat sources or sinks. In most of the references mentioned
below, the homogeneous case is considered. Non-homogeneous problems have been studied only
in limited settings, including the authors’ works [9, 10]. Caffarelli and Vázquez [6] studied a
multidimensional combustion-type free boundary problem in the homogeneous case f = 0. They
established existence of weak solutions together with several qualitative properties of the free
boundary.

Classical solutions for multidimensional combustion-type free boundary problems with f = 0
were investigated by Andreucci and Gianni [1]. The problem is also considered as a singular
limits of two-phase parabolic problems; see Caffarelli, Lederman, and Wolanski [4, 5]. For the
physical background and mathematical modeling of combustion phenomena, we refer to the
lecture notes by Buckmaster and Ludford [3] and Williams [25].

Early studies on free boundary problems for the heat equation go back to the work of Ventcel’
[24]. Free boundary problems of Stefan or combustion-type have been extensively discussed in
the book of Friedman [7]. Here, the Stefan boundary condition refers to s′ = −∂xu(s(t), t),
in contrast to the prescribed flux condition considered in this paper. In the Stefan problem,
the interface velocity is given explicitly by the first derivative of the function u. In contrast,
for combustion-type problems the interface velocity is determined only implicitly through the
solution of the parabolic equations. As shown above, the evolution law for the free boundary
involves a second-order boundary trace of the solution. The boundary condition ∂xu = α can
be viewed as a one-dimensional counterpart of the Bernoulli-type condition |∇u| = α in higher
dimensions.

In the elliptic setting, problems (with f = 0) with a related structure are known as Bernoulli
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free boundary problems. Elliptic-parabolic free boundary problems arising in combustion theory
have been extensively studied by Hulshof and collaborators, including results on interface conti-
nuity [14], spherical symmetry and convergence to traveling waves [12, 15]. Focusing phenomena
were further analyzed by Hilhorst and Hulshof [13]. Other approaches based on weak solutions
can be found in [6, 16]. A planar travelling wave solution exists, and its nonlinear stability was
established by Brauner, Hulshof and Lunardi [2]. Their analysis relies on a suitable decompo-
sition of the solution together with optimal decay estimates and the Cole-Hopf transformation.
Extinction and self-similar behavior of spherical and annular flames were discussed in detail by
Galaktionov, Hulshof and Vázquez [11] which includes history of researches. Most of these works
are concerned with well-posedness, qualitative properties of interfaces, or asymptotic behavior
of particular solutions when f = 0, while our paper treats strong solutions based on maximal
Lp regularity with a general forcing term f .

In a forthcoming paper [10], by introducing a mild solution framework for the spatial deriva-
tive of the solution, the authors establish local well-posedness under minimal regularity assump-
tions on both the forcing term and the initial data. They also introduce a derivative system
and allow solutions that do not necessarily decay at spatial infinity. Moreover, the interface
velocity satisfies the property that t1/2s′(t) remains bounded as t → +0, where the exponent
1/2 is consistent with the natural parabolic scaling of the problem.

Organization of the paper

The paper is organized as follows. In Section 2, we reformulate the original free boundary
problem on a fixed domain and introduce a derivative formulation. Section 3 is devoted to
the local well-posedness of the derivative system in Lp-based spaces. In Section 4, we consider
the solution in Hölder spaces again by means of Schauder theory. Section 5 establishes the
identification w = ∂yv and we recover a classical solution to the original free boundary problem.
Specifically, Section 3, 4 and 5 correspond to the above Steps 1,2,3, respectively. Finally, in
Section 6, we study the case of a bounded interval. The main result is the existence and
uniqueness theorem for the problem.

2 Reformulation of the Free Boundary Problem

2.1 Fixing the domain

Define
v(y, t) := u(s(t) + y, t), y > 0.

We have ∂yv = ∂xu, ∂
2
yv = ∂2

xu and ∂tv = ∂tu + s′∂xu. Formally differentiating the boundary
condition u(s(t), t) = 0 with respect to t, we obtain

∂tu+ s′∂xu(s(t), t) = 0.
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Hence,
αs′ + ∂2

yv(0, t) + f(s(t), t) = 0.

Therefore the pair of functions (v, s) satisfies

∂tv − ∂2
yv = s′(t)∂yv + f(s(t) + y, t), y > 0, t > 0,

αs′(t) = −∂2
yv(0, t)− f(s(t), t), t > 0,

∂yv(0, t) = α, t > 0,

v(y, 0) = v0(y), y > 0,

s(0) = 0,

(2.1)

where we have set v0(y) := u0(y). Taking the trace at y = 0 yields ∂tv(0, t) = 0, which suggests
that v(0, t) = 0 provided v0(0) = 0. However, at this stage, the operation is only formal, since
the trace ∂2

yv(0, t) is not a priori well-defined in the maximal Lp-Lq setting. This fact will
be rigorously justified later after we prove that v enjoys sufficient regularity at the boundary.
More precisely, we adopt Schauder theory and obtain Hölder regularity. Therefore we recover
u(s(t), t) = v(0, t) = 0. To do so, we need to specify the function spaces precisely and we need to
solve the problem (2.1). We reformulate the problem in terms of w(= ∂yv) in the next subsection
and we solve the system for (w, s) in the next section.

2.2 Derivative formulation

The main difficulty in treating (2.1) by maximal Lp-Lq regularity is the appearance of the
second-order boundary trace ∂2

yv(0, t) in the free boundary condition. Such a term is not directly
compatible with the standard theory.

To overcome this difficulty, we introduce a derivative formulation by setting

w := ∂yv.

Then, by letting w0(y) = ∂yv0(y), the function w and s satisfies

∂tw − ∂2
yw = s′(t)∂yw + ∂xf(s(t) + y, t), y > 0, t > 0,

αs′(t) = −∂yw(0, t)− f(s(t), t), t > 0,

w(0, t) = α, t > 0,

w(y, 0) = w0(y), y > 0,

s(0) = 0,

(2.2)

which is obtained by differentiating the first equation in (2.1) with respect to y. Here we used
the identity ∂yf(s(t) + y, t) = ∂xf(s(t) + y, t). We note that, at this stage, the equivalence
between (2.1) and (2.2) has not yet been justified because we do not specify the function spaces.
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However, we establish solvability of (2.2) in the maximal Lp-Lq framework in the next section.
We emphasize that the boundary term ∂yw(0, t) involves only first-order trace, which is well-
defined in this framework and thus compatible with the standard maximal regularity theory.
The identification w = ∂yv will be rigorously established in Section 5.

3 Local Well-posedness for the derivative equation (2.2)

In this section, we establish local well-posedness for the derivative system (2.2). The key point
is the use of two different Lp spaces in time. The system is viewed as a coupled parabolic-
ODE system, where the nonlinear terms are of lower-order and can be controlled by suitable
product and trace estimates. This structure allows us to apply the Banach fixed point theorem
in appropriate Lp-based spaces.

We begin by introducing the definitions of function spaces and some estimates. Let 1 <
p1, p2, q < ∞ and T ∈ (0,∞), R+ := (0,∞). We define

Fw := Lp1(0, T ;Lq(R+)),

Ew := W 1,p1(0, T ;Lq(R+)) ∩ Lp1(0, T ;W 2,q(R+)),

Xw := B2(1−1/p1)
q,p1 (R+),

Fs := Lp2(0, T ), Es := W 1,p2(0, T ).

When necessary, we explicitly write Fw(0, T ), Ew(0, T ), Fs(0, T ) and Es(0, T ) to indicate the
time interval explicitly. The exponent p1 is used for the parabolic part, and p2 is used for the
ODE. The space Xw is chosen as the natural trace space associated with Ew in the framework
of maximal Lp-Lq regularity. See [21].

Throughout this paper, we use the following exponent condition:

(A) Let 1 < p1, p2, q < ∞ satisfy 2/p1 + 1/q < 1 and p1 < p2.

This ensures the embedding Xw ⊂ BUC1[0,∞) and the boundary value of any function in Xw

at y = 0.
The following proposition gives the key estimates needed to control the nonlinear coupling

terms in the fixed point argument.

Proposition 2 (Product and trace estimates). Assume the condition (A). Then there exists a
constant C > 0, depending only on p1, p2 and q, such that the following estimates hold for all
T > 0.

(i) Product and trace estimates.
Let φ ∈ Ew and ξ ∈ Es. Then∥∥ξ′∂yφ∥∥Fw

≤ CT
1
p1

− 1
p2

(
∥φ∥Ew

+ ∥φ|t=0∥Xw

)
∥ξ∥Es

,

∥∂yφ|y=0∥Fs
≤ CT

1
p2

(
∥φ∥Ew

+ ∥φ|t=0∥Xw

)
.
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(ii) Difference estimates (contraction properties).
Let φ1, φ2 ∈ Ew with φ1|t=0 = φ2|t=0 and ξ1, ξ2 ∈ Es. Then∥∥ξ′1∂yφ1 − ξ′2∂yφ2

∥∥
Fw

≤ CT
1
p1

− 1
p2

{(
∥φ1∥Ew

+ ∥φ1|t=0∥Xw

)
∥ξ1 − ξ2∥Es

+ ∥φ1 − φ2∥Ew
∥ξ2∥Es

}
,

∥∂y(φ1 − φ2)|y=0∥Fs
≤ CT

1
p2 ∥φ1 − φ2∥Ew

.

Proof. By Hölder’s inequality, we obtain∥∥ξ′∂yφ∥∥Fw

≤C ∥φ∥L∞(0,T ;W 1,q(R+))

∥∥ξ′∥∥
Lp1 (0,T )

≤CT
1
p1

− 1
p2

(∥∥φ− et∆Dφ|t=0

∥∥
L∞(0,T ;W 1,q(R+))

+
∥∥et∆Dφ|t=0

∥∥
L∞(0,T ;W 1,q(R+))

)
∥ξ∥Es

,

where et∆D denotes the analytic semigroup generated by the Dirichlet Laplacian on Lq(R+).
We recall the trace theorem

Ew = W 1,p1(0, T ;Lq(R+)) ∩ Lp1(0, T ;W 2,q(R+))

↪→ BUC
(
[0, T ];B2(1−1/p1)

q,p1 (R+)
)
= BUC

(
[0, T ];Xw

)
,

and that the embedding constant is independent of T provided that the initial value at t = 0
vanishes. Therefore,∥∥ξ′∂yφ∥∥Fw

≤CT
1
p1

− 1
p2

(∥∥φ− et∆Dφ|t=0

∥∥
Ew

+
∥∥et∆Dφ|t=0

∥∥
L∞(0,T ;W 1,q(R+))

)
∥ξ∥Es

≤CT
1
p1

− 1
p2

(
∥φ∥Ew

+ ∥φ|t=0∥Xw

)
∥ξ∥Es

,

where we have used the embedding Xw ⊂ W 1,q(R+) and the boundedness of the semigroup
et∆D . For properties of et∆D , see [8, 21].

Similarly, we estimate the boundary term. By the embedding Xw ⊂ BUC1(R+) again, we
have

∥∂yφ|y=0∥Fs
≤ CT

1
p2 ∥φ∥L∞(0,T ;Xw)

≤ CT
1
p2

(
∥φ∥Ew

+ ∥φ|t=0∥Xw

)
.

The second difference estimates can be proved in the same manner, since φ1|t=0 = φ2|t=0.
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The factors involving powers of T arise from time integration and play a crucial role in
the contraction argument below. In order to control the non-homogeneous term f in maximal
regularity class, we use the following condition.

(F) Let f : R× [0, T ] → R satisfy


f ∈ Lp2(0, T ;L∞(R)),

∂xf ∈ Lp1(0, T ;Lq(R)) ∩ L∞(0, T ;L∞(R)),
∂2
xf ∈ L∞(0, T ;Lq(R)).

The assumption on ∂2
xf is used only to control the composition ∂xf(s(t)+y, t) in the contraction

argument.

Theorem 3 (Local existence for (w, s)). Assume the conditions (A) and (F). Let

w0 ∈ Xw, w0(0) = α.

Then there exists T ∗ > 0 such that the derivative system (2.2) admits a unique local-in-time
solution

(w, s) ∈ Ew(0, T
∗)× Es(0, T

∗)

satisfying
∥w∥Ew(0,T ∗) + ∥s∥Es(0,T ∗) ≤ CT ∗,f,α + C ∥w0∥Xw

for some constant CT ∗,f,α and C.

Proof. We apply the Banach fixed point theorem in the space Ew(0, T )×Es(0, T ). To this end,
we introduce the closed subset

BR(T ) :=

(w, s) ∈ Ew(0, T )× Es(0, T )

∣∣∣∣∣∣∣
w|y=0 = α,

w|t=0 = w0, s(0) = 0,

∥(w, s)∥Ew(0,T )×Es(0,T ) ≤ R


with T > 0 and R > 0 to be fixed later, and the solution mapping

S : BR(T ) −→ Ew(0, T )× Es(0, T )

∈ ∈

(φ, ξ) 7−→ (w, s)

to 

∂tw − ∂2
yw = ξ′(t)∂yφ+ ∂xf(ξ(t) + y, t), y > 0, 0 < t < T,

αs′(t) = −∂yφ(0, t)− f(ξ(t), t), 0 < t < T,

w(0, t) = α, 0 < t < T,

w(y, 0) = w0(y), y > 0,

s(0) = 0.

(3.1)
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This system is linear in (w, s) for fixed (φ, ξ). Proposition 2, together with the maximal regularity
for the heat equation and the ODE, implies that

∥S(φ, ξ)∥Ew(0,T )×Es(0,T )

= ∥w∥Ew(0,T ) + ∥s∥Es(0,T )

≤ C
{
T

1
p1

− 1
p2

(
∥φ∥Ew(0,T ) + ∥w0∥Xw

)
∥ξ∥Es(0,T )

+ ∥∂xf∥Lp1 (0,T ;Lq(R)) + α+ ∥w0∥Xw

+ |α|−1
(
T

1
p2 (∥φ∥Ew(0,T ) + ∥w0∥Xw

) + ∥f∥Lp2 (0,T ;L∞(R))

)}
.

Choosing T > 0 sufficiently small and R > 0 sufficiently large (depending on the data), we
obtain

∥S(φ, ξ)∥Ew(0,T )×Es(0,T ) ≤ R

whenever ∥φ∥Ew(0,T )+∥ξ∥Es(0,T ) ≤ R, where the constant R depends only on f , α, and ∥w0∥Xw
.

This implies that S(BR(T )) ⊂ BR(T ).
Similarly, we obtain the contraction estimate; for any (φi, ξi) ∈ BR(T ) (i = 1, 2), we have

∥S(φ1, ξ1)− S(φ2, ξ2)∥Ew(0,T )×Es(0,T )

≤ CT
1
p1

− 1
p2

{
(∥φ1∥Ew(0,T ) + ∥w0∥Xw

) ∥ξ1 − ξ2∥Es(0,T ) + ∥φ1 − φ2∥Ew(0,T ) ∥ξ2∥Es(0,T )

}
+ C

{
∥∂xf(ξ1(t) + y, t)− ∂xf(ξ2(t) + y, t)∥Fw(0,T )

+ |α|−1
(
T

1
p2 ∥φ1 − φ2∥Ew(0,T ) + ∥f(ξ1(t), t)− f(ξ2(t), t)∥Fs(0,T )

)}
≤ CT

1
p1

− 1
p2

{
(∥φ1∥Ew(0,T ) + ∥w0∥Xw

) ∥ξ1 − ξ2∥Es(0,T ) + ∥φ1 − φ2∥Ew(0,T ) ∥ξ2∥Es(0,T )

}
+ C

{
T

1
p1

− 1
p2

∥∥∂2
xf

∥∥
L∞(0,T ;Lq(R)) ∥ξ1 − ξ2∥Es(0,T )

+ |α|−1
(
T

1
p2 ∥φ1 − φ2∥Ew(0,T ) + T ∥∂xf∥L∞(0,T ;L∞(R)) ∥ξ1 − ξ2∥Es(0,T )

)}
.

Here we have used the estimates

∥∂xf(ξ1(t) + y, t)− ∂xf(ξ2(t) + y, t)∥Fw(0,T ) ≤
∥∥∂2

xf
∥∥
L∞(0,T ;Lq(R)) ∥ξ1 − ξ2∥Lp1 (0,T ) ,

∥f(ξ1(t), t)− f(ξ2(t), t)∥Fs(0,T ) ≤ ∥∂xf∥L∞(0,T ;L∞(R)) ∥ξ1 − ξ2∥Fs(0,T ) ,

∥ξ1 − ξ2∥Fs(0,T ) ≤ T
∥∥ξ′1 − ξ′2

∥∥
Lp2 (0,T )

≤ T ∥ξ1 − ξ2∥Es(0,T ) ,

which follows from Poincaré-type inequality for functions vanishing at t = 0, i.e., ξ1(0) =
ξ2(0). Hence, choosing T > 0 sufficiently small, the mapping S is a strict contraction on
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Ew(0, T )× Es(0, T );

∥S(φ1, ξ1)− S(φ2, ξ2)∥Ew(0,T )×Es(0,T ) ≤
1

2
∥(φ1 − φ2, ξ1 − ξ2)∥Ew(0,T )×Es(0,T ) .

Therefore, the mapping S admits a unique fixed point in a closed subset BR(T
∗) for some T ∗ > 0.

In particular, there exists a unique solution (w, s) to (2.2) on (0, T ∗).

Remark 4. 1. At the level of local well-posedness established in Theorem 3, no sign condition
on f or ∂xf is required. In particular, we do not characterize the sign of w or s. The
theorem also holds for α < 0.

2. The possibility that s(t) ≡ 0 is not excluded by the above analysis. This corresponds to a
stationary interface and is consistent with the formulation.

3. Although the equation
αs′(t) = −∂yw(0, t)− f(s(t), t)

is satisfied in the sense of Fs, we can in fact improve the regularity. More precisely, we
have

∂yw|y=0 ∈ W θ,p1(0, T ∗) ⊂ Cθ−1/p1 [0, T ∗], 0 < θ − 1

p1
<

1

2

(
1− 2

p1
− 1

q

)
,

where we recall that the condition 2/p1+1/q < 1 was assumed. Here Cθ−1/p1 [0, T ∗] denotes
the Hölder space. See, for example, [19].

On the other hand,

s ∈ Es(0, T
∗) ⊂ C1−1/p2 [0, T ∗] ⊂ Cθ−1/p1 [0, T ∗].

Assuming appropriate Hölder continuity of f in space and time, the composition t 7→
f(s(t), t) belongs to Cθ−1/p1 [0, T ∗], since Hölder continuous functions are stable under
composition. Consequently, the right-hand side of the above equation is Hölder continuous
with exponent θ− 1/p1 (and in particular belongs to a space less regular than C1/2[0, T ∗]).

Therefore, the solution s ∈ Es(0, T
∗) enjoys additional regularity, namely,

s′ ∈ Cθ−1/p1 [0, T ∗].

In this case, s′ admits a Hölder continuous extension up to t = 0, and the extended function
satisfies

s′(0) =
−∂yw0|y=0 − f(0, 0)

α
.
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By continuity near t = 0, it follows that there exists T̃ ∈ (0, T ∗] such that{
s′(t) > 0 for t ∈ [0, T̃ ] if ∂yw0|y=0 + f(0, 0) < 0,

s′(t) < 0 for t ∈ [0, T̃ ] if ∂yw0|y=0 + f(0, 0) > 0.

In particular, the case s(t) ̸≡ 0 is admissible, i.e. the free boundary moves for small time.
Moreover, the improved regularity

s′ ∈ Cβ[0, T ∗] with 0 < β <
1

2

(
1− 2

p1
− 1

q

)
will be used in subsequent arguments. This additional Hölder regularity will be crucial in
Sections 4 and 5. When the regularity of f is worse, the regularity of s′ becomes the same
as f , which is less regular than Cβ. This will be clarified in Theorem 10.

4 Hölder Regularity for the v-Problem

This section is devoted to investigating further regularity properties of the solution obtained in
Section 3. We note that we do not directly solve the original problem (2.1) whose unknown
functions are v and s. Instead, we regard the problem (2.1) as a linear system for v with a given
free boundary s, where s is taken from the solution of the derivative system (2.2). The role of
Schauder theory in this paper is purely linear and is used only to recover classical regularity. As
a first step, we introduce Hölder spaces and recall some basic properties.

Definition 5 (Parabolic Hölder spaces). Let 0 < γ < 1/2 and T > 0. We denote by C2γ,γ(R×
[0, T ]) the space of all bounded functions f : R× [0, T ] → R such that

∥f∥C2γ,γ(R×[0,T ]) := sup
(x,t)∈R×[0,T ]

|f(x, t)|+ [f ]C2γ,γ(R×[0,T ]) < ∞,

where the parabolic Hölder semi-norm is defined by

[f ]C2γ,γ(R×[0,T ]) := sup
(x1,t1),(x2,t2)∈R×[0,T ]

(x1,t1)̸=(x2,t2)

|f(x1, t1)− f(x2, t2)|
|x1 − x2|2γ + |t1 − t2|γ

.

For simplicity of notation, we define the spaces on R; their restriction to R+ will be also used
in this paper. We also use the Lipschitz function space C0,1[0, T ] as a time variable function
space. Details can be found in [19].

The following lemma plays a crucial role in transferring Hölder regularity from the source
term to the moving-coordinate formulation.
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Lemma 6 (Stability under composition). Let 0 < γ < 1/2. Assume that

f ∈ C2γ,γ(R× [0, T ]), s ∈ C0,1[0, T ].

Then the function
F (y, t) := f(s(t) + y, t)

belongs to C2γ,γ(R × [0, T ]). Moreover, there exists a constant C > 0, depending only on
∥s′∥L∞(0,T ), such that

∥F∥C2γ,γ(R×[0,T ]) ≤ C ∥f∥C2γ,γ(R×[0,T ]) .

Proof. Let (y1, t1), (y2, t2) ∈ R× [0, T ]. Then

|F (y1, t1)− F (y2, t2)| = |f(s(t1) + y1, t1)− f(s(t2) + y2, t2)|

≤ [f ]C2γ,γ(R×[0,T ])

(
|s(t1) + y1 − (s(t2) + y2)|2γ + |t1 − t2|γ

)
.

Using the Lipschitz continuity of s, we estimate

|s(t1) + y1 − (s(t2) + y2)| ≤ |y1 − y2|+ C|t1 − t2|,

which yields
|s(t1) + y1 − (s(t2) + y2)|2γ ≤ C

(
|y1 − y2|2γ + |t1 − t2|2γ

)
by concavity of x 7→ x2γ . Since 0 < γ < 1/2, we have |t1 − t2|2γ ≤ |t1 − t2|γ for |t1 − t2| ≤ 1,
and the case |t1 − t2| > 1 is absorbed into the boundedness of f . Consequently,

|F (y1, t1)− F (y2, t2)| ≤ C ∥f∥C2γ,γ(R×[0,T ])

(
|y1 − y2|2γ + |t1 − t2|γ

)
.

Hence, F ∈ C2γ,γ(R× [0, T ]) and completes the proof.

Remark 7. The free boundary s obtained in Section 3 satisfies that the derivative s′ is Hölder
continuous. Therefore s satisfies the Lipschitz assumption in Lemma 6.

Theorem 8 (Schauder theory for the v-problem). Let 0 < γ, β < 1/2 and T > 0. Assume that

f ∈ C2γ,γ(R× [0, T ]), s ∈ C1+β[0, T ],

and that the initial data v0 satisfies v0 ∈ C2+2γ(R+) and ∂yv0|y=0 = α. Then the linear problem
∂tv − ∂2

yv = s′(t)∂yv + f(s(t) + y, t), y > 0, 0 < t < T,

∂yv(0, t) = α, 0 < t < T,

v(y, 0) = v0(y), y > 0

(4.1)

admits a unique classical solution

v ∈ C2+2γ̃, 1+γ̃(R+ × [0, T ]),

where γ̃ = min{γ, β}.
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Theorem 8 follows from the standard Schauder theory for parabolic equations with non-
homogeneous Neumann boundary conditions on the half-line (see [17]). Lemma 6 guarantees
that the forcing term f(s(t) + y, t) possesses the required Hölder regularity. The regularity γ̃
of the solution v is determined by the Hölder regularity of the coefficient of the first-order term
s′(t)∂yv.

Corollary 9 (higher regularity). In addition to the assumption of Theorem 8, we assume

∂yv0 ∈ C2+2γ̃(R+), ∂xf ∈ C2γ̃,γ̃(R× [0, T ]).

Then the solution v in Theorem 8 satisfies ∂yv ∈ C2+2γ̃,1+γ̃(R+ × [0, T ]) and
∂t(∂yv)− ∂2

y(∂yv) = s′(t)∂y(∂yv) + ∂xf(s(t) + y, t), y > 0, 0 < t < T,

∂yv(0, t) = α, 0 < t < T,

∂yv(y, 0) = ∂yv0(y), y > 0.

(4.2)

This additional regularity will be crucial in Section 5 to identify the solution obtained by the
maximal Lp-regularity approach with the classical solution constructed in the present section.
In particular, we will prove that w = ∂yv in the next section.

5 Solvability for the v-problem and the original problem

5.1 Identification of w = ∂yv

The key ingredient for this identification is the uniqueness of solutions to the derivative problem
in the maximal regularity class.

Theorem 10. Under the assumptions of Theorem 3, 0 < γ < 1/2, 0 < β < (1/2)(1−2/p1−1/q),
f ∈ C2γ,γ(R× [0, T ]), the solution s in Theorem 3 satisfies s ∈ C1+γ̃ [0, T ∗].

Furthermore, let w0 ∈ C2+2γ̃(R+), ∂xf ∈ C2γ̃,γ̃(R × [0, T ∗]) and define v0 :=
∫ y
0 w0(ỹ)dỹ.

Then we are able to take the solution v in Theorem 8 and Corollary 9, and we have

w = ∂yv

and ∂yv ∈ C2+2γ̃,1+γ̃(R+ × [0, T ∗]).

Proof. The first part s ∈ C1+γ̃ [0, T ∗] is in Remark 4 (3). Let v be the solution obtained in
Theorem 8. Define z := ∂yv. Then z satisfies, by Corollary 9,

∂tz − ∂2
yz = s′(t)∂yz + ∂xf(s(t) + y, t), y > 0, 0 < t < T ∗,

z(0, t) = α, 0 < t < T ∗,

z(y, 0) = ∂yv0(y) = w0(y), y > 0.

(5.1)
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On the other hand, by Theorem 3, the function w satisfies the same initial-boundary value
problem (5.1) in the sense of Lp-maximal regularity. Since

∂xf(s(t) + y, t) ∈ Lp1(0, T ∗;Lq(R+)) ∩ C2γ,γ(R+ × [0, T ∗]),

the problem (5.1) admits a unique solution in the class

W 1,p1(0, T ∗;Lq(R+)) ∩ Lp1(0, T ∗;W 2,q(R+))

and C2+2γ̃,1+γ̃(R+ × [0, T ∗]). Therefore, by uniqueness, we conclude

w = z = ∂yv in R+ × [0, T ∗].

5.2 Existence and uniqueness theorem for the problems

In this subsection, we conclude the existence and uniqueness of solutions to the equations (2.1)
and (1.1). Since ∂tv(0, t) = 0 in the classical sense from the equation (4.1) and the second
equation in (2.2) with w = ∂yv, the Dirichlet boundary condition v(0, t) = 0 for all t ∈ [0, T ∗]

follows from v0(0) =
∫ 0
0 w0(ỹ)dỹ = 0.

We can now state the main theorem. For the equations (2.1) and (1.1), we establish the
following.

Theorem 11 (Solvability for the problems on the half-line). Assume α ̸= 0, the condition (A),
and 0 < γ < 1/2, 0 < β < (1/2)(1− 2/p1 − 1/q).

(i) Forcing term.
Let f : R× [0, T ] → R satisfy the condition (F) and f, ∂xf ∈ C2γ,γ(R× [0, T ]).

(ii) Initial data.

Let w0 ∈ B
2(1−1/p1)
q,p1 (R+) ∩ C2+2γ(R+), w0(0) = α satisfy

v0(y) :=

∫ y

0
w0(ỹ)dỹ

and v0 belongs to C2+2γ(R+). Then there exists T ∗ > 0 such that the equation (2.1) admits a
unique local-in-time classical solution (v, s) in the class

v ∈ C2+2γ̃,1+γ̃(R+ × [0, T ∗]), s ∈ C1+γ̃ [0, T ∗]

and

∂yv ∈ W 1,p1(0, T ∗;Lq(R+)) ∩ Lp1(0, T ∗;W 2,q(R+)) ∩ C2+2γ̃,1+γ̃(R+ × [0, T ∗]),
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s ∈ W 1,p2(0, T ∗),

where γ̃ = min{γ, β}.
Furthermore, let u(x, t) = v(x−s(t), t) and u0(x) = v0(x). Then the function u is the unique

classical solution of the equation (1.1).

Theorem 11 provides a local-in-time classical solution to a combustion-type free boundary
problem with the prescribed boundary flux. The derivative formulation developed here is ex-
pected to be applicable to a broader class of free boundary problems with similar structural
features.

Remark 12 (Positivity of solutions). In addition to the hypotheses of Theorem 11, assume

u0(x) ≥ 0 (x > 0), f(x, t) ≥ 0 (x ∈ R, 0 ≤ t ≤ T ∗),

and
α > 0.

Then the corresponding local-in-time classical solution (u, s) obtained in Theorem 11 satisfies

u(x, t) > 0 (x > s(t), 0 < t ≤ T ∗)

by the standard parabolic maximum principle together with Hopf’s boundary point lemma. See,
for example, [7, 17, 20, 22].

If α < 0, the above positivity property may fail in general, even if u0 ≥ 0 and f ≥ 0. In this
case, the local well-posedness result of Theorem 11 remains valid, but the standard maximum
principle argument does not directly apply.

Remark 13. As we note in Remark 4, the case s(t) ≡ 0 is not excluded. However, it is possible
to show s(t) ̸≡ 0. In the case with α > 0 and f ≡ 0, the assumption ∂yyv0(0) > 0 implies that
s′(t) < 0 for sufficiently small t > 0.

6 The case of bounded interval with two free boundaries

In contrast to the half-line case, the bounded interval setting allows two free boundaries and
a time-dependent spatial scaling. As a consequence, additional lower-order terms and coupling
effects appear in the transformed system, which require a careful calculation developed in Sec-
tions 2–5. The crucial difference from the half-line case is that on bounded intervals the spatial
integrability of w allows us to recover v by indefinite integration, without relying on additional
Hölder regularity. This simplification does not extend to unbounded intervals unless additional
decay assumptions are imposed.
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6.1 Formulation

Let s±,0 ∈ R with s−,0 < s+,0, and s±(t) be two unknown functions such that

s−(t) < s+(t), t ≥ 0

and s±(0) = s±,0. We are concerned with the following free boundary problem:

∂tu− ∂2
xu = f(x, t), s−(t) < x < s+(t), t > 0,

u(s±(t), t) = 0, t > 0,

∂νu = −α±, x = s±(t), t > 0,

u(x, 0) = u0(x), s−,0 < x < s+,0,

s±(0) = s±,0.

(6.1)

Here α± > 0 are given constants. Since the outward unit normal satisfies ν = −1 at x = s−(t)
and ν = +1 at x = s+(t), the Neumann boundary conditions can be written as

∂xu(s−(t), t) = α−, ∂xu(s+(t), t) = −α+.

Note that the signs of the boundary fluxes differ due to the orientation of outward normal
vectors.

Differentiating the Dirichlet boundary conditions u(s±(t), t) = 0 with respect to time, we
obtain

∂tu+ s′±(t)∂xu = 0 at x = s±(t).

By using the equation ∂tu = ∂2
xu+ f and Neumann boundary conditions, this yields{

α−s
′
−(t) = −∂xxu(s−(t), t)− f(s−(t), t),

α+s
′
+(t) = ∂xxu(s+(t), t) + f(s+(t), t).

(6.2)

To fix the spatial domain, we introduce the change of variables

y :=
x− s−(t)

s+(t)− s−(t)
, v(y, t) := u

(
(1− y)s−(t) + ys+(t), t

)
,

which maps the moving interval (s−(t), s+(t)) onto the fixed interval (0, 1).
A direct computation shows that

∂yv = (s+(t)− s−(t))∂xu, ∂2
yv = (s+(t)− s−(t))

2∂2
xu,

and

∂tv = ∂tu+ ((1− y)s′−(t) + ys′+(t))∂xu (⇔ ∂tu = ∂tv −
(1− y)s′−(t) + ys′+(t)

s+(t)− s−(t)
∂yv).
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Therefore, the pair (v, s±) satisfies

∂tv − (s+(t)− s−(t))
−2∂2

yv =
(1− y)s′−(t) + ys′+(t)

s+(t)− s−(t)
∂yv

+f
(
(1− y)s−(t) + ys+(t), t

)
, 0 < y < 1, t > 0,

α−s
′
−(t) = −(s+(t)− s−(t))

−2∂2
yv(0, t)− f(s−(t), t), t > 0,

α+s
′
+(t) = (s+(t)− s−(t))

−2∂2
yv(1, t) + f(s+(t), t), t > 0,

∂yv(0, t) = α−(s+(t)− s−(t)), t > 0,

∂yv(1, t) = −α+(s+(t)− s−(t)), t > 0,

v(y, 0) = v0(y), 0 < y < 1,

s±(0) = s±,0,

(6.3)

where we have set v0(y) = u0((1− y)s−,0 + ys+,0). At a formal level, taking the trace at y = 0
and y = 1 yields ∂tv(0, t) = ∂tv(1, t) = 0, which suggests that v(0, t) = v(1, t) = 0 provided
v0(0) = v0(1) = 0. This will be justified a posteriori once sufficient regularity is established.
Throughout this section, we assume s+(t) − s−(t) remains strictly positive on a short time
interval [0, T ], which will be guaranteed by the initial condition s−,0 < s+,0 and continuity.

6.2 Derivative formulation

As in the half-line case, the main difficulty in the system (6.3) lies in the appearance of the
second-order boundary traces ∂2

yv. These terms are not directly compatible with the standard
maximal Lp-Lq regularity theory.

To overcome this difficulty, we introduce a derivative formulation. Set

w := ∂yv.

Formally differentiating (6.3) with respect to y, we obtain

∂tw − (s+(t)− s−(t))
−2∂2

yw

= ∂y

(
(1− y)s′−(t) + ys′+(t)

s+(t)− s−(t)
w

)
+(s+(t)− s−(t))∂xf

(
(1− y)s−(t) + ys+(t), t

)
, 0 < y < 1, t > 0,

α−s
′
−(t) = −(s+(t)− s−(t))

−2∂yw(0, t)− f(s−(t), t), t > 0,

α+s
′
+(t) = (s+(t)− s−(t))

−2∂yw(1, t) + f(s+(t), t), t > 0,

w(0, t) = α−(s+(t)− s−(t)), t > 0,

w(1, t) = −α+(s+(t)− s−(t)), t > 0,

w(y, 0) = w0(y)(:= ∂yv0(y)), 0 < y < 1,

s±(0) = s±,0.

(6.4)
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Here, we see

∂y

(
(1− y)s′−(t) + ys′+(t)

s+(t)− s−(t)
w

)
=

(1− y)s′−(t) + ys′+(t)

s+(t)− s−(t)
∂yw +

s′+(t)− s′−(t)

s+(t)− s−(t)
w.

Observe that, at this point, the equivalence between (6.3) and the derivative system (6.4)
has not yet been justified. However, in contrast to the half-line case, the identification w = ∂yv
can be established on bounded intervals by means of indefinite integration. This argument relies
on the integrability of w over the spatial interval, which is available on the bounded interval but
not in the half-line setting.

6.3 Solvability for the w-problem (6.4) and the original problem

Let 1 < p1, p2, q < ∞ and I := (0, 1). We define

F b
w := Lp1(0, T ;Lq(I)),

Eb
w := W 1,p1(0, T ;Lq(I)) ∩ Lp1(0, T ;W 2,q(I)),

Xb
w := B2(1−1/p1)

q,p1 (I).

The estimates below are bounded-interval counterparts of Proposition 2. The key point is
that the denominator ξ+(t) − ξ−(t) is uniformly bounded away from zero for sufficiently small
time.

Proposition 14 (Product and trace estimates). Assume the condition (A). Then there exist
T0 > 0 and C > 0, depending only on p1, p2, q and the length of the initial spatial interval, such
that the following estimates hold for all T ∈ (0, T0].

(i) Product estimates.
Let φ ∈ Eb

w and ξ± ∈ Es with ξ−(0) < ξ+(0). Then∥∥∥∥(1− y)ξ′−(t) + yξ′+(t)

ξ+(t)− ξ−(t)
∂yφ

∥∥∥∥
F b
w

≤ CT
1
p1

− 1
p2

(
∥φ∥Eb

w
+ ∥φ|t=0∥Xb

w

)
(∥ξ+∥Es

+ ∥ξ−∥Es
),∥∥∥∥ξ′+(t)− ξ′−(t)

ξ+(t)− ξ−(t)
w

∥∥∥∥
F b
w

≤ CT
1
p1

− 1
p2

(
∥φ∥Eb

w
+ ∥φ|t=0∥Xb

w

)
(∥ξ+∥Es

+ ∥ξ−∥Es
),

∥∥(ξ+(t)− ξ−(t))
−2∂yφ|y=0

∥∥
Fs

≤ CT
1
p2

(
∥φ∥Eb

w
+ ∥φ|t=0∥Xb

w

)
,∥∥(ξ+(t)− ξ−(t))

−2∂yφ|y=1

∥∥
Fs

≤ CT
1
p2

(
∥φ∥Eb

w
+ ∥φ|t=0∥Xb

w

)
.

(ii) Difference estimates (contraction properties).
Let φ1, φ2 ∈ Eb

w with φ1|t=0 = φ2|t=0 and ξ1,±, ξ2,± ∈ Es with ξ1,−(0) < ξ1,+(0), ξ1,±(0) =
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ξ2,±(0). Then∥∥∥∥(1− y)ξ′1,−(t) + yξ′1,+(t)

ξ1,+(t)− ξ1,−(t)
∂yφ1 −

(1− y)ξ′2,−(t) + yξ′2,+(t)

ξ2,+(t)− ξ2,−(t)
∂yφ2

∥∥∥∥
F b
w

≤ CT
1
p1

− 1
p2

((
∥φ1∥Eb

w
+ ∥φ1|t=0∥Xb

w

)
(∥ξ1,+ − ξ2,+∥Es

+ ∥ξ1,− − ξ2,−∥Es
)

+ ∥φ1 − φ2∥Eb
w
(∥ξ2,+∥Es

+ ∥ξ2,−∥Es
)

)
,∥∥∥∥ξ′1,+(t)− ξ′1,−(t)

ξ1,+(t)− ξ1,−(t)
φ1 −

ξ′2,+(t)− ξ′2,−(t)

ξ2,+(t)− ξ2,−(t)
φ2

∥∥∥∥
F b
w

≤ CT
1
p1

− 1
p2

((
∥φ1∥Eb

w
+ ∥φ1|t=0∥Xb

w

)
(∥ξ1,+ − ξ2,+∥Es

+ ∥ξ1,− − ξ2,−∥Es
)

+ ∥φ1 − φ2∥Eb
w
(∥ξ2,+∥Es

+ ∥ξ2,−∥Es
)

)
,∥∥(ξ1,+(t)− ξ1,−(t))

−2∂yφ1|y=0 − (ξ2,+(t)− ξ2,−(t))
−2∂yφ2|y=0

∥∥
Fs

≤ CT
1
p2

(
∥φ1 − φ2∥Eb

w
+ (∥φ1∥Eb

w
+ ∥φ1|t=0∥Xb

w
)(∥ξ1,+ − ξ2,+∥Es

+ ∥ξ1,− − ξ2,−∥Es
)

)
,∥∥(ξ1,+(t)− ξ1,−(t))

−2∂yφ1|y=1 − (ξ2,+(t)− ξ2,−(t))
−2∂yφ2|y=1

∥∥
Fs

≤ CT
1
p2

(
∥φ1 − φ2∥Eb

w
+ (∥φ1∥Eb

w
+ ∥φ1|t=0∥Xb

w
)(∥ξ1,+ − ξ2,+∥Es

+ ∥ξ1,− − ξ2,−∥Es
)

)
.

Proof. The proof is parallel to that of Proposition 3.1, and we only indicate the necessary
modifications.

We may assume that ξ± ∈ Es are given functions such that

0 < L ≤ ξ+(t)− ξ−(t) ≤ L for all t ∈ [0, T ],

for some constants L,L > 0 and for some T > 0 because of ξ−(0) < ξ+(0) and the embedding
Es ⊂ C[0, T ]. Then the coefficient

1

ξ+(t)− ξ−(t)

is uniformly positive and bounded on (0, T ).
Moreover, the coefficients

(1− y)ξ′−(t) + yξ′+(t)

ξ+(t)− ξ−(t)
,

ξ′+(t)− ξ′−(t)

ξ+(t)− ξ−(t)

belong to
Lp2

(
0, T ;W 1,∞(I)

)
,
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with bounds depending only on L, L, and
∥∥ξ′±∥∥Lp(0,T )

. The difference estimates are obtained in

the same way as in Proposition 2, using the Lipschitz continuity of the maps

(ξ+, ξ−) 7→ (ξ+(t)− ξ−(t))
−1

on the set {ξ+(t)− ξ−(t) ≥ L}.

Theorem 15 (Local existence for (w, s±)). Assume the conditions (A) and (F). Let

w0 ∈ Xb
w, w0(0) = α−(s+,0 − s−,0), w0(1) = −α+(s+,0 − s−,0),

with s−,0 < s+,0. Then there exists T ∗ > 0 such that the derivative system (6.4) admits a unique
local-in-time solution in the maximal regularity class

(w, s±) ∈ Eb
w(0, T

∗)× Es(0, T
∗)2

satisfying s+(t)− s−(t) > 0 for all t ∈ [0, T ∗] and

∥w∥Eb
w(0,T ∗) + ∥s+∥Es(0,T ∗) + ∥s−∥Es(0,T ∗) ≤ CT ∗,f,α± + C ∥w0∥Xb

w

for some constants CT ∗,f,α± and C.

Proof. The proof is based on the same strategy as Theorem 3, using the uniform positivity of
s+(t) − s−(t). The positivity of s+(t) − s−(t) follows from the continuity of s± ∈ Es(0, T ) ⊂
C[0, T ] and the fact that s−,0 < s+,0. We sketch the argument and indicate the necessary
modifications.

We consider the closed subset

Bb
R(T )

:=

(w, s±) ∈ Eb
w(0, T )× Es(0, T )

2

∣∣∣∣∣∣∣∣∣∣
w0(0) = α−(s+,0 − s−,0),

w0(1) = −α+(s+,0 − s−,0),

w|t=0 = w0, s±(0) = s±,0,

∥w∥Eb
w(0,T ) + ∥s+∥Es(0,T ) + ∥s−∥Es(0,T ) ≤ R


endowed with the natural norm, where T > 0 and R > 0 are fixed later.

We define the solution mapping

Sb : Bb
R(T ) −→ Eb

w(0, T )× Es(0, T )
2

∈ ∈

(φ, ξ±) 7−→ (w, s±)
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to 

∂tw − (s+,0 − s−,0)
−2∂2

yw

=

(
(ξ+(t)− ξ−(t))

−2 − (s+,0 − s−,0)
−2

)
∂2
yφ

+∂y

(
(1− y)ξ′−(t) + yξ′+(t)

ξ+(t)− ξ−(t)
φ

)
+(ξ+(t)− ξ−(t))∂xf

(
(1− y)ξ−(t) + yξ+(t), t

)
, 0 < y < 1, t > 0,

α−s
′
−(t) = −(ξ+(t)− ξ−(t))

−2∂yφ(0, t)− f(ξ−(t), t) t > 0,

α+s
′
+(t) = (ξ+(t)− ξ−(t))

−2∂yφ(1, t) + f(ξ+(t), t) t > 0,

w(0, t) = α−(ξ+(t)− ξ−(t)), t > 0,

w(1, t) = −α+(ξ+(t)− ξ−(t)), t > 0,

w(y, 0) = w0(y), 0 < y < 1,

s±(0) = s±,0.

We treat the linear system with frozen coefficients. In addition to Proposition 14, we use the
following estimates:∥∥∥∥((ξ+(t)− ξ−(t))

−2 − (s+,0 − s−,0)
−2

)
∂2
yφ

∥∥∥∥
F b
w

≤ CT
1− 1

p2 (∥ξ+∥Es
+ ∥ξ−∥Es

) ∥φ∥Eb
w
,∥∥(ξ+(t)− ξ−(t))∂xf

(
(1− y)ξ−(t) + yξ+(t), t

)∥∥
F b
w
≤ C ∥∂xf∥Lp1 (0,T ;Lq(R)) ,

∥α±(ξ+(t)− ξ−(t))∥Eb
w
≤ C|α±|T

1
p1

− 1
p2 ∥ξ+ − ξ−∥Es

,

where the first estimate comes from∣∣(ξ+(t)− ξ−(t))
−2 − (s+,0 − s−,0)

−2
∣∣ ≤ C(|ξ+(t)− s+,0|+ |ξ−(t)− s−,0|)

≤ CT
1− 1

p2 (∥ξ+∥Es
+ ∥ξ−∥Es

)

and the third estimate comes from the Hölder inequality. Collecting the above estimates, we
can prove Sb is the self-map for sufficiently small T > 0. Similarly, we can prove the contraction
on Bb

R(T ). The fixed point (w, s±) ∈ Bb
R(T ) satisfies the equation (6.4). This completes the

proof.

The proof shows that the bounded interval case differs from the half-line case only by the
presence of additional lower-order terms and some scaling terms ξ+(t) − ξ−(t), which are con-
trolled by the same maximal regularity framework.

We define

v(y, t) :=

∫ y

0
w(ỹ, t) dỹ.
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We have the identification w = ∂yv and v(0, t) = 0. Moreover, from the equation (6.4), we see

d

dt

∫ 1

0
w(ỹ, t)dỹ = 0.

Therefore, if we assume
∫ 1
0 w0(ỹ)dỹ = 0, then v(1, t) =

∫ 1
0 w(ỹ, t)dỹ =

∫ 1
0 w0(ỹ)dỹ = 0. Thus,

we prove the following theorem on the bounded interval.

Theorem 16 (Solvability for the problems on the bounded interval). Assume that α± ̸= 0 and
the conditions (A), (F) hold. Let

w0 ∈ B2(1−1/p1)
q,p1 (I),

∫ 1

0
w0(ỹ)dỹ = 0,

w0(0) = α−(s+,0 − s−,0), w0(1) = −α+(s+,0 − s−,0)

with s−,0 < s+,0 and define

v0(y) :=

∫ y

0
w0(ỹ)dỹ.

Then there exists T ∗ > 0 such that the equation (6.3) admits a unique local-in-time solution
(v, s) in the maximal regularity class

v ∈ W 1,p1(0, T ∗;W 1,q(I)) ∩ Lp1(0, T ∗;W 3,q(I)),

s ∈ W 1,p2(0, T ∗).

Furthermore, let u(x, t) = v
( x− s−(t)

s+(t)− s−(t)
, t
)

and u0(x) = v0

( x− s−,0

s+,0 − s−,0

)
. Then the

function u is the unique solution of the equation (6.1).

Remark 17 (Positivity of solutions). Under the assumptions

u0(x) ≥ 0 (s−,0 < x < s+,0), f(x, t) ≥ 0 (x ∈ R, 0 ≤ t ≤ T ∗),

and
α± > 0,

the positivity of the solution u in Theorem 16 follows from the parabolic maximum principle
together with Hopf’s boundary point lemma, as in Remark 12.
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