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Abstract. Solving Fokker-Planck equations (FPEs) for multiple initial conditions typically re-
quires repeated computations, leading to substantial computational costs. In this work, we propose
a transition-density-based operator learning method to efficiently approximate the solution operator
of FPEs with various initial conditions. The core idea is to learn the transition probability density
function (PDF) of the underlying stochastic differential equation (SDE), from which the solution
associated with a new initial distribution can be obtained through the Chapman–Kolmogorov equa-
tion without retraining the model. A major challenge in learning the transition PDF lies in the
singular behavior induced by the Dirac initial condition. To address it, we introduce a conditional
normalizing flow whose base distribution is given by the explicit transition PDF of a linearized SDE.
This base distribution captures the short-time behavior of the target transition PDF and allows the
normalizing flow to learn a near-identity transformation at small times. We further incorporate a
time-weighted loss function to stabilize training near the initial time and develop an importance-
sampling strategy for evaluating solutions associated with general initial conditions. A variety of
numerical experiments are presented to illustrate the effectiveness and robustness of the proposed
method.
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1. Introduction. The FPE describes the time evolution of the PDF associated
with a stochastic dynamical system of diffusion type, serving as a deterministic repre-
sentation of the stochastic process. Numerically solving the FPE is of high interest in
many fields, such as statistical physics, chemistry, biology, finance, and data science,
as it enables uncertainty quantification and statistical inference. Moreover, in many
of these applications, such as ensemble forecasting [24] and data assimilation [30], the
governing stochastic dynamic is fixed, whereas the initial distribution varies across
scenarios or posterior updates. Solving the FPE repeatedly for each initial condition
can therefore lead to substantial computational costs.

Classical numerical discretization schemes for the FPE include the finite element
method [9], the finite difference method [22], the path integral method [45], and
the Jordan-Kinderlehrer-Otto (JKO) scheme [21], among others. Nevertheless, these
traditional approaches incur high computational cost and suffer from poor scalability
in high-dimensional settings. To overcome these challenges, deep learning methods
[11, 33, 37] bring a new paradigm. In general, deep learning–based methods for solving
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the FPE can be categorized into two main classes: those that directly represent the
solution with neural networks [7, 31, 42, 46, 47, 51], and those that employ generative
modeling techniques, such as normalizing flows [12, 13, 29, 39, 49, 50] and score-based
approaches [3, 19, 52]. Alternatively, Bruna et al. [6, 46] approximate the solution of
the interacting-particle FPE using a Gaussian mixture model, and numerically solve
the ordinary differential equation (ODE) system for the mixture coefficients using the
Neural Galerkin method, subsequently normalizing the solution at each time step to
enforce the PDF constraints. In parallel, several techniques have been developed for
some special FPEs that exploit the reinterpretation as the L2-Wasserstein gradient
flow of the Kullback-Leibler divergence [23, 26].

While a variety of numerical methods have shown promising performance in solv-
ing FPEs with prescribed initial conditions, there remains a lack of methods capable
of efficiently handling multiple initial conditions. The aforementioned methods have
to solve the FPE anew every time a new initial condition arrives. This challenge can
be viewed from the perspective of operator learning, where the objective is to learn
a mapping from an initial distribution to the corresponding time-dependent solution
of the FPE. Recently, Wang et al. [43] proposed a Gaussian-mixture latent surrogate
that directly learns the evolution from initial to corresponding transient PDF repre-
sentation, while focusing on Gaussian-mixture initial distributions and a truncated
computational domain. Yang et al. [48] proposed a pseudoreversible normalizing flow
and leveraged samples generated from an SDE to learn the terminal solution of the
corresponding transition FPE. In the general data-driven setting, generative models
are also widely used to learn the conditional PDF, such as conditional Glow [28],
monotone generative adversarial networks [2], the gradient of a partially input-convex
neural network, and Neural ODE [44], to name a few. For general parametric PDEs,
some techniques have been proposed to learn the solution operator, such as the deep
operator network (DeepONet) [27], the Fourier neural operator (FNO) [25], and their
variants. Gaby et al. [15] learned the solution operator of the evolution PDEs for
various initial conditions by learning a control vector field in the parameter space and
solving the ODE system of the neural network parameters. There are also works that
learn the Green’s function to construct the solution operator, leveraging the explicit
representation of the solution in terms of the Green’s function [1, 5, 40]. However,
direct application of these methods to FPEs requires additional treatments of bound-
ary conditions and PDF constraints. In this work, we take a different route: rather
than learning the dependence of the FPE solution on the initial distribution directly,
we learn the transition PDF of the underlying stochastic dynamics. Solutions for new
initial distributions are then recovered through the Chapman-Kolmogorov equation.
Our framework is built on the following ideas.

First, we reformulate operator learning for the FPE as the problem of approxi-
mating the transition PDF, i.e., the solution of the FPE starting at initial time from
a Dirac mass at an arbitrary location x0. We develop a conditional normalizing flow
parametric in time and x0 to learn the transition PDF. Benefiting from the inherent
property of a normalizing flow, the proposed approach naturally satisfies the PDF
constraints without requiring additional enforcement. We mention that the work
[35, 36] developed in parallel to ours, also proposes a conditional normalizing flow to
approximate the transition PDF, however, in a Neural Galerkin framework.

Second, we propose a time- and initial state-dependent base distribution to im-
prove the conditioning of the conditional normalizing flow. In contrast to the com-
monly used standard normal distribution, our base distribution is given by the explicit
solution of a linearized SDE parametric with respect to the initial state x0. The lin-
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earized SDE is obtained by applying a first-order Taylor expansion to the drift term
and a zero-order expansion to the diffusion term of the target SDE. Using the solution
of the linearized SDE as the base random process not only respects the causality for
evolution PDEs [8] while bypassing the singular initial condition, but also alleviates
training difficulties. We show, in particular, that the total variation distance between
the transition PDF of the linearized process and that of the true process is of order
O(t) while the Kullback–Leibler divergence scales as O(t2) as t → 0. The correspond-
ing transformation tends to the identity map as t → 0, making it easier to learn than
transformation based on a fixed standard normal base distribution at all times.

Third, we propose a time-weighted loss function to mitigate numerical instabili-
ties arising at small times when the transition PDF approaches a Dirac measure. The
weight function takes the form td+2 or t

d
2+2 depending on the distribution of the train-

ing points. It is designed to capture the temporal scaling of the residual when a small
perturbation around the base PDF is considered. Introducing this weighting strat-
egy can be interpreted as a trade-off between maintaining causality and alleviating
optimization difficulties.

Fourth, we incorporate the learned conditional normalizing flow and an importance-
sampling Monte Carlo estimator to approximate the final solution of the original FPE.

The remainder of this paper is organized as follows. Section 2 formalizes the
operator learning problem for the FPE under different initial conditions. In section 3,
we introduce the conditional normalizing flow with base distribution provided by the
linearized SDE. In section 4, we analyze the behavior of the loss function as t → 0,
and we propose a time-weighted loss and an adaptive sampling algorithm. Importance
sampling is discussed in section 5 to efficiently evaluate p(x, t). Section 6 presents a
series of numerical experiments that illustrate the effectiveness and robustness of the
proposed method, followed by concluding remarks in section 7. Additional details of
certain proofs and calculations are provided in the Appendix.

2. Problem setup and reformulation. Consider the state variable Xt mod-
eled by the following non-degenerate SDE,

(2.1) dXt = f(Xt) dt+ g(Xt) dWt, t > 0,

where f(Xt) : Rd → Rd and g(Xt) : Rd → Rd×m,m ≥ d denote the drift and
diffusion terms, respectively, and Wt is an m-dimensional standard Wiener process.
The PDF p(x, t) for Xt satisfies the corresponding time-dependent FPE:

(2.2)
∂p

∂t
= L∗

f ,gp := −∇ · (pf) + 1

2
∇ · ∇ · (ggTp).

In general, equation (2.2) is defined on Rd with the following boundary condition

(2.3) p(x) → 0 as |x|2 → ∞.

Meanwhile, the solution as a probability density function should be conservative and
non-negative, i.e.,

(2.4)

∫
Rd

p(x, t)dx ≡ 1, and p(x, t) ≥ 0, ∀ t ≥ 0.

In this work, we address scenarios with varying initial conditions and develop
a transition-density-based operator learning method that generalizes across them,
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thereby eliminating the need to solve the corresponding FPE repeatedly for different
initial conditions, i.e., we consider the problem

(2.5)


∂p(x, t)

∂t
= L∗

f ,gp(x, t), x ∈ Rd, t > 0,

p(x, 0) = p0(x), p0 ∈ G, x ∈ Rd

where G is a functional class including all possible initial distributions of interest.
To achieve this, we turn to the transition PDF p(x, t|x0) given an initial state.

The corresponding transition PDF satisfies the same governing equation as the original
FPE (2.5), but with a Dirac Delta function as the initial condition,

(2.6)


∂p(x, t|x0)

∂t
= L∗

f ,gp(x, t|x0), x ∈ Rd, t > 0,

p(x, 0|x0) = δ(x− x0), x ∈ Rd.

Applying the Chapman-Kolmogorov equation yields the solution to the FPE (2.5),

(2.7) p(x, t) =

∫
Ω0

p(x, t|x0)p0(x0)dx0.

This motivates us to solve the FPE for different initial conditions by approximating
the transition PDF p(x|x0, t). In this work, we extend the normalizing flow framework
[13, 49] to handle the transition FPE with Dirac delta functions centered at various
points as initial conditions.

2.1. Notation. For convenience, we introduce here some notations that will be
used throughout the paper. For a vector x ∈ Rd, |x| denotes its Euclidean norm.
For a matrix A ∈ Rd×d, ∥A∥ denotes its spectral norm induced by the Euclidean
norm. Likewise, for a bilinear map B : Rd×Rd → Rd, ∥B∥ denotes its operator norm

∥B∥ := sup
x,y∈Rd, x̸=0, y ̸=0

|B(x,y)|
|x| |y| .

Given two probability measures ν and µ on Rd, ν ≪ µ, H(ν | µ) denotes the
relative entropy of ν w.r.t. µ, and ∥ν − µ∥TV denotes the total variation distance
between ν and µ.

H(ν | µ) :=
∫
Rd

log

(
dν

dµ

)
dν, ∥ν − µ∥TV := sup

A∈B(Rd)

|ν(A)− µ(A)|.

Furthermore, if µ ≪ ρ, and dν = pνdρ, dµ = pµdρ, then

H(ν | µ) =
∫
Rd

pν(x) log

(
pν(x)

pµ(x)

)
dρ(x), ∥ν−µ∥TV =

1

2

∫
Rd

|pν(x)− pµ(x)|dρ(x).

Moreover, given a measurable map T : Rd → Rd, T#ν denotes the pushforward mea-
sure of ν through T , i.e., (T#ν)(A) := ν

(
T−1(A)

)
= ν

(
{x ∈ Rd : T (x) ∈ A}

)
for any

A ∈ B(Rd). By N (·;µ,Σ) we denote the PDF of a multivariate normal distribution
with mean µ and covariance matrixΣ. For f ∈ L2(Rd, ν;Rm), ∥f∥L2(Rd,ν;Rm) denotes

its L2-norm w.r.t. the measure ν, i.e., ∥f∥L2(Rd,ν;Rm) =
(∫

Rd |f(x)|2dν(x)
)1/2

.
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3. The conditional normalizing flow. In this section, we introduce a condi-
tional normalizing flow to approximate the transition PDF p(x, t|x0) given the initial
state x0. Before proceeding to the conditional normalizing flow, we briefly review the
idea of normalizing flows.

A normalizing flow seeks an invertible transformation T from the unknown ran-
dom vector X ∈ Rd to a given random vector Z ∈ Rd with a well-known and easy
to sample distribution. According to the change of variables formula, the PDF of
X = T−1(Z) can be expressed by,

(3.1) pX(x) = pZ(T (x))
∣∣∣det∇xT (x)

∣∣∣.
Furthermore, by allowing the distribution of the given random variable Z and

the transformation T to depend on some parameters, the initial state x0 and time
t in our setting, we can derive a conditional normalizing flow that maps the current
state Xt of (2.1) to a base random variable Zt(x0) conditioned on an initial state
X0 = x0, i.e.,

(3.2)
Xt|X0=x0 = T−1(Zt(x0); θ(x0, t)),

pXt|X=x0
(x) = pZt(x0) (T (x; θ(x0, t)))

∣∣∣det∇xT (x; θ(x0, t))
∣∣∣,

where θ(x0, t) represents the parameter set of the invertible transformation T condi-
tioned on the initial state x0 and time t. This transformation T maps an unknown
stochastic process Xt to another stochastic process Zt given the initial state X0 = x0.

3.1. What makes a good base stochastic process for the conditional
normalizing flow? The transition PDF provides a way to approximate the solution
of the FPE under different initial conditions. However, directly approximating the
solution of the FPE with a Dirac delta function as the initial condition is challenging.
The challenge lies in the fact that the Dirac delta function lacks regularity, and there
is no invertible transformation that maps it to a regular distribution (e.g., normal
or uniform distributions) used in normalizing flows. To address this challenge, we
linearize the original SDE and use the solution of the resulting linear SDE as the
base stochastic process of the normalizing flow. The linearization of the original SDE
is based on the assumption that the drift term f and diffusion term g are smooth
functions. This allows us to approximate the original SDE by a linear SDE, which
admits an analytical solution. Specifically, we approximate the original drift term
by the first-order Taylor expansion and the diffusion term by the zero-order Taylor
expansion at the initial state x0, i.e.,

(3.3)

{
dX̂t = (f(x0) +∇f(x0)(X̂t − x0))dt+ g(x0)dWt, t > 0,

X̂0 = x0.

The corresponding solution admits an analytical form,

(3.4) X̂t = x0 +

∫ t

0

e∇f(x0)(t−s)f(x0)ds+

∫ t

0

e∇f(x0)(t−s)g(x0)dWs,

which is a multivariate Gaussian process with mean and covariance given by

(3.5)

E
[
X̂t|X̂0 = x0

]
= x0 +

∫ t

0

e∇f(x0)(t−s)f(x0)ds,

Σ
[
X̂t|X̂0 = x0

]
=

∫ t

0

e∇f(x0)(t−s)g(x0)g(x0)
⊤e∇f(x0)

⊤(t−s)ds.
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The two integrals with respect to time t in equation (3.5) can be effectively approxi-
mated by Gauss-Legendre quadrature, thus,

(3.6)

E
[
X̂t|X̂0 = x0

]
≈ x0 +

m∑
i=1

wie
∇f(x0)(t−si)f(x0),

Σ
[
X̂t|X̂0 = x0

]
≈

m∑
i=1

wie
∇f(x0)(t−si)g(x0)g(x0)

⊤e∇f(x0)
⊤(t−si),

wi =
t

2
ŵi, si =

t

2
(ŝi + 1),

where {(ŵi, ŝi)} are the weights and nodes associated with the Legendre polynomial
defined on [−1, 1]. Moreover, if ∇f(x0) is invertible, we can rewrite the solution as

(3.7) X̂t = x0 + (∇f(x0))
−1
(
e∇f(x0)t − I

)
f(x0) +

∫ t

0

e∇f(x0)(t−s)g(x0)dWs.

The corresponding conditional mean admits the equivalent expression,

E
[
X̂t|X̂0 = x0

]
= x0 + (∇f(x0))

−1
(
e∇f(x0)t − I

)
f(x0).

Thus, instead of approximating the integral, one may compute the inverse of ∇f(x0).
We note that the linear SDE system (3.3) provides a close pathwise approximation

to the original SDE (2.1) for small t. The corresponding transition PDF associated
with the linear SDE provides a good approximation of the target transition PDF in
the short-time regime, as verified by Proposition 3.1 below.

Proposition 3.1. Suppose that the drift term f = fν in the SDE (2.1) is dif-
ferentiable, and the diffusion term g is constant, G = (Gij)i,j≤d = 1

2gg
⊤ is non-

degenerate, {pνt}t∈[0,tf ]
is the PDF solution on the time interval [0, tf ] to the corre-

sponding FPE with a Dirac delta function δx0 as the initial condition, {pσt}t∈[0,tf ]

is the PDF solution to the FPE corresponding to the linearized SDE (3.3) with drift
term fσ and the same initial condition δx0 . Denote νt and σt the probability measures
corresponding to pνt , pσt , respectively. If ∥∇fν(x)∥ ≤ Cf , ∀x ∈ Rd for some Cf ≥ 0,
then for any t ∈ (0, tf ),

H (σt | νt) ≤
1

2

∫ t

0

∫
Rd

∣∣∣G−1/2(fσ(x)− fν(x))
∣∣∣2 dσsds,

∥νt − σt∥2TV ≤ 1

4

∫ t

0

∫
Rd

∣∣∣G−1/2 (fσ(x)− fν(x))
∣∣∣2 dσsds.

Both the relative entropy H(σt|νt) and the square of total variation ∥νt − σt∥2TV

are O(t2) as t → 0. Moreover, if ∥∇2fν(x)∥ ≤ Hf , ∀x ∈ Rd for some Hf ≥ 0, then
H(σt|νt), ∥νt − σt∥2TV are both O(t3) as t → 0.

Proof. See Appendix A.

Statistical quantities evaluated under the target measure can be approximated by
those under the approximate measure, with an error bounded by the total variation
distance between the two measures, as established in the next proposition.

Proposition 3.2. Suppose that ν, σ are two probability measures on Rd. Then
for every function f ∈ L2(Rd, ν;Rm) ∩ L2(Rd, σ;Rm), we have∣∣∣∣∫

Rd

f(x)dν(x)−
∫
Rd

f(x)dσ(x)

∣∣∣∣ ≤√2∥ν − σ∥TV

(
∥f∥L2(Rd,ν;Rm) + ∥f∥L2(Rd,σ;Rm)

)
.
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Proof. See Appendix B.

In particular, if we take σ = T#ν for some measurable map T : Rd → Rd and
f(x) = x, assuming ν, σ have finite second moments, we have∣∣∣∣∫

Rd

xdν(x)−
∫
Rd

T (x)dν(x)

∣∣∣∣ ≤√2∥ν − σ∥TV

(
∥x∥L2(Rd,ν;Rd) + ∥x∥L2(Rd,σ;Rd)

)
.

We also state that if νi → µ in total variation and their second moments converge,
then the Knothe-Rosenblatt (KR) map Ti satisfying (Ti)#µ = νi converges to the
identity map in L2(µ).

Proposition 3.3. Let {νi}∞i=1 be a family of absolutely continuous probability
measures on Rd w.r.t. the Lebesgue measure, each with finite second moments, and
assume that µ is an absolutely continuous measure, ∥νi − µ∥TV → 0, ∥x∥L2(Rd,νi) →
∥x∥L2(Rd,µ) as i → ∞. Then, let Ti be the KR map between µ and νi. We have
Ti → Id in L2(µ) as i → ∞.

Proof. See Appendix C.

Proposition 3.1 shows that, for small t, the transition PDF of the linearized SDE
is close to that of the original SDE in total variation. Proposition 3.3 implies that,
under certain conditions, KR maps associated with a sequence of measures and its
limiting measure converge to the identity map. This observation motivates our design
choice: the conditional normalizing flow is constrained to be the identity at t = 0 and
to deform gradually as t increases. In this way, we avoid directly mapping from a
Dirac delta initial condition and reduce the training difficulty near t = 0.

3.2. Architecture of the conditional normalizing flow. The transition-
density-based method reformulates the original problem of finding p(x, t|x0) as the
task of identifying an invertible transformation T (·; θ(x0, t)), mapping a stochastic
process Xt to Zt given initial state X0 = x0. In practice, we can construct such a
complex invertible mapping by stacking a sequence of simple bijections, i.e.,

Zt|Z0=Z0(x0) = T (Xt|X0=x0
; θ(x0, t)) = T[K] ◦ T[K−1] ◦ · · · ◦ T[1](Xt|X0=x0

),

where T[i] = T[i](·; θ[i](x0, t)) is based on shallow neural networks. The inverse and
Jacobian determinant are given as

Xt|X0=x0 = T−1 (Zt|Z0=z0 ; θ(x0, t)) = T−1
[1] ◦ · · · ◦ T−1

[K−1] ◦ T
−1
[K](Zt|Z0=Z0(x0)),

| det (∇xT (·; θ(x0, t))) | =
L∏

i=1

| det
(
∇x[i−1]

T[i](·)
)
|,

which motivates the use of techniques that enable efficient computation of both the
inverse and the Jacobian matrix of T[i](·). In this work, we adopt the structure with
descending active transformation dimensions in the standard KRnet [38], which is
inspired by the KR rearrangement [34] and affine coupling layers [10], to enhance
accuracy and reduce model complexity in high-dimensional settings.

Let x⊤ =
((

x(1)
)⊤

,
(
x(2)

)⊤
, . . . ,

(
x(K)

)⊤)
be a partition of x⊤, where x(i) =(

x
(i)
1 , . . . , x

(i)
di

)⊤
with 1 ≤ K ≤ d, 1 ≤ di ≤ d and

∑K
i=1 di = d. Denote x(i:j) =((

x(i)
)⊤

,
(
x(i+1)

)⊤
, . . . ,

(
x(j)

)⊤)⊤
. Our conditional normalizing flow TC-KRnet is
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defined as follows,

T[1] = T̃K , T[k] =

(
T̃K+1−k

IdK+2−k:K

)
, k = 2, . . . ,K,

Zt|Z0=z0
= TC-KRnet(Xt|X0=x0

; θ(x0, t)) =

(
T̃1

Id(2:K)

)
◦ · · · ◦

(
T̃K−1

Id(K)

)
◦ T̃K(Xt|X0=x0

),

where Id(i:j)(x) = x(i:j) denotes the projection operator, T̃k : [−1, 1]
∑k

i=1 di →
[−1, 1]

∑k
i=1 di is an invertible mapping of x(1:k) that is constructed by the compo-

sition of conditional affine coupling layers defined in the Section 3.2.1.
The conditional normalizing flow TC-KRnet is primarily constructed using two

nested loops: an outer loop and an inner loop. The outer loop consists of K stages,
each corresponding to a mapping T̃k. The inner loop T̃k contains lk stages, represent-
ing the number of coupling layers. Following the application of T̃k, the kth partition
is kept fixed in the subsequent outer stages. As the outer loop progresses, the active
dimension gradually decreases, which motivates reducing the depth lk for later stages.

3.2.1. Conditional affine coupling layer. In this section, we focus on the
construction of the inner loop T̃k = T̃k,lk ◦ · · · ◦ T̃k,2 ◦ T̃k,1. To this end, we first
introduce a conditional affine coupling layer, given some information ξ and time t,
applied to a vector y = (y1,y2) ∈ Rm, where y1 ∈ Rm1 , and y2 ∈ Rm−m1 as follows:

(3.8)

{
ŷ1 = y1,

ŷ2 = y2 ⊙
(
1m−m1 + β tanh(t · s)

)
+ eζ ⊙ tanh(t · q),

where β ∈ (0, 1) is user defined, ζ is trainable and s and q are outputs of a neural
network that takes as input the unchanged portion y1, the given information ξ and
time t, i.e.,

(3.9) (s, q) = NN(y1, ξ, t).

To emphasize the influence of the initial state, we adopt the approach proposed in
[18], applying a random Fourier feature transformation [41] before the fully connected
layers of the neural network used in equation (3.9). The resulting neural network is

(3.10)
h0 = [y1, ξ, t]

⊤
, h1 =

[
sin

(
1

eγ
Fh0 + b0

)
, cos

(
1

eγ
Fh0 + b0

)
, h0

]⊤
,

hj = SiLU(Wj−1hj−1 + bj−1), for j = 2, . . . ,M, (s, q) = WMhM + bM ,

where F ∈ Rrh/2×dim(h0), b0 ∈ Rrh/2 are sampled from a standard normal distribution
and a uniform distribution over [0, 2π]rh/2, respectively and rh denotes the dimension
of the random features. Both F and b0 are fixed after initialization. γ, {Wj , bj}Mj=1

are trainable parameters, and the sigmoid linear unit (SiLU) function is used as the
activation function.

Since the conditional affine coupling layer (3.8) updates only y2, we alternate the
roles of y1 and y2 in subsequent layers to ensure a full update of y. Note that the
transformation defined by the conditional affine coupling layer (3.8) reduces to the
identity when t = 0, which is consistent with using the PDF corresponding to the
linearized SDE as the base distribution of the conditional normalizing flow.
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Now we are ready to construct T̃k, which consists of lk conditional affine coupling

layers. Denote x[0] = x,x[k] = T[k](x[k−1]), ξ = x0, and y[k] = x
(1:K−k)
[k] the active

part of x[k] for k = 1, . . . ,K − 1. We apply a sequence of conditional affine coupling
transformations (3.8) to y[k] using a half-half split.

4. Deep adaptive algorithm. Given an SDE, we solve the corresponding tran-
sition FPE with Dirac delta functions centered at various points as initial conditions,
which is considered as offline training. Let p(x, t|x0) be a conditional probability
density function defined on Rd × [0, tf ]×Ω0. It satisfies the transition FPE (2.6). By
using the solution of the linearized SDE as the base stochastic process and enforc-
ing the transformation to be the identity mapping at t = 0, the initial condition is
naturally satisfied. Applying PINNs yields
(4.1)

L(θ) =
∫
Rd×(0,tf ]×Ω0

|r(x,x0, t; pθ)|2dρ(x,x0, t), r(x,x0, t; pθ) =
∂pθ
∂t

− L∗
f ,g[pθ],

where ρ(x,x0, t) = ρ(x|x0, t)ρ(t|x0)ρ(x0) is the sampling measure to be used in the
training process. For the case where x0 lies within a bounded domain Ω0 and tf
is finite, we define ρ(t|x0)ρ(x0) to be the uniform measure over Ω0 × [0, tf ]. For
the remaining term, ρ(x|x0, t), we employ an adaptive sampling strategy similar to
that used for specific FPEs in our previous work [13, 49]. The only difference is that,
instead of sampling solely from the uniform distribution at the start, we are motivated
to sample from the base stochastic process, as it approximates the target transition
PDF particularly well when the time t is small. After some training epochs, we obtain
a conditional normalizing flow that approximates the target solution and can be used
to generate samples from it. These samples are then used to update the collocation
points. The procedure offers an adaptive strategy for designing the sampling measure
ρk(x|x0, t) at stage k, by combining the uniform measure, the measure from the
previous stage, and the one induced by the current normalizing flow, i.e.,

(4.2)
ρ0(x|x0, t) =

γ1
γ1 + γ3

µ(x) +
γ3

γ1 + γ3
ρZ(x|x0, t), γ1 + γ2 + γ3 = 1,

ρk+1(x|x0, t) = γ1µ(x) + γ2ρk(x|x0, t) + γ3ρC-KRnet,θ(x|x0, t),

where µ denotes the uniform measure over a user-defined bounded domain, ρZ(x, t|x0)
denotes the measure induced by the base random process, ρC-KRnet,θ(x, t|x0) denotes
the measure induced by the current conditional normalizing flow and γ1, γ2, γ3 are
hyperparameters used to tune the sampling measure.

The transition PDF of the base stochastic process serves as a good approximation
of the target transition PDF when t is small. However, as t → 0, the target solution
approaches a Dirac delta function, and even small perturbations may lead to the
divergence of the residual. To illustrate this, we consider a small perturbation around
the transition PDF of the linearized SDE and analyze the asymptotic behavior of the
corresponding residual as t → 0.

Proposition 4.1. Suppose the drift term f in the SDE (2.1) is differentiable,
and the diffusion term g is constant, G = (Gij)i,j≤d = 1

2gg
⊤ is non-degenerate.

Assume that ∥∇f(x)∥ ≤ Cf , ∀x ∈ Rd for some Cf ≥ 0. Given an initial state
x0 and time t, let p̃(x, t|x0) = N (x;m(t),Σ(t)) where Σ(t) ∼ tG, and d

dtm(t) is



10 LI ZENG, XIAOLIANG WAN, YAOBIN WANG, FABIO NOBILE AND TAO ZHOU

bounded. Then,∫
Rd

|r(x,x0, t; p̃)|2dx = O(t−( d
2+2)),(4.3)

Ex∼p̃

[
|r(x,x0, t; p̃)|2

]
=

∫
Rd

|r(x,x0, t; p̃)|2p̃(x, t|x0)dx = O(t−(d+2)).(4.4)

Proof. See Appendix D.

According to Proposition 4.1, although the approximation may be close to the
target transition PDF for small t, the integral of the residual over the spatial domain
can scale as t−(d+2) or t−( d

2+2) as t → 0 depending on the sampling measure ρ(x|x0, t),
which potentially leads to a blow-up. This motivates us to define a time-weighted loss
function. Incorporating the adaptive sampling strategy, we rewrite the loss function
at the k−th stage as a sum of three parts:

Lk(θ) = γ1

∫
Ω×Ω0×(0,tf ]

|r(x,x0, t; pθ)|2dµ(x)dρ(t|x0)dρ(x0)

+ γ2

∫
Ω×Ω0×(0,tf ]

|r(x,x0, t; pθ)|2dρk−1(x|x0, t)dρ(t|x0)dρ(x0)

+ γ3

∫
Ω×Ω0×(0,tf ]

|r(x,x0, t; pθ)|2dρC-KRnet,θ(x, t|x0)dρ(t|x0)dρ(x0).

We apply weighting functions w1(t) = t
d
2+2 to the first part, and w2(t) = td+2 to

the last two parts. The resulting weighted loss function is then defined as

Lk
w(θ) = γ1

∫
Ω×Ω0×(0,tf ]

|r(x,x0, t; pθ)|2t(
d
2+2)dµ(x)dρ(t|x0)dρ(x0)

+ γ2

∫
Ω×Ω0×(0,tf ]

|r(x,x0, t; pθ)|2t(d+2)dρk−1(x|x0, t)dρ(t|x0)dρ(x0)

+ γ3

∫
Ω×Ω0×(0,tf ]

|r(x,x0, t; pθ)|2t(d+2)dρC-KRnet(x|x0, t)dρ(t|x0)dρ(x0).

We emphasize that the usage of the linearized SDE respects the causality, and
the weighting functions introduced here not only help prevent blow-up but also assign
greater weight to more challenging training regions, making our method well-suited
for the transition FPE.

We introduce an indicator variable to distinguish samples drawn from differ-
ent distributions. Specifically, let N = N1 + N2 + N3 with proportions N1 : N2 :

N3 = γ1 : γ2 : γ3. Define S1 =
{(

xi,xi
0, t

i, ηi = 0
)}N1

i=1
, where

(
xi,xi

0, t
i
)
are sam-

pled from µ(x)ρ(t|x0)ρ(x0). Similarly, define S2 =
{(

xi,xi
0, t

i, ηi = 1
)}N1+N2

i=N1+1
where{(

xi,xi
0, t

i
)}

are drawn from ρk−1(x|x0, t)ρ(t|x0)ρ(x0). Define S3 =
{(

xi,xi
0, t

i, ηi = 1
)}N

i=N1+N2+1

where
{(

xi,xi
0, t

i
)}

are sampled from ρC-KRnet(x|x0, t)ρ(t|x0)ρ(x0). Let S = S1 ∪
S2 ∪ S3. The empirical time-weighted loss function is then defined as:

(4.5) L̂k
w(θ;S) :=

1

N

N∑
i=1

|r(xi,xi
0, t

i; pθ)|2
(
ηitd+2 + (1− ηi)t

d
2+2
)
.

The optimal parameter θ∗ can be obtained via solving the optimization problem:

(4.6) θ∗ ∈ argmin
θ

L̂w(θ; S̃).
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The adaptive training process is summarized in Algorithm 4.1. The training set
is divided into several mini-batches, and the Adam optimizer is used to update the
parameters θ. The training set S is updated according to the strategy (4.2).

Algorithm 4.1 Solving the transition FPE with various initial states

Input: maximum epoch number Ne, maximum iteration number Nadaptive, rate
γ1, γ2, γ3, initial learning rate lr, decay rate η, step size ns, the number of the
training samples N .
for k = 0, · · · , Nadaptive do
if k = 0 then
N1 = ⌊ γ1

γ1+γ3
∗N⌋, N3 = N −N1,

Generate S1 = {(xi,xi
0, t

i, 0)}N1
i=1 with (xi,xi

0, t
i) ∼ µ(x)ρ(t|x0)ρ(x0),

S3 = {(xi,xi
0, t

i, 1)}Ni=N1+1 with (xi,xi
0, t

i) ∼ ρC-KRnet,θ(x, t|x0)ρ(t|x0)ρ(x0).
Initialize the training set S = S1 ∪ S3.

else
N1 = ⌊γ1 ∗N⌋, N2 = ⌊γ2 ∗N⌋, N3 = N −N1 −N2,
Generate S1 = {(xi,xi

0, t
i, 0)}N1

i=1 with (xi,xi
0, t

i) ∼ µ(x)ρ(t|x0)ρ(x0),
S2 consists of N2 random samples drawn from S.
S3 = {(xi,xi

0, t
i, 1)}Ni=N1+N2+1, (x

i,xi
0, t

i) ∼ ρC-KRnet,θ(x, t|x0)ρ(t|x0)ρ(x0).
Update the training set: S = S1 ∪ S2 ∪ S3.

end if
for j = 1, · · · , Ne do
if ((k − 1)Ne + j)%ns == 0 then

lr = η ∗ lr.
end if
Divide S into n mini-batches {Sib}nib=1 randomly.
for ib = 1, · · · , n do
Compute the loss function (4.5) L̂w(θ;S

ib).
Update θ by using the Adam optimizer.

end for
end for

end for
Output: The predicted solution pC-KRnet,θ(x, t|x0).

5. Importance sampling-based approximation of p(·, t). Once the transi-
tion PDF is available, a natural way to approximate the solution of equation (2.5) is
by approximating the integral (2.7) through the Monte Carlo method,

(5.1) p(x, t) ≈ 1

M

M∑
i=1

p(x, t|xi
0), xi

0 ∼ p0(x),

where {xi
0}Mi=1 are samples from the initial distribution p0. However, the transition

PDF approximates the Dirac delta function as t → 0. Consequently, a direct Monte
Carlo method may incur large errors due to high variance. Alternatively, we apply
importance sampling, leveraging the knowledge of the transition PDF.

(5.2)

p(x, t) =

∫
Ω0

p(x, t|x0)p0(x0)

q(x0|x, t)
q(x0|x, t)dx0

≈ p̂θ(x, t) :=
1

M

M∑
i=1

p(x, t|xi
0)p0(x

i
0)

q(xi
0|x, t)

, xi
0 ∼ q(·|x, t).
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Recall that given an initial state x0 and time t, x concentrates around the initial
state x0 for small time. The corresponding base distribution used in our conditional
normalizing flow is

pX̂t
(x, t|x0) = N

(
x;x0 +

∫ t

0

e∇f(x0)(t−s)f(x0)ds,Σ[X̂t|X̂0 = x0]

)
.

Let

(5.3) q1(x0|x, t) = N (x0;m(x, t), Σ̃(x, t)),

where m(x, t) = x −
∫ t

0
e∇f(x)sf(x)ds, Σ̃(x, t) =

∫ t

0
e∇f(x)sg(x)g(x)⊤e∇f(x)⊤sds.

The distribution q1 is primarily designed to capture the local concentration of the
transition PDF and to mitigate the effect of large variance when t is small. How-
ever, the approximation accuracy of q1 deteriorates as t increases. As t grows, the
transition PDF becomes increasingly smooth and therefore does not hinder the ap-
proximation of p(x, t). This motivates incorporating the initial distribution into the
proposal. Accordingly, we propose to use a mixture of q1(·|x, t) and p0(·) as the
proposal distribution in the importance sampling scheme. Define

(5.4) q2(x0|x, t) = α(t)q1(x0|x, t) + (1− α(t))p0(x0),

where α(t) ∈ (0, 1) is decreasing with respect to t, e.g., α(t) = exp(−at), a > 0. The
set of samples {xi

0}Mi=1 ∼ q2(x0|x, t) can be generated by drawing α(t)M samples
from q1 and (1− α(t))M samples from p0.

6. Numerical experiments. In this section, we present three numerical exper-
iments to demonstrate the effectiveness of the proposed approach. The conditional
normalizing flow is applied to solve the transition FPE under various initial states.
Once obtained, the importance sampling method is used to evaluate p(x, t) given
an initial distribution. We first consider a benchmark problem where the analytical
solution of the transition PDF is available. We next apply our method to an SDE
with nonlinear drift and constant diffusion. To further demonstrate the robustness,
we investigate the case of state-dependent diffusion.

The experiments are implemented in PyTorch with an initial learning rate of
0.001. The number of quadrature points in the equation (3.6) is set to 10. To quantify
the effectiveness of the proposed method, we consider several metrics. For some time
t, we compute the relative L2 error of the approximation for the transition PDF
p(x, t|x0) if the exact transition PDF is known via

(6.1) Rel(pC-KRnet(·, t|·)) =

√√√√∑Nv

i=1(p(x
i, t|xi

0)− pC-KRnet(xi, t|xi
0))

2∑Nv

i=1 p(x
i, t|xi

0)
2

,

where {(xi
0,x

i)}Nv
i=1 ⊂ Ω0 × Ω denotes the validation dataset. When approximating

the solution of the FPE given an initial distribution ρ0(x), we consider the relative
L2 error of the approximation p̂θ(x, t) of p(x, t), as well as the maximum mean dis-
crepancy (MMD) [17]. The relative L2 error reads

(6.2) Rel(p̂θ(·, t)) =

√√√√∑Nv

i=1(p(x
i, t)− p̂θ(xi, t))2∑Nv

i=1 p(x
i, t)2

,
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where {xi}Nv
i=1 ⊂ Ω denotes the validation dataset. When the analytical form of the

transition PDF is available, we employ Gauss–Kronrod quadrature rule to obtain the
reference solution p(x, t) for a given initial distribution. In the absence of an analytical
solution, the alternating-direction implicit (ADI) finite difference scheme [32] with a
time step of 0.001 and a spatial discretization size of 0.01 is used to compute the
reference solution for cases where the initial distributions are continuous over the
entire domain R2. An MMD is introduced in particular to assess the effectiveness of
the proposed method for discontinuous initial distributions.

(6.3) MMD2(t) =
1

M2
1

M1∑
i,j=1

K(xi
t,x

j
t )−

2

M1M2

M1,M2∑
i,j=1

K(xi
t,y

j
t )+

1

M2
2

M2∑
i,j=1

K(yi
t,y

j
t ),

K(x,y) =
1

3
exp

(
−4∥x− y∥2

σ̂2

)
+

1

3
exp

(
−∥x− y∥2

σ̂2

)
+

1

3
exp

(
−∥x− y∥2

4σ̂2

)
.

{xi
t} and {yi

t} are samples at time t obtained using the Euler-Maruyama scheme with
a time step of 0.001 and generated by the normalizing flow, respectively, with initial
distribution p0(x). σ̂ is the median distance between {xi

t} and {yi
t}.

6.1. Beneš SDE. We start with demonstrating the performance of our method
on the Beneš SDE,

(6.4)

{
dXt = tanhXtdt+ IddWt,

X0 = x0, x0 ∈ [−1, 1]d,

for which the corresponding transition PDF admits an analytical solution,

p(x, t|x0) =
1

(2πt)d/2
exp

(
−d

2
t

)
exp

(
− 1

2t
∥x− x0∥2

) d∏
i=1

coshxi

coshx0,i
.

6.1.1. Two-dimensional case. We first consider the two-dimensional case.
The conditional normalizing flow is composed of eight coupling layers. The parame-
ters of each coupling layer are generated by a neural network with 32 random Fourier
features and two hidden layers with 32 neurons. Training is performed for 10 adaptive
iterations, each with 300 epochs. The Adam optimizer is used with an initial learning
rate of 0.001, which is halved every 2000 epochs. 2×105 training points are employed
with a batch size of 104 each epoch. A validation dataset of 106 samples is used to
compute relative errors throughout the training process.

We first investigate the approximation performance of the transition PDF for
various initial states, using the following five types of loss functions:

1. Vanilla PINN, t ∈ (0, 1.5), γ1 = 0.2, γ2 = 0.6, γ3 = 0.2;
2. Vanilla PINN, t ∈ (0.1, 1.5), γ1 = 0.2, γ2 = 0.6, γ3 = 0.2;
3. Time-weighted loss function, t ∈ (0, 1.5), γ1 = 0.2, γ2 = 0.6, γ3 = 0.2.

We present the Rel(pC-KRnet(·, t|·)) (6.1) in Figure 1a, where the validation dataset
{x0,x} consists of 105 samples drawn uniformly from [−1, 1]2 × [−5, 5]2. The blue
curve, which overlaps with the orange one, represents the relative error of the base
distribution. While it achieves high accuracy as t → 0, its approximation quality
deteriorates as t increases. A similar trend is observed when applying vanilla PINN.
Although the base distribution stays close to the ground truth and the conditional
normalizing flow remains close to the identity at small times, the corresponding resid-
ual at small times may still dominate, so the approximation accuracy is nearly the
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(a) The relative L2 error. (b) Time-weighted loss.

Fig. 1: Left: Rel(pC-KRnet(·, t|·)) for different loss functions. Right: the decay of
Rel(pC-KRnet(·, t|·)) against the adaptive iterations for time-weighted loss.

same as that of the base distribution. If we exclude small times by setting the min-
imum training time to t = 0.1, the PDE constraints are no longer imposed near the
initial condition. In this case, the approximation relies primarily on the continuity of
the flow, and the accuracy improves for t > 0.1. By contrast, our method exploits the
information from the base distribution and provides accurate approximations even
as t increases, owing to the expressiveness of the conditional normalizing flow and
the more balanced PINN’s loss. Notably, we do not observe the typical error growth
with time that often occurs in time-dependent problems. This highlights the effec-
tiveness of the time-weighted loss function in mitigating error accumulation over time.
Figure 1b further illustrates the decay of the Rel(pC-KRnet(·, t|·)) across adaptive iter-
ations for the time-weighted loss function. Leveraging samples from the solution itself
allows the model to capture the local behavior of the solution and enhances training
efficiency.

Fig. 2: Solutions (top row) and the absolute errors (bottom row) at t = 0.01. The
first column shows the ground-truth solution. Columns 2–5 display numerical ap-
proximations obtained by, from left to right, the base distribution, Vanilla PINN
with t ∈ (0, 1.5), Vanilla PINN with t ∈ (0.1, 1.5), time-weighted loss function with
t ∈ (0, 1.5).

Figure 2, Figure 3, and Figure 4 present the solutions at different times with the
initial state x0 = (0, 0) computed with the different loss functions. They all align
closely to the ground truth except for the vanilla PINN’s loss for t ∈ (0, 1.5). While
the base distribution and vanilla PINNs yield much more accurate approximations for
small t, their performance degrades progressively as t increases. Especially, Figure 4
demonstrates that the conditional normalizing flow is capable of capturing multi-
modal solutions. These results confirm the effectiveness of the proposed approach.

We next assess how well the solution of the FPE p(x, t) can be approximated under
various initial conditions. To this end, we employ a variety of Beta distributions on
[−1, 1]d as initial conditions, thereby evaluating the effectiveness of the conditional



OPERATOR LEARNING FOR FOKKER-PLANCK EQUATIONS 15

Fig. 3: Same as Figure 2 for t = 0.5.

Fig. 4: Same as Figure 2 for t = 1.5.

normalizing flow for operator learning problems. More precisely,

Beta(x; ζ,η) =

d∏
i=1

1

B(ζi, ηi)

(
1 + xi

2

)ζi−1(
1− xi

2

)ηi−1

,x ∈ [−1, 1]d,

where B(ζi, ηi) denotes a beta function. We first explore the uniform case where ζ =
η = (1, 1). We use the conditional normalizing flow trained with the time-weighted
loss as an approximation of the transition PDF. Figure 5 reports the Rel(pθ(·, t)) (6.2)
with a validation data set consisting 104 grid points over [−5, 5]2 for different numbers
of Monte Carlo samples used in evaluating pθ(x, t) (5.2). Using q1 as the proposal
distribution yields the most accurate approximation for t < 0.3, whereas drawing
samples directly from the initial distribution p0 provides more reliable approximations
for t ≥ 0.4. By contrast, adopting q2, a mixture of q1 and p0 with α(t) = exp(−6t),
offers a balanced compromise, delivering acceptable accuracy across both small and
large times. Figure 6 further illustrates the error decay with respect to the number of
Monte Carlo samples. The relative error follows the Monte Carlo error scaling forM ≤
105. For a larger Monte Carlo sample size, however, the error in approximating the
transition PDF becomes dominant. We also present the variance of the importance-
sampling Monte Carlo estimator p̂θ(x, t) in (5.2) as a function of t in Figure 7 using 104

samples. The proposal q1 substantially reduces the variance as t → 0, but its variance
increases as t grows. However, q2 with different α(t), which combines q1 with the
initial distribution p0, yields a more balanced variance behavior over time. We note
that traditional methods lose accuracy when the initial distribution is uniform, owing
to the discontinuity of the initial distribution over the entire domain, if no special
treatment of the discontinuity is taken. In contrast, our proposed methods remain
unaffected by this discontinuity, thereby demonstrating their robustness in handling
discontinuous initial data.
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Fig. 5: Uniform case: Evolution of Rel(p̂θ(·, t)) over time. The subplots are arranged
from left to right with M = 104, 105, 106.

(a) q = p0 (b) q = q1 (c) q = e−6tq1 + (1 − e−6t)p0

Fig. 6: Uniform case: The decay of Rel(p̂θ(·, t)) with respect to the number of Monte
Carlo samples at different times. Left: Draw samples from p0; Middle: Draw samples
from q1; Right: Draw samples from the mixture of p0 and q1.

Fig. 7: The variance of p̂θ(x, t) over time. Left: x = (0, 0). Right: Average variance
of the set {xi} consisting 104 grid points in [−5, 5]2.

Moreover, we report in Figure 8 the time evolution of the Rel(pθ(·, t)) for other
Beta distributions chosen as initial conditions using q2 with α(t) = exp(−6t) as
the proposal distribution. The numbers of Monte Carlo samples used in evaluat-
ing p̂θ(x, t) are set to be 104 and 106. The results confirm that the proposed method
yields reliable approximations.

Fig. 8: Time evolution of the Rel(p̂θ(·, t)) for various initial distributions. Left: M =
104; Right: M = 106.



OPERATOR LEARNING FOR FOKKER-PLANCK EQUATIONS 17

6.1.2. Four-dimensional case. We then solve the four-dimensional FPE with
various initial distributions using the proposed time-weighted loss function. Moreover,
when evaluating the interior residual, we scale the solution by a constant factor, set
to 1000 in the four-dimensional case, to avoid numerical underflow, since the solution
of the FPE becomes very small in higher dimensions. The conditional normalizing
flow follows the KRnet structure with descending active transformation dimensions.
It consists of three stages with l1 = 10, l2 = 8, and l3 = 6. The parameters of each
coupling layer are determined by a neural network with the same structure as in the
two-dimensional case. We apply 20 adaptive iterations, each comprising 300 epochs.
The updating rates are set to γ1 = 0.2, γ2 = 0.4, and γ3 = 0.4. The initial learning
rate is set to 0.001 and is halved every 4000 epochs. 2 × 105 training samples are
employed with a batch size of 2× 104 per epoch.

(a) p(x, t|x0) (b) p(x, t)

Fig. 9: The relative L2 errors in the four-dimensional case. Left: Rel(pC-KRnet(·, t|·));
Right: Rel(p̂θ(·, t)) for various initial distributions with M = 104.

Figure 9a reports the Rel(pC-KRnet(·, t|·)), where the validation dataset {x0,x} is
uniformly sampled from [−1, 1]4 × [−5, 5]4 with a total of 2 × 106 samples. It shows
that the conditional normalizing flow achieves close agreement with the ground truth.
Figure 9b presents Rel(p̂θ(·, t)) for different Beta distributions as initial conditions.
For each initial condition, the numerical solution is obtained using the equation (5.2),
where q = q2 is defined in the equation (5.4) with α(t) = e−6t and M = 104. A total of
105 test points are uniformly drawn from [−5, 5]4. Together, these results demonstrate
the effectiveness of the proposed method for moderately high-dimensional FPEs.

6.2. SDE with nonlinear drift and constant diffusion. In this section, we
consider the following SDE with various initial distributions over [−1, 1]2,

(6.5) d

(
X1

X2

)
=

(
2X2

2X1 − 0.8X2 − 0.2X3
1

)
dt+

( √
0.4 √

0.8

)
dWt.

Both the structure of the conditional normalizing flow and the training setting are the
same as in the two-dimensional Beneš equation. After obtaining the transition PDF,
we approximate the PDF corresponding to various Beta initial distributions using the
importance sampling (5.2) where q = q2 (5.4) with α(t) = exp(−6t) and M = 104.

Figure 10a presents the Rel(p̂θ(·, t)) (6.2) for different initial conditions, which
is evaluated using a validation dataset consisting of 104 uniformly distributed grid
points over [−6, 6]2. We also report the MMD (6.3) with a sample size of 5 × 104 in
Figure 10b. These results demonstrate that the conditional normalizing flow yields
highly accurate approximations for small t, as the base distribution is quite close to
the ground truth. It also provides reliable approximations as t increases.

6.3. SDE with nonlinear drift and state-dependent diffusion. For our
final example, we validate the robustness of the proposed method in approximating
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(a) p(x, t) (b) p(x, t)

Fig. 10: Errors for various initial distributions in the nonlinear-drift, constant-
diffusion case. Left: Rel(p̂θ(·, t)). Right: MMD.

the PDF of the following SDE with a state-dependent diffusion,

d

(
X1

X2

)
=

(
X2

−0.5X1 − 0.3X3
1 + sinX2

)
dt+

(
0.5 + 0.3X1

0.4 + 0.1 sinX2

)
dWt,

X0 = x0, x0 ∈ [−1, 1]2.

The conditional normalizing flow adopts the same structure as in the two-dimensional
Beneš equation. Training is conducted over 4 adaptive iterations, each consisting of
1000 epochs. 4× 105 training points are used, with a batch size of 5× 104 per epoch.

(a) (b)

Fig. 11: Errors for various initial distributions in the nonlinear-drift, state-dependent-
diffusion case. Left: Rel(p̂θ(·, t)). Right: MMD.

Figure 11a shows the Rel(p̂θ(·, t)) (6.2) for some initial conditions. The PDF
p̂θ(·, t) is evaluated using the importance sampling estimator (5.2) where q = q2 with
α(t) = exp(−6t) and 104 Monte Carlo samples, while the Rel(p̂θ(·, t)) is computed on
a validation dataset consisting of 104 uniformly distributed grid points over [−5, 5]2,
with the solution obtained by the ADI scheme used as the reference. We report the
MMD (6.3) computed using 5× 104 samples, as a function of time in the Figure 11b.

7. Conclusion. In this work, we proposed a transition-density-based operator
learning method for solving the FPE under various initial conditions. The condi-
tional normalizing flow is employed to approximate the transition PDF given any
initial state, effectively constructing a mapping from the target stochastic process to
a simple base process. The solution of the linearized SDE serves as a suitable can-
didate for the base stochastic process. We quantified the discrepancy between the
PDFs of the linearized and original SDEs, which is characterized by differences in
their drift and diffusion terms. By employing the solution of the linearized SDE and
enforcing the identity mapping at t = 0, the initial condition is naturally satisfied
by our conditional normalizing flow, thereby bypassing the explicit handling of the
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Dirac delta initial condition. In addition, we designed a time-weighted loss function to
alleviate numerical instabilities, ensuring that the proposed method respects causal-
ity in evolution PDEs while accounting for the increasing training difficulty as time
progresses. To evaluate p(·, t) for arbitrary initial conditions over bounded domains,
we used an importance sampling strategy to enhance accuracy. A series of numerical
experiments validated the effectiveness and robustness. The four-dimensional Beneš
SDE test demonstrated that the proposed method has the potential for solving mod-
erately high-dimensional FPEs. This research contributes to the numerical solution
of complex FPEs by combining the approximation capability of the base model (the
linearized SDE) with the expressive power of the conditional normalizing flow. In fu-
ture work, we will further refine this framework by improving the accuracy of the base
stochastic process and exploring its potential applications. Another promising direc-
tion is to generalize the proposed method to a broader class of evolutionary partial
differential equations.

Appendix A. Proof of Proposition 3.1.

Proof. Notice that the solution to the linearized SDE at time t is a Gaussian

process, with PDF pσt
(x) = N (x; Eσt

[X̂t|X̂0 = x0],Σt[X̂t|X̂0 = x0]) given the ini-
tial state x0. For notation simplicity, we omit the dependence on the initial state

x0 and write pσt(x) = N (x; Eσt [X̂t],Σt[X̂t]). Moreover, the linearized SDE and
the original SDE share the same constant diffusion matrix, and ∇fν is bounded
by assumption. In particular, if Cf = 0, then fσ(x) = fν(x) and consequently
σt = νt, which completes the proof. It remains to consider the case Cf > 0.
It is easy to check that (1 + |x|)−2

∣∣Gij
∣∣ , (1 + |x|)−1 |fν | , (1 + |x|)−1|fν − fσ| ∈

L1
(
Rd × [0, tf ], {σt}0<t<tf

)
for some finite tf where ∥f∥L1(Rd×[0,tf ],{σt}0<t<tf )

=
∫ tf
0

∫
Rd |f(x)|σt(dx)dt.

Thus, according to Theorem 1.1 in [4], we have

(A.1) H (σt | νt) ≤
1

2

∫ t

0

∫
Rd

∣∣∣G−1/2(fσ(x)− fν(x))
∣∣∣2 dσsds.

Combining this result with the Pinsker–Csiszár–Kullback inequality [16] yields

(A.2) ∥νt − σt∥2TV ≤ 1

4

∫ t

0

∫
Rd

∣∣∣G−1/2 (fσ(x)− fν(x))
∣∣∣2 dσsds.

Notice that Gσ = Gν = G is a constant, non-degenerate matrix,

(A.3)
∣∣∣G−1/2(fσ − fν)

∣∣∣2 = (fσ − fν)
TG−1(fσ − fν) ≤

1

λmin(G)
|fσ − fν |2 ,

where λmin(G) is the smallest eigenvalue of G. Meanwhile, for any s > 0, we have∫
Rd

|fσ(x)− fν(x)|2 dσs ≤ 2

∫
Rd

|fσ(x)− fσ(x0)|2 + |fν(x0)− fν(x)|2 dσs

= 2

∫
Rd

|∇fν(x0)(x− x0)|2 +
∣∣∣∣∫ 1

0

∇fν(x0 + τ(x− x0))(x− x0)dτ

∣∣∣∣2 dσs

≤ 4C2
f

∫
Rd

|x− x0|2 dσs = 4C2
f tr
(
Σs[X̂s]

)
+ 4C2

f

∣∣∣Eσs
[X̂s]− x0

∣∣∣2 ,
where the second inequality holds because ∥∇fν(x)∥ ≤ Cf , ∀x ∈ Rd and the last

equality holds because σs is a Gaussian measure with mean Eσs
[X̂s] and covariance



20 LI ZENG, XIAOLIANG WAN, YAOBIN WANG, FABIO NOBILE AND TAO ZHOU

Σs[X̂s]. We give upper bounds for the two terms tr
(
Σs[X̂s]

)
and |Eσs [X̂s]− x0|2.

tr
(
Σs[X̂s]

)
=

∫ s

0

tr(e∇f(x0)(s−τ)gg⊤e(∇f(x0))
⊤(s−τ))dτ

≤ 2tr(G)

∫ s

0

σ2
max

(
e∇f(x0)τ

)
dτ

≤ 2tr(G)

∫ s

0

(
eσmax(∇f(x0)τ)

)2
dτ ≤ 2tr(G)

∫ s

0

e2Cf τdτ = tr(G)
e2Cfs − 1

Cf
,

where σmax(A) is the spectral norm of the matrix A. Meanwhile, equation (3.5) gives

|Eσs
[X̂s]− x0|2 =

∣∣∣∣∫ s

0

e∇f(x0)τf(x0)dτ

∣∣∣∣2 ≤ |f(x0)|2
(
eCfs − 1

Cf

)2

.

Therefore, given x0, tr
(
Σs[X̂s]

)
= O(s),

∣∣∣Eσs
[X̂s]− x0

∣∣∣2 = O(s2). Moreover,

H (σt | νt) ≤
1

2λmin(G)

∫ t

0

∫
Rd

|fσ(x)− fν(x)|2 dσsds,

≤
2C2

f

λmin(G)

∫ t

0

(
tr(G)

e2Cfs − 1

Cf
+ |f(x0)|2

(
eCfs − 1

Cf

)2
)
ds

=
2C2

f

λmin(G)

(
tr(G)

(
t2 +O(t3)

)
+ |f(x0)|2

(
1

3
t3 +O(t4)

))
= O(t2) as t → 0.

Hence, ∥(νt − σt)∥2TV ≤ 1
2H (σt | νt) = O(t2) as t → 0. Furthermore, if the Hessian of

the drift fν is uniformly bounded by Hf , then∫
Rd

|fσ(x)− fν(x)|2 dσs

=

∫
Rd

∣∣∣∣∫ 1

0

(1− h)(x− x0)
⊤Hess(x0 + h(x− x0))(x− x0)dh

∣∣∣∣2 dσs ≤
H2

f

4

∫
Rd

|x− x0|4dσs.

∫
Rd

|x− x0|4dσs ≤ 8

∫
Rd

|x− Eσs
[X̂s]|4dσs + 8

∫
Rd

|Eσs
[X̂s]− x0|4dσs

≤ 24tr2
(
Σs[X̂s]

)
+ 8

∫
Rd

∣∣∣∣∫ s

0

e∇f(x0)τf(x0)dτ

∣∣∣∣4 dσs

≤ 24tr2(G)
(e2Cfs − 1)2

C2
f

+ 8|f(x0)|4
(
eCfs − 1

Cf

)4

= 96tr2(G)s2 +O(s3), s → 0,

having used that
∫
Rd |x−Eσs

[X̂s]|4dσs = tr2
(
Σs[X̂s]

)
+2tr

(
Σs(X̂s)

2
)
and tr

(
Σ2

s[X̂s]
)
≤

tr2
(
Σs[X̂s]

)
. Hence,

∫ t

0

∫
Rd |fσ(x)− fν(x)|2 dσsds ≤ H2

f

4

∫ t

0

∫
Rd |x − x0|4dσsds =

8H2
f tr

2(G)t3 +O(t4), as t → 0. Therefore, H (σt | νt) = O(t3), ∥νt − σt∥2TV = O(t3)
as t → 0.

Appendix B. Proof of Proposition 3.2.
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Proof. Let ρ = ν+σ, then ν ≪ ρ, σ ≪ ρ. Define pν := dν
dρ , pσ := dσ

dρ , thus ν = pνρ,

σ = pσρ, and pν + pσ = 1. For f = (f1, . . . , fm) ∈ L2(Rd, ν;Rm) ∩ L2(Rd, σ;Rm),∣∣∣∣∫
Rd

f(x)dν(x)−
∫
Rd

f(x)dσ(x)

∣∣∣∣ = ∣∣∣∣∫
Rd

f(x)(pν(x)− pσ(x))dρ(x)

∣∣∣∣
≤
∫
Rd

∣∣∣∣f(x)(pν(x) + pσ(x))
1
2

pν(x)− pσ(x)

(pν(x) + pσ(x))
1
2

∣∣∣∣dρ(x)
≤
(∫

Rd

|f(x)|2(pν(x) + pσ(x))dρ(x)

) 1
2
(∫

Rd

(pν(x)− pσ(x))
2

pν(x) + pσ(x)
dρ(x)

) 1
2

≤
(
∥f∥L2(Rd,ν;Rm) + ∥f∥L2(Rd,σ;Rm)

)√
2∥ν − σ∥TV.

Appendix C. Proof of Proposition 3.3.

Proof. Let Πk : Rd → Rk denote the canonical projection onto the first k co-
ordinates, that is, Πk(x1, x2, · · · , xd) = (x1, x2, · · · , xk). The KR map Ti admits
Ti(x) = (T 1

i (x1), T
2
i (x1, x2), · · · , T d

i (x1, . . . , xd)). For 1 ≤ k ≤ d, denote its k-

dimensional truncation by T
(k)
i (x(1:k)) = Πk ◦ Ti(x) where x(1:k) = (x1, . . . , xk). We

denote by µ(k) := Πk#µ and ν
(k)
i := Πk#νi the k-dimensional marginal distribution

of µ and νi, respectively. Their corresponding PDFs are denoted by p
(k)
µ and p

(k)
νi . By

the definition of total variation distance, we have ∥ν(k)i − µ(k)∥TV ≤ ∥νi − µ∥TV → 0.
We now prove Ti(x) → x in µ-probability as i → ∞ by induction.
We first show that T 1

i (x1) → x1 in µ-probability as i → ∞. Let F 1
i and F 1

be the cumulative distribution functions of ν
(1)
i and µ(1), respectively. Let δ1i =

supx∈R |F 1
i (x) − F 1(x)|. Since ∥ν(1)i − µ(1)∥TV → 0, we have limi→∞ δ1i = 0. Notice

that T 1
i (x1) = (F 1

i )
(−1) ◦ F 1(x1), and (F 1

i )
(−1)(s) = inf{y ∈ R : F 1

i (y) ≥ s}. For
any ϵ > 0, if T 1

i (x1) ≥ x1 + ϵ, then F 1
i (x1 + ϵ) ≤ F 1(x1). Hence, F 1(x1 + ϵ) −

F 1(x1) ≤ F 1(x1 + ϵ)− F 1
i (x1 + ϵ) ≤ δ1i . On the other hand, if T 1

i (x1) ≤ x1 − ϵ, then
F 1
i (x1 − ϵ) ≥ F 1(x1). Hence, F 1(x1) − F 1(x1 − ϵ) ≤ F 1

i (x1 − ϵ) − F 1(x1 − ϵ) ≤ δ1i .
Therefore, we have {|T 1

i (x1) − x1| ≥ ϵ} ⊆ {F 1(x1) − F 1(x1 − ϵ) ≤ δ1i } ∪ {F 1(x1 +
ϵ) − F 1(x1) ≤ δ1i }. Let Ω−(δ) = {x1 | F (x1) − F (x1 − ϵ) ≤ δ}, and Ω+(δ) =
{x1 | F (x1 + ϵ) − F (x1) ≤ δ}. Thus, µ(1)

(
|T 1

i (x1)− x1| ≥ ϵ
)
≤ µ(1)

(
Ω−(δ1i )

)
+

µ(1)
(
Ω+(δ1i )

)
, where µ(1)

(
Ω−(δ1i )

)
=
∫
1Ω−(δ1i )

(x1)dµ
(1)(x1), and µ(1)

((
Ω+(δ1i )

))
=∫

1Ω+(δ1i )
(x1)dµ

(1)(x1). According to the dominated convergence theorem, we have

lim
i→∞

µ(1)
(
Ω−(δ1i )

)
=

∫
1Ω−(0)(x1)dµ

(1)(x1) = µ(1)(Ω−(0)) =
∑
j∈Z

µ(1)(Ω−(0)∩((j−1)ϵ, jϵ]).

We note that x1 ∈ Ω−(0) implies F (x1) − F (x1 − ϵ) = 0. For any j ∈ Z, let
xj = sup{x1 ∈ Ω−(0)∩ ((j − 1)ϵ, jϵ])}, then Ω−(0)∩ ((j − 1)ϵ, jϵ] ⊂ ((j − 1)ϵ, xj ] and

µ(1)
(
Ω−(0)

)
≤
∑
j∈Z

µ(1) (((j − 1)ϵ, xj ]) ≤
∑
j∈Z

µ(1)((xj − ϵ, xj ]) = 0.

Thus, limi→∞ µ(1)
(
Ω−(δ1i )

)
= 0. Similarly, we have limi→∞ µ(1)

(
Ω+(δ1i )

)
= 0.

Hence, limi→∞ µ
(
{|T 1

i (x1)− x1| ≥ ϵ}
)
= 0, and T 1

i (x1)
i→∞−−−→ x1 in µ-probability.

Suppose that for any 1 ≤ k ≤ d − 1, T k
i (x

(1:k))
i→∞−−−→ xk in µ-probability. We

next prove that T k+1
i (x(1:k+1))

i→∞−−−→ xk+1 in µ-probability. For notation simplicity,
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we write ζ
i,T

(k)
i

(dxk+1) := νi(dxk+1 | T (k)
i (x(1:k))), ζi(dxk+1) := νi(dxk+1 | x(1:k)),

ζ
T

(k)
i

(dxk+1) := µ(dxk+1 | T (k)
i (x(1:k))), ζ(dxk+1) := µ(dxk+1 | x(1:k)). We show that

(C.1)

∫
∥ζ

i,T
(k)
i

− ζ∥TVdµ
(k)(x(1:k)) → 0, as i → ∞.

Notice that
∥∥∥ζi,T (k)

i
− ζ
∥∥∥
TV

≤
∥∥∥ζi,T (k)

i
− ζ

T
(k)
i

∥∥∥
TV

+
∥∥∥ζT (k)

i
− ζ
∥∥∥
TV

, and∫
∥ζ

i,T
(k)
i

− ζ
T

(k)
i

∥TVdµ
(k)(x(1:k)) =

∫
∥ζi − ζ∥TVdν

(k)
i (x(1:k))

=
1

2

∫
|pνi

(xk+1|x(1:k))− pµ(xk+1|x(1:k))|p(k)νi
(x(1:k))dxk+1dx

(1:k)

≤1

2

∫ ∣∣∣p(k+1)
νi

− p(k+1)
µ

∣∣∣dx(1:k+1) +
1

2

∫ ∣∣∣p(k)µ − p(k)νi

∣∣∣dx(1:k)

=∥ν(k+1)
i − µ(k+1)∥TV + ∥ν(k)i − µ(k)∥TV ≤ 2∥νi − µ∥TV → 0, as i → ∞.

Therefore, to prove (C.1), we only need to show
∫
∥ζ

T
(k)
i

− ζ∥TVdµ
(k) goes to 0 as

i → ∞. Since µ is absolutely continuous and
∫
pµ(xk+1|x(1:k))dxk+1 = 1 for µ(k)-

a.e. x(1:k), pµ(xk+1|x(1:k)) can be regarded as a L1(R) function for µ(k)-a.e. x(1:k).
According to Lemma 1.2.31 in [20], for any ϵ > 0, there exists a bounded continuous
L1(R) function ϕ(xk+1,x

(1:k)) with ∥ϕ∥∞ := supz∈Rk ∥ϕ(·, z)∥L1(R) such that

Hϕ :=

∫
∥pµ(xk+1|x(1:k))− ϕ(xk+1,x

(1:k))∥L1(R)dµ
(k)(x(1:k)) < ϵ.

Thus,

(C.2)

∫
∥ζ

T
(k)
i

− ζ∥TVdµ
(k)(x(1:k))

=
1

2

∫
∥pµ(xk+1|T (k)

i (x(1:k)))− pµ(xk+1|x(1:k))∥L1(R)dµ
(k)(x(1:k))

≤1

2

∫
∥pµ(xk+1|T (k)

i (x(1:k)))− ϕ(xk+1, T
(k)
i (x(1:k)))∥L1(R)dµ

(k)(x(1:k))

+
1

2

∫
∥ϕ(xk+1, T

(k)
i (x(1:k)))− ϕ(xk+1,x

(1:k))∥L1(R)dµ
(k)(x(1:k)) +

1

2
Hϕ.

Since T
(k)
i #µ

(k) = ν
(k)
i and ∥ν(k)i − µ(k)∥TV → 0, there exists i0 ∈ N such that

∥ν(k)i − µ(k)∥TV < ϵ
1+∥ϕ∥∞

for any i ≥ i0. Then for i ≥ i0, we have

(C.3)

∫
∥pµ(xk+1|T (k)

i (x(1:k)))− ϕ(xk+1, T
(k)
i (x(1:k)))∥L1(R)dµ

(k)(x(1:k))

=

∫
∥pµ(xk+1|x(1:k)))− ϕ(xk+1,x

(1:k))∥L1(R)dν
(k)
i (x(1:k))

=Hϕ +

∫
∥pµ(xk+1|x(1:k)))− ϕ(xk+1,x

(1:k))∥L1(R)d(ν
(k)
i − µ(k))(x(1:k))

<ϵ+ 2(1 + ∥ϕ∥∞)∥ν(k)i − µ(k)∥TV < 3ϵ.
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Meanwhile, T
(k)
i (x(1:k)) → x(1:k) in µ-probability as i → ∞ and ϕ(xk+1,x

(1:k))

is a bounded continuous function. Hence, ϕ(xk+1, T
(k)
i (x(1:k))) → ϕ(xk+1,x

(1:k)) in
µ(k)-probability with respect to the L1 norm as i → ∞. Since ϕ is bounded, hence inte-

grable, according to the Vitali convergence theorem [14], we have
∫
∥ϕ(·, T (k)

i (x1:k))−
ϕ(·,x(1:k))∥L1(R)dµ

(k)(x1:k) → 0 as i → ∞. Thus, there exists i1 ∈ N such that

(C.4)

∫
∥ϕ(·, T (k)

i (x1:k))− ϕ(·,x(1:k))∥L1(R)dµ
(k)(x1:k) < ϵ, for any i ≥ i1.

Substituting equations (C.3)-(C.4) into equation (C.2) gives
∫
∥ζ

i,T
(k)
i

− ζ∥TVdµ
(k) <

5
2ϵ as i > max{i0, i1}. Hence, limi→∞

∫
∥ζ

i,T
(k)
i

− ζ∥TVdµ
(k) = 0 and equation (C.1)

holds. For µ(k)-a.e. x(1:k), T k+1
i (x(1:k), xk+1) is a one-dimensional KR map from ζ to

ζ
i,T

(k)
i

. Let F k+1
i and F k+1 be the cumulative distribution functions of ζ and ζ

i,T
(k)
i

,

respectively. Denote δk+1
i (x(1:k)) = supxk+1

|F k+1
i (xk+1)− F k+1(xk+1)|. Then∫

δk+1
i (x(1:k))dµ(k)(x(1:k)) ≤ 2

∫ ∥∥∥ζi,T (k)
i

− ζ
∥∥∥
TV

dµ(k)(x(1:k))
i→∞−−−→ 0.

We want to show that µ(k+1)
(
|T k+1

i (x(1:k+1))− xk+1| ≥ ϵ
) i→∞−−−→ 0 or equivalently,

∀η > 0, ∃iη ∈ N : µ(k+1)
(
|T k+1

i (x(1:k+1))− xk+1| ≥ ϵ
)
≤ η, ∀i ≥ iη.

LetRδ(x
(1:k)) = ζ

(
F k+1(xk+1)− F k+1(xk+1 − ϵ) ≤ δ

)
+ζ
(
F k+1(xk+1 + ϵ)− F k+1(xk+1) ≤ δ

)
.

Following the same argument as for T 1
i and since 0 ≤ Rδ ≤ 2, we have for any

ϵ > 0,
∫
Rδdµ

(k) → 0 as δ → 0. Let here δη be s.t.
∫
Rδdµ

(k) ≤ η/2. Since

limi→∞
∫
δk+1
i (x(1:k))dµ(k) = 0, there exists iη s.t.

∫
δk+1
i (x(1:k))dµ(k) ≤ δη · η/2,

∀i ≥ iη. Using that {|T k+1
i (x(1:k+1)) − xk+1| ≥ ϵ} ∩ {δk+1

i ≤ δη} ⊂ {F k+1(xk+1) −
F k+1(xk+1 − ϵ) ≤ δη} ∪ {F k+1(xk+1 + ϵ)− F k+1(xk+1) ≤ δη}, we have

µ(k+1)
(
|T k+1

i (x(1:k+1))− xk+1| ≥ ϵ
)

=µ(k+1)
(
|T k+1

i (x(1:k+1))− xk+1| ≥ ϵ, δk+1
i (x(1:k)) ≤ δη

)
+ µ(k+1)

(
|T k+1

i (x(1:k+1))− xk+1| ≥ ϵ, δk+1
i (x(1:k)) > δη

)
≤
∫

ζ(|T k+1
i (x(1:k+1))− xk+1| ≥ ϵ)1δk+1

i (x(1:k))≤δη
dµ(k) + µ(k+1)(δk+1

i > δη)

≤
∫

Rδη (x
(1:k))dµ(k)(x(1:k)) + µk+1(δk+1

i > δη) ≤
η

2
+

1

δη

∫
δk+1
i (x(1:k))dµ(k) ≤ η, ∀i ≥ iη,

which shows that T k+1
i (x(1:k+1)) → xk+1 in µ(k+1)-probability.

We now prove that limi→∞
∫
Rd |Ti(x)− x|2dµ(x) = 0. Since Ti#µ = νi,∫

Rd

|Ti(x)|2dµ(x) =
∫
Rd

|x|2dνi(x) →
∫
Rd

|x|2dµ(x), as i → ∞.

That is to say, limi→∞ ∥Ti∥L2(Rd,µ) = ∥id∥L2(Rd,µ). Meanwhile, 2|Ti(x)·x| ≤ |Ti(x)|2+
|x|2, and {Ti}i≥1 are uniformly integrable in L1(µ). Thus, according to the Vitali con-
vergence theorem [14], we have limi→∞

∫
Rd Ti(x) · xdµ(x) =

∫
Rd |x|2dµ(x). Hence,

∥Ti − id∥2L2(Rd,µ) =∥Ti∥2L2(Rd,µ) + ∥id∥2L2(Rd,µ) − 2

∫
Rd

Ti(x) · xdµ(x)
i→∞−−−→ 0.
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Therefore, ∥Ti − id∥2L2(µ) → 0 as i → ∞.

Appendix D. Proof of Proposition 4.1.

Proof. For any p̃(x, t|x0) = N (x;m(t),Σ(t)), Σ(t) ∼ tG, we have,
∂p̃
∂t = p̃

(
− 1

2 tr
(
Σ−1 dΣ

dt

)
+ dm⊤

dt Σ−1(x−m) + 1
2 (x−m)⊤Σ−1 dΣ

dt Σ
−1(x−m)

)
,

∇p̃ = p̃(−Σ−1(x−m)), ∇ · ∇ · (gg⊤p̃) = p̃(g⊤Σ−1(x−m))2 − p̃g⊤Σ−1g.
Hence, r(x,x0, t; p̃) = p̃r̃(x,x0, t; p̃),

r̃(x,x0, t; p̃) =− 1

2
tr

(
Σ−1 dΣ

dt

)
+

dm⊤

dt
Σ−1(x−m) +

1

2
(x−m)⊤Σ−1 dΣ

dt
Σ−1(x−m)

+∇ · f − f⊤Σ−1(x−m)− 1

2
(g⊤Σ−1(x−m))2 +

1

2
g⊤Σ−1g.

Thus, |r̃(x,x0, t; p̃)| ≤ C̃0+ C̃1t
−1+ C̃2|x−m|t−1+ C̃3|x−m|2t−1+ C̃4|x−m|2t−2.

|r̃(x,x0, t; p̃)|2 ≤(C0 + C1t
−1 + C2t

−2) + (C3t
−1 + C4t

−2)|x−m|
+ (C5t

−1 + C6t
−2 + C7t

−3)|x−m|2 + (C8t
−2 + C9t

−3)|x−m|3

+ (C10t
−2 + C11t

−3 + C12t
−4)|x−m|4.

Notice that
(
EX∼N (x;m,Σ) [|X −m|]

)2 ≤ EX∼N (x;m,Σ)

[
|X −m|2

]
.

EX∼N (x;m,Σ)

[
|X −m|2

]
= tr(Σ), EX∼N (x;m,Σ)

[
|X −m|4

]
= tr2(Σ) + 2tr(Σ2),

EX∼N (x;m,Σ)

[
|X −m|6

]
= tr3(Σ) + 6tr(Σ)tr(Σ2) + 8tr(Σ3). Thus,∫

Rd

|r(x,x0, t; p̃)|2dx = (4π)−
d
2 (det(Σ))−

1
2EX∼N(x;m,Σ2 )

[
|r̃(x,x0, t; p̃)|2

]
≤(4π)−

d
2 (det(Σ))−

1
2

(
C0 + C1t

−1 + C2t
−2 + (C3t

−1 + C4t
−2)

√
tr(Σ)

2

+
1

2
(C5t

−1 + C6t
−2 + C7t

−3)tr(Σ) + (C8t
−2 + C9t

−3)

√
1

8
tr3(Σ) +

3

4
tr(Σ)tr(Σ2) + tr(Σ3)

+(C10t
−2 + C11t

−3 + C12t
−4)

(
1

4
tr2(Σ) +

1

2
tr(Σ2)

))
= O(t−d/2−2) as t → 0.

Similarly,∫
Rd

|r(x,x0, t; p̃)|2p̃dx = (2
√
3π)−d(det(Σ))−1EX∼N(x;m,Σ3 )

[
|r̃(x,x0, t; p̃)|2

]
≤(2

√
3π)−d(det(Σ))−1

(
C0 + C1t

−1 + C2t
−2 + (C3t

−1 + C4t
−2)

√
tr(Σ)

3

+
1

3
(C5t

−1 + C6t
−2 + C7t

−3)tr(Σ) + (C8t
−2 + C9t

−3)

√
1

27
tr3(Σ) +

2

9
tr(Σ)tr(Σ2) +

8

27
tr(Σ3)

+(C10t
−2 + C11t

−3 + C12t
−4)

(
1

9
tr2(Σ) +

2

9
tr(Σ2)

))
= O(t−(d+2)) as t → 0.
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