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Abstract

A quantum Latin square of order n, denoted by QLS(n), is an n X n square whose entries
are unit column vectors in the n-dimensional Hilbert space H,, such that each row and each
column forms an orthonormal basis of H,. The cardinality of a QLS(n) is the number of distinct
vectors up to a global phase in the array. A QLS(n) whose main diagonal and anti-diagonal each
forms an orthonormal basis of H, is called a diagonal quantum Latin square (DQLS(n)). In
this paper, we focus on the existence of the DQLS(n) with maximum cardinality (MCDQLS(n)).
By employing direct constructions based on row-quantum Latin rectangle and special complete
mapping, together with the recursive techniques such as the singular direct product construction,
We have almost completely determined the existence of MCDQLS(n), except for a few exceptional
cases. This result is based on the study of the existence of idempotent QLS(n) with maximum
cardinality (MCQLS(n)), and implies an existence result for pandiagonal quantum Latin squares
with maximum cardinality (MCPQLS(n)).

Keywords: quantum Latin squares, maximum cardinality, diagonal, row-quantum Latin rectan-
gles, complete mapping, singular direct product construction, existence

1 Introduction

A Latin square of order n, denoted by LS(n), is an n X n square with entries from the n-element
symbol set {0,1,...,n — 1} such that each row and each column forms a permutation of the symbol
set. With the development of quantum information theory, some classical combinatorial objects in
discrete mathematics have been successfully quantized. As a fundamental structure in combinatorial
design theory, Latin squares were generalized to quantum Latin squares by Musto and Vicary [10] in
2016. They further showed that these novel structures can be used to construct unitary error bases
(UEBES).

A quantum Latin square of order n, denoted by QLS(n), is an n x n square whose entries are
unit column vectors from the n-dimensional Hilbert space H,,, such that each row and column forms
an orthonormal basis of H,,. Subsequently, quantum Latin squares further attracted the attention of
researchers.

In 2017, Musto [11] introduced the notions of weakly orthogonal and orthogonal quantum Latin
squares, which proved crucial for constructing mutually unbiased bases (MUBs). In 2021, Nechita and
Pillet [12] proposed the concept of quantum Sudoku, which is a special case of quantum Latin squares.
In the same year, Paczos et al. [13] introduced the cardinality measure for quantum Latin squares,
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proving the existence of quantum Sudoku with maximum cardinality and deriving new MUBs. They
also showed that the possible cardinality of QLS(2) is 2, and that of QLS(3) is 3.

A QLS(n) can be obtained by replacing each entry i € {0,1,...,n — 1} in a classical Latin square
with the computational basis vector |i) € H,. A QLS(n) is called classical if all entries are constrained
to the computational basis {|0),]1),...,|n — 1)}. In quantum theory, two unit vectors |u), [v) € H,,
are regarded as identical (Ju) = |v)) if they have the same global phase, i.e., there exists a real number
6 such that |u) = e |v); otherwise, they are considered distinct (Ju) # |v)). The cardinality ¢ of a
QLS(n) is the number of distinct (up to a global phase) vectors in the array. Clearly the cardinality
c of a QLS(n) satisfies that n < ¢ < n?  Furthermore, in this paper, by a QLS(n) of maximum
cardinality, denoted by MCQLS(n), we mean that its cardinality is ¢ = n?; i.e., it is of full cardinality.

The cardinality problem of quantum Latin squares has further attracted research interest. During
the 2025-2026 period, new results continue to appear. Zhang et al. [26] determined the existence of
MCQLS(n) with n > 9 x 77% + 4. Shortly after their results, Zhang et al. [28] constructed QLS(4m)s
with all possible cardinalities for m > 2. Zhang and Cao [27] further confirmed that MCQLS(n) exist
for all n > 4 with 11 possible exceptions. Zang et al.[19, 20] completely resolved the existence of
QLS(n) with maximum cardinality for n > 4, and also explored some possible cardinality range of a
QLS(n) for any n > 4. Then Zhang and Ji [29] and Xu [18] studied the construction of QLS(6m) with
all possible cardinalities. Some works on quantum Latin squares (e.g., Refs. [26] and [27]) involve the
concept of a transversal, which has always been a very important concept in classical Latin square
theory.

A transversal of a Latin square of order n is a set of n cells, no two in the same row or column,
containing exactly one occurrence of each symbol from the symbol set. A Latin square is called an
idempotent Latin square if its main diagonal is a transversal, and a diagonal Latin square, denoted by
DLS(n), if both its main diagonal and its anti-diagonal are transversals. Furthermore, a Latin square
LS(n) is called a pandiagonal Latin square, denoted PLS(n), if its main diagonal, anti-diagonal, and
all broken diagonals in both directions are each a transversal. Two transversals in a LS(n) are called
disjoint if they have no overlapping cells. PLS(n) is sometimes also called a Knut Vik design (see
Refs. [8, 3] for example). After diagonal Latin squares, the existence of Latin squares with disjoint
transversals is also an interesting research problem. For example, if a Latin square of order n has
n disjoint transversals if and only if two mutually orthogonal Latin squares exist. Here, Two Latin
squares L1 = (a;;) and Ly = (b;;) of order n are said to be orthogonal if the n? ordered pairs (a;;, bi;)
are all distinct.

For the quantum Latin square version, a transversal in a QLS(n) refers to a set of n cells, no
two in the same row or column, the vectors in these cells forming an orthonormal basis of H,,. Two
transversals in a LS(n) are called disjoint if they have no overlapping cells. A QLS(n) is called an
idempotent quantum Latin square if its main diagonal is a transversal. A QLS(n) is called a diagonal
quantum Latin square, denoted by DQLS(n) , if both its main diagonal and its anti-diagonal are
transversals. A QLS(n) is called a pandiagonal quantum Latin square, denoted as PQLS(n), if its
main diagonal, anti-diagonal, and all broken diagonals in both directions are each a transversal. In the
context of cardinality, a DQLS(n) or a PQLS(n) of maximum cardinality is denoted by MCDQLS(n)
or MCPQLS(n), respectively.

For the study of quantum Latin squares and even of quantum theory, many references can be
consulted, e.g., [13, 14, 15, 16, 17, 21, 22, 23, 24, 25, 30, 31|, and so on. However, this paper focuses
on the existence and constructions of MCDQLS(n), which need be based on the existence and con-
structions of idempotent MCQLS(n), and also implies an existence result for MCPQLSs. During the
exploration, we will also pay attention to the constructions of pandiagonal quantum Latin squares. In
fact, we attempt to carry over some results from the classical theory of Latin squares to the quantum
Latin square version in a parallel manner. At the end of this section, we list the following known
results as the foundation of this study.



Theorem 1.1 [5]
(1) For any positive integer n with n # 2, there exists an idempotent LS(n).

(2) For any positive integer n with n # 2,3, there exists a DLS(n).

Lemma 1.2 [5] For any positive integer n with n # 2,6, there exists an LS(n) that has n pairwise
disjoint transversals, one of which is the main diagonal.

Lemma 1.3 [8] A PLS(n) exists if and only if ged(n,6) = 1.
Theorem 1.4 [19] For any integer n > 4, there exists an MCQLS(n).
Lemma 1.5 [7, 15] If n € {2,3,4,5}, there does not exist a non-classical idempotent DQLS(n).

Lemma 1.6 [26] For any positive interge n, there exists an MCQLS(n*) containing n* disjoint
transversals.

The rest of the paper is organized as follows. Section 2 focuses on the direct constructions for
MCQLS(n) using row-quantum Latin rectangle and special complete mapping. Section 3 mainly
introduces a singular direct product construction for MCDQLS(n), and makes some preparations
for the implementation of the recursive methods. Section 4 resolves the existence of MCDQLS(n).
Section 5 then summarizes our new results on the existence of MCQLS(n), together with the results
for idempotent MCQLS(n) and MCPQLS(n).

2 Direct Constructions

In this section, we present two types of direct construction for MCDQLS(n): one based on the row-
quantum Latin rectangle, and the other based on a special complete mapping.

2.1 Row-quantum Latin rectangle

An m X n row-quantum Latin rectangle is an array with m rows and n columns whose entries are
unit vectors from H,, such that the entries in each row forms an orthonormal basis. If the vectors in
the same column of an m x n row-quantum rectangle are mutually orthogonal, then it is called an
m X n quantum Latin rectangle. It is important to note that such a rectangle must satisfy m < n.
The cardinality (number of distinct unit vectors up to a global phase) of such a rectangle satisfies
n <c¢<mn. If ¢ =mn, then ¢ is called the maximum.

Let U = (|ui ) and V = (Jvj;)) denote an m x n row-quantum Latin rectangle with cardinality
c1 in H, and n X m row-quantum Latin rectangle with cardinality co in H,,, respectively. Let W be
an array of order mn, which is divided into mn blocks of size n x m. Let |w; ;) denote the element
located in the k-th row and I-th column of the (7, j)-th block in W, and define it as the tensor product
|wi j k1) = |Uij+k) @ |vjit1), Where j + k is taken modulo n and ¢ + [ is taken modulo m. Then W is
a QLS(mn) with cardinality cjcs.

Lemma 2.1 [26] If there exists an m X n row-quantum Latin rectangle with cardinality c¢1, and an
n X m row-quantum Latin rectangle with cardinality co, then there exists a QLS(mn) with cardinality
C1C2.

The proof of Lemma 2.1 in [26] relies on the following important fact, which is also frequently used
in our subsequent discussion of cardinality.



Lemma 2.2 [26] Let |a),|b) € Hy, and |c),|d) € H, be unit vectors. Then |a) ® |¢) and |b) ® |d) are
identical if and only if |a) is identical to |b) and |c) is identical to |d).

Sometimes, the MCQLS constructed by Lemma 2.1 satisfies some transversal properties. Lemma
1.6 is precisely such a result. The proof of Lemma 1.6 implies the following simple but important
facts. Let U = (|ui k))o<i,j<n—1 and V' = (Jv;1))o<i,j<n—1 be two n X n row-quantum Latin rectangle
with maximum cardinality. If the n vectors in some column of V', the I-th column for example, are
mutually orthogonal, then the n? x n? array W defined above contains n disjoint transversals

Tkl:{|ui,k>®|ujyl>|i,j:O,l,...,n—1}7k:0,1,...,n—1,

where the entries of Tj; occupy the cell set {(in + (k — j),jn + (I —4)),4,5 = 0,1,...,n — 1} of W.
Note that k — j and [ — 4 are taken modulo n here. Furthermore, if the n vectors in the I’-th column
(I" #1) of V are also mutually orthogonal, then

Tkl/:{\ui’k>®|ujyl/>|i,j:O,l,...,n—1}7k:0,1,...,n—1

are also n disjoint transversals with Ty having cell set {(in+(k—j), jn+({'—1)),i,5 =0,1,...,n—1},
Clearly, Ty, Txy, K =0,1,...,n— 1 form 2n disjoint transversals. Then, by Theorem 1.4, Lemma 1.6
can be improved as follows.

Lemma 2.3 For any positive integer n > 4, there exists an MCQLS(n?) having n* disjoint transver-
sals.

In fact, when n is even and the above V' has two orthogonal columns, we can adjust the rows and
columns of W to transform it into an MCDQLS(n?).

Lemma 2.4 Suppose n is an even integer. If there exists an n X n row-quantum Latin rectangle with
mazimum cardinality such that two of its columns form orthonormal bases of H,,, then there exists an
MCDLS(n?).

Proof. Let U = (|u; 1)) and V = (|vj;)) be both an n x n row-quantum Latin rectangle with maximum
cardinality, where 7, j, k,l € {0,1,...,n — 1}. Without loss of generality, suppose that the entries of
the 0-th column and the F-th column of V' form orthonormal bases of H,,, respectively.

Construct an array W = (w; ) of order n?, which is divided into n? blocks of size n x n. Define
|Wintk jnti) = [Wijki) = Wi j+k) @ |vj,i4+1) as the entry in the k-th row and [-th column of the (3, j)-th
block of the array W, where 4,5, k,l € {0,1,...,n — 1}. We already know that W is a MCQLS(n?)
and that Ty ; = {|u;x) ® |vj;) | 4,7 =0,1,...,n — 1} forms a transversal of W, where (k,1) = (0,0)
or (0,%). To better illustrate the adjustment of W below, we refer to the (in + k,jn + 1) cell of W

=)
as the (i, k)-th row and (j,)-th column, abbreviated as the (4, j, k,1) cell, and let @®,, and ©,, denote
addition and subtraction in Z,, respectively. Thus, |w; k1) = |t jo,.k) @ |vj,ie,1) 1S equivalent to

(Wi j, ki, 1601) = [Uik) @ Vj1) -

Construct a new empty array W’ with exactly the same labeling and block structure as W.
Rearrange the columns of W in a suitable order to form the columns of W’ so that the entry of
To,0 in W lies on the main diagonal of the new array W'. Note that the (i',j',0 ©, j', § ©, i) cell
in the cell set of Ty » and the ((' ©n 5),5',0©n j',0 S, (' ©n 7)) cell in the cell set of Ty are on
the same column of W. So, when the entry in cell (i’ ©, §,5",00, j',00, (i’ ®n §)) of To,o is moved
onto the main diagonal of W', the entry in the (i’,j',0 ©, j', 5 ©n ') cell of Ty » is moved to the
(i',3" ©n 5,00, 5,00y, j') cell of W',

Considering the (i, ©, §,0 0, j',00, j') cell and the (i',7,0S, j',00, j) cell (', € Zy, ), it
is clear that W’ has the other transversal whose cell set can be obtained by moving the main diagonal
cells "72 columns to the right.

Starting from W’, an MCDQLS(n?) is obtained by first flipping the right half of the columns and
then flipping the lower half of the rows.

0



Theorem 2.5 For any even integer n > 4, there exists an MCDQLS(n?).

2.2 Complete mapping

In 2025, Zang et al. [19] employed Fourier matrix to construct an MCQLS(v) for any order v > 4
(see Theorem 1.4). Building on their approach, this subsection presents a direct construction of
MCDQLS(v) via a strong complete mapping that satisfies a specific condition.

The construction of MCQLS(v) given by Zang et al. [19] utilizes the properties of the v-th primitive
roots of unity, and the underlying idea can be interpreted from the perspective of linear transforma-
tions. Consider the Fourier matrix

1 1 1 1
1 w . wJ o w1
1 w? o w?I L w2l
1
F,=—|: : : : ,
’ ﬁ 1 wk . whki AL Chy)
1 wv=t L =i w(”’l)z

where w is a complex primitive v-th root of unit. Denote the column vectors of this unitary ma-
trix by fo, f1,..., fo—1 in order. Clearly, they form an orthonormal basis of H,. Let p be a

permutation on Z, and let g; = %(w“(o)”,w“(l)”,...,w“(”_l)Xi)T, i =0,1,...,v — 1. Simi-
larly, go,91,-..,9v—1 form another orthonormal basis of H,. Then associate fy, f1,..., fv—1 and
90,91, - - -y gu—1 with the unitary matrices Fy, F1, ..., F,_1 and Go,G1,...,G,_1, respectively, where
F; = diag(w® w7, ... ,w(=1xJ) (a diagonal matrix with diagonal entries w®*7, w7 ... w®@=1)x7)
and G; = diag(w“(o)”,w“(l)”7 .., w1 "Suppose that the matrices of the unitary transforma-
tions F1, Fa, ..., Fu—1,G1,G2,...,G,—1 with respect to the standard basis |0),|1),...,|v — 1) of H,

are exactly Fy, Fo, ..., Fy_1,G1,Ga,...,G,_1, respectively. When constructing such a QLS(v) M, we
attempt to place at its (4, 5) cell the vector

i) = %(womwm)’ LWt )Xo 1)T
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which is obtained by applying the unitary transformation F; to the vector g;. Equivalently, it can
also be regarded as the vector obtained by applying the unitary transformation G; to the vector f;.

Under this construction, the i-th row of M is obtained by applying the unitary transformation G;
to fo, fi,-.., fu—1, and the j-th column of M is obtained by applying the unitary transformation F;
to go,91,---,9v—1- Since both fo, f1,..., fo—1 and gg,91,...,9y—1 are orthonormal bases of H,, the
desired property of a QLS(v) is clearly guaranteed. Based on this, we wish to impose further restric-
tions on the permutation o to ensure that M has maximum cardinality and satisfies the idempotent
or diagonal property.

Let (G, +) be an additive group. A function u: G — G is called a complete mapping of G if both
w and p + id (where id is the identity permutation and (u + id)(¢) = u(t) + t) are permutations of
G. Another closely related concept is that of an orthomorphism of (G, +), which is a permutation
1 : G — G such that p—id is also a permutation. A complete mapping of G is called a strong complete
mapping if it is also an orthomorphism of (G,4). We say that a permutation u of Z, satisfies the
condition (x) if there exist distinct s,t,k € Z, such that

ged((t — s)(u(k) — pa(s)) — (k — 5)(1(t) — a(s)), v) = 1. (+)
Here, if v is prime, the condition (x) reduces to the existence of distinct s,¢,k € Z, such that

(t = 5)(u(k) = p(s)) — (k = s)(u(t) — p(s)) # 0 (mod v).



Theorem 2.6 If there exists a complete mapping of Z, satisfying the condition (x), then there exists
an idempotent MCQLS(v). Furthermore, if there exists a strong complete mapping of Z,, satisfying
the condition (x), then there exists an MCDQLS(v).

Proof. Let M = (|¢:,5))o<i,j<v—1 With

(6i) = o (WOXIHO) | X)) ino=1) T
v

2mi

where w = e™ and p is a complete mapping of Z, satisfying the condition (x) . Clearly every |¢; ;)

(0 <4,7 <wv-—1)is a unit vector of H,. Since 1+ W' =3 4 20" =0 +w(gcd<vt)f’*j>_1)(j - = 0,
the equation

v—1
1 .
<¢i,j | ¢i,j’> = ; E wt(j J) — 0

t=0

holds for any 4,j,7' € {0,1,...,v — 1} with j # j'. Similarly, since p is a permutation of Z,, the

equation
v—1

1 .
<¢’LJ | ¢Z",j> = ; Zw( )M(t) =0

t=0

also holds for any 4,4i',j € {0,1,...,v — 1} with ¢ # ¢’. Thus, M is a QLS(v).
As p satisfies the (x) condition, there exist distinct s,t, k € Z, such that

((t = s)(u(k) — p(s)) = (k = s)(u(t) — p(s)),v) = 1.

Then the following system of linear congruences has only the zero solution:
(t— )z + (u(t) = p(s))y = 0 (mod v),
(k= )2+ (u(k) — p(s)y =0 (mod v).

Thus, the two congruences

(t—5) % j+i(u(t) — p(s)) = (¢ — 5) X J' +(u(t) — pu(s)) (mod v)
and

(k—s) x j+i(u(k) — u(s)) = (k — s) x j' + ' (u(k) — p(s)) (mod v)
cannot hold simultaneously for any (¢, ) # (i’,4’). This implies that

(1wt < Hin(O—in(s) | (rms)xiin(k)—in(s)) 2 (1 4, (=s)x3" (011 1(5) (k)5 + k) =i ()

or
(wsxj+ip(s)’ wt><j+i;¢(t)7wk><j+i,u(k)) # e)\i(wsxj'Jri’u(s)’ wtxj'+i’p,(t)’ wkxj'Jri’u(k))

for any A € [0,27) and (¢,5) # (¢/,4'). Then |¢; ;) and |¢; ;7)) are distinct if (¢,7) # (¢, ), i.e., the
cardinality of M is the maximum.
By examining the diagonal entries of M, we have that for any i # ¢/,

v—1 v—1

_1 i/ ()~ (tiin(t) _ L (@ =) (u()+t) —
i,i| Qi i E w ’ 0.
(i ilBir ir) 0 0 E w

t=0 t=0

This orthogonality follows because p+ id is a permutation of Z,. So M is an idempotent MCQLS(v).



Further more, suppose that p is a strong complete mapping of Z,. Similarly, by examining the
anti-diagonal entries of M, we have that for any i # 4/,

v—1 v—1
_1 Ho—1—i")+4 () — (Ho—1—0)+in(t) _ 1 (i =i) (u(t)—t)
iv—1—i | Qi w—1—4 — w = — w * =0.
(Piv—1-ilPir v—1-ir) U;:o U?:o

This orthogonality follows because p — id is also a permutation of Z,. So M is an MCDQLS(v). []

In the above construction, for any s € Z,,, define
Ty =A{lpi;) |i—j=s (modw)}.

Since p + id is a permutation of Z,, we have

v—1 v—1
(Giive | Gorirss) = 1 3 Wl (i) —iu) 1 Sl — g
v v
t=0 t=0

so each T is a transversal of M in the proof of Theorem 2.6. Furthermore, when s # s’ € Z,, the
two transversals T, and Ty lie on distinct pan-diagonals in the main diagonal direction. Thus, all
pan-diagonals of M in the main diagonal direction form transversals.

Similarly, for any s € Z,, define

Ti={l¢ij) li+j=s (moduv)}.

Since p — id is a permutation of Z,, we have

v—1 v—1
(Brotins | Gio 1 iis) = = 3 w1V HIH RO Ht=1=i4e)=in(®) = 137~ =0w=0 — g,
v v
t=0 t=0

so each T! is also a transversal of M. Furthermore, all pan-diagonals of M in the anti-diagonal
direction form transversals, i.e., M is an MCPQLS(v).

Corollary 2.7 If there exists a strong complete mapping of Z,, satisfying the condition (), then there
exists an MCPQLS(v).

For convenience, in the concrete constructions that follows, for the condition () that the complete
mapping u needs to satisfy, we further restrict s and ¢t to ¢t = 0 and s = 1. For any k € Z,,, we write

f(k) = kp(1) — p(k) = (k = 1)u(0). (1)

The condition (*) then requires that there exists some kg € Z,, \ {0,1} such that ged(f(ko),v) = 1.
When v is prime, the condition further reduces to the existence of some kg € Z, \ {0,1} such that
f(ko) #0 (mod v). In addition, for any a,b € R with a < b, let [a, b] denote the set of all integers in
the interval [a, b], and let [a, b], and [a, b]. denote the sets of odd and even integers in [a, b], respectively.

Lemma 2.8 For any odd integer v > 7, there exists an idempotent MCQLS(v).

Proof. By Theorem 2.6, we only need to construct a complete mapping of Z, satisfying the condition
(). We consider two cases.



Case 1. v =1 (mod 4) and v > 7. Define a mapping u : Z, — Z, as follows:

k, k € [0, %52],
k+1, k=233,
p(k)=qk+2, ke[ v-—3,
k-2, ke[ v-2],,
k—1, k=v-—1.

First, we show that p is a permutation on Z,. Clearly, u is well-defined. Since Z, is finite, it suffices
to show that 4 is injective from Z, to Z,. Write K1 = [0, %52], K3 = [%51,v — 3], K3 = [“4, v — 2],.
Choose any ki, ko € Zy, k1 # ka. If k1, ko € K, i € {1,2 3} then u(kl) =ky +a; # ko +a; = u(ks),
where a1 = 0,a9 = 2 ,az = —2. If k1 € Ky, ko > %, then /L(k’l) =k < v;S < v;S < ‘u(kg) If
ki = ”g 1 , then when ko = ”;1, we have p(ks) = ”53 # p(k1); while when ko # ”;1
plke) > 2L > M(/ﬁ) If ki1 € Ky, ko € K3, then pu(k1) and p(ke) have opposite parity, hence they are
not equal. If ko = v — 1, note that p(ke) = v —2is odd. If k1 € Ko, then p(ky) = k1 + 2 is even, so
w(ky) # p(ke). It ky € Ks, then u(ky) < v —4, and thus p(ky) # p(ks).

Next we show p + id is a permutation on Z,, where

2k, ke [0 v
2%k +1, k=1

(n+id)(k) = {2k +2, ke [*Fv— 3,
2k — 2, ke[@aufmm
2k -1, k=v—1.

B
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Similarly, it suffices to show that u + id is injective from Z, to Z,. Choose any ki,ks € Z,, k1 #
by = 0,bo = 1,bs = =1l as (2,v) = 1. If ky € Ky, ko > %5 = ”;3 or v — 1, we
have (p+id)(k1) < v —5 < v —3 < (p+ id)(k2); while when ko € Ko U K3, (u+1d)(k1) = 2k =
(1 +1d)(k2) = 2kz £ 2 (mod v) would lead k1 = k2 £ 1 (mod v), which is impossible. If k; = 232
and ko = v — 1, then clearly (w4 id)(k1) = v — 2 # (7 +id)(k2) = v — 3; moreover, if kg € Ko U K3,
to have (w +id)(k1) = v — 2 = 2ky £ 2 = (7 + id)(k2) (mod v), then it must be that when ko € Ko,
ko +1 = —1 (mod v), and when ks € K3, ko = 0 (mod v), which is also impossible. Similarly, if
k1 € Ko U K3 and ko = v — 1, then the congruence (u+id)(k1) = (u +id)(k2) (mod v) would require
either k1 +1 = 252 (mod v) (when k; € K3) or k; —1 = 252 (mod v) (when k; € K3), neither of
which is possible. And if k1 € Ko, ko € K3, then for (u+1id)(k1) = 2k1 +2 = (p + id) (ko) = 2ke — 2
(mod v) to hold, we must have k; + 1 = ko — 1 in Z,,, which is also impossible.

Finally, take kg = v — 1. Since
f(ko) = kop(1) — pu(ko) — (ko — Dpu(0) =v—1—(v—-2)-0=1,

and ged(v, f(ko)) = 1, it follows that p satisfies condition (x).

Case 2. v =3 (mod 4) and v > 7. Define a mapping 7 : Z,, — Z, as follows:

k, [ =],
)k 3 v —2},
MR =3 ) 1o, P—v 4),,
k-2, ke[, v-3U{v—1}.




Similar to the previous case, one can verify that both p and p + id are injective maps from Z, to Z,.
take kg = v — 1. Since

F(ko) = kop(1) — (ko) — (ko — )pa(0) = v —1 — (v —3) —0 =2,

and ged(f(ko),v) = 1, it follows that u satisfies condition (). 0

By the discussion before Corllary 2.7, we also have the following conclusion.
Lemma 2.9 For any odd integer v > 7, there exists an MCQLS(v) having n disjoint transversals.

For a prime power ¢, Let F,, denote the finite field containing g elements. A polynomial g € F,[z] is a
permutation polynomial of if the function g : ¢ — f(c) from I, to itself induces a permutation. We will
attempt to obtain strong complete mappings satisfying the condition (x) on cyclic groups by starting
from permutation polynomials. The following two conclusions are needed, one of which involves
cyclotomic classes and multiplicative characters in finite fields. Here, fix a prime power ¢ =1 (mod e)
and a primitive element w € F,. Let C§ denote the multiplicative subgroup {w™ | 0 < i < ©1} of
Fy, and let C§ = w’/C§ denote the coset of Cf in Fj; = T, \ {0}.

k

Lemma 2.10 [9] For any prime power q, g(x) = ax” is a permutation polynomial of GF(q) if and

only if a # 0 and ged(k,q — 1) = 1.

Lemma 2.11 [9] For odd prime power q, g(z) = 25 +azisa permutation polynomial of Fy if and
only if a®> — 1 is a nonzero square in Fy.

s—2 .
Lemma 2.12 [/] Let p be a prime =1 (mod e) with Ng(e,p) = p— [2‘6 ()(s—1—=i)(e—1)*"]/p—
1=
ses~1 > 0. Then, for any given s-tuple (j1,ja,...,j3s) € {0,1,...,e — 1}* and any given s-tuple
(c1,c¢2,...,cs) of pairwise distinct elements of F,, there exists an element x € Fy, such that x+¢; € Cy,
for each i.

Lemma 2.13 For any odd prime p > 13, there exists an MCDQLS(p).

Proof. By Theorem 2.6, we only need to construct a strong complete mapping of Z, satisfying the
condition (k).

Taking € = 2, S = 5, (61,62763764705) = (72,71,0,1,2) and (jl,jg,jg,j4, ]5) = (0,0,0,0,0) in
lemma 2.12, a simple calculation shows that when p > 2559, we have Ng(e,p) > 0. Then there
exists an element a € Z, such that a®> — 1,(a +1)?> — 1 and (a — 1)? — 1 are all nonzero square in
Z,. Furthermore, by Lemma 2.11, g(z) = 2" + az, h(z) = g(x) — x and I(z) = g(x) + x are
all permutation polynomials over Z,, i.e., g is a strong complete mapping of Z,. For any prime
p € (11,2467) and p # 13,17,29, 37, the element a satisfying the condition that a? — 1, (a+1)% —1 and
(a —1)% — 1 are all nonzero square in Z, can be found easily with the aid of computer. The following
table lists our search results for the first 10 values of p.

p |19 23 31 41 43 47 53 39 61 67
wl2 5 3 6 3 5 2 2 2 2
al9 6 15 13 5 13 13 7 14 5

Clearly, for the above permutation polynomial g(z) = s ax, we have that ¢g(0) = 0 and
g(w) = w4 aw = wla —w) # wg(l) = w(a + 1), where w is a primitive element. Since f(w) =

wg(1l) — g(w) — (w—1)g(0) £ 0 (mod p), ¢ satisfies the condition (x) as a permutation on Z,.



pt+1

For p € {13,17,29,37}, take t, = 6 if p € {13,17,29} and take t, = 2 if p = 37, then g(x) =tz 2
is a permutation polynomial of Z, as p =1 (mod 4) and (”1—;1, p—1) = 1. Furthermore, we can verify
that £, —1=¢,2(1—¢2) € C§, and thus g(z) £z = tp(x% +t,'z) is also a permutation polynomial
over Z,. Clearly, we also have f(w,) = wg(1) — g(wp) — (wp — 1)g(0) £ 0 (mod p), where w, = 2 if
p € {13,29,37}, and w, = 3 if p = 17. Thus ¢ satisfies the condition () as a permutation on Z,. [

Lemma 2.14 For any odd composite integer v with v > 25 and 3 { v, there exists an MCDLS(v).

Proof. By Theorem 2.6, we only need to construct a strong complete mapping of Z, satisfying the
condition ().

Suppose v = pt, where p is the least prime factor of v and ¢ is odd. Let A = {0,p,2p,...,(t—1)p},
and B ={0,1,2,...,p—1}. Then for (Z,,+), B is a coset representative system of A. Divide B into
three parts: By = {0}, B; = {1,2,..., pgl} and By = {%, %,...,p — 1}. Now we construct a
mapping p : Z, — Z, as follows:

2z, if z € (A\{(t —1)p}) + (Bo U B1),
2z —p, if z € (A\{(t —1)p}) + Ba,
w(x) =< 2z, ifz=(t—1)p,
20— 21 435+ 1, ifa=tp—1-2s,5€{0,1,...,5* —1},
2c —p+3s+3, fe=tp—1-2s—1,5€{0,1,..., 25+ —1}.

Clearly, p is well-defined. Take kg = v — 1 and we have

f(ko) = (v —=1D)p(1) — p(v —1) — (v — 1 = 1)u(0)
:2(pt—1)—[2(pt—1)—3-p%1}—0=3-7.

Since p is the smallest prime factor of v, we must have ged(t, p—;l) =1 and ged(v,3) = 1, then

-1 -1 -1
ged(v,3- o) = ged(pt, o) = ged(t, =) = 1,
2 2 2
hence p is a mapping of Z, satisfying the condition (x). Note that 2 { v and 3 { v, we have 2Z, =
3Z, = 7Z, = A+ B. Before considering the images of p — id, p, and g + id on Z,, note that

3(t—1)
2

{2z: z €

p+B2}U{2£L' T € (t*l)p‘i’Bl}

=2z —prze(t—p+B}U{22:x€(t—1)p+ By}
={(t—-2)p+s:s=1,3,...,p=2}U{(t—2)p+s:s=2,4,...,p—1}
=(t —2)p+ (B1U By)

and

{3z: 2z €

p+ B} U{3z: 2z € (t—1)p+ By}

=3z —p:ze(t—1)p+B}U{3z:z€(t—1)p+ By}

1
={(t —4)p+ 3s: s:]%,]%g

A(t—1)
3

-1
,...,pfl}U{(th)er?)s:363:1,2,...,%}.

Then we have the following calculation results.
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{(n—id)(2): v € Z,}
= {oiw e (A\{(— D)} +(BoUB)} Uz —pia € (A\{(t = 1p}) + Ba} U{(t = 1p}u

{fr -1 4+3s+1:x=tp—1-25,5=0,1,..., 25 — 1}U
{z— p+3s+3 xftp7172sflsf(),l,...,%lfl}
= ((A\{(t—1p}) + (Bo U B1)) U((A\{(t —2)p}) + B2) U{(t — 1)p}U
{t—2p+ 2L +5:5=0,1,..., 5 —1}JU{t—-Dp+1+s:5s=0,1,..., 250 — 1}
= ((A\{(t—-1p}) + (BoUB1))U ((A\{(t— )})+Bz)U{(t—1)p}U(( 2)p + Ba)U
((t—1p+ B1})
= A+B
= Z,.

{u(x): x € Lo}

= {2z:x e (A\{(t—1)p}) + (BoU B} U{2z —p: z € (A\ {(t — 1)p}) + Bs}U
{2¢: 2=t —-1DptU{2z— 3p Ly3s+l:z=tp—1—-25,5=0,1,..., %—1}U
{22 —p+3s+3: x—tp—1—23—1 s—Ol ..... el 1}

= 2((A\{(t = p}) + (Bo U BN) U {2z + 5'p): wG(A\{(t—l)p}HBz}U
{2t -ptu{t-2p+2+ —s:5s=0,1,..., el 1ju

{t—-p—s—1:5s=0,1,... —71}
= 2{(A\{(t— )P})+(BOUB1)}U2{(A\{ D p)) + By} U {2(t — 1)phU
{( 2)p+L75 5*0317 "3?7 }

WiEt-2p+p—s—1:s=0,1,..., L 1}
= 2{(A\{(t - D)p}) + (Bo U B1)} U2{(A\ {252 p}) + Bo} U {2(t — 1)p}U
((t=2)p+ B1)U((t —2)p+ Ba)
2{(A\ {(t = 1)p}) + (Bo U B1)} U 2{(A\ {Z7p}) + B} U {2(t — 1)p}U
((t=2)p+ (B1U By))
2(A+ B)
27

{(p+21d)(z): 2 € Zy}
= {3z:z€ (A\{(t—1)p}) + (BoUB)}U{3z —p:z € (A\ {(t - 1)p}) + Bz}
UB(t—1)ptu{3z— 21 +3s+1l:a=tp—1-2s5,5=0,1,..., el 1}

U{3z —p+3s+3: x_tp—l—Qs 1,s=0,1,. ——1}
= 3((A\{(t—-1p}) + (BouBl))U{3(fc+%p) xG(A\{(t—l)p})+Bz}
UB(t - L)pru{(t—2)p+ 2 —3s —2: s =0,1,. —1}}

WE—-1)p—3s—3:s=0,1,..., b= L1}
= 3((A\{(t-1)p}) + (BOUBl))U3((A\{4(t Up}) + By)
U{3(t—L)pt U{(t - 3)p+ 3(5= 1—s):s—Ol ..... el 13}
U{t—4)p+3p—1-s):s=0,1,..., el 1}
3((A\ {(t — 1)p}) + (Bo U B1)) U3((A\ {4“ Up}) + By)
U3t —1DptU{(t—3)p+3s:s=1,2,..., ”2;1}
U{(t—4)p+33:s:p—'~2'1,p7+3 ..... p—1}
37,
/o

Therefore, p is a required strong complete mapping of Z, satisfying the condition (x).
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By Corllary 2.7 and the proof of Lemmas 2.13, 2.14, we also have the following result.

Theorem 2.15 There exists an MCPQLS(v) if ged(n,6) =1 and v & {5,7,11}.

3 Recursive Constructions

In this section, we introduce a singular direct product construction for MCDQLSs, which can be seen
as a generalization of Theorem 3.4 in Ref. [26]; both this method and the theorem generalize the
singular direct product construction for classical Latin squares.

3.1 Singular direct product constructions

We introduce the following definitions and notations, which will be used throughout the rest of this
paper.

An incomplete quantum Latin square, denoted by IQLS(m + h, h), is an (m + h) X (m + h) square
whose entry in the h x h subblock at its lower right corner is empty, satisfying the following conditions:

(1) Each nonempty entry is a unit column vector from (m + h)-dimensional Hilbert space H4n;

(2) For ¢ € {0,1,...,m — 1}, the entries in the i-th row (column) form an orthonormal basis of
Herh;

(3) For j € {m,m +1,...,m+ h — 1}, all the nonempty entries in the j-th row (column) form an
orthonormal basis of the space generating by the computational vectors |0),]1),...,|m —1) €
Hm+h-

Here, if h = 0, then IQLS(m + h, h) reduces to a QLS(m). Furthermore, we define the cardinality ¢ of
an IQLS(m+h, h) to be the number of distinct vectors (up to a global phase) in the array. Clearly, the
cardinality satisfies n < ¢ < (m+ h)? — h2. If ¢ = (m + h)? — h?, then the array is an IQLS(m + h, h)
of maximum cardinality, denoted by MCIQLS(m + h, h).

The IQLS(m+h, h) is the quantum generalization of the classical incomplete Latin square ILS(m+
h,h). The latter is an (n + h) x (n + h) array with the h x h subblock at its lower right corner left
empty, such that every symbol occurs at most once in each row and each column, and no symbol
from an h-subset of the symbol set occurs in the last h rows nor in the last h columns. For two
MCQLS(m+ h,h)s A and B, if every entry in A is distinct from every entry in B, then we say that A
and B are disjoint. In addition, we also need to consider the disjointness between different MCIQLSs.

For any vector |¢) = (co,C1,---»Cmih—1) € Hmin, define lcjo,m—17) = (co,c1,- - ,Cm_1) ' as the
projection onto the first m components of |c), and [cm m+n—1]) = (Cm,Cmt1s--- Cmih—1) as the
projection onto the last A components. Then given a positive integer m and nonnegative integers
My, Mg, for two unit vectors |a) € Hyyqm, and |b) € Hypym, , if the unit vectors

|ao,m—1)) 1b10,m—1)
|a[m,m+mp—1]> ) mp
mq ‘b[m,m—l-mq—l])

are not distinct (up to a global phase), then |a) and |b) are said to be m-distinct. Under this definition,
if m, = my = 0, then the distinctness of |a) and |b) is equivalent to their m-distinctness. If m, =0
and [bpm m4my—1]) = Om, , then |a) and |b) being m-distinct implies that the projection of |b) onto
its first m components is distinct from |a). Moreover, when m,, = my, the distinctness of |a) and |b)
clearly implies that |a) and |b) are m-distinct. Two IQLS(m + h, h)’s are said to be disjoint if every
nonzero entry of one is distinct from every nonzero entry of the other. And one can also define the

12



notion of m-disjointness between a quantum Latin square and an incomplete quantum Latin square,
as well as between different incomplete quantum Latin squares. For example, an IQLS(m + h, h) and
a QLS(m) are said to be m-disjoint if every nonempty entry in the IQLS(m + my,, m,) is m-distinct
from every entry in the QLS(m). Similarly, one can also speak of an IQLS(m + my,,m,) and an
IQLS(m + my, my) being m-disjoint.

Let m be n positive integer, and let w,mq,...,myp,...,m, be nonnegative integers satisfying
u

w = Z m,,. Consider the following quantum state vectors:

p=1
Co
C1
ao bo
ai bl .
@)= . | €Ha B=| . | E€Hm =] cn1 |EHmim, 1<p<u),
. .
an—1 bm,]_
CTn+m,p—1

Define the extended tensor product operation ®, as

@2 1) = (1050 ) € o

And define the operation ®z as

la) @ [cjo,m—1])
O,

Om,_;

|a) Xp |c) = € Himntw-

‘c[m,m+mp71]>

Mp+1

0,
Since |a), |b) and |¢) are all unit vectors, we have

Ha) @4 [0) I = [[la) |- 16} ]| = 1,

and

la) @z le) | = \/II |a) |12 - Wl e, m—1) 2 + N epmmem,—11) 17 = [ e} | = 1.

Thus, |a) ®4 |b) and |a) @5 |c) are both unit vectors.

To facilitate the construction methods described below, consider an MCIQLS(m + my,, m,) Cp =
(lepsi))s p=1,2,...,u, and an MCQLS(w) D = (|de,f)). If, for every nonempty entry |c, s¢) in Cp,
and every entry |d. f) in D,

|€p,s.t,[0,m—1))

mi

: 0.,
|Cp,s,t,[m,m+mp—]> 7& <|d€7f>) ’
0.

u
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then D and C, are said to be (m,p;mq,...,my, ..., my,)-type disjoint.

Clearly, When ML= =My =+ =My = 1 the condition of (m,p;ma,...,mp,...,my)-type
disjointness for an MCIQLS(m + my, mp) and an MCQLS(w) is automatically satisfied.And if the
m-dimensional projections onto the first m components of those entries in the MCIQLS(m + m,, m,,)
(p=1,2,...,u) are all nonzero, then the condition of (m,p;ma,...,mp,...,m,)-type disjointness for
an MCIQLS(m + myp,my) and an MCQLS(w) is also automatically satisfied.

Theorem 3.1 Letn,m,u,mi,...,Mp,..., My, W be positive integers, where n is even, 0 <u <n—2,

and w = Zmp, Suppose there exists a DLS(n) possessing u + 2 pairwise disjoint transversals,
p=1
including the main diagonal and the anti-diagonal. Furthermore, if

(1) there exist n + 2 pairwise disjoint MCQLS(m)s, two of which are idempotent;

(2) there exist u pairwise m-disjoint MCIQLSs, which are MCIQLS(m + my,m;), 1 < p < u,
respectively, and all of them are m-disjoint from the MCQLS(m)s in (1);

(3) there exists an MCDQLS(w) that is (m,p;ma, ..., mp, ..., my)-type disjoint from the MCIQLS(m+
mp7mp) in (2)7

then there exists an MCDQLS(mn + w).

Proof. Replacing each element i € Z,, in a DLS(n) with |i) € H,, yields a DQLS(n). Suppose that
the classical DQLS(n) corresponding to an existing DLS(n) is denoted by A = (|a; ;)). When u # 0,
the u disjoint transversals other than the main and anti-diagonals are denoted by Ti,T5,..., Ty,
respectively. For 1 < p < w, to make the notation clearer, an entry |a; ;) in the transversal T}, is
also denoted by |a, ; j). Suppose that two existing idempotent MCQLS(m)s are B_y = (|b_1 %)) and
B_5 = (Jb_2,x,1)), where we may assume that B_s has been subjected to a column reversal permutation
so that the main diagonal transversal is transformed into the anti-diagonal transversal. Moreover, the
remaining MCQLS(m)s are By, B, ..., Bp_1, where B; = (|b; x,1)). Suppose the existing IQLS(m +
My, mp) is Cp = (|cps.t)), (1 < p <), and it is partitioned into blocks as follows:

_ (G Cps
¢ = (),

where C)py is an m x m subarray. Suppose the existing MCDQLS(w) is D = (|de,s))-

We construct a square of order (mn + w), denoted as M. First, the subarray of order mn denoted
by My in the upper left corner of M is to be partitioned into n? disjoint m x m blocks, where the
(4,7)-block is occupied by the subarray M;; (i,j =0,1,...,n — 1), which is constructed as follows:

laij) @+ By if |az) ¢(L:J k), J #i,n—1—1i,

Miyj = |ai’j> ®y By if j =1,
|ai7j> ®+ B_2 ifj:n—l—z',
lap,i ;) @5 Cp1 if |api;) €Ty, 1<p<u.

Next, the w x mn subarray in the lower-left corner of M is partitioned into un blocks, where its
(p—1,j)-block (p=1,2,...,u,7=0,1,...,n — 1) is occupied by an m, x m subarray

Myyp-1j= |ap7i,j> ®p Cpa.

Note that here, since |a, ; ;) is in the transversal T, of A, the pair (p, j) uniquely determines an ¢ € Z,,.
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Similarly, the mn x w subarray in the upper-right corner of M is partitioned into un blocks, where
its (i,p — 1)-block (¢ =0,1,...,n—1,p=1,2,...,u) is occupied by an m x m,, subarray

M; nip—1 = lap,;) ®p Cps.

Finally, the w X w subarray in the lower-right corner of M is denoted as M,,. The (e, f)) entry is

given by
()
|de7f> ’

which corresponds to the (mn + e)-th row and (mn + f)-th column of M.
In order to show that M is an MCQLS(mn + w), we first present the following two claims:

Claim 1. M is a QLS(mn + w).
Claim 2. The cardinality of M is the maximum.

The corresponding proofs are provided in Appendix A. Then, we attempt to transform M into
a diagonal quantum Latin square by permuting its rows and columns. we need to prove that
the entries on the main diagonal and on the anti-diagonal of My form an orthonormal basis of
span{|0),]1),...,|mn — 1)} C Humntw respectively. Clearly, the entries in M are all unit vectors and
the entries on the main diagonal and the anti-diagonal of My are all in span{|0),|1),...,|mn —1)}.
So, it suffices to check the orthogonality of the entries on the main diagonal and on the anti-diagonal.
Consider any two different entries

o) = <Cli,i> ®O|i7—1,k,k>> 18) = (|ai’,i’> ®O|i)—1,k’,k/>> 7

with (¢, k) # (¢, k"), where |a; ;), |a; i) are entries of A and |by i), |brr 1) are entries of B_y. If i # ¢/,
then (a;; | air ) = 0 since A is a DQLS(m). And if i =’ and k # k', then (byx | i 1) = 0, since
B_; is an idempotent MCQLS(m). So we have

(a, ﬂ) = (ai,i | ai/ﬂ-,> <bk,k | bk’,k/> +0=0.

ie., |a) and |B) are orthogonal. Similarly, we can also verify that any two distinct entries on the
anti-diagonal of M, are orthogonal.

Note that the entries on the main diagonal and on the anti-diagonal of M,, respectively form an
orthonormal basis of span{|mn) , jmn +1),...,|w — 1)}. By moving rows mn/2, mn/2+1,...,mn—1
of M to the last mn/2 rows and the corresponding columns to the last mn/2 columns, we obtain an
MCQLS(mn + w) denoted as N. Since the entries on the main diagonal and on the anti-diagonal of
N respectively form an orthonormal basis of Hyuntw, N is an MCDQLS(mn + w). 0

Remark 3.2 If u =n—2 in condition (1) of Theorem 3.1, then the number of mutually disjoint sets
A in condition (2) can be changed from n+ 2 to n. Furthermore, if u =0 in condition (2), then both
conditions (2) and (3) can be omitted.

Remark 3.3 In order to apply Theorem 3.1 repeatedly, we will sometimes require in what follows
that the MCQLS(m), the MCIQLS(m + my,m,) for 1 < p < u, and the MCDQLS(w) in conditions
(1), (2), and (3) all satisfy that the sum of all components of each of their elements is nonzero. Note
that in the proof of Theorem 8.1, |a; ;) € {|0),[1),...,|n—1)}. Under the new requirement, the sum
of the components of each entry of the resulting MCDQLS(mn + w) from Theorem 3.1 is nonzero.

In fact the parameter n in theorem 3.1 can be odd. We give without proof the following simple
construction.
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Lemma 3.4 Let n,m be positive integers. Suppose there exist a DLS(n) and n pairwise disjoint
MCDQLS(m)s, then there exists a MCDQLS(mn).

Remark 3.5 In Lemma 3.4, if the sum of the components of each entry of each MCDQLS(m) is
nonzero, then the sum of the components of each entry of the resulting MCDQLS(mn) is also nonzero.

We also have the singular direct product construction for the idempotent quantum Latin square
with maximum cardinality.

Theorem 3.6 Let n,m,u,my,...,mp,...,my,w be positive integers, where 0 < u < n — 1, and
u

w = Z my,. Suppose there exists an idempotent LS(n) possessing u+ 1 pairwise disjoint transversals,
p=1
including the main diagonal. Furthermore, if

(1) there exist n+ 1 pairwise disjoint MCQLS(m), one of which is idempotent;

(2) there exist u pairwise m-disjoint MCIQLS, which are MCIQLS(m +my,,mp), 1 < p < u, respec-
tively, and all of them are m-disjoint from the MCQLS(m) in (1);

(3) there exists an idempotent MCQLS(w) that is (m,p;ma,..., My, ..., my)-type disjoint from the
MCIQLS(m + my,myp) in (2),

then there exists an idempotent MCQLS(mn + w).

Remark 3.7 For Theorem 3.6, we have a similar discussion as in Remark 3.2 and Remark 3.53. In
Theorem 3.6, if we remove condition (3), do not require the initial LS(n) to be idempotent, and change
condition (1) to “there exist n pairwise disjoint MCQLS(m)”, then we obtain an MCIQLS(mn+w, w).
As in the discussion in Remark 3.3, we can also require that the sum of the components of each entry
of the resulting MCIQLS(mn + w,w) be nonzero.

In order to use Theorem 3.1 and Theorem 3.6 smoothly, we list below, in the form of a lemma,
some processing methods that guarantee the (m,p;ma,...,mp, ..., my)-type disjointness property in
the following text. Since the conclusion is obvious, we omit the proof.

u
Lemma 3.8 Let m,w,my,...,My,...,m, be nonnegative integers satisfying w = Z myp and m; <

p=1
My, Suppose that an MCIQLS(m + my;my) Cp = ([epse)) forp=1,2,...,u and
= (|de,r)) exist. If for every |de s) and every |c, s.1), one of the following conditions

e <my <o <
an MCQLS(w) D
hlods:

(1) uw>0 and [cp st mmtm,—1]) 7 Om;
(2) w>1 and the first mi + mg components of |de ) are all nonzero;

B)mi=---=my, =1, myy1=--=my=m, 1 <uy <m, m|w and |de,s) has m consecutive
nonzereo components starting at a position whose index is congruent to 0 modulo m,

then for each 1 <p <wu, D and Cp, are (m,p;ma,...,mp, ..., my)-type disjoint.

16



3.2 Preliminaries

In this subsection, we attempt to obtain some results of quantum Latin squares, incomplete quantum
Latin squares, and classical Latin squares needed in Theorems 3.1 and 3.6 for later use.

It was pointed out in Ref. [27] that for any positive integers m > 2 and n > 2, there exist infinitely
many pairwise disjoint MCQLS(mn)s or infinitely many pairwise disjoint MCIQLS(mn, 1)s. Note
that the orders of the infinitely many disjoint MCQLSs here are composite numbers. Below, we first
generalize this result to arbitrary orders.

Lemma 3.9 Let m and h be nonnegative integers. If there exists an MCIQLS(m+ h, h) such that for
every nonempty entry, the sum of its first m components is nonzero, then there exist infinitely many
pairwise disjoint MCIQLS(m + h, h)s, each of which also has the property that the sum of the first m
components of every nonempty element is nonzero. Furthermore, the infinitely many pairwise disjoint
MCIQLS(m + h, h)s have the same transversal properties as the initial MCIQLS(m + h, h).

Proof. Let Ay be an MCIQLS(m + h, h) such that for every nonempty entry, the sum of its first
m components is nonzero. If in Ay the first m components of some nonempty entry are all equal
and nonzero, then we can multiply the second component of each entry in Ay by a suitable complex
number e with \g € (0,27) to ensure that the sum of the first m components of every new en-
try is nonzero. That is, we apply to Ag the unitary transformation U corresponding to the unitary

matrix U = diag(1,e",1,...,1) with respect to the computational basis. Since a unitary trans-
formation is invertible and preserves inner products, and since both span{|0),|1),...,|m — 1)} and
span{|m),|m +1),...,|m+ h — 1)} are U-subspaces, it follows that the resulting array A = (|a; ;))

remains an MCIQLS(m + h, h) with the same transversal properties as before.
Construct new unitary matrices of the form

F° 0
0 m
Fm,h(o Ih)’

where I, is the h x h identity matrix, F? = diag(e?®,1,1,...,1)F,, with F,, being the Fourier matrix
of order m, and 6 € [0,27). Then apply to A the unitary transformations ]-"f’h corresponding to the

unitary matrix Ffi 5, With respect to the computational basis, and denote the resulting MCIQLS(m +
h,h) by Ag. Similarly, Ay is also an MCIQLS(m+ h, h) with the same transversal properties as before.
Consider the sum of the first m components of any entry ng,h la; ;) in Ag. Clearly, its i-th

component is the product of the i-th row vector of ng,h with |a; j); therefore, the sum of the first m
components equals the product of the sum vector of the first m row vectors of Fgl,h with |a; ;). Note

m—1
that when s € {1,2,...,m — 1}, we have Y, w® = 0. Consequently, the sum vector of the first m
=0

9 .
row vectors of Fm7 p s

Lo i0 i0
— (e’ =14+m, e’ -1, ..., —1,0,...,0),
= )
and its product with |a; ;) equals the product of the vector \/%(6“9 —14m, e —1, ..., €% —1)
with (ag,a1,...,am-1), i€,
m—1
ﬁ(ele -1) Z a; +vmao.
i=0
m—1
Since > a; is nonzero, one can always choose the value of 6 (and there are infinitely many such
i=0

choices) such that the sum of the first m components of every nonempty entry of Ay is nonzero.
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We now show that one can always choose distinct 61, 65 € [0, 27) such that the new MCQLS(m +
h,h) Ay, and Ay,, obtained by acting on A with the unitary transformations fg}h and ]-'gfh respectively,
are disjoint; and moreover, the sum of the first m components of every nonempty entry in Ay, and Ay,
is nonzero. From the above analysis, it suffices to explain how the two arrays can be made disjoint.

Consider
Fylpe = 2y Be, (2)
where 601,05, A\ € [0,27) with 6; # 6, are to be determined, and o = (ag,a1,...,amin-1)", B =
(bo, b1, - bman—1)T are two entries in A.

When a = 3, we have

ng o= (Fg{a[o,m—l]>
mh Alm,m+h—1]

for i = 1,2. If o min—1] # On, then the equality (2) implies A = 0 and ngla[(),m—l] = Fgfa[oym_l].

However, in the latter equality, the first components of the vectors on both sides are unequal when

m—1

> a; # 0and 0y # 0. If apymqn—1) = Op or h = 0, then ajg,;,—1) # Op and the equality

i=0

ng’ha = nghoze“‘ implies A = 01 — 05 or A = 2w +60; — 05, together with Fgga[o,m,” = Fffa[o’m,l]ei’\

Note that in this case ajgn,—1) ¢ span{(1,1,...,1)"}, while the m row vectors of F), = F, form an

orthonormal basis of H,,. Consequently, the last m — 1 components of anla[o,m_l] (equivalently, of

Ffff @[o,m—1] ) cannot all be zero. Equating these two vectors again yields A = 0, a contradiction.
When « # S, multiplying both sides of the equation (2) on the left by the conjugate transpose

Fo2 T of gt

2, we obviously obtain

72 i 01 _ A
Foy o= pe*.

Write Fp!* = (F22, )T F2, | Fov2 = (FS2)TFS. Note that

m,h?

F(01,02) F02TF01

e01=02) 4y — 1 ei0r=02) e ei01=02) . ei01=02)
e B L e T A I ei0r1=02) _
1 : : : :
“m elr=02) 1 el0r=02) s @002) oy 1 ei01=02) 1
(010 _ | i) G002 ] iO0) gy

1 .
=— (=% _1)J, + L.
m

where J,,, is the m x m all-ones matrix. So we have that

p01.62) _ Fe2t 0\ (F2 0
mh 0 I, 0 1y,
_ <F&2*F& 0)

0 Iy

Le®r=0) —1)J,, +1,, 0 .
0 I,
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Hence <72(ei(91—92) -+ 1, 0) ( Q0,m—1] > — i (63[0,m1] )7 ie.,
]

0 I, Am,m+h—1 [m,m+h—1]

(%(ei(eli%) - I)Jm =+ Im)a[O,m—l] = 6M5[0,m-1],
Alm,m+h—1] = ei)\ﬁ[m,m+h—1]~

or
m—1 1
+(el0r=02) 1) Z ai | ] = e Bom-1] — Yo,m—1); 3)
i=0
1

— i
Alm,m+h—1] = e’ B[m,m«khfl]-

m—1
Since > a; # 0, Equation (3) implies that all components of the vector eiAﬂ[O,m_l] — Q[o,m—1] are
i=0
equal. In this case, if @ msn—1] = Bim,m+h—-1) = Op or h = 0, and the components of Bjg 1) ¢
span{(1,1,...,1)T}, we may assume without loss of generality that by # b;. Then the equality
e by — ag = e by — ay determines at most one A that can possibly make the first equality in Equation
3 hold. However, even if such a A exists, once ei’\ﬁ[oym,l] — Q[o,m—1] is fixed, one can always choose
01,02 appropriately so that the first equality in Equation 3 does not hold. Finally, if both g ,,—1) and
Blo,m—1) are nonzero vectors, then there is at most one A such that the second equality in Equation
3 holds. After such a A is determined, one can again adjust the values of 61, 05 appropriately so that
the first equality in 3 fails.

Consequently, by choosing #; and 6y appropriately, ng’hoz and Fgf’ R0 are distinct for any two
entries & and 8 in A. Then, we try to obtain more pairwise disjoint MCIQLS(m) with the sum of the
first m components of every nonempty entry in each of these arrays is nonzero. Similar to the previous
analysis, starting from A, we can find a suitable 03 € [0, 27)\ {61, 02} such that Ay, is disjoint from both
Ag, and Ag,, and the sum of the first m components of every entry in Ay, is nonzero. Continuing this

process, we can select infinitely many distinct parameters 61,605, ...,0;, ... such that the corresponding
Ag,, Ay, - -, Ap,, - .. are pairwise disjoint MCIQLS(m)s. Clearly, Ag,, Ao, , ..., Ay,, ... have the same
transversal properties as A and Ay. 0

Remark 3.10 When h =1, suppose we have obtained finitely many pairwise disjoint MCIQLS(m +
1,1)s such that for each of them, the sum of the first m components is nonzero. Then one can always
find a complex number y with |y| = 1 such that multiplying the last component of every nonempty entry
of these MCIQLS(m +1,1)s by y yields MCIQLS(m +1,1)s that are still pairwise disjoint. Moreover,
after this multiplication, for each entry, both the sum of its first m components and the sum of all its
components are monzero.-

Lemma 3.11 For any integer m > 4, there exist infinitely many pairwise disjoint MCQLS(m)s.

Proof. Observe the MCQLS(m) A = (|a; ;)) constructed in [19], where

la;;) = 1 (1,2 420 B+ m=1) ()T

vm
w is a primitive m-th root of unity. Note that all components of every |a; ;) are nonzero. If some
entry in A has a zero sum of components, we may multiply the first component of every entry of A by
a suitable complex number x with || = 1 and z # 1. That is, applying the unitary transformation
corresponding to the unitary matrix diag(z,1,...,1) to A yields a new MCQLS(m) in which the sum
of components of each entry is nonzero. Then applying Lemma 3.9, we can obtain infinitely many
pairwise disjoint MCQLS(m). 0

)
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Lemma 3.12 For any odd integer m > 7, or for any even square m > 16, there exist infinitely many
pairwise disjoint idempotent MCQLS(m)s. Furthermore, for any odd m with m > 13 and 3 1 m, or
for any even square m > 16, there exist infinitely many pairwise disjoint MCDQLS(m)s.

Proof. When m is odd and m > 7, observe the idempotent MCQLS(m) constructed in Lemma 2.8.
Clearly the first component of every entry is 1. Similar to the discussion in the proof of Lemma 3.11,
we can obtain infinitely many pairwise disjoint idempotent MCQLS(m)s by applying Lemma 3.9.
When m is an even squareand m > 16, Observe the idempotent MCQLS(m) constructed in
Lemma 2.3, whose entries are all tensor products of the entries of the MCQLS(m) constructed in [19].
Clearly the first component of every entry is 1. we can also obtain infinitely many pairwise disjoint
idempotent MCQLS(m)s by applying Lemma 3.9. 0

Similarly, the conlusion also holds for MCDQLS(m) by Lemma 2.3. lemma 3.5, we can obtain
infinitely many pairwise

Lemma 3.13 For any integer m > 3, there exist infinitely many pairwise disjoint MCIQLS(m+1,1)s.

Proof. Observe the MCQLS(m + 1) A = (]a;,;)) constructed in [19], where

1

— 1, Wt it w3(i+j)’ o 7wm(i+j))T’

|ai ;) =

w is a primitive (m + 1)-th root of unity. The entries in its first row are exactly the m + 1 column
vectors of the Fourier matrix Fj,,;1:
1

R

f] ‘ 17J> \/m

Applying the unitary transformation corresponding to F,n;i_l = an 41 to A yields MCQLS(m + 1)
Ar = (laj;)) = (Fpiilaig). Clearly, |ap ) = Frii fm = [m), and

i 25 35 NT
(L, w9 w? . Ww™) i =0,1,...,m.

11 1 1 1
1wt o Wt wTm W2t
, 1 : : : W't
ai’j> - m+1]|1 wo T T w3(t+9)
1 w™™ wTim wm )
Note that when i +j # 0, > w*(*9) = 0. Then for any (4, 5) # (0,0), the first component of laj ;) is
=0
w2 B g gmGy = i g1 = ),
m+1 m+1

Thus, only when i = 0, or j = 0 and (i,7) # (0,0), the first component of |a; ;) is zero. And when
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1 # 0, we have

0

217513 wt(i—l) +1+ w2i—1 + wi—2

Iy .
|az70> m+1 Zt 3wt(z +1+UJ27' k+wz 2k

Zli?, wt(ifm) + 1 + w2i—m + wi—2m
0

14+ w21 4 i=2 _ 1 — yi—1 _ ,2(i-1)

ml 14 w2k 4 i=2k _ 1 _ ik _ ,2(i—k)

14+ w2i7m + wi72m _ 1— wifm o w2(i7m)

0
w2 (W = 1) (w—1)

Tm+1 | W - 1) (W - 1)

W2 (o 1) (W™ — 1)

The sum of the first m components of |a; ;) is given by

m—1
i— 2k
m + w )
1 m—1
_ 1) w2k
m—|—1 G 221 )
1 : i —n —2n
:m+1w’(w —D[-1-w ™= (-1 —-w )]

:wi—Qm(wi _ 1)(1 _ wm) 75 0.

1T
Applying the unitary transformation corresponding to the matrix U = (e 7 ) (with z €
m

[0,27) to be determined) to A; yields an (m + 1)-dimensional MCQLS matrix Ay = (|af;)), where
lai ;) = U la; ;). In this new MCQLS(m+1), |ag ,,,) = |m), and when i = 0, or j = 0 and (4, j) # (0,0),
the first component of |a;;) is zero while the sum of the first m components of |a; ;) is nonzero. when
i,j # 0, the first component of |a; ;) is e, One can always choose x appropriately so that the sum
of the first m components of every element in As is nonzero. By adjusting the rows and columns of
As, we obtain an MCQLS(m + 1) whose lower-right element is |m}, and for the remaining entries,
the sum of the first m components is nonzero. After |m) becomes an empty entry, we obtain an
MCIQLS(m + 1,1), in which the sum of the first m components of every non-empty entry is nonzero.
Finally, by applying Lemma 3.9, we can obtain infinitely many pairwise disjoint MCIQLS(m + 1,1).
a0
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Lemma 3.14 Let s and t be positive integers, and let m be an integer with m > 4 (or m > 7
odd, or m > 16 an even square). There exist s pairwise disjoint MCIQLS(m + 1;1)s, t pairwise
disjoint MCQLS(m)s (or idempotent MCQLS(m)s), and moreover these MCQLS(m)s (or idempotent
MCQLS(m)s) are also m-disjoint from the s MCIQLS(m + 1,1)s.

Proof. By Lemma 3.13, there exist s pairwise disjoint MCIQLS(m + 1,1)s. Let S denote the set of
projection vectors obtained by projecting all entries contained in the s MCIQLS(m + 1, 1)s onto the
first m coordinates. Then |S| < s-[(m+1)?—1]. By Lemma 3.11 (or Lemma 3.12), there are infinitely
many pairwise disjoint MCQLS(m)s (or idempotent MCQLS(m)s). Select ¢ + s[(m +1)% — 1] of them.
By the pigeonhole principle, at most s[(m + 1)? — 1] pairwise disjoint MCQLS(m)s (or idempotent
MCQLS(m)s) contain some vector belonging to S. Therefore, the remaining ¢ disjoint pairwise disjoint
MCQLS(m)s (or idempotent MCQLS(m)s) are pairwise m-disjoint from the s MCIQLS(m + 1, 1)s.
0

Lemma 3.15 For any integer n > 2 and m > 4, there exist infinitely many pairwise disjoint
MCIQLS(nm,m).

Proof. For m > 2, there exists an ILS(n,1) whose last row or last column is a permutation of
Zn, \{n—1}. Replacing each entry i in this ILS(n, 1) by |i) (i € Z,,), we obtain an IQLS(n, 1), denoted
by A = (|a;;)). By lemma 3.11, there exist infinitely many pairwise disjoint MCIQLS(m) Thus we
can take n pairwise disjoint MCQLS(m) By = (|bt,x,1)), t € Zy,, and replace each nonempty entry |a; ;)
in A by |a; ;) ® By, i,j € Z,, and replace each empty entry by an empty m x m array. Similar to the
proof of Theorem 3.1, we obtain an MCIQLS(nm,m), denoted by N.

Continue to select n pairwise disjoint MCQLS(m)s By = (|b} ; ;)), t € Zy, each of which is disjoint
from By, By, ..., Bnh—1. Repeating the previous construction, replace each nonempty entry |a; ;) in A
by |a; ;) @ B; for i, j € Z,, to obtain an MCIQLS(nm, m), denoted by N’. Since for any i, j,i, j' € Zy,
kU, k' I" € Ly, whenever (i, j, k,1) # (i, j', k', l") we have [b; 1) # [bjs 1 ;1), it follows that

|ai ) @ i) 7 lairjr) @ Vi o)

by Lemma 2.2, and thus N and N’ are disjoint.
Continuing the above process, we can eventually obtain infinitely many desired pairwise disjoint
MCIQLS(nm, m)s. 0

Remark 3.16 In the proof of Lemma 8.15, it is clear that if each entry in By, B1, ..., Bn_1; By, B, ...,
B! _1;... has a nonzero sum of its components, then each entry of the resulting infinitely many dis-
joint MCIQLS(nm,m)s also has a nonzero sum of its components. Take h = 0 in Lemma 3.9, then
from the proof of Lemma 3.11, we know that there exist infinitely many disjoint MCQLS(m)s with
m > 4 and and each entry has a nonzero sum of its components. Thus, there exist infinitely many
pairwise disjoint MCIQLS(nm,m)s and each entry has a nonzero sum of its components.

Lemma 3.17 Let k, s, t be arbitrary integers, and and let m be an integer with m > 4 (orm > 7
odd, orm > 16 an even square). There exist k pairwise disjoint MCIQLS(2m,m)s, s pairwise disjoint
MCIQLS(m + 1,1)s, t pairwise disjoint MCQLS(m)s (or idempotent MCQLS(m)s), and moreover,
every MCQLS(m)s (or idempotent MCQLS(m)s), MCIQLS(m + 1,1)s, and MCIQLS(2m,m)s are
pairwise m-disjoint.

Proof. Since an ILS(2,1) exists, by Lemma 3.11, there exist k pairwise disjoint MCIQLS(2m, m)s.
Let S; denote the set of projection vectors obtained by projecting all elements contained in the
k MCIQLS(2m,m)s onto the first m coordinates. Then |S;| < 3km?. By Lemma 3.13, there are

22



infinitely many pairwise disjoint MCIQLS(m + 1, 1)s. Select s + 3km?2[(m + 1)? — 1] of them. By the
pigeonhole principle, There are at most 3km?[(m+1)2? —1] pairwise disjoint MCIQLS(m+1, 1)s having
a projection vector onto the first m coordinates equal to some vector of S;. Therefore, the remaining
s disjoint pairwise disjoint MCIQLS(m + 1,1)s are pairwise disjoint from the k MCIQLS(2m, m)s.
Let S; denote the set of projection vectors obtained by projecting all elements contained in
the k& MCIQLS(2m,m) and the s MCIQLS(m + 1,1)s onto the first m coordinates. Then |S2| <
3km? + s[(m + 1)? — 1]. By Lemma 3.11 (or Lemma 3.12), there are infinitely many pairwise dis-
joint MCQLS(m)s (or idempotent MCQLS(m)s). Select t + 3km? + s[(m + 1)? — 1] MCQLS(m)s
(or idempotent MCQLS(m)s ). By the pigeonhole principle, There are ¢ disjoint pairwise disjoint
disjoint pairwise disjoint MCQLS(m)s (or idempotent MCQLS(m)s) m-disjoint from the previous s
MCIQLS(m + h, h)s and the previous k¥ MCIQLS(2m, m)s. 0

Remark 3.18 Similar to the previous analysis, we can guarantee that each entry of the the k MCIQLS(2m,m)s,
s MCIQLS(m+1,1)s and t MCQLS(m)s (or idempotent MCQLS(m)s) in Lemma 3.17 has a nonzero
sum of its components.

We introduce the definition of difference matrices and use them to construct some more Latin
squares with specific transversal conditions.

Let (G, ®) be a group of order v. A (v, k; A)-difference matrix (or (v, k; A)-DM) is a k X v\ matrix
D = (d; ;) with entries from G, such that for each 1 <t < h < k, the multiset

{di¢ ® d;% (1 <e<oA}
contains every element of GG exactly A times.
Lemma 3.19 [5] There exists a (v,4;1)-DM if and only if v > 4 and v # 2 (mod 4).

Lemma 3.20 For any positive integer n with 4 | n, there exists a DLS(n) that has n pairwise disjoint
transversals, including the main diagonal and the anti-diagonal.

Proof. By Lemma 3.19, there exists a (n,3;1)-DM if n = 0 (mod 4). Without loss of gener-
ality, assume that D = (d;;) is an (n,3,1)-DM over an Abelian group (G,®), and every entry
of its first row is the identity element. Further assume that the entries of its second row are
g1 =0,92,...,92,9241,- .., 9n—1,9n, With gn11-; = g; © a, where a is an element of order 2 in
G. By the proof of Theorem 2.1 of Ref. [1], we can construct two orthogonal Latin squares L' and
L?, where L'(i,j) = g;l ®di41,5, L = 1,2. Note that every entry on the main diagonal of L'is 6, and
every entry on the anti-diagonal of L' is «, so L? is a DLS(n). Observe the positions in L? whose
entries are all g; ' © dy; = g; ' ®g; = L'(i, ). If L'(¢',5') = g;, ' @ gj» = g; ' © g; with (i,5) # (', ),
then we must have ¢ # i’ and j # j'. Otherwise, assume without loss of generality that ¢ = ¢’; then
gi_1 = gi_,l, and hence g; = g;/, which implies j = j’. Thus, the element gi_1 ® gj in L' appears
in different rows and columns of L', which corresponds to the fact that L? produces a transversal
in those corresponding positions. Finally, L? is a DLS(n) that has n pairwise disjoint transversals,
including the main diagonal and the anti-diagonal. 0

Lemma 3.21 Ifn € {6,10,14}, there exists a DLS(n) that has n — 2 pairwise disjoint transversals,
including the main diagonal and the anti-diagonal.

Proof. The desired DLS(n)s are given in Appendix B. 0
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4 Existence results

In this section, we aim to determine the existence of an MCDQLS(v). To this end, we first establish
the existence of an idempotent MCQLS(v).

Theorem 4.1 For any integer v > 6, there exists an idempotent MCQLS(v) except possibly when
v € {6,8,10,12, 14,18, 20, 24, 26, 30, 32, 38, 62}.

Proof. By Lemma 2.8, it suffices to consider the even orders greater than or equal to 6.

For any even positive integer v > 154, take m = 7 and suppose that n > 9 be odd. By Lemma 1.2,
there exists an idempotent LS(n) containing n disjoint transversals, including the main diagonal. By
Lemma 3.14, there exist v (7 < u < n—2) pairwise disjoint MCIQLS(m+1, 1)s, (n+2) pairwise disjoint
idempotent MCQLS(m)s, and these MCQLS(m)s are also m-disjoint from the s MCIQLS(m + 1, 1)s.
Then applying Theorem 3.6 and Lemma 3.8, an idempotent MCQLS(mn + u) exists. Furthermore, it
follows that for any odd integer n > 9 and any integer v € [Tn+7,7n +n — 2], = [Tn+ 7,8n — 2],
an idempotent MCQLS(v) exists. Since n + 2 is also odd, for any odd integer n > 9 and any integer
ve[T(n+2)+7,8(n+2) — 2, an idempotent MCQLS(v) also exists. Computing

Tn+2)+7—2<8n—2

yields n > 21. Hence for v > 7 x 21 + 7 = 154, an idempotent MCQLS(v) exists for all even orders v.

Similarly, for any odd numbers m > 7, n>3,u=1orm >7,n>9, 7 <u <n— 2, there exists
an idempotent MCQLS(mn + u) of even order by Theorem 3.6, Lemma 3.8, 3.14 and 1.2. The Table
below shows the orders for which an idempotent MCQLS(mn + u) exists under the above processing
method.

v nxm-+u U
[140,150], 19x7+s se€[7,17],
[1267 134]6 17x74+s s€ [7, 15]0
[112,118]e 15x74+s s€ [7, 13]0

{98,100,102} 13 x7+s s=7,9,11

106 9x11+7 7

94 3x31+1 1

86 Tx11+9 9

82 9x9+1 1

78 11 x7+1 1

58 3x19+1 1

50 TxT7+1 1

46 3x15+1 1

40 3x13+1 1

34 I3x11+1 1

22 3xT7T+1 1

For any integer n > 3, and for m such that either m > 7 is odd or m > 16 is an even perfect square,
there exists an idempotent MCQLS(mn) by Theorem 3.6, Lemma 3.12 and Lemma 1.2. Below, we
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list the orders for which an idempotent MCQLS(mn) exists under the above processing method.

152=8x19 104=8x13 72=8x9 52=4x13
138=6x23 96=6x16 70=10x7 48=3x16
136 =8x17 92=4x23 68=4x17 44=4x11
124=4x31 90=10x9 66=6x11 42=6x7
122=6x21 88=8x11 64 = 82 36 = 62

120=8x15 84 =4x21 60=4x15 28=4x7
110=10x11 80=5x16 56=8x7 16 = 42

108 =4x27 T76=4x19 54=6x9

Besides, for 74 = 7x 9+ (94 2), take n = 7, m = 9, m; = 9, mg = mg = 1. There exists an
idempotent MCQLS(74) by Theorem 3.6, Lemma 3.8, 3.17 and 1.2.
The proof is then completed. 0

Remark 4.2 From Remark 3.7 and Remark 3.18, we know that the idempotent MCQLS obtained in
the proof of Theorem 4.1 can also satisfy that each entry has a nonzero sum of its components. Thus,
by Lemmas 3.9 and 3.12, for v > 6, we can also obtain infinitely many disjoint idempotent MCQLS(v)
except possibly when v € {6,8,10,12,14, 18,20, 24, 26, 30, 32, 38, 62}.

Theorem 4.3 For any odd integer v > 7, there exists an MCDQLS(v) except possibly when v €
{7,9,11,15,21,27,33,39,51,63,75}.

Proof. By Lemma 2.14, it suffices to take v > 7 and 3 | v. Set v = 3a, where a > 3 is an odd integer.

Let n = 4s where s is a positive integer. By lemma 3.20, there exists a DLS(n) containing n disjoint
transversals, including the main diagonal and the anti-diagonal. Take m = 7. By Lemma 3.17, there
exist n — u pairwise disjoint idempotent MCQLS(m), u; pairwise disjoint MCIQLS(m + 1,1), and
u — uy pairwise disjoint MCIQLS(2m, m) with 0 < u < n —2 and 0 < u; < u, such that all these
MCQLS(m)s, MCIQLS(m + 1,1)s, and MCIQLS(2m,m)s are pairwise m-disjoint. Arrange the uy
MCIQLS(m + 1,1) and the u — uqy MCIQLS(2m,m) in order, set m, = 1 if p < uq, and m, = m if
p > u1. Now let w be an integer that can be partitioned into a sum of u; 1’s and u — u; m’s with
u1 < m. Applying Theorem 3.1 and Lemma 3.8, if there exists an MCDQLS(w) in which every entry
has m consecutive nonzereo components starting at a position whose index is congruent to 0 modulo
m, then an MCDQLS(mn + w) exists.

For v =3a > 3-57 =171 or v € {141,147,153,159}, if v can be written as v = 3a = mn +w =
7-4s+w with s = 55| —1 > 4 and 3 { 5, then we have that the odd integer w is in [29, 55] and 3 { w.
Note that when w is patitioned into a sum of some m’s and 1’s, the number of parts in the partition
always can be at most 13, which is less than or equal to n — 2 = 4s — 2. Otherwise, v will be written
asv=3c=mn+w="7-4(s—1) + (28 +w') with s = || —1 > 5 and 3 | s, then we have that
the odd integer w = 28 + w' is in {61,67,73,79}. Note that for this case when w is patitioned into a
sum of some m’s and 1’s, the number of parts in the partition is at most w — 6{w/7] = 13, which is
also less than or equal to n —2 = 4(s — 1) — 2. So, an MCDQLS(v) exists for v = 3a > 3-57 = 171
or v € {141,147,153,159}.

For v = 3a with 3 < a < 55 and v ¢ {7,9,11,15,21,27,33,39,51,63,75} U {141, 147,153,159},
the values n, m,u, w can be chosen as shown in the following table when applying Theorem 3.1 and
Lemma 3.8. By Lemma 3.14, the pairwise disjoint or m-disjoint conditions in Theorem 3.1 can be
guaranteed. By Lemma 3.20 and Lemma 3.21, a DLS(n) that has other u pairwise disjoint transversals
exists. Therefore, the corresponding MCDQLS(v) exists. And for v = 117 = 3 -39 = 3% . 13, taking
n =29, m = 13 in Lemma 3.4, we obtain an MCDQLS(v) by Lemma 3.12 and Lemma 1.1.
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a v=nxXm+w | Integer partition of w | ©u <n—2

3-5 4x11+1 u=1<2

3-11 14x7+1 u=1<10

32.5] 16x7+23 23=Tx3+1x2 |u=5<14

33 4x 16+ 17 17=16x1+1 u=2<2

5.7 8x13+1 u=1<6

5-11 4x41+1 u=1<2

72 16 x 7+ 35 35=T7x5 u=>5<14

19 8x7+1 u=1<6

23 4x17+1 u=1<2

29 10 x 7+ 17 17=7Tx2+1x%x3 u=5<6

31 4x23+1 u=1<2

37 10 x 11+1 u=1<6

41 14 x 7425 25=7x3+1x4 u="7<10

43 8 x 16+ 1 u=1<6
In summary, an MCDQLS(v) exists for all odd integers v > with v ¢ {7,9,11,15,21,27,33, 39,51, 63,
75}. 0

Theorem 4.4 For any even integer v > 6, there exists an MCDQLS(v) except possibly when v €
{6,8,10, 12,14, 18,20, 22, 24, 26, 30, 32, 34, 38, 40, 46, 48, 50, 58, 62, 74, 82,94, 122}.

Proof. 1f4 | v, write v = 4m. By Remark 4.2, if m ¢ B = {2,3,4,5,6,8, 10,12, 14, 18,20, 24, 26, 30, 32,
38,62}, there exist infinitely many pairwise disjoint idempotent MCQLS(m)s. By Lemma 3.20, there
exists a DLS(4) containing 4 disjoint transversals, including the main diagonal and the anti-diagonal.
Taking n = 4 and v = w = 0, then an MCDQLS(v) exists by applying Theorem 3.1.

Ifv =4m' and m’ € {14, 18,26, 30, 32, 38,62}, rewrite v as v = 8m where m € {7,9,13,15, 16,19, 31}.
By Lemma 3.12, there exist infinitely many pairwise disjoint idempodent MCQLS(m). By Lemma
1.1, there exists a DLS(8). Taking n = 8 and u = w = 0, then an MCDQLS(v) exists by applying
Theorem 3.1. Similarly, when v =4-20=5x 16 or v =4 -24 = 6 x 16, by Lemma 3.12, there exist
infinitely many pairwise disjoint MCDQLS(16) and by Lemma 1.1, there exists an DLS(5) and an
DLS(6). Then we obtain an MCDQLS(v) by Lemma 3.4.

For the case when v = 2a with a > 9 being an odd composite number and a # 9,15,25, a has
an odd factor ¢ > 7. Then there exist an DLS(v/c¢) by Lemma 1.1, and there exist infinitely many
pairwise disjoint idempodent MCQLS(c)s by Lemma 3.12. Taking n = v/¢, m = c and u = w = 0, an
MCDQLS(v) exists by applying Theorem 3.1.

For the case when v = 2p, with p > 3 an odd prime, we write v as v = 2p = 4s X 7+ w = 285 4+ w,
where s = L%J —-1= L%J —1>0, and w satisfies w = 2 (mod 4), 30 < w < 54. Further observation
shows that w cannot be equal to 42; otherwise we would deduce the prime p = 7, contradicting
v = 14 < 42. Rewrite v = 2p again according to the value of w as follows:

28(s —3)+w' =4(s —3) X 7+ (w+ 84), if w = 30,
28(s—2)+w =4(s—2) x 7T+ (w+56), if we {34,46},
928(s — 1) +w' = 4(s — 2) x 7+ (w+28), if w € {38,50},
28s +w' = 4s X 7+ w, if w = 54.

v=2p=

From the previous construction of the MCDQLS(w’) with w’ € {54, 66, 78,90, 102,114}, we know that
the resulting MCDQLS(w’) satisfies the property that the sum of the components of each entry is
nonzero, by Remark 3.3. Then by Lemma 3.9, there exist infinitely many disjoint MCDQLS(w’)s.
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Partitioning w’ into a sum of some 7’s and 1’s, the maximum number u of parts is w’ — 6|w'/7] = 12
for w' € {54,66,78}, and w’ — 6{w’/7] = 18 for w’ € {90,102,114}. Furthermore, when p > 127 or
p € {83,89,97,103,109}, we have u < ”_—7“’/ — 2. Thus, in Theorem 3.1, by taking n = “_7“’/ (where
4|n),m="7u<w —6[w/7] and m; =mg =---=m, = 1, we obtain an MCDQLS(v).

Similarly, for p € {43,53,59,67,71,73,79,101,107,113}, we write v = 2p in the form v = nxm+w,
with the values listed in Table below, where w = u; X m + (v — u1), 0 < uy < u < n — 2. Note that
there exists a DLS(n) which contains, apart from the main anti-diagonal, ug disjoint transversals.
Setting m1 = mao = -+ = My—qy, = 1 and My—y, 41 = My—y,+2 = *++ = M, = M, We obtain an an

MCDQLS(v), by Theorem 3.1, Lemma 3.8 and Lemma 3.17.

D v=nxXm+w w=u xm+(u—u) | u<uy(<n-—2)
43 | 86=10x 7416 16=2x7+2 4<6
53 106 =12 x 7+ 22 22=3x7+1 4 <10
59 | 118 =10 x 9+ 28 28=3x9+1 4<6
67 | 134=14x 7+ 36 36=5x7+1 6 <10
71 142 =14 x 9 4+ 16 16=1x9+7 8§ <10
73 146 = 8 x 13 442 42=3x13+3 6<6
79 | 158 =8 x 13+ 54 54 =4 x 1342 6 <6
101 | 202 =12x 11+ 70 70=6x11+4 10 <10
107 | 214 =16 x 9470 0=7x9+7 14 <14
113 | 226 =14 x 13+ 44 44=3x13+5 8§ <10

So when v = 2p, p > 3 and v ¢ {6, 10, 14, 22, 26, 34, 38, 46, 58, 62, 74, 82,94, 122}, an MCDQLS(v)
exists.
In summary, the conclusion is proved. 0

Remark 4.5 The MCDQLSs obtained in the proof of Theorem 4.3 and Theorem 4.4 satisfy that each
entry has a nonzero sum of its components; thus we can also obtain infinitely many disjoint MCDQLSs
for the corresponding orders.

5 Conclusion

In this paper, by employing direct constructive methods based on row-quantum Latin rectangle, strong
complete mapping together with recursive techniques such as product constructions and singular direct
product constructions, we have almost completely determined the existence spectrum of MCDQLS(n),
leaving only some possible exceptional orders for further investigation. That is, our main result is as
follows.

Theorem 5.1 Forn € {2,3,4,5}, there does not exist an MCDQLS(n). For any integer n > 6, there
exists an MCDQLS(n) except possibly when n € Py U P, where

P, = {6,8,10,12, 14, 18,20, 24, 26, 30, 32, 38, 621,
Py = {7,9,11,15,21,22, 27,33, 34, 39,40, 46, 48, 50, 51, 58, 63, 74, 75, 82, 94, 122}..

In fact, we also determined the existence spectrum of idempotent MCQLS(n), ie., for n €
{2,3,4,5}, there does not exist an MCQLS(n); and for any integer n > 6, there exists an idem-
potent MCQLS(n) except possibly when n € P;.

Another byproduct of this paper is that, parallel to the classical Latin square theory where the
necessary and sufficient condition for the existence of PLS(n) is ged(n,6) = 1, we determine that
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an MCPQLS(n) exists when ged(n,6) = 1 and n ¢ {5,7,11}. Here, an MCPQLS(5) does not exist,
and the existence of MCPQLS(7), MCPQLS(11), and MCPQLS(n) with ged(n,6) # 1 remains to be
determined.

At the end of the paper, we point out that one can also use an QLS(n) with n disjoint transversals
to construct a pair of orthogonal quantum Latin squares of order n. The following definition of a pair
of orthogonal quantum Latin squares is due to Goyeneche et al. [6]. Suppose there exist two QLS(n),
U= (|UZ,]>) and V = (|Ui,j>)7 0 < ’L,] <n-— 1. If

luig) @ lvig): 0<i,j <n—1

forms an orthonormal basis of H®? = H,, ® H.,,, then U and V are called a pair of orthogonal quantum
Latin squares of order n, denoted by 2-MOQLS(n). If at least one of the pair of orthogonal quantum
Latin squares is non-classical, it is called a non-classical 2-MOQLS(n).

In Lemma 2.9, the corresponding MCQLS(7) A has 7 disjoint transversals parallel to the main
diagonal. Construct B = (|b; ;)), where |b; ;4;) = |j).%,j € Z7. This is a classical QLS(n) in which
the entries on the main diagonal and on the broken diagonals in the same direction are respectively
identical. One can easily verify that A and B form a pair of orthogonal quantum Latin squares of
order n.

Theorem 5.2 There exists a non-classical 2-MOQLS(7).

This answers the open problem raised in Ref. [2], thereby completely resolving the existence problem
of non-classical 2-MOQLS(n) by confirming the last remaining exceptional order in Theorem 5.2.
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Appendix A
Claim 1. M is a QLS(mn + w).

Proof. As all entries of M are unit vectors, we only need to check that the rows and columns of M
are mutually orthogonal. We verify the row orthogonality here; the column case is similar. To prove
that any two entries |a) and |3) in the same row of M are orthogonal, eight cases are considered.

Case 1. a,f€a;;)®+ By, —2<¢g<n-—1.
Let o = |ai ;) @+ |bgki)s B = |ai;) @ |bg ), where I # . Since B is an MCQLS(m) or an
idempotent MCQLS(m) (|bg.x.1) , |bg k1)) = 0, we have

(a, B) = <<am> fiulbq,hﬁ) , <|ai)j> %wbq’k’l,>>>

= (lai ) @ bg,r1) » i) @ |bg k1))
= (@i jlai ;) (bgk.1lbg.k.11)
=0.

Case 2. a,fB € |ap;;)®pCp, 1 <p<u.
Since Cp is an MCIQLS(m + my, myp) and (|¢p ), [Cp.sr)) = 0, we have

|ap.ii) @ lepstom—11)\  [10p,is) @ st fom—1])
mi Oml
« =
( ’ ﬂ) |cp,s,t,[m,m+mp71]> ’ ‘cp,s,t’,[m,m+mp*1]>
Omu Omu

= (p,i,510p,i,5) (Cp,s,t,10,m—1]Cp,s,/,0,m—1]) F+ (Cp,s,t,[m,mtmy,—1]|Cp,s,47, [m,mt-mp—1])
= <Cp,s7t|cp7s,t’>
=0.

Case 3. «a € |a;;)®4 By, f€a; ) @4+ By, 2<¢q,¢ <n—1,j#j.
Let o = |ai ;) @+ |bgk,1), B =lai ) @4 by ). Since (a; jla; j) = 0, we have

(o, B) = ((|ai,j> %ﬂ!bq,k,l>) , (|ai7j/> %wbq/’k’l/>)>

(laij) @ [bgk1) s lai ) @ by k1)
(@i jlai ) (bakilbg ki)
0.
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Case 4. «a € |ai,j> ®4 By, B € |ap,i7j/> ®pCp, 1 <p<Lu, j# 7.
Let a = |a; ;) @+ |bg k1), B =|ap,ij) @p|cp k). Since (a; jlap; ;) = 0, we have

|p,i,5) @ |ep k. t,[0,m—1)

Opn,
la; ;) ® |bq,k~l>) :
«, = ' )
( 6) ( (U |Cp,k,t,[m,m+mp—1]>
O,

= (aijlap,ijr) (bgk,ilcp k.t 0,m—1)) +0

=0.

Case 5. « € |ap,i;) @5 Cp, B € |apij) @5 Cp, 1< pp' Su,p#Fp,j# 7"
Let a = |aij) @p [ep,se)s B = laij) @p lep sp). Since (aqjlai ) =0, we have

lai ;) ® [Cp.s b, [m—1]) ai ;) @ [Cpr st [m—1])

0m1 Oml
;
|Cp,s,t,[m,m+mp—1]> cp',s,t’,[m,m+mp/71]>

Omu Omu

= (ai,jlai ;) (ep,s,t,10,m—1]|Cp,s,¢7,(0,m—1))
— 0.

Case 6. « € |ayi;) ®pCp2, B € |apirjr) @5 Cpay i 1, 5 # 5.
Let @ = |ap,ij) ®@p |cp,s,t)s B = laps 1) @p[cps,e). Since (apijlapi ;) =0 and [c ,s7t7[m7m+mp—ll> =
|Cp,s,t7 [m,m+m,—1]) = Om,,, we have

|ap,i ) ® lepstjom-11)\  [lap.iti’) @ st 0,m-1))
mi Oml
o =
( 7ﬂ) |CP,S,t,[m,m+mp71]> ’ |Cp,s,t’,[m7m+m,,71]>
0, 0,
= <ap,i,j |ap,i’,j’> <cp,s,t,[0,m71] |cp,s,t’,[07mfl]> + (Omp y Omp)

=0.

Case 7. « € |ap, ;) QpCp2, B € M,.
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0 .
Let a = |ap>i»j> ®p |CP,S,t>a B = (d?:}) . Since |Cp,s,t,[m,m+mp—1]> =0y, We have

|ap,i,j) ® |C;D,s,t,[07m—1}>

mi

: 0,n
a7 = 9
(@,f) [Cprsst gy 1) (|de,f>>

Om

u

=0.

0 0
Let a = )= " ), where ! Since (d. f|de s) = 0, we have
(1) 8= (g ) where £ 2 £ Since d. sl )

(2. 8) = ((@Zﬁ) / (|3§,’}7>)>

= <de,f|de,f’>
=0.

In summary, M is a QLS(mn + w). 0

Claim 2. The cardinality of M is the maximum.

Proof. To any two entries a and 8 of M in distinct cells in the array, eight cases are considered.

Case 1. a,f€a;;)®+ By, —2<g<n-—1.

Let a = |a; ;) @4 |bgk,1), B = |aij) @+ |bgrr 1), where (k,1)) # (k',1). Since the cardinality of By
is the maximum and and the two unit vectors |by ;) and |by /) are distinct, then by Lemma 2.2,
|ai ;) @ |bk,) # |ai ;) @ [brr). Thus a # j.

Case 2. «a,fB € |ap;;)®@p5Cp, 1 <p<u.
Let

|ap,ij) ® |Cpst,[0,m—1)) |ap,i,i) @ [Cp,sr,¢7,[0,m—1])

mi Oml

a = |ap,i ;) ®pcp,s,t) = B = |ap,i,)®plcp,s v) =

|Cp,s,t,[m,m+mp—1}> vaslat/v[mvm+mp_1]>

0., 0.,

where (s,t) # (¢/,t'). If & = 3, then there would exist a real number 6 € [0, 27) such that
|pi.5) @ lep,s.fom-11) = € [ap,i.) ® lep,sr,er jo.m-11) »

__ b
Cp,s,t,[m,m-‘rmp—l] =€ Cp,s’7t’,[m,m+mp—1]~

We would have |c, s+) = € |¢, ¢ 1), which contradicts the fact that C,, is an MCIQLS(m + m,,, m,).
Thus « # 5.
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Case 3. «,f € M,,.

Let a = (Om"), B = ( O ), where (e, f) # (€¢/, f’). The distinctness of |de ) and |des f/)
|de,f> |de’7f/>

immediately implies o # 3.

Case 4. « € |a;;) ®4 By, B € |ay,j) ®1 By, =2 <¢q,¢' <n—1, (i,j) # (@, ).
Let

a®b a,'/'/®b 1
a = lag) @ bya) = (%7 G0 5= e ) @ ooy = (12975 o).

where (i,7) # (i',5'). If ¢ # ¢, since B_o, B_1, By, By, ... B,_1 are pairwise disjoint, the two unit
vectors |by k1) and |by s /) are distinct. By Lemma 2.2, |a; ;) @ |bg k1) # |aij) @ by k1), and thus
a# B. It ¢g=¢ and i # ¢/, since the cardinality of B, (¢ = —1 or —2) is the maximum and and
the two unit vectors |a; ;) and |a; ;/) (on the main diagonal or anti-diagonal ) are distinct, then by
Lemma 2.2, |a; ;) ® |bg k1) # |air j7) @ |bg k1), and thus a # f. Similarly, if ¢ = ¢/, ¢ = ¢/, j # j', the
distinctness of |a; ;) and |a; ;) implies o # .

Case 5. «a¢€ |a7,',j> ®+ Bq76 S |ap,i’,j’> ®§Cpu -2 S Q7q/ S n— 17 (7’73) 7é (i/aj/)‘
Let

|ap,ir ) @ [Cp,s,t,[0,m—1])

miy

ai ) ® |bg.k1
a = lai ;) @y [bgk1) = ( /) 0w| ' >) B = lap,irjr) @5 lcpse) =

|Cp,s,t,[m,m+mp—1]>

0.,
If a = 3, then we have
|Cp,s,t,[m,m+mp—1]> = Omp,
and
|ai ;) @ |bg,t) = lap,ir,j1) @F |Cps.t,[0,m—1]) -

Then by Lemma 2.2, the latter contradicts the fact that B, and C), are m-disjoint and |bg k1) # |Cp.s.t)-

Case 6. « € a;;j) @4 By, € My, —2<qg<n—1. Let

o= lai;) @4 |bg k) = ( ) 0w| q’k’l>) 8= (|de f>) .

Since |de, ) # 0, we have a # .

Case 7' S |a’p,i,j> ®§Cpa6 S ‘ap’,i’,j’> ®§Cp/7 1 Spvpl S u, (Z7j) 7é (i/aj/)'
Let

Iap,z',j> ® |cp,s,t,[0,m—1]> ‘a/plui/aj/> ® ‘CP',S';tU[O’m*lD
mi Oml

a = |ap,ij)®plcp,s,t) = , B = lay,i,5)®plep s ) =

|Cp,s,t,[m,m+mp—1}> Cp’,s’,t’,[m,m+mp/71]>

Omu Om

u
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Note that |ap; ;) ,|ap.iv,j) are both in the set {|0),|1),...,|n — 1)} C H,. Consequently if |a,; ;) #
|ap’,i’,j/> anda |cp,s,t,[0,m—1]> 7é 0,, or |Cp’,s’,t’,[0,m—1]> 7é O, then « 7é ﬂ as |ap,i,j> & |Cp,s,t,[07m—1]> 7£
|ap i) ® ‘Cp',s/,t’,[O,m—1]>' If lap,i ;) # lap iv,5), |Cp,s,t,[0,m—1]> = |Cp’,s’,t/,[0,m—1]> = 0,,,, we also have
a # B as |cpse) and |y g ) are distinct when p = p’, and are m-disjoint when p # p’. Similarly, if

|ap,ij) = lap i j7), @ # B.

Case 8. «a € |ap; ;) @5 Cp, B € My, 1 <p<u.

Let
|ap.i.3) @ |Cp,s,t,10,m—1))
my
o = lap,;ij) ®p |cps,t) = : Lhs (Om" ) '
|Cp,8,t7[m’m+mp*1]> |d€’f>
0,
Note that |a,; ;) € {|0),[1),...,|n —1)}. As D and C, are (m,p;mq,..., My, ..., m,)-type disjoint,
the two unit vectors
[Cp.s.t,10.m—11)
(1S
| ()
|Cp,s,t7[m’m+mp*1]> ’ |de,f>
0,
are distinct. Thus a # S.
In summary, the cardinality of M is the maximum. 0

Appendix B

The desired DLS(n)s for Lemma 3.21 with n € {6,10, 14} are given as follows. Among them, the
n — 4 transversals that are neither on the main diagonal nor on the main anti-diagonal are displayed
in different colors. Moreover, the DLS(14) here comes from the Ref. [1].

2 9 6 7 1 4 5 3
375 0 6 2 8 4
01 2 3 4 5 6 0 3 8 7 1 4 9
1 2 0 5 3 4 8§ 1 4 5 0 6 3 7
4 3 5 0 2 1 78 2 0 3 9 1 5
301 4 5 2 L8 7 1 5 3 2 9
5 4 3 2 1 0 4 0 3 5 6 8 9 2
2 5 4 1 0 3 9 1 8 2 7 5 0 6
1 2 4 9 5 7 6 0
6 29 4 3 0 1 8

34
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