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Pricing, Matching, and Bundling: An Equilibrium Analysis of Online Platforms

Abstract

Modern online platforms such as marketplaces, ride-hailing services, and food-delivery systems

serve a dual role: they are both markets where participants interact and transact, and operators

that design and govern how these markets function. These platforms connect multiple sides, for

example buyers, sellers, and couriers, facilitating access that would otherwise be difficult to achieve.

By setting the rules of the market, platforms determine who participates, how interactions take

place, and how value is created and distributed. In response to these rules, participants may behave

strategically, deciding whether to join the platform and which transactions to pursue.

This thesis studies how platform design affects market outcomes through three key levers:

pricing that determines participants’ gains when operating on a platform; matching that governs

which interactions are feasible among participants; and bundling that shapes the structure of supply

when the platform itself acts as a market participant. Across these levers, the goal in this thesis is

to understand how platforms can be designed to balance platform profitability with overall market

welfare.

The first part of this thesis studies pricing, including both the commission fees that participants

pay to a platform and the prices associated with each transaction. For commission fees, I analyze

how they affect participants’ decisions to join a market platform. For prices on transactions, I

examine delivery fees and courier compensation on delivery platforms, showing that well-designed

pricing can improve overall market welfare.

The second part of this thesis studies matching. By shaping recommendation systems and

consumer search, platforms influence which transactions take place. I first demonstrate the compu-

tational challenges facing a platform when optimizing for matching decisions, as matching decisions

for one participant impose externalities on other participants. Making use of a simulation approach,

I then show that matching and pricing interact closely: when commissions fees are regulated,

platforms can adjust matching to sustain revenue and support smaller sellers, helping maintain
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overall market health after an economic crisis.

The third part of this thesis analyzes bundling. As a marketplace operator, a platform may be

able to source products from sellers and offer them as bundled packages to buyers. I analyze which

sets of products a platform will choose to bundle, giving a characterization result about which items

are included in bundles made available on the platform.

Collectively, this thesis shows how pricing, matching, and bundling serve as complementary

design levers through which platforms can shape market outcomes.
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Chapter 1

Introduction

Modern online platforms are central intermediaries in economic activities. Online marketplaces

such as Amazon, ride-hailing services such as Uber, and food-delivery platforms such as Instacart

facilitate interactions among large populations of participants. At their core, these platforms are

forms of markets. As defined by the economists Alfred Marshall [Marshall et al., 1961],

“a market is the area within which buyers and sellers are in such free intercourse that

the prices of the same goods tend to equality”.

In this view, online platforms enable participants to trade with one another, overcoming frictions

that would otherwise hinder such interactions.

Modern online platforms also depart from this classical definition of a market in a few important

ways. First, markets are multi-sided and participants on each side have their own incentive structures

[Hagiu and Wright, 2015b, Evans and Schmalensee, 2016, Weyl, 2010]. Depending on the market

context, platforms may connect buyers and sellers, riders and drivers, or eaters, shoppers, and stores.

Each participant has their own preferences, constraints, and outside options, and decides whether

to join a platform and how to transact once they do: buyers decide what to search for and purchase,

sellers decide whether to list their products and at what prices, and couriers choose which tasks

to accept and where to relocate next for better opportunities. Furthermore, these decisions are

interdependent, where buyers respond to the availability of seller items as well as delivery conditions,

sellers respond to expected buyer demand, and couriers respond to compensation and available

orders. In this way, market outcomes are determined by the equilibrium behavior of participants.

Second, the notion of “free intercourse” is untenable in online markets due to their scale [Bakos,

1997, Ellison and Ellison, 2009]. In the classical sense, free intercourse implies that participants

can readily observe and trade with all relevant counterparties. In modern online markets, hundreds

of thousands if not millions of participants coexist. Even with digital catalogs provided by the

platform, it remains costly for participants to do search over all potential trading partners [Diamond,
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1982, Einav et al., 2016, Fradkin, 2017]. Instead, they only see a subset of options presented to

them, and must rely on the platform to mediate access to the market. Moreover, platforms are

not neutral intermediaries, they are also operators that hold much power in actively designing and

governing the environments where the economic interactions occur [Roth, 2007, Tirole, 2017, Roth,

2018]. As profit-maximizing operators, they design and govern the market in ways that shape access

and interaction to their own advantage [Rochet and Tirole, 2003, Weyl, 2010]. Platform-charged

commission fees determine the cost of accessing the other side of the market, recommendation

systems and matching algorithms determine which participants are visible to one another, and

sourcing decisions shape which goods are available. In this sense, platforms both enable and restrict

access: they reduce search and information frictions while introducing new ones through their design

choices.

Taken together, modern online platforms operate by mediating access among participants.

Market outcomes are jointly determined by the rules of interaction designed by the platform and

the strategic behavior of participants under those rules.

This thesis studies how platforms use various levers to directly and indirectly regulate access

between participants, and how these levers shape market outcomes. In particular, three levers will

be studied: (1) indirect access control with pricing; (2) direct access control with matching; and (3)

access control with bundling.

1.1 Indirect Access Control with Pricing

The first lever through which platforms mediate access is pricing. In the classical view of markets,

as described by Alfred Marshall, prices emerge from interactions among participants and are paid

from one participant to another in exchange for goods or services. Under perfect competition, prices

adjust so that supply equals demand and identical goods have equal price. In this sense, prices

serves a coordinating role: they determine the terms of trade between participants but do not

restrict access, as any participant who is willing to trade at the prevailing price can do so.

In online platforms, access to the market is mediated, and pricing takes on an additional role as a

tool for controlling access [Rochet and Tirole, 2003, Armstrong, 2006, Weyl, 2010]. Platforms charge

fees for participation, typically in the form of commission or subscription fees. For participants,
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these fees represent the cost of accessing a larger and more connected market, and directly affect

their decision as to whether to join. From the platform’s perspective, setting these fees involves

a tradeoff between expanding access, by attracting a larger pool of participants, and extracting

revenue from those who participate. While many prior works have studied platform’s fees [Banerjee

et al., 2017, Birge et al., 2021], Chapter 2 of this thesis focuses on how such fees affect access: even

without the platform, participants may retain limited access to trade; the platform expands this

access, but conditions it on the payment of fees.

Beyond setting fees for participation, platforms also shape the transaction-level prices exchanged

between participants [Johnson, 2017]. While these prices arise from interactions among participants,

the platform can influence how and when they are paid. For example, features such as “Buy Now

Pay Later” on market platforms or options in regard to tips on delivery platforms alter the timing

and structure of payments. These design choices affect participants’ incentives and thereby affect

which trades take place once participants are on the platform. Chapter 3 studies one such design

choice, examining how a delivery platform’s decision over whether and when buyers can tip couriers

influences market outcomes.

Chapter 2: Indirect Access Control with Commission Fee This chapter studies how

platform-imposed commission fees regulate access through participants’ entry decisions. In a market

platform with unit-demand buyers and unit-supply sellers, each seller chooses whether to join the

platform or remain off-platform. Joining the platform grants a seller access to a larger pool of buyers,

while remaining off-platform restricts trade to a limited, seller-specific set of buyers. The platform

charges a commission fee to sellers who join the platform, in the form of a percentage of transaction

price. The resulting equilibrium of this market is determined jointly by sellers’ entry decisions

and transaction prices: prices emerge from interactions among buyers and both on-platform and

off-platform sellers, reflecting the access available to each seller.

Within this framework, this chapter studies the existence and structure of equilibrium outcomes

and analyzes their welfare properties. A useful observation is that even when the platform sets fees to

maximize its own revenue, the resulting equilibrium retains a bounded fraction of the optimal welfare

benchmark in which all sellers have full access to all buyers. Moreover, even modest regulation

of commission fees can further improve welfare. These results illustrate how pricing serves as an
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indirect lever for shaping access in platform-mediated markets.

Chapter 3: Influencing Market Outcomes through Tipping Design Chapter 3 studies

how platforms influence market outcomes through transaction-level prices exchanged between

participants, in the context of tipping by buyers on delivery platforms. In a three-sided market with

buyers, stores, and couriers, buyers pay for stores’ goods and courier delivery through the platform,

and may additionally tip couriers even before the delivery. A platform can control whether tipping

is allowed and when the tipping amount is revealed to a courier. In particular, when the tipping

amount is revealed before couriers decide whether to deliver an order, couriers prioritize high-tip

orders, which in turn affects how buyers select orders and choose tipping strategies in equilibrium.

For this three-sided market, the chapter analyzes equilibrium outcomes where delivery prices,

worker compensations, tips, and transactions jointly clear the market. I show that the presence of

tipping fundamentally alters market structure: it expands the set of feasible outcomes and weakly

improves optimal welfare. Furthermore, in markets where couriers have distance-based delivery

costs, I show that revealing the tipping amount to couriers before they accept an order can achieve

optimal welfare. In contrast, disallowing tipping or only revealing the tipping amount after delivery

can lead to significantly lower welfare. These results illustrate how the design of transaction-level

payments between participants can have a substantial effect on market outcomes.

1.2 Direct Access Control with Matching

The second lever through which platforms mediate access is matching, which operates as a direct

form of access control. In the classical view of markets, participants can access and trade with

all relevant counterparties in a decentralized manner. In online platforms, however, such access is

mediated due to the sheer number of participants in the market. Rather than interacting with the

full set of participants, each participant is matched only to a subset of participants as determined by

the platform. This need for mediation gives platforms substantial control over which participants are

visible to one another, this control typically effected through search and recommendation systems.

While these recommendation systems are often designed to surface options that best match

participant’s preferences [Aggarwal et al., 2016, Ricci et al., 2021], they also allow platforms to
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shape access in ways that serve their own objectives [Derakhshan et al., 2022, Chu et al., 2020].

Platforms may promote products that generate higher margins than their substitutes, charge for

more prominent positions in consumer search, or favor sellers who use the platform’s fulfillment

services [Chen et al., 2016, European Commission, 2022]. However, for the platform, promoting

access for some sellers creates externalities on other sellers: By increasing the visibility of certain

sellers, the platform can divert demand way from others, reducing their sales and expected profits.

This may induce some sellers to exit the platform altogether, which shrinks the pools of paricipants

from whom the platform can extract commission fee from. As a result,such changes in access may

not generate a net positive effect on platform revenue. Thus, platforms must be careful when

designing matching policies. Chapter 4 examines this problem in detail.

Chapter 4: Direct Access Control with Matching This chapter models a market platform

that introduces buyers to sellers in a setting where each seller initially has access only to a subset of

buyers. By mediating which buyer-seller pairs are introduced, the platform directly determines the

set of feasible interactions and thus the structure of the market. Prices and transactions arise from

competitive forces under these access constraints, while the platform earns revenue from the trades

it facilitates.

With this model, this chapter analyzes the platform’s problem of selecting buyer-seller pairs to

maximize revenue. I show that this problem is computationally intractable in general, reflecting the

complex externalities introduced by direct access control: promoting access for some participants

changes the prices and outcomes for others. I also show that the platform can extract a significant

fraction of the additional welfare it creates through the access that it facilitates while still guaranteeing

that the overall welfare remains within a logarithmic factor of optimal welfare. These results highlight

how direct control over access through matching shapes both platform revenue and market outcomes.

Chapter 5: Matching under Regulatory Intervention during Economic Shocks Direct

access control through matching is not only a lever for a platform’s own revenue maximization,

but can also serve as a tool for maintaining overall economic health during periods of market

volatility. Motivated by economic shocks like the COVID-19 lockdown, which led to surges in online

demand, this chapter adopts a simulation-based approach to study a market platform in a dynamic,
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multi-period setting. Buyers and sellers are modeled as economically-motivated agents, choosing

whether or not to pay corresponding fees to use a platform, while the platform sets the fees and

determines which sellers each buyer can buy from per period. This chapter examines regulatory

interventions aimed at preserving market resilience during such shocks. The results show that

while many such interventions are ineffective when used together with a sophisticated platform, one

particular kind of regulation— fixing commission fees to optimal, pre-shock level while allowing the

platform to retain flexibility in its approach to matching— can improve efficiency, preserve seller

diversity, and promote the resilience of the overall economic system.

1.3 Access Control with Bundling

While the previous chapters focus on platforms operating as matchmakers, controlling access between

multiple sides of the market while not directly participating in transactions, the third part of my

thesis considers platforms operating as middlemen [Hagiu, 2006, Hagiu and Wright, 2015a, Anderson

and Bedre-Defolie, 2024, Abhishek et al., 2016]. Here, a platform may form contracts with sellers,

sourcing products from them, and then reselling these products to buyers. In this setting, access

control is not only about which participants can transact with each other, but also about which

goods are carried by the platform and, consequently, which goods buyers can purchase through it.

This role becomes especially salient in the agentic economy [Rothschild et al., 2026, Lucier et al.,

2026], where personal AI assistants reduce search and transaction frictions and allow buyers to

discover and contact sellers directly, thereby reducing the platform’s role in providing and mediating

access between buyers and sellers. In this new kind of economy, participants facilitated by AI can

again find the most suitable trading partners with almost zero search cost, and platforms cannot

rely on charging for mediated access alone, and must instead monetize capabilities that individual

buyers and sellers with AI agents cannot replicate.

The capability that I focus on is a platform’s power to contract with sellers. By signing

exclusivity agreements with selected sellers, the platform can purchase a subset of products and

effectively remove them from the open market, so that buyers cannot access these sourced sellers

directly even with the help of AI assistants. Platform’s access control therefore takes on a new

meaning: instead of regulating whom can transact with whom on a platform, it governs which
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products remain available off-platform and how the platform sells the products that it has sourced.

In Chapter 6 we examine this setting in the particular context of a platform that sells its sourced

products as a whole bundle to buyers.

Chapter 6: Access Control with Bundling This chapter studies access control when a

platform operates as an intermediary rather than a matchmaker. The platform can form exclusive

contracts with third-party sellers to acquire their items and then sell the acquired items as a single

bundle to buyers with additive valuations, while sellers who are not contracted remain accessible to

buyers directly off-platform. Sellers are assumed to be monopolists for their respective items, which

differ in quality. The platform’s profit equals the bundle’s optimal posted-price revenue minus the

payments required to obtain the sellers’ items.

In this setting, the results show that when qualities are observable, the platform chooses to

form contracts with sellers of contiguous qualities, and that the associated bundle may exclude both

high-quality and low-quality sellers. When qualities are privately known to sellers, a posted price

such that all sellers below some threshold enters the platform is asymptotically profit-maximizing

in large markets. However, to incentivize sellers to truthfully report their qualities, lower-quality

sellers are contracted with the platform with higher probabilities. As a result of this incentive

constraint, the platform must pay information rents to bring high-quality sellers on-platform. When

the platform has in-house production capabilities, the information rents motivate the platform

to produce its own high-quality products instead of sourcing from other sellers. These results

characterize the platform’s access control in regard to which sellers remain accessible off-platform

versus which are included on-platform and made available only through the bundle that the platform

offers.
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Part I

Indirect Access Control with Pricing
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Chapter 2

Indirect Access Control with Commission Fee

2.1 Introduction

During the COVID-19 crisis, entire populations were put under stay-at-home mandates and many

businesses closed due to government restrictions. Nonetheless, some businesses weathered the

situation well, even reporting a positive impact [Bloom et al., 2021]. One of the factors that has been

credited with alleviating the issue is internet economy. Specifically, online platforms such as Amazon

and DoorDash were able to bridge the gap created by consumers’ inability to directly transact

with firms [Raj et al., 2020]. At the same time, platforms used their increased market power to set

high fees for merchants, leaving some with very low or even negative profit margins [Ahuja et al.,

2021]. As a response, states like New York and California, imposed caps on commissions, prompting

some platforms to shift fees towards customers.1 We see that platforms have an increasing role in

facilitating trade, but are also seen to act strategically in setting fees in order to maximize their

gain. In this paper, we introduce a new model that gives a clean theoretical framework to explain

the interplay between the two, and provide insights into how platform regulation can play a role.

We consider a market with a set of unit-demand buyers and unit-supply sellers. Each buyer

has a set of sellers they are able to directly transact with off-platform. Each seller can join a

trading platform to transact with any buyer. Given the transaction constraints dependent on sellers’

decisions, prices and transactions are induced by a competitive (Walrasian) equilibrium. For a seller,

joining the platform weakly increases her price as a result of improved access to buyers, but she

must also pay a transaction fee to the platform, which takes the form of a fraction of her revenue.

The fraction is between 0 and 1, and chosen by the platform. Given a transaction fee fraction, a set

of sellers each buyer can trade with off-platform, and buyers’ valuations, a platform game is defined

where each seller simultaneously chooses whether or not to join the platform (or the probability

with which they join). We name the Nash equilibrium that is formed in this game a Platform

1https://www.protocol.com/delivery-commission-caps-uber-eats-grubhub
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Equilibrium. We define the social welfare as the sum of transacting buyers’ valuations, and optimal

welfare as the social welfare when all sellers join the platform.

We first study the existence of pure Nash equilibria in this game, and how to compute an

equilibrium efficiently. We then study ratio of social welfare to optimal welfare, when the platform

sets the transaction fee fraction to maximize its own revenue in the induced Platform Equilibrium. We

continue to analyze the effect of regulation on social welfare, modelled by a cap on the transaction

fee fraction. Finally, we extend our analysis to markets with multiple platforms, and beyond

unit-demand buyers, and also consider sellers with production costs.

2.1.1 Results and Techniques

Existence of pure Nash equilibrium and computation. In Section 2.3, we explore the

existence of pure Platform Equilibria, in the platform game under a fixed transaction fees and

market conditions. Throughout the paper, we assume the market clears at the maximum competitive

prices. This reflects a model in which sellers have market power, so that it is sellers and not buyers

that are, in effect, setting prices for trades (subject to the standard requirements of competitive

equilibrium, which require balance of supply and demand). As shown in Appendix A.1, some of our

results cease to hold with other choices for competitive equilibrium prices, such as the minimum

competitive equilibrium prices. We show when a buyer values all sellers’ items equally, also known

as the homogeneous-goods case, pure Platform Equilibrium always exist, and can be found by a

simple procedure. The existence of a pure equilibrium is no longer guaranteed in general markets.

Theorem 1 (Informal Version of Proposition 2.3.1 and Theorems 2.3.5). In any homogeneous-goods

market, a pure Platform Equilibrium exists for any transaction fee fraction and can be found in

polynomial time by Algorithm 1. In contrast, there exists general markets where pure Equilibrium

does not exist for some values of transaction fee fraction.

The proof of this result is involved and draws upon the unique structure for homogeneous-goods

market. Kranton and Minehart [2000] defines the notion opportunity path, which alternates between

buyers and sellers to capture competitive prices for sellers’ items. We use this combinatorial

structure to decompose social welfare into optimal welfare achieved by sellers off-platform, and the

remaining on-platform component. This in turn offers a simple expression for sellers’ on-platform

10



prices. Finally, we reason combinatorially to show as the transaction fee fraction lowers from 1 to 0,

Algorithm 1 can find pure equilibrium with any number of on-platform sellers.

The above theorem implies different ways to study social welfare in homogeneous-goods and

general markets. In the former, we can use pure equilibria to bound platform revenue and social

welfare. In the latter we need to reason about mixed equilibria when studying the effect of a platform

on the market.

After studying the existence and computational aspects of Platform Equilibria, in Sections 2.4

and 2.5, we analyze how the platform affects the social welfare in the market. We consider a

platform setting the transaction fee fraction strategically to maximize its own revenue, and the

sellers respond by playing a Platform Equilibrium. Since there can be multiple Platform Equilibria,

we assume the platform can use its market power to choose a favorable equilibrium, given its choice

of transaction fee fraction. We stress our results for Section 2.4 and 2.5 are proved for mixed as well

as pure equilibrium.

Social welfare with an unregulated platform. As a first study, in Section 2.4, we consider

the case where the platform is unregulated in setting fees. Let n and m be number of buyers

and sellers, respectively. In a homogeneous-goods market, the obtained welfare can be as low

as O(1/ log(min{n,m}))-fraction of the optimal welfare, and this is tight. We show tightness by

showing the platform is able to extract Ω(1/ log(min{n,m}))-fraction of optimal welfare as revenue.

This is done by analyzing different possible market structures, and showing how the platform

extracts the desired revenue target in each one. As platform revenue provides a lower bound on the

welfare, this yields the desired bound. In the proof, we utilize the pure equilibria finding algorithm

to show how to choose a fee and a corresponding equilibrium to extract enough revenue (recall

that we assume the platform can select a desirable equilibrium). The platform might choose a

different fee and possibly mixed equilibrium to extract even more revenue, which implies the revenue

guarantee of the platform, and as a result, the welfare guarantee of the buyers and sellers.

Theorem 2 (Informal Version of Theorem 2.4.1 and Theorems 2.4.4). When the platform is unregu-

lated, there exists a homogeneous-goods market in which the Platform Equilibrium is O(1/ log(min{n,m}))-

fraction of the optimal welfare. For every homogeneous-goods market, the optimal fee for a revenue-

maximizing platform results in a Platform Equilibrium that guarantees at least Ω(1/ log(min{n,m}))-
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fraction of the optimal welfare.

The above result shows even though the platform is maximizing its own revenue, we still get

welfare guarantees as a byproduct. However, this guarantee is modest, and only for a very restrictive

market setting. For general markets, the prospect is worse: there exists a market where the Platform

Equilibrium is only O(1/min{n,m})-fraction of the optimal welfare. This motivates us to study

the effect of imposing regulations on the fees that a platform can charge, something that is typical

in practice [Calder, 2021]. As we show, even light regulation can provide much stronger welfare

guarantees, and even for general markets.

Social welfare with fee cap. In Section 2.5, we present the main positive result of the paper.

Let α be the transaction fee fraction the platform posts and Price of Anarchy (PoA) of Platform

Equilibrium be the ratio of optimal welfare to social welfare across all markets. We study PoA

when regulators cap the highest possible α in general unit-demand unit-supply markets. Since

social welfare is larger for lower transaction fees, we bound the PoA assuming the platform posts

fee α exactly at this cap. If the platform posts a lower fee for higher revenue, this bound still

holds. This analysis does not assume the platform uses market power to select a particular Platform

Equilibrium, and thus work for all equilibria. Concretely, we show the following.

Theorem 3 (Informal Version of Theorem 2.5.1, 2.5.2 and 2.5.4). For any fixed fee α ∈ [0, 1), the

Price of Anarchy of Platform Equilibrium is at most 2−α
1−α . Moreover, for every α, there is a market

for which the ratio of optimal welfare to social welfare is indeed 2−α
1−α , and sellers use pure strategies.

The theorem implies if the platform’s fee is capped at 30%, a quantity higher than most real

world delivery platform fees as shown in Table 2.1, the resulting social welfare in every Platform

Equilibrium is at least 41% of the optimal welfare. Without the platform, the obtained welfare can

be arbitrarily low.

As discussed above, a pure Platform Equilibrium might not exist for general markets. Thus,

for this result we also analyze PoA when sellers employ mixed strategies.2 Our proof takes a mixed

Platform Equilibrium x = (x1, . . . , xm), where xi is the probability seller i joins the platform, and

builds a corresponding Bayesian game for theoretical analysis. In this Bayesian game, each seller

2As the strategy space is compact and the game is finite, a mixed Platform Equilibrium is guaranteed to exist.
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Platforms Amazon UberEats DoorDash Grubhub

Commission Rate 8%-20% 15%-30% 15%-30% 15%-25%

Table 2.1: Platforms and their commission rate in the US from 2021-2022.3

can always trade with its off-platform buyers in the original game, but with probability xi it can

trade with all buyers. Each seller needs to decide whether to join the platform, and pay an α fee to

the platform, or stay off the platform, before it knows whether it can trade with all buyers. We

show that if x is an equilibrium in the original game, then no sellers joining is an equilibrium of the

new Bayesian game, and the expected welfare is at least 1−α
2−α -fraction of the optimal welfare.

Generalizations. Finally, we extend our model and results beyond the single platform unit-

demand and zero cost setting. Section 2.7.1 proves the Price of Anarchy results under regulation

still hold in a market where multiple platforms compete for buyers and sellers. In Section 2.7.2,

we show when sellers have production costs, the Price of Anarchy results extend naturally, with

the results factoring out the cost. In Section 2.7.3, we extend our results beyond unit-demand and

consider additive-over-partition matroids valuation. That is, for each buyer, sellers are partitioned

into a set of categories, and the buyer values at most a capacity number of sellers from each category.

This generalizes both unit-demand and additive valuations, as well as k-demand valuations where a

buyer is additive over their top k items (e.g., in Berger et al. [2020], Zhang and Conitzer [2020]).

2.1.2 Related Work

There are three works that use models similar to ours to examine how an online platform facilitates

trade between buyers and sellers for revenue. Birge et al. [2021] study the optimal commission and

subscription fee structure in a bipartite market. Also in a bipartite market, Banerjee et al. [2017]

consider a platform matching buyers to sellers for revenue. We share with these two works the

idea that prices and trades are shaped by competitive forces endogeneous to the market, rather

than being directly set by the platform. The main difference is that in these two works platform is

the only venue where buyers and sellers interact, while we emphasize on the off-platform trading

3This data is gathered from platforms’ US websites in 2023. Amazon referral fees are charged according to item
categories. 8%-20% for all categories except ‘Amazon device accessories’. https://sell.amazon.com/pricing. For
UberEats, DoorDash and Grubhub see https://merchants.ubereats.com/us/en/pricing/,https://get.doordash.
com/en-us and https://get.grubhub.com/products/marketplace/
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opportunities. This distinction allows us to model sellers’ decision processes to join the platform.

In fact, if off-platform options are not present in our model, sellers will always join the platform,

resulting in arbitrarily high platform fees, while social welfare remains equal to optimal welfare.

These two works are more general in other ways; for instance each node on the bipartite graph

represents a continuum of buyers or sellers with varying valuations or costs. The third related

work is [D’Amico-Wong et al., 2024], which models off-platform options. However, their focus is on

platform matching buyers to sellers for revenue, whereas ours centers on platform setting fees.

Besides the three closest papers, our work build upon previous results on how network structure

influence competitive equilibrium prices. Kranton and Minehart [2000] study a homogeneous-goods

buyer-seller market and relate the highest and lowest competitive prices to opportunity paths of

trading agents. We make use of this structural result in the analysis in the present paper. Elliott

[2015] generalizes the opportunity path argument to markets with general unit-demand valuations.

Kakade et al. [2004] further study the way in which equilibrium prices depend on the statistical

structure of the buyer-seller bipartite graph. These works focus on price and network structure, and

do not consider an intermediary as we do.

Another strand of work that is related to ours is the study on network formation games with

competitive equilibrium models of trade, subject to edge-constrained trading relationships. Kranton

and Minehart [2001] model buyers purchasing links to sellers in a bipartite economy before their

valuations are realized, and show the Nash equilibrium of the network-formation game is fully

efficient. Under a similar setting, Even-Dar et al. [2007] characterize all possible, equilibrium

bipartite graph topologies, based on the edge cost and the number of sellers and buyers, but do not

discuss welfare. Similar to the two works, we also build on top of foundational studies on competitive

equilibria in bipartite economies [Kelso and Crawford, 1982, Gul and Stacchetti, 1999], and analyze

the effect of market participants’ incentives on network formation. But the platform-based emphasis

leads our model to depart from theirs in various ways: 1) in our work, there is a revenue-optimizing

platform that mediates trade and chooses transaction fees. In their work, sellers and buyers interact

without a selfish mediator; 2) as discussed in the previous paragraph, buyers and sellers in our

work start with existing trading opportunities; 3) in our work, sellers acquire edges to all buyers

simultaneously by joining the platform, and pay a fraction of the final competitive price for joining

platform. In theirs, each edge has to be purchased individually with a fixed price per edge.
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Our work also relates to the broader literature that studies platform economics, which tends to

ask questions about how to build network effects through subsidy under various forms of platform

competition [Caillaud and Jullien, 2003, Armstrong, 2006, Rochet and Tirole, 2003]. Although

our methods differ, we draw inspiration from this realm that a platform may subsidize one side of

the market, while charging a fee to the other side (in our case, subsidizing buyers and charging

sellers). For example, Caillaud and Jullien [2003] study the role of platforms in matchmaking, with

a platform that charges registration fees for entry and commission fees per transaction. Similarly,

Wang et al. [2023], with registration and transaction fees, use simulation and reinforcement learning

to investigate different regulatory approaches for platform prices to foster a more resilient economic

system.

2.2 Preliminaries

We adopt the buyer-seller network model of Kranton and Minehart [2000]. There is a set of n buyers,

B = {1, . . . , n}, and m differentiated sellers, S = {1, . . . ,m}. Each seller has a single product to sell,

and each buyer i has a unit-demand valuation, vi. Buyer i’s value for seller j’s product is vij ≥ 0. A

bipartite graph G = {gij}i∈B
j∈S

models which buyers and sellers can directly transact, without the use

of the platform, where

gij =


1 Buyer i can directly transact with seller j

0 Otherwise

. (2.1)

For buyer i, N(i) = {j : gij = 1} denotes the list of sellers linked to the buyer in G. We define

a competitive (Walrasian) equilibrium in the buyer-seller network model.

Definition 2.2.1 (Competitive Equilibrium). A competitive equilibrium for the buyer-seller network

G is a tuple (p, a). p = (p1, . . . , pm) are none-negative item prices, a = {aij}i∈B
j∈S
∈ {0, 1}n×m is an

allocation of the goods to the buyers, and:

• Transactions must respect links: aij ≤ gij ∀i ∈ B j ∈ S.

• Buyers are allocated at most one good:
∑

j aij ≤ 1 ∀i ∈ B.
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• Goods are sold at most once:
∑

i aij ≤ 1 ∀j ∈ S.

• Buyers gets their most preferred outcome: ui(p,a) ≥ vij − pj ∀i ∈ B j ∈ S. where

ui(p,a) =
∑
j

aij(vij − pj), (2.2)

is buyer i’s utility for the allocation.

• Buyers have non-negative utility: ui(p,a) ≥ 0 ∀i ∈ B.

• Unassigned goods have price 0.

A competitive equilibrium is a canonical model of the steady state in a market, capturing the

notion of prices that are set such that supply meets demand. It follows from standard existence

results [Kelso and Crawford, 1982] that a competitive equilibrium always exists in a unit-demand

buyer-seller network (a missing edge can be represented as vij = 0). Moreover, competitive equilibria

have a number of desirable properties.

Theorem 2.2.2 (First Welfare Theorem). In a competitive equilibrium, the social welfare is

maximized with respect to the set of allocations that respect the transaction constraints posed by G.

Theorem 2.2.3 (Second Welfare Theorem [Gul and Stacchetti, 1999]). Let (p,a) and (p′,a′) be

two competitive equilibria of a buyer-seller network G, then (p, a′) is also a competitive equilibrium

(and so is (p′,a)).

The Second Welfare Theorem implies that prices have the property of either forming a compet-

itive equilibrium with any social-welfare optimal allocation, or forming a competitive equilibrium

with none of them. We refer to prices p that are part of a competitive equilibrium as competitive

prices. It is also well known that competitive prices have a lattice structure.

Theorem 2.2.4 (Lattice structure for competitive prices [Gul and Stacchetti, 1999]). Let p1 and

p2 be competitive prices, then p1 ∨ p2 and p1 ∧ p2 are also competitive prices, where ∨ is the

coordinate-wise maximum and ∧ is the coordinate-wise minimum.

As a result, there are minimum and maximum competitive prices, denoted p and p respectively,

with item-wise minimum and item-wide maximum prices denoted p
j

and pj . For S sellers, B buyers,
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network G, and buyer values v, we use W (S,B,v, G) to denote the optimal welfare from all feasible

transactions between sellers S and buyers B. When clear from context, we omit v from the notation.

We will make use of the following characterization result.

Theorem 2.2.5 (Characterization of competitive prices Gul and Stacchetti [1999]). The minimum

and maximum competitive prices for an item j have the following form:

p
j

= W (S ∪ {j}, B,G)−W (S,B,G), (2.3)

pj = W (S,B,G)−W (S \ {j}, B,G). (2.4)

Here, S ∪ {j} denotes adding another copy of seller j with all its edges to the market, and

S \ {j} is removing seller j and all its connected edges from the market. The resulting graph changes

correspondingly when adding or removing j with all its edges, but for notation convenience we still

use G to denote the graph.

We next present our framework for analyzing the effect of the presence of a platform on a

buyer-seller network.

2.2.1 Platform Equilibrium

Consider a buyer-seller network defined on graph G. Without a platform, a competitive equilibrium

(p,a) is formed subject to G (see Definition 2.2), where p are competitive prices that support a

welfare-optimal allocation, a, subject to G. We do not assume anything regarding p except that it

is competitive price vector.

The utility of a buyer is given by Eq. (2.2), while the utility of a seller j is the revenue, pj (which

is necessarily zero if the seller does not trade). By the First Welfare Theorem (Theorem 2.2.2), the

obtained welfare in the market that forms in the absence of a platform is W (S,B,G).

Consider now a platform that declares a transaction fee fraction, α ∈ [0, 1]. Given that a set of

sellers P ⊆ S joins the platform, a new network Ĝ = G(P ) = {ĝij}i∈B
j∈S

is formed with the following
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connections,

ĝij =


1 Seller j ∈ P

gij Otherwise

. (2.5)

That is, the constraints faced by a seller that does not join the platform are unchanged, whereas

a seller that joins the platform can transact with any buyer.

Given the modified constraints on transactions, Ĝ, a modified competitive equilibrium (p̂, â) is

formed, where â is the optimal allocation constrained to Ĝ, and p̂ are the supporting competitive

prices. The utility of buyer i in this competitive equilibrium is ui(p̂, â) ≥ 0. The utility of a seller

j who does not join the platform is p̂j , while the utility of a seller j who joins the platform is

(1− α)p̂j .
4 The platform’s utility is α ·

∑
j∈P p̂j . We assume the market clears with the maximum

competitive prices, as it reflects a model where sellers have market power and in effect set prices for

trades. That is, p̂j = pj . As we show in appendix A.1, max price is meaningful to discuss welfare

loss due to a selfish platform.

For a seller j, and holding other sellers’ strategy fixed, let pon and poff be the competitive

prices when seller j joins and not joins the platform, respectively. j joins the platform if the utility

from joining is more than that from not joining. That is, if (1 − α)ponj > poffj . If there is a tie in

utility, the seller may join or not. If the utility for joining is strictly smaller than not joining, the

seller does not join. We can now define a Platform Equilibrium for pure strategies.

Definition 2.2.6 (Pure Platform Equilibrium). Let p(P ) denote the competitive prices formed

when a set of sellers, P , join the platform, where for sellers who join, their prices are the maximum

competitive price for the obtained network structure. The set P corresponds to a Platform Equilibrium

if and only if,

• For each seller j ∈ P , then (1− α)ponj ≥ p
off
j , for pon = p(P ) and poff = p(P \ {j}), and

• For each seller j /∈ P , then poffj ≥ (1− α)ponj , for poff = p(P ) and pon = p(P ∪ {j}).

4In reality, a seller joining the a platform such as a food-delivery platform can still transact with a buyer off
platform. But in the unit-supply unit-demand market, a seller has weakly no incentive to join the platform if it
transacts directly with the buyer, through an existing link. Therefore, we assume all sellers on platform pay transaction
fee.
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In this way, a pure Platform Equilibrium is a Pure nash equilibrium of the game where the

sellers can choose whether or not to join the platform. Similarly, we define the larger set of mixed

Platform Equilibria.

Definition 2.2.7 (Mixed Platform Equilibrium). Let xj ∈ [0, 1] denote the probability with which

seller j joins the platform, and assume that for sellers who join, their prices are the maximum

competitive prices for the obtained network structure. The vector x = (x1, . . . , xm) is a Mixed

Platform Equilibrium if and only if, each seller j maximizes their utility by choosing xj given x−j,

EP∼x [uj(P, α)] ≥ max
(
EP∼x−j [uj(P, α)] ,EP∼x−j [uj(P ∪ {j}, α)]

)
, (2.6)

where uj(P, α) is the utility of seller j when a set of sellers P joins the platform, the platform

charges transaction-fee α, and the competitive prices are p(P ).

2.2.2 Modeling the Effect of a Selfish Platform on social welfare

We now present our model to analyze the effect of a selfish platform on social welfare. A Selfish

platform sets a transaction fee α to maximize its revenue, assuming as before that the market

clears with the maximum competitive prices. As there can be a plethora of Nash equilibria, let

EQ(S,B,v, G, α) denote the set of equilibria defined by parameters S,B,v, G, at transaction-fee α.

Further we assume the platform can use its market power to induce the equilibrium with highest

revenue in EQ(S,B,v, G, α). The platform chooses α⋆ such that

α⋆ ∈ arg max
α

max
x∈EQ(S,B,v,G,α)

EP∼x

α ·∑
j∈P

pj(P )

 . (2.7)

This is the transaction fee that maximizes the platform’s revenue for the best possible Nash

equilibrium in terms of revenue to the platform. If the platform is regulated in setting fees, and

cannot set a fee higher than α, we simply add the constraint of α ≤ α to the arg max expression in

the platform’s optimization problem in Equation (2.7). In this way, the platform acts as a leader

that optimizes for an optimistic Stackelberg Equilibrium in a Stackelberg game where both the

platform and the sellers act strategically. We denote the set of Platform Equilibria that maximizes
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the platform’s revenue as

X⋆ = arg max
x∈EQ(S,B,v,G,α⋆)

EP∼x

α⋆ ·∑
j∈P

pj(P )

 . (2.8)

We aim to quantify the efficiency of the resulting Platform Equilibrium. Let kB,S be the

complete bipartite graph between buyers and sellers, and let W ⋆(S,B,v) = W (S,B,v, kB,S) be the

optimal welfare; i.e., the optimal social welfare in the case that there are no logistical constraints

and each buyer can transact with any seller. When clear from context, we denote the optimal

welfare W ⋆(S,B,v) by W ⋆. We use the price of anarchy to quantify the worst-case social welfare in

a Platform Equilibrium.

Definition 2.2.8 (Price of Anarchy). The price of anarchy (PoA) of a Platform Equilibrium is the

worst case ratio between the optimal welfare to the lowest-welfare platform equilibrium that maximizes

the platform’s revenue for any market. Here the worst case is over all possible buyer-seller networks,

and buyers’ valuations.

PoA = max
S,B,G,v,x∈X⋆

W ⋆(S,B,v, G)

EP∼x [W (S,B,v, G(P )]
. (2.9)

Though PoA is defined for all equilibria, in later sections we will slightly abuse notation and

use ”PoA of pure (mixed) Platform Equilibrium” to denote the the worst case ration between the

ideal welfare to the lowest-welfare pure (or mixed) Platform Equilibrium respectively.

2.3 Existence of a Pure Platform Equilibrium

In this section, we show first show that a pure Platform Equilibrium does not always exist in

general buyer-seller markets, and then give a polynomial-time algorithm that find a pure Platform

Equilibrium in homogeneous-goods market regardless of transaction fee α. Most proofs are deferred

to Appendix A.2.

2.3.1 Non-Existence of Pure Equilibria

We first show that for some markets, pure Platform equilibria need not exist.
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Figure 2.1: An example with no Platform Equilibrium in pure strategies at α = 1
2 . Black solid lines

are direct links, as captured by N(i) for buyer i, and blue dotted lines indicate missing links. Buyer
values are annotated adjacent to each edge, and all any value that is omitted is zero.

Proposition 2.3.1. There exists a general buyer-seller network and a transaction fee, α ∈ [0, 1],

for which there is no pure Platform Equilibrium.

The proof follows the example in Figure 2.1, and is given in Appendix A.2.1. At a high level,

a seller’s competitive price is related to the externality they impose on the whole market, and is

influenced by other sellers’ connections. In the proof, we show that sellers’ best-response dynamics

can exhibit a cyclic behavior: some sellers joining the platform can cause other sellers already on

platform to leave, or cause other sellers to join the platform.

2.3.2 Computing a Pure Nash Equilibrium in a Homogeneous-Good Market

We now study homogeneous-good markets, where sellers have identical items, and buyer valuation

is captured by a single scalar vi ∈ R+. For this case, a pure equilibrium can always be found in

polynomial time. To show this, in Lemma 2.3.2 we first decompose social welfare into optimal welfare

achieved by sellers off-platform, and the remaining on platform component. Then in Lemma 2.3.3 we

show all on platform sellers have the same price, and is related to the number of sellers on platform.

Finally, we give the algorithm that finds the pure equilibrium. As we show in Theorems 2.3.5

and 2.3.8, in homogeneous goods markets, there is an order of adding sellers to the platform with the

following desirable property: when adding a new seller to the platform, (i) no seller that is previously

added would want to leave, and (ii) a seller that had negative gain from joining before, would rather

still not join. All lemmas and theorems in this subsection hold only for homogeneous-goods markets.

Missing proofs are deferred to Appendix A.2.2.
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Kranton and Minehart [2000] proves when a new seller is added to a market, at most one new

buyer transacts (Lemma A.2.3). Building on this we state two useful lemmas on how a set of sellers

joining the platform affects the welfare and what is their price.

Lemma 2.3.2. Consider a buyer-seller network (S,B,G). Let P ⊆ S be the sellers joining the

platform. Let BG be buyers transacting in W (S \ P,B,G) and B̄G = B \BG. Let m′ = |P | and let

v̄(m′) be the sum of the m′ largest buyers in B̄G, or the sum of all buyers in B̄G if there are less

then m′ buyers in B̄G. Then

W (S,B,G(P )) = W (S \ P,BG, G) + v̄(m′). (2.10)

Lemma 2.3.3. All sellers joining the platform have the same price of v̄(m′)− v̄(m′ − 1).

We now present the main result of this section. For any transaction fee α in a homogeneous-

goods market, Algorithm 1 finds a pure Platform Equilibrium in polynomial time. The algorithm

adds sellers to P iteratively, which eventually contains all sellers joining the platform in the pure

Platform Equilibirum computed. At every round, the algorithm computes for all sellers who haven’t

joined P yet, what is their utility gain in joining the platform, given the current P (captured by

ϕPj ). The set of sellers with the largest utility gain is labeled as ΦP
max in step 5. If |ΦP

max| = 1, the

algorithm adds the seller with the largest gain to P . If |ΦP
max| > 1, it chooses a seller with the lowest

off-platform price among all in ΦP
max. The following lemma shows the seller added to P each round

has the lowest off platform price out of all agents in S \ P .

Lemma 2.3.4. At an iteration, if Algorithm 1 adds seller ĵ to platform, then for every seller j /∈ P ,

poff
ĵ

(P ) ≤ poffj (P ).

Using the above lemmas, we now provide a sketch of the proof of the main theorem of the

section, in order to demonstrate the main ideas used to proof it. The full proof is quite technical

and appears in Appendix A.2.2.

Theorem 2.3.5. For any α ∈ [0, 1], Algorithm 1 outputs a pure strategy Platform Equilibrium.

Proof Sketch. The gist of the proof is showing whenever a new seller ĵ is added to P , the sellers j

which are already in P do not want to leave P (that is, their utility is still higher on-platform). In
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ALGORITHM 1: Finding a pure Platform Equilibrium at fixed α.

1. Initialize P ← ∅.

2. Let G(P ) denote the graph G after connecting all sellers in P to all buyers.

3. For each j ∈ S, let ponj (P ) be j’s price on platform, poffj (P ) be j’s price off platform given P \ {j} is on
platform.

4. For each j ∈ S, let ϕPj = (1− α)ponj (P )− poffj (P ).

5. Let ΦP
max = arg maxj∈S\P {ϕPj }, ĵ ∈ arg minj∈ΦP

max
{poffj (P )}.

6. While (P ̸= S) ∧ (ϕP
ĵ
≥ 0):

• P ← P ∪ {ĵ}.
• Update G(P ).

• Recompute seller ĵ according to the new prices ponj (P ) and poffj (P ) and the new ϕPj .

7. output P

particular, we want to prove ∀j ∈ P , their benefit of staying on platform is larger than ĵ’s benefit of

joining. That is, given P and ĵ ∈ arg maxj∈S\P {ϕPj },

∀j ∈ P ϕ
P∪{ĵ}
j ≥ ϕP

ĵ
≥ 0. (2.11)

Since ĵ is the next seller joining, ϕP
ĵ
≥ 0. Expanding Eq. (2.11), we need to prove the following,

ϕ
P∪{ĵ}
j − ϕP

ĵ
= (1− α)[ponj (P ∪ {ĵ})− pon

ĵ
(P )] + [poff

ĵ
(P )− poffj (P ∪ {ĵ})] ≥ 0. (2.12)

Since j ∈ P , both ponj (P ∪ {ĵ}) and pon
ĵ

(P ) consider the price of j and ĵ when the set of sellers on

platform is P ∪{ĵ}. Therefore, according to Lemma 2.3.3, their price is the same, and the first term

in Lemma 2.3.3 is equal to 0. Thus, what’s left to prove is

poff
ĵ

(P ) ≥ poffj (P ∪ {ĵ}). (2.13)

The intuition for this is the following. By Lemma 2.3.4 j has a lower off-platform price than ĵ

when it is selected by the algorithm. If, as opposed to Eq. (2.13), we have poffj (P ∪ {ĵ}) > poff
ĵ

(P ),

we show there must be a seller j′ joining after j, such that its joining the platform frees up a high

value buyer for j. This implies j′ should have high off platform price when it joins, and should be

added after ĵ, forming a contradiction. The full proof also uses a submodularity condition on max
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weight matching, and is deferred to the Appendix A.2.2.

Useful Properties of Algorithm 1

In this section, we state other useful properties of pure Equlibria in homogeneous goods markets

that arise from Algorithm 1. In Section 2.4.1, these properties will be useful in lower bounding

revenue, and in turn welfare for markets with selfish platforms.

Algorithm 1 can be used to find a pure equilibrium at any α. The following two lemmas allows

one to continuously decrease transaction fee from α = 1 with algorithm 1, and gradually enlarge the

set of on-platform sellers in equilibrium.

Lemma 2.3.6. In a homogeneous-goods market (S,B,G), let SG be the set of transacting sellers,

S̄G be the set of none-transacting sellers. Then any P ⊆ S̄G joining is a pure equilibrium at α = 1.

Lemma 2.3.7. Let P1 be the set of sellers that forms an equilibrium by Algorithm 1 for α1. Then

for any P2 ⊋ P1 there exists an α2 < α1 for which Algorithm 1 outputs P2.

Algorithm 1, Lemmata 2.3.6 and 2.3.7 offer a way to find sets of pure equilibrium at different

transaction fees without cold starting the algorithm at P = ∅ for each α. We can continuously

decrease the transaction fee from α = 1 to 0, adding a seller j to platform when the on-platform

gain ϕj(P ) reaches zero. The following theorem further says as α decreases, the set of on-platform

sellers in pure equilibrium enlarges by one seller each time. With this procedure, we can check and

compare revenue each time a new seller joins.

Theorem 2.3.8. For any number mp = 1, ...,m, there exists a pure Platform Equilibrium P such

that |P | = mp. Furthermore, all such equilibria can be found by lowering α from 1 to 0 with

Algorithm 1.

Proof Sketch. As α decreases continuously from 1 to 0, ϕPj continuously increases for all j when

the equilibrium set P stays the same. When some sellers ΦP
max reaches zero on-platform gain,

Algorithm 1 adds a seller j ∈ ΦP
max to P . It suffices to show after j is added to P , ∀ĵ /∈ P , either

ϕĵ(P ∪ {j}) ≤ ϕĵ(P ) or ϕĵ(P ∪ {j}) < 0.
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Therefore, the on platform gain is non-positive for sellers not on platform. Thus, P ∪ {j} is indeed

a pure equilibrium, larger than P by 1.

Recall that in the example in Proposition 2.3.1, one seller joining the platform can incentize

off-platform sellers to join the platform, or on-platform sellers to leave the platform. This is

not true for homogeneous-goods markets. Algorithm 1 provides a way to build the set of pure

equilibrium. Theorem 2.3.5 shows that a seller joining would not incentivize on-platform sellers to

leave, while Theorem 2.3.8 proves a seller joining would not incentivize off-platform sellers to join.

In Section 2.4.1, we will use these properties to prove the first results on the positive effect of a

selfish platform on the social welfare of the market.

2.4 Market Efficiency with an Unregulated Platform

In this section, we study the social welfare with an unregulated platform. Recall our definition of

the platform’s optimization problem and the definition of the price of anarchy in measuring market

efficiency, as in Section 2.2.2. In Section 2.4.1, we present the first result in the positive effect

of a selfish platform on market efficiency. We show that in any homogeneous goods market, the

obtained Platform Equilibrium, be it pure or mixed, guarantees at least 1/ log(min{m,n})-fraction

of the ideal social welfare. In Section 2.4.2, we show that this is tight, up to constant factors. In

Appendix A.3 we show that in markets with general unit-demand valuations, the state of affairs is

worse–the price of anarchy can be as bad as min{n,m}. This motivates us in showing that even

light regulation of the platform can lead to substantial welfare gain, as presented in Section 2.5.

2.4.1 O(log(min(n,m))) PoA for Homogeneous-Goods Markets

We now show the upper bound of the price of anarchy.

Theorem 2.4.1. The PoA is O(log(min{n,m})).

The proof follows immediately from Lemma 2.4.2 and 2.4.3, which prove this claim for the

range n ≤ m and for the range n ≥ m. Interestingly, the proofs give a lower bound on the welfare

by giving a lower bound on the platform’s optimal revenue, which we denote by Rev⋆ in terms of

the optimal welfare. As the platform’s revenue is not more than the sellers’ competitive prices which
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are no more than buyers values, this immediately gives a lower bound on the social welfare. As we

lower bound welfare through revenue, the established bound works for mixed equilibrium.

For the proof of the two lemmas, we use the following notation. Let BG and SG be the set

of buyers and sellers that transact when there’s no platform (S,B,G). Let B̄G = B \ BG and

S̄G = S \ SG. We normalize the ideal welfare to be W ⋆ = 1. Denote the k-th harmonic number by

Hk = 1 + 1
2 + 1

3 + . . .+ 1
k .

Lemma 2.4.2. When there are more sellers than buyers n ≤ m, the PoA is O(log n).

Proof. If W (SG, BG, G) ≥ 1/ logn we are done. Therefore, assume W (SG, BG, G) < 1/ logn ≤ 1/2,

thus W ⋆(S, B̄G, G) > 1/2. Let mG = |SG| = |BG|, m̄G = |S̄G| and n̄G = |B̄G| (thus m = mG+m̄G).

Notice that m̄G ≥ n̄G. Sort and denote the values of the buyers in B̄G by v1 ≥ v2 ≥ ... ≥ vn̄G .

By Lemma 2.3.6, the platform can always post α = 1 and select any set of sellers in S̄G to join

the platform. By Lemma 2.3.2, if the platform chooses k = 1, . . . , n̄G sellers from S̄G to join, then

matching them to buyers v1, v2, ..., vk maximizes the welfare. Lemma 2.3.3 then says all on platform

sellers have price vk. Therefore Rev⋆ ≥ k · vk for any k ≤ n̄G. As m̄G ≥ n̄G,W ⋆(S̄G, B̄G, G) =

W ⋆(S, B̄G, G) > 1
2 . We get that

1

2
< W ⋆(S̄G, B̄G, G) =

n̄G∑
i=1

vi ≤
n̄G∑
i=1

Rev⋆/i ≤ Hn ·Rev⋆

which implies Rev⋆ = Ω(1/ logn). As the platform’s revenue is always smaller than the market’s

welfare, we get that the welfare is also Ω(1/ log n).

Lemma 2.4.3. When there are more buyers than sellers n > m, the PoA is O(logm).

Proof. We follow the same notations as in the proof of Lemma 2.4.2. If W (SG, BG, G) ≥ 1/ logm

we are done. Therefore, assume W (SG, BG, G) < 1/ logm, and thus W ⋆(S, B̄G, G) > 1− 1/ logm.

Denote the values of the buyers in BG by v̂1 ≥ v̂2 ≥ . . . ≥ v̂mG and the values of buyers in B̄G by

v1 ≥ v2 ≥ . . . ≥ vn−mG . We consider the following cases:

Case 1: mG < m̄G. The reasoning is same with proof in Lemma 2.4.2. The platform can always post

α = 1 and select any set of sellers in S̄G to join the platform. If the platform chooses k = 1, . . . , n̄G

sellers from S̄G to join, then on platform sellers have price vk. Therefore Rev⋆ ≥ k · vk for any
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k ≤ m̄G. As mG < m̄G, W ⋆(S̄G, B̄G, G) ≥W ⋆(S, B̄G, G)/2 > (1− 1/ logm)/2 ≥ 1/3. We get that

1/3 < W ⋆(S̄G, B̄G, G) =

m̄G∑
i=1

vi ≤
m̄G∑
i=1

Rev⋆/i ≤ Hm ·Rev⋆,

which implies Rev⋆ = Ω(1/ logm) and the welfare is also Ω(1/ logm).

Case 2: mG ≥ m̄G and v1 ≥ 1/12. If m̄G > 0, then posting α = 1 guarantees a seller from S̄G

joining and paying v1 ≥ 1/12 to the platform, which implies that the welfare is also at least 1/12.

Otherwise, by Theorem 2.3.8 decrease α until one seller j ∈ SG joins in pure equilibrium.

As j’s off platform price is at most the value of a buyer in BG, poffj ≤ 1/ logm before joining

and at least ponj ≥ v1 − 1/ logm ≥ 1/24 after joining. To have j join, α is the highest value for j to

break even: (1− α)ponj = poffj ≤ 1/ logm ⇒ α ≥ 1− 24/ logm ≥ 1/2. Thus, Rev⋆ ≥ α/24 ≥ 1/48,

which again implies the welfare at the equilibrium is a constant-fraction of the optimal welfare.

Case 3: mG ≥ m̄G and v1 < 1/12. Since there are many sellers transacting off-platform, in optimal

matching SG and B̄G create a lot of welfare.

W ⋆(SG, B̄G, G) > W ⋆(SG, B,G)−W ⋆(SG, BG, G)

>
1

2
W ⋆(S,B,G)−W (SG, BG, G) >

1

2
− 1/ logm >

1

3

Now let ℓ = arg maxℓ̂{
∑ℓ̂

i=1 vi s.t.
∑ℓ̂

i=1 vi < 1/6.} that is, the largest index of buyer in B̄G such

that the sum of the ℓ highest buyers values in B̄G is smaller than 1/6. As v1 ≤ 1/12, we have∑ℓ
i=1 vi ≥ 1/12. Further since l largest buyers have smaller than 1/6 welfare but B̄G provides at

least 1/3 welfare, there are more than 2ℓ buyers in B̄G. This in turn requires

ℓ ≤ mG/2 (2.14)

because otherwise 2ℓ > mG, sellers in SG match to no more than 2ℓ largest buyers in B̄G, creating

welfare smaller than
∑2ℓ

i=1 vi < 1/6 ∗ 2 = 1/3. This contradicts with W ⋆(SG, B̄G, G) > 1/3.

As a next step, we lower bound platform’s optimal revenue. Theorem 2.3.8 says as we lower α

with Algorithm 1, for every k ∈ {1, 2, ..., ℓ}, there is a pure equilibrium with k sellers on platform.

Denote the highest transaction fee when k sellers join by αk. By Lemma 2.3.3, if k sellers are on
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platform, they each has a price of the k-th largest buyer not transact off-platform, which is weakly

larger than vk. Then platform’s optimal revenue satisfies Rev⋆ ≥ αk · k · vk ≥ αl · k · vk for every

k ∈ {1, 2, ..., ℓ}. We next show that αl ≥ 1/2, which implies

1/12 ≤
ℓ∑
i=1

vi ≤
1

αl
Rev⋆

ℓ∑
k=1

1

k
≤ 2HℓRev

⋆ ≤ 2HmRev
⋆,

and Rev⋆ = Ω(1/ logm), meaning that we get our welfare guarantee.

We now show αℓ ≥ 1/2. By Theorem 2.3.8, consider when the Algorithm decrease α to αℓ

and finally the l-th seller jℓ joins the platform in equilibrium. At αℓ, the on-platform gain of jℓ

just reaches zero: (1− αℓ)ponjℓ (P ) = poffjℓ (P ). We lower bound ponjℓ (P ) and upper bound poffjℓ (P ). By

Lemma 2.3.3, on platform price equals to the valuation of the ℓ-th largest buyer not transacting

off-platform, which is weakly larger than vℓ. If ℓ ≤ m̄G, by Lemma 2.3.6 all ℓ on platform sellers

belong to m̄G and αℓ = 1. When jℓ considers joining, there are in total mG − (ℓ − 1) sellers not

joining, and one of them is matched to a buyer with valuation no larger than v̂mG−ℓ+1, as each seller

from SG can unmatch at most one buyer in BG. Since the algorithm adds seller jℓ, by Lemma 2.3.4

jℓ has the lowest off platform price and is at most poffjℓ ≤ v̂mG−ℓ+1. Then

(1− αk)vℓ ≤ (1− αk)ponjℓ (P ) = poffjk (P ) ≤ v̂mG−ℓ+1.

Assume towards a contradiction that αk < 1/2, we get that

v̂mG/2 ≥ v̂mG−ℓ ≥ v̂mG−ℓ+1 > vℓ/2, (2.15)

where the first inequality follows Eq. (2.14). Thus, we have that

W (SG, BG, G) >
mG

2
· vℓ

2
≥ m · vℓ

8
, (2.16)

where the second inequality follows mG ≥ m/2. On the other hand, we know that

m · vℓ ≥
mG∑
i=ℓ+1

vi =
mG∑
1

vi −
ℓ∑
i=1

vi = W ⋆(SG, B̄G, G)−
ℓ∑
i=1

vi ≥ 1/3− 1/6 = 1/6. (2.17)
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Combining Equations (2.16) and (2.17) yields that

W (SG, BG, G) ≥ 1/48,

contradicting W (SG, BG, G) < 1/ logm. Thus, αk ≥ 1/2 which concludes the proof.

2.4.2 Ω(log(min(n,m))) PoA for Homogeneous-Goods Markets

In this section, we give an example market to lower bound PoA Ω(log(m,n)), showing the tightness

of our analysis in Section 2.4.1.

Theorem 2.4.4. There exists a market for which the price of anarchy is Hmin{n,m} = Ω(log(min{n,m})).

Proof. Figure 2.2 depicts a n-buyer n-seller market where no transaction can take place without

the platform. Buyer b1 has value n+ ϵ for any seller, and buyer bi, i = 2 . . . n, has value n
i for any

seller. Since there are no possible transactions without joining the platform, each seller weakly

prefers to join the platform, so α⋆ = 1 and there are multiple equilibria. As each buyer values the

sellers equally, the platform is in effect choosing, through its choice of α, how many sellers join the

platform, and in turn the number of buyers that transact.

If only one seller joins the platform, the competitive price is n + ϵ, and any other number

1 < k ≤ n of sellers joining the platform results in the competitive price of n/k for each seller and

total platform revenue n. For this reason, the platform prefers one seller to join the platform, in

order to maximize its revenue. This results in PoA
(1+ 1

2
+ 1

3
+···+ 1

n
)n+ϵ

n+ϵ ≈ Hn when ϵ is small.

If we increase the number of sellers m to be larger than n, then still the revenue optimal

equilibrium is the one where only one seller joins, whereas the welfare-optimal allocation matches n

sellers to n buyers, obtaining a the Hn = Hmin{n,m} lower bound. If m is smaller than n, we can

have m buyers with values 1 + ϵ, 1/2, 1/3,. . . ,1/m and then n−m buyers with value 0, and get a

Hm = Hmin{n,m} lower bound.
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Figure 2.2: A homogeneous goods market with price of anarchy Hn. There are no off-platform edges.
Buyer b1 has value n+ ϵ for any seller, and buyer bi, i = 2, . . . , n, has value n/i for any seller.

2.5 Main Positive Result: Market Efficiency with a Regulated

Platform

The previous section shows PoA can scale linearly in unregulated platforms. In this section, we

show even light regulation can substantially increase welfare in markets with general unit-demand

valuations. We prove this by providing a lower bound on the worst possible welfare at a given fee

cap α. Since the welfare guarantee is monotonically decreasing in α, we assume the platform posts

the cap α as its fee. It might be the case that in order to maximize its revenue, the revenue sets a

lower transaction fee, but this only gives a higher welfare guarantee. Interestingly, the results in

this section do not assume the platform can choose a specific Platform Equilibrium, as we prove the

guarantee for every fee smaller than the cap, and for every equilibrium at a given fee.

This section is structured as follow. In Section 2.5.1, we give a tight bound on the Price of

Anarchy of pure Platform equilibria for a fixed transaction fee α. As Proposition 2.3.1 shows a a

pure equilibrium need not exist, in Section 2.5.2 we extend the analysis to the set of mixed Platform

Equilibria. In Section 2.5.3, we show our analysis is tight for any fee α.

2.5.1 Pure Equilibrium Bound

Bounding the PoA of a Platform Equilibrium requires buyers’ valuations for the allocation at the

equilibrium while the strategic actors in the model are the sellers. In order to relate the two we use

the characterization of maximum competitive prices given by Eq. (2.3), as they directly relate to

the sellers’ utility as well as to buyers’ welfare.
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Theorem 2.5.1. The Price of Anarchy of pure Platform Equilibrium, when the platform sets a

transaction-fee α ∈ [0, 1), is at most 2−α
1−α .

Proof. Let v1, . . . , vn be buyers’ valuations, and let G be a buyer-seller network. We first show that

when no seller chooses to join the platform, we already get the welfare guarantee:

W ⋆

W (S,B,G)
≤ 2− α

1− α
.

Consider this case of P = ∅, and denote G(j) as the network when only seller j joins the

platform. Let

ponj = W (S,B,G(j))−W (S \ {j}, B,G(j)) = W (S,B,G(j))−W (S \ {j}, B,G) (2.18)

denote j’s price when j joins the platform. Let poffj denote seller j’s price when not joining the

platform. We can bound this price by j’s maximum competitive price,

poffj ≤W (S,B,G)−W (S \ {j}, B,G). (2.19)

As seller j does not join the platform, we have

poffj ≥ (1− α)ponj .

By Equations (2.18) and (2.19), we have

W (S,B,G(j))−W (S,B,G) ≤ ponj − poffj

≤ α · ponj

≤ α

1− α
· poffj

≤ α

1− α
(W (S,B,G)−W (S \ {j}, B,G)) .

Rearranging gives

W (S,B,G(j)) ≤ 1

1− α
W (S,B,G)− α

1− α
W (S \ {j}, B,G). (2.20)
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Let i⋆(j) be the buyer matched to j in the ideal matching W ⋆. Since this is also one of the

options to match j in G(j) is to i⋆(j), we have

W (S,B,G(j)) ≥ vi⋆(j)j +W (S \ {j}, B \ {i⋆(j)}, G). (2.21)

Combining Equations (2.20) and (2.21), we get

vi⋆(j)j ≤
1

1− α
W (S,B,G)− α

1− α
W (S \ {j}, B,G)−W (S \ {j}, B \ {i⋆(j)}, G). (2.22)

We wish to relate the right-hand side of Eq. (2.22) to terms that relate to W (S,B,G) and W ⋆.

Let iG(j) be the buyer matched to j in W (S,B,G). First, consider W (S \ {j}, B,G). By definition,

we have

W (S,B,G) = W (S \ {j}, B \ {iG(j)}, G) + viG(j)j .

Thus, we have,

W (S \ {j}, B,G) ≥W (S \ {j}, B \ {iG(j)}, G) = W (S,B,G)− viG(j)j . (2.23)

As for W (S \ {j}, B \ {i⋆(j)}, G), seller j is matched to iG(j) in G, while i⋆(j) is matched to

some potentially different vertex in G, which we call the twin of j and denote by t(j). We have the

following inequality,

W (S,B,G) ≤ W (S \ {j, t(j)}, B \ {iG(j), i⋆(j)}, G) + viG(j)j + vi⋆(j)t(j)

≤ W (S \ {j}, B \ {i⋆(j)}, G) + viG(j)j + vi⋆(j)t(j),

where the first inequality is an equality if j ̸= t(j). Rearranging gives

W (S \ {j}, B \ {i⋆(j)}, G) ≥W (S,B,G)− (viG(j)j + vi⋆(j)t(j)). (2.24)
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Combining Equations (2.22), (2.23), and (2.24), we get

vi⋆(j)j ≤
1

1− α
W (S,B,G)− α

1− α

(
W (S,B,G)− viG(j)j

)
−
(
W (S,B,G)− (viG(j)j + vi⋆(j)t(j))

)
=

1

1− α
· viG(j)j + vi⋆(j)t(j). (2.25)

Summing over all sellers j, we have

W ⋆ =
∑
j

vi⋆(j)j ≤
∑
j

(
1

1− α
· viG(j)j + vi⋆(j)t(j)

)
=

1

1− α
·
∑
j

viG(j)j +
∑
j

vi⋆(j)t(j)

≤ 1

1− α
W (S,B,G) +

∑
j

viG(j)j

=
2− α
1− α

W (S,B,G),

where the last inequality follows because each seller j has a distinct twin t(j), so we sum over

distinct edges of G.

To finish the proof, we consider a case where a non-empty set P of sellers join in a Nash

equilibrium. Let G(P ) denote the network where sellers in P are connected to all buyers, and sellers

not in P are connected only via links in the original network G. Now consider another market where

the buyers have the same valuations as the original market, but the initial network is G′ = G(P ).

For the same transaction fee α, it is an equilibrium for no seller to join the platform in (S,B,G′).

Indeed, sellers in P are already linked to all buyers in this modified market, so their utility can

only decrease in joining, and if there was a seller j /∈ P that would strictly prefer to join at α, then

P is not an equilibrium in the original market. By the above, we have W ⋆(S,B,G′)
W (S,B,G′) ≤

2−α
1−α . Clearly,

W ⋆(S,B,G′) = W ⋆(S,B,G) and W (S,B,G′) = W (S,B,G(P )), which concludes the proof.

Theorem 2.5.1 bounds the PoA of pure equilibrium at α, should it exist. However, we know

from Proposition 2.3.1 that there exists markets and transaction fees α for which there is no pure

Platform Equilibrium. This motivates us to extend our analysis to mixed equilibria.
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2.5.2 Mixed Equilibrium Bound

In this section, we prove the same bound works for mixed equilibria. For mixed equilibria, sellers

randomize between joining the platform and not joining (and thus only being able to transact with

buyers who whom they have an existing connection). This possibly results in 2m graph realizations

and a competitive price for each of them. To reason about the probability of each realization through

sellers’ incentives, and taking expectation over the max welfare of all graphs is quite hard.

We thus reduce the argument for PoA of mixed equilibria to the case of pure equilibria. One way

to do this is to reduce randomization of sellers’ mixed strategy to randomization of nature’s choice, in

a Bayesian game. Take a mixed Nash equilibrium, x, and define a Bayesian game where sellers have

pure strategies (joining vs. not joining), but where in the event that a seller j does not join they are

still connected to all buyers with probability xj . We show that one of the Bayes-Nash Equilibrium

in this Bayesian game has no seller choosing to join, which corresponds to the smallest-welfare

equilibrium. We then show this smallest-welfare equilibrium has the same expected social welfare as

the mixed Nash equilibrium in the corresponding complete information game. The rest of the proof

follows the same arguments as the first part of Theorem 2.5.1, but where the quantities for each

seller j are in expectation over the links formed. In the following, we give a sketch that gives the

idea of the construction of the Bayesian game, and defer the full proof to Appendix A.4.

Theorem 2.5.2. The Price of Anarchy of mixed Platform Equilibrium, when the platform sets a

transaction-fee α ∈ [0, 1), is at most 2−α
1−α .

Proof Sketch. Consider a mixed Platform Equilibrium, x = (x1, . . . , xn), for a buyer-seller network

(S,B,G), where xj is the probability that seller j joins the platform. We define the following

Bayesian game:

• For each seller j, with probability xj , j can transact with all buyers (”type 1”), and with

probability 1− xj , it can only transact with the buyers linked to j in G (”type 2”).

• The platform posts a transaction fee α.

• Before knowing the realization of its type, a seller can choose whether or not to join the

platform, in which case the seller can with certainty transact with all buyers.
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• Given the realized graph G′,which depends on the realized types as well as actions of each

seller, a competitive equilibrium with the maximum price is formed.

• A seller joining the platform pays an α-fraction of their revenue to the platform, regardless of

its type.

We now show that there exists a smallest-welfare equilibrium in the Bayesian game where no

seller joins. For this, consider a seller j that adopts probability xj in the mixed Nash Platform

Equilibrium of the original, complete information platform game. There are three cases to consider:

Case 1: xj = 0 In this case, j’s expected utility from not joining the platform in the original,

complete information game is at least as much as j’s expected utility from joining given x−j . In

the Bayesian game, given that no other seller joins the platform, j’s utility from either joining or

not joining the platform is exactly j’s utility for joining or not joining in the complete information

game, as other links are formed according to x−j .

Case 2: xj = 1: In this case, in the Bayesian game, j is linked to all buyers with probability 1.

Thus, joining the platform in the Bayesian game does not increase j’s utility.

Case 3: xj ∈ (0, 1): In this case, in the original, complete information game, j’s expected utility is

the same for joining and not joining given x−j ; otherwise, j would deviate and x would not be an

equilibrium. Let uxj denote j’s utility at x in the original game, which is also j’s utility from either

joining or not joining the platform in the original game.

In the Bayesian game, consider the case where j does not join the platform, and when no other

seller joins the platform. If j’s links stay as they were in G, which happens with probability 1− xj ,

then j’s expected utility is exactly uxj , as this is j’s utility from not joining the platform in the

original, complete information game when all other sellers’ links are formed according to x−j . If j’s

links are formed, which happens with probability xj , then j’s expected utility is at least as much as

when it joins in the original game given all other sellers’ links are formed according to x−j . This is

because the distribution on link formation is the same, while the seller does not have to pay the α

fee to the platform. Therefore, j’s expected utility from not joining is at least uxj .

If j does join the platform in the Bayesian game, then j’s utility is exactly the utility of j for

joining the platform in the original game, as the distribution on link formation is the same as if

they join in the original setup, and the fee j pays is the same. Therefore, j’s utility is exactly uxj .

35



We get that j’s utility for not joining in the Bayesian game is at least as j’s utility for joining.

In all the above cases, for each seller j, their expected utility for not joining the platform in

the Bayesian game, given all other sellers do not join, is at least as much as their expected utility

for joining the platform in the Bayesian game. Thus, there is an equilibrium in the Bayesian game

where no seller joins. The expected welfare of this equilibrium is exactly the same as the expected

welfare of the original complete information game in mixed Platform Equilibrium x, as we have

the same distribution over the formation of links, and the competitive equilibrium formed always

maximizes the welfare given the links.

To conclude the proof, we show that if no sellers join in the Bayesian game, then the PoA

with respect to pure strategies in the Bayesian game is at most 2−α
1−α . The proof follows the same

arguments of the proof of this case in Theorem 2.5.1, but the quantities we reason about for seller j

are in expectation over x−j . For completeness, we give the full analysis in Appendix A.4.

In markets without a platform, social welfare is defined as the sum of buyers’ and sellers’ utilities.

We notice that the above result also implies welfare guarantees if we consider the benchmark used

in settings without a platform.

Corollary 2.5.3. For any Platform Equilibria with α transaction fee, the sum of buyers and sellers’

utility is at least (1−α)2
2−α fraction of the optimal welfare W ⋆.

Proof. When the set of sellers P join the platform in equilibrium, platform’s revenue is at most

αW (S,B,G(P )). The sum of buyers and sellers’ utility is

(1− α)W (S,B,G(P )) ≥ (1− α)
1− α
2− α

W ⋆

2.5.3 Tight Instance

We now show that our PoA analysis is tight: for any transaction fee α, there exists an instance

of the platform game in which the price of anarchy of Platform Equilibria with pure strategies is

exactly 2−α
1−α .
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Figure 2.3: An example with a tight Bound for PoA for an α transaction fee, for any α ∈ [0, 1).
Black solid lines are direct links, as captured by N(i) for buyer i, and blue dotted lines indicate
missing links. Buyer values are annotated adjacent to each edge, and all any value that is omitted
is zero.

Theorem 2.5.4. For every transaction fee α ∈ [0, 1), there exists a market for which the ratio

of optimal welfare to social welfare of a Platform Equilibrium is indeed 2−α
1−α , and in that Platform

Equilibrium sellers use pure strategies.

Proof. For any given transaction fee α ∈ [0, 1), Figure 2.3 gives a three-buyer three-seller market

with a tight PoA. At transaction fee α, no seller joining the platform is a Nash equilibrium, since

the off-platform price of 1 is larger than the seller’s on-platform utility, which is (1 − α)pon =

(1− α)
[
2−α
1−α − ϵ− 1

]
= 1− ϵ+ αϵ. As ϵ goes to zero in the parameterized values of buyers in the

market, the price of anarchy goes to 2−α
1−α . Note all sellers joining the platform is another Nash

equilibrium. But the price of anarchy depends on the worst possible Nash equilibrium.

2.6 Matching with Costs

In reality the platform incurs a fixed cost when bringing sellers on platform, that covers setting

the seller in the system, providing the ordering tablet, etc. Because of the cost, regulators cannot

simply impose the zero cap on α. In this section, we use simulations to ask “what is the minimum

fee cap α that regulators can impose on a platform, such that platform incurring fixed cost of c per

on-platform seller still makes a net revenue and do not exit the market?”

Homogeneous good market

Lemma 2.6.1. As we lower α from 1 to 0 with algorithm 1, P the set of on-platform sellers enlarges,

BG the set of buyers transacting in W (S \P,B,G) shrinks, B̄G = B \BG enlarges, the |P |-th largest
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buyer valuation in B̄G weakly decreases. All on-platform sellers have the same onplatform price,

which weakly decreases.

Proof. For any homogeneous-goods markets, from lemma 2.3.3 and lemma 2.3.2, all on-platform

sellers have the same price v̄(m′) − v̄(m′ − 1), where v̄(m′) is the sum of the m′ largest buyers

valuation among all the buyers

and v̄(m′ − 1) are tje that is directly determined by the number of sellers joining the market.

v̄(m′)− v̄(m′ − 1), where v̄(m′) is the largest . Thus, the regulators can easily run

This means that the regulator can simply decrease α from 1 to 0, until the on platform price

reaches the fixed cost C, and select the minimum α such that on-platform prices is higher than

fixed cost C.

Hetergeneous good market As we have shown before in proposition 2.3.1, sellers’ best response

behavior might exhibit cyclic behavior, and a lower transaction fee α does not always lead to a

weakly larger set of on-platform sellers, nor necessarily a weakly higher sum of all platform prices.

Thus, it is much more complex to theoretically analyze the minimum fee cap that guarantees positive

revenue for the platform. To do so, we turn to simulations.

We randomly generate 100 markets with heterogeneous valuations of size m = n = 10. For each

of the 100 markets, we grid search through 100 values of transaction fee α ∈ {0.01, 0.02, 0.03, ..., 0.99}.

We plot the average number of sellers joining the market, the average platform revenue (without

fixed cost), and the average of platform revenue divided by the number of on platform sellers.

Hopefully it will show us some monotonicity.

2.7 Generalizations

In this section, we extend our previous results to more general settings. We analyze markets with

multiple platforms in Section 2.7.1, sellers with production costs in Section 2.7.2, and show all of

our results hold when buyers have additive-over partition valuation in Section 2.7.3. Most proofs

are delayed until Appendix A.5.
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2.7.1 Market with Multiple Platforms

For this section, we prove that our results in Section 2.5 hold in markets with multiple competing

platforms. Consider the buyer-seller network on graph G, as defined in Section 2.2. There is a

set of R platforms F = {f1, f2, ..., fR}, where each platform fr has a subset of buyers Br ⊂ B and

transaction fee αi ≤ α. A buyer can be on multiple platforms. The regulator imposes an α cap on

transaction-fee for all platforms. A seller j can join multiple platforms Fj ⊆ F and transact with all

buyers on the platforms it joins, ∪fr∈Fj
Br, as well as the buyers it knows on G. The market clears

according to competitive equilibrium. If j transacts through platform edges with some buyer i, it

pays αrp
on
j to the platform fr corresponding to buyer i. If i is on multiple platforms that j joins,

then j pays to the platform with the lowest fee. Everything else remains the same with Section 2.5.

Theorem 2.7.1. For a market with multiple platforms and transaction-fee cap α ∈ [0, 1), the Price

of Anarchy of Platform Equilibrium is at most 2−α
1−α .

The proof is similar to that of Theorem 2.5.1 and 2.5.2, and is deferred to Appendix A.5.1.

2.7.2 Sellers with Production Costs

In this section, we extend our results to sellers j ∈ S = {1, 2, ...,m} with production cost cj ≥ 0.

We only present the main result and defer the readers to Appendix A.5.2 for the full section.

Theorem 2.7.2. In a market with cost, let β =
∑

j∈S cj/W
⋆(S,B,v, c, G) denote the fraction of

cost to optimal welfare. The Price of Anarchy of the Platform Equilibrium, when the platform sets a

transaction-fee α ∈ [0, 1), is at most 2−α
1−α−αβ .

The above theorem implies that at the same transaction fee, the social welfare guarantee

deteriorates as costs get higher. This was specially relevant during the COVID-19 crisis, where

demand and supply surged on digital platforms [Raj et al., 2020] and the cost of production grew

[Felix et al., 2020]. At 30% of transaction fee (Table 2.1) and 30% of food cost 5, the resulting

welfare at a Platform Equilibrium is at least 23.5% of the ideal welfare. This is smaller than the

5Most profitable restaurants aim for a food cost percentage between 28 and 35%. This does not include other cost
factors such as labor, rentals, etc. Figure is taken in 2023 from Doordash website https://get.doordash.com/en-us/
blog/food-cost-percentage
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41% without costs, further demonstration the need to regulate transaction fee during periods where

production costs increase.

2.7.3 Additive-over-Partition Buyer Valuation

Our results also extend beyond unit demand valuation. For example, consider the case where buyers

have additive valuation. In this case, we can use m vertices to represent each buyer in the bipartite

graph, where each vertex only values one seller. We show how to generalize our results to more

complex valuations, such as buyers valuing at most cℓ items each group of sellers Sℓ who sell similar

items. Thus, the valuation of a buyer is additive constrained by the feasible sets defined by a

partition matroid M.

We formally define the class of buyers’ valuations, which we term additive-over partition

valuations, and show results in Section 2.5 extend.

For each buyer i ∈ {1, 2, ..., n}, there is a partition of sellers Si = Si,1 ∪ Si,2 ∪ ... ∪ Si,Ti and a

capacity ci,ℓ associated with each seller group Si,ℓ. Buyer i values seller j’s item at vij , and the

bundle of items a at

vi(a) =
∑
ℓ∈[Ti]

max
T⊂Si,ℓ : |T |≤ci,ℓ

∑
j∈T

vij . (2.26)

We now show how to encode such valuations into our bipartite graph model. For each buyer i

and for each seller group ℓ, we introduce ci,ℓ unit-demand buyers. Each such buyer i′ ∈ [ci,ℓ] will

have the following unit-demand valuation

v′i′,j =


vi,j j ∈ Si,ℓ

0 j /∈ Si,ℓ
,

which ensures such buyer transacts with only sellers in Si,ℓ. For each such buyer i′, we also keep

the same links to sellers such as the original buyer i. Via this reduction, our results in Section 2.5

trivially hold for additive-over-partition buyers as well.
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2.8 Conclusion and Future Directions

In this paper, we initiate the rigorous study of the effect of platforms on the welfare of a constrained

market, modeled by a buyer-seller network with missing links. We study the network structure of the

market, and give an algorithm that always finds a pure equilibrium in homogeneous-goods markets.

We show when the platform is unregulated, and can set fees to selfishly maximize its revenue, then

the Price of Anarchy can be as bad as min{m,n} in general markets, and Θ(log(min{n,m})) even

in homogeneous-goods markets. However, if regulation requires the platform to charge no more than

α-fraction of sellers’ revenue, then we get a tight 2−α
1−α -fraction of the optimal unconstrained welfare

in any equilibrium. Moreover, even when discounting the platform’s revenue, the surplus left for the

buyers and sellers in any equilibrium is at least (1−α)2
2−α -fraction of the optimal unconstrained welfare.

Finally, we extend our analysis to multiple platforms, buyer valuations beyond unit demand, and

sellers with non-zero production cost.

While this work already provides strong insights into understanding a platform’s effect on a

market’s welfare, there are many exciting directions to take:

1. Although the Ω(log(min{n,m})) lower bound on the Price of Anarchy is discouraging, this is

a contrived instance. We believe that for constrained and natural market structures, we can

avoid the logarithmic dependence in the number of buyers/sellers.

2. While we extended the analysis to additive-over-partition valuations in Appendix 2.7.3, there

remains the need to incorporate more general classes of valuation functions, such as the

commonly studied like gross-substitutes valuations.

3. Extending our model to accommodate multi-supply sellers is not straightforward. A seller

with multiple items can limit supply to raise revenue. And her price becomes zero if some of

her items are left unsold. This requires further extension of the model to explain how and

why such sellers join the platform.

4. While seller-side transaction-fees are common, other fees are used by platforms, such as

buyer and seller monthly/annual registrations fees. This changes buyers and sellers’ strategic

behaviors to join the platform, and will required further extensions of the model.
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Chapter 3

Influencing Market Outcomes through Tipping Design

3.1 Introduction

Online delivery platforms such as UberEats, DoorDash, Grubhub, and Instacart are an essential

part of modern life. These platforms facilitate three-sided transactions: In each transaction, a buyer

receives food from a store via delivery by a courier. Buyers pay for these transactions, while stores

and couriers are compensated for them.

A distinctive feature of these platforms is that they include buyer-specified tips, which are a

core component of courier compensation. A study [Jacobs et al., 2024] estimates that tips account

for 36% of the median hourly wage for delivery drivers in Los Angeles and San Francisco—two cities

with binding minimum-wage regulations for couriers—and as much as 53% in Boston, Chicago, and

Seattle.

Since tips constitute such a substantial share of courier compensation, the timing at which

buyers specify tips and couriers observe them becomes an important platform design choice. This

choice differs across platforms. While on most ride-hailing platforms, tips are determined after the

ride is completed,1 on food-delivery platforms, in contrast, tips are typically chosen by buyers and

observed by couriers before delivery—often even before couriers decide whether to accept an order.2

While moving tipping to the pre-delivery stage may be a way to shift courier compensation onto

buyers,3 this design choice has further implications. By allowing couriers to observe the tips before

agreeing to a delivery, platforms let buyers pay to influence couriers’ decisions on which orders

to deliver. In practice, couriers often observe a range of nearby orders rather than a single order

1See Uber [2025a] and Lyft [2025b]. While it is possible on Lyft to tip before business rides Lyft [2025a], for most
trips tipping occurs when riders rate the driver.

2On UberEats, DoorDash and Grubhub, couriers see the total fare of an order, which includes the tip, before
deciding whether to accept an order [UberEats, 2025e,d, DoorDash, 2025, Grubhub, 2025f,b]. On Instacart, tips are
listed alongside platform compensation before couriers decide whether to accept an order [Instacart, 2025].

3Following the introduction of minimum-wage regulations for couriers in New York City in 2023, which required
platforms to meet minimum-wage obligations to couriers independently of buyer tips, UberEats and DoorDash removed
the option for buyers to specify tips before delivery in New York; this change reignited public debate over whether
platforms rely on tips to shift compensation costs to buyers [Haag, 2025].

42



Delivery Ride-Share
without tips with tips tips amount without tips with tips tips amount

CA $19.37 $31.35 $11.98(38%) $32.22 $35.62 $3.4(9.5%)
Outside CA $13.16 $28.23 $15.07(53%) $35.8 $37.98 $2.18(5.7%)

Table 3.1: Median courier gross hourly earnings on ride-share and delivery platforms in 2022, taken
from Jacobs et al. [2024]. CA (California) refers to Los Angeles and San Francisco Bay, while
Outside CA refers to Boston, Chicago and Seattle. In California, gig workers are guaranteed to
receive 120% of local minimum wage.

recommended by the platform, with each order displaying information including buyer’s tip amount,

platform payment, and delivery origin and destination.4 Couriers then compare available orders

and may strategically accept those with higher compensation, higher tips, or shorter distances—a

practice commonly referred to as “cherry-picking” (see Castro et al. [2022] for a comparison of

several mechanisms that allow cherry-picking).5

Since couriers may prioritize orders with higher tips, lower-tip orders are at times left unat-

tended.6 Even when delivery platforms implement various forms of dynamic pricing to encourage

courier supply,7 not all orders are delivered in a timely manner. In extreme cases, untipped orders

go undelivered for hours [Bjella, 2023, Mordowanec, 2022]. This has caused platforms to nudge

buyers to increase tips in order to receive faster delivery, and buyers have increasingly become

aware that higher tips can lead to faster service.8 Pre-delivery tipping has thus become a distinctive

feature on major food-delivery platforms that affects both buyer and courier incentives.

A distinctive feature of food-delivery platforms is that transactions involve three sides—couriers,

4UberEats matches couriers to orders in two ways: 1) Exclusive offers where a courier is assigned to one delivery
order exclusively, and 2) TripRadar offers where a courier can choose between multiple orders simultaneously when
they are driving low speed or not moving. Instacart couriers can see multiple orders simultaneously in their “batch list.”
DoorDash and Grubhub show each courier a single order at a time. See Uber [2025b], Instacart [2025a], DoorDash
[2025], Grubhub [2025c].

5For a concrete example, a Philadelphia delivery courier declined 75% of orders and hung out only in wealthy areas
to ensure good tips and claimed to receive as much as 45$ per hour [Diaz, 2023].

6Some DoorDash couriers have adopted a “no tip, no trip” strategy, where they refuse to deliver orders with zero
tips [Bjella, 2023, Mordowanec, 2022].

7UberEats employs surge pricing to pay couriers during busy hours [UberEats, 2025c]. DoorDash couriers receive
“Peak Pay” during busy hours [DoorDash, 2025]. Grubhub offers fixed incentives like Missions and Special Offers to
boost courier earnings through goal-based rewards, but unlike dynamic pricing, these are preset and not responsive to
real-time market changes [Grubhub, 2025d,e]. Instacart adds “Pay Boost” to an order if an order remains unaccepted
for a while [Instacart, 2025].

8For instance, DoorDash warned customers that not tipping may lead to long wait times [Hauser, 2023]. Admittedly,
platforms might nudge buyers for tips to shift courier compensation onto buyers.
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buyers, and sellers. Compared to traditional two-sided markets, this three-sided structure makes it

more difficult for the platform to clear the market—that is, to balance buyer demand with courier

and store supply—using prices and compensation alone. In principle, a delivery platform could

balance supply and demand by price discrimination—tailoring buyer prices and courier compensation

across transactions.9 However, regulatory and societal considerations typically require buyer prices

and courier compensation to be non-discriminatory: buyers placing orders that are identical face

the same price, and couriers delivering the same order receive the same compensation.10 While

non-discriminatory prices and compensation are often sufficient for market clearing in two-sided

ride-hailing platforms,11 we show that this is not the case in three-sided delivery platforms, and

instead, pricing compensation together with pre-delivery tipping can guarantee market clearing.

In this paper, we incorporate pre-delivery tipping into a theoretical framework to study three-

sided delivery platforms, where both prices and tips facilitate market-clearing. We seek to address

the following two questions:

1. Are there benefits to allowing buyers to specify tips before delivery, compared with after

delivery or not at all? And, if so, what are these benefits?

2. How should a platform that is interested in maximizing welfare set buyer prices and courier

compensation, considering that pre-delivery tipping factors in buyers’ and couriers’ decision-

making? How about a platform that is interested in maximizing profit?

To answer the first question, we formalize an equilibrium concept that incorporates pre-delivery

tipping, which we term a with-tip equilibrium, and contrast it with a without-tip equilibrium, which

captures both settings with no tips as well as those with post-delivery tips. We show the superiority

of with-tip equilibrium to without-tip equilibrium in terms of existence, welfare, and profit. To

address the second question, we first show broad impossibility results in general markets, and then

contrast these with positive results for markets that exhibit natural structures.

9Consider a transaction-specific pricing—charging the buyer her willingness to pay, paying the courier his delivery
cost, and the store its production cost. Buyers, couriers, and stores are all left with zero surplus and are therefore
indifferent among the transactions the platform assigns them to.

10Laws such as the Equal Pay Act require equal pay for equal work in the United States [U.S. Equal Employment
Opportunity Commission, 2025]. Similar regulations exists in Europe [European Union, 2024]. For buyer prices,
platforms such as UberEats explicitly state the components of the prices charged to buyers, implying that prices
depend on order characteristics rather than buyer identity [UberEats, 2025a, DoorDash, 2025a].

11See Remark 2 in Section 3.3.2 for a detailed discussion.
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3.1.1 Our Results

In Section 3.2, we introduce a platform economy with unit-demand buyers, unit-capacity couriers,

and unit-supply stores.12 Each buyer has a valuation for each store, which is the sum of the buyer’s

value for the item offered by the store and the buyer’s value for having the item delivered. Each

buyer views couriers interchangeably. Couriers incur store–buyer-specific delivery costs. Each store

sets a fixed product price, and has a production cost.

An allocation is a three-sided, one-to-one-to-one, matching of buyers, stores, and couriers. It

specifies a set of pairwise disjoint transactions, in which buyers purchase from stores and receive

deliveries from couriers. The welfare of an allocation is the sum of allocated buyers’ valuations less

the sum of both the allocated couriers’ delivery costs and the allocated stores’ production costs.

The optimal welfare is the maximum welfare of all allocations.

An equilibrium consists of market clearing purchase prices, delivery compensation and tips, and

an (optimal, given the prices, compensation and tips) allocation. In more detail, in an equilibrium,

in addition to the allocation:

• For each store there is a store-specific purchase price (for the item offered by this store), which

is weakly greater than the store’s fixed product price and is the same price for all buyers, i.e.,

there is no price discrimination for the same product. If a buyer buys an item from a store,

then the buyer pays the purchase price and the store receives its fixed product price.

• For each buyer–store pair, there is a buyer–store-specific delivery compensation (for delivering

an order from the store to the buyer), which is the same for all couriers, i.e., there is no wage

discrimination for the same delivery. A courier that delivers a buyer–store order receives its

delivery compensation.

• For each buyer–store pair, there is also a (possibly zero) buyer–store-specific tip. A courier

that delivers a buyer–store order gets paid, by the buyer, the tip for this buyer–store pair in

addition to receiving its delivery compensation. While delivery compensations, like prices, are

exogenous to the market participants (“set by the invisible hand”, or in our setting, set by

the platform), tips are endogenous outcomes of buyer optimization as explained below.

12Our results extend to buyers with additive valuations and couriers with additive costs.
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Couriers are modeled as “delivery compensation + tip” takers. That is, in equilibrium, each

courier delivers a buyer–store order that maximizes the courier’s utility, defined as the delivery

compensation plus the tip for the order, less the delivery cost for the order, or zero if not delivering

any order. Buyers use tips to influence courier behavior, that is, having defined the courier’s

behavior, in equilibrium every buyer optimizes her tips to maximize her utility, defined as her

valuation for the store from which she gets a delivery less both the purchase price for that store

and the buyer’s tip for that store. Finally, as is standard in the definition of Walrasian equilibrium

in two sided-markets, at equilibrium for each store that does not sell, its purchase price and all

the tips associated with delivery from the store are zero; and for each buyer–store pair that is not

delivered, its delivery compensation is zero.

The platform collects purchase prices from buyers and pays compensation to couriers. We

emphasize that rather than requiring budget balance at equilibrium, as has been considered in

the multilateral matching-with-contracts literature [Hatfield and Kominers, 2011, Ostrovsky, 2008],

we model the platform as being able to subsidize some of the delivery cost, allowing the delivery

compensation to be larger than the purchase price minus the fixed product price. This has support

in practice; e.g., Instacart and DoorDash both use “Pay Boost” to guarantee delivery when an

order is not accepted for a long time, where the boost is paid for by the delivery platforms and not

charged to the buyer. The “Pay Boost” on Instacart can be as high as $12 [Helling, 2024], while the

base-pay for a courier to complete an order is around $4 [Bitter and Luna, 2023]. Indeed, UberEats,

DoorDash and Instacart only turned profitable as of 2023 and have, in effect, been subsidizing the

economic activity on their platforms, while Grubhub is still reporting losses as of 2025.13

We are interested in understanding whether the platform can implement an equilibrium that

supports an optimal-welfare allocation. One potential source of inefficiency arises if a store’s product

price is greater than the product cost, as in this case buyer with valuation larger than product cost

but lower than product cost won’t be able to buyer, and optimal-welfare allocation may not be

achieved. To turn off this source of inefficiency, we restrict attention in this paper to the setting in

which the store’s fixed product price equals its cost. (Alternatively, one may think of the store’s

13Doordash generated positive net income for the first time as a public company in Q3, 2024 [DoorDash, 2024];
Instacart reached positive net income in Q4, 2023 [Instacart, 2024]; UberEats is a subsidiary of Uber, which itself
turned profitable in Q2, 2023 [Uber, 2023]. Grubhub belongs to its parent company Just Eat Takeaway in 2024, which
reported net losses for both 2023 and 2024 [Just Eat Takeaway, 2025a,b].
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fixed price as the cost.)

In Section 3.3, we explore the benefits of allowing buyers to specify tips before delivery, as

opposed to not allowing tips, or only allowing tips after delivery. An equilibrium in the first setting

is a with-tip equilibrium and an equilibrium in either of the latter two settings is a without-tip

equilibrium. From the perspective of the incentives of risk-neutral couriers, not allowing tips is

equivalent to allowing them only after delivery.14

Our first result is a dichotomy: without-tip equilibria are only guaranteed to exist when there

are at least as many couriers as buyers or stores, while with-tip equilibria always exist. This

is because in the without-tip case, courier shortages leave some buyers without delivery despite

willingness to pay; with tips, the platform can set high compensation for some buyers–store pairs,

making others require prohibitively high tips for delivery.

We also show that every allocation supported in a without-tip equilibrium is also supported

in a with-tip equilibrium, implying that the optimal with-tip equilibrium welfare is weakly higher

than optimal without-tip equilibrium welfare. We illustrate this with a market instance where all

without-tip equilibria are highly inefficient, yet there exists a with-tip equilibrium that achieves the

optimal welfare. Especially interesting is that the welfare gain from with-tip equilibria arises not

from the actual (on-path) payment of tips, but rather from the off-path need for buyers to offer them

to secure delivery. In fact, we show that every with-tip equilibrium allocation can be supported

by a with-tip equilibrium in which all tips are zero—even on realized deliveries—highlighting that

tips serve to prevent off-path deviations rather than facilitate on-path transfers. The platform

can subsidize delivery for buyer–store pairs in equilibrium, allowing buyers to pay zero tips for

the equilibrium allocation, while requiring prohibitively high tips to attain delivery outside of the

equilibrium allocation.

While tips guarantee the existence of equilibria and improve welfare, we show in Section 3.4 that

even with-tip equilibria can, in general, lack desirable properties. First, there exist markets where

every with-tip equilibrium is inefficient. Second, it is NP-hard to calculate the optimal equilibrium

welfare. These limitations raise the question as to whether there are natural structural assumptions

under which these economic and computational impossibilities can be circumvented. We give a

14We expand on this in more detail in Section 3.2.
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positive answer to this question in section 3.5.

In Section 3.5.1, we identify two natural structural assumptions on delivery costs that overcome

these impossibilities: either delivery costs are decomposable into courier–store and store–buyer

components, which reflects realistic distance-based costs that account for couriers’ trips to stores

and then trips to buyers; or delivery costs are decomposable into store–buyer and buyer–courier

components, which reflects distance-based costs that account for couriers’ trips from stores to buyers,

and couriers’ return-home trips. The courier–store component can also account for a courier’s

familiarity with a store, where grocery pickups can be time-consuming for unfamiliar locations.

In markets that satisfy one of these two delivery cost structures, there always exists an efficient

with-tip equilibrium that can be found in polynomial time. In contrast, there exist markets with

each of these structures in which without-tip equilibria do not exist, or exist and have low optimal

without-tip equilibrium welfare. This underscores the importance of tips, even in these settings with

naturally structured delivery costs.

In Section 3.5.2, we instead consider structure on buyer valuations rather than on delivery

costs. When buyers are single-minded (i.e., each buyer has positive valuation for just one store), we

show there exists an efficient with-tip equilibrium that can be found in polynomial time regardless

of delivery costs. Again, just as in the case with structure on delivery costs, without-tip equilibria

are not guaranteed to exist, and if exist can have low welfare.

While we allow the platform to subsidize delivery costs and set courier compensation above

buyer prices to maximize welfare, this need not be profit-maximizing for the platform. In Section 3.6,

we study a profit-maximizing platform, which selects an equilibrium while trading off higher buyer

prices against lower courier compensation and smaller platform subsidies on delivery. As in the

welfare case, the optimal with-tip equilibrium profit is always weakly higher than the optimal

without-tip equilibrium profit. This profit gain comes at a computational cost: computing the

optimal with-tip equilibrium profit is NP-hard via a reduction from the vertex cover problem, even

in markets where each courier can deliver for only one store. In contrast, in these markets the

profit-maximizing without-tip equilibrium can be found in polynomial time. Finally, in Section 3.7

we discuss some limitations of our model and suggest directions for future work. We present a

summary of our major results in a list in Appendix B.1.
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3.1.2 Related Work

Our work joins several strands of research, including the analysis of competitive equilibrium on

trading networks [Ostrovsky, 2008, Hatfield et al., 2013] and multilateral contracting [Hatfield and

Kominers, 2011]. These works extend results on matching and equilibria in two-sided markets Shapley

and Shubik [1971], Kelso and Crawford [1982], Gul and Stacchetti [1999] to richer environments,

proving competitive or Walrasian equilibria are efficient and exist with suitable conditions on

valuations. However, all these works either require bilateral contracts, or permit agents to engage

in fractional participation within a multilateral contract. In contrast, the matching on delivery

platforms is discrete and between three sides.

For discrete, three-sided matching, competitive equilibrium may not exist [Alkan, 1988], and

we further show in Appendix B.8.2 that determining the existence of a competitive equilibrium is

NP-hard in our setting.15 We therefore move away from a three-sided competitive equilibrium model,

instead allowing the platform to subsidize delivery and abstracting away stores’ incentives while

still keeping the stores’ capacity constraints. With this notion of equilibrium—which, together with

the availability of tips, restores the existence of equilibrium but loses the first welfare theorem—we

ask how much welfare can be attained.

Our market structure assumptions in Section 3.5 satisfy local additivity, a sufficient condition

for the existence of a core in multi-sided assignment games [Quint, 1991, Stuart Jr, 1997, Atay

et al., 2016]. In the buyer–middlemen–seller setting, Oishi and Sakaue [2014] and Atay et al. [2023]

define competitive equilibria with price entries for each buyer–middleman–seller triplet and each

seller to correspond with the core. By contrast, motivated by delivery platforms, our notion of

competitive equilibrium does not allow price or wage discrimination, involving only seller prices and

buyer–seller pairs. The main contribution of Section 3.5 is to show that, under our market structure

assumptions and with tips, core allocations can indeed be supported by this equilibrium.

Other works in the envy-free pricing literature [Guruswami et al., 2005, Chen and Deng, 2014]

have studied how a seller in a two-sided market can set prices to maximize revenue, including under

various supply constraints [Cheung and Swamy, 2008, Im et al., 2012]. As with these works, we

require the equilibrium allocation to be envy free for buyers given purchase prices. However, unlike

15See also Appendix B.8.2 for a discussion as to whether, and to what extent, each of the first- and second-welfare
theorems still hold for competitive equilibria in 3-sided markets.
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supply constraints in a two-sided market, and hence unlike all of the above works, our three-sided

problem also requires envy freeness for couriers, with buyers’ choices needing to align with couriers’

delivery decisions. Additionally, while these earlier works assume a single seller that sets prices and

allow for nonzero prices for unsold items, our model differs in requiring unsold stores to have zero

purchase prices and orders not delivered to have zero compensation.

We establish the computational hardness of finding an optimal-welfare allocation in a three-

sided delivery platform by reducing from the 3-dimensional matching problem. While some works

find a matching that achieves half of the maximum weight in weighted 3-dimensional matching in

polynomial time [Arkin and Hassin, 1998, Halldórsson, 1995, Chan, 2009], they rely on local search

algorithms that swap subsets of individual matches without considering envy-free requirements,

making them unsuitable for our setting. The NP-hardness of finding an optimal-welfare allocation

even without equilibrium requirements precludes the possibility of devising an algorithm for finding

an efficient, i.e., welfare-optimal, equilibrium in our setting. Therefore, we focus on identifying

suitable structural assumptions on courier costs or on buyer valuations that limit couriers’ and

buyers’ envy, and allow for the existence of equilibria that achieve the optimal welfare.

Previous theoretical works analyze tips paid after service completion and seek to rationalize

tipping through repeated interactions [Ben-Zion and Karni, 1976], social norms [Azar, 2005, 2007,

Debo and Snitkovsky, 2018, Snitkovsky and Debo, 2021], and altruism [Lynn, 2015]. In contrast,

works analyzing tips before service are scarce. Lei and Pun [2023] suggest that delivery platforms

may use upfront tips to reduce courier wages under competitive pressure. Our work provides a

new perspective, showing that equilibria with tips before service weakly Pareto dominate those

without tips or after service. Since buyers in our model account for both the utility impact of

tipping and which store they are served by, we offer a novel rationale for why tipping—traditionally

a post-service gesture—is specified upfront on delivery platforms. There is also a body of empirical

literature on tipping, including studies on how default tip suggestions affect buyer satisfaction

[Alexander et al., 2021, Haggag and Paci, 2014] and courier welfare [Shy, 2015, Castillo et al., 2022].

This study also contributes to the broader literature, on how online platforms set prices and

facilitate matching in markets with strategic market participants, in three-sided markets [Wang

et al., 2025, Liu et al., 2023, Bahrami et al., 2023], as well as two-sided ones [Wang et al., 2023,

Eden et al., 2024, D’Amico-Wong et al., 2024, Birge et al., 2021, Ma et al., 2022, Feldman et al.,
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2023, Chen et al., 2022, Chen and Hu, 2024, Castro et al., 2022]. While we share the common

feature of a central platform using pricing and matching tools for market design, our work focuses

on a different market dimension—the role of tips.

3.2 Model

We present a static model, which captures settings with time-sensitive deliveries—buyers who do

not receive their food within a short period may no longer value the delivery. A delivery platform

facilitates transactions between three sides of a market. There is a set of m unit-demand buyers,

B = {b1, ..., bm}, n unit-supply stores S = {s1, ..., sn}, and l unit-capacity couriers, D = {d1, ..., dl}.16

An order (from a store, not a mathematical order) o = (b, s) ∈ B × S is a buyer–store pair, and

the set of all orders is denoted as O = B × S. Buyer b has valuation vb(s) ≥ 0 for store s ∈ S,

which includes both the buyer’s valuation for the item of store s, and the buyer’s valuation for the

delivery. Courier d incurs finite delivery cost cd(b, s) ≥ 0 for delivering from store s to buyer b. Each

store s charges the platform a predetermined product price when a buyer buys from it through the

platform. We assume this price equals its cost.17 Without loss of generality, we further set each

store’s cost (and hence the product price) to zero, and show how to generalize all of our results to

the case of nonzero store costs, with product prices still equaling store costs, in Appendix B.8.1.

We now introduce some of the components of an equilibrium, which include purchase prices,

delivery compensation, and later we will also introduce tips. For each store s ∈ S, there is a purchase

price, ps ≥ 0, which includes both the predetermined product price (assumed equal to a store’s

cost, which is set to zero) and the platform delivery fee. We require the purchase price for a store

being the same for all buyers, i.e., no price discrimination. We abstract away from discriminating

purchase prices based on a buyer’s distance from the store, as such distance-based pricing is often

coarse; for example, Instacart applies a long-distance service fee only if the delivery route exceeds

16All our results generalize beyond unit-demand to buyers with additive valuations, and beyond unit-capacity
to couriers with additive costs. For buyers with additive valuations, duplicate each buyer n times, where the k-th
duplicate of buyer i (denoted as vbi,k) has valuation vbi,k(sk) = vbi(sk) and vbi,k(s

′
k) = 0 for s′k ̸= sk. For couriers

with additive costs, duplicate each courier mn times, each duplicate having unit capacity to serve one buyer–store
pair, and infinite cost to serve any other buyer–store pairs.

17We model product prices as being equal to stores’ costs to remove the following source of inefficiency: If a buyer’s
valuation is smaller than the product price but larger than cost, a trade cannot occur despite the positive welfare
generated. In this case, the optimal welfare cannot be obtained even without requiring trades occur in an equilibrium.
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30 minutes or includes a toll [Instacart, 2025b]. That said, platforms do charge stores varying fees

for fulfilling orders to buyers at different distances.18

There is also a delivery compensation, wbs ≥ 0, for each order (b, s), the same for every courier,

i.e., there is no wage discrimination for the same delivery. Let p ∈ Rm and w ∈ Rmn denote the

vector of purchase prices and delivery compensation. The platform charges purchase prices from

buyers and pays delivery compensation to couriers. The platform can subsidize some of the cost of

delivery, allowing delivery compensation wbs to a courier to be larger than purchase price ps collected

from a buyer. This reflects the “Pay Boost” adopted by some delivery platforms to guarantee

delivery when an order is not accepted for a long time. For example, pay boost on Instacart can be

as high as $12 when the base pay per order for a courier is only around $4 [Helling, 2024, Bitter

and Luna, 2023]. The source of subsidy wbs − ps can come from membership fees or other fixed fees

that are not charged per order.

Without-tip. The utility associated with a trade (b, s, d) is as follows: buyer b has utility

ub(s) = vb(s)− ps; courier d has utility ud(b, s) = wbs − cd(b, s); the platform has utility that equals

the purchase price ps minus the courier compensation pbs; a store has utility zero. The welfare

created by a trade is the sum of the four utilities, which adds up to vb(s)− cd(b, s).

An allocation, or a three-sided matching x, is defined as

xbsd =


1 if b buys from s, and d serves the delivery,

0 otherwise.

An allocation x is feasible if it satisfies unit-demand ∀b,
∑

sd xbsd ≤ 1, unit-supply ∀s,
∑

bd xbsd ≤

1 and unit-capacity ∀d,
∑

bs xbsd ≤ 1. For an allocation x, let sx(b) be the store buyer b buys from,

dx(b) be the courier that delivers for buyer b, and ox(d) = (bx(d), sx(d)) the buyer–store pair that

courier d delivers. If b does not purchase, let sx(b) = ∅ be a null store, and dx(b) = ∅ be a null

courier. If d does not deliver, then let ox(d) = ∅ be a null buyer–store pair. When the context

is clear, we use ub(x) = ub(sx(b)), ud(x) = ud(ox(d)) as short hand for the utility of a buyer and

18For example, DoorDash charges restaurants and partners who use the DoorDash DriveAPI distance-based fees for
delivery, but these fees are not charged to buyers [DoorDash, 2025c,b]. On Grubhub and UberEats, individual stores
can choose their delivery plans from Basic, Plus, or Premium, each of which comes with different delivery fees that all
buyers ordering from the store has to pay. [Grubhub, 2025a, UberEats, 2025b].
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courier, respectively, in allocation x. A buyer who does not buy and a courier who does not deliver

have zero utility. All values, costs and utilities associated with null are zero.

The welfare of an allocation x is the sum of the welfare of all realized trades, and equals the

sum of allocated buyers’ valuations minus the sum of allocated couriers’ delivery costs:

W (x) =
∑
bsd

xbsd(vb(s)− cd(b, s)).

The optimal welfare is the maximum welfare over all feasible allocations, OPT = maxxW (x).

Given delivery compensation w, denote the set of orders that maximize courier d’s utility as

BRd(w) =


{(b, s) | ∀(b′, s′) ∈ O, ud(b, s) ≥ ud(b′, s′)} if ∃(b, s) such that ud(b, s) > 0

{∅} ∪ {(b, s) | ud(b, s) = 0} otherwise.

Given purchase price p, denote the set of stores that maximize buyer b’s utility as

BRb(p) =


{s | ∀s′ ∈ S, ub(s) ≥ ub(s′)} if ∃s such that ub(s) > 0

{∅} ∪ {s | ub(s) = 0} otherwise.

Definition 3.2.1 (Without-tip equilibrium). A without-tip equilibrium is a triple of price, compen-

sation, and feasible allocation (p,w,x) that satisfies

• Every buyer buys from the favorite store ∀b, sx(b) ∈ BRb(p).

• Every courier delivers the favorite order ∀d, ox(d) ∈ BRd(w).

• Stores not bought from (i.e.,
∑

bd xbsd = 0) have zero purchase price ps = 0.

• Order not delivered (i.e.,
∑

d xbsd = 0) have zero delivery compensation wbs = 0.

From the perspective of courier decision-making, the without-tip equilibrium also captures

scenarios in which buyers specify tips after delivery, as such tips would have no or minimal influence

on courier behavior.19

19One may consider the case where risk-neutral couriers hold a calibrated belief, that α percentage of purchase
price is specified as tip after delivery. Couriers might favor stores with higher purchase price in the hope of a higher
tip. This case can also be captured by a without-tip equilibrium, where purchase prices for buyers are increased by α
percent, and courier compensation for any delivered order (b, s) is also increased by αps.
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The equilibrium definition assumes that couriers can observe all available orders, whereas

real-world platforms typically use centralized matching systems that limit courier choices. We justify

this assumption with two reasons. First, on platforms like UberEats and Instacart, couriers often

see a range of nearby orders rather than just a single platform-recommended option.20 In most

cases, the order that maximizes a courier’s utility is one that begins close to the courier’s current

location. It is reasonable therefore, that we model couriers as choosing the choices among all choices

that maximizes the utility. Second, modeling couriers as facing competitive prices across all orders

guarantees that they are envy-free and always accept the platform-dispatched order, assuming the

platform assigns each courier their most preferred available order.

It will also be useful to define a Walrasian equilibrium for the two-sided market of buyers and

stores (B,S), which completely ignores couriers. We will use this concept to analyze couriers’ and

buyers’ incentives in a three-sided allocation in Section 3.3.1 and Section 3.5. A buyer allocation z

is a two-sided matching in (B,S) where

zbs =


1 if b buys from store s,

0 otherwise.

A feasible buyer allocation z satisfies unit-demand buyer ∀b,
∑

s zbs ≤ 1 and unit-supply store

∀s,
∑

b zbs ≤ 1. Let sz(b) be the store that buyer b buys from, and sz(b) = ∅ if b does not buy.

A Walrasian equilibrium for (B,S) is a pair of purchase prices and buyer allocation (p, z), such

that all buyers buy from the store that maximizes buyers’ utility sz(x) ∈ BRb(p), with purchase

prices set to zero for stores that do not sell. A Walrasian equilibrium (p, z) always exists in this

unit-demand-supply setting [Gul and Stacchetti, 1999].21

With-tip. When buyers are allowed to tip, let tbs ≥ 0 be the tip associated with an order o = (b, s).

Buyer b pays tbs to the courier who delivers the order (b, s), but does not pay out tips for orders

that are not delivered. Let t ∈ Rmn be the vector of tips, tb ∈ Rn be the vector of tips associated

20See Footnote 4.

21Although our definition of a without-tip equilibrium resembles a Walrasian equilibrium in two-sided markets,
we do not use the term Walrasian since our model abstracts away the stores’ incentives, and allows the platform to
subsidize delivery. See Appendix B.8.2 for a discussion of store incentives and Section 3.7 for a discussion of the
assumption that the platform can subsidize delivery.
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with buyer b, and t−b ∈ R(m−1)n the tips associated with all buyers except b. Buyer b buying from

store s with tip tbs has utility ub(s) = vb(s)− ps − tbs. courier d delivering an order (b, s) has utility

ud(b, s) = pbs − cd(b, s) + tbs. The utility of the platform and stores, as well as the definition of an

allocation and welfare remain the same as in the without-tip setting.

Given the set of delivery compensation w and tips t, the set of orders that maximize courier

d’s utility is still defined as

BRd(w, t) =


{(b, s) | ∀(b′, s′) ∈ O, ud(b, s) ≥ ud(b′, s′)} if ∃(b, s) such that ud(b, s) > 0

{∅} ∪ {(b, s) | ud(b, s) = 0} otherwise.

Since in online platforms buyers typically decide the tip amount, defining the set of stores that

maximize a buyer’s utility is more complex. Let a buyer b consider buying from a store s. Given

compensation w and all other buyers’ tips t−b, there is a minimum tip required to have some courier

deliver from the store s to b, denoted as

tbs(w, t−b) = min{tbs | ∃d such that (b, s) ∈ BRd(w, tb, t−b).}

This minimum tip tbs(w, t−b) has a closed form solution, which we present in Appendix B.2.

For simplicity of notation, we omit the dependency on w, t−b and write tbs from now on. The buyer

can calculate the minimum tip tbs′ for any store s′ ∈ S. Given this, the set of stores that maximize

buyer b’s utility is defined as

BRb(p,w, t−b) =


{s | ∀s′ ∈ S, vb(s)− ps − tbs ≥ vb(s′)− ps′ − tbs′} if ∃s such that vb(s)− ps − tbs > 0

{∅} ∪ {s | vb(s)− ps − tbs = 0} otherwise.

By the definition, a buyer b views vb(s)−ps− tbs as the utility of buying from a store s, and similarly

vb(s
′)− ps′ − tbs′ as the utility of buying from store s′. The model of utility used in this definition

implies every buyer is optimistic in believing that she can get the item even if there are other buyers

who contend for the same store s.

Definition 3.2.2 (With-tip equilibrium). A with-tip equilibrium is a quadruple of price, compensa-

tion, tips, and feasible allocation (p,w, t,x) that satisfies
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• Every buyer buys from the favorite store ∀b, sx(b) ∈ BRb(p,w, t−b); and pays the minimum

tip if buying from a store, ∀b, sx(b) ̸= ∅, tbsx(b) = tbsx(b).

• Every courier delivers the favorite order ∀d, ox(d) ∈ BRd(w, t).

• Stores not bought from (i.e.,
∑

bd xbsd = 0) have zero purchase price ps = 0.

• Order not delivered (i.e.,
∑

d xbsd = 0) have zero delivery compensation wbs = 0 and zero tips

tbs=0.

This definition of a with-tip equilibrium allows buyers to reason in a counterfactual way. Given

tip vector t−b, a buyer b can infer the minimum tip required to secure delivery from stores, reflecting

that buyers adjust tips in response to delivery conditions and courier supply. 22 Although the model

permits buyers to specify different tips across stores, in equilibrium each buyer places at most one

non-zero tip. Finally, we emphasize that tips are not the only mechanism through which the market

clears. Instead, the tips work alongside the purchase prices and delivery compensation.

Remark 1. An alternative, simpler definition of a with-tip equilibrium, which does not capture the

ability of buyers to set the tips is: let ub(s) = vb(s)− ps − tbs, and define

BRb(p,w, t) =


{s | ∀s′ ∈ S, ub(s) ≥ ub(s′)} if ∃s such that ub(s) > 0

{∅} ∪ {s | ub(s) = 0} otherwise.

The definition would otherwise remain the same as Definition 3.2.2. In this alternative

equilibrium definition, tips are a given amount that buyers must pay to buy from a store, rather than

the minimum amount that a buyer could offer in incentivizing delivery. As such, this alternative is

not economically sensible, removing buyer agency in setting tips.

We illustrate Definition 3.2.1 and Definition 3.2.2 of with-tip and without-tip equilibria,

respectively, with a market illustrated by Example B.3.1 and Figure B.1. This is also a market

where with-tip equilibria achieve optimal welfare but all without-tip equilibria have negative welfare.

22This perspective aligns with the reported views from Redmond [2024], which describes how “demand for delivery
pushed buyers to unknowingly compete against each other, with a willingness to pay more for delivery and more in
tips to get their food delivered.”
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3.3 Motivating the Use of Tips

In this section, we highlight the benefits of incorporating tips into pricing. We show in Section 3.3.1

that while with-tip equilibria always exist, the existence of without-tip equilibria require a sufficient

number of couriers. In Section 3.3.2, we show every allocation in a without-tip equilibrium is

also in a with-tip equilibrium, meaning the existence of a with-tip equilibrium with weakly larger

welfare than all without-tip equilibria. Lastly, we demonstrate that when tipping is allowed, every

equilibrium allocation is also in an equilibrium where all tips equal zero, pinpointing the role of tips

as preventing deviations off path rather than for on-path transfers.

3.3.1 Equilibrium Existence

In this section, we examine the existence of equilibrium in the without-tip and with-tip regime.

We show there always exists a with-tip equilibrium. In contrast, a without-tip equilibrium is only

guaranteed to exist when the number of couriers is weakly larger than the minimum number of

buyers and stores l ≥ min{m,n}.

As a high-level intuition, a without-tip equilibrium requires that the two-sided market of

buyers and stores forms a Walrasian equilibrium. When l < min{m,n}, there can be insufficient

number of couriers to deliver all orders in this walrasian equilibrium; e.g., the market in Figure B.2

has l = 1 < m = n = 2, and no without-tip equilibrium exists. To explain it in another way,

courier shortage leads to some buyers unable to secure delivery despite their high willingness to pay.

However, in the with-tip regime platform can heavily subsidize delivery, so that buyers will have to

tip a very high amount should they buy from a store that does not sell.

To analyze equilibrium existence, we start from the courier side and look into a two-sided

matching consisting of all orders and couriers. Lemmas 3.3.1 and 3.3.2 show that when there are

enough couriers, there is always a delivery compensation that incentivizes couriers to deliver any

subset of orders. Consequently, checking for equilibrium existence in the three-sided market reduces

to checking for equilibrium existence in the two-sided buyer-store market. Lemma 3.3.1 also gives a

tight upper bound on courier utility when delivering a subset of orders, which will be crucial in

Section 3.4 to test whether an allocation is supported in some equilibrium.

We need more notations to describe the two-sided market of the orders and couriers. Let

57



GD = (O,D) be a bipartite graph where each edge (o, d) has cost cd(o). A courier allocation y is a

two-sided matching in GD where

yod =


1 if d delivers the order o,

0 otherwise.

A feasible courier allocation y satisfies unit-capacity courier ∀d,
∑

o yo,d ≤ 1, unit-demand buyers

and unit-supply store (i.e., ∀o = (b, s), o′ = (b′, s′) such that yod = yo′d = 1, it satisfies that b ̸=

b, s ≠ s′). Denote oy(d) as the order that courier d delivers. If d does not deliver, oy(d) = ∅. A

courier plan is a pair of delivery compensation and feasible courier allocation (w,y) such that every

courier delivers their most preferred order; i.e., ∀d, oy(d) ∈ BRd(w).

Consider any subset of orders Ω ⊂ O where each buyer and store appears at most once. A

courier plan (w,y) serves Ω if all orders in Ω are delivered and only orders in Ω are delivered; i.e.,

∀o ∈ Ω,
∑

d yod = 1 and ∀o /∈ Ω,
∑

d yod = 0.

We now formalize the claim that, when there are sufficiently many couriers, one can always chose

delivery compensation to induce couriers to deliver any subset of orders. We consider separately the

cases in which the number of couriers equals the number of orders and in which it strictly exceeds

it, since the couriers’ maximal utility differs across these two regimes.

Lemma 3.3.1. Consider the case where |Ω| < l. Any courier plan (w,y) that serves Ω satisfies (i)

y is the minimum-cost matching that covers Ω in GD; and (ii) courier utility is upper bounded by

ud(oy(d)) ≤ ūd := CΩ(GD\d)− CΩ(GD)

where CΩ(GD) is the cost of the minimum cost matching that covers Ω in GD, and CΩ(GD\d) is the

cost of the minimum-cost matching that covers Ω without courier d. There always exists a courier

plan (w̄,y) that serves Ω and achieves ūd, where w̄bs = 0 for (b, s) /∈ Ω.

Lemma 3.3.2. Consider the case where |Ω| = l. Any courier plan (w,y) that serves Ω satisfies

that y is the minimum-cost matching that covers Ω in GD. There always exists a courier plan (w̄,y)
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that serves Ω where w̄bs = 0 for (b, s) /∈ Ω, and each courier has utility

ūd = H + CΩ−1(GD\d)− CΩ(GD) ≥ max
b,s
{vb(s)},

where H =
∑

bs vb(s) +
∑

bsd cd(b, s), while CΩ−1(GD\d) is the cost of the minimum-cost matching

that covers all but one order in Ω, and CΩ(GD) is the cost of the minimum-cost matching that

covers Ω.

The proof of these two lemmas establishes a one-to-one relationship between courier plans that

serve Ω and Walrasian equilibria in a two-sided order-courier market M where one side is order Ω

and another side is courier D. As a Walrasian equilibrium always exists in a two-sided market M , a

courier plan that serves Ω always exists. By further appealing to the largest Walrasian price in M ,

we are able to write down the exact form of the maximum courier utility ū in a courier plan that

serves Ω, and the corresponding maximum courier compensation w̄. ū and w̄ play a crucial role in

testing if an allocation is in some with-tip equilibrium in Section 3.4. Using these two lemmas, we

show when there are sufficiently many couriers l ≥ min{m,n}, a without-tip equilibrium exists.

Theorem 3.3.3. In a market where the number of couriers is weakly larger than the minimum

number of buyers and stores l ≥ min{m,n}, a without-tip equilibrium always exists.

The intuition is straightforward. Take any set of orders that arises in a Walrasian equilibrium

of the two-sided buyer-store market. By definition, there exists buyer prices that make each buyer

choose her preferred store consistent with that set of orders. Moreover, by the two lemmas above,

there is a delivery compensation that incentives couriers to delivery exactly the set of orders. Now

we discuss the existence of with-tip equilibrium.

Theorem 3.3.4. There always exists a with-tip equilibrium.

When l ≥ min{m,n}, the argument for the existence of a with-tip equilibrium mirrors Theo-

rem 3.3.3. When l < min{m,n}, the platform can restrict attention to a subset of orders whose

size equals l. The platform can subsidize delivery and choose delivery compensation to attain the

courier utility in Lemma 3.3.2. No buyer has a profitable deviation from the prescribed set of orders

because any deviation would require paying a tip exceeding the buyer’s own valuation.
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Although equilibria always exists for with-tip equilibrium, they can be inefficient. We will

discuss the welfare aspect of equilibrium in Section 3.4 and Section 3.5.

3.3.2 Tips Weakly Improve Welfare

We now further illustrate the role of tips in pricing. Recall Example B.3.1 where the only without-tip

equilibrium allocation is also supported in a with-tip equilibrium. We show this is not a coincidence.

Proposition 3.3.5. For a market, if (p,w,x) is a without-tip equilibrium, then (p,w, t,x) is a

with-tip equilibrium where t = 0.

To prove the proposition, the set of orders that maximize courier utility remains the same in

(p,w, t,x) as that in (p,w,x). A buyer b who buys from store sx(b) does not need to pay tips to

get delivery from sx(b), i.e., tbsx(b) = 0. But b does need to pay tips weakly larger than zero to get

delivery for some other stores s′ ̸= sx(b). So sx(b) is still b’s favorite store.

This proposition implies that with-tip equilibria weakly Pareto dominate without-tip equilibria.

From a welfare perspective, the benefit of including tips in pricing is made even more apparent

when we do not require an equilibrium to clear the market; i.e., unsold stores can have positive

prices and undelivered orders can have positive compensation and tips. In Appendix B.4.3, we prove

that when equilibria do not need to clear the market, the optimal with-tip equilibrium welfare is

always lower bounded above zero while the optimal without-tip equilibrium welfare can be zero.

While it may seem intuitive that the added flexibility of tips leads to higher welfare, we show

next that the welfare gain does not come from the actual (on-path) payment of tips, but rather from

the off-path need of buyers to offer tips to secure delivery, pinpointing the role of tips as preventing

deviations off path rather than for on-path transfers.

Proposition 3.3.6. If there exists a with-tip equilibrium (p,w, t,x), then there exists a with-tip

equilibrium (p′,w′, t′,x) with zero tips t′ = 0.

To prove this, we construct p′,w′ in a way that directly incorporates tips t into the purchase

prices and delivery compensation. The crux of this proof is to show that the minimum tip for a

buyer b to get delivery from a store s ̸= sx(b) is the same between (p,w, t,x) and (p′,w′, t′,x).
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With the same minimum tip, we can prove that sx(b) is still in the set of stores that maximize buyer

utility. The proposition will play a crucial role in Section 3.4 to determine whether an allocation is

supported in some with-tip equilibrium.

Together, Propositions 3.3.5 and 3.3.6 provide an interpretation of the role of tips on delivery

platforms. In the with-tip equilibrium, the platform can set prices and compensation that require

buyers to pay zero tips in equilibrium, but face very high tips if they deviate. In this sense, tips

facilitate market-clearing by discouraging buyers from deviating from the equilibrium outcome.

Remark 2 (Tips in Two-Sided Platforms). Ride-hailing platforms are two-sided, matching riders

with drivers. Because Walrasian equilibria always exist in two-sided markets, there are non-

discriminatory rider prices and driver compensations that balance rider demand with driver supply.

Moreover, since Walrasian equilibria are welfare-maximizing, these prices and compensations im-

plement the socially efficient outcome. This suggests that allowing tips before delivery would be of

limited value for social welfare in such two-sided market. And indeed, tips are specified post-ride on

ride-hailing platforms.

As three-sided food-delivery platforms like UberEats begin to adopt robot delivery alongside

courier delivery23, the delivery platform becomes a mixture of a two-sided (robot-mediated) market

and a three-sided (courier-mediated) market, with the relative importance of the latter shrinking as

robots take over a larger share of deliveries. In such settings, tipping before delivery is no longer as

valuable for improving welfare as it is in a three-sided market. And indeed, these delivery robots do

not receive tips [Knutsson, 2024].

3.4 Markets without any Structural Constraints

In this section, we focus on the equilibrium welfare properties. For simplicity, we use “equilibrium”

to refer to a with-tip equilibrium and “without-tip equilibrium” to denote the alternative. We

begin by presenting, in Proposition B.5.1 and Figure B.3, a market in which every equilibrium

attains strictly lower welfare than the optimal welfare. As a second negative result, we show that

computing the optimal equilibrium welfare, as well as the optimal welfare over all feasible allocations,

23As of mid-2025, UberEats provides a robot-delivery option in Los Angeles, Miami, the Dallas–Fort Worth area,
and Atlanta [Raby, 2025].
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is NP-hard. In light of these results, we turn in Section 3.4.1 to a characterization of equilibrium

allocations, and show that for any given allocation, one can determine in polynomial time whether

it can be supported by some equilibrium. This will pave the road for Section 3.5 to identify markets

where optimal equilibrium welfare equals to optimal welfare.

The following theorem shows that the computation problem associated with finding the

maximum welfare equilibrium is intractable.

Theorem 3.4.1. In a market where all buyers’ valuations equal 1, and all couriers’ costs lie in

{0, 1}, it is NP-hard to determine

• whether the optimal with-tip equilibrium welfare exceeds k

• whether the optimal without-tip equilibrium welfare exceeds k

• whether the optimal welfare exceeds k

We prove NP-hardness through a reduction from 3-dimensional matching (3DM). Given a

3-uniform hypergraph G = (B,S,D) with |B| = |S| = |D| = l, we construct a market with l buyers,

l stores, and l couriers. A courier’s cost for delivering for a buyer-store pair is zero if and only if

there is a hyper-edge in G that corresponds to the buyer-store-courier triple. We then show that G

admits a perfect matching if and only if the optimal welfare, optimal with-tip equilibrium welfare,

and without-tip equilibrium welfare all equal to l.

Seeing the computational complexity, one natural direction is to extend the approximation

results in the maximum-weight version of 3DM to our setting, and develop a polynomial-time

algorithm that finds equilibria with good welfare. The obstacle is that most approximation results

for maximum-weight 3DM rely on local-search algorithms that swap subsets of individual matches.

These local-search algorithms do not consider buyers and couriers’ incentives, and the swaps break

the equilibrium requirements, making them unsuitable for our economic setting. Therefore, we turn

our attention to finding markets where optimal equilibrium welfare equals to optimal welfare. To do

that, we will first need to characterize the set of equilibrium allocations.
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3.4.1 Characterizing Equilibrium Allocations

Given a feasible allocation x, we ask whether there is an efficient way to determine if there is an

equilibrium (p,w, t,x) for some p,w, t. Through this section, we answer this question affirmatively,

by first characterizing the courier compensation and tips that might support x in Lemma 3.4.2,

then checking whether x is in an equilibrium in a constructed two-sided market in Lemma 3.4.3.

Lemma 3.4.2. If a feasible allocation x is in some equilibrium (p,w, t,x) where t = 0, then

(p, w̄, t,x) is also an equilibrium where w̄ is the highest courier compensation defined in Lemma 3.3.1

and Lemma 3.3.2.

This lemmas shows that any with-tip equilibrium with zero tips remains an equilibrium if the

platform subsidizes delivery and pays couriers the maximum compensation w̄ that incentivizes the

courier to deliver the same set of orders. Courier incentives hold by definition of w̄. A buyer b

deviating to a store s ̸= sx(b) needs to pay at least tip tbs to have some courier willing to deliver

tbs = min
d
cd(b, s) + ūd

where ūd is the highest possible courier utility that is achieved by w̄ defined in Lemma 3.3.1 and

Lemma 3.3.2. In contrast, if a buyer b buys from sx(b), she doesn’t need to tip because w̄ guarantees

some courier will deliver. Thus, in (p, w̄, t,x), buyer incentives hold because tbs is higher than the

minimum tip required for deviation in (p,w, t,x). If a buyer doesn’t deviate with lower tips, she

doesn’t with higher tips.

Combining Proposition 3.3.6 and Lemma 3.4.2, to check if an allocation x is in some equilibrium,

it suffices to check for an equilibrium where t = 0 and delivery compensation equals to w̄. We now

check if x is in some equilibrium by “folding” the tip and compensation into a buyer-store two-sided

market.

For an allocation x, define a buyer allocation z that allocates stores to buyers to be zbs =
∑

d xbsd.

Let Gx = (B,S) be the bipartite graph where one side are buyers, and the other side are stores.
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Each edge (b, s) in Gx has weight

vxbs =


vb(s)− tbs if s ̸= sx(b),

vb(s) otherwise.

Here, we use vxbs to denote the edge weight in Gx, because this edge weight corresponds to a buyer

b’s realized value when buying from store s, after adjusting for the tips tbs she pays for the delivery.

Lemma 3.4.3. A feasible allocation x is in some equilibrium if and only if z is a maximum weight

matching in Gx.

The proof for this lemma shows that x is an equilibrium if and only if z is a Walrasian

equilibrium allocation in the two-sided market Gx, where buyer valuations for stores are adjusted

by tips. An immediate corollary is that any feasible allocation x where all couriers make a delivery

is supported in some equilibrium. This is because the platform can subsidize couriers, so that the

minimum tip tbs is much higher than buyer b’s valuations for s ≠ sx(b). We state this Corollary B.5.2

in Appendix B.5.1. We are ready to state the main theorem for this section.

Theorem 3.4.4. For any allocation x, there is a polynomial time procedure to determine if there

exists an equilibrium that includes x.

For any allocation x, the procedure calculates tbs for every pair of (b, s) that s ≠ sx(b), and find

the max weight matching in Gx. As tbs depends on ūd, which can all be computed in polynomial

time according to Lemma 3.3.1 and Lemma 3.3.2, the entire procedure takes polynomial time.

3.5 Markets with Structures

While the previous section demonstrates that all equilibria can be inefficient and it is computationally

intractable to find the optimal equilibrium welfare, in this section we present our main positive results.

We identify structures on couriers’ costs or buyers’ valuations that overcome both impossibilities.

We continue to use “equilibrium” to refer to with-tip equilibrium and “without-tip” equilibrium to

denote the alternative.
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3.5.1 Structures on Courier Costs

The structure on courier costs identifies components of cost. The three components of cd(b, s) that

we identify are: (i) a buyer–store part c(b, s), (ii) a courier–store part cd(s), and (iii) a courier–buyer

part cd(b). These reflect distance-based costs that account for couriers’ deliveries to buyers, trips to

stores, and return-home trips. The courier–store cost can also reflect a courier’s familiarity with a

store, while the courier–buyer cost can account for familiarity with the buyer’s neighborhood.

We first show that when for all couriers cd(b, s) = c(b, s) + cd(s) or for all couriers cd(b, s) =

c(b, s) + cd(b), i.e., when one of the two possible structural assumptions holds, the optimal welfare

across all allocations can be found in polynomial time.

Theorem 3.5.1. The optimal welfare can be computed in polynomial time when the couriers’

costs are decomposable into a buyer–store and a courier–store part cd(b, s) = c(b, s) + cd(s), or a

buyer–store and a courier–buyer part cd(b, s) = c(b, s) + cd(b).

The proof reduces the problem of finding the optimal welfare to a minimum cost-flow problem.

Figure 3.1 illustrates such a flow network for a market with two buyers, two stores, and three

couriers when cd(b, s) = c(b, s) + cd(s). As courier costs are decomposable, the edges on the flow

network encode each component of courier costs. With unit capacity on all edges, every integral flow

corresponds to a feasible allocation, and maximizing welfare is equivalent to finding a minimum-cost

integral flow.

So Si

b1

b2

b1s1

b1s2

b2s1

b2s2

s1

s2

s′1

s′2

d1

d2

d3

−vb1 (s2)

−vb2 (s2)

−vb1 (s1)

−vb2 (s1)

c(b2, s2)

c(b1, s2)

c(b1, s1)

cd3 (s2)

cd2 (s2)

cd1 (s1)

Buyer Order Store Dummy Courier

Figure 3.1: An example min-cost flow network for a market where cd(b, s) = c(b, s) + cd(s). The
market has two buyers, two stores, and three couriers. There is a dummy vertex s′ for each store
s to enforce the store’s unit-capacity constraint. Each edge has capacity one. An edge between a
buyer b and an order (b, s) has cost −vb(s). An edge between an order (b, s) and a store s have cost
c(b, s). An edge between a dummy vertex of a store s and a courier d has cost cd(s).
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In the next theorem we show when cd(b, s) = c(b, s) + cd(s), or cd(b, s) = c(b, s) + cd(b),

there always exists a with-tip equilibrium that achieves the optimal welfare, which is not true for

without-tip equilibria.24

Theorem 3.5.2. When the courier costs consist of a buyer–store and a courier–store part cd(b, s) =

c(b, s) + cd(s), or a buyer–store and a courier–buyer part cd(b, s) = c(b, s) + cd(b), there always exists

a with-tip equilibrium that achieves the optimal welfare. However, there exists a market with such

courier costs, where every without-tip equilibrium has welfare lower than the optimal welfare.

The proof of this theorem is more technical than some of the other results. It verifies that the

welfare-optimal allocation x, found by theorem 3.5.1, is a max-weight matching in the bipartite

graph Gx. It then applies Lemma 3.4.3 to conclude that x is an equilibrium allocation. To establish

x being a max-weight matching, the proof analyzes alternating paths, a graph-theoretic notion,

separating the cases where an alternating path starts from an unmatched buyer or from a matched

store in x. In either case, welfare optimality in the three-sided market implies that x has no

improving alternating path, and hence is a max-weight matching in Gx.

Theorems 3.5.1 and 3.5.2 imply that in markets where courier costs are distance-based, a

with-tip equilibrium always achieve the optimal welfare, and can be computed in polynomial time.

A without-tip equilibrium may not exist, and even if exists can have low welfare compared to the

optimal welfare.

3.5.2 Structures on buyer valuations

As an alternative to requiring some structure to courier costs, we introduce a structure on buyer

valuations. The structure on buyer valuations is that of single-mindedness: each buyer only has

positive valuation for one store. We first show that the optimal welfare can be found in polynomial

time for a market with single-minded buyers, regardless of courier costs.

Theorem 3.5.3. The optimal welfare can be computed in polynomial time when each buyer only

has a positive valuation for one store.

24Note the market in Figure B.2 does not have a without-tip equilibrium, despite all courier costs being zero.
And even when a without-tip equilibrium does exist, as in Example B.3.1, it can still yield low welfare, despite the
structured courier costs.
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Just as Theorem 3.5.1, we reduce the problem of finding the optimal welfare to a minimum cost

flow problem. Figure B.5 illustrates such a flow network. The full reduction is similar to that in

Theorem 3.5.1 and omitted. We now examine the equilibrium welfare with single-minded buyers.

Theorem 3.5.4. When each buyer only has a positive valuation for one store, there always exists a

with-tip equilibrium that achieves the optimal welfare. However, there exists a market with such

buyer valuations, where every without-tip equilibrium has welfare lower than the optimal welfare.

The proof proceeds similarly to Theorem 3.5.2. When each buyer only values one store, any

relevant alternating path has length at most three, and takes the form (b0, s1, b1), where both b0

and b1 only values s1 positively. Note that without-tip equilibria need not exist even when buyers

are single-minded when there are fewer couriers than buyers or stores. Moreover, even when they

do exist, they can be inefficient, as illustrated in Example B.3.1.

3.6 Platform Profit Maximization

While previous sections have assumed the platform can subsidize delivery costs and set courier

compensation above buyer prices to maximize welfare, this need not be profit-maximizing for

the platform. In this section we analyze platform profit—defined as sum of buyer prices minus

courier compensation. We ask what is the maximum profit that a platform can extract, subject

to equilibrium constraints. Throughout this section, we operate in markets where the number of

couriers is weakly larger than the minimum number of buyers and stores, so that a without-tip

equilibrium exists by Theorem 3.3.3.

Following from Proposition 3.3.5, any without-tip equilibrium is also a with-tip equilibrium of

zero tip with the same price and compensation. It naturally follows that the maximum platform

profit in all with-tip equilibria is weakly higher than that of without-tip equilibria. We leave the

formal statement Proposition B.7.1 in Appendix B.7.

We next turn to the computational problem of maximizing platform profit. Using the same

reduction from 3-dimensional matching as in Theorem 3.4.1, we show that it is NP-hard to find the

maximum profit of both with-tip and without-tip equilibrium. We leave the formal presentation of

the theorem to Appendix B.7. Although this hardness result is driven by the intrinsic difficulty of

three-sided matching, we will show in Theorem 3.6.2 that for with-tip equilibria the hardness also

67



stems from a buyer’s ability to specify tips.

To add some structures, consider markets where each courier can deliver orders from only one

store. This captures settings where couriers wait near specific stores, for example by staying in

store parking lots to obtain priority matching based on proximity [Bitter, 2023]. In this restricted

environment, the profit-maximizing without-tip equilibrium can be found in polynomial time.

Theorem 3.6.1. In markets where each courier can deliver orders from only one store and each

store has at least one available courier, there exists a polynomial-time algorithm to find the profit-

maximizing without-tip equilibrium.

We leave the formal proof in the appendix and provide the intuition behind the proof. When

buyers cannot specify tips, any equilibrium allocation must coincide with a Walrasian equilibrium in

the two-sided buyer-store market. By the lattice structure, all such equilibria share the same highest

buyer prices [Gul and Stacchetti, 1999]. When each courier can only deliver for one store, equilibrium

assigns each store’s order to its lowest-cost courier, and the minimum courier compensation equals

that cost. The algorithm chooses, among Walrasian equilibria of the buyer-store market, the one

that minimizes total courier costs.

In the above theorem, restricting each courier to a single store has the effect of reducing

the analysis of the market to a two-sided one, yielding a polynomial-time algorithm for profit

maximization without-tip. In contrast, the next theorem shows that computing a profit-maximizing

with-tip equilibrium remains intractable. This shows that the hardness of the with-tip setting arises

not only from the three-sidedness of the market, but also from buyers’ ability to specify tips.

Theorem 3.6.2. In markets where each courier can only deliver for one store, it is NP-hard to

determine whether there exists a with-tip equilibrium with profit at least k, even when

• each store is served by one unique courier whose cost consists of courier-store and buyer-store

part, or

• each courier can only deliver for one store-buyer pair.

Similar to D’Amico-Wong et al. [2024] and Guruswami et al. [2005], we prove NP-hardness

via a reduction from the vertex cover problem where vertices have maximum degree K ≥ 3, which

is NP-hard. For an instance of vertex cover problem with V vertices and E edges, we construct a
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market where each store has a unique dedicated courier, and where the maximum profit for with-tip

equilibrium is equal to |V |+M(|V |+ |E|)− k where k is the size of minimum vertex cover. Like

D’Amico-Wong et al. [2024], our equilibrium requires stores not purchased to have zero price and

delivery compensation, and we also use dummy buyers that generate zero profit to buy the edge

stores not bought by edge buyers. Unlike D’Amico-Wong et al. [2024] where the main lever is

matching, the profit constraint in our problem arises from vertex buyers’ ability to specify tips

to deviate to edge stores. Our problem also differs in that both prices and compensations can be

adjusted simultaneously, which introduce additional challenges to prove edge buyers must always

pay their full valuation as profit.

In summary, despite the NP-hardness of profit maximization for with-tip equilibrium, the

platform can guarantee profit equal to the maximum without-tip profit; when restricting each courier

to deliver for one (e.g., the closest) store, computing such profit takes polynomial time.

3.7 Discussion

We have examined the role of tips in pricing and market clearing on a three-sided delivery platform.

We define a with-tip equilibrium to model buyers specifying optional tips before delivery, and

a without-tip equilibrium where buyers are not allowed to tip or only tip after delivery. We

show the optimal with-tip equilibrium welfare and platform profit are respectively weakly higher

than that without, highlighting the benefits of tips. However, even with-tip equilibria can suffer

from inefficiencies, and computing the optimal equilibrium welfare is NP-hard. To address the

welfare challenges, we identify market structures that ensure the existence and polynomial-time

computability of efficient with-tip equilibria. Specifically, these are markets where delivery costs

are decomposable into store–buyer and courier–store components, or store–buyer and buyer-courier

components, as well as markets where buyers are single-minded. For profit, despite calculating the

maximum-profit for both with-tip and without-tip equilibrium is intractable, the platform can find

the maximum without-tip profit in polynomial time when restricting each courier to deliver for one

(e.g., the closest) store. Several interesting questions remain, offering avenues for future research:

• To abstract away from the inefficiency arising because welfare-optimal trade cannot occur when

store prices are higher than costs, we model stores set prices equal to their costs. However, in a
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free market, store prices are influenced by demand and supply, which in our model correspond

to buyer orders and courier availability. It remains an open problem to define an equilibrium

that accounts for store incentives, in setting store prices, while ensuring the existence of an

equilibrium in a three-sided market.

• The model presented here is static, which captures settings with time-sensitive deliveries—

buyers who do not receive their food within a short period may no longer value the delivery.

It is worth considering a multi-period game, where buyers not attaining delivery this period

can wait until the platform boosts delivery compensation associated with their orders in next

periods.

• The structure in courier costs or buyer valuations we identify are sufficient conditions to

ensure the existence of efficient with-tip equilibria. What are the necessary conditions for the

existence of with-tip efficient equilibria?

• Can we find a polynomial-time algorithm that outputs with-tip equilibrium with good welfare in

every market, not just the ones with specific structures on delivery costs and buyer valuations?
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Part II

Direct Access Control with Matching
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Chapter 4

Direct Access Control with Matching

4.1 Introduction

Online platforms, such as Amazon and Uber Eats, have an increasingly important role to play in

the modern economy. As discussed in Wang et al. [2023], such platforms bring together buyers and

sellers, erase the physical and geographic barriers preventing trade, and generate value in the form

of new transaction opportunities. The significance of these platforms was perhaps most evident

during the COVID-19 pandemic. As entire populations were put under lockdown, consumers flocked

to these platforms, and Uber Eats saw a surge in both supply and demand [Raj et al., 2020] while

Amazon’s stock price nearly doubled between March 13th and late August of 2020. [Işık et al., 2021,

Tian and Talukder].

However, the growing market power of these platforms has also been associated with unwanted

strategic practices, such as a platform favoring specific merchants over other, less profitable ones

to maximize its own revenue. In 2019, the European Union Commission filed an antitrust lawsuit

against Amazon, alleging that the latter had directed buyers to third-party sellers who paid it hefty

delivery and storage fees, obscuring better deals elsewhere [Veljanovski, 2022]. While platforms play

a crucial role in disrupting markets and increasing social welfare, a platform may also benefit by

strategically matching buyers and sellers to further its own gain. In response to these concerns, in

this paper we present a theoretical framework for studying the platform’s revenue-maximization

problem and the impact of the platform’s strategic behavior on social welfare.

We adapt a model from Eden et al. [2024] to our setting. We consider a market of unit-demand

buyers and unit-supply sellers that is mediated by an online platform. Each buyer can transact with

a set of sellers whom she already knows, and in addition with any sellers that might be introduced

to her by the platform. Given these constraints on trade, prices and transactions are induced by a

competitive (Walrasian) equilibrium. The platform can choose to introduce a (possibly distinct) set

of sellers to each buyer, and its revenue is proportional to the total prices of all trades between agents
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that it introduces.1 The platform thus seeks to match buyers to sellers in a way that maximizes its

revenue. We define the social welfare as the sum of transacting buyers’ valuations2 and the optimal

(social) welfare as the social welfare when all sellers are introduced to each buyer.

We study the computational complexity of the platform’s revenue-maximization problem.

While we show that the problem is generally intractable, we give structural results for revenue-

optimal matchings, identifying specific market settings where the platform can maximize revenue

in polynomial time. We also analyze the relationship between revenue optimization and social

welfare: We lower bound the platform’s revenue as a function of the maximum increase in social

welfare that the platform can create, and we upper bound the loss in welfare that results from

the platform’s self-interest. Leveraging these results, we give a polynomial-time algorithm that

guarantees a logarithmic approximation of the optimal revenue in markets where the platform can

substantially increase social welfare. We also give tighter bounds for both revenue and social welfare

in markets with homogeneous goods, where each buyer values all sellers’ items equally, but with

different buyers having potentially different values.

4.1.1 Results and Techniques

Hardness of the Platform’s Revenue-Maximization Problem. In Section 4.3, we study the

computational complexity of maximizing the platform’s revenue, to which we refer as the platform’s

problem. We assume that the market clears according to maximum competitive equilibrium prices

(i.e., the prices in the seller-optimal competitive equilibrium). In the event that multiple competitive

allocations exist, we assume that the platform can break ties in its favor (selecting the equilibrium

that maximizes its revenue). This reflects a setting in which the platform has sufficient market

power to set prices and direct trades. Intuitively, the platform’s problem is challenging in that the

platform must simultaneously consider the prices of potential trades, their feasibility in a competitive

equilibrium, and the externalities they impose on the prices of other trades.

In a market with n buyers and m sellers, denote the set of sellers that buyer bi originally knows

by N(i), the size of this set as buyer i’s degree, and buyer i’s value for seller j’s item by vij . For the

platform’s problem (with input size poly(n,m)), we establish the following complexity result.

1For simplicity, we do not model this revenue as explicitly coming from the seller or the buyer.

2We assume that sellers have no costs for trading.
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Theorem 1 (Informal Version of Theorems 4.3.1 and 4.3.3). The platform’s revenue-maximization

problem is NP-hard, even when every buyer has degree at most two (|N(i)| ≤ 2 for all i) and values

all desired items equally (i.e., vij ∈ {0, vi} for all j). If we do not restrict to instances where the

buyer has degree at most two, then the problem is APX-hard.

The proof of Theorem 1 leverages techniques previously used in the profit-maximizing envy-free

pricing literature, where we reduce from a version of 3-SAT in Chen and Deng [2014] to prove

NP-hardness and reduce from a version of minimum-vertex cover in Guruswami et al. [2005] to

prove APX-hardness. In contrast to the envy-free pricing problem, where there are no constraints

on trade and unsold items can command high prices, our setting exhibits two main differences. First,

buyers have limited access to sellers, and access is mediated by the platform. When no buyer knows

any seller, the platform can facilitate trades to achieve the welfare-optimal matching, extracting

the optimal welfare as revenue. When buyers know some subsets of sellers, the existing trading

possibilities both constrain the platform’s revenue per trade and introduce externalities on the

prices of trades that the platform facilitates. This is different from envy-free pricing where any

buyer can envy any other buyers. When adapting the reductions from Guruswami et al. [2005]

and Chen and Deng [2014], we introduce extra sellers to the market and carefully select the set of

buyers and sellers who can trade outside the platform in order to mimic the envy structure present

in the original reductions. Second, while competitive equilibrium prices are envy-free in this setting,

competitive equilibria additionally require that unsold items have price 0. In our proofs, we deal

with this latter difference by introducing extra “dummy” buyers to transact with unsold items.

Tractable Special Cases of the Platform’s Problem. Theorem 1 shows hardness, even when

each buyer has degree at most two and values all desired items equally. We show that the restrictions

in theorem 1 on the degree and values not being even stronger is not simply an artifact of our proof;

rather, this corresponds to the frontier of intractability. In Section 4.4, we introduce two market

settings at the boundary of the hardness result of Theorem 1 where the revenue-optimal matching

can be found in polynomial time. The first market setting tightens the degree restriction to be at

most 1 and additionally assumes goods are homogeneous, that is, vij = vi for all j. The second

setting restricts the class of valuations to markets with homogeneous goods and buyers, that is, all

buyers value all items equally at some constant positive amount (e.g., vij = 1 for all i, j); the second
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setting also places a further restriction on the graph structure, which is already satisfied by the

reduction of theorem 1. These two cases demonstrate that starting from the setting of Theorem 1,

imposing even slightly more structure on the underlying network and/or the valuations is enough to

make the platform’s problem tractable.

Theorem 2 (Informal Version of Theorems 4.4.8 and 4.4.13). The platform’s revenue-maximization

problem can be solved in polynomial time (in n andm) in the following two markets: (i) Homogeneous-

goods markets with buyer degree at most 1; (ii) Markets with homogeneous goods and buyers, in

which each buyer has degree at most 2 and there are sparse connections, so that for any pair of

sellers, at most one buyer knows them both.

In the homogeneous-goods setting, we give a structural characterization result that shows that

the revenue-optimal transactions introduced by the platform connect groups of buyers who know

the same seller into chains and cycles of bounded length. Ranking all buyer groups by the largest

buyer value in each group, we show that buyer groups that form a cycle are adjacent in rank. This

characterization leads to a dynamic programming algorithm to pair buyer groups into chains and

cycles for maximum revenue, which is at the heart of the proof of Part (i) of theorem 2. In markets

with homogeneous goods and buyers, we show that finding the revenue-optimal matching is related

to finding the maximum set of buyers with non-positive graph surplus. In graph theory, the surplus

of a vertex set is used in finding maximum matchings [Lovász and Plummer, 2009], and is defined

as the size of the neighborhood of the vertex set minus the size of the vertex set itself. We prove

Part (ii) of theorem 2 by showing that this buyer set can be found in polynomial time under the

structural assumptions of markets in the second special case.

Bounds between Revenue Optimization and Social Welfare. After studying the computa-

tional aspects of the platform’s problem, we shift our focus in Sections 4.5 and 4.6 to understanding

the relationship between revenue optimization and welfare. On the one hand, when the platform

has the potential to increase social welfare substantially, we ask whether such improvements come

with a corresponding guarantee for the platform’s revenue. Conversely, we investigate the impact

on social welfare when the platform acts in its own self-interest and optimizes for revenue. The

theorems for each of the two directions are as follows:
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Theorem 3 (Informal Version of Theorem 4.5.1). In any market, if there exists a set of transactions

that the platform can add that increases social welfare by ∆W , then the platform can add some

subset of this set to generate Ω(∆W/ log(min{n,m}) in revenue. This subset can be found from the

original set in polynomial time.3 Furthermore, this bound is tight: There exists a market where the

platform can increase welfare by ∆W and optimal revenue is O(∆W/ log(min{n,m}).

Theorem 4 (Informal Version of Theorem 4.5.7). In any market, the social welfare is at least an

Ω(1/ log(min{n,m}))-fraction of the optimal welfare when the platform maximizes its revenue.

Theorem 3 illustrates a method for the platform to translate the potential welfare increase

into revenue. In markets with a substantial welfare gap (∆W is large), this further suggests a

polynomial-time approach to guaranteeing as revenue a logarithmic fraction of optimal welfare and,

consequently, of optimal revenue. Combined with Theorem 1, this result suggests that although

the exact revenue maximization problem is hard in general markets, one can nevertheless extract

a substantial fraction of optimal revenue in a computationally efficient manner. From another

perspective, by giving a revenue guarantee in markets with high inefficiencies (i.e., large ∆W ), this

theorem can be seen as establishing a motivation for revenue-interested platforms to disrupt such

markets, providing a possible explanation for their real-life tendency to do so. In addition, and with

an eye toward markets where efficiency is most lacking, we are less interested in settings where ∆W

is small, even when optimal revenue can significantly exceed ∆W . Theorem 4 discusses the other

side of the relationship between welfare and revenue: for all markets, revenue maximization comes

with modest welfare guarantees — namely, revenue maximization cannot harm overall welfare by

more than a logarithmic factor.

High Revenue and Social Welfare in Homogeneous-Goods Markets. We also explore

the special case of homogeneous-goods markets; recall that these are markets where each buyer

values all sellers’ items equally but with different buyers potentially having different values. In these

markets, optimal welfare is achieved when the buyers with the largest values transact. We show in

Section 4.6 that platform self-interest in this setting is perfectly aligned with welfare maximization;

i.e., whenever the platform maximizes its own revenue, the optimal welfare is attained. Additionally,

3Note that the set of platform edges that maximizes the (increase in) social welfare can be found in polynomial
time.
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the platform can obtain revenue at least as large as the welfare gap ∆W in polynomial time. This

implies a polynomial-time procedure offering a constant-factor approximation for revenue when

∆W is large.

Theorem 5 (Informal Version of Theorems 4.6.1 and 4.6.4). In homogeneous-goods markets, if

there exists a set of transactions that the platform can add that increase welfare by ∆W , there is

a polynomial-time algorithm to guarantee platform’s revenue of at least ∆W . Furthermore, if the

platform’s revenue is optimal, then social welfare equals the optimal welfare.

The proof of Theorem 5 utilizes the structural notion of opportunity paths [Kranton and

Minehart, 2000] to characterize the competitive price of a trade in homogeneous-goods markets. We

show that in such markets, the buyers with the highest values must trade in the revenue-optimal

matching, implying that the revenue-optimal matching attains the optimal welfare. We also show

that the platform can match buyers to sellers according to the optimal welfare matching while

obtaining the full increase in welfare (∆W ) as revenue. Unlike in theorem 3 for the general setting,

this construction does not restrict itself to a subset of these transactions, offering both optimal

welfare and good revenue guarantees.

Overall, our work intertwines computational complexity results with economic findings for the

platform’s revenue-maximization problem. Despite the computational hurdles that present a barrier

to exact maximization in general settings, we develop ways to extract a substantial fraction of the

optimal revenue in polynomial time in markets with a large welfare gap, and we further show that

social welfare is reasonably well-aligned with revenue maximization, providing welfare guarantees

for the revenue-optimal matching in fully general markets.

4.1.2 Related Work

Two works share particularly close models and research questions to our own. Banerjee et al.

[2017] model a platform controlling visibility between buyers and sellers of different types in a

bipartite market. They study how the platform controls the visibility in order to maximize revenue

and welfare. In a similar setting but with full visibility, Birge et al. [2021] ask how the platform

optimally chooses to set transaction fees. The primary difference of both of these papers from

our work is that buyers and sellers in these papers are assumed to have zero utility (equivalently,
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cannot trade) outside the platform. In contrast, we emphasize the existence of these outside trading

opportunities, which play a crucial role both in our modeling and the complexity of the problem.

These outside opportunities allow us to model markets that exist prior to platform disruption,

rather than focusing only on markets that are initiated by the platform. Outside opportunities

also mediate the complexity of the platform’s revenue maximization. Without them, the platform’s

problem can solved in polynomial time in our setting; as more outside trading opportunities are

introduced, the externalities they impose significantly complicate the question. We remark that

Banerjee et al. [2017] and Birge et al. [2021] are more general in other aspects; notably, each node

there does not represents a single buyer or seller as in our paper but instead a continuum of buyers

or sellers, each represented by a particular demand or supply curve.

Another closely related work is that of Eden et al. [2024], who similarly model a platform that

joins a market with existing trading opportunities. Their focus is on the platform strategically

setting a transaction fee, whereas we analyze the platform’s matching strategy.

Besides these three papers, our work aligns with the literature that studies the formation of

economic markets modeled by networks. Kranton and Minehart [2001, 2000] and Elliott [2015]

examine a unit-demand, unit-supply market where buyers and sellers strategically invest in costly

opportunities to trade. They analyze the effect of the strategic behavior on social welfare. For

infinitely divisible goods, Even-Dar et al. [2007] analyze all possible outcomes of the market structure

when agents strategize to invest in trading opportunities, and Kakade et al. [2004] examine a Fisher

market on a graph. Like these studies, we build on the foundational research on competitive

equilibria [Kelso and Crawford, 1982, Gul and Stacchetti, 1999]. However, complementing these

works where market participants form trading links in a decentralized manner, we focus on a

centralized, revenue-maximizing platform that facilitates trades.

Our work relates to the literature at large studying a platform’s role in a market. Platforms

have been modeled as intermediaries stocking goods, setting prices, and reselling to downstream

market participants on a fixed network [e.g. Blume et al., 2007, Condorelli et al., 2017, Manea, 2018,

Kotowski and Leister, 2019]; as guiding search and discovery processes of different market segments

[e.g. Immorlica et al., 2021, Hu and Zhou, 2022, Halaburda et al., 2018, Huttenlocher et al., 2023];

and as strategic entities that maximize revenue through pricing or matching tools [Ke et al., 2022,

Wang et al., 2023]. Our work differs crucially in the ways in which prices are set; in these works, all
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prices are set by the platform, whereas we assume that prices are beyond the platform’s control,

instead induced by market forces modeled by a competitive equilibrium.

For our computational complexity hardness results, we use similar methods to those used in

the envy-free pricing literature [Guruswami et al., 2005, Chen and Deng, 2014]. There, the goal

is to find a revenue-maximizing set of prices (and corresponding allocation) such that each agent

receives their most desired good. While we draw on similar techniques, our problem is distinct in

that the platform does not directly set prices and is limited in its ability to influence the prices

due to buyers’ and sellers’ existing connections without the platform. This makes it challenging to

translate approximation algorithms from this literature to our setting.

4.2 Model & Preliminaries

Following Eden et al. [2024] and Kranton and Minehart [2000], we model a buyer-seller network as

a bipartite graph G = (B,S,E). Later, we significantly deviate from these models by introducing a

centralized platform that directs trades between buyers and sellers. The network is composed of a

set of n unit-demand buyers B = {b1, . . . , bn} and m unit-supply sellers S = {s1, . . . , sm}. The set

of edges E represents the feasible transaction opportunities available to buyers and sellers – that is,

buyer bi and seller sj can transact if and only if (bi, sj) ∈ E. Each buyer bi has a valuation vij ≥ 0

for seller sj ’s good.

Given a graphG and valuation profile v, the market clears according to a competitive equilibrium,

defined by the tuple (x,p), where x ∈ {0, 1}n×m represents the allocation and p ∈ Rm corresponds

to the item prices (where p ≥ 0). Formally, xij = 1 if and only if buyer bi receives seller sj ’s item,

for which they pay price pj .

Definition 4.2.1 (Competitive Equilibrium on a Buyer-Seller Network). Given a graph G =

(B,S,E) and valuations v, a competitive equilibrium is defined by an allocation, price pair (x,p)

satisfying:

• Transactions are feasible: xij = 0 for all (bi, sj) ̸∈ E.

• All items are allocated at most once:
∑

i xij ≤ 1 for 1 ≤ j ≤ m.
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• Each buyer receives at most one good:
∑

j xij ≤ 1 for 1 ≤ i ≤ n.4

• Each buyer receives their favorite item:
∑

j xij · (vij − pj) = max(0,maxj vij − pj).

• All unsold items have price zero:
∑

i xij = 0 =⇒ pj = 0.

Let Eq(G,v) denote the set of all competitive equilibria for a graph G and valuations v. Kelso

and Crawford [1982] proved that this set is non-empty when buyers have unit-demand valuations.

Furthermore, the First Welfare Theorem states that any competitive equilibrium allocation x

maximizes social welfare; in other words, x corresponds to a maximum weight matching on the

graph G, where edge weights are given by valuations.

Theorem 4.2.2 (First Welfare Theorem). If (x,p) is a competitive equilibrium, then x maximizes

welfare, respecting the constraints on transactions given by edges.

∑
i,j

xij · vij = W (G)

where W (G) denotes the value of the maximum weight matching on G.

For a market G = (B,S,E) with valuations v, we use W (G) := W (B,S,v, E) to denote the

social welfare of this market. This corresponds to the value of the maximum weight matching on

G. Letting CB,S denote the edges of the complete bipartite graph, the optimal welfare is denoted

as W ⋆(G) := W (B,S,v, CB,S). This represents the social welfare when all buyers and sellers can

freely transact. When it is clear from the context, we omit G and directly use W ⋆ to denote optimal

welfare.

While the First Welfare Theorem characterizes the set of allocations belonging to a competitive

equilibrium, it says nothing about the item prices. In general, there are many sets of prices that

could form a competitive equilibrium, with these price vectors forming a lattice [Gul and Stacchetti,

1999]. Throughout this paper, we use the maximum competitive prices, which have a natural

interpretation as the seller’s contribution to the social welfare.

4While unit-demand buyers could receive more than one good in a Walrasian equilibrium, it is WLOG to assume
that they receive only their favorite item in the bundle.
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Theorem 4.2.3 (Gul and Stacchetti [1999]). Seller sj’s maximum competitive price is given by

pj = W (G)−W (G \ {sj})

where G \ {sj} represents the graph G after removing seller sj and all incident edges.

4.2.1 Introducing the Platform

Now, we model the platform’s role in our buyer-seller network. Let Gw = (B,S,Ew) denote the

world graph without the platform. The world edges Ew represent existing transaction opportunities

between buyers and sellers; i.e., these buyers and sellers can already transact without the platform,

perhaps in-person or through some other non-platform related channels. The platform possesses full

information about the world graph and the valuation profile v. It then chooses a set of platform edges

Ep to add between buyers and sellers who are not already connected by world edges (Ep ∩ Ew = ∅).

We refer to the graph with platform edges as the platform graph: Gp = Gw ∪ Ep = (B,S,Ew ∪ Ep).

With these new edges in the platform graph, the market clears according to a competitive

equilibrium with maximum competitive prices. The platform charges a fixed percentage, which we

assume to be exogenous, of the total price of all trades on the platform edges. We will use Rev(Ep)

to denote the sum of the prices associated with trades that are completed on platform edges Ep

and Rev⋆ to denote the maximum possible revenue. In reality, the platform’s revenue is a fixed

percentage of this quantity. For simplicity, we refer to the sum of prices along transacting platform

edges as platform “revenue,” noting that maximizing the two quantities is equivalent.

To reflect the platform’s market power, we assume it can break ties between multiple equilibria,

in addition to selecting for the maximum competitive equilibrium prices. The goal of the platform

is to add a set of platform edges (and potentially break ties between competitive equilibria) to

maximize its revenue.

Definition 4.2.4 (The Platform’s Problem). Given a world graph Gw = (B,S,Ew) and valuation

profile v, the platform seeks to introduce a set of platform edges Ep that maximizes revenue. The
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Figure 4.1: A market where adding all platform edges is arbitrarily bad for revenue. There are no
world edges. All nonzero valuations are indicated by dashed blue lines. Buyer b1 has value 1 for
seller s1, Buyer bi has value i for sellers si−1 and si for i = 2, . . . , n. All other valuations are zero.

optimal revenue is given by

Rev⋆ = max
Ep

max
(x,p)∈Eq(Gp,v)

∑
(bi,sj)∈Ep

pj · xij .

Example 4.2.1. To illustrate the complexity of the platform’s problem, consider the simple market

in Figure 4.1 where there are no world edges and buyers have valuations v1,1 = 1, vi,i−1 = vi,i = i

for i = 2, . . . n, where vij is buyer bi’s valuation for seller sj’s item. The naive strategy of adding

all possible platform edges performs very poorly, obtaining revenue n as every transaction occurs at

a price of W (Gp)−W (Gp \ {si}) = 1. The revenue optimal matching would draw a single platform

edge connecting each bi to si, obtaining revenue n(n + 1)/2. The platform must strike a balance

between facilitating as many transactions as possible and not adding too many edges and creating

unwanted competition, driving transaction prices down.

4.2.2 Competitive Prices in Homogeneous-Goods Markets

To facilitate proofs and more easily identify competitive equilibrium prices in homogeneous-goods

markets, we borrow insights from Kranton and Minehart [2000]. They introduce the concept of

opportunity paths to delineate a buyer’s direct and indirect competitors and to calculate a buyer’s

forgone trading opportunity.

Definition 4.2.5 (Opportunity Path [Kranton and Minehart, 2000]). For a market G = (B,S,E)

and an allocation x, a buyer bi is connected to another buyer bj through opportunity path

bi — s1 → b1 — s2 . . . . . . bj−1 — sj → bj
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where an undirected edge bp — sq means buyer bp can trade with seller sq through existing edges

but does not: (bp, sq) ∈ E, xpq = 0; and a directed edge sq → bp means seller sq sells to buyer bp:

xpq = 1.

As an example, consider the market in Figure 4.1 when all platform edges are added. Buyer bi

buys from seller si and knows si−1. Thus, bn has opportunity path bn — sn−1 → bn−1 . . . b2 — s1 →

b1, alternating between transacting and non-transacting edges. Just like alternating or augmenting

paths in graph theory, an opportunity path alternates between active edges where transactions

occur, and inactive edges where transactions could take place but do not. The “opportunity” refers

to a buyer’s outside trading options and uniquely determines the price of an transaction as follows.

Theorem 4.2.6 (Opportunity Path Theorem [Kranton and Minehart, 2000]). For a maximum

price competitive equilibrium (x,p) in a homogeneous-goods market G = (B,S,E) where xij = 1,

seller sj’s price is equal to the lowest valuation of any buyer connected to bi through an opportunity

path. If bi is connected to a seller that does not sell through an opportunity path, pj = 0.

4.3 Hardness of the Platform’s Problem

We begin by showing the platform’s problem is computationally intractable, even under relatively

significant restrictions on both the underlying structure of the world graph and the valuation

structure of the buyers.

Theorem 4.3.1. The decision version of the platform’s problem is NP-hard, even when buyers have

degree at most two and value all desired goods equally (vij ∈ {0, vi}).

Similar to the hardness proof for revenue-maximizing envy-free pricing in Chen and Deng

[2014], Theorem 4.3.1 is the result of a reduction from a variant of 3-SAT and Lemma 4.3.2. In

contrast to their proof, where an item’s price can be high despite the item being unsold, we design

our reduction with world edges to provide buyers with outside trading opportunities and hence limit

the price they pay. We also introduce “dummy” buyers to absorb any items that are not sold –

ensuring that these unsold items do not introduce unwanted externalities in the form of low prices.

Clauses and variables in the 3-CNF are associated with buyers, and literals are associated

with sellers. Based on the value of literals satisfying the assignment, prices that buyers with world
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edges to corresponding literal sellers pay change, reflected in the optimal revenue; the reduction is

designed such that a valid assignment to the 3-CNF exists if and only if the optimal revenue exceeds

a given threshold.

Reduction from a Variant of 3-SAT Consider a modified version of 3-SAT, where each variable

xi appears positively (xi) and negatively (x̄i) an equal number of times. Given a 3-CNF φ, we

add clauses di = (xi ∨ x̄i) for each variable xi. Additionally, we pad φ with these clauses such

that each variable xi appears exactly 2t times for some t > 0. Denote this modified 3-CNF by

φ′ = (c1 ∧ · · · ∧ ck). Let q be the number of unique variables, and let Z = q · k · t.

Given this 3-CNF φ′, we construct a corresponding instance of the platform’s problem as

follows. There are k+ 2(t− 1)q+ (2tq− k) = (4t− 2)q buyers in total and an equal number of items.

We describe the construction below:

• For each variable xi, we add 2t items αi,j , τi,j for j ∈ {0, . . . , t − 1}. The αi,j represent the

positive instances of xi while the τi,j represent the negative instances. WLOG, let αi,0, τi,0 be

the items that correspond to clauses di = (xi ∨ x̄i).

• For each clause ci in φ′, we add a buyer Ui that has value Z for each item that represents the

corresponding literals in clause ci.

• For each variable xi, we add 2(t− 1) buyers Ai,j , Ti,j , j ∈ {1, . . . , t− 1}. We also add 2(t− 1)

items γi,j , δi,j , j ∈ {1, . . . , t− 1}. Each buyer Ai,j has value N + 1 for αi,0, αi,j , γi,j , and each

buyer Ti,j has value Z + 1 for τi,0, τi,j , δi,j . For each of these buyers, we add world edges to

the αi,0, αi,j , τi,0, τi,j they have positive value for.

• Finally, we add 2tq − k dummy buyers who have value H ≥ Z + 1 for all αi,j , τi,j .

All buyers have value 0 for all sellers not mentioned above, and no other world edges are present

besides those explicitly mentioned. We prove this is a valid reduction.

Lemma 4.3.2. There is a valid assignment to the original CNF if and only if the optimal revenue

for the platform is at least D := kZ + q(t− 1)(2Z + 1) +H(2tq − k).

The proof argument shares similar logic with that of Chen and Deng [2014] and is given in

Appendix C.1.1. The main difference with our proof arises in proving the “if” direction. In our
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construction, buyers Ai,j and Ti,j always transact with γi,j and δi,j through platform edges. At the

same time, we use world edges to connect these buyers to Ui, forming opportunity paths. Buyer Ui

corresponds to the literal xi. In this construction, Ai,j and Ti,j pay Z or Z + 1, depending on the

true value of the literals in the CNF. This change is reflected in the optimal revenue and helps to

establish the “if” direction.

Theorem 4.3.1 shows that even when introducing a small number of existing interdependencies

between buyers and sellers through world edges, computing the revenue-optimal matching becomes

intractable. By further relaxing the constraint on the degree of the buyers, we prove the platform’s

problem is APX-hard. In other words, unless P = NP , the platform’s problem does not admit a

polynomial-time approximation scheme.

Theorem 4.3.3. The decision version of the platform’s problem is APX-hard, even when buyers

value all desired goods equally (vij ∈ {0, vi}).

Like Guruswami et al. [2005] for maximum revenue envy-free pricing, our proof reduces from

minimum vertex cover on graphs with degree at most K. For an instance of the vertex cover

problem, we construct a market with buyers that correspond to vertices and edges. The edge buyers

always buy at price 1, but a vertex buyer buys at price 1 or 2 depending on whether the vertex

belongs to the minimum vertex cover. To achieve the different prices, we use world edges to build

opportunity paths between the vertex buyers and edge buyers, so that the number of the vertex

buyers paying price 1 is at least the size of the minimum vertex cover. Finally we add extra “dummy”

buyers to make sure no seller has price zero. The full reduction and proof is presented in Appendix

appendix C.1.2.

Differences from Envy-Free Pricing. While there are connections between the platform’s

problem and profit-maximizing envy-free pricing [Guruswami et al., 2005, Balcan et al., 2008],

positive results there are less easily portable to our setting for two major reasons. First, the

platform does not directly set prices; rather, prices are determined as a function of the edges that

the platform chooses to add. Second, envy-free pricing allows unsold items to have high prices,

effectively eliminating them from the market, where they do not affect prices of other trades. In

contrast, a competitive equilibrium requires that unsold items clear at price zero. We bypass this

difference in our proofs of hardness by adding dummy buyers so all sellers transact. However,
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this presents a major barrier when adapting approximation algorithms from the envy-free pricing

literature. Since the platform cannot directly set prices, to remove the effect of a seller sj on other

trades, there needs to be a buyer with high valuation for sj , but if no such buyer exists, then there

is nothing the platform can do. In contrast, in envy-free pricing, one could simply set pj to be high

enough such that the item is irrelevant.

4.4 Tractable Special Cases

While the previous section shows the platform’s problem is hard in general, here we demonstrate

there are structural properties of the markets that reduce the complexity of the problem. In

Section 4.4.1, we characterize properties that hold for the platform’s optimal matching in general

unit-supply, unit-demand markets. In Sections 4.4.2 and 4.4.3, we present two classes of markets

where the platform’s problem can be solved in polynomial time. These markets represent slight

restrictions of the settings that are NP-hard (Theorem 4.3.1), showing that our proof of NP-hardness

is in this sense “tight.”

4.4.1 Structural Properties of Revenue Maximum Matchings

In spite of the hardness of the platform’s problem, we are able to prove some structural properties

that hold for the platform’s optimal matching strategy more generally. Both lemmas below will

play a role when finding revenue-optimal matchings in special markets in Section 4.4.2 and 4.4.3, as

well as the proof of hardness in Appendix C.1.2.

First, we show that the platform has no incentive to add more than one edge incident on any

one buyer/seller. Thus, we can think of the platform as recommending a single transaction to a

given buyer or seller; any further recommendations are extraneous.

Lemma 4.4.1. In any general market, there exists a revenue-optimal matching that adds at most

one edge to each buyer and each seller. Furthermore, in this matching, all platform edges transact

at positive prices in the competitive equilibrium.

Proof. Let Et denote the set of edges where transactions take place in the competitive equilibrium.

Assume that the platform adds two or more edges to a buyer or seller in Ep, or an edge that
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does not transact. Since buyers are unit-supply and sellers are unit-demand, there exists an edge

eij = (bi, sj) ∈ Ep such that eij /∈ Et. Removing eij does not change seller sj ’s price, because

W (Gp \ {eij}) = W (Gp)

W (Gp \ {sj , eij}) = W (Gp \ {sj})

However, removing eij weakly increases other sellers’ s′j prices, because

W (Gp \ {s′j , eij}) ≤W (Gp \ {s′j})

Thus the platform weakly prefers to drop all edges eij that are not transacting in the final competitive

equilibrium. The same argument applies for transactions with price zero.

Intuitively, any non-transacting edges that the platform adds only increase the level of competi-

tion between different sellers. By removing these edges, sellers are able to charge higher prices, and

in turn, the platform’s revenue from the transactions it facilitates increases. So when searching for

the revenue-optimal matching, the platform has no strict incentives to add platform edges that do

not transact.

had Next, we show that the platform has an incentive to make sure that as many buyers

and sellers transact as possible. This lends further support to the hypothesis that the platform’s

incentive to maximize revenue can come hand-in-hand with social welfare maximization.

Lemma 4.4.2. In any general market, there exists a revenue-optimal matching where either all

sellers sell, or all buyers buy, or buyers and sellers who do not trade have value zero for each other.

Proof. We consider the case when there are weakly more buyers than sellers, though the opposite

case follows similarly. Take any equilibrium where a seller sj does not transact. As there are at

least as many buyers as sellers, there must be a buyer bi who also does not transact. For the sake of

contradiction, assume that vij > 0. Note that there cannot exist an edge connecting bi to sj , or else

this would violate the First Welfare Theorem. Consider connecting the two via a new platform edge

eij = (bi, sj).
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From this new transaction, we obtain revenue

W (Gp ∪ {eij})−W (Gp ∪ {eij} \ {sj}) = W (Gp ∪ {eij})−W (Gp) = vij > 0

which is strictly positive.

Now, consider any other seller s′j , and let Gp be the graph before adding edge eij . We have that

ps′j (Gp) = W (Gp)−W (Gp \ {s′j})

ps′j (Gp ∪ {eij}) = W (Gp) + vij −W (Gp ∪ {eij} \ {s′j})

We will show that ps′j (Gp ∪ {eij}) ≥ ps′j (Gp). It suffices to prove that

vij ≥W (Gp ∪ {eij} \ {s′j})−W (Gp \ {s′j})

If the max weight matching in Gp ∪ {eij} \ {s′j} does not use the new edge eij , then the right hand

side is equal to zero and we are done. Thus, suppose that eij is in the max weight matching. Then

W (Gp ∪ {eij} \ {s′j}) = W (Gp \ {bi, sj , s′j}) + vij ≤W (Gp \ {s′j}) + vij

and this is precisely the inequality we want to prove. It follows that any other seller s′j ’s price

weakly increases, so by matching sj to bi, the platform’s revenue strictly increases.

4.4.2 Single World Seller, Homogeneous-Goods Markets

We begin by considering the class of homogeneous-goods markets (vij = vi), and in addition requiring

that each buyer has at most one incident world edge. We call these markets SWSH (single world

seller, homogeneous-goods) markets. This structure allows us to nicely decompose the world graph

into what we will call seller subgraphs, dangling buyers, and dangling sellers.

Definition 4.4.3 (Seller Subgraphs). In SWSH markets, take any seller sj who knows at least

one buyer via a world edge. The seller subgraph Sj is the collection of buyers and edges Sj :=

{sj} ∪ {bi|(bi, sj) ∈ Ew} ∪ {(bi, sj) ∈ Ew} adjacent to seller sj via world edges. We will use

v(Sj) := max(bi,sj)∈Ew
vi to denote the value of the largest buyer connected to sj.
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There can be multiple buyers in a seller subgraph. All buyers and sellers are either part of a

seller subgraph or have no incident world edges. The buyers and sellers with no incident world edges

are termed dangling buyers and dangling sellers. By definition, platform edges cannot be part of any

seller subgraphs. In a platform graph Gp, platform edges connect seller subgraphs into cycles and

chains. We define these structures and show that they are closely related to the platform’s revenue.

Definition 4.4.4 (Cycles). For a SWSH market G = (B,S,E) and an allocation x, a cycle of k

seller subgraphs is defined by

S1 → S2 → S3 . . . Sk → S1,

where Si → Sj means that in allocation x, seller si sells to a buyer bj ∈ Sj in seller subgraph Sj.

Definition 4.4.5 (Chains). For a SWSH market G = (B,S,E) and an allocation x, a chain of k

seller subgraphs is defined by

(s0)→ S1 → S2 . . . Sk → (bk),

where Si → Sj means in allocation x, where si buys from a buyer bj ∈ Sj in seller subgraph Sj. For

the starting subgraph S1, there can be a dangling seller s0 selling to a buyer in S1. For the terminal

subgraph Sk, sk either does not sell, sells to a buyer bk who is dangling or bk ∈ Sk, or belongs to a

cycle that does not contain subgraphs S1, . . . Sk. A chain must include a terminal subgraph.

We use k-cycle and k-chain to denote cycles and chains consisting of k ≥ 1 seller subgraphs, or

of length k. We use 0-chain to denote a dangling seller s0 selling to a buyer in a chain or cycle. A

1-cycle is a seller subgraph Si where the seller si transacts through world edges with a buyer bi ∈ Si.

All sellers in a cycle transact within the cycle, while one seller sk ∈ Sk in the terminal subgraph of

a chain can sell outside of the chain. This makes it possible for a chain to be attached to a cycle

through sk.

Example 4.4.1. To illustrate the definitions, consider the example market presented in Figure 4.2.

The set of optimal platform edges decomposes seller subgraphs into cycles and chains as follows:

s4 →︸ ︷︷ ︸
0-Chain

S3 →︸ ︷︷ ︸
1-Chain

S2 → S1 → S2︸ ︷︷ ︸
2-Cycle

The definitions above and the structure of SWSH markets directly yield the following proposition.
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Figure 4.2: An example of a SWSH market. World edges are depicted in black, and the optimal set
of platform edges is in blue. In revenue optimal matching, s1 sells to b2, s2 sells to b1, s3 sells to b3
and s4 sells to b4.

Proposition 4.4.6. In SWSH markets, any set of transacting platform edges uniquely connects

seller subgraphs into chains and cycles.

Lemma 4.4.1 says there exists a revenue optimal matching where all platform edges transact.

By Proposition 4.4.6, these platform edges uniquely define a set of cycles and chains. Thus, finding

the revenue-optimal matching is equivalent to finding the chains and cycles with the highest revenue.

For ease of illustration, in this section we consider a market where the number of buyers n equals

the number of sellers m 5, and all buyers and sellers transact according to Lemma 4.4.2. In addition,

from here forward, we will suppress any mention of 0-chains and deal only with chains and cycles of

positive length, leaving implicit the fact that any buyer who does not transact with sellers as part

of a cycle or a chain will be matched to a dangling seller.

Recall that Theorem 4.2.6 states that the price of a trade in a homogeneous-goods market is

determined by the lowest buyer valuation on a buyer’s opportunity path. This is precisely what the

cycle and chain structure captures. Consider the 0-chain and the 1-chain in Example 4.4.1. Buyer

b4’s opportunity path goes through the chain, reaching all buyers. As she has the lowest valuation

on this chain, she pays price 1. Buyer b3 also has the lowest valuation on her own opportunity path,

so she pays price 3. Similar logic applies to the cycle.

However, if b2 and b3 were to swap the sellers that they trade with, both b2 and b1 would have

v3 = 3 as the lowest valuation on their opportunity paths, and they would thus pay 3 instead of

9. As one can design the set of cycles and chains to go through only the buyer with the largest

5Our proof in Appendix C.2.2 works for all cases of n and m.
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valuation in a given seller subgraph, these highest value buyers (i.e., v(Sj) for Sj) are crucial for

revenue maximization in SWSH markets.

We are now ready to present our results. Assume there are ℓ ≤ m seller subgraphs in a

SWSH market. We first sort all seller subgraphs by their valuations v(S1) ≥ v(S2) ≥ · · · ≥ v(Sℓ).

This induces a partial order over all seller subgraphs. We call a k-cycle contiguous if it comprises

of seller subgraph Si, Si+1, . . . Si+k−1 for some i – that is, no intermediate seller subgraph is

skipped. We call a chain contiguous if there exists an index i such that the chain is of form

Sℓ → Sℓ−1 → . . . → Si−1 → Si and has terminal subgraph Si. Our algorithm to compute a

revenue-optimal matching relies on the following structural result, whose proof we give through a

series of lemmas in Appendix C.2.1.

Theorem 4.4.7. In any SWSH market, there exists a set of revenue-optimal platform edges that,

through the largest buyers in each seller subgraph, connects seller subgraphs into contiguous cycles

of length at most 3, and at most one contiguous chain.

At a high level, the proof first shows that any cycle of length more than three can be split up

into smaller cycles yielding weakly more revenue. Then if a chain or a cycle is not contiguous, we

can further divide and/or join them to weakly increase revenue. We now use dynamic programming

to leverage this characterization result and efficiently search over the possible optimal configurations

as described in Theorem 4.4.7.

Theorem 4.4.8. For SWSH markets where n = m, there exists a polynomial-time algorithm to

find the set of revenue-optimal platform edges.

Proof. Fix a seller subgraph Sk as the terminal subgraph for the potential chain. Sk uniquely

identifies a contiguous chain. There are ℓ ≤ m such possible chains. Consider the induced graph G′

obtained by removing all the subgraphs in the chain from the original graph.

Let DP[i] denote the maximum obtainable revenue from connecting the largest i subgraphs

in G′ via cycles. Let Rev(Si,j) denote the maximum obtainable revenue from the contiguous cycle

formed by subgraphs Si, Si+1, . . . , Sj . When j = i, Rev(Si,i) = 0. As contiguous cycles have length

at most three, DP[i] can be calculated through dynamic programming. Filling in the base cases for
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DP [1], DP [2], DP [3], we have the following recurrence for i = 4, ..., k − 1:

DP [i] = max(DP [i− 3] + Rev(Si−2,i), DP [i− 2] + Rev(Si−1,i), DP [i− 1] + Rev(Si,i))

Let R[k] be the maximum obtainable revenue from the potential chain that is identified by Sk. Since

this chain is contiguous, R[k] can be calculated in O(n2) time, by comparing the revenue when

connecting the chain to all possible buyers in G′ through sk. It follows that the optimal revenue

when there is a contiguous chain identified by Sk is given by DP [k − 1] + R[k]. Repeating this

process for all ℓ possible chains, the optimal revenue is given by maxℓk=1DP [k − 1] +R[k]. Finding

the overall maximum takes O(n3) time.

Note the above procedure exhaustively searches all configurations of contiguous cycles of length

at most 3 and at most one contiguous chain. The procedure thus finds the optimal configuration

in terms of revenue. By Theorem 4.4.7, there exists an optimal solution that satisfies these

properties.

While Theorem 4.4.8 gives a polynomial-time algorithm for the case in which n = m, we show

that the more general case reduces to this case by carefully discarding some buyers and sellers from

the graph. We present the proof of Theorem 4.4.9 in Appendix C.2.2.

Theorem 4.4.9. There exists a polynomial-time algorithm to maximize platform’s revenue in

general SWSH markets.

Proof Sketch. When n > m, we show that we can discard all buyers besides those with the m

highest valuations without affecting optimality. Similarly, when m > n, we show that we can get

rid of m− n dangling sellers without affecting optimal revenue. Thus, we are left with the case in

which m = n, for which Theorem 4.4.8 gives us the desired result.

4.4.3 Sparse Homogeneous-Goods-and-Buyers Markets

While Theorem 4.3.1 only states hardness for the case where buyers have degree at most two, one

can check that the reduction yields a world graph that satisfies an additional property: For any

pair of sellers, at most one buyer knows them both. We call the world graphs that satisfy this

additional property “sparse graphs”. By considering these sparse graphs with buyers of degree at
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most 2, and restricting the class of valuations from vij ∈ {0, vi} to vij = c for some constant c > 0,

we show that the platform’s problem becomes tractable. We call these markets SHGB (Sparse

Homogeneous-Goods-and-Buyers) markets. We begin by showing that finding the optimal set of

platform edges in SHGB markets reduces to a graph-theoretic problem involving sets of buyers with

non-positive surplus. Proofs for this section are intricate and are all presented in Appendix C.3.1.

Definition 4.4.10 (Surplus). In a bipartite market G = (B,S,Ew), consider a set of buyers Bv.

Let N(Bv) be the set of all sellers who are adjacent to at least one buyer in Bv via a world edge.

The surplus of Bv is defined as |N(Bv)| − |Bv|6.

Lemma 4.4.11. In SHGB markets, there exists a set of platform edges generating revenue x if and

only if there exists a set of buyers Bv of non-positive surplus such that

min{|Bv|, |S|} − |N(Bv)|+ kv = x,

where kv is the cardinality of the maximum matching between Bv and N(Bv) using platform edges.

For a set of buyers Bv with non-positive surplus, the proof minimizes the number of buyers that

connect to an unsold item through opportunity paths. Revenue kv is generated from buyers that

trade with sellers in N(Bv), and revenue min{|Bv|, |S|} − |N(Bv)| is attained from the remaining

buyers who do not transact with N(Bv). We then prove that except for a few cases that can be

checked in polynomial time, kv = |N(Bv)|. This further simplifies the platform’s problem.

Lemma 4.4.12. In SHGB markets, the platform can find the set of revenue-optimal platform edges

by finding the maximum set of buyers with non-positive surplus.

With this reduction in hand, we give a polynomial-time algorithm to find the maximum set

of buyers with non-positive surplus. To do this, we rely on the graph structure in SHGB markets,

identifying the buyers and sellers in these markets with edges and vertices of a general graph. Our

problem then translates to finding the set of edges in this graph whose induced subgraph contains

no more than a certain number of vertices. This is achievable using standard graph algorithms.

Theorem 4.4.13. There exists a polynomial-time algorithm to solve the platform’s problem in

SHGB markets.

6For a set Bv, we use |Bv| to denote its cardinality.
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4.5 Guarantees for General Markets

Having established the hardness of the platform’s problem in the general case and shown some

special cases that can be solved in polynomial time, we turn to analyzing the relationship between

revenue optimization and social welfare.

In Section 4.5.1, we provide a lower bound for revenue based on the potential welfare increase

the platform can generate. This shows when the platform can effectively disrupt the market and

improve overall welfare, the platform’s revenue is guaranteed to be large. Specifically, we show in

Section 4.5.2 that there is a polynomial-time algorithm to extract a logarithmic approximation

of the optimal welfare as revenue in such markets. In Section 4.5.3, we study the other direction

of this relationship. We prove that in markets where the platform optimizes for revenue, social

welfare is at least an Ω(1/ log(min{n,m}))-fraction of the optimal welfare. These results explain the

sense in which revenue maximization can go hand-in-hand with welfare considerations in a platform

economy.

4.5.1 Converting Potential Welfare Increase to Revenue

There are two primary ways that the platform can make revenue. The first way is by “monopolizing”

the existing welfare of the world graph.

Example 4.5.1. To illustrate this “monopolization,” consider a graph with two buyers and a single

seller. Buyer b1 has value 1 for the item and is connected to the seller via a world edge while buyer

b2 has value 1 + ϵ and has no incident world edges. In this case, the platform can add a single

platform edge from b2 to the seller. Now, buyer b2 transacts instead of buyer b1, and the platform

obtains revenue 1 + ϵ while providing only ϵ in added welfare.

The second way is by facilitating new high-value transactions that were not possible without

the assistance of the platform. In these cases, the platform has the potential to add a substantial

amount of welfare to the world graph and claim some of the value for itself. The question is how

much of this increase in welfare the platform is able to retain as revenue. We give a polynomial-time

process to convert the potential increase in welfare into revenue below.

Theorem 4.5.1. In a general market, suppose there exists a set of k platform edges that increase
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social welfare by ∆W = W (Gp) −W (Gw). Then one can find a subset of these edges that yields

revenue at least ∆W/Hk in polynomial time, where Hk =
∑k

i=1 1/i is the kth harmonic number.

Proof. We prove this inductively. When k = 1, there is a single platform edge (b1, s1) that can be

added to increase welfare by W . As removing s1 is weakly worse than removing edge (b1, s1), the

revenue/price of this edge is given by W (Gp)−W (Gp \ {s1}) ≥W (Gp)−W (Gp \ {(b1, s1)}) ≥ ∆W .

Now, suppose that it holds for k = n− 1. Consider a set of k = n platform edges that adds

welfare W . If every edge yields revenue at least ∆W
n·Hn

, then it follows that we are guaranteed revenue

at least n · ∆W
n·Hn

= ∆W
Hn

and we are done. If not, then we can remove an edge (bi, sj) that yields

revenue strictly less than ∆W
n·Hn

. By removing this edge, we can only decrease the added welfare by

at most W (Gp)−W (Gp \ {(bi, sj)}) ≤W (Gp)−W (Gp \ {sj}) ≤ ∆W
n·Hn

. Thus, we are left with a set

of n− 1 platform edges that adds welfare at least

∆W − ∆W

n ·Hn
=
nHn − 1

n ·Hn
·∆W =

Hn − 1
n

Hn
·∆W =

Hn−1

Hn
·∆W.

Applying our inductive hypothesis, we can guarantee revenue at least

1

Hn−1
· Hn−1

Hn
·∆W =

∆W

Hn

from some subset of these n− 1 platform edges, concluding the proof.

The proof argument in Theorem 4.5.1 yields the following simple greedy algorithm. Given a set

of k platform edges that increase social welfare by ∆W , iteratively remove the edge that offers the

least revenue to the platform until left with a single edge. Keep track of the revenue at each step,

and select the set of edges that yields the highest revenue overall. The proof argument shows that

this set will guarantee revenue at least ∆W/Hk, and this process takes polynomial time.

In order to achieve ∆W/Hk as revenue, the platform adds a subset of all edges that contribute

to the ∆W welfare increase, not necessarily all of the edges. Proposition 4.5.2 further shows the Hk

conversion rate from the potential welfare increase to revenue is tight.

Proposition 4.5.2. For all k, there exists a world graph Gw and a set of k edges adding welfare

∆W such that the optimal platform revenue is precisely ∆W/Hk.
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bd1 bd2 bdk b1 b2 bk

sd1 sd2 sdk s1 s2 sk

. . . . . .

. . . . . .

Buyers

Sellers

Figure 4.3: The market used in the proof of Proposition 4.5.2. Buyers Bk = {b1, b2, ..., bk} and
dummy buyers Bd

k = {bd1, bd2, ..., bdk} are fully connected to sellers Sk = {s1, s2, ..., sk} through world
edges, denoted by solid black edges. Dummy sellers Sdk = {sd1, sd2, ..., sdk} are not connected to any
buyers through world edges. Buyer bi ∈ Bk values all sellers in Sk at 1/i. Buyer bdi ∈ Bd

k values all
sellers at 1. All other valuations are zero. The maximum welfare the platform can add through
platform edges is ∆W = Hk, indicated in dashed blue edges. The optimal revenue is 1, obtained by
adding any non-empty subset of the blue edges.

Proof. For any k, Figure 4.3 presents such a market. World edges are solid in black and platform

edges are dashed in blue. There are buyers Bk = {b1, b2, ..., bk}, dummy buyers Bd
k = {bd1, bd2, ..., bdk},

sellers Sk = {s1, s2, ..., sk} and dummy sellers Sdk = {sd1, sd2, ..., sdk}. All buyers Bk and Bd
k are fully

connected to sellers Sk through world edges. Dummy sellers Sdk have no connections in the world

graph. Buyer bi ∈ Bk values all sellers in Sk at 1/i. Buyer bdi ∈ Bd
k values all sellers at 1. All other

valuations are zero. By adding platform edges to form a perfect matching between the dummy buyers

and the dummy sellers, the platform can add welfare ∆W =
∑k

i=1 1/i = Hk to the world graph.

However, the platform’s optimal revenue is bounded above by 1. The platform has no incentive

to add platform edges to Bk as they have value 0 for all dummy sellers. Thus, the only thing

the platform can do is match ℓ ∈ {1, . . . , k} dummy buyers to the dummy sellers. If the platform

matches ℓ of the dummy buyers to the dummy sellers, each transaction occurs at price 1/ℓ, and total

revenue is ℓ · 1ℓ = 1. Thus, we have that the optimal revenue is given by ∆W/Hk = Hk/Hk = 1.

4.5.2 Logarithmic Revenue Guarantees in Inefficient Markets

Theorem 4.5.1 shows that the platform can convert a potential welfare increase into revenue in

polynomial time. Consider now a minimal set of platform edges such that optimal welfare W ⋆ is

achieved in the resulting platform graph. If we apply Theorem 4.5.1 to this set of platform edges,

then we can lower bound the platform’s revenue as a function of the maximum increase in welfare.

Corollary 4.5.3. In a general market where the platform’s maximum contribution to welfare is
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W ⋆ −W (Gw), the platform can obtain revenue W ⋆−W (Gw)
Hmin(n,m)

in polynomial time.

If the optimal welfare W ⋆ is large relative to welfare in the world graph W (Gw), then the

platform can add a substantial amount of welfare. In this case Corollary 4.5.3 implies that the

platform can also obtain a substantial amount of revenue. Theorem 4.5.4 makes this precise.

Theorem 4.5.4. In general markets where W ⋆ −W (Gw) = Ω(W (Gw)), the platform can obtain

W ⋆

O(log(min(n,m))) in revenue. This implies an O(log(min(n,m))) polynomial-time approximation

algorithm for revenue.

Proof. We have W ⋆ = (W ⋆ −W (Gw)) +W (Gw) = Θ(W ⋆ −W (Gw)). The rest of the proof follows

from Corollary 4.5.3 and the fact that Rev⋆ ≤W ⋆.

Remark 3. Theorem 4.5.4 does not just imply a logarithmic approximation to the optimal revenue

in inefficient markets. It shows a stronger result: the platform can efficiently obtain a logarithmic

fraction of the optimal welfare as revenue in this class of markets.

Though Theorem 4.5.4 only provides a revenue guarantee for markets with large potential

welfare improvements, these are the markets that we care about and the ones platforms typically

aim to enter and disrupt. This theorem can also be seen as a motivation for why revenue-interested

platforms tend to disrupt markets with large inefficiencies. In markets that are already relatively

efficient, optimal revenue can indeed be much larger than the maximum welfare increase, as shown

in Example 4.5.1, but sellers and buyers may have few incentives to use the platform in the first

place.

4.5.3 Bounding the Welfare Loss from Revenue Maximization

Having shown how to lower bound revenue with optimal welfare, we now explore the converse

question: how much welfare is guaranteed under the revenue-optimal matching? In other words,

we want to understand the welfare loss, compared to the optimal welfare, due to the platform

inefficiently matching buyers and sellers in order to maximize its own revenue. To formalize this

loss in welfare, we define the price of revenue maximization.

Definition 4.5.5 (Price of Revenue Maximization (PRM)). For any market Gw = (B,S,Ew) and

valuation profile v, let Π⋆
p(Gw, v) denote the set of all revenue-optimal platform edge configurations.
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b1 b2

s1 s2

1 ϵ

11

Buyers
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Figure 4.4: A two-buyer, two-seller market in which the PRM approaches 2. The world edge is
marked as a black solid edge. Buyer values are annotated next to edges. The welfare-optimal
platform edge is in purple while the revenue-optimal set of platform edges is shown in blue.

Each element E⋆p ∈ Π⋆
p(Gw, v) is a configuration of revenue-optimal platform edges in market Gw.

The price of revenue maximization is the largest ratio of the optimal welfare to the welfare of

revenue-maximizing platform graph, across any market and valuation profile:

PRM = max
Gw,v,E⋆

p∈Π⋆
p(Gw,v)

W ⋆(Gw)

W (B,S,Ew ∪ E⋆p)
.

To better understand the extent to which the platform’s incentives can negatively affect social

welfare, we present the following bounds on the PRM for general markets.

Proposition 4.5.6. The price of revenue maximization is bounded below by 2.

Proof. Consider the two-seller, two-buyer market in Figure 4.4. The welfare-optimal matching

adds edge (b1, s2) for a total welfare of 2 and revenue of 1. The revenue-optimal matching adds

edges (b1, s1), (b2, s2) for a total welfare and revenue of 1 + ϵ. This yields a ratio of 2
1+ϵ → 2 as

ϵ→ 0. Here, we again see the two primary ways in which the platform can obtain revenue. In the

revenue-optimal strategy, the platform forgoes adding the socially optimal edge (b1, s2) in favor

of ”monopolizing” the revenue from seller s1 by adding edge (b1, s1) instead. This allows it to

facilitate another transaction, namely (b2, s2), that would not be possibly under the welfare-optimal

configuration.

While Proposition 4.5.6 demonstrates that the platform’s strategic behavior may come at the

cost of social welfare, the procedure of Theorem 4.5.1 allows us to bound this cost from above.

Namely, the difference in optimal welfare and the welfare of revenue-optimal matching cannot exceed

a logarithmic factor; otherwise, we could convert this difference in welfare into strictly more revenue

than we obtain from the revenue-optimal matching.
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Theorem 4.5.7. In general markets, the PRM is bounded above by Hmin(n,m)+1 = O(log(min(n,m))).

Proof. We show PRM ≤ Hmin(n,m) + 1. Suppose otherwise, and there exists a market Gw that

satisfies W ⋆ > (Hmin(n,m) + 1) ·W (Gw ∪E⋆p), where E⋆p is a set of revenue-optimal platform edges.

Then, there would exist a set of k ≤ min(n,m) edges E′
P such that, by Theorem 4.5.1, we have

Rev(E′
P ) ≥ W ⋆ −W (Gw)

Hk
≥
W ⋆ −W (Gw ∪ E⋆p)

Hmin(n,m)
>

(Hmin(n,m) + 1)W (Gw ∪ E⋆p)−W (Gw ∪ E⋆p)

Hmin(n,m)

= W (Gw ∪ E⋆p) ≥ Rev(E⋆p),

and this is a contradiction as E⋆p is revenue-optimal.

4.6 Guarantees for Homogeneous-Goods Markets

While the results of Section 4.5 offer guarantees on both welfare loss and approximately optimal

revenue, it is natural to consider if other markets might admit stronger still guarantees. As seen in

the proof of Proposition 4.5.2, even when we turn to the case in which each buyer values all desired

items equally (vij ∈ {vi, 0}), the bound on welfare conversion into revenue is already tight. This

motivates us to consider the next most natural class of valuations (vij = vi). In this section, we

develop very strong welfare and revenue guarantees in homogeneous-goods markets.

4.6.1 Converting Potential Welfare Increase to Revenue without Loss

We first consider whether the platform can more efficiently convert the potential welfare increase in

homogeneous-goods markets into revenue. Theorem 4.6.1 shows that the platform can achieve this

conversion perfectly, without any loss.

Theorem 4.6.1. In homogeneous-goods markets, the platform can always extract revenue at least

W ⋆ −W (Gw) in polynomial time.

Proof. As goods are homogeneous, the optimal welfare is obtained by always matching the buyers

with the top min(m,n) highest valuations. Fix some arbitrary maximum weight matching M⋆ in

the complete graph, and let M be the max weight matching in Gw. Let Bold = {b̃1, . . . , b̃ℓ} represent

the set of buyers matched in M but unmatched in M⋆, and let Bnew = {b⋆1, . . . , b⋆k} represent the set

99



of buyers that are matched in M⋆ but are unmatched in M . Weakly more buyers are matched in

M⋆ than in M ; otherwise the leftover sellers could always match with the buyers in Bold that they

were matched to in M . Thus, we have k ≥ ℓ. We show that the platform can add edges and extract

full welfare as revenue from each buyer in Bnew, implying a lower bound of revenue W ⋆ −W (Gw).

Let v(min(n,m)) denote the min(n,m)-th largest valuation among all buyers. Since in M⋆ the

largest min(n,m) buyers transact, it must be the case that every buyer in Bnew has valuation weakly

greater than v(min(n,m)) and every buyer in Bold has valuation strictly less than v(min(n,m)). For each

buyer b⋆i ∈ Bnew, add a platform edge to the seller that b̃i transacted with in M , or to a seller who

does not sell in M if i > ℓ. Since k − ℓ more buyers transact in M⋆ compared to M , there are at

least k − ℓ sellers who do not sell in M . Denote the set of platform edges added as Ep. Then all

buyers in Bnew still transact in the maximum matching of G ∪ Ep through Ep. We now prove that

every buyer b⋆i ∈ Bnew pays the full price v⋆i by reasoning about the buyers’ opportunity paths.

Since b⋆i does not transact in M , there are no sellers with strictly smaller values on any of its

opportunity paths. Otherwise, transactions would change along the opportunity path and b⋆i would

transacted in M . As buyers in Bold have valuation strictly less than vmin(n,m), they are not on b⋆i ’s

opportunity path. Thus, in the max weight matching of Gw ∪Ep, where Bold no longer transacts,

b⋆i remains the buyer with smallest valuation on its own opportunity path and pays v⋆i .

We make two observations about the procedure in Theorem 4.6.1 to extract W ⋆ −W (Gw) in

revenue. First, the procedure also maximizes social welfare. Second, to extract revenue W ⋆−W (Gw),

the platform needs to carefully add platform edges. There are platform edges that increase total

welfare by W ⋆ −W (Gw) that do not yield the desired revenue. As an example, consider the market

in Figure 4.3 and used in the proof of Proposition 4.5.2. If we modify the market such that all

buyers have homogeneous valuations, then adding the dashed blue edges, while yielding the optimal

welfare, still only gives revenue 1. To extract the total amount of added welfare, Hk, the platform

must add edges between bi and sdi .

As in the case of general markets, Theorem 4.6.1 naturally leads to an approximation algorithm

for optimal welfare (and hence optimal revenue) when the platform has a way to add a large amount

of welfare. In these market settings, we can guarantee a constant-factor approximation to optimal

revenue, improving on the logarithmic guarantee given for general valuations.
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Theorem 4.6.2. In homogeneous-goods markets where W ⋆ −W (Gw) = Ω(W (Gw)), there exists

a polynomial-time algorithm that yields a constant-factor approximation of the optimal welfare as

revenue to the platform. This implies a constant-factor approximation to the optimal revenue.

Proof. By Theorem 4.6.1, we can always guarantee W ⋆ −W (Gw) in revenue in polynomial time.

Since W ⋆ −W (Gw) = Ω(W (Gw)), we have that W ⋆ −W (Gw) = Ω(W ⋆). The final part of the

theorem follows from the fact that Rev⋆ ≤W ⋆.

While we choose to focus on the case where W ⋆ −W (G) is large, as we believe these are

the markets platforms are most likely to enter, we show that we can more generally extract a

1/min{n,m}-fraction of the optimal revenue in polynomial time in any homogeneous-goods market.

We defer the proof to Appendix C.4.1.

Theorem 4.6.3. In homogeneous-goods markets, there exists a polynomial-time algorithm that

yields a min{n,m}-approximation of the optimal revenue.

In order to guarantee a min{n,m}-approximation of the optimal revenue, we show that the

platform can efficiently maximize the revenue it obtains from a single transaction. As the platform

can facilitate at most min{n,m} transactions in total, this yields the desired approximation ratio.

4.6.2 Zero Welfare Loss from Revenue Maximization

As with general markets, we now turn to bounding the welfare loss incurred as a result of the

platform’s self-interest. Adopting the same approach as used in proving Theorem 4.5.7 for general

markets, Theorem 4.6.1 implies that the price of revenue maximization is bounded above by 2.

While this is already a strong result, we can in fact show that the price of revenue maximization

in homogeneous-goods markets is 1. That is, revenue maximization aligns exactly with welfare

maximization in homogeneous-goods markets.

Theorem 4.6.4. In homogeneous-goods markets, the price of revenue maximization equals 1.

Proof. Let B̃ represent the set of buyers with the top min(n,m) highest valuations – i.e. the buyers

who transact in the welfare-optimal matching. Suppose for the sake of contradiction that the

revenue-optimal matching is not welfare optimal and thus some buyer bi ∈ B̃ with vi ̸= 0 does not

transact in the revenue-optimal matching. All opportunity paths from bi must lead to buyers with
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weakly higher values. If not, transactions can change along the opportunity path, resulting in a

matching with strictly larger weight. This contradicts with the first welfare theorem of competitive

equilibrium.

If there is a non-transacting seller sj in the revenue-optimal matching, then adding the edge

(bi, sj) strictly increases revenue. All buyers with opportunity paths previously ending at sj paid a

price zero as seller sj did not transact; after the addition of this edge, they pay price vi > 0, leading

to a strict increase in revenue.

If all sellers transact in the revenue-optimal matching, let bk be the transacting buyer with the

smallest valuation and suppose that they currently transact with seller sℓ. As the revenue-optimal

matching is assumed not to be welfare optimal, we must have that vk < vi. By adding the edge

(bi, sℓ), revenue again strictly increases. All buyers with opportunity paths previously leading to sℓ

must pay a weakly higher price now, since vi > vk and all opportunity paths from bi lead to buyers

with weakly higher values. In addition, we obtain revenue vi from the edge (bi, sℓ) and lose revenue

at most vk < vi from the exclusion of edge (bk, sℓ), in the event that this was a platform edge. Thus,

this leads to a strict increase in revenue.

In either case, there exists a modification to the revenue-optimal matching that yields strictly

higher revenue, concluding the proof.

4.7 Discussion

We have studied the incentives facing platforms when facilitating transactions between buyers and

sellers, modeled by a bipartite buyer-seller network to which the platform can choose to add new

links, introducing buyers to sellers. The general problem of maximizing the platform’s revenue

is computationally hard, even under restrictive structural assumptions. By imposing additional

structure, we give polynomial-time algorithms for special classes of markets, establishing a “frontier

of tractability.” We also examine the relationship between social welfare and platform’s revenue, and

show that where the platform can substantially increase social welfare, it can also extract substantial

revenue. This yields an O(log(min{n,m}))-approximation algorithm for revenue in these kinds of

inefficient markets, as well as an upper bound of O(log(min{n,m})) on the impact of platform

self interest on welfare, relative to the optimal welfare in general markets. These bounds can be
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substantially improved in homogeneous-goods markets, where we prove that revenue maximization

is perfectly aligned with welfare maximization, and give a constant-factor approximation algorithm

for optimal revenue in inefficient markets. There are many interesting directions for future work:

• The current gap between the lower and upper bounds for the effect of platform self interest

on welfare (the price of revenue maximization or PRM) is quite large: 2 vs Hmin(n,m) =

Θ(logmin(n,m)). We conjecture that PRM = 2 in general markets. Closing this gap has

important consequences for the impact of platforms on social welfare.

• Can we resolve the complexity of intermediate classes of markets; e.g., is it possible to exactly

maximize revenue in homogeneous-goods markets in polynomial time?

• We have assumed that sellers are indifferent between transacting off- and on-platform, whereas

in real life sellers may choose to leave and transact with buyers off the platform if transaction

fees are too high. It is interesting to model these kinds of considerations and understand

which of our results still hold.

• Our model assumes full information with both valuations and world edges known to the

platform. In reality, platforms only have partial information. Extending the model to a

Bayesian setting, in which the platform faces uncertainty about buyer values and world edges,

is also an interesting direction for follow up.
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Chapter 5

Matching under Regulatory Intervention during

Economic Shocks

5.1 Introduction

Market-driven platforms, such as Amazon, DoorDash, Uber, and TaskRabbit, play an increasingly

important role in today’s economy, bringing together parties to facilitate trade and presenting new

ways to create value. First, they reduce search cost by introducing potential matches that were not

known before, and second, they reduce fulfillment cost by taking care of service or product delivery,

thus reducing the effort made to complete transactions.

The importance of the platform-based economy became even more apparent during the COVID-

19 pandemic, especially for the restaurant industry. Stay-at-home orders, together with the closure of

dine-in channels and caution in regard to visiting brick-and-mortar businesses increased the fulfillment

cost of consumers transacting in physical locations. This led to an increasing number of users and

restaurants to adopt food-delivery platforms. One study of Uber Eats from February through May

2020 showed a surge in both demand and supply after the shelter-in-place guidance was issued in the

U.S. [Raj et al., 2021]. At the same time, this new prominence gave platforms increased market power.

As a demonstration, restaurant commission fees are set by some platforms to 30% per order, leaving

traditional restaurants, many of whom no longer have dine-in revenue, with low or even negative

margins [Ahuja et al., 2021]. In December 2020, the National Restaurant Association reported that

more than 110,000 U.S. restaurants—one in six—have permanently closed down since the start of

pandemic [National Restaurant Association, 2020]. To support restaurants, states such as New York

and California have imposed commission caps and yet platforms responded with countermeasures:

the day after Jersey City enforced a 10% cap on fees, Uber Eats added a $3 delivery fee to customers

and reduced the delivery radius for restaurants.1 This speaks to the complexity of the ecosystem,

1https://www.restaurantbusinessonline.com/operations/another-city-caps-third-party-delivery-commissions

data accessed: April 03, 2026
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and regulatory policies on delivery platforms have been continuously proposed and debated.

In this work, we use the methods of AI and multi-agent simulation to study a platform-based

economy under market shocks, with this as a first step towards reproducing phenomena observed in

the real-world economy and as a tool for conducting counterfactual analysis to understand platform

behavior in response to different regulations. We develop a multi-agent Gym environment to capture

major aspects of the economy in a multi-period setting, with key modeling choices (e.g., epoch-based

decision making, user behavior inertia, the discrete-logit choice model) based on the economic

literature. Our model further captures a full cycle of market shock, designed to represent the pre-,

during, and post-crisis periods.

We formulate the platform’s problem as a partially observable Markov decision process (POMDP),

with both commonly observable components (e.g., shock intensity) and private elements (e.g., buyers’

knowledge about sellers, off-platform transactions). We model the platform as a rational agent

that uses reinforcement learning (RL) to set fees and match buyer queries to sellers. Buyers and

sellers decide whether to join the platform, considering both fees and search and fulfillment costs;

on-platform buyers further decide whether to transact with a matched platform seller or off platform.

We conduct extensive simulations to explore a range of settings that differ in market structures

(i.e., locations of buyers and sellers in product and preference space), knowledge levels of buyers

about sellers, and the cost of off-platform fulfillment. The goal is to use RL to model the optimal

behavior of a platform under different regulations, and study the effect of a platform on the efficiency

and resilience of the overall economic system. In the absence of any regulation, we find that a

revenue-maximizing platform, even while helping to facilitate trades, tends to leverage its increased

market power during the shock to raise fees and extract surplus from buyers and sellers. This leads to

seller shutdowns and lower post-shock economic welfare, compared with that of the pre-shock period.

As a first kind of regulation, we consider a class of taxation policies that impose different tax

rates on different categories of profit (e.g., revenue made from user subscriptions, or revenue made

from transaction referrals), and study the platform response. We further consider regulations that

cap platform fees in a particular way. Our results show that either taxation, or capping some subset

of fees, simply leads the platform to transfer loss to users by adjusting other fees, demonstrating

the power of making use of RL to model the rational behavior of a platform. On the other hand,

capping all fees and not just a subset has a moderately positive effect on protecting sellers from

105



bankruptcy and promoting a resilient ecosystem. In practice, however, this intervention requires

a regulator to have detailed knowledge in setting these caps (and also assumes the platform will

follow a particular, myopic matching policy).

The second part of our study allows the platform to retain full flexibility in choosing how to

match buyers and sellers while restricting it to keep the same fee structure that it chooses in the

absence of shocks. Thus, it requires no special knowledge on the part of a regulator, and gives the

platform full flexibility in regard to behavior (matching) that is proprietary and not easy to regulate.

We show that under this intervention, a revenue-maximizing platform learns to use matching to

retain a more diverse set of sellers on platform, so as to increase its long-term revenue from user

registrations. This also helps to promote the efficiency, resilience, and seller diversity in the overall

economic system.

The present framework, which introduces a multi-agent Gym environment and uses RL to derive

optimal platform responses, provides a tool for understanding regulations and platform economies.

Our hope is that this can complement economic theory, which can become analytically intractable in

complex, dynamic environments, as well as pure data-driven approaches that cannot answer questions

about changing market and agent behaviors. We return to a discussion of the opportunities and

outstanding challenges with this kind of AI-based approach to economic study at the end of the paper.

5.1.1 Related Work

Platform Models. An extensive economic literature focuses on how to establish network effects

through fee-setting or subsidizing one side of the market under various forms of platform competition

(e.g., single- vs. multi-homing) [Caillaud and Jullien, 2003, Rochet and Tirole, 2003, Armstrong,

2006]. To facilitate equilibrium analysis, these models often require simplified assumptions for

tractability, e.g., restricting to a single round of platform fee-setting and agent subscribing, adopting

a fixed platform matching policy, and assuming homogeneous non-platform actors. Besides related

literature that characterizes platform behavior, there are also works on complexity results in regard

to setting optimal fees (even for a market with one buyer and two periods) [Papadimitriou et al.,

2016] and optimally matching buy queries to sellers (even for a single period) [Mladenov et al.,

2020].

In contrast, the literature on the role and behavior of economic platforms under shocks is fairly
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limited. Empirical studies have been conducted to study the impact of COVID-19 on the demand

of food-delivery platforms [Raj et al., 2021], the effect of fee controls on on-demand services [Li

and Wang, 2021, Sullivan, 2022], as well as the extent to which pandemic has persistently changed

customers’ purchasing behavior even after the shock calms down, due to habit formation around

delivery [Oblander and McCarthy, 2022].

RL for Economic System Design. Recent work has demonstrated the effectiveness of using

RL for the design and understanding of complex economic systems, including dynamically setting

reserve prices in auctions [Shen et al., 2020], selling user impressions to advertisers [Tang, 2017],

designing tax policies [Zheng et al., 2022], optimizing user satisfaction for recommender systems

[Chen et al., 2019, Zhan et al., 2021], and designing sequential price mechanisms [Brero et al., 2021].

Many of these works rely on agent-based simulation to model the economic system and conduct

counterfactual analysis through the dynamic interactions of agents. For example, Zheng et al. [2022]

use RL to model a social planner who designs income taxes in multi-period, simulated spatial

economies. We are not aware of previous work on the modeling and study of market-based platforms.

Most similar to ours is the work of Zhan et al. [2021], built on the RecSim environment [Ie et al.,

2019], which uses RL to optimize the long-term social welfare of users and content providers in

a dynamic, recommender system. Besides the presence of economic shocks, our setting differs in

the use of platform fees, the existence of an alternate sales channel (i.e., off platform), and the

implication that agents can choose to join or quit the platform.

5.2 A Multi-Agent Platform Model

5.2.1 Market Environment and Agent Dynamics

The market is populated with heterogeneous buyers B, heterogeneous sellers S, and a single platform

p. Following embedding-based representations in recommender systems [Salakhutdinov and Mnih,

2007], we adopt a common latent space to represent each buyer or seller, vb, vs ∈ V ⊆ [0, 1]2. The

first dimension of an agent’s location, denoted v0, describes product features (e.g., in the case of

food, Italian, Japanese; spicy or not) and the second dimension, denoted v1, the (normalized) price

level (e.g., from the cheapest to the most expensive $ . . . $$$$). A seller s sells food at a price v1s , of
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which an ωs fraction is the production cost. Each buyer b knows a subset of sellers Sb ⊆ S, and may

transact with s ∈ Sb without using a platform. Buyers who use the platform are also introduced to

additional sellers on platform.

We formulate an epoch-based decision problem for agents, similar to Mladenov et al. [2020].

There are multiple epochs, indexed k, within an episode. Each epoch has a fixed length of T

time steps (e.g., a month of 30 days). We consider a world transaction friction, denoted µk > 0,

which varies by epoch and represents the cost of buyers completing a transaction off-platform (see

Eq. (5.1)). We model shocks corresponding to changes in this friction; e.g., during a pandemic,

transaction frictions for food-service industry were extremely high, due to fears of sharing indoor

spaces and absence of dine-in options.

At the start of an epoch k. The platform sets fees, including the buyer and seller subscription

fees, denoted PB,k ≥ 0 and PS,k ≥ 0 respectively, and a per-transaction seller referral rate PR,k ∈ [0, 1],

the fraction of prices as transaction fee paid by the seller to the platform. We discuss the platform’s

fee-setting policy in Section 5.3.1.

Buyers and sellers observe platform fees and the world transaction friction µk, and decide

whether to pay the subscription fee to use the platform for epoch k. We denote the sets of subscribed

buyers and sellers in epoch k as Bk and Sk. We assume that the platform knows the locations of

buyer queries and on-platform sellers in the latent space. This reflects that platforms tend to have

good data on the market-relevant properties of sellers and that the combination of a search interface

and historical buyer information gives good information on the current demand context of a buyer.

Each buyer has a per-epoch budget, ψb > 0, linearly proportional to the buyer’s price preference v1b .

This controls the number of transactions that a buyer will undertake in a given epoch. Beyond fees,

the platform matches queries from platform buyers to platform sellers, and in selective treatments,

with a matching policy learned through RL (see Section 5.3.2).

For each time step t within an epoch k. We follow the sequence of “query, match, and transact”:

(1) Query : a buyer b ∈ B is randomly selected to issue a query according to their taste and price

preferences (e.g., $$$$ sushi or $$ pizza), qb,t ∼ N (vb, σ
2
b ), where σ2b specifies the query variance of b.

(2) Match: only for an on-platform buyer b, the platform observes qb,t and matches it to an on-
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platform seller, denoted sp,t ∈ Sk.

(3) Transact : the buyer b can pick a seller s ∈ {sp,t}
⋃
Sb if b is on-platform, and s ∈ Sb otherwise.

A buyer may also choose not to transact if the matching surplus is negative (details in Section 5.2.2).

We refer to a transaction that is matched via the platform as a platform transaction, and

otherwise as a a world transaction. Even an on-platform buyer can choose a world transaction if

this is better than that recommended by the platform. For each world transaction, the buyer suffers

a fulfillment cost of µk, whereas for each platform transaction, the seller pays a referral fee, which is

a fraction PR,k of the seller’s price.

At the end of an epoch k. Buyers and sellers evaluate their surplus from transactions and

fees paid to guide future subscription decisions (see Section 5.2.4). The platform evaluates revenue

made through subscription and referral fees to inform adjustments to fees or its matching policy

(see Section 5.3). Each seller has a shutdown threshold, λs ∈ N>0, and will go bankrupt if they do

not obtain positive surplus for a consecutive λs epochs. Once shutdown, a seller is unable to engage

in transactions for future epochs.

5.2.2 Transaction-Level Decisions

A buyer with query q and transacting with seller s receives a matching utility, uB(q, s), reflecting

matching quality. A buyer with a choice of sellers prefers the one that maximizes immediate

matching surplus, defined as matching utility minus any transaction friction.

Choice in the world. A buyer b with query qb,t can choose from known sellers whose prices

(denoted by v1s for seller s) are within their epoch-budget left at t, denoted ψb,t, i.e., Sb,t := {s ∈ Sb :

v1s ≤ ψb,t}. For Sb,t ̸= ∅, the best world choice is s∗w := arg maxs∈Sb,t
uB(qb,t, s). Since the friction

µk could be high enough to prevent a buyer from transacting, we let swb,t be s∗w if uB(qb,t, s
∗
w) > µk,

and ϕ otherwise, to denote no preferred world seller. Writing uB(qb,t, ϕ) = 0, the world surplus to

buyer b at time t is

uwb,t = max(uB(qb,t, s
w
b,t)− µk, 0). (5.1)

Choice on the platform. For an on-platform buyer, the platform surplus, upb,t, at time t is

upb,t = uB(qb,t, sp,t) in the case the platform-recommended seller, sp,t, is within remaining budget
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ψb,t, and zero otherwise. We set upb,t = 0 if b is off platform.

Overall choice. If no seller provides a positive surplus, the buyer will choose not to transact.

Otherwise, a buyer b chooses swb,t if it is off-platform, and the most preferred of swb,t and sp,t when it

is on-platform.2 We write sb,t to denote the choice of the buyer at time t, and denote a buyer’s query,

seller options, and transaction as 4-tuple (qb,t, s
w
b,t, sp,t, sb,t), where sp,t is ϕ for an off-platform buyer.

Surplus from a transaction. The buyer surplus is rb,t = max {uwb,t, u
p
b,t}, and zero if the buyer

does not transact. We define the world matching surplus and platform matching surplus respectively

as rwb,t = uwb,t · Iwb,t and rpb,t = upb,t · (1− I
w
b,t), where Iwb,t is an indicator of whether buyer b transacted

in the world or not at time t. A seller when chosen by a buyer cannot decline a transaction. The

surplus of seller s (i.e., net profit) is

rs,t =


v1s(1− ωs − PR,k) for a platform transaction,

v1s(1− ωs) for a world transaction,

0 otherwise.

(5.2)

We denote nps,k the number of transactions completed by seller s via the platform during epoch k,

and nws,k the number of transactions completed by the seller in the world.

5.2.3 Epoch Surplus and Platform Revenue

Buyer b’s epoch surplus, rb,k, is their total surplus from matching minus any subscription fee paid,

rb,k =
∑
t∈k

rb,t − Ipb,kPB,k =
∑
t∈k

rwb,t +
∑
t∈k

rpb,t − I
p
b,kPB,k, (5.3)

where Ipb,k ∈ {0, 1} indicates whether the the buyer is off- or on-platform during epoch k. Similarly,

a seller s’s epoch surplus, rs,k, is their total net profit from transactions minus any fee paid,

rs,k =
∑
t∈k

rs,t − Ips,kPS,k = nws,kv
1
s(1− ωs) + nps,kv

1
s(1− ωs − PR,k)− I

p
s,kPS,k, (5.4)

2Sellers sp,t and swb,t may be the same seller, in which case the buyer will choose to transact via the platform since
the world transaction friction is always positive.
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where Ips,k ∈ {0, 1} is an indicator to denote whether the the seller is off- or on-platform. The total

platform revenue in epoch k is simply the sum of the subscription and referral fee it charges,

rp,k =
∑
b∈B
Ipb,kPB,k +

∑
s∈S

(
Ips,kPS,k + nps,kv

1
sPR,k

)
. (5.5)

The total welfare of the economy in epoch k is the sum of all buyer and seller surplus and platform

revenue.

5.2.4 Subscription-Level Decisions

At the start of each epoch, each buyer or seller “wakes up” with some probability, reevaluates their

current state, and decides whether or not to subscribe to the platform. We provide in the sequel a

high-level description as to how buyers and sellers make such decisions, and defer detailed analysis

to Appendix D.1.

Estimating the effect of a subscription decision. Each agent, whether buyer or seller,

subscribes by comparing the estimated surplus on and off platform under the newly proposed

platform fees and the observed world transaction friction. This is done assuming a unilateral change,

i.e., they are the only one who wakes up and makes a different subscription decision, and queries

from the agent itself as well as others remain the same as in the previous epoch. For buyers or

sellers who were on platform in the past epoch, this estimate means to re-evaluate their transaction

decisions under new fees and friction. For agents who were off platform in the past epoch, we assume

the platform can provide information (honestly) to facilitate this estimation. This could occur, for

example, through a trial period on the platform or by providing an estimate of costs and benefits

based on recent history.

Agent-specific decision inertia. Our decision model incorporates behavior inertia, capturing an

agent’s tendency to stick with their current decision (e.g., subscribing to a platform). This kind of

inertia has been empirically observed in platform adoption decisions post-pandemic [Oblander and

McCarthy, 2022], along with other settings, including choosing consumer packaged goods [Shum, 2004,

Dubé et al., 2010] and health and automobile insurance [Handel, 2013, Honka, 2014]. Following prior

models [Dubé et al., 2009, MacKay and Remer, 2021, Farrell and Shapiro, 1988], we incorporate inertia
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as an additive term to an agent’s surplus from the current decision. Specifically, we model inertia log-

arithmically in the number of epochs for which an agent has committed to the same choice, and “reset”

this inertia upon a change to the subscription decision. Based on this adjusted surplus, both buyer and

seller agents decide whether to subscribe or not according to probabilities calculated from the standard

discrete-choice logit model [Dubé et al., 2009, MacKay and Remer, 2021]. See Appendix D.1 for details.

5.3 The Platform’s Decision Model

We formulate the platform’s problem as a POMDP [Kaelbling et al., 1998], with buyers’ knowledge

about sellers and transactions in the world as private information, and thus not observable to

the platform. The platform learns a fee-setting and matching policy based on observations of the

decisions of on-platform buyers and sellers. In this work, for reasons of computational tractability,

we study platforms that either follow a default, myopic matching policy and learn to set fees or

follow fixed, regulated fees and learn how to match.

5.3.1 Learning to Set Fees under Myopic Matching

We study the sequential decision-making problem of a platform that learns to set fees while using

myopic query matching—recommending the closest on-platform seller to a query in the latent space,

and thus the seller that yields the highest utility to the buyer. Here, the platform decides fees for

epoch k based on its experience from epoch k − 1. We describe the fee-setting POMDP model:

• The state xk ∈ X at the start of epoch k is comprised of

1. buyer attributes: the latent location, epoch budget, query distribution, and knowledge of

world sellers,

2. seller attributes: the latent location, cost fraction, and shutdown threshold,

3. agent subscription states: either on- or off-platform for the past epoch, IpB,k−1 and IpS,k−1,

4. the agent inertia levels: χb,k−1 and χs,k−1,

5. a sequence of query, seller candidates, and buyer’s choices of previous epoch: Qk−1 =

{(qb,t, spb,t, s
w
b,t, sb,t)}t∈k−1,b∈B,
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6. the shutdown states for sellers: whether a seller has shut down at the end of epoch k− 1,

denoted Is,k−1,

7. the platform fees for the past epoch: PB,k−1, PS,k−1, PR,k−1,

8. the world transaction friction for the current epoch: µk.

• An action ak = (PB,k, PS,k, PR,k) defines the fees for the upcoming epoch k. We model a

discrete action space A where fees take discrete values at integer multiples of a tick (or

percentage) size.

• For the state transition ¶ : X × A → ∆(X ), buyers and (viable) sellers follow their choice

model to subscribe to the platform (Section 5.2.4), leading to new subscription states and

inertia levels. For each time step t ∈ k, we follow the “query, match, transact” dynamics,

which gives a full sequence Qk. Each viable seller may shut down based on the surplus in

epoch k and their shutdown threshold. Fees follow from the actions taken, and the world

transaction friction evolves according to a lognormal process. Altogether, this gives a new

state xk+1 ∼ ¶(xk, ak).

• A reward rk ∼ R(xk, ak) is provided to the platform at the end of epoch k, when agent

subscription and transaction outcomes are available. The reward can be set to model different

platform objectives, integrating considerations that come from regulation.

• The platform’s observation ok+1 ∈ Ω consists of the sequence of queries generated by on-

platform buyers, as well as their decisions on whether or not to transact via the platform, i.e.,

Qpk := {(qb,t, spb,t, I{sb,t = spb,t})}t∈k,b∈Bk
(but not counterparties in off-platform transactions).

5.3.2 Learning to Match under Fixed Fees

In a second setting, we study the sequential decision-making problem of a platform that learns how

to match buyer queries to sellers when the fees are fixed, for example, due to regulation. Myopic

query matching, as described above, favors the buyer side of the market, by directing a query to the

buyer’s utility-maximizing, on-platform seller. To complement this, we model matching strategies

that can choose to benefit other parties in the economy, i.e., sellers or the platform itself. For

interpretability, we define a matching strategy by two parameters: (1) a matching utility threshold
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η ∈ [0, 1], that specifies the minimum utility that a recommended seller should provide to the buyer,

as a fraction of utility from the myopically-optimal match, and (2) a matching rule, which directs

how to pick a seller amongst those that meet this utility threshold. We consider two rules:

• The seller-aware matching rule: Among sellers who meet the utility threshold, match a query

to the seller who has the lowest surplus on the platform so far during the epoch,3 breaking

ties in the buyer’s favor.

• The profit-driven matching rule: Among sellers who meet the utility threshold, match a query

to the seller who brings the largest revenue to the platform, breaking ties in the buyer’s favor.

As a special case, myopic query matching corresponds to setting the matching threshold η = 1.

Intuitively, the seller-aware rule may be useful in promoting a more diverse set of sellers, by increasing

sales to those who have been benefiting less from the platform, whereas the profit-driven rule is at

the other end of the spectrum, aiming to maximize the platform’s myopic transaction revenue. The

goal of the platform is to learn a matching policy that chooses a matching strategy for an epoch—a

utility threshold and a matching rule, based on an observation as to which buyers and sellers choose

to subscribe for the upcoming epoch. To model this, we make several adjustments to the fee-setting

POMDP in defining a matching POMDP, and defer these details for space reasons to Appendix D.2.

5.3.3 Finding the Optimal Policy

Interactions between the platform and buyers and sellers can be considered as a Stackelberg game:

the platform agent is the leader, choosing the fee or matching policies, and buyers and sellers are

the followers, responding to platform policies. In our simulation, the buyer and seller strategies are

a fixed mapping from prior matching experience, platform fees, and world transaction friction to

decisions in regard to joining or exiting the platform, and we can handle this Stackelberg structure

by modeling the agents within the POMDP environment of the platform (as part of the transition

model). Depending on the set-up, the platform learns a fee-setting policy or a matching policy,

3We assume for simplicity that the platform knows a seller’s production cost, and thus can calculate its surplus
from transactions. In practice, this idealized seller-aware rule could be modified and defined in terms of the number of
platform transactions completed by a seller, or other inferred quantities about seller surplus.
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denoted π(a|ok), to maximize its discounted cumulative reward across different episodes:

max
π

Ea∼π,x∼¶

[
K∑

k=0

γkrk

]
, (5.6)

where γ ∈ (0, 1) is the discount factor, K = |τ | is the total number of epochs in an episode, and rk is

based on Eq.(5.5) whose precise value can further depend on a regulatory structure. Following the

success of deep learning to solve POMDPs [Heess et al., 2015, Wierstra et al., 2007, Hausknecht and

Stone, 2015], we use deep RL to learn π(a|ok;θ), specifically parameters θ that extract sufficient

statistics from the observation history and map to actions that maximize the objective (more details

in Section 5.4).

5.4 Platform Behavior under Shocks and Regulatory Interventions

We study platform behavior and its effect on the simulated economy under the following regulations:

(1) taxation policies that directly change the reward to the platform, (2) fee caps that are enacted

through restricting the platform’s action space of fee-setting, and (3) fee freezes that are studied

along with a platform who can continue to change its matching policy. We first provide specifics on

simulation configurations, and then present experimental results.

5.4.1 Experiment Settings

We follow Section 5.2 in specifying a set of different market environments, with 10 buyers and 10

sellers, an episode that consists of K = 12 epochs, and with each epoch containing T = 100 time

steps.

Market structure and dynamics. We consider three types of market structures, corresponding

to distinct latent locations of buyers and sellers (see Appendix D.3.1, Figure D.1):

• Uniform: v ∼ U [0, 1]2, representing an economy with diverse buyer interests and seller

attributes.

• Core-and-Niche: v ∼ truncated Gaussian(µ, σ2, 0, 1) with µ = [0.5, 0.4] and σ2 = [0.2, 0; 0, 0.2],

representing a ”core” of agents around µ, as well as ”niche” agents located away from the core.
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• Two-Core: One group v ∼ truncated Gaussian(µ1, σ
2
1, 0, 1) with µ1 = [0.7, 0.3] and σ21 =

[0.17, 0; 0, 0.17], and another group v ∼ truncated Gaussian(µ2, σ
2
2, 0, 1) with µ2 = [0.3, 0.7]

and σ22 = [0.17, 0; 0, 0.17]. The first group is centered around relatively cheap options, and the

second around more expensive ones.

We present results of the Core-and-Niche market, and defer the other two market structures to

supplemental material that is published along with the paper. For each structure, we also consider

markets that vary in the buyer knowledge level, ρ. In particular, each buyer b samples i.i.d. Bern(ρ)

for each seller, to generate its set of known sellers Sb.

Agent attributes. Within an epoch, buyers arrive in a round robin fashion. A buyer b who

arrives at t submits a query around the buyer’s latent location, qb,t ∼ N (vb, σ
2
b ), with σ2b =

[0.02, 0; 0, 0.02]. When query q is fulfilled by seller s, the buyer receives a matching utility of

uB(q, s) = exp(−c∥q − vs∥2), where we choose c = 2 to have matching utilities span [0, 1]. We set a

buyer’s per-epoch budget ψb to be v1b (their price preferences) times the number of queries it submits

within an epoch. Each seller’s fractional cost is drawn from ωs ∼ U [0.2, 0.4]. We set the shutdown

threshold, λ = 2, for all sellers. Each agent has an initial preference of staying in the world or

joining the platform, with an initial inertia level χ selected uniformly on {−2,−1, 0, 1, 2} (intuitively,

the more positive/negative the value reflects a stronger preference to stay on/off the platform).

Shocks. We vary the world transaction friction, µk, across epochs to model pre-, during, and

post-shock stages, fixing the pre- and post-shock stages to each last for three epochs and with low

world friction, µk = 0.1. The shock stage is controlled by a shock intensity, I ∼ U [Imin, Imax], which

specifies the largest value that will be attained. We sample µk ∼ Lognormal(µ = 0, σ = 0.5), and

multiply the values by the intensity I. Figure D.2 (red line) in Appendix D.3.1 shows the average

shock schedule for I ∼ U [0.8, 1].

Platform action space. Without fee caps, the registration fees, PB,k and PS,k, range from 0 to

10, with discrete levels at intervals of 0.2. The seller referral rate, PR,k, ranges from 0 to 1, with

discrete levels at intervals of 0.1. For matching, the matching utility threshold ranges from 0 to 1,

and is discretized at intervals of 0.1.
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(a) Varying buyers’ knowledge level about sellers ρ,
with µ = 0.6.
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(b) Varying the world transaction friction µ , with
ρ = 0.2.

Figure 5.1: Total welfare and buyer and seller surplus achieved in environments that vary in ρ and
µ, with and without a platform under the Core-and-Niche market structure.

Implementation details. We sample initial states with a warm-up epoch, used in addition to

each of the twelve epochs, where the friction is 0.1, the platform charges no fees, and buyers and

sellers join the platform based on their initial preferences. The experience gained by buyers and

sellers in this warm-up epoch provides a basis for the platform to choose actions, and for the

buyers and sellers to form estimates to guide their subscription decisions. We use the Advantage

Actor-Critic (A2C) [Sutton and Barto, 1998, Degris et al., 2012] to learn the optimal platform

policy, and present the average results from training for two different seeds and 100 test episodes.

We defer descriptions of the neural network structure and hyperparameters to Appendix D.3.2.

5.4.2 Baseline Economic Performance

We first build intuition around our model. We study the value generated by a revenue-maximizing

platform across a range of single-epoch, no-shock environments that vary in buyers’ knowledge level

about sellers, ρ, and the world transaction friction, µ. For each market structure, we generate three

samples of latent locations of buyers and sellers, and for each latent sample and knowledge level,

ρ, we sample ten knowledge structures, specifying which sellers are known by each buyer. We use

Bayesian Optimization (BO) [Nogueira, 2014] to find platform fees that maximize the platform’s

revenue, and conduct controlled experiments with and without a platform.

Figure 5.1 shows the buyer and seller surplus, as well as total welfare (agents’ surplus and

platform revenue), achieved in Core-and-Niche markets. We normalize surplus by the ideal welfare
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Figure 5.2: A comparison of empirically-observed demand surge after the shelter-in-place order as
shown in [Raj et al., 2021] (Left) to the increase in the number of on-platform transactions induced
by our simulated economic shock (Right).

achieved in a setting where buyers knows all sellers and there is no world transaction friction. We

validate the simulator by confirming that without a platform (Figure 5.1, red lines), the total welfare

increases as buyers’ knowledge about sellers increases and the world friction decreases. Across all

environments, a revenue-maximizing platform consistently increases total welfare relative to the

absence of a platform, creating value by reducing search costs (i.e., matching buyers to unknown

sellers) and facilitating transactions (i.e., reducing off-platform fulfilment costs). We also see that

the revenue a platform can extract (i.e., difference between green and blue lines) increases as buyers

have less knowledge about sellers, and as the world transaction friction increases.

5.4.3 Platform Responses to Interventions

In this section, we present our main results, comparing no-intervention with three different kinds of

interventions in the presence of market shocks. The headline result is that, whereas taxes and caps

imposed on some subset of fees are largely ineffective, there are two forms of interventions under

which a revenue-maximizing platform will promote seller diversity and the efficiency and resilience

of the economy. These interventions either cap all fees (leaving flexibility to set fees subject to

caps), or fix fees to those that a self-interested platform chooses in an environment without shocks

but allow the platform to continue to optimize its matching policy. The second intervention may

be especially relevant to practice: the knowledge of how to set fees comes from the platform’s own

behavior, and the platform can continue to flexibly make matching decisions.
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Figure 5.3: Welfare decomposition, platform fees, and agent states induced by different regulations
(Core-and-Niche markets).

Case 1: Platform fee setting in a laissez-faire system. We first consider a platform that is

free from any form of regulation and learns to set fees to maximize revenue, while using myopic

query matching. In Figure 5.2, we first illustrate the similarity between the simulated increase in

the number of platform transactions and the empirically-observed demand surge in Atlanta after the

2020 stay-in-place order, which is representative of other U.S. cities (i.e., on-platform transactions,

or demand, increasing by around 50% due to the shock). This gives a first, basic validation of the

economic dynamics in our model.

Figure 5.3, columns 1-2, compare the outcomes achieved in markets with and without the

119



platform. As a first observation, from Figure 5.3a, the platform generally improves the overall

economic welfare, considering the sum of the revenue to the platform and the surplus to buyers

and sellers (i.e., the total heights of the bars). This is especially salient during the shock stage (i.e.,

central bars), when the world friction is high and very few transactions can generate surplus in the

absence of a platform. At the same time, we see two less beneficial outcomes. First, by comparing

pre- and post-shock periods (i.e., the left and right bars of the same column), we find that the

overall economic welfare falls after the shock, both with and without a platform. This arises as a

result of sellers going bankrupt, so that buyers can then only be matched with less-preferred sellers.

As further verified in Figure 5.3c, we see that the number of bankrupt sellers in markets with a

platform is almost the same as that in markets without a platform. By comparing the surplus to

buyers and sellers with and without the platform, we also find that the platform reduces the total

surplus to buyers and sellers in the post-shock stage relative to without the platform.

We further characterize the type of seller that is most likely to go bankrupt, classifying sellers

into three groups: core sellers within one standard deviation of the center and with at least two

buyers nearby, niche sellers that are beyond two standard deviations from the center with at most

one buyer nearby, and cheap sellers with prices in the lower quartile. As shown in Table 5.1, cheap

sellers are much more likely to go bankrupt in the presence of a platform, whereas niche sellers are

more likely to go bankrupt in the absence of a platform. A rational platform learns to raise fees as

much as possible during the shock (Figure 5.3b), leaving sellers with lower margins unable to afford

the fees and facing bankruptcy.

Idealized baseline. As an exemplar on the possible effectiveness of regulations, we consider the

effect of a surplus-aware platform that sets fees to optimize some combination of its own revenue

and the on-platform user (buyer and seller) surplus, i.e., rp,k + α(rpb,k + rps,k), and here we choose

α = 0.4. As shown in Figure 5.3a (column 3), this platform would restore a comparable level of

overall economic welfare after the shock, and lead to fewer bankrupt sellers.

We next consider three possible regulatory interventions.

Case 2: platform fee setting under taxation policies. We study the introduction of taxation

on platform profits made from different categories of fees, with tax schemes that charge a 20% tax

on profits made from buyer registration fees, seller registration fees, seller referral fees, and all fees
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Bankrupt freq. No platform Rev.-max. Surplus-aware

All sellers 0.55 (0.02) 0.57 (0.01) 0.29 (0.01)
Core 0.33 (0.03) 0.46 (0.02) 0.28 (0.02)
Niche 0.88 (0.08) 0.45 (0.03) 0.17 (0.02)
Cheap 0.52 (0.04) 0.81 (0.03) 0.43 (0.03)

Table 5.1: Seller bankrupt frequencies in markets with no platform, a revenue-maximizing platform,
and a surplus-aware platform.

charged on sellers, respectively. In experiments, we tried a range of tax rates (i.e., 20%, 40%, 60%).

Despite differences in the absolute fee values, they lead to qualitatively similar trends. As shown

in Figure 5.3, columns 4-7, taxation policies in general lead to similar outcomes as those observed

in the laissez-faire system (column 2) and the overall economic welfare decreases after the shock

due to bankrupt sellers. Specifically, charging taxes on one kind of fee leads a platform to increase

other fees, simply transferring the loss to another user group. For example, Figure 5.3b compares

fees when taxes are imposed on seller referral profits (column 6) to those in a laissez-faire system

(column 2). We see that the platform learns to decrease referral rates while raising registration

fees during and after the shock, with the effect that on-platform sellers achieve higher surplus

(Figure 5.3a, column 6, solid red) relative to laissez-faire but at the expense of lower on-platform

buyer surplus (solid green).

Case 3: platform fee setting under fee caps. As a third case, we first introduce a 10% cap on

just the referral fee (a type of intervention that has been adopted in several U.S. states). Similar to

taxes imposed on referral profits, the platform responds by raising the registration fees (Figure 5.3b

column 8). This leads more buyers and sellers to stay off platform, especially before the shock,

and reduces the on-platform surplus. We also consider the case where all fees are capped, with

PB,k ≤ 2.0, PS,k ≤ 2.0, and PR,k ≤ 0.1. As shown in Figure 5.3b column 9, under these caps, the

platform chooses to set the maximum possible fees except for a lower pre-shock buyer registration fee.

These caps are able to induce platform policies that benefit the economic system, where the overall

welfare is not affected by the shock, with many viable sellers and good buyer matches remaining.

At the same time, this intervention requires knowledge on the part of the regulator.

Case 4: platform matching under fixed fees. In this case, we consider a regulatory policy in

which the platform is required to keep the same fee structure as it picks, optimally, in a world without
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Myopic matching RL matching

Welfare 973.12 (5.29) 989.44 (4.40)
Revenue 241.63 (3.06) 261.28 (1.59)
Seller shutdown freq. 0.44 (0.02) 0.34 (0.01)
Core 0.30 (0.01) 0.21 (0.01)
Niche 0.23 (0.02) 0.10 (0.02)
Cheap 0.86 (0.02) 0.78 (0.02)

Table 5.2: Welfare, platform revenue, and seller bankrupt frequencies of markets mediated by a
myopic-matching platform and a RL-matching platform.

an economic shock. In addition, we allow the platform to adapt its matching policy in response to

shocks. This case is of interest because the intervention uses only knowledge available to a regulator,

and does not assume a particular approach to matching by the platform. This is practically relevant,

as matching is proprietary and often hard to regulate due to lack of transparency.

We follow Section 5.3.2, and consider a platform that uses RL to learn a matching policy but

with the fixed fees that are chosen by a revenue-optimizing platform based on the use of BO under

the no-shock setting (PB,k = 1.2, PS,k = 2.0, and PR,k = 0.1). As shown in Figure 5.3, right column,

even together with flexibility in regard to choice of matching, the presence of the platform has the

effect of helping the economy to preserve a similar level of welfare post-shock as pre-shock, and

results in fewer bankrupt sellers. We visualize the matching policy that is learned by the platform

in Figure 5.4. To maximize revenue, the platform generally adopts the seller-aware rule, both before

and during the shock, which matches buyers to sellers with lower on-platform surplus. This can

be explained as follows: (1) the regulated fees motivate the platform to retain a larger number of

sellers through matching in order to generate revenue from registration fees, and (2) the platform

has more flexibility in matching as a result of the shock affecting world transactions, and thus can

afford to compromise a bit on matching quality without losing buyer transactions. As the shock

decays, the platform then learns to increase the matching utility threshold to provide buyers with

better matches.

We further compare the use of RL matching with myopic query matching under the same set

of fixed fees. As shown in Table 5.2, the RL-matching platform achieves both higher revenue and

total welfare compared to myopic-matching (again, reflecting alignment with the interests of the

regulator); the RL-matching platform also learns to substantially reduce the probability of cheap

and niche sellers going bankrupt.
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seller-aware

profit-driven

Figure 5.4: Probability density of learned matching strategy in the pre-, during, and post-shock
stages.

5.5 Discussion

We have introduced a multi-agent simulation framework with which to study a platform-mediated

economy in the presence of market shocks, making use of RL to model the decision making of a

rational, self-interested platform. Given the prominence of platforms in today’s economic systems

and complexity of these systems, this work illustrates an important new application of AI methods.

We use the framework to study and interpret the effect of several regulations on the efficiency and

resilience of the overall economic system under optimal platform responses, suggesting caution in

regard to some interventions and giving support to a particular kind of intervention.

Several extensions are of interest, including platform policies that combine fee-setting and

matching, platforms with incomplete information about agent queries and locations, buyer preferences

and seller offerings that can adapt over time, and achieving greater scale. There also remain several

challenges to be addressed before these kinds of AI-based frameworks can guide economic system

design in real-world settings. First and foremost is to collect data from existing markets in order

to calibrate simulation frameworks, in regard to both environment settings and agent behavior.

Second, any learned AI policies should be interpretable to ensure transparency and fairness to all

participants in the digital economy.
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Part III

Indirect Access Control with Pricing
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Chapter 6

Access Control with Bundling

6.1 Introduction

Online content platforms like Netflix and Spotify have traditionally provided value through advanced

search and recommendation systems. These make it possible for users to discover and navigate a

vast array of product options while helping content providers reach new audiences. However, recent

advances in personalized and AI-powered search technology make it increasingly easy for buyers to

search for content through off-platform means. As search and recommendation increasingly move

off-platform, will content follow, rendering centralized platforms obsolete?

In this paper we consider a scenario where content providers have the power to publish off-

platform with no downsides in terms of searchability or buyer reach. The market also includes

a platform that can act as an intermediary, signing exclusivity contracts with individual content

providers and then charging users a subscription fee to access the resulting content. It might initially

look like such a platform could not survive in the market, since in order to secure an exclusivity

deal with a content provider it would need to pay them at least their outside option value of

going off-platform. But it has long been understood that even when products are independent

goods without complementarities nor substitution effects, a profit-maximizing seller can benefit

by bundling many products together into a single package [Adams and Yellen, 1976, Schmalensee,

1984]. This leaves space for the platform to make a profit by collecting an appropriate catalog of

products. But which products? Should we expect the platform to target the highest-quality content

in the market, or the lowest? The most niche, or the content with broadest appeal? And which

content should a platform source externally, as opposed to producing in-house?

Our model. In our model, there are N content providers (or sellers). Each seller i offers a single

item with vertically differentiated quality. A population of buyers seek to purchase and consume

content. For any seller, the buyer’s valuation is drawn from a distribution whose mean equals that

seller’s quality and whose variance is common across sellers. Buyer valuations are additive and
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independent across sellers. There is also a platform with the power to sign and enforce exclusivity

deals with sellers. The platform can offer to each seller a (possibly personalized) payment to join

the platform. Each seller chooses independently whether to accept or decline this offer. Sellers who

accept no longer sell their content off-platform, whereas those who reject set a price for their content

to maximize their own revenue. The platform then sets a price for buyers that can depend on which

content they were able to attract. Buyers then choose whether or not to pay the platform’s price to

access the exclusive on-platform content, as well as which subset of off-platform content to purchase.

The platform seeks to maximize the net profit, that being the revenue gained from buyers less any

payments to the sellers.

Our Results: Which Products Appear On-Platform. We begin our analysis in a complete

information setting where the platform can observe the qualities of all items. That is, the platform

knows the buyer valuation distribution for each seller, but not the realized value of any given buyer.

In this case, the platform can attract any seller to join by paying them exactly their expected

off-platform revenue, which is simply their monopolist revenue. The platform’s problem in the

complete information setting therefore reduces to a procurement optimization task, and we study

which set of items should be purchased.

We find that the platform’s optimal strategy is always to purchase all items in a certain

contiguous range of quality. Notably, it can be strictly optimal for the platform to exclude all items

with quality that is too low, and also exclude all items with quality that is too high. The intuition

behind this result is that acquiring high-quality items requires high payment, whereas bundling

the low-quality items does not increase revenue as much. To balance the two effects of quality, the

platform selects a bundle where the quantile of the revenue-maximizing price is similar for each

good in the bundle. If given the option to add another good whose monopolist target quantile is

very different from the others, as is the case when the quality is much higher or much lower, the

platform might find itself unable to effectively extract much more revenue from this addition. In

the extreme, this makes the good worth less to the platform than the payment needed to offset its

seller’s outside option value of selling off-platform as a monopolist.

Having analyzed the complete information setting, we next consider a setting of incomplete

information where the platform does not get to observe the quality of each seller’s item in advance.
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The platform now faces a mechanism design problem with incentive constraints, where it can offer a

menu of payments and a probability of joining the platform to each seller, who can then choose

an option knowing their item’s quality. To keep the analysis in the classical mechanism-design

framework, we assume the buyer valuation distribution for each seller is strictly regular, which

guarantees that the monopoly revenue function is differentiable with quality. This problem inherits

all the classic challenges of multi-dimensional mechanism design: the valuation of the platform

for different combinations of acquired items is inherently non-linear, and the sellers can extract

information rents due to the platform’s incentive compatibility constraints.

We address these challenges by first considering a surrogate proxy for platform profit, motivated

by a large-market setting where the platform faces a continuum of sellers and no aggregate uncertainty

about a buyer’s valuation for a bundle of items. Under this surrogate profit, the platform’s revenue

from obtaining a bundle S of items is simply the sum of seller’s quality in the bundle. We emphasize

that even in the case where the proxy revenue is always greater than the sum of monopolist revenues

for all items, the platform does not necessarily want to contract with all sellers. This is because of

the incentive compatibility constraints and the sellers’ ability to extract information rents: it can be

beneficial to screen out some sellers in order to reduce the payments needed to attract others. What

is true, however, is that the platform’s optimal mechanism takes the form of a simple threshold rule,

implementable by offering every seller a take-it-or-leave-it payment for joining the platform. The

proof makes use of a virtual surplus representation of the platform’s surrogate profit-maximization

objective, which is non-monotone in general (even for regular buyer value distributions) but is

amenable to a classic ironing approach.

Having characterized that threshold mechanisms are optimal for surrogate profit, we then

return to the original problem and establish approximate optimality for large but finite markets.

Under the additional assumption that buyer valuations are subexponential, we show that surrogate

profit and true platform profit differ by a factor of 1 +O(N−1/3) where N is the number of sellers.

In particular, the approximation factor tends to 1 polynomially quickly as the number of sellers N

grows large. We conclude that, for large but finite markets, a threshold mechanism — that is, the

platform making a take-it-or-leave-it posted-price offer to all sellers — is approximately optimal for

reasonably large markets. Under such mechanisms, all sellers with quality below some threshold

will move on-platform, while the highest-quality sellers may reject the proposed price and remain
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off-platform.

Our Results: In-House Production. Having established that information asymmetry between

the platform and individual sellers can harm the platform’s ability to generate profit, we might

expect that the platform has an incentive to produce content in-house. Doing so allows the platform

to directly observe and control quality, but we should expect this to be attractive only if such

production increases platform revenue more than selling the resulting items off-platform or the

outside option of contracting more items from third-party sellers. In contrast to signing exclusive

contracts with individual sellers and buying their items—where the platform cannot control and

can only estimate a seller’s quality—in-house production gives the platform full control over the

quality it produces. Motivated in part by the observation that certain streaming platforms, such

as Netflix, increasingly form direct partnerships with producers for in-house production, we ask:

How valuable is this option to the platform, and is it more attractive to produce high-quality or

low-quality goods in-house?

To model these choices, we focus our attention on a special case of our model in which there are

only two levels of item quality in the market, high-quality and low-quality, and the buyer’s value for

a seller is drawn from a normal distribution. We remain in the incomplete information scenario: the

platform knows the distribution of item quality in the market, but cannot ex ante distinguish high

quality sellers from low quality sellers. The platform also has the option to contract directly with a

producer to produce up to some maximum number of items in-house, at either desired quality level.

To secure this contract, the platform must pay the producer’s outside option revenue from selling

the resulting product off-platform; i.e., the off-platform monopolist price from the full-information

scenario. Any items that the platform produces in-house will have known quality. The platform

can choose to produce any combination of high-quality and low-quality items, which can then be

bundled together with any items sourced from external sellers.

We first show that, in every market, the platform will always want to produce either all

high-quality items or all low-quality items. Perhaps surprisingly, the platform sometimes prefers

to produce low-quality items. This can happen, for example, in small markets where the platform

would like to bundle together many low-quality items to make a profit, but there are not enough such

items on the market to make this strategy profitable. In this case, producing extra low-quality items
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in-house may be preferable to producing high-quality items that do not bundle as well. We show,

however, that small market is the only scenario in which low-quality production is chosen: Whenever

the platform attracts many on-platform sellers, bundling substantially reduces uncertainty in buyers’

valuation of the bundle, so the net profit from producing high-quality in-house and bundling it with

acquired items (net production costs) always exceeds that from producing low-quality content.

We also fully characterize the platform’s optimal mechanism for contracting with external

sellers to bundle with the items produced in-house, in markets where N is large. Conditioned on

being profitable, the platform purchases from all sellers when the ratio is low, as information rents

are small; when the ratio is high, the platform purchases from only low-quality sellers.

Of course, the ability to produce in-house is always weakly valuable to the platform in our

model: it removes a source of information asymmetry with no downside relative to purchasing

items from external sellers. However, the platform’s in-house production capability is capped, so it

cannot rely on in-house production alone. We show through examples that in-house production of

high-quality items is additionally beneficial for extracting profit from low-quality items obtained

from external sellers. Indeed, in-house production and external sourcing are sometimes (but not

always) complementary to each other, with total profit being greater than the sum of what is

achievable using either strategy on its own. In other words, the ability to produce in-house can

“unlock” potential profit from bundling externally-produced content. In such cases, the ability to

bundle with low-quality content allows the platform to extract more revenue from the production of

high-quality content than a standalone seller, giving the platform a uniquely advantageous incentive

to produce at a level of quality higher than what is otherwise found in the market. We interpret this

as one potential reason for high-quality content to be produced and released directly in partnership

with a subscription-based platform.

6.1.1 Related Work

Our results build on the classic bundling literature [Stigler, 1963, Adams and Yellen, 1976,

Schmalensee, 1984, McAfee et al., 1989, Salinger, 1995]. Previous works show that among all

possible bundling choices, a simple scheme that selects between pure bundling (selling all items as a

single bundle) and component pricing (selling each item separately) can extract a large share of the

optimal profit [Babaioff et al., 2020], and give conditions for pure bundling being profit-optimal
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for a monopoly seller with costly items [Bankos and Brynjolffson, 1997, Geng et al., 2005, Pavlov,

2010, Menicucci et al., 2015, Haghpanah and Hartline, 2021, Ghili, 2023]. We do not study the

optimality of pure bundling or component pricing. Instead in our model, the platform selects a

subset of sellers to attract on-platform and sells their items as a single bundle, leaving the remaining

sellers sell off-platform at monopoly prices. This corresponds, in the classical bundling framework,

to a monopoly seller selecting a bundle that contains only a subset of items and selling the rest

separately.

Sun et al. [2025] studies the same bundle-selection problem—choosing a single bundle while

selling the remaining items separately—but focuses on the computation problem to select the best

bundle. In contrast, we provide economic insights on which items are included on-platform and

which are sold off-platform. In particular, we show that the optimal bundle is contiguous in item

quality, which implies a polynomial-time algorithm to select the best bundle when buyer valuations

are independent across sellers. The computational result in Sun et al. [2025] is more general in other

aspects, allowing for correlated buyer valuations.

Most work that studies the optimality of pure bundling, including Fang and Norman [2006],

Ibragimov and Walden [2010], treats a monopolist’s item costs as fixed primitives that are independent

of buyer valuations. In our model, the platform does not own the items it bundles. Instead, it must

source items from external sellers, at costs equal to their off-platform monopoly revenues. Including

an item in the bundle therefore requires the platform to compare the acquisition cost to the increase

in bundle revenue the item generates, both the cost and the revenue gain are dependent upon the

item quality. The shared dependence on quality is what allows us to derive results on which sellers

are included on-platform and which remain off-platform.

In the incomplete information setting, the platform sources from external sellers with privately

known qualities, resembling a Bayesian procurement mechanism design problem Bei et al. [2012],

Deng et al. [2024]. The difference is that in our setting, a seller’s cost is not their private type, but

a function of the private quality. Furthermore, as opposed to Deng et al. [2024] where the value

function is assumed to monotonic and submodular, in our problem the platform’s revenue from

acquiring a set of items is a set function that is neither monotone, submodular, nor subadditive,

rendering optimization techniques that rely on such structures inapplicable. We introduce a surrogate

revenue function that is linear in seller quality and show that mechanisms maximizing this surrogate
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are approximately profit-maximizing mechanisms in large markets.

Our discussion of platform in-house production is motivated by streaming platforms’ increasing

production of proprietary original content [Adgate, 2024]. Leung et al. [2025] shows that Netflix’s

original content is substantially more popular than its licensed content, and argues the original

content helps reduce Netflix’s exposure to the risk of expiring licenses. Du et al. [2025], Wu et al.

[2024] analyze how optimal in-house production depends on consumer preferences, licensing fees,

and the efficiency of a platform’s production capabilities. We offer another perspective by viewing

in-house production as a way to avoid the information rents when sourcing from producers with

privately known quality, further showing that in-house production can unlock additional profits

from bundling licensed content.

Finally, our paper relates to the work at large on how online platforms shape the composition

of on-platform sellers through a variety of design choices. Seller participation and the resulting

distribution of seller qualities can be affected by pricing reasons [Light et al., 2024, Eden et al.,

2024], by revenue-sharing rules [Alaei et al., 2022], by information disclosure policies [Guan et al.,

2025], and by the platform’s choice of governance mode, operating as a marketplace versus a reseller

[Hagiu and Wright, 2015a]. In this work, seller selection in our model is driven by the economic

force of bundling: both the platform’s bundle revenue and the cost of acquisition depends on seller

quality, offering results on which sellers are selected on-platform and which remain off-platform.

6.2 Model

There are N sellers indexed by i ∈ [N ], each selling a single item. There is a unit mass of buyers with

additive valuation over the items. The buyer’s value for item i is a random variable vi = µi + σZi

where {Zi}Ni=1 are i.i.d. random variables with zero mean and unit variance. We let f and F denote,

respectively, the density function and the tail distribution function (one minus the cumulative

distribution function) of the distribution from which each Zi is drawn, and we will tend to use Z to

denote a generic random variable drawn from this distribution. Parameter µi ∈ [µL, µH ] captures

seller i’s quality with 0 < µL < µH , while σ > 0 denotes the dispersion of buyer valuations for each

item. This specification places all value distributions within a common location-scale family.

Since the buyer valuation is additive, each seller individually acts as a monopolist for their own
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item. We will write Rev(µ, σ) to denote the optimal revenue obtainable by a monopolist selling to

buyers with value distributed as µ+ σZ:

Rev(µ, σ) = sup
p
p · F

[
p− µ
σ

]
.

Since Z has unit variance and a density function, the supremum exists and is attained at some

optimal price (See Lemma E.1.1). In particular, each seller i has a monopolist revenue Rev(µi, σ)

obtained at price

p∗i ∈ arg max
p

p · F
[
p− µi
σ

]
.

We refer to F
[
p∗−µi
σ

]
as the optimal demand. More generally, given a random variable V , we will

tend to write Rev(V ) for the optimal monopoly revenue when buyer value is distributed as V .

The platform may select a subset of sellers S ⊆ [N ], buy their items by compensating each

seller i ∈ S their optimal revenue Rev(µi, σ), and then bundle the items in S into a single composite

item. The platform then sells this bundle to buyers. Buyers have additive valuations across sellers:

For any subset S ⊆ [N ], buyer valuation for the bundle S is

vS =
∑
i∈S

vi =
∑
i∈S

µi +
∑
i∈S

σZi.

Platform’s optimal revenue from selling S is expressed as

Rev(vS) = sup
p
p · Pr[vS ≥ p].

Again the supremum exists and is attained at some optimal price (See Lemma E.1.2). The platform’s

profit is defined as the optimal revenue from selling the bundle S minus the compensation it pays

to the sellers in the bundle, denoted as

Π(S) = Rev(vS)−
∑
i∈S

Rev(µi, σ).

The platform’s problem is to find the bundle of sellers S that maximizes its profit.
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6.2.1 Preliminaries

To build intuition for the platform’s optimal bundling strategy, we now analyze the optimal revenue

function Rev(µ, σ) in the special case where Z is a standard normal random variable. Define

α = µ/σ and z∗ = p∗/σ, where p∗ is the optimal monopolist price for valuation v distributed as

µ+ σZ. The optimal demand can be written as

F

[
p∗ − µ
σ

]
= F [z∗(α)− α]

where z∗(α)− α is the optimal normalized price. Schmalensee [1984] show that for every α there

exists a unique z∗(α), and that the optimal normalized price z∗(α) − α monotonically decreases

in α, while the optimal demand F [z∗(α) − α] monotonically increases in α. We illustrate these

properties in Figure 6.1(a).

We interpret sellers with large α as core sellers, who generate revenue by capturing a large

fraction of demand at relatively low optimal prices. In contrast, sellers with small α are niche

sellers, who post relatively high optimal prices and sell only to a small fraction of buyers with high

valuations.

The effect of α on optimal revenue is mixed. While optimal revenue always increases with seller

quality µ (See Lemma E.1.4), it doesn’t change monotonically with the dispersion of buyer valuation

σ. Figure 6.1(b) plots the optimal revenue Rev(1, σ) fixing µ = 1. As σ increases from zero, buyer

valuations become more dispersed, and the seller becomes increasingly niche to capture the few

buyers with high valuations. In this process, optimal demand decreases, and optimal prices slightly

decreases then increases, resulting in optimal revenue first decreases than increases. Notably, when

the dispersion parameter σ is greater than 4.42, Rev(1, σ) > 1 = Rev(1, 0).

This observation has important implications for how the platform selects sellers to bundle.

Bundling effectively pools buyer valuations across items, thereby reducing dispersion and potentially

creating value. However, for niche sellers whose profitability relies on high dispersion in buyer

valuations, bundling reduces σ, which can lower their optimal revenue. We formalize this idea and

use it explicitly in Section 6.5.

Throughout the paper, we rely heavily on convexity tools. As illustrated in Figure 6.1, the

function Rev(µ, σ) is convex in both µ and σ, and monotonically increases in µ. See Appendix E.1
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(a) z∗(α)−α and F [z∗(α)−α] as functions of α = µ/σ.
z∗(α)− α = 0 occurs at α0 ≈ 1.253.

(b) Optimal revenue Rev(1, σ) and optimal price
p∗(1, σ) as a function of σ. Rev(1, 4.41) ≈ 1;
arg minσ Rev(1, σ) ≈ 1/1.253

Figure 6.1: Numerical illustrations of demand, revenue, and price at optimality under normal buyer
valuation. In Figure 6.1(a), as α→∞, z∗(α)−α goes to negative infinity, while the optimal demand
F [z∗(α)− α] approaches 1. (See Lemma E.4.1)

for the proof of Lemma 6.2.1, plus additional properties of the revenue function Rev(µ, σ) that will

be helpful in our analysis.

Lemma 6.2.1. The optimal revenue function Rev(µ, σ) is convex in (µ, σ) and weakly increases in

µ.

6.3 Complete Information and Heterogeneous Quality

In this section, we study the platform’s problem of procuring an optimal bundle in a complete

information environment where the platform can observe each seller’s quality µi perfectly. Under

these assumptions, we will show that the optimal set of sellers to bundle is contiguous in their

quality.

To illustrate the key ideas of our proof, we begin by considering the special case where Z is

drawn from a normal distribution, and hence vi ∼ N (µi, σ
2) for each i. For any set of sellers S, as

vS ∼ N (µS =
∑

i∈S µi, σ
2
S = |S|σ2) is still a normal random variable, we let Rev(µS , σS) = Rev(vS)

denote the optimal revenue for bundle S.

Theorem 6.3.1. Consider N sellers indexed so that µL ≤ µ1 ≤ µ2 ≤ . . . ≤ µN ≤ µH . Buyer

valuations satisfy

vi = µi + σZi, Zi ∼ N (0, 1)

Then any profit-maximizing bundle is contiguous in quality: if seller i and j are selected with i < j,
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then every seller k with i < k < j is also selected. Moreover, define

t0 = min

{
t

∣∣∣∣ t√
t− 1 + 1

>
µH
µL

}

For any profit-maximizing bundle of size K ≥ t0 − 1, the platform bundles the highest-quality sellers

N,N − 1, ..., N −K + 1.

Proof. We first show if the platform selects a set of sellers S with size K, out of a total K+ 1 sellers,

it is optimal for the selected sellers to be contiguous in quality µ. Let Y =
∑K+1

j=1 µj . The platform

bundling all but the i-th seller has profit

Revi := Rev(Y − µi,
√
Kσ)−

∑
j ̸=i

Rev(µj , σ) = Rev(Y − µi,
√
Kσ)−

K+1∑
j=1

Rev(µj , σ) +Rev(µi, σ)

Define a function G(µ) = Rev(Y − µ,
√
Kσ) + Rev(µ, σ). It is clear that G(µi) > G(µj) iff

Revi > Revj . To select K out of K + 1 sellers is to leave out the seller i with the largest Revi.

Since Rev(µ, σ) is convex in µ by Lemma 6.2.1, Y − µ is affine in µ, and the composition of an

affine function with a convex function remains convex, it follows that G(µ) is convex. The convexity

implies that

max{G(µ1), G(µ2), ..., G(µK), G(µK+1)} ∈ {G(µ1), G(µK+1)}

This means Rev1 or RevK+1 is the maximum among {Rev1, Rev2, ..., RevK , RevK+1}. Thus, it is

optimal to select sellers with contiguous quality µ when selecting K out of K + 1 sellers. Then it

naturally follows that any profit-maximizing bundle of size K out of N must be contiguous in µ.

Otherwise, it is not an optimal bundle of size K out of a total of K + 1 items.

Now, we prove the latter half of the theorem. Taking the derivative of G(µ) using Lemma E.1.4,

dG(µ)

dµ
= −F

[
z∗(

Y − µ√
Kσ

)− Y − µ√
Kσ

]
+ F [z∗(α)− α]

When K + 1 ≥ t0 it satisfies that for any µ ∈ [µL, µH ]

K + 1√
K + 1

>
µH
µL
⇒ (
√
K + 1)µ ≤ (

√
K + 1)µH < (K + 1)µL ≤ Y ⇒

µ

σ
<
Y − µ√
Kσ
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Since Lemma E.1.4 shows dF [z∗(α)−α]
dα > 0, it holds that

F [z∗(α)− α] < F

[
z∗(

Y − µ√
Kσ

)− Y − µ√
Kσ

]
and

dG(µ)

dµ
< 0

Thus, G(µ1) is the largest so it is profit-maximizing to leave seller 1 out when selecting K out of

K + 1 sellers. This means that the profit-maximizing bundle of size K ≥ t0 − 1 out of N sellers

must not contain the lowest-quality sellers. Otherwise, there is a set of K + 1 sellers that include

the selected K sellers and another unselected seller with larger µ, forming a contradiction.

The theorem says that any profit-maximizing bundle is composed of sellers with contiguous

qualities. Fixing the bundle size, both the platform’s revenue from selling the bundle and the total

payments required to acquire the bundle are convex in the seller quality that is excluded from the

bundle. This convexity makes it optimal to exclude sellers with either low or high quality. From

another perspective, high-quality sellers require high payments, whereas low-quality sellers do not

increase bundle revenue as much. For sufficiently large bundles, bundling many items substantially

reduces the dispersion in buyer valuations. If the reduction in dispersion is profitable, the increase in

bundle revenue can offset the higher compensation needed to include higher-quality sellers, leading

the platform to source from these sellers. Notably, the result is purely a statement about which

sellers are included in the profit-maximizing bundle, conditional on bundling being profitable in the

first place. Theorem 6.5.2 in Section 6.5 presents an example of a market where bundling yields

negative profit and the platform’s best action is to do nothing.

Figure 6.2 further illustrates the proof idea in the above theorem with a four-seller market.

Figure 6.2(a) shows that the profit-maximizing bundle is of size three, while Figure 6.2(b) plots the

profit of a size-three bundle as a function of the quality µi of the excluded seller. Consistent with

the proof, this function is convex in µi, as illustrated in the figure.

There are two dimensions to consider when selecting the optimal seller bundle. One, the number

of sellers in the bundle. Including one more seller doesn’t necessarily increase revenue, especially

with niche sellers who make revenue from the high dispersion in buyer valuation. Bundling very

niche sellers decreases dispersion σ, hurting the revenue.1

1For a numerical example, consider two identical sellers with µ = 1, σ = 2. Bundling the two shrinks dispersion by
a
√
2 factor: Rev(2µ,

√
2σ) = 2µRev(1, σ√

2µ
) ≈ 1.09. The bundle revenue is lower than the revenue for selling the
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(a) Optimal profit of bundle with different sizes. For
the four-seller market, optimal bundle size is 3.

(b) Profit of size-three bundle excluding seller i. Opti-
mal bundles of size 3 excludes seller 1, where µ1 = 0.1

Figure 6.2: Bundle profit in a four-seller market with σ = 1, (µ1, µ2, µ3, µ4) = (0.1, 1.1, 2.1, 3.1).
Buyer valuations are normally distributed.

A second dimension is which sellers to include in the bundle. Fixing the size of the bundle, the

platform needs to balance between the gain of revenue from including high quality sellers, and the

high compensation paid to high quality sellers. Figure 6.3 illustrates this balance. In a four-seller

market with (µ2, µ3, µ4) = (1.1, 2.1, 3.1), as µ1 increases from 0 to 100, the profit-maximizing

size-three bundle includes seller 1 when µ1 ∈ [1.1, µ̄] where µ̄ ≈ 84.

We now extend the result in Theorem 6.3.1 to buyer valuations beyond normal distribution,

using this two-dimension perspective.

Theorem 6.3.2. Consider N sellers indexed so that µL ≤ µ1 ≤ µ2 ≤ . . . ≤ µN ≤ µH . Buyer

valuations satisfy

vi = µi + σZi

Then any profit-maximizing bundle is contiguous in quality: if seller i and j are selected with i < j,

then every seller k with i < k < j is also selected.

The proof decomposes the platform profit from any seller bundle S into two components.

The first component depends only on the size of S and the price that the platform charges for

S. The second aggregates seller-specific terms involving µi and Rev(µi, σ) for each seller i ∈ S.

The proof then parallels that of Theorem 6.3.1: Conditional on the size of S and the bundle price,

the platform’s profit is shown to be convex in the qualities of the sellers excluded from S. Unlike

items of the two sellers separately 2Rev(µ, σ) = 2µRev(1, σ
µ
) ≈ 1.24.
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Figure 6.3: Profit of optimal size-3 bundle vs µ1 in a four-seller market with σ = 1, (µ2, µ3, µ4) =
(1.1, 2.1, 3.1) and the first seller has changing µ1. The shaded area indicates optimal bundle includes
seller µ1, µ3, µ4, the unshaded area indicates optimal bundle includes seller with µ2, µ3, µ4. As µ1
increases from 0, the optimal size-3 bundle starts to include µ1 when µ1 > µ2 = 1.1. Bundle with
larger mean benefits from reduces variance more. When µ1 > µ̄1 ≈ 84, the optimal size-3 bundle
ceases to include µ1: Platform payment Rev(µ1, 1) to seller 1 becomes larger than the bundling
gain.

Theorem 6.3.1, Theorem 6.3.2 does not show that large bundles favor highest-quality sellers, as

that result require further assumptions on Z that guarantee Rev(v) being differentiable in µ, and

assumptions that guarantee the optimal demand function F [p
∗−µ
σ ] being monotonically increasing

in µ.

A natural implication of Theorem 6.3.2 is the existence of a polynomial-time algorithm to select

the profit-maximizing bundle, as there are at most N(N + 1)/2 bundles that are contiguous in seller

quality.

6.4 Incomplete Information and Heterogeneous Quality

In this section we study an incomplete-information environment. The departure from the complete-

information setting is that each seller’s quality µi is now private information. The platform does

not observe µi, but knows that {µi}Ni=1 are independently and identically distributed according

to a distribution with cdf Φ, pdf ϕ and support [µL, µH ]. We use µ to denote the quality of a

representative seller.

Throughout this section, we assume Z is strictly regular, meaning its density function f and
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tail distribution F are such that η − F [η]
f(η) is strictly increasing in η. The strict regularity guarantees

that Rev(µ, σ) is differentiable in µ (see Lemma E.3.1) and has a unique optimal price, which we

will use to derive the platform’s expected profit in Lemma 6.4.2. For our results in Section 6.4.3 we

will further assume that Z is sub-exponential, i.e., there exist parameters γ, ξ > 0 such that

E[eλZ ] ≤ e
λ2γ2

2 , ∀λ : |λ| < 1

ξ
.

For sub-exponential distributions, the difference between Rev(µ, σ) and µ is bounded. We will use

this bound to show a simple mechanism being approximately profit-maximizing in Section 6.4.3. A

range of common random variables are both strictly regular and sub-exponential, including normal,

exponential, uniform, logistic, and gamma distributions with the scale parameter larger than one.2

To analyze how to procure the best bundle with incomplete information, we start by following

the standard approach in Bayesian mechanism design and define the expected profit of a mechanism

in Section 6.4.1. The section proves a version of Myerson’s lemma and the revenue equivalence

theorem adapted to our setting. One difference between our problem and standard Bayesian

procurement mechanism design problems is that, in our setting, a seller’s private type is not their

cost; rather, each seller’s opportunity cost is a function of their private quality. The resulting

mechanism design problem is additionally complicated by the fact that the platform’s value from

obtaining a set of items S, Rev(vS), is a non-linear function of the qualities of the items procured.

6.4.1 Defining expected profit-maximizing mechanism

The platform designs a symmetric mechanism (x, π). The allocation rule x : [µL, µH ]→ [0, 1] maps

a seller’s reported quality to the probability that the seller is included in the platform’s bundle,

while the payment rule π : [µL, µH ] → R+ specifies the transfer paid to a seller as a function of

the reported quality. Although we restrict attention to symmetric mechanisms—reflecting the

symmetry induced by quality drawn from identical distribution Φ and common σ—the problem

remains non-trivial.

By the revelation principle, it is without loss of generality to focus on direct mechanisms that

2Note that Z having mean zero and unit variance does not automatically guarantee it being sub-exponential. See
Appendix E.3 for a counterexample.

139



satisfy incentive compatibility (IC) constraints – guaranteeing that sellers prefer to truthfully report

their quality – and individual rationality (IR) constraints that guarantee voluntary participation. For

a seller with true quality µ, its expected utility when reporting quality µ′ is π(µ′)− x(µ′)Rev(µ, σ),

where the latter term after the minus sign is a seller’s expected opportunity cost for not being able

to sell its own item when included into the platform’s bundle. The IC and IR constraints therefore

require that, ∀µ,

(IR) π(µ)− x(µ)Rev(µ, σ) ≥ 0

(IC) π(µ)− x(µ)Rev(µ, σ) ≥ π(µ′)− x(µ′)Rev(µ, σ) ∀µ′

As we restrict attention to symmetric mechanisms, a seller’s report of its quality does not depend on

other sellers’ reports. As a consequence, the IC constraint listed above is just as strong as dominant

strategy incentive compatibility.

Given an allocation rule x, seller inclusion in the bundle is stochastic. Conditional on reported

types µ = (µ1, . . . , µN ), let Ii(µi) ∼ Bernoulli(x(µi)) be independent indicators of whether each

seller i is included. Let S(µ, I) denote the resulting random set of selected sellers. The platform

sells the resulting bundle to buyers and earns revenue Rev(vS(µ,I)). The platform’s problem in the

incomplete information setting is to design (x, π) to maximize expected profit Π(x, π) subject to

the IC and IR constraints, where

Π(x, π) = Eµ∼Φ

EI∼Bernoulli(x(µ))

[
Rev(vS(µ,I))

]
−
∑
i∈[N ]

π(µi)

 .
The platform’s problem is a Bayesian mechanism design problem [Hartline, 2013]. In our

procurement setting, sellers have private quality, and hence private opportunity costs Rev(µ, σ) for

their items, and have to get paid to part with the items and report the private quality truthfully.

The platform runs a mechanism to pay to acquire sellers’ items, and the value obtained by the

platform is the revenue that can be obtained by selling those items as a bundle.

The platform’s value function Rev(vS(µ,I)) is non-linear, but nevertheless each seller has a

single-dimensional type µi that determines its opportunity cost Rev(µi, σ). Myerson’s classic

characterization of IC and IR allocation rules therefore applies. We restate it here in the notation
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of our model.

Lemma 6.4.1. Myerson’s Lemma [Myerson, 1981]

• For any x, there exists a payment rule π such that the mechanism (x, π) satisfies IC if and

only if it is monotonically non-increasing in µ: for µ ≥ µ′, x(µ) ≤ x(µ′).

• If x is monotonically non-increasing, then there exists a unique payment rule π such that (x, π)

satisfies the IC constraint, subject to a normalization term that sets the utility of a seller of

quality µH .

• When the utility of a µH-quality seller is set to zero, the above payment rule is given by

π(µ) = Rev(µ, σ)x(µ) +

∫ µH

θ=µ
x(θ)dRev(θ, σ)

The difference from the standard Myerson’s lemma is that the expected payment involves the

derivative of Rev(µ, σ) on µ. This is because the seller IC constraint is with respect to the seller’s

private quality µ, rather than their (opportunity) cost Rev(µ, σ). This choice is crucial to our

analysis of which seller qualities are attracted by the platform. It is also the reason we assume Z

is strictly regular: this regularity assumption on the buyer’s values (not the seller types) is not

driven by a desired monotonicity of virtual values, as is typical in mechanism design, but rather to

ensure differentiability of Rev(µ, σ) with respect to µ. We only write out Myerson’s lemma when

the allocation rule x is differentiable. For any deterministic allocation rule where x(µ) ∈ {0, 1}, the

first statement of the lemma means that ∀µ, x(µ) = 1 or ∀µ, x(µ) = 1, or x(µ) is a step function: ∃t

such that x(µ) = 1 if and only if µ ≤ t. All sellers included in the bundle gets paid equal to the

revenue Rev(t, σ) of threshold type t.

The above lemma suggests that, in order to induce sellers truthfully reporting the qualities,

the platform must include lower-quality sellers in the bundle with higher probability and higher

payments. This is a big contrast to the complete-information setting: in large markets, the profit-

maximizing bundle includes high-quality sellers, as shown in Theorem 6.3.1. From the platform’s

perspective, the loss in profit from incomplete information is costly, and this motivates our study of

in-house production in Section 6.5.
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In the mechanism-design framework, expected revenue equals expected virtual surplus. We

now present the corresponding result in our setting.

Lemma 6.4.2. A mechanism’s expected payment to a seller is given by

Eµ∼Φ [π(µ)] = Eµ∼Φ [φ(µ)x(µ)]

where

φ(µ) = Rev(µ, σ)

(
1 +

Φ(µ)

ϕ(µ)p∗(µ)

)
and p∗(µ) = arg maxp{pPr[µ+ σZ ≥ p]} is the unique optimal price for Rev(µ, σ).

The proof is an adaptation of Myerson’s virtual surplus formulation of expected revenue, using

the fact that ∂Rev(µ,σ)
∂µ = F [p

∗−µ
σ ] (proved in Lemma E.3.1 for strictly regular random variable Z)

to expand the payment rule in Lemma 6.4.1. Define the platform’s expected profit when using a

mechanism with allocation rule x to be

Π(x) = Eµ∼Φ

EI

[
Rev(vS(µ,I))

]
−
∑
i∈[N ]

φ(µi)x(µi)

 (6.1)

We omit the dependency on π as Lemma 6.4.1 uniquely determines π with x. The main difficulty in

directly characterizing the expected profit-maximizing mechanism is that the platform’s revenue

function Rev(vS(µ,I)) can be highly complex, as noted by the following lemma.

Lemma 6.4.3. Define the set function Rev(S) := Rev(vS). Even when buyer valuations are

normally distributed with identical variance, Rev(S) is neither monotonic, submodular, supermodular,

subadditive, nor superadditive.

To address this challenge, we introduce a surrogate profit function in Section 6.4.2 that

approximates Rev(vS(µ,I)) and allows for profit-maximizing mechanisms in simple form. We then

show in Section 6.4.3 that, as the number of sellers grows large, mechanisms that maximize the

surrogate profit are close to the true profit-maximizing mechanism.
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6.4.2 Optimal Mechanism for Surrogate Profit

The surrogate function that we employ is to use the mean of buyer valuation µS(µ,I) =
∑

i∈S(µ,I) µi

of the bundle to replace the optimal revenue Rev(vS(µ,I)) of the bundle. Intuitively, this corresponds

to a very large market regime where, for any bundle S, the dispersion of buyer valuation towards

this bundle drops to zero compared to the quality of this bundle. We will make this intuition clear

in Section 6.4.3. Define the expected surrogate profit to be

ϖ(x) = Eµ∼Φ

EI

 ∑
i:Ii(µi)=1

µi

− ∑
i∈[N ]

φ(µi)x(µi)

 = NEµ∼Φ [x(µ)(µ− φ(µ))] (6.2)

By replacing the complex revenue term Rev(vS) with the surrogate
∑

i∈S µi, we linearized the

objective inside the expectation. Because of symmetry, the optimal expected surrogate profit

mechanism turns out to be a threshold mechanism. The proof follows the same structure as that for

Myerson’s revenue optimal mechanism with ironing.

Theorem 6.4.4. There exists an IC and IR mechanism that maximizes expected surrogate profit,

characterized by a threshold t ∈ R, where

x(µ) =


1 if µ ≤ t

0 else

; π(µ) =


Rev(t, σ) if µ ≤ t

0 else

Having shown that the optimal mechanism has a relatively simple form, let us briefly discuss

the difference between this mechanism and the first-best expected surrogate profit. That is, how

much expected surrogate profit is lost due to the incomplete information on µ? Figure 6.4 presents

such an illustration. In a market where buyer valuation is drawn from normal distribution with

σ = 1, and seller quality µ drawn from uniform distribution U [0, 2], the figure plots µ − φ(µ) as

function of µ. Under complete information, if the platform observes sellers’ private types µ, it can

extract the entire area under the curve above zero, denoted by region B, as surrogate profit. Under

incomplete information, however, any IC mechanism must employ an allocation rule that is monotone

non-increasing in µ. As a result, the platform can extract at most the surplus corresponding to

region B net of the loss in region A. Consequently, the attainable surrogate profit in this example is

equal to max{0, B −A} ≈ 0.
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Figure 6.4: µ− φ(µ) as function of µ. illustrating expected surrogate profit ϖ for buyer valuations
drawn from a normal distribution with parameters (µ, σ = 1), and seller qualities µ drawn from a
uniform distribution U [0, 2]. The area under the curve are approximately equal A ≈ B ≈ 0.031.

6.4.3 Asymptotic Optimality in Large Markets

This section provides a justification for using surrogate profit as the objective function. We show that

in large markets, optimizing for the surrogate profit leads to a mechanism that closely approximate

the true profit-maximizing mechanisms.

Let x∗ ∈ arg maxx Π(x) be an IC mechanism allocation rule that maximizes expected profit,

and x̃∗ ∈ arg maxxϖ(x) be the IC mechanism allocation rule that maximizes expected surrogate

profit, specified in Theorem 6.4.4. We show in Theorem 6.4.6 that x̃∗ is almost as good as x∗ in

large markets.

As the expected surrogate profit function ϖ uses the mean valuation µS =
∑

i∈S µi to replace

Rev(vS), we need to bound the difference between Rev(vS) and
∑

i∈S µi resulting from the dispersion

in buyer valuation. This is where we make use of Z being a sub-exponential random variable.

Lemma 6.4.5. Assume Z is a subexponential random variable Z ∈ SE(γ2, ξ) with parameter

γ, ξ > 0 :

E[eλZ ] ≤ e
λ2γ2

2 , ∀λ : |λ| < 1

ξ

For any buyer valuation v = C + σ
∑

i∈[N ] aiZi where C, σ are constants and ai ∈ [0, 1], let

A =
∑

i∈[N ] a
2
i . Then

|Rev(C + σ
∑
i∈[N ]

aiZi)− C| ≤ max{σγe−
1
2A

1
2 ,

8σξ

3e
,
√

2σA
1
2 , 2σ

2
3 (CA)

1
3 }
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To upper bound Rev(v)− C, we use the assumption that Z is sub-exponential, which ensures

that demand at high prices decays at least exponentially. To upper bound C −Rev(v), we select

a price slightly below C and lower bound its demand and the revenue at this price. This lemma

enables us to prove that the mechanism that maximizes expected surrogate profit is approximately

optimal in large markets.

Theorem 6.4.6. Consider buyer have valuation µi + σZ towards seller i, where Z is any subex-

ponential random variable Z ∈ SE(γ2, ξ) with mean zero and standard deviation 1. If ϖ(x̃∗) > 0,

then

Π(x∗)

Π(x̃∗)
≤ 1 +O(N− 1

3 )

The proof decomposes the difference between Π(x∗) and Π(x̃∗) into two parts. The first part

arises from the random realization of I ∼ Bernoulli(x(µ)), and further splits to (1) the fluctuation

in mean quality
∑

i∈[N ](Ii(µi)− x(µi))µi, whose expectation is O(N
1
2 ) by standard concentration

for Bernoulli sums, and (2) the difference resulting from dispersion of buyer valuations, which is

controlled by Lemma 6.4.5. The second source arises from x̃∗ optimizing for the mean valuation

instead of the real revenue Rev(vS) of a bundle S; the difference is O(N
2
3 ), also bounded by

Lemma 6.4.5.

The results in this section show that, under incomplete information, bundling sellers with

contiguous quality remains approximately profit-maximizing. The contiguity in quality is a result

of seller’s incentive compatibility constraints, rather than the trade-off between bundle revenue

and acquisition costs as in Section 6.3. Moreover, any incentive compatible mechanism selects

lower-quality sellers with higher probability—opposite to the complete-information result that favors

high-quality sellers in Theorem 6.3.1. As a result, including high-quality sellers in platform’s bundle

necessitates paying high information rents, which can be detrimental to platform profit. This

motivates our analysis in the next section on platform in-house production.

6.5 Platform in House Production

Having established that information asymmetry between the platform and sellers can harm profit,

we next study how in-house production may help increase profit. Beyond selecting which sellers to
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contract with, the platform can produce its own items and bundle them with externally sourced

content before selling to buyers. By adjusting both the quantity and the quality of in-house

production, the platform can substitute for high-quality sellers and reduce the information rents it

pay to low-quality sellers. We characterize which sellers the platform sources from and what the

platform produces in-house to constitute the optimal bundle.

To make the analysis tractable, we focus on a stylized environment. We will assume that Z is a

standard normal random variable, where recall that the buyer’s value for a seller i’s item is expressed

as vi = µi + σZ. Sellers come in only two possible quality levels µ ∈ {µL, µH}, with 0 < µL < µH .

There are N sellers in the market. A fraction τ ∈ (0, 1) are low-quality, so NL = ⌈τN⌉, and the

remaining NH = N −NL are high-quality sellers. The platform knows the total number of sellers

N and the composition (NL, NH), but does not observe individual seller’s quality. The platform

has the ability to produce up to M units of items in-house. Each in-house item can be produced at

either quality µL or µH , and the platform perfectly observes the quality of its own production. The

cost to the platform of producing an item of quality µ ∈ {µL, µH} is taken to be Rev(µ, σ). The

reason for this choice is that, regardless of the actual physical cost of creating an item, there is a

natural outside option of selling it individually at its monopoly price. We can therefore interpret

this cost as either the opportunity cost of not selling the produced item individually off-platform, or

as a contract payment needed to incentivize a producer to create the item for the platform directly

rather than for individual sale.

Again for tractability, we restrict attention to deterministic mechanisms. Since there are only

two seller qualities, without loss of profit, the platform adopts a posted-price mechanism: it posts

price πL := Rev(µL, σ) in which case all NL low-quality sellers are on-platform and are bundled

with the in-house items; πH := Rev(µH , σ) in which case all N sellers are bundled with in-house

produced items, or π0 = 0 in which case no sellers are on-platform and only in-house items are

bundled. Let S(π) be the set of sellers selected by posted price mechanisms, and SM denote the set

of in-house produced items. The platform sells the resulting bundle S(π) ∪ SM to buyers and earn

revenue Rev(vS(π)∪SM
), with a profit of

Π(π, SM ) = Rev(v(S(π)∪SM ))− |S(π)|π −
∑
i∈SM

Rev(µi, σ)
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where recall Rev(µi, σ) corresponds to platform’s opportunity cost for selling its in-house produced

item µi individually. The platform’s problem is to jointly choose a posted price and the set of

in-house produced items SM to maximize profit. We first show that, however many units are

produced in-house, the platform either always produces all of them at quality µL or all of them at

quality µH .

Lemma 6.5.1. Suppose the platform produces m items in-house where 0 < m ≤ M . Then the

profit-optimal choice of quality is to either always produce low-quality items µL, or always produce

high-quality items µH . Conditional on including some sellers in the bundle, a sufficient condition

for the platform always producing high-quality items is

min{F [
√
NL +m

µL
σ

], F [
(NL +m)µL +NHµH√

N +mσ
]} > Rev(µH , σ)−Rev(µL, σ)

µH − µL
.

Conditional on including some sellers in the bundle, a sufficient condition for the platform always

producing low-quality items is

max{F [
NLµL +mµH√

NL +mσ
], F [

NLµL + (NH +m)µH√
N +mσ

]} < Rev(µH , σ)−Rev(µL, σ)

µH − µL
.

The proof shows that the profit function is convex in the number of low-quality items. The

two sufficient conditions reflect the relationship between the size of the final bundle (N + m or

NL +m) and the quality of platform’s in-house production. When the bundle is large, the reduction

in dispersion of buyer valuation is large, meaning there is large gain in bundling. This gain justifies

the large cost of producing µH . When the size of the bundle is small, the gain of revenue from is

not enough to cover the high costs of producing µH .

With this intuition, we fully characterize the platform’s optimal strategy in a sufficiently large

market where the platform’s production capacity is small compared to the market size.

Theorem 6.5.2. There exists a threshold N0 on the market size N , such that when the number of

sellers is larger than this threshold N > N0, platform’s profit-maximizing posted price is equal to
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• If µL > Rev(µL, σ) 
πH if τ ≤ µH−Rev(µH ,σ)

µH−Rev(µL,σ)

πL otherwise

• If µL −Rev(µL, σ) ≤ 0 but µH −Rev(µH , σ) > 0


πH if τ ≤ µH−Rev(µH ,σ)

µH−µL

π0 otherwise

• If µH −Rev(µH , σ) ≤ 0, then profit-maximizing posted price is equal to π0 = 0.

In these large markets, the platform never in-house produces low-quality items. If the profit-

maximizing posted price is πL or πH , the platform in-house produces high-quality item if and only

if µH > Rev(µH , σ). If the profit-maximizing posted price is π0, the platform in-house produces

high-quality item if and only if

∃ 1 ≤ m ≤M, Rev(mµH ,
√
mσ)−mRev(µH , σ) > 0

The intuition for this theorem is that in these large markets where buyer valuations are normally

distributed, bundling shrinks the dispersion in buyers valuation at a rate of 1/
√
N . So the revenue

from selling a bundle approaches buyer’s mean valuation towards the bundle, and platform’s profit

for including a seller of quality µ is roughly equal to µ − Rev(µ, σ). This is why we present the

optimal posted price by discussing three cases of µ − Rev(µ, σ). Platform’s in-house production

strategy follows from similar logic: When selling the in-house produced item as a part of the

bundle, the profit derived approaches µ−Rev(µ, σ) when the bundle size is large. By Lemma E.1.4,

µ−Rev(µ, σ) monotonically increases in µ, so the platform never bundle low-quality items.

We further illustrate this theorem with Figure 6.5, where all three markets have N = 100, σ = 1,

and we assume whenever the platform produces in house, it produces m = M = 5 items.

Figure 6.5(a) illustrates a market where sourcing from low-quality sellers is profitable (i.e.,

µL > Rev(µL, σ)), as well as from high-quality sellers (i.e., µH > Rev(µH , σ)). As the fraction of

low-quality sellers τ increases, the information rent when sourcing from all sellers rises, leading the
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(a) µL > Rev(µL, σ), µL = 1, µH = 2. Profit for
Just Produce Low: 0.159; Just Produce High: 1.278.
In infinitely-large market, the optimal strategy

changes at τ = µH−Rev(µH ,σ)
µH−Rev(µL,σ) ≈ 0.635.

(b) µL ≤ Rev(µL, σ), µH > Rev(µH , σ), µL =
0.1, µH = 2. Profit for Just Produce Low: -0.463;
Just Produce High: 1.278. The profit-maximizing
strategy when NL/N > 0.4 is to in-house produce
high-quality items. In infinitely-large market, the

optimal strategy changes at τ = µH−Rev(µH ,σ)
µH−µL

≈
0.5.

(c) µH < Rev(µH , σ), µL = 0.1, µH = 0.2. Profit for Just Produce Low:
-0.463, Just Produce High: -0.443.

Figure 6.5: Profit for different strategies vs the ratio of low quality-sellers NL/N in three markets.
All three markets have N = 100, σ = 1, and whenever the platform produces in house, it produces
m = 5 items. The three markets differ only in µL, µH . By Theorem 6.5.2, in large markets in-house
production of low-quality items is never optimal, so strategies that produce low-quality items are
omitted. The Just Produce strategies (Just Produce Low/ Just Produce High) involve no sellers
and therefore yield profits that do not vary with NL/N ; their values are reported in each panel
caption. A vertical dotted line marks the value of NL/N at which the profit-maximizing strategy
switches. The panel caption also notes out the value where profit-maximizing strategy switches
when the market is infinitely large, as noted in Theorem 6.5.2. This value is approached by the
value indicated in the dotted line, when the market size grows.
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platform to switch from sourcing from all sellers to only low-quality sellers. Theorem 6.5.2 suggests

that when µH > Rev(µH , σ), the platform in-house produces high-quality items in large markets.

And indeed the profit-maximizing strategy in Figure 6.5(a) in-house produces high-quality items.

Figure 6.5(b) illustrates a market where sourcing from high-quality sellers is profitable but not

low-quality sellers: µL ≤ Rev(µL, σ) and µH > Rev(µH , σ). Since the platform cannot tell low from

high quality sellers, it needs to source from all sellers. As τ grows, the information rent eventually

causes the platform to not source from any sellers. Since µH > Rev(µH , σ), it is always profitable

to in-house produce high-quality items, even when sourcing from external sellers is not profitable.

This is also an example where, absent the platform’s in-house production capability, the platform

would earn non-positive profit. Finally, when µL < Rev(µL, σ) and µH < Rev(µH , σ), bundling

sellers is not profitable at all and neither is in-house production. As a result, the optimal strategy is

to do nothing, as illustrated in Figure 6.5(c).

We next comment on when it can be profit-maximizing for the platform to produce

low-quality items in-house. Lemma 6.5.3 proves that it is never optimal to only produce low-

quality items in-house without sourcing from external sellers, since it is dominated by only producing

high-quality items. When the quality gap is sufficiently large, specifically when µH
µL

> NL√
m+NL−m

(which in particular requires
√
m+NL > m), there are markets in which producing low-quality

items in-house and sourcing from external sellers is optimal. Intuitively, in this regime the marginal

revenue gain from high-quality in-house production is too small relative to its higher costs, so

low-quality production can be preferable. We present a representative example in Example E.4.1: the

platform would like to profitably bundle many low-quality items, but there are too few low-quality

sellers available, so it fills the gap through in-house production. Such cases arise only in relatively

small markets with the platform producing only a limited number of items; in contrast, in the large

market regime of Theorem 6.5.2, low-quality in-house production is never optimal.

Lemma 6.5.3. It can never be profit-maximizing to only in-house produce low-quality items without

sourcing from external sellers. A necessary condition for producing low-quality items to be profit-

maximizing is that

µH
µL

>
NL√

m+NL −m
and NL > m(m− 1)
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where m is the number of items the platform in-house produce.

Complementarity between production and bundling external sellers. Next, we present a

market in Figure 6.6 where joint in-house production and bundling yields higher profit than the

sum of only producing in-house or only sourcing from external sellers. This complementarity implies

that a platform with bundling capability can extract greater value from in-house production than a

standalone seller.

For every in-house production level m, Figure 6.6 uses a bar plot to compare the platform’s

profit from jointly producing m high-quality items and bundling the NL low-quality sellers, expressed

as

Rev(mµH +NLµL,
√
m+NLσ)−mRev(µH , σ)−NLRev(µL, σ),

against the profit obtained by treating producing m high-quality items alone and bundling the NL

low-quality sellers alone,

Rev(mµH ,
√
mσ)−mRev(µH , σ) +Rev(NLµL,

√
NLσ)−NLRev(µL,

√
NLσ).

The gap between these two profits reflects a complementarity effect in profit. In this example, a

platform with the ability to bundle is in a uniquely advantageous position: it can extract more

value from in-house production of high-quality content than a standalone seller. We interpret this

as one potential reason for high-quality content to be produced and released directly in partnership

with a subscription-based platform.

While the complementarity is market specific (See Example E.4.2 for a market where the profit

in jointly bundling and producing is smaller than that of bundling alone plus bundling alone), it is

a phenomenon that occurs in small markets. Indeed, as the market size increases, the revenue of

a set of items approaches the mean valuation, so the profit from jointly producing and bundling

becomes approximately additive.
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Figure 6.6: Profit for different strategies vs m, the number of items the platform in-house produces
in market with N = 100, NL = 50, µL = 1, µH = 2. For each m, the two stacked bars add the
profit of just producing high-quality items, respectively with just bundle low-quality sellers, and
just bundle all sellers.

6.6 Discussion

We examine a platform that acquires items from third-party sellers with different qualities and sells

them as a single bundle to buyers with additive valuations. When item quality is observable, the

profit-maximizing bundle is contiguous in quality but may exclude both high-quality and low-quality

items. When quality is privately known to each seller, we show that a simple posted-price mechanism

is asymptotically profit-maximizing in large markets. Because information asymmetry can reduce

platform profit, we study platform in-house production as a way to control quality while sourcing

from third-party sellers with uncertain quality. When in-house production is profitable, the platform

always produces high-quality items in large markets. In-house production can be complementary to

external sourcing: total profit may exceed the sum achievable by only producing in-house and only

sourcing externally alone. Many interesting questions remain, offering avenues for future research.

• In the incomplete information case, we derive an asymptotically profit-maximizing mechanism

for sub-exponential buyer valuation distribution. Characterizing profit-optimal mechanisms

under heavy-tailed valuation distribution remains an open question.

• While our analysis of in-house production assumes two quality levels and a fixed production

capacity, it would be natural to generalize the model to a continuum of qualities.

• We study a single platform that acquires items from third-party sellers. In real life, streaming

platforms compete when licensing content from producers, raising question of how inter-

platform competition would affect the quality composition of on-platform content.
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Chapter 7

Closing Remarks

Markets have traditionally been viewed as systems in which participants freely trade with one

another. In this classical view, participants can interact with all relevant counterparties. In modern

online platforms, however, the scale of the market requires mediation. Because participants cannot

realistically interact with all potential counterparties, platforms mediate these interactions through

recommendation systems, often directing participants to options that best match their needs. At the

same time, this intermediation gives platforms significant power to influence access: they determine

which participants can view each another and how transactions are structured through design

choices such as pricing, matching, and sourcing decisions. As profit-maximizing entities, platforms’

objectives may not fully align with those of participants. As a result, market outcomes are shaped

jointly by the platform’s design choices and how participants strategically respond to them.

This thesis explores how platforms use three design levers to shape access and, in turn, influence

market outcomes. Part I studies Indirect Access Control with Pricing, where commission fees charged

by platforms affect sellers’ decision to join the platform, and the timing of revealing the tip amount

paid by buyers to couriers affects couriers decisions over which orders to accept. This illustrates

how prices, which emerge endogenously in markets where participants freely trade with one another,

in platform-mediated markets can be used as an instrument to shape market outcomes.

Part II of the thesis studies Direct Access Control with Matching, where platforms determine

which buyer-seller pairs are allowed to interact. From a regulatory perspective, because platforms

maximize revenue which does not always align with overall market welfare, and because the set

of feasible buyer-seller interactions shapes market outcomes, regulators should carefully examine

platform’s matching decisions. At the same time, even when platforms optimize for revenue, allowing

platforms to determine matching can guarantee social welfare to be a fraction of optimal welfare,

and can facilitate market recovery following economic shocks.

Part III of the thesis studies Access Control with Bundling, in which platforms operate as

middlemen who sign exclusivity contracts with selected sellers, and sell the items to downstream
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buyers as a bundle. Through exclusivity contracts, sellers sourced by the platform are no longer

accessible by buyers outside of the platform. This part offers structural predictions on which sellers

remain accessible by buyers outside of the platform.

Taken together, these results highlight the role of access control in shaping market outcomes

in platform-mediated environments. Looking ahead, the questions studied in this thesis can be

extended to more dynamic settings, enriched with data, and applied to contexts where emerging

technologies reshape how access is created and mediated.

While this thesis primarily model platform-mediated online markets as static environments, real-

world problems involving complex incentives are inherently dynamic, with participants optimizing

current decisions in anticipation of future outcomes. In many platform settings, such as delivery

services, orders arrive stochastically and must be matched quickly to couriers who can accept

or reject proposed orders. Couriers may reject current matches in anticipation of better future

opportunities, leading to delays and unserved orders. Understanding how platforms should design

dynamic matching policies in such environments requires accounting for these forward-looking

incentives. A key challenge is that the platform’s matching decisions and couriers’ acceptance

behavior are jointly determined in equilibrium, giving rise to a fixed-point problem. Studying such

systems can provide insights into how platforms can shape couriers’ beliefs on future opportunities

to reduce rejections and improve reliability in real-time markets.

A second direction is to complement the theoretical modeling in this thesis with data-driven

research that directly addresses real-world platform design questions. Many important market

design questions, such as how to price and how to match participants, are shaped by operational

considerations that are difficult to capture without empirical input. Engaging with industry partners

to allow these considerations to be incorporated into the analysis enables the evaluation of competing

design choices in realistic environments.

Finally, the rise of AI agents introduces a new frontier for platform design. As agents increasingly

act on behalf of users, fundamental questions arise regarding how to design mechanisms and market

rules that interact with and coordinate these agents, how to elicit and aggregate underlying human

preferences when agents may represent them imperfectly or strategically, and how pricing should

be structured when decisions are made algorithmically rather than by humans. More broadly, the

presence of AI agents may reshape workflows and the organization of production, altering both the
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cost structure of providing goods and services and the nature of labor itself. Understanding how

these changes affect market outcomes, and how platforms can design access and incentives in such

environments, is an important direction for future research.
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Appendix A

Appendix to Chapter 2

A.1 Using Maximum Competitive Price

Theorem 2.2.4 shows competitive prices form a lattice. Among all competitive equilibrium prices,

the maximum price

pj = W (S,B,G)−W (S \ {j}, B,G)

is the most natural when considering sellers’ decision to join the platform: when a benevolent

social planner charges α = 0, all sellers joining is a Platform Equilibrium. This is because

for any other set of sellers P joining the platform, seller j’s gain from joining is ponj − poffj =

W (S,B,G(P )∪{i})−W (S,B,G(P )) ≥ 0. This is not true for any other competitive prices, making

it inappropriate to analyze the welfare loss due to the platform. We formalize it into the following

A B C D

a b c d

1 1 1 1

ϵ 1

3 H

Buyers

Sellers

Figure A.1: A market with infinite price of anarchy for any α ∈ [0, 1]. Black solid lines are direct
links, as captured by N(i) for buyer i, and blue dotted lines indicate missing links. Buyer values
are annotated adjacent to each edge, and all any value that is omitted is zero.

Theorem A.1.1. If the market clears with the minimum competitive prices, the price of anarchy of

the Platform Equilibrium with pure strategies, when the platform sets a zero transaction-fee, can be

arbitrarily large.

Proof. Figure A.1 gives an infinite-PoA market. When no sellers join, the allocation of goods is

seller A to buyer a, seller B to buyer b, seller C to buyer c, seller D to buyer d. Sellers’ minimum

competitive prices are all zero. If seller a and seller c join the platform, a sells to B, b to A, c to D
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and d to C. The minimum competitive prices are now p
a

= 1− ϵ and p
b

= p
c

= p
d

= 1. So for any

α ∈ [0, 1] there is an equilibrium where seller c does not join the platform. When H →∞, the price

of anarchy approaches infinity.

A.2 Missing Proofs in Section 2.3

A.2.1 None Existence of Pure Equilibrium

Proposition 2.3.1. There exists a general buyer-seller network and a transaction fee, α ∈ [0, 1],

for which there is no pure Platform Equilibrium.

Proof. A three-seller-four-buyer counterexample is given in Figure 2.1. At transaction fee α = 1
2 ,

there exists no pure strategy equilibrium. On a high level, this is because a seller’s price considers

the externality she imposes on the whole market and is easily influenced by other sellers’ connections.

So sellers’ best response dynamic can exhibit a cyclic nature: an on-platform seller can drop off

after some other sellers join.

To explicitly show there is no pure equilibrium, go through all eight pure strategy profiles:

1. When no one joins, seller a joins the platform and sell to B because (1−α)pona = 1
2(3.05− 1) >

1 = poffa .

2. When seller a is on platform, seller b will have to join the platform to sell to C because B is

taken and staying off platform brings zero price.

3. When both seller a, b are on platform, seller c does not have any demand when off-platform

and joins the platform in order to sell to buyer D.

4. When all sellers a, b, c join, seller a’s price decreases to pona = (3.05+1.1+0.05)− (1.1+1.15) =

1.95. Seller a drops off from platform because after paying platform fees (1−α)pona < 1 = poffa

the revenue is lower than staying off platform.

5. When a drops off and b, c are on platform, seller b’s on platform utility is 1
2 × 1.1 smaller than

off platform utility 1 and hence b will drop.

6. When a, b are off platform, c will drop as well.
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7. When a, c are on platform and b not, b will want to join the platform.

8. When a, c are off platform and b on, b will drop.

A B C D

a b c

1 1 1
3.05

1.15

1.1

0.05

Buyers

Sellers

Fig. 1. An example with no Platform Equilibrium in pure strategies at α = 1
2 . Black solid lines are

direct links, as captured by N(i) for buyer i, and blue dotted lines indicate missing links. Buyer
values are annotated adjacent to each edge, and all any value that is omitted is zero.

A.2.2 Computing Pure Equilibrium in Homogeneous-Goods Markets

For homogeneous-goods markets, competitive prices are directly related to a buyer’s next best

forgone trade opportunity, or more specifically its direct and indirect competitors. This notion is

characterized by opportunity path in Kranton and Minehart [2000] as follows.

Definition A.2.1 (Opportunity Path Kranton and Minehart [2000]). For an allocation a of goods

on a buyer-seller network G, buyer i1’s opportunity path linking to another buyer it is a path

(i1, j1, i2, j2, . . . , jt−1, it),

where for every ℓ ∈ {1, . . . , t− 1},

giℓ,jℓ = 1 and giℓ+1,jℓ = 0,

and

aiℓ,jℓ = 0 and aiℓ+1,jℓ = 1.

Kranton and Minehart [2000] show the following connection between buyers’ opportunity path

and sellers’ maximum competitive prices, which we make use of.
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Theorem A.2.2 (Opportunity Path Theorem Kranton and Minehart [2000]). Consider a competitive

equilibrium with maximum competitive prices (p̄, a) where aij = 1. Seller j’s price p̄j is equal to the

lowest valuation of any buyer linked by an opportunity path from buyer i. p̄j = 0 iff buyer i has an

opportunity path linking to a seller who does not sell.

Kranton and Minehart [2000] then analyze how adding a link between a buyer i and a seller j

to graph G affects the optimal welfare. For our purpose, we consider the case where seller j has no

prior links or does not transact before the new link.

Lemma A.2.3. Kranton and Minehart [2000] Consider a buyer-seller network where a seller j0,

that either does not transact or have no prior links, is added a single buyer link to buyer i0. Let

a and a′ be the optimal allocations before and after adding the link. In a′ at most one previously

unmatched buyer is matched. Moreover, if in a, ai0,j1 = 1, ai1,j2 = 1, . . . , ait−1,jt = 1 (and therefore,

aiℓ,jℓ = 0 for ℓ ∈ {0, . . . , t − 1}), and in a′, aiℓ,jℓ = 1 for ℓ ∈ {0, . . . , t − 1}, then we have the

following. Before adding the link between j0 and i0, (it, jt, . . . , i1, j1, i0) is an opportunity path. After

adding the link, (i0, j1, i1, . . . , jt, it) is an opportunity path. Buyer it obtains the good in a′ but not

in a. Furthermore, vit ≤ viℓ for every ℓ < t.

If we introduce a set of new sellers and their edges to a market and apply Lemma A.2.3

repeatedly on each new seller, every step at most one new buyer is introduced, and thus buyers

transacting in the original competitive equilibrium allocation can be preserved. This is formalized

as the following corollary.

Corollary A.2.4. Let (S,B,G) be a buyer-seller network with a corresponding optimal allocation

a, and let BG be the set of transacting buyers. Now add a set of sellers P with their edges who

previously know no buyers and let G(P ) be resulting network. For the new market (S ∪ P,B,G(P )),

there exists an optimal allocation a′ where all buyers in BG transact.

Using this, we can relate the optimal welfare in a network to the welfare of sellers not joining

the platform.

Lemma 2.3.2. Consider a buyer-seller network (S,B,G). Let P ⊆ S be the sellers joining the

platform. Let BG be buyers transacting in W (S \ P,B,G) and B̄G = B \BG. Let m′ = |P | and let
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v̄(m′) be the sum of the m′ largest buyers in B̄G, or the sum of all buyers in B̄G if there are less

then m′ buyers in B̄G. Then

W (S,B,G(P )) = W (S \ P,BG, G) + v̄(m′). (2.10)

Proof. Market (S,B,G(P )) can be viewed as adding sellers in P one-by-one with all edges to

(S \ P,B,G). When adding each new seller, Corollary A.2.4 reads the previously transacting buyer

remains the same, while the largest remaining unmatched buyer is matched to the new seller.

Lemma 2.3.3. All sellers joining the platform have the same price of v̄(m′)− v̄(m′ − 1).

Proof. By Lemma 2.3.2 and Eq. (2.3), expand the on platform price for each seller j ∈ P equals to

v̄(m′)− v̄(m′ − 1), where |P | = m′.

Algorithm 1 defines a seller’s on platform gain. We show it is closely related with the buyer

valuation that j is matched to in some markets. We will use this quantity as an intermediate step

to prove Lemma 2.3.4 and Theorem 1.

Lemma A.2.5. Consider a market (S,B,G(P )) where sellers j, ĵ ∈ S, j, ĵ /∈ P . Let iP (j), iP (ĵ)

be the new transacting buyer when j and ĵ are added with their off-platform edges to market

(S \ P \ {j, ĵ}, B,G) respectively. Then ϕPj > ϕP
ĵ
⇒ viP (j) < viP (ĵ), and viP (j) < viP (ĵ) ⇒ ϕPj ≥ ϕPĵ

where ϕPj = (1− α)ponj (P )− poffj (P ) is the on-platform gain.

Proof. Expanding the definition of prices

ϕPj − ϕPĵ = (1− α)[ponj (P )− pon
ĵ

(P )] + [poff
ĵ

(P )− poffj (P )] (A.1)

ponj (P )− pon
ĵ

(P ) = W (S,B,G(P ∪ {j}))−W (S,B,G(P ∪ {ĵ}))

+ W (S \ {ĵ}, B,G(P ))−W (S \ {j}, B,G(P ))

poff
ĵ

(P )− poffj (P ) = W (S \ {j}, B,G(P ))−W (S \ {ĵ}, B,G(P ))

View the welfare terms as adding sellers to a base market (S \ P \ {j, ĵ}, B,G). For example,

W (S \ {j}, B,G(P )) is adding ĵ to market then P to platform. Let v̄S\P\{j}(|P |) be the sum of

the |P | largest buyers who do not transact in W (S \ P \ {j}, B,G). (There are more than |P |
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none-transacting buyers otherwise the algorithm would not have chosen P to join.) We can thus

express the welfare term as follows using Lemma 2.3.2

W (S \ {j}, B,G(P )) = W (S \ P \ {j, ĵ}, B,G) + viP (ĵ) + v̄S\P\{j}(|P |)

W (S \ {ĵ}, B,G(P )) = W (S \ P \ {j, ĵ}, B,G) + viP (j) + v̄S\P\{ĵ}(|P |)

W (S,B,G(P ∪ {j})) = W (S \ P \ {j, ĵ}, B,G) + viP (ĵ) + v̄S\P\{j}(|P |+ 1)

W (S,B,G(P ∪ {ĵ})) = W (S \ P \ {j, ĵ}, B,G) + viP (j) + v̄S\P\{ĵ}(|P |+ 1)

Let v̄
|P |+1
S\P\{j} be the |P |+ 1-th largest buyer who does not transact in W (S \ P \ {j}, B,G), and

similarly for v̄
|P |+1

S\P\{ĵ}. Bring these back to Equation (A.1)

ϕPj − ϕPĵ = [viP (ĵ) + v̄S\P\{j}(|P |) + (1− α)v̄
|P |+1
S\P\{j}]− [viP (j) + v̄S\P\{ĵ}(|P |) + (1− α)v̄

|P |+1

S\P\{ĵ}]

Starting from market W (S \P \{j, ĵ}, B,G), the first bracket is the value of buyer that ĵ introduces,

plus the |P | largest remaining buyers, plus (1− α) of the |P |+ 1-th remaining largest buyer. The

second bracket is similar, after j introduces a buyer. To guarantee ϕPj > ϕP
ĵ

, a necessary condition

is viP (ĵ) > viP (j). Note both inequalities are strict: if ϕPj = ϕP
ĵ

, it can be that viP (ĵ) ≤ viP (j). On

the other direction, if viP (ĵ) > viP (j), we can only guarantee ϕPj ≥ ϕPĵ .

Lemma 2.3.4. At an iteration, if Algorithm 1 adds seller ĵ to platform, then for every seller j /∈ P ,

poff
ĵ

(P ) ≤ poffj (P ).

Proof. Lemma A.2.5 shows that the necessary condition for ϕP
ĵ
> ϕPj is viP (j) > viP (ĵ). Thus for all

sellers ĵ ∈ ΦP
max and all sellers j ∈ S \ P, j /∈ ΦP

max

W (S \ P \ {ĵ, j}, B,G) + viP (ĵ) < W (S \ P \ {ĵ, j}, B,G) + viP (j)

W (S \ P \ {j}, B,G) < W (S \ P \ {ĵ}, B,G).

Let v̄S\P\{j}(|P |) be the sum of the |P | largest buyers who do not transact in W (S \ P \ {j}, B,G),
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and v̄S\P\{ĵ}(|P |) be the sum of the |P | largest buyers who do not transact in W (S \ P \ {ĵ}, B,G).

W (S \ P \ {j}, B,G) + v̄S\P\{j}(|P |) ≤ W (S \ P \ {ĵ}, B,G) + v̄S\P\{ĵ}(|P |)

W (S \ {j}, B,G(P )) ≤ W (S \ {ĵ}, B,G(P )).

By expanding the definition of prices, we have

poff
ĵ

(P ) = W (S,B,G(P ))−W (S \ {ĵ}, B,G(P ))

≤ W (S,B,G(P ))−W (S \ {j}, B,G(P )) = poffj (P )

For sellers ĵ, j within set ΦP
max, ϕP

ĵ
= ϕPj . The algorithm in Step 5 breaks ties towards ĵ with the

lowest off platform price.

For the other direction, one can verify if poff
ĵ

(P ) < poffj (P ), then viP (j) > viP (ĵ). Lemma A.2.5

then guarantees ϕP
ĵ
≥ ϕPj . So ĵ is in ΦP

max at Step 5 of the Algorithm and selected because it has

lower off platform price.

To prove theorem 2.3.5, we will need one more conditions. Rabanca [2016] proves max weight

matching on bipartite graphs satisfies the submodularity condition: with more vertices on one side,

adding one new edge brings marginally lower increase in maximum weight. We rephrase it here and

apply it to the buyer-seller markets.

Lemma A.2.6 (Max weight matching submodularity Rabanca [2016]). For a set of sellers S′ ⊆ S,

a single seller j /∈ S and buyers B connection G

W (S ∪ {j}, B,G)−W (S,B,G) ≤W (S′ ∪ {j}, B,G)−W (S′, B,G) (A.2)

Proof. we prove the above through an equivalent definition of submodularity. For set of sellers

S1, S2 ⊆ S, denote W (S1) := W (S1, B,G),W (S2) := W (S2, B,G). Prove

W (S1) +W (S2) ≥W (S1 ∪ S2) +W (S1 ∩ S2)

Using M∪,M∩ to denote the edges in max matching with sellers S1 ∪ S2, S1 ∩ S2, it suffices to prove
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that M∪ and M∩ can be partitioned into two disjoint matchings M1,M2 for W (S1) and W (S2)

respectively. Then by max weight matching W (S1) is weakly greater than the weight of matching

M1, W (S2) greater than that of M2.

Let C denote the collection of edges in M∩ and M∪. Edges in C form alternating paths and

cycles. A path alternate between edges in M∩ and M∪, while cycles are restricted to vertices within

S1 ∩ S2: for vertices in S1 \ S2 and S2 \ S1, there is at most one edge in C connecting them because

they are not in M∩.

Let L1 be the set of paths with at least one vertex in S1 \S2, L2 be the set of paths with at least

one vertex in S2 \ S1. Then L1 ∩L2 = ∅. Suppose a path l contains vertex j1 ∈ S1 \ S2, j2 ∈ S2 \ S1,

then j1, j2 must be two end points of l because they have one edge. For the same reason, there are

no other vertex of S1 \ S2, S2 \ S1 in l. Since j1, j2 are both in S, there are even number of edges

in this path. This cannot be because l alternates between edges in M∩ and M∪: if l1 is connected

through edges in M∪, by even number of edges l2 must be connected through edges in M∩. Vice

versa. Either j1 or j2 must be in S1 ∩ S2, forming a contradiction.

Now we are ready to partition M∩ and M∪. Let

M1 = (L1 ∩M∪) ∪ (L2 ∩M∩) ∪ (C \ {L1 ∪ L2} ∩M∩) (A.3)

M2 = (L2 ∩M∪) ∪ (L1 ∩M∩) ∪ (C \ {L1 ∪ L2} ∩M∪) (A.4)

We verify M1 ∪M2 = M∪ ∪M∩, M1 ∩M2 = M∪ ∩M∩, confirming M1 and M2 are indeed two

partitions of M∩,M∪. Now prove M1 is a matching for W (S1). First M1 uses no vertex from

S2 \ S1: L1, M∩ and C \ {L1, L2} contains no vertex from S2 \ S1. Second the three terms in M1

being independent, each vertex in S1 is matched at most once in M1. Otherwise, a vertex would be

matched twice in either M∪ or M∩, contradiction. Similarly, prove M2 is a matching for W (S2),

concluding the proof.

Now we are ready to prove Theorem 2.3.5.

Theorem 2.3.5. For any α ∈ [0, 1], Algorithm 1 outputs a pure strategy Platform Equilibrium.

Proof. The algorithm always terminates because there are finite sellers. To prove it terminates at a

pure strategy platform equilibrium, it suffices to show seller j ∈ P already on the platform don’t
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have incentive to drop off when a new seller ĵ is added to P . In particular, we want to prove ∀j ∈ P ,

its benefit of staying on platform is larger than ĵ’s benefit of joining.

∀j ∈ P, ϕP∪{ĵ}
j ≥ ϕP

ĵ
≥ 0 for ĵ ∈ arg max

j∈S\P
{ϕPj }; (A.5)

Then sellers in P do not drop off from platform when the algorithm terminates. Since ĵ is the next

seller joining, ϕP
ĵ
≥ 0. Lemma A.2.5 does not apply because j ∈ P . So we expand Eq. (A.5) to

prove the following is non-negative

ϕ
P∪{ĵ}
j − ϕP

ĵ
= (1− α)[ponj (P ∪ {ĵ})− pon

ĵ
(P )] + [poff

ĵ
(P )− poffj (P ∪ {ĵ})] (A.6)

The first term ponj (P ∪ {ĵ}) − pon
ĵ

(P ) in Eq. (A.6) is zero because according to Corollary 2.3.3,

all on-platform sellers in a same market have the same price. Now prove poff
ĵ

(P ) ≥ poffj (P ∪ {ĵ}).

Intuitively this is true because j is selected by the algorithm before ĵ and had a weakly lower

off-platform price when it was added. For the rest of the proof, we will prove this intuition.

Let P−j be P \ {j}. Expand the two prices poff
ĵ

(P ) = W (S,B,G(P )) −W (S \ {ĵ}, B,G(P ))

and poffj (P ∪ {ĵ}) = W (S,B,G(P−j ∪ {ĵ}))−W (S \ {j}, B,G(P−j ∪ {ĵ})). The two minus terms

are equal

W (S \ {ĵ}, B,G(P )) = W (S \ {j}, B,G(P−j ∪ {ĵ}))

because the two terms have exactly the same off platform sellers and the same number of on-

platform sellers. By Lemma 2.3.2, they have the same welfare. Rearranging, prove the following is

non-negative.

poff
ĵ

(P )− poffj (P ∪ {ĵ}) = W (S,B,G(P ))−W (S,B,G(P−j ∪ {ĵ})) (A.7)

Just as in the proof for Lemma A.2.5, view W (S,B,G(P )) as adding seller ĵ to the market,

then P to platform in a base market (S \ P \ {ĵ}, B,G). Let iP (ĵ) be the new buyer introduced by

ĵ, v̄S\P (|P |) be sum of the |P | largest buyers who do not transact in W (S \ P,B,G). Similarly, let

iP (j) be the new buyer introduced by adding j to the base market, v̄S\P−j\{ĵ}(|P |) be sum of the |P |

largest buyers who do not transact in W (S \ P−j \ {ĵ}, B,G). There are more than |P | buyers not
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transacting in W (S\P,B,G) or W (S\P−j \{ĵ}, B,G), otherwise all buyers transact in (S,B,G(P )),

contradicting with the algorithm picking ĵ next. Assume for contradiction Equation (A.6) and A.7

is negative, expanding

ϕ
P∪{ĵ}
j − ϕP

ĵ
= viP (ĵ) + v̄S\P (|P |)− viP (j) − v̄S\P−j\{ĵ}(|P |) < 0

A necessary condition for it being negative is

viP (ĵ) < viP (j) (A.8)

Now consider right before Algorithm 1 adds j to the platform. Denote the sellers joining the platform

then by P j ⊂ P . The Algorithm chooses j at Step 5. Let iP j (j), iP j (ĵ) be the new transacting buyer

when j and ĵ is added with their off-platform edges to market (S \ P j \ {j, ĵ}, B,G) respectively.

If ϕP
j

j = ϕP
j

ĵ
and poffj (P j) = poff

ĵ
(P j). There are two cases.

Case 1: j and ĵ’s off platform prices are determined by two different buyers of the same

valuation on two different opportunity paths. Then j joining the platform won’t change ĵ’s off

platform price. So ĵ is the next to join. Similarly, ĵ joining won’t change j’s off platform price and

equation (A.7) equals to zero.

Case 2: j and ĵ’s off platform prices equal to the the valuation of the smallest buyer on the

same opportunity path. This valuation equals to poffj (P j). By Lemma 2.3.2, W (S,B,G(P j)) =

W (S \ P j , BG, G) + v̄(|P j |). Sellers in P j are matched to largest buyers in B \BG. If the smallest

buyer in j and ĵ’s opportunity path is matched to an on platform seller in P j , the next seller

joining the platform will have a price weakly lower than poffj (P j). This contradicts with j joining

the platform next. If an on platform seller is on j and ĵ’s opportunity path but not matched to the

smallest buyer on the path, one can remove this on platform seller, shift transactions along the path

and strictly increase W (S \ P j , BG, G). This contradicts with off-platform sellers being matched

optimally. So no seller in P j is on j and ĵ’s opportunity path. Now, if the opportunity path ends at

a seller who does not transact, then vi
Pj (ĵ)

= vi
Pj (j) equals to the lowest buyer valuation on the

path. If the opportunity path ends on the buyer with the lowest valuation, then vi
Pj (ĵ)

= vi
Pj (j)

equals to the second smallest buyer valuation on the path. This is discussed together with the next
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case in inequality (A.9).

Otherwise ϕP
j

j > ϕP
j

ĵ
or poffj (P j) < poff

ĵ
(P j). Lemma A.2.5 reads

vi
Pj (j) ≤ vi

Pj (ĵ)
(A.9)

Let Pmid = P−j \ P j . The two base markets S \ P \ {ĵ} and S \ P j \ {j, ĵ} differ by Pmid. When

Pmid = ∅, the two base markets are the same, viP (ĵ) = vi
Pj (ĵ)

, viP (j) = vi
Pj (j). Inequality (A.8)

directly contradicts with Inequality (A.9). So the difference in on-platform gain in equation (A.6)

cannot be negative.

We now analyze when Pmid ̸= ∅. The intuition is according to inequality (A.8), iP (j) as a

buyer of high value is matched to j in (S \ P \ {ĵ}, B,G). However, it is matched to another seller

j′ ∈ Pmid in market (S \ P j \ {j, ĵ}, B,G) because of inequality (A.6). Then when adding j′ on

platform, the algorithm should have picked ĵ instead because ĵ introduces a low valuation buyer.

We now formalize this intuition.

Comparing the two base markets, S \ P \ {ĵ} ⊂ S \ P j \ {j, ĵ}, applying the submodularity

condition in Lemma A.2.6

viP (ĵ) ≥ vi
Pj (ĵ)

(A.10)

viP (j) > vi
Pj (j) (A.11)

Inequality (A.11) is strict because otherwise combining inequality (A.8) and (A.9) we have vi
Pj (ĵ)

≥

vi
Pj (j) = viP (j) > viP (ĵ), which contradicts with (A.10). By definition, j introduces iP (j) in the base

market (S \ P \ {ĵ}, B,G). Thus by Corollary A.2.4, iP (j) still transacts in the second base market

containing more sellers (S \ P j \ {ĵ}, B,G). But the strict inequality (A.11) says in this market, j

does not introduce ip(j) anymore. So iP (j) still transacts in the market (S \ P j \ {j}, B,G). Note

by definition iP (j) does not transact in market (S \ P,B,G).

Now examine when the algorithm adds seller j to platform, and before it adds seller ĵ to

platform. The former market is (S,B,G(P j ∪{j})), where sellers in S \P j \{j} is off-platform. The

latter market is (S,B,G(P )), where S \ P is off-platform. By Corollary A.2.4 and our discussion in

the previous paragraph, iP (j) transacts with off-platform sellers in the former market but not in
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the latter. Then there ∃j′ ∈ P \P j such that it joining the platform results in iP (j) not transacting

with off-platform sellers. Equivalently, adding j′ to off-platform sellers will introduce iP (j).

Consider when the algorithm adds j′ to platform. By Lemma A.2.3, iP (j) is the lowest-value

buyer on j′’s opportunity path so poff(j′) = viP (j). Again because of submodularity, seller ĵ

introduces a buyer with valuation smaller than viP (ĵ) so its off-platform price is poff
ĵ
≤ viP (ĵ) < poffj′ .

By Lemma 2.3.4 the algorithm should not have added seller j′, which forms a contradiction.

The algorithm can terminate any time when ∀j /∈ P, ϕPj ≤ 0. This gives flexibility to find

multiple pure equilibrium, particularly of interest is when α = 1.

Lemma 2.3.6. In a homogeneous-goods market (S,B,G), let SG be the set of transacting sellers,

S̄G be the set of none-transacting sellers. Then any P ⊆ S̄G joining is a pure equilibrium at α = 1.

Proof. At α = 1 sellers in SG weakly prefer not to join. After adding a first j1 ∈ S̄G seller to P ,

other sellers in S̄G \ {j1} still does not transact because Lemma A.2.3 reads adding a new link

involves no new sellers. Thus, every seller in S̄G is indifferent to join at α = 1.

This following lemma allows the platform to continuously decrease α with algorithm 1, and

gradually increase the set of on-platform sellers in equilibrium to calculate revenue.

Lemma 2.3.7. Let P1 be the set of sellers that forms an equilibrium by Algorithm 1 for α1. Then

for any P2 ⊋ P1 there exists an α2 < α1 for which Algorithm 1 outputs P2.

Proof. At α2, Step 5 can first add all sellers in P1 before any other sellers: a lower α does not

change the seller with largest on-platform gain.

(1− α1)p
on
j (P )− poffj (P ) ≥ (1− α1)p

on
j′ (P )− poffj′ (P )

⇒ (1− α2)p
on
j (P )− poffj (P ) ≥ (1− α2)p

on
j′ (P )− poffj′ (P )

Theorem 2.3.8. For any number mp = 1, ...,m, there exists a pure Platform Equilibrium P such

that |P | = mp. Furthermore, all such equilibria can be found by lowering α from 1 to 0 with

Algorithm 1.
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Proof. Lemma 2.3.6 proves a pure platform equilibrium always exists for mp = 1, ..., S̄G at α = 1.

At P = S̄G, for all sellers j /∈ S̄G, ϕS̄G

j = −poffj (S̄G) ≤ 0. As α decreases continuously from 1 to 0,

ϕPj continuously increases for all j as long as the equilibrium set P stays the same. When a first set

of sellers ΦP
max have zero on-platform gain, Algorithm 1 adds a seller j ∈ ΦP

max to platform. Then it

suffices to show after j is added to P , ∀ĵ /∈ P , either

ϕĵ(P ∪ {j}) ≤ ϕĵ(P )

⇔ (1− α)[pon
ĵ

(P ∪ {j})− pon
ĵ

(P )] ≤ poff
ĵ

(P ∪ {j})− poff
ĵ

(P ) (A.12)

or ϕĵ(P ∪ {j}) < 0. Then for ĵ /∈ P ∪ {j}, on platform gain is non-positive. So P ∪ {j} is indeed a

pure equilibrium of size one larger than P . And the algorithm can further add sellers whose on

platform gain is zero, and after that continue to decrease α.

We first look at the left hand side of equation (A.12), the change in on platform prices. By

Lemma 2.3.3, pon
ĵ

(P ∪{j}) equals to the value of the (|P |+ 2)-st largest buyer who does not transact

in market (S \ P \ {ĵ, j}, B,G); pon
ĵ

(P ) equals to the value of the (|P | + 1)-st largest buyer who

does not transact in market (S \ P \ {ĵ}, B,G). There is possibly one more none-transacting buyer

in the former market than the latter, so pon
ĵ

(P ∪ {j}) ≤ pon
ĵ

(P ).

Now we examine the right hand side of equation (A.12), the change in ĵ’s off platform price

after j joins. If poff
ĵ

(P ∪ {j}) ≥ poff
ĵ

(P ), naturally equation (A.12) holds. We first find and rule out

the sellers with weakly larger off platform prices. We then prove sellers ĵ with smaller off platform

price will be matched to the same buyer even joining the platform, thus ϕĵ(P ∪ {j}) < 0.

View seller j joining the platform as first leaving the market (S,B,G(P )), and then transacting

with the largest remaining buyer. By Lemma A.2.3 at most one buyer iG(P )(j) is unmatched because

of j leaving, and it is connected through opportunity path

lG(P ) = (j0 = j, i0, j1, i1, ..., jt, it = iG(P )(j))

in (S,B,G(P )) where ajq ,iq = 1 for q ∈ {0, ..., t}. Furthermore, iG(P ) is the smallest buyer on the

opportunity path poffj (P ) = viG(P )(j). When j joins the platform, it is connected to all buyers. Again

by Corollary 2.3.2, it sells to the largest none-transacting buyer iG(P∪{j})(j). By Lemma 2.3.3,
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ponj (P ) = viG(P∪{j})(j). This in turn means iG(P∪{j})(j) is the smallest value buyer in any opportunity

path that extends from iG(P∪{j})(j). We also have viG(P∪{j})(j) > viG(P )(j) otherwise seller j would

not have joined the platform. When j joins the platform, opportunity path lG(P ) changes and

reverses into

lG(P∪{j}) = (jt, it−1, ..., i1, j1, i0, j0 = j, iG(P∪{j})(j))

where aj0,iG(P∪{j})(j)) = 1 and ajq ,iq−1 = 1 for q ∈ {t, t− 1, ..., 1}. Since price equals the lowest buyer

valuation in opportunity path, sellers j1, j2, ..., jt’s off platform price in (S,B,G(P )) is viG(P )(j)

and that in (S,B,G(P ∪ {j})) is weakly larger because viG(P∪{j})(j) > viG(P )(j), and iG(P )(j) is the

smallest buyer in lG(P ). So we have proved for ĵ ∈ {j1, ..., jt}, off platform price weakly increases.

We now show if off platform prices decreases for ĵ /∈ {j1, ..., jt}, they will be matched to the

same buyer even joining the platform. Seller ĵ transacts in (S,B,G(P ∪{j})) with the same buyer as

(S,B,G(P )) off-platform. Denote the buyer as i(ĵ). There are two possible changes to opportunity

paths that begins at i(ĵ). First, if i(ĵ) is connected to lG(P ) by an opportunity path, then this path

will instead connect to lG(P∪{j}). The minimum buyer valuation on this opportunity path increases.

Second, now that j joins the platform, i(ĵ) knows j and have an opportunity path to iG(P∪{j})(j).

If i(ĵ)’s off platform price decreases, the smallest buyer connected through opportunity path must

be iG(P∪{j})(j), meaning

vi(ĵ) > poff
ĵ

(P ∪ {j}) = viG(P∪{j})(j)

By Lemma 2.3.3, if ĵ joins the platform, it is matched to the largest none-transacting buyer, which

is of weakly smaller value than iG(P∪{j})(j), and smaller than i(ĵ). So optimal matching requires ĵ

be matched to i(ĵ) even on platform. Then ϕĵ(P ∪ {j}) < 0 and ĵ doesn’t want to join the platform

after j joins.

A.3 min(m,n) Lower Bound for the Price of Anarchy in General

Markets

In this section, we show that without regulation, in general unit-demand markets, the price of

anarchy can be as bad as min{m,n}. This is in stark contrast to the positive results we have in

Section 2.5 for the case the platform is regulated in the fees it can set.
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Figure A.2: An n-buyer-n-seller general valuation market where PoA = n. Black solid lines
are direct links, as captured by N(i) for buyer i, and blue dotted lines indicate missing links.
Buyer values are annotated adjacent to each edge. x is a large constant. For the first seller
v11 = nx

(n−1)(x+n)+
n

x+n , v21 = nx
n−1 . For sellers j = 2, ..., n−1, vj+1,j = n

n−1x, vjj = n2x
(n−1)(x+n)+(i−1)ϵ.

For the last seller v1n = 1, vjn = x for j = 2, 3, ..., n All other values are zero.

We show this through an example market in Figure A.2. There are two main reasons for large

PoA in this general valuation market. First, the unique market structure allows for only two pure

equilibria. The platform either posts a low transaction fee where all sellers join, or a high fee where

only one joins. Second, even though the equilibrium where all join has high social welfare, each

seller has low price. Mixed equilibrium requires too low a transaction fee. The platform thus selects

the pure equilibrium where only one seller joins.

Proposition A.3.1. There exists a n-buyer-m-seller market for which the price of anarchy is

min({n,m}).

Proof. Figure A.2 gives a n-seller-n-buyer market where PoA approaches n. Black solid lines are

direct links, as captured by N(i) for buyer i, and blue dotted lines indicate missing links. Seller n

has no off-platform links and always join the platform, and seller i = 1, 2, ..., n−1 has a link to buyer

i. Let x be a large constant. V1n = 1, V11 =
n

n−1
x+n

x+n − ϵ, Vin = x, Vii = n2x
(x+n)(n−1) + (i− 1)ϵ, Vi,i−1 =

n
n−1x, ∀i ∈ [2, n]. ϵ is a very small quantity to break ties. All other valuations are zero.

The optimal social welfare when all sellers join platform is W ⋆ = nx+1. We will show platform’s

revenue optimal transaction fee is α⋆ = 1 and only seller n joins the platform. Price of anarchy is

then nx+1
x+

∑n−1
i=1 vii

→ n as x→∞. There are two unique properties to this market:

1. whenever seller j joins, seller j + 1 joins because its off-platform edge is taken.

Vj+1,j =
n

n− 1
x ≥ Vjj + Vj+1,j+1, ∀j = 1, 2, . . . n− 1
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This reads if j + 1 does not join the platform, max weight matching matches seller j to buyer

i = j + 1, and seller j + 1 won’t sell.

2. whenever all sellers j′ ≥ j+1 joins, seller j joins. To see this, when only seller n is on platform,

seller n− 1 joins when transaction fee αn−1 satisfies

α ≤ αn−1 = 1−
poffn−1(P = {n})
ponn−1(P = {n})

= 1− Vn−1,n−1/
n

n− 1
x

Now seeing seller n− 1 joins, seller n− 2 reasons about threshold of joining αn−2

α ≤ αn−2 = 1−
poffn−2(P = {n− 1, n})
ponn−1(P = {n− 1, n})

= 1− vn−2,n−2/
n

n− 1
x

So when Vn−2,n−2 < Vn−1,n−1 seller n − 2 joins whenever n − 1 joins. This continues with

V2,2 ≤ V3,3 ≤ ... ≤ Vn−1 until the first seller. When seller 2, 3, ..., n joins, the first seller joins

when

α ≤ α1 = 1− poff1 (P = S \ {1})
pon1 (P = S \ {1})

= 1− v11/(
x

n− 1
+ 1)

The claim is true if α1 ≥ α2 ≥ ... ≥ αn−1. Verifying the buyers’ valuations vjj for it

j = 1, 2, ..., n− 1 we see

V11/(
x

n− 1
+ 1) < V22/

n

n− 1
x < . . . < Vn−1,n−1/

n

n− 1
x (A.13)

This guarantees whenever j + 1 joins, j joins.

Because of these two properties, only two pure equilibria exists. The platform can either

post α⋆ = 1 and charge x from seller n, or posting α1 and have all sellers join. In the latter case,

ponj = x
n−1 + 1, ∀j = 1, 2, ..., n− 1

Rev(α1) = α1[p
on
n (S) +

n−1∑
j=1

ponj (S)] = [1− v11/(
x

n− 1
+ 1)](x+ n)

We can verify Rev(α = 1) = x > Rev(α1). This proves among all pure equilibrium, only seller n

joining is the revenue optimal one. We now prove no mixed equilibrium have larger revenue than x.
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If seller j = 1 mixes, her revenue from not joining equals to that of joining. Off platform price is

v11. On platform price is at least as large as n
n−1x− x = x

n−1 because x is the max externality seller

1 imposes on others when transacting to buyer 2. This requires

v11 = αpon1 ≥ α
x

n− 1
or α ≤ (n− 1)v11/x

Then the platform’s revenue is no larger than αnx = n(n− 1)v11 << x when x→∞. The same

argument is true when seller 2 to n-1 mixes: referral fee α is too small for platform to make any

revenue.

The above verifies the n PoA for a market with n = m sellers and buyers. For a market n > m,

we can have m buyers with the above valuations and the n−m buyers valuing no sellers, obtaining a

m = min{m,n} lower bound. For a market m > n, we can have n sellers with the above valuations

and the m− n sellers being valued by no buyers, obtaining a n = min{m,n} lower bound.

A.4 Missing Proofs for Theorem 2.5.2

Section 2.5.2 explains the intuition for the poa for mixed equilibrium. Here we give a complete and

formal proof.

Theorem 2.5.2. The Price of Anarchy of mixed Platform Equilibrium, when the platform sets a

transaction-fee α ∈ [0, 1), is at most 2−α
1−α .

Proof. Consider a mixed Platform Equilibrium x = (x1, . . . , xm) for a buyer-seller network (S,B,G),

where xj is the probability the seller j joins the platform. We define the following Bayesian game:

• For each seller j, with probability xj , j can transact with all buyers (“type 1”, tj = t1),

and with probability 1− xj , it can only transact with the buyers linked to j in G (“type 2”,

tj = t2).

• The platform posts a transaction-fee α.

• Before knowing the realization of its type, seller j chooses a pure strategy aj ∈ {on, off} for

joining the platform and being able to transact with all buyers, or staying off platform. Let a
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denote the joint strategy and a−j the joint strategy except j’s.

• Given the realized graph G′, a competitive equilibrium is formed. Market clears according to

the maximum competitive prices p.

• A seller has off platform utility u′j(off, a−j ; t) = EG′∼a,t[pj ] and on platform utility u′j(on, a−j ; t) =

(1 − α)EG′∼a,t[pj ]. A seller joining the platform pays an α-fraction of their revenue to the

platform.

We now show no seller joining aoff = {off, . . . , off} is a pure-strategy Bayes-Nash equilibrium:

∀j, Et∼x[u′j(off,aoff−j ; t)] ≥ Et∼x[u′j(on,aoff−j ; t)]

For this, consider a seller j that adopts probability xj in the mixed Nash Platform Equilibrium of

the original, complete information platform game. There are three cases to consider

Case 1: xj = 0 In this case, j’s expected utility from not joining the platform in the original,

complete information game is at least as much as j’s expected utility from joining given x−j . In

the Bayesian game, given that no other seller joins the platform, j’s utility from either joining or

not joining the platform is exactly j’s utility for joining or not joining in the complete information

game, as other links are formed according to x−j .

Case 2: xj = 1: In this case, in the Bayesian game, j is linked to all buyers with probability 1.

Thus, joining the platform in the Bayesian game does not increase j’s utility.

Case 3: xj ∈ (0, 1): In this case, in the complete information game, j’s expected utility is the same

for joining and not joining given x−j ; otherwise, j would deviate and x would not be an equilibrium.

Let uxj denote this quantity. In the Bayesian game, first consider j’s expected utility where it does

not join

Et∼x[u′j(off, aoff−j ; t)] = (1− xj)Et−j∼x−j [u
′
j(off, aoff−j ; t2, t−j)] + xjEt−j∼x−j [u

′
j(off, aoff−j ; t1, t−j)]

≥ (1− xj)uxj + xju
x
j = uxj

The first term on the right reads with probability 1− xj , tj = t2 and j’s links stay as they were in

G. Then j’s expected utility is exactly uxj , as this is j’s utility from not joining the platform in the
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original game when all other sellers’ links are formed according to x−j . The second term on the

right reads with probability xj , tj = t1 and all j’s links are formed. Then j’s expected utility is at

least as much as when it joins in the original game given all other sellers’ links are formed according

to x−j . This is because link formation distribution is the same, while the seller does not have to

pay the α fee to the platform in the Bayesian game. Therefore, j’s expected utility from not joining

is at least uxj .

Then consider j’s expected utility if it joins the platform in the Bayesian game.

Et∼x[u′j(on, aoff−j ; t)] = uxj

It exactly equals to the utility of j joining the platform in the original setup, as the link formation

distribution is the same as if j joins in the original setup, and the fee j pays is the same. So again

j’s expected utility for not joining in the Bayesian game is at least as that for joining.

In all above cases, each sellers’ expected utility of not joining is at least as much as joining

when no others join. Thus, aoff is indeed a pure strategy Bayes-Nash equilibrium. The expected

welfare of this equilibrium is exactly the same as the mixed Platform Equilibrium x in the original

complete information game, as we have the same distribution over the formation of links, and the

competitive equilibrium formed always maximizes the welfare given the links.

For the last step of the proof, show if no sellers join is an equilibrium in the Bayesian game,

then PoA with respect to pure strategies is at most 2−α
1−α . The proof follows the same arguments

of the proof of this case in Theorem 2.5.1, but the quantities we reason about for seller j are in

expectation over type probability x−j , which is no longer fixed to the mixed equilibrium. We prove

W ⋆

EG′∼aoff,t[W (S,B,G′)]
≤ 2− α

1− α

where G′ is the realized network graph where no seller joins the market in the Bayesiain game.

Consider a single seller j joining the platform, denote G(j) as the realized graph where only j
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joins. The on and off platform utility of seller j can be expressed as

Et∼x[u′j(on,aoff−j ; t)] = (1− α)Et∼xEG(j)∼aoff
−j ,t

[pj ]

= (1− α)EG(j)∼aoff−j ,x
[W (S,B,G(j))−W (S \ {j}, B,G(j))]

Et∼x[u′j(off,aoff−j ; t)] = Et∼xEG′∼aoff,t[p̂j ]

= EG′∼aoff,x[W (S,B,G′)−W (S \ {j}, B,G′)]

As j does not join the platform, the off platform utility is larger than on utility. Rearranging

EG(j)∼aoff
−j ,x

[W (S,B,G(j))] ≤ EG(j)∼aoff
−j ,x

[W (S \ {j}, B,G(j))] +
1

1− α
EG′∼aoff,x[W (S,B,G′)]

− 1

1− α
EG′∼aoff,x[W (S \ {j}, B,G′)]

=
1

1− α
EG′∼aoff,x[W (S,B,G′)]− α

1− α
EG′∼aoff,x[W (S \ {j}, B,G′)](A.14)

Let i⋆(j) be the buyer matched to j in the ideal matching W ⋆. Since j can be matched to i⋆(j)

in G(j),

W (S,B,G(j)) ≥ vi⋆(j)j +W (S \ {j}, B \ {i⋆(j)}, G(j)) (A.15)

But since G(j) and G′ only differ by seller j always joining the platform

EG(j)∼aoff
−j ,x

[W (S \ {j}, B \ {i⋆(j)}, G(j))] = EG′∼aoff,x[W (S \ {j}, B \ {i⋆(j)}, G′)] (A.16)

Combining Equations (A.14), (A.15) and (A.16)

vi⋆(j)j ≤
1

1− α
EG′∼aoff,x[W (S,B,G′)]− α

1− α
EG′∼aoff,x[W (S \ {j}, B,G′)]

− EG′∼aoff,x[W (S \ {j}, B \ {i⋆(j)}, G′)]

= EG′∼aoff,x[
1

1− α
W (S,B,G′)− α

1− α
W (S \ {j}, B,G′)−W (S \ {j}, B \ {i⋆(j)}, G′)](A.17)

For a fixed realized graph G′, the three terms inside the expectation in Eq. (A.17) have been
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analyzed in Eq. (2.22). Directly taking the results there we have a similar form to Eq. (2.25)

vi⋆(j)j ≤ EG′∼aoff,x[
1

1− α
· viG′ (j)j + vi⋆(j)t(j)]

Again t(j) is the seller who transacts with i⋆(j) in G′, also named as the twin of j .

Summing over all sellers j, we get

W ⋆ =
∑
j

vi⋆(j)j ≤
∑
j

EG′∼aoff,x

(
1

1− α
· viG′ (j)j + vi⋆(j)t(j)

)
= EG′∼aoff,x[

1

1− α
·
∑
j

viG′ (j)j +
∑
j

vi⋆(j)t(j)]

≤ EG′∼aoff,x[
1

1− α
W (S,B,G′) +

∑
j

viG′ (j)j ]

=
2− α
1− α

EG′∼aoff,x[W (S,B,G′)],

where the last inequality follows because each seller j has a distinct twin t(j), so we sum over

distinct edges of G′.

A.5 Generalizations

A.5.1 Market with Multiple Platforms

Theorem 2.7.1. For a market with multiple platforms and transaction-fee cap α ∈ [0, 1), the Price

of Anarchy of Platform Equilibrium is at most 2−α
1−α .

proof sketch. The proof follows from the same argument as that of Theorem 2.5.1 and Theorem 2.5.2.

For the Price of Anarchy of pure Platform Equilibrium, we again first prove if no seller chooses to

join any platform, welfare is guaranteed by,

W ⋆

W (S,B,G)
≤ 2− α

1− α
.

Let i⋆(j) be the buyer that j transacts with in ideal matching W ⋆, f⋆(j) be the platform

that j pays in ideal matching, and G⋆(j) be the network when only seller j joins platform f⋆(j).

Then inequalities 2.18 to 2.21 still hold after changing W (S,B,G(j)) for (W,S,B,G⋆(j)), and
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inequalities 2.22 to 2.25 remain the same. Now consider any pure equilibrium where a set of sellers

P join some platforms. Denote the resulting graph by G(P ). Again we can construct another

market where the buyers have the same valuations as the original market but the initial network is

G′ = G(P ). No seller joining is a pure Platform Equilibrium because otherwise some sellers would

have deviated in the pure equilibrium in the original market and joined some other platforms. So

W ⋆

W (S,B,G(P )) = W ⋆

W (S,B,G′) ≤
2−α
1−α . The proof for the Price of Anarchy of mixed Platform Equilibrium

follows similarly.

A.5.2 Sellers with Production Costs

In this section, we extend our results to sellers j ∈ S = {1, 2, ...,m} with production cost cj ≥ 0.

Sellers with a cost too high barely trade, and do not contribute to social welfare. Therefore, for

the discussion we assume all sellers transact. This can be modeled as each seller j being connected

off-platform to a dummy buyer ij that only values seller j and dislikes other sellers:

vij ,j′ =


cj , if j′ = j

−∞, otherwise

.

For any market M = (S,B,v, c, G) with cost c, define a many-to-one mapping of markets

T (M) = M ′, where M ′ is a new market with zero seller cost and buyer valuations

v′ij =


vij − cj , if vij ≥ cj

−∞, otherwise

Lemma A.5.1. If (p,a) is a competitive equilibrium in market M , define p′j = max{pj − cj , 0},

then (p′,a) is a competitive equilibrium in market M ′. If (p′,a) is a competitive equilibrium in

market M ′, define pj = p′j + cj, then (p,a) is a competitive equilibrium in market M .

Proof. We first prove if (p′,a) is a competitive equilibrium in M ′, then (p,a) is a competitive

equilibrium in M . The first three conditions for competitive equilibrium in Definition 2.2 are easy

to check. Without loss of generality each seller j in M ′ transacts. Because otherwise pj = 0 equals

to the dummy buyers’ valuation in M ′: v′ij ,j = 0. So the last condition is satisfied. We now show

177



every buyer gets their most preferred outcome with (p,a). When buyer i does not obtain an item,

∀j, p′j ≥ v′ij . If vij ≥ cj expanding we have pj ≥ vij ; If vij < cj with prices being non-negative

pj = p′j + cj ≥ cj > vij . In either case buyer i’s best choice in M is not obtaining an item. When

buyer i does obtain an item j⋆ in M ′, vij⋆ ≥ cj⋆ , and ∀j, v′ij⋆ − p′j⋆ = vij⋆ − pj⋆ ≥ v′ij − p′j . If vij ≥ cj

then vij⋆ − p⋆j ≥ vij − pj and we are done; otherwise vij − pj < cj − pj ≤ 0 ≤ vij⋆ − p⋆j . So indeed

buyer i’s favorite item in M is j⋆.

Now prove the other direction: if (p, a) is a competitive equilibrium in M , (p′, a) is a competitive

equilibrium in M ′. Again the first three criteria for Definition 2.2 are easy to verify. With dummy

buyers in M , all items are sold in a so the last criteria is satisfied. We now verify each buyer

gets their most preferred outcome in M ′. When buyer i does not obtain an item, ∀j, vij ≤ pj .

If vij < cj then v′ij = −∞ < 0 ≤ p′j ; if vij ≥ cj then expanding v′ij ≤ p′j . In either case buyer

i’s best choice in M ′ is not obtaining an item. If a dummy buyer ij acquires an item j⋆ = j in

M . Then vij ,j⋆ = cj⋆ ≥ pj⋆ . With the same allocation v′ij⋆ − p′j⋆ = 0 − max{0, pj⋆ − cj⋆} = 0.

But for any other seller item j′, v′ij ,j′ = −∞ so the dummy buyer strictly does not want other

items. If buyer i that is not a dummy buyer obtains an item j⋆ in M , then pj⋆ ≥ cj⋆ because

otherwise dummy buyer ij⋆ does not satisfy the demand. By non-negative of utility and price

vij⋆ ≥ pj⋆ ≥ cj⋆ so ∀j, v′ij⋆ − p′j⋆ = vij⋆ − pj⋆ ≥ vij − pj . If vij ≥ cj and pj ≥ cj then we have

v′ij − p′j = vij − cj −max{0, pj − cj} = vij − pj and we are done, if vij ≥ cj and pj < cj then we

have v′ij − p′j = vij − cj < vij − pj and we are again done; if vij < cj then v′ij = −∞ and surely in

M ′ buyer i does not demand j.

The above lemma gives a one-to-one correspondence between competitive equilibrium in M

and M ′. This allows us to analyze social welfare in M . The social welfare of an allocation a in M is

equal to valuation minus cost in M ′, that is,

∑
ij

aij(vij − cj).

By applying the first welfare theorem for the market without costs, we get the following.

Corollary A.5.2. In a competitive equilibrium for a market with production costs, the social welfare

is maximized with respect to the set of allocations that respect the transaction constraints posed by G.
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Proof. By First Welfare Theorem 2.2.2 in market without cost, the competitive allocation a in

market M ′ satisfies ∀a′,
∑

ij aijv
′
ij ≥

∑
ij a

′
ijv

′
ij . If aij = 1, by non-negative utility vij ≥ cj . So

∀a′,
∑

ij aij(vij − cj) ≥
∑

ij a
′
ijv

′
ij . For allocations a′ that let buyers purchase despite vij < cj , the

social welfare is smaller than simply letting this transaction opportunity go. So we focus on a′ that

only transacts when vij ≥ cj . For these a′,
∑

ij aij(vij − cj) ≥
∑

ij a
′
ij(vij − cj). As social welfare

incorporates cost in M , a maximizes social welfare.

Let W (S,B,v, c, G) denote optimal welfare in M . For any competitive equilibrium allocation

a, it maximizes social welfare in both M and M ′. By the construction of buyer valuation in M ′, we

observe the following.

Corollary A.5.3. Optimal welfare in M and M ′ are equal. W (S,B,v, c, G) = W (S,B,v′, G).

Proof. Consider a competitive equilibrium allocation a for both market M and M ′. Optimal

social welfare in M ′ equals to W (S,B,v′, G) =
∑

ij aijv
′
ij =

∑
ij aij(vij − cj) = W (S,B,v, c, G).

The second inequality is because the First Welfare Theorem 2.2.2 requires a to maximize welfare:

whenever aij = 1, v′ij ≥ 0.

The two corollaries above are implications of Lemma A.5.1 on the allocation side of competitive

equilibrium. On the price side, though a competitive price pj inM associates with p′j = max{pj−c, 0},

the maximum competitive price correspondence is simpler.

Corollary A.5.4. Given a of price p, define p′j = pj − cj. p is the max competitive price for M if

and only if p′ is the max competitive price for M ′.

Proof. If p is the maximum competitive price in M , pj ≥ cj : if j is matched to a dummy buyer ij

in equilibrium, the price can always increase until pj = cj ; if j is matched to other buyers, then

pj > cj because otherwise ij envies. By Lemma A.5.1, p′j = pj − cj is a competitive price in M ′.

If in M ′ there is a higher competitive price p′′, by Lemma A.5.1 in market M there must be a

competitive price p′′ + c higher than p, contradict. So p′ is indeed the maximum competitive price.

The other direction works similarly.

We are now ready to inspect the effect of cost on sellers’ decisions to join platform with

maximum competitive price. If platform would charge a transaction fee as a percentage of sellers’
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utility, pj − cj , all our previous results without cost immediately hold. As the platform cannot

directly observer sellers’ costs, the transaction fee is a percentage sellers’ price, which distorts

sellers’ incentives to join. At fee α, seller j in M joins the platform if (1− α)ponj − cj ≥ poffj − cj ⇔

(1− α)(p
′on
j + cj) ≥ p

′off
j + cj ⇔ (1− α)p

′on
j ≥ p′offj + αcj . The higher the cost, the less likely seller j

joins the platform. We generalize our result in Section 2.5 to settings with costs.

Theorem 2.7.2. In a market with cost, let β =
∑

j∈S cj/W
⋆(S,B,v, c, G) denote the fraction of

cost to optimal welfare. The Price of Anarchy of the Platform Equilibrium, when the platform sets a

transaction-fee α ∈ [0, 1), is at most 2−α
1−α−αβ .

Proof. The proof logic is similar to that in section 2.5, where we first prove for pure equilibrium

then extend it to mixed equilibrium. If no seller joins the market at α, then ∀j ∈ P

p
′off
j + αcj ≥ (1− α)p

′on
j

Expanding the price

W (S,B,v′, G(j))−W (S,B,v′, G) ≤ p
′on
j − p

′off
j ≤ α[p

′on
j + cj ]

≤ α

1− α
· p′offj +

α

1− α
cj

≤ α

1− α
(
W (S,B,v′, G)−W (S \ {j}, B,v′, G)

)
+

α

1− α
cj

Rearranging gives

W (S,B,v′, G(j)) ≤ 1

1− α
W (S,B,v′, G)− α

1− α
W (S \ {j}, B,v′, G) +

α

1− α
cj

Let i⋆(j) be the buyer matched to j in the ideal matching W ⋆(S,B,v, c, G). By Lemma A.5.1,

i⋆(j) is the buyer matched to j in W ⋆(S,B,v′, G). Since matching i⋆(j) to j is also one of the

options in (S,B,v′, G(j))

W (S,B,v′, G(j)) ≥ v′i⋆(j)j +W (S \ {j}, B \ {i⋆(j)},v′, G)
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Combining the two above inequalities

v′i⋆(j)j ≤
1

1− α
W (S,B,v′, G)− α

1− α
W (S \ {j}, B,v′, G)−W (S \ {j}, B \ {i⋆(j)},v′, G) +

α

1− α
cj(A.18)

We wish to relate the right-hand side of Eq. (A.18) to terms that relate to W (S,B,v′, G) and

W ⋆. Let iG(j) be the buyer matched to j in W (S,B,v′, G) and W (S,B,v, c, G). First, consider

W (S \ {j}, B,v′, G). By definition,

W (S,B,v′, G) = W (S \ {j}, B \ {iG(j)},v′, G) + v′iG(j)j .

Thus, we have,

W (S \ {j}, B,v′, G) ≥W (S \ {j}, B \ {iG(j)},v′, G) = W (S,B,v′, G)− v′iG(j)j . (A.19)

As for W (S \ {j}, B \ {i⋆(j)},v′, G), seller j is matched to iG(j) in G, while i⋆(j) is matched

to some potentially different vertex in G, which we call the twin of j and denote by t(j). We have

the following inequality,

W (S,B,v′, G) ≤ W (S \ {j, t(j)}, B \ {iG(j), i⋆(j)},v′, G) + v′iG(j)j + v′i⋆(j)t(j)

≤ W (S \ {j}, B \ {i⋆(j)},v′, G) + v′iG(j)j + v′i⋆(j)t(j),

where the first inequality is an equality if j ̸= t(j). Rearranging gives

W (S \ {j}, B \ {i⋆(j)},v′, G) ≥W (S,B,v′, G)− (v′iG(j)j + v′i⋆(j)t(j)). (A.20)

Combining Equations (A.18), (A.19), and (A.20), we get

v′i⋆(j)j ≤
1

1− α
W (S,B,v′, G)− α

1− α

(
W (S,B,v′, G)− v′iG(j)j

)
−

(
W (S,B,v′, G)− (v′iG(j)j + v′i⋆(j)t(j))

)
+

α

1− α
cj

=
1

1− α
· v′iG(j)j + v′i⋆(j)t(j) +

α

1− α
cj
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Summing over all sellers j, we have

W ⋆(S,B,v, c, G) = W ⋆(S,B,v′, G) =
∑
j

v′i⋆(j)j ≤
∑
j

(
1

1− α
· v′iG(j)j + v′i⋆(j)t(j) +

α

1− α
cj

)
=

1

1− α
·
∑
j

v′iG(j)j +
∑
j

v′i⋆(j)t(j) +
α

1− α
∑
j

cj

≤ 2− α
1− α

W (S,B,v′, G) +
α

1− α
∑
j

cj

=
2− α
1− α

W (S,B,v, c, G) +
α

1− α
∑
j

cj (A.21)

where the first and the last equality follows from Corollary A.5.3, and the last inequality is

because each seller j has a distinct twin t(j), so we sum over distinct edges of G. Bring in∑
j cj = βW ⋆(S,B,v, c, G)

W (S,B,v, c, G) ≥ 1− α− αβ
2− α

W ⋆(S,B,v, c, G) (A.22)

Now if a set P sellers join the platform in a pure equilibrium, just like that in the proof for

Theorem 2.5.1, we can construct another market where the initial network is G′ = G(P ). For the

same transaction fee, no seller joining the platform in (S,B,v, c, G′) is an equilibrium. And we can

apply inequality A.21 to G′ and achieve the same result.

The extension to mixed equilibrium works similarly to that in the proof for Theorem 2.5.2 and

is omitted.

The above theorem implies that at the same transaction fee, the social welfare guarantee

(naturally) deteriorates as costs get higher. This was specially relevant during the COVID-19 crisis,

where demand and supply surged on digital platforms [Raj et al., 2020] and the cost of production

grew [Felix et al., 2020]. At 30% of transaction fee (Table 2.1) and 30% of food cost 1, the resulting

welfare at a Platform Equilibrium is at least 23.5% of the ideal welfare. This is smaller than the

41% without costs, further demonstration the need to regulate transaction fee during periods where

production costs increase.

1Most profitable restaurants aim for a food cost percentage between 28 and 35%. This does not include other cost
factors such as labor, rentals, etc. Figure is taken in 2023 from Doordash website https://get.doordash.com/en-us/
blog/food-cost-percentage

182

https://get.doordash.com/en-us/blog/food-cost-percentage
https://get.doordash.com/en-us/blog/food-cost-percentage


Appendix B

Appendix to Chapter 3

B.1 Summary of results

Section 3.3 — Motivating the use of tips

• Theorem 3.3.4 With-tips equilibrium always exists

• Theorem 3.3.3 Without-tips equilibrium exists with sufficiently many couriers

• Proposition 3.3.5 Highest with-tips equilibrium welfare weakly larger than highest without-tips

equilibrium welfare

Section 3.4 — Markets without any structural constraints

• theorem 3.4.1 NP-hardness through reduction from 3DM: finding optimal welfare, maximum

with-tip equilibrium welfare, and maximum without-tip equilibrium welfare

• theorem 3.4.4 Polynomial-time algorithm to check if any allocation is supported by any with-tip

equilibrium

Section 3.5 — Markets with structures

• theorem 3.5.1 With structured courier costs, polynomial-time algorithm to find optimal welfare

• theorem 3.5.2 With structured courier costs, optimal with-tip equilibrium equals to optimal

welfare

• theorem 3.5.3 With structured buyer valuations, polynomial-time algorithm to find optimal

welfare

• theorem 3.5.4 With structured buyer valuations, optimal with-tip equilibrium equals to optimal

welfare

Section 3.6 — Platform profit maximization

Focusing on markets where one courier can only deliver for one store
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• theorem 3.6.1 Polynomial-time algorithm for finding profit-maximizing without-tip equilibrium

• theorem 3.6.2 NP-hardness through reduction from Vertex Cover: finding the maximum profit of

with-tip equilibrium

B.2 Closed-Form Solution for Minimum Tip

We give the closed form solution for tbs.

Lemma B.2.1. Given delivery compensation w and other buyers’ tips t−b, buyer b’s minimum tip

required to have some courier deliver from a store s to her is given by

tbs = min
d
{max{0, cd(b, s)− wbs, max

(b′,s′)̸=(b,s)
{wb′s′ + tb′s′ − cd(b′, s′)− wbs + cd(b, s)}}}

where tb′s′ = 0 for b′ = b, s′ ̸= s.

Proof. We first prove that when buyer b finds the tip profile tb with the lowest tbs. W.l.o.g.,

tbs′ = 0 for s′ ̸= s. Suppose ∃s′ ̸= s, tbs′ > 0 and (b, s) ∈ BRd(w, tb, t−b) for a courier d. Then

wbs−cd(b, s)+tbs ≥ wbs′−cd(b, s′)+tbs′ . By changing tbs′ to 0, it remains that (b, s) ∈ BRd(w, tb, t−b).

The condition for a courier d satisfying (b, s) ∈ BRd(w, tb, t−b) is

wbs + tbs − cd(b, s) ≥ wb′s′ + tb′,s′ − cd(b′, s′) for all (b′, s′) ̸= (b, s) and

wbs + tbs − cd(b, s) ≥ 0 and tbs ≥ 0

For b′ ̸= b, the value of tb′ is already given by t−b. And we have already proved that w.l.o.g, tbs′ = 0

for s′ ̸= s. So the minimum tip required for courier d to delivery from s to b is

max{0, cd(b, s)− wbs, max
(b′,s′)̸=(b,s)

{wb′s′ + tb′s′ − cd(b′, s′)− wbs + cd(b, s)}} (B.1)

184



B.3 Example Market

The following example markets, illustrated also in Figure B.1 shows that optimal with-tip equilibrium

achieves the optimal welfare, while the without-tip equilibrium is highly inefficient.

Example B.3.1. Consider a simple market in Figure B.1. Buyers b1 and b2 value the store s1 at

3 and 10, respectively. Couriers d1 and d2 have delivery costs cd1(b1, s1) = 0, cd1(b2, s1) = 11 and

cd2(b1, s1) = 1, cd2(b2, s1) = 12. The optimal welfare is 3 with the allocation in which d1 delivers

from s1 to b1.

In the without-tip regime, the optimal without-tip equilibrium welfare is −1. The equilibrium

is defined by ps1 ∈ [3, 10], wb2s1 = 11, wb1s1 = 0, and d1 delivers to b2. To see this, there is no

equilibrium where ps1 < 3 because both b1 and b2 want to buy from s1. If ps1 > 10, the market does

not clear.

In the with-tip equilibrium, the optimal with-tip equilibrium welfare is 3. One such equilibrium

is given by ps1 = 1, wb1s1 = 1, wb2s1 = 0, tb1s1 = tb2,s1 = 0 and allocation d1 delivers from s1 to b1.

To verify, couriers best responses are BRd1(w, t) = {(b1, s1)},BRd2(w, t) = {∅, (b1, s1)}. Buyer b1

has positive utility ub1(s1) = 2 > 0, and offers zero tip. Buyer b2 has to tip at least 12 for courier

d2 and 12 for courier d1 to deliver from s1 to her. Observe that tb2s1 = 12, so if deviating, buyer b2

has to pay ps1 + tb2s1 = 13 > vb2s1.

There is another with-tip equilibrium that shares the same purchase price, delivery compensation,

and allocations as the without-tip equilibrium, but with zero tips. To check, couriers incentives

remain unchanged with zero tips, BRd1(w, 0) = {∅, (b2, s1), (b1, s1)} and BRd2(w, 0) = {∅}. For b1

the minimum tip to have courier d1 deliver for her is tb1s1 = 0. But vb1(s1)− ps1 − tb1s1 ≤ 0. For b2

it holds that tb2s1 = 0.

B.4 Missing Proofs and Lemmas in Section 3.3

B.4.1 Missing Proofs in Section 3.3.1

We prove Lemma 3.3.1 and Lemma 3.3.2 together.

Lemma 3.3.1. Consider the case where |Ω| < l. Any courier plan (w,y) that serves Ω satisfies (i)
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b1

b2

s1

d1

d2

3

10

Cost d1 d2
b1s1 0 1
b2s1 11 12

Figure B.1: A market where the optimal without-tip equilibrium welfare is -1, but a with-tip
equilibrium achieves the optimal welfare. Buyers b1 and b2 value the only store, s1, at 3 and 10,
respectively. Courier d1 has costs of delivery 0 and 11 to b1 and b2, respectively; courier d2 has costs
of delivery 1 and 12 to b1 and b2, respectively. In Section 3.5, we will use this market to illustrate
Theorem 3.5.2. Note that courier costs can be decomposed either as c(b1, s1) = 0, c(b2, s1) =
11, cd1(s1) = 0, cd2(s1) = 1, or as c(b1, s1) = 0, c(b2, s1) = 11, cd1(b1) = cd1(b2) = 0, cd2(b1) =
cd2(b2) = 1.

b1

b2

s1

s2

d1

4

2

1

3

Cost d1
b1s1 0
b1s2 0
b2s1 0
b2s2 0

Figure B.2: A market where there is no without-tip equilibrium. As there is only one courier, one
of the two stores are not bought in any feasible allocation. At the purchase price 0, the buyer who
does not buy will want to buy from a store that does not sell in the without-tip regime. A with-tip
equilibrium is given by ps1 = 1, ps2 = 0, t = 0, wb1s1 = 4, wb1s2 = wb2s1 = wb2s2 = 0 and d1 deliver s1
to b1.

y is the minimum-cost matching that covers Ω in GD; and (ii) courier utility is upper bounded by

ud(oy(d)) ≤ ūd := CΩ(GD\d)− CΩ(GD)

where CΩ(GD) is the cost of the minimum cost matching that covers Ω in GD, and CΩ(GD\d) is the

cost of the minimum-cost matching that covers Ω without courier d. There always exists a courier

plan (w̄,y) that serves Ω and achieves ūd, where w̄bs = 0 for (b, s) /∈ Ω.

Lemma 3.3.2. Consider the case where |Ω| = l. Any courier plan (w,y) that serves Ω satisfies

that y is the minimum-cost matching that covers Ω in GD. There always exists a courier plan (w̄,y)

that serves Ω where w̄bs = 0 for (b, s) /∈ Ω, and each courier has utility

ūd = H + CΩ−1(GD\d)− CΩ(GD) ≥ max
b,s
{vb(s)},
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where H =
∑

bs vb(s) +
∑

bsd cd(b, s), while CΩ−1(GD\d) is the cost of the minimum-cost matching

that covers all but one order in Ω, and CΩ(GD) is the cost of the minimum-cost matching that

covers Ω.

Proof. Given Ω, define a two-sided market M = (Ω, D) where Ω are consumers and D the items.

In M , a consumer o = (b, s) values item d ∈ D at vo(d) = H − cd(o) = H − cd(b, s), where

H =
∑

bs vb(s) +
∑

bswbs +
∑

bsd cd(b, s). We build a one-to-one correspondence between courier

plans that serves Ω to walrasian equilibria in M .

Given (w,y), let y′ be the allocation of items D to consumers Ω that follow y (i.e., ∀o ∈

Ω, d ∈ D, y′od = yod). Let u′ be the vector of courier utility (i.e., for oy(d) = (b, s), u′d = ud(oy(d)) =

wbs − cd(o)). We prove if (w,y) serves Ω, then (y′,u′) is a walrasian equilibrium in M , where y′ is

the walrasian allocation and u′ the walrasian price.

First, an item d in M that is not allocated corresponds to a courier d who do not deliver, and

have u′d = 0. Second, each consumer o in M receives the favorite item. Consider a consumer o = (b, s)

receiving item d ≠ ∅ with utility H−cd(b, s)−u′d = H−wbs. If o buys from any other item d′ which is

not allocated u′d′ = 0, she has utility H−cd′(b, s)−u′d′ = H−cd′(bs). But being a courier plan, (w,y)

satisfies for courier d′ : wbs− cd′(bs) ≤ 0. This means consumer o has no incentive to deviate to some

item d′ unallocated. Alternatively, if o buys from any other item d′ who is allocated to a consumer

o′ = (b′, s′) ̸= (b, s), she has deviation utility H − cd′(b, s)− u′d′ = H − cd′(b, s)− wb′,s′ + cd′(b
′, s′).

Being a courier plan, (w,y) satisfies for courier d′ : wb′s′ − cd′(b′, s′) ≥ wbs − cd′(b, s), and there is

no incentive for consumer o to deviate to buy item d′. Finally customer o has weakly positive utility

H − wbs > 0.

We now look at the other direction. Given a walrasian equilibrium (y′,u′) in M , we construct

a courier plan that serves Ω. As |Ω| ≤ l and each customer o has valuation vo(d) = H − cd(o) > 0

towards any item d, by the first welfare theorem, all customers o ∈ Ω are allocated to some courier.

To construct the courier plan (w,y), for o = (b, s) /∈ Ω, set wb,s = 0, yod = 0, ∀d. For o = (b, s) ∈ Ω

where in the walrasian equilibrium o buys an item d, set ∀d′, yod′ = y′od′ and wb,s = u′d + cd(b, s).

This construction guarantees that (w,y) serves Ω if it is a courier plan. We now prove that if (y′,u′)

is a walrasian equilibrium in M , then (w,y) is a courier plan.

For any courier d that delivers oy(d) = (b, s) ̸= ∅, her utility is wb,s − cd(b, s) = u′d ≥ 0 because
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walrasian equilibrium (y′,u′) satisfies all prices are weakly larger than zero. Deviating to a store

o′ /∈ Ω yields weakly less than zero utility. Deviating to a store o′ = (b′, s′) ∈ Ω, yields utility

wb′,s′−cd(b′, s′). But since every customer o′ ∈ Ω are allocated an item d′ in the Walrasian equilibrium,

wb′,s′−cd(b′, s′) = u′d′ +cd′(b
′, s′)−cd(b′, s′). Since walrasian equilibrium (y′,u′) guarantees customer

o′ incentives, H− cd′(b′, s′)−u′d′ ≥ H− cd(b′, s′)−u′d ⇔ u′d ≥ u′d′ + cd′(b
′, s′)− cd(b′, s′). This means

courier d does not want to deviate to the store o′. For d, oy(d) ∈ BRd(w).

For any courier d that does not deliver in y, delivering an order o′ /∈ Ω yields utility weakly less

than zero. Delivering an order o′ = (b′, s′) ∈ Ω, which is delivered by another courier d′ yields utility

wb′,s′ − cd(b′, s′) = u′d′ + cd′(b
′, s′)− cd(b′, s′). But examining the incentive of customer (b′, s′) in the

walrasian equilibrium, H − cd′(b′, s′)− u′d′ ≥ H − cd(b′, s′)− 0⇔ u′d′ + cd′(b
′, s′)− cd(b′, s′) ≤ 0. So

d does not deviate to o′. For d, oy(d) ∈ BRd(w).

We have established an one-to-one relationship between courier plans that serves Ω and walrasian

equilibria in M . Since a walrasian equilibrium always exists for unit-demand supply market, there

is always a courier plan that serves Ω. By the first welfare theorem, walrasian equilibrium in M

achieves the optimal welfare, so every o ∈ Ω must be allocated in y. Then in a courier plan, y must

correspond to a minimum cost matching that covers all Ω. This is because (i) edge weight in M is

defined as H minus cost, (ii) y serves Ω.

Use y
′∗ to denote the max weight matching of the market M with SW (M) being its weight.

Use y
′∗
−d to denote the max weight matching of the market M without item d, with SW (M\d) being

its weight. If a courier in has oy(d) = ∅, then ud(oy(d)) = 0. If d is matched to (b, s) ∈ Ω, its utility

satisfies

ud(oy(d)) = wbs − cd(b, s) = u′d ≤ SW (M)− SW (M\d)

The inequality is the highest achievable walrasian equilibrium price, proved in Gul and Stacchetti

[1999].

We now upper bound the utility of couriers in the courier plan that serves Ω when l > |Ω|. We

can define the highest possible courier compensation w with this highest walrasian equilibrium price

u′. When l > |Ω|, it satisfies that the size of y
′∗ is equal to the size of y

′∗
−d, and all customers in Ω
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in market M are matched for y
′∗
−d.

SW (M)− SW (M\d) =
∑

(o,d)∈y′∗

[H − cd(o)]−
∑

(o,d)∈y′∗
−d

[H − cd(o)]

=
∑

(o,d)∈y′∗
−d

cd(o)−
∑

(o,d)∈y′∗

cd(o)

= CΩ(GD\d)− CΩ(GD)

where CΩ(GD) is the cost of the minimum cost matching that covers Ω in GD, and CΩ(GD\d) is

the cost of the minimum-cost matching that covers Ω without courier d.

When l = |Ω|, there is generally no upper bound to the courier utility. So we supply a courier

plan that guarantees courier utility larger than maxbs vb(s). The proof for constructing a courier

plan (y,w) out of a walrasian equilibrium (y′,u′) in M does not depend on H > wb,s. So we can

instead set a market M with H =
∑

bs vb(s) +
∑

bsd cd(b, s). Consider the maximum walrasian

equilibrium price given by u′d = SW (M)− SW (M\d). The size of y
′∗ is larger than the size of y

′∗
−d

by 1. So y
′∗
−d is the maximum weight matching that covers all but one customer in Ω in M .

SW (M)− SW (M\d) =
∑

(o,d)∈y′∗

[H − cd(o)]−
∑

(o,d)∈y′∗
−d

[H − cd(o)]

= H +
∑

(o,d)∈y′∗
−d

cd(o)−
∑

(o,d)∈y′∗

cd(o) ≥ max
b,s

vb(s)

which gives one possible courier compensation.

Theorem 3.3.3. In a market where the number of couriers is weakly larger than the minimum

number of buyers and stores l ≥ min{m,n}, a without-tip equilibrium always exists.

Proof. Consider a Walrasian equilibrium (p, z) in the two-sided market (B,S). z defines a subset of

orders Ω = {(b, s)|zbs = 1} satisfying |Ω| ≤ l. By Lemma 3.3.1 and Lemma 3.3.2, there is always a

courier plan (w,y) that serves Ω and satisfies ∀(b, s) /∈ Ω, wbs = 0. Define a feasible allocation x,

where for an order (b, s) = o, let xbsd = zbsyod. x does not change what buyers buy in (p, z) and

does not change what couriers deliver in (w,y). Then (p,w,x) is a without-tip equilibrium. This is

because the Walrasian equilirbium guarantees buyers incentives, the courier plan guarantees couriers
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incentives, and unsold store prices and undelivered orders delivery compensation are zero.

Theorem 3.3.4. There always exists a with-tip equilibrium.

Proof. Proposition 3.3.5 shows that any allocation in a without-tip equilibrium is in a with-tip

equilibrium of zero tips. When l ≥ min{m,n}, Theorem 3.3.3 says without-tip equilibria exist.

So a with-tip equilibria also exists. When l < min{m,n}, consider a subset of orders Ω where

each buyer and store appears at most once and |Ω| = l. Lemma 3.3.2 says there exists a courier

plan (w̄,y) that serves Ω where w̄bs = 0 for (b, s) /∈ Ω, and satisfies all courier utility being large

ud = ūd > maxbs{vb(s)}. Define an allocation x

xbsd =


1 if (b, s) = o ∈ Ω and yod = 1

0 otherwise

Define a purchase price

ps =


vb(s) if ∃(b, s) ∈ Ω

0 otherwise

Set tips to be zero t = 0. Then (p, w̄, t,x) is a with-tip equilibrium. To see this, first it satisfies

that unsold store has purchase price zero, and undelivered orders have compensation and tips

zero. Couriers incentives are satisfied from the definition of courier plan. For any buyer b that

buys from store sx(b), the minimum tip for store s′ ≠ sx(b) is larger than its valuation, i.e.,

tbs′ > vb(s
′). This is because to have any courier d delivers from s′ to b, the tip must satisfy

t + wbs′ = t ≥ ūd > maxbs{vb(s)}. However, buyers b only needs to pay zero tips for sx(b):

tbsx(b) = tbsx(b) = 0. Buyers incentives are also satisfied.

B.4.2 Missing Proofs in Section 3.3.2

Proposition 3.3.5. For a market, if (p,w,x) is a without-tip equilibrium, then (p,w, t,x) is a

with-tip equilibrium where t = 0.

Proof. As t = 0 and (p,w,x) is a without-tip equilibrium, it satisfies that stores not bought from

have zero purchase price, and orders not delivered have zero delivery compensation and zero tips
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tbs=0. For couriers, as tips are zero, the set of orders that maximize utility with tips is the same as

that without tips.

Consider a buyer b buying from a store s ≠ ∅ in x. As t−b = 0 does not change couriers incentives,

the minimum tip to have some courier delivers from store s to her is zero tbs = 0. So buying from s

remains the best option for b, i.e., ∀s′, vb(s)− ps− tbs = vb(s)− ps ≥ vb(s′)− ps′ ≥ vb(s′)− ps′ − tbs′

where the first inequality is because s ∈ BRd(p). A buyer b not buying in x still does not buy now

as purchase prices do not change.

Proposition 3.3.6. If there exists a with-tip equilibrium (p,w, t,x), then there exists a with-tip

equilibrium (p′,w′, t′,x) with zero tips t′ = 0.

Proof. For a store s that is allocated in x to a buyer b, set p′s = ps + tbs. For a store s that is not

allocated, set p′s = 0. For an order (b, s) delivered by a courier d in x, set w′
bs = wbs + tbs. For

an order (b, s) not delivered by any courier in x, set w′
bs = 0. From the couriers’ perspective, the

delivery compensation plus tips associated with each order is the same: wbs + tbs = w′
bs, so the set

of orders that maximizes each courier utility remains unchanged. We only need to prove that sx(b)

is still in the set of stores that maximizes each buyer utility in (p′,w′, t′,x).

Consider a buyer b buying from a store sx(b). Let tbs(d) and t′bs(d) be the minimum tip required

for a courier d to deliver from store s ≠ sx(b) to b, under (p,w, t,x) and (p′,w′, t′,x) respectively.

We first show that tbs(d) = t′bs(d). According to Equation (B.1), their values are given by

tbs(d) = max{0, cd(b, s)− wbs, max
(b′,s′)̸=(b,s)

{wb′s′ + tb′s′ − cd(b′, s′)− wbs + cd(b, s)}}

= max{0, cd(b, s), max
(b′,s′)̸=(b,s)

{wb′s′ + tb′s′ − cd(b′, s′) + cd(b, s)}}

t′bs(d) = max{0, cd(b, s)− w′
bs, max

(b′,s′)̸=(b,s)
{w′

b′s′ + t′b′s′ − cd(b′, s′)− w′
bs + cd(b, s)}}

= max{0, cd(b, s), max
(b′,s′)̸=(b,s)

{w′
b′s′ − cd(b′, s′) + cd(b, s)}}

Here we have used the condition that wbs = w′
bs = 0 for s ≠ sx(b) in equilibrium, and t′ = 0. For an

order (b′, s′) ̸= (b, s), by construction it always satisfies that w′
b′s′ = wb′s′ + tb′s′ . So tbs(d) = t′bs(d)
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and the minimum tip to get a delivery from store s is the same

tbs = min
d
tbs(d) = min

d
t′bs(d) = t′bs

Consider a buyer b which buys from store s = sx(b) in x. Now we are ready to prove that s is

still in the set of stores that maximizes buyer b’s utility in (p′,w′, t′,x).

When s ≠ ∅, let ub(s
′) = vb(s

′)− ps − tbs′ and u′b(s
′) = vb(s

′)− p′s′ − t′bs′ denote the utility of b

when buying from a store s′ in (p,w, t,x) and (p′,w′, t′,x) respectively. As (p,w, t,x) is a with-tip

equilibrium, buyer b pays the minimum tip tbs = tbs. It satisfies for buyer b and any store s′ that

ub(s) = vb(s)− ps − tbs = vb(s)− ps − tbs ≥ vb(s′)− ps′ − tbs′ = ub(s
′)

When s = ∅, its utility satisfies ∀s, 0 ≥ ub(s) = vb(s)− ps − tbs. Now in (p′,w′, t′,x), buyer b

when buying from a store s has utility

u′b(s) = vb(s)− p′s − t′bs = vb(s)− p′s − tbs

≤ vb(s)− ps − tbs ≤ ub(s) ≤ 0

B.4.3 Pricing with tips when equilibrium do not clear the market

In this section, we demonstrate the benefit of tips when equilibrium are not required to clear the

market. That is, unsold stores can have positive prices and undelivered orders can have positive

compensation and tips. Take the market in Example B.3.1, the best without-tip equilibrium has

welfare 0, when no transactions take place. In the contrary, the best with-tip equilibrium achieves

the optimal welfare of 3.

Proposition B.4.1. When equilibrium do not need to clear the market, there always exists a

with-tip equilibrium whose welfare is at least OPT/min{m,n, l}.

Proof. Let x⋆ be an allocation that achieves the optimal welfare OPT . In x⋆ there are at most

min{m,n, l} transacting buyer–store–courier triples, or at most min{m,n, l} trades. So there the
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trade that generates the largest welfare is guaranteed to generate welfare at least 1
min{m,n,l}OPT .

Denote this trade by (b⋆, s⋆, d⋆). We show the allocation where only (b⋆, s⋆, d⋆) trades is always in a

with-tip equilibrium with zero tips t = 0.

Given the order (b⋆, s⋆), d⋆ is the courier with the lowest cost for delivering (b⋆, s⋆). Hence, set

courier compensation w to be wbs = 0, ∀(b, s) ̸= (b⋆, s⋆) and wb⋆,s⋆ = cd⋆(b⋆, s⋆). This way, no other

couriers have incentives to serve (b⋆, s⋆).

For purchase prices, set ps = maxb,s vb(s) for all s ≠ s⋆ and ps⋆ = vb⋆(s⋆). Buyer b⋆ do not

need to pay any tips for the delivery tb⋆s⋆ = 0. This way b⋆ is indifferent to buy from s⋆, while all

other buyers b have to pay ps⋆ + tbs⋆ to buy from s. Furthermore, for any b ≠ b⋆ the minimum tip

for some couriers to deliver s⋆ satisfies tbs⋆ + wbs⋆ = tbs⋆ ≥ mind cd(b, s
⋆). So for any other buyer b,

purchasing from s⋆ results in utility vb(s
⋆)−mind c

d
bs⋆ − v⋆b (s⋆). But since (b⋆, v⋆, s⋆) is the trade

with the largest welfare, vb⋆(s⋆) ≥ vb⋆(s⋆)− cd⋆(b⋆, s⋆) ≥ vb(s⋆)− cd(b, s⋆) ∀b, d. So any other buyer

b will have a weakly smaller than zero of utility of purchasing and paying tips for s⋆. So buyers

incentives are satisfied.

B.5 Missing Proofs and Lemmas in Section 3.4

Proposition B.5.1. There exists a market where the only with-tip equilibria has welfare strictly

less than the optimal welfare.

Proof. The market in Figure B.3 is an example where all equilibria have low welfare compared

with the optimal welfare. Let κ > 2 be a constant. Both buyers value both stores at 1, and the

two couriers have costs cd1(b1s1) = 0, cd1(b1s2) = cd1(b2s1) = cd2(b1s1) = cd2(b2s2) = κ, cd1(b2s2) =

cd2(b2s1) = 0.5, cd2(b1s2) = 0.49. The optimal welfare in this market is 1, realized by b1 buys from

s1 delivered by d1. We show the optimal equilibrium welfare is 2− κ and can be very inefficient

when κ is large.

Consider allocations where both buyers buy. These allocations have a maximum welfare of

2− κ < 0. One such equilibrium is specified by xb2s2d2 = xb1s1d1 = 1, ps1 = ps2 = 1, wb1s2 = wb2s1 =

0, wb1s1 = wb2s2 = κ, t = 0.

We now show there is no equilibrium where only one buyer buys. If such an equilibrium exists,

the store not bought from has zero purchase price. And the courier with the lower cost between d1
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b1

b2

s1

s2

d1

d2

1

1

1

1

Cost d1 d2
b1s1 0 κ
b1s2 κ 0.49
b2s1 κ 0.5
b2s2 0.5 κ

Figure B.3: A market where the only equilibrium has welfare strictly less than the optimal welfare.
Both buyers value both stores at 1. The two courier have different cost of delivery.

and d2 delivers. Otherwise, the idle courier with a lower cost will want to deliver as well.

• If only b1 buys from s1. d1 delivers, d2 has zero utility. Buyer b1 can buy from s2 with the

minimum tip that makes d2 indifferent to deliver tb1s2 = 0.49, resulting in a buyer utility of

0.51. To make b1 buy from s1, p1 ≤ 0.49. But then b2 can buy s1 with tip 0.5, resulting in a

positive utility 1− 0.5− 0.49 > 0.

• If only b1 buys from s2. d2 delivers, d1 has zero utility. b1 can buy s1 with zero tip and utility

1, so p2 = 0. But then b2 can tip d1 with tb2s2 = 0.5 to buy from s2 with positive utility

1− 0.5 > 0.

With the same logic, one can show the other two allocations “Only b2 buys from s1” and “Only b2

buys from s2” are not in any equilibrium.

Theorem 3.4.1. In a market where all buyers’ valuations equal 1, and all couriers’ costs lie in

{0, 1}, it is NP-hard to determine

• whether the optimal with-tip equilibrium welfare exceeds k

• whether the optimal without-tip equilibrium welfare exceeds k

• whether the optimal welfare exceeds k

Proof. We prove the three statements simultaneously by reducing from the 3-dimensional matching

(3DM), one of the first 21 NP-complete problems proved [Karp, 1975]. 3DM asks the following

question: Given a 3-uniform hypergraph G = (B,S,D) with hyperedges T ⊂ B × S × D where

|B| = |S| = |D| = l, is there a perfect matching?
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We construct a following market M with m buyers, n stores and l couriers where m = n = l.

Buyers’ valuations are always 1. Couriers’ costs are set as

cd(b, s) =


0 if (b, s, d) ∈ T ,

1 otherwise.

If G has a perfect matching of size l, this perfect matching defines a subset of orders

Ω = {(b, s)| ∃d such that (b, s, d) is in the perfect matching}.

It holds that |Ω| = l. By Lemma 3.3.2, there exists a courier plan (w̄,y) that serves Ω where all

orders (b, s) /∈ Ω have delivery compensation w̄bs = 0. We define a purchase price p = 1, a tip t = 0,

an allocation x where xbsd = 1 iff and only if (b, s) = o ∈ Ω and yod = 1.

Then (p, w̄, t,x) is an equilibrium. This is because all buyers buy with minimum tip 0 and

utility 0. If a buyer b buy from a store other than sx(b), she needs to pay nonzero tips and a

purchase price of 1, resulting in a deviation utility weakly less than 0. The construction of courier

plan guarantees courier incentives. By our construction, this equilibrium has welfare l. Similarly

(p, w̄,x) is a without-tip equilibrium with welfare l. And naturally, the optimal welfare is l as well.

For the other direction, If G does not have a perfect matching of size l, then by the construction

of the market M , there does not exists any allocation x with welfare l. So the optimal equilibrium

welfare is smaller than l. We have shown that G has a perfect matching if and only if there exists an

equilibrium with welfare l. Similarly, if G does not have a perfect matching, then there doesn’t exist

an allocation with welfare l. So G has a perfect matching if and only if optimal welfare is equal to l.

Since valuations and costs are integral, as deciding whether the optimal equilibrium welfare

(optimal welfare) equals l is NP-hard, it follows from standard reduction that deciding whether

there exists an equilibrium with welfare at least k is NP-hard as well.

B.5.1 Missing Proofs and Lemmas in Section 3.4.1

Lemma 3.4.2. If a feasible allocation x is in some equilibrium (p,w, t,x) where t = 0, then

(p, w̄, t,x) is also an equilibrium where w̄ is the highest courier compensation defined in Lemma 3.3.1
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and Lemma 3.3.2.

Proof. Let Ωx = {(b, s)|
∑

d xbsd = 1} and y a courier allocation defined by

yod =


1 o = (b, s) ∈ Ω and xbsd = 1,

0 otherwise.

For (p,w, t,x) to be an equilibrium, (w,y) must be a courier plan that serves Ω. Lemma 3.3.1

and Lemma 3.3.2 state the existence of a courier plan (w̄,y′). These two lemmas also require that

both y and y′ are a minimum-cost matching that covers Ω in the bipartite graph GD = (O,D).

Then (w̄,y) is a courier plan that serves Ω.1 This shows that courier incentives are satisfied.

We now check buyer incentives. As (w̄,y) is a courier plan that serves Ω and w̄ is the highest

courier compensation, the couriers achieve the highest possible utility ūd, defined in Lemma 3.3.1

and Lemma 3.3.2. For (b, s) ∈ Ωx, the courier plan (w̄,y) serving Ωx already guarantees that some

couriers are willing to deliver (b, s) so tbs = 0. When (b, s) /∈ Ωx, to have courier d deliver for store

s, the tip must be large enough to match couriers current utility in the courier plan

tbs + wbs − cd(b, s) = tbs + 0− cd(b, s) ≥ ūd

Combining the two cases, the minimum tip buyer b needs to offer for some courier to deliver from a

store s is

tbs =


0 if (b, s) ∈ Ωx,

mind cd(b, s) + ūd otherwise.

(B.2)

We now proceed to show that since a buyer b does not offer a lower tip to buy from any other store

than sx(b) in (p,w, t,x), she does not offer a higher tip to buy from other stores in (p, w̄, t,x).

There are two cases when the buyer b deviates to buy from any other store s ̸= sx(b)

• When |Ωx| = l, it satisfies that for all couriers ūd > maxbs{vb(s)}. So buyers utility buying

from any other s is negative because tbs ≥ ūd is high.

1The proof for Lemma 3.3.1 and Lemma 3.3.2 build a one-to-one correspondence between courier plans and
Walrasian equilibrium in a two-sided market (Ω, D). y and y′ corresponds to the Walrasian allocation, and w, w̄
corresponds to the Walrasian price. By the second welfare theorem, (y, w̄) corresponds to a Walrasian equilibrium, so
is a courier plan as well.
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• When |Ωx| < l, ūd is the highest possible courier utility over all courier plans. So the minimum

tip tbs required for buyer b to get delivery from store s ̸= sx(b) is the highest possible tip. As

buyers do not deviate in (p,w, t,x), she does not deviate in (p, w̄, t,x) by paying an even

higher tip.

And finally, by the definition of Ωx, it cannot be larger than l. This completes the proof.

Lemma 3.4.3. A feasible allocation x is in some equilibrium if and only if z is a maximum weight

matching in Gx.

Proof. The only if direction. When x is in some equilibrium, we have proved that it is always in an

equilibrium of the form (p, w̄, t,x) where t = 0. The minimum tip for buyer b to buy from store s it

tbs. From a buyer b’s perspective, her realized valuation for store s is exactly vxbs, as she also has to

pay tips to get the delivery. In equilibrium (p,w, t,x) all buyers buy from their favorite store, and

stores unsold has price zero. These two conditions correspond to a Walrasian equilibrium in the

market defined by Gx. By the first welfare theorem, z must be a maximum weight matching in Gx.

The if direction. z being a maximum weight matching defines a Walrasian equilibrium (z,p) in

the two-sided market Gx, where ps = 0 for unallocated stores. Then (p, w̄, t,x) is an equilibrium,

where t = 0. This is because we have already shown that w̄, zero tips, and x satisfy courier

incentives. Buyer incentives are satisfied by the Walrasian equilibrium in Gx.

Corollary B.5.2. If a feasible allocation x satisfies that |Ωx| = l, then x is in some equilibrium.

Proof. Lemma 3.3.2 shows with courier compensation w, any courier utility is at least as large as

the maximum buyer valuations ūd > maxbs vb(s). This means the minimum tip tbs in Equation (B.2)

for (b, s) /∈ Ωx is larger than buyer valuation. Thus any edge not in z has negative weights and any

edge in z has weakly positive weights. By Lemma 3.4.3, x is in some equilibrium.

Theorem 3.4.4. For any allocation x, there is a polynomial time procedure to determine if there

exists an equilibrium that includes x.

Proof. For any feasible x, we can calculate the weight of edges in graph Gx to invoke Lemma 3.4.3.

Following their expressions in Lemma 3.3.1 and Lemma 3.3.2, calculating ūd for all couriers takes

197



polynomial time, as each ūd requires two computations for minimum cost matching that covers Ωx

or all but one element in Ωx. Calculating the minimum tip tbs for all buyers b and stores s, and

finding the value of max weight matching in Gx takes polynomial time as well.

B.6 Missing Proofs in Section 3.5

Theorem 3.5.1. The optimal welfare can be computed in polynomial time when the couriers’

costs are decomposable into a buyer–store and a courier–store part cd(b, s) = c(b, s) + cd(s), or a

buyer–store and a courier–buyer part cd(b, s) = c(b, s) + cd(b).

Proof. We reduce the problem of finding the optimal welfare to a standard minimum cost flow

problem, solvable in polynomial time using existing algorithms. We demonstrate this for cd(b, s) =

c(b, s) + cd(s), while the similar case cd(b, s) = c(b, s) + cd(b) is omitted.

Given a market, construct a flow network. Figure 3.1 illustrates such a network for a market

with two buyers, two stores and three couriers. There is a source node So, a sink node Si, a node

for each buyer b ∈ B, order o ∈ B × S, store s ∈ S, courier d ∈ D, and an additional dummy node

for each store. There exists a directed edge from the source to each buyer node, from each buyer to

each order that involves the buyer, from each order to the store that is involved in the order, from

each store to the dummy node of the same store, from each dummy store to each courier, and from

each courier to the sink. All edges have capacity one. An edge between a buyer b and an order (b, s)

has cost −vb(s), an edge between an order (b, s) and a store s has cost c(b, s), an edge between a

dummy store s′ and a courier have cd(s) as cost. The net supply or demand are zero for all nodes

except the source and the sink node.

Each integer flow corresponds to a feasible allocation. To see this, an integer flow ensures

unit-demand, unit-capacity, and unit-supply constraints, as each buyer node receives at most one

unit of flow from the source, and each store node send out one unit of flow to its dummy node, and

each courier node send out one unit of flow to the sink. The path each unit of flow goes through

defines a trade xbsd = 1.

To solve for the optimal welfare, set net supply of the source node equal to the net demand

of the sink node to be f = 1, 2, ...,min{m,n, l}. Solve the minimum cost flow problem for each f

and take the flow with the minimum cost over all f . By the integrality theorem, any minimum
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cost network flow problem instance whose demands data are all integers has an optimal solution

with integer flow on each edge. Each flow corresponds to a feasible allocation x, and the cost of a

flow equals to the negation of the welfare of x. Hence finding the minimum cost flow among all

f = 1, 2, ...,min{m,n, l} is finding the allocation with the optimal welfare.

Theorem 3.5.2. When the courier costs consist of a buyer–store and a courier–store part cd(b, s) =

c(b, s) + cd(s), or a buyer–store and a courier–buyer part cd(b, s) = c(b, s) + cd(b), there always exists

a with-tip equilibrium that achieves the optimal welfare. However, there exists a market with such

courier costs, where every without-tip equilibrium has welfare lower than the optimal welfare.

Proof. Let x be a feasible allocation that achieves the optimal welfare W (x) = OPT . If |Ωx| = l,

Corollary B.5.2 shows x is in some equilibrium. We focus on the case where |Ωx| < l.

We first present the proofs here for cd(b, s) = c(b, s) + cd(b) and all stores are bought

from |Ωx| = n where n is the number of stores in the market. We present the case for

|Ωx| < n and cd(b, s) = c(b, s) + cd(s) later.

Let z be the buyer allocation induced by x in Gx, and z′ be any other feasible buyer allocation

in Gx. We will show that z is of weakly larger weight than z′. Then Lemma 3.4.3 shows x is in an

equilibrium. In Gx, the two matching z and z′ define some alternating paths and cycles

π = ((b0), s1, b1, s2, b2, . . . , bt−1, st, bt),

where for every q ∈ {1, . . . , t},

zbq ,sq = 1 and zbq−1,sq = 0 and z′bq ,sq = 0 and z′bq−1,sq = 1.

An alternating path can either start from 1) b0, a buyer allocated by z′ but not by z; 2) s1, a

store allocated by z but not by z′. In an alternating path buyer bt is allocated by z but not by z′.

An alternating cycle is defined by bt = b0, and all buyers and stores on the cycle is allocated by

both z and z′. We use π to denote both alternating paths and cycles. As |Ωx| = n, all stores in π

are allocated in z. Each alternating path and cycle captures buyers comparing the store they buy

from in x, against stores they can buy from by paying tips. Figure B.4 shows some examples of the

alternating paths and cycles.
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b1 b2 b3

s1 s2 s3

b0 b1 b2 b3

s1 s2 s3

b1 b2 b3

s1 s2 s3

Figure B.4: In Gx, z and z′ define some alternating paths and cycles that do no intersect. Solid
edges means zbs = 1, dotted edges means z′bs = 1. From left to right: alternating path with no
unmatched buyer in z, alternating path with b0 unmatched by z, alternating cycle.

Each π defines a subgraph Gπx that consists of buyers and stores in π. Since z and z′ are

matchings in Gx, no two alternating paths or cycles intersect. We will prove z is a maximum weight

matching when restricted to each such subgraph Gπx. This implies that z is a max weight matching

in Gx. We define some notations that allow us to operate on each subgraph Gπx. Let zπ denote z

restricted to π and xπ denote x restricted to π:

zπbs =


zbs if b ∈ π, s ∈ π,

0 otherwise.

, xπbsd =


xbsd if b ∈ π, s ∈ π,

0 otherwise.

Similarly, let z
′π be z′ restricted to π. Let z\π = z− zπ be the part of z not involving buyers

and stores in π, and similarly x\π = x− xπ be the part of x not involving buyers and stores in π.

Case I. Alternating path starting at s1 or alternating cycle. All buyers matched in z
′π is

matched in zπ as well. This allows us to define a feasible allocation x′π on three-sided market for

the buyer allocation z′π in the following way: A buyer matched in z′π receives delivery from the

same courier as in xπ

x′πbsd =


1 if z′πbs = 1 and

∑
s x

π
bsd = 1,

0 otherwise.
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As x′π only allocates buyers stores and couriers allocated in xπ, x′π + x\π is another matching.

Since x is the allocation with the optimal welfare, we have W (x) ≥W (x′π) +W (x\π).

∑
bs:xπbs=1

[vb(s)− c(b, s)]−
∑

bd:
∑

s x
π
bsd=1

cd(b) = W (xπ) = W (x)−W (x\π) ≥W (x′π)

=
∑

bs:x′πbs=1

vb(s)−
∑

bs:x′πbs=1

c(b, s)−
∑

bd:
∑

s x
′π
bsd=1

cd(b)

≥
∑

bs:x′πbs=1

[vb(s)− tbs]−
∑

bd:
∑

s x
π
bsd=1

cd(b).

The last inequality comes from tip tbs ≥ c(b, s) for s ̸= sx(b), and x′π using the same couriers to

deliver for buyers in xπ. Simplifying the inequality we have

∑
bs:zπbs=1

vb(s) ≥
∑

bs:z′πbs=1

[vb(s)− tbs] =
∑

bs:z′πbs=1

vxb (s),

which means z is a max weight matching when restricted to Gπx.

Case II. Alternating path starting at b0. The buyer bt at the end of the alternating path is

matched in z but not z′. To denote the dependency on x, let ūd(x) := ūd be the highest courier

utility in Lemma 3.3.1. For an alternating path starting at b0, let d0 be the courier who is willing to

deliver order (b0, s1) with the lowest tip d0 = arg mind{cd(b0, s1) + ūd(x)}. As |Ωx| < l Lemma 3.3.1

gives an expression for d0’s highest utility ūd0(x) = CΩx(GD\d0)− CΩx(GD). Here CΩx(GD) is the

minimum cost of delivering all orders in Ωx, also the total courier cost for x because x is optimal.

CΩx(GD\d0) is the cost of the minimum cost matching that covers Ωx without courier d0 in the

bipartite graph GD = (O,D). Let y\d0 be the courier allocation in GD that covers Ωx with the

minimum cost without courier d0. The buyer-courier part of the cost for y\d0 is equal to total cost

minus the buyer–store part of the cost CΩx(GD\d0)−
∑

bs:zbs=1 c(b, s).

Now define a feasible allocation x′ for the buyer allocation z′π + z\π where

x′bsd =


1 if (b, s, d) = (b0, s1, d0),

1 if (b, s, d) ̸= (b0, s1, d0) and z′πbs + z
\π
bs = 1 and

∑
s′ y

\d0
o,d = 1 for o = (b, s′),

0 otherwise.

201



This means, x′ fulfills all orders in z′π and z\π, by having d0 delivering for b0, and have the

buyers receive delivery from the same couriers that they receive deliver in y\d0 . The buyer-courier

part of the delivery cost for x′ is weakly smaller than cd0(b0) +CΩx(GD\d0)−
∑

bs:zbs=1 c(b, s). This

is because an order (bt, st) is matched in y\d0 , but bt is no longer matched in x′. The welfare of x′

can be expressed as

W (x′) ≥
∑

bs:z′πbs=1

[vb(s)− c(b, s)] +
∑

bs:z
\π
bs =1

[vb(s)− c(b, s)]− cd0(b0)− CΩx(GD\d0) +
∑

bs:zbs=1

c(b, s)

We can also write out the welfare of x\π by expressing the couriers cost indirectly through the

courier cost for xπ.

W (x\π) =
∑

bs:x
\π
bs =1

vb(s)− [CΩx(GD)−
∑

bs:zπbs=1

c(b, s)−
∑

bd:
∑

s x
π
bsd=1

cd(b)].

Putting the two together we have,

W (x′)−W (x\π) ≥
∑

bs:z′πbs=1

[vb(s)− c(b, s)]− [cd0(b0) + CΩx(GD\d0)− CΩx(GD)]

+ (
∑

bs:zbs=1

c(b, s)−
∑

bs:zπbs=1

c(b, s)−
∑

bs:z
\π
bs =1

c(b, s))−
∑

bd:
∑

s x
π
bsd=1

cd(b)

≥
∑

bs:z′πbs=1

[vb(s)− c(b, s)]− (cd0(b0) + ūd0(x))−
∑

bd:
∑

s x
π
bsd=1

cd(b).

By x having larger welfare than x′,

∑
bs:zπbs=1

[vb(s)− c(b, s)]−
∑

bd:
∑

s x
π
bsd=1

cd(b) = W (xπ) = W (x)−W (x\π) ≥W (x′)−W (x\π).

Combining the latter two inequalities and simplifying,

∑
bs:zπbs=1

vb(s) ≥
∑

bs:z′πbs=1

[vb(s)− c(b, s)]− (cd0(b0) + ūd0(x))

≥ vb0(s1)− tb0s1 +
∑

bs:z′πbs=1,b̸=b0

[vb(s)− tbs] =
∑

bs:z′πbs=1

vxb (s).
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In the last inequality we have used that for an order (b, s) matched in z′πbs = 1 but zπbs = 0,

tbs = mind(cd(b, s) + ūd(x)) ≥ mind cd(b, s) ≥ c(b, s). We have proved that z is a max weight

matching when restricted to Gπx.

We now continue the proof for cd(b, s) = c(b, s) + cd(b) when not all stores are bought

from |Ωx| < n. The main difference from the previous case |Ωx| = n is that alternative paths can

include stores not bought from in x now. But the analysis are similar.

The two matching z and z′ define some alternating paths and cycles. The proof for the case

|Ωx| = n already works for alternative paths and cycles that do not contain unmatched stores in

z. So we can focus on alternating paths that involve stores that are not matched in z. Stores

unmatched in z cannot exist in any alternating cycles. An alternating path p is denoted as

((b0), s1, b1, s2, b2, . . . , bt−1, st),

where for every q ∈ {1, . . . , t− 1},

zbq ,sq = 1 and z′bq ,sq = 0,

and for every q ∈ {1, . . . , t},

zbq−1,sq = 0 and z′bq−1,sq = 1.

Per discussion of the previous paragraph, an alternating path always end at some store st that is

not matched by z. An alternating path can either start from 1) b0, a buyer allocated by z′ but not

by z; 2) or s1, a store allocated by z but not by z′.

Similar as the proof for Ωn, define zπ to be the buyer–store allocation of z when restricted to

the alternating path π, and z\π = z− zπ the buyer–store allocation of z not involving buyers or

stores in π. Let xπ and x\π be the part of x that does or does not involve π respectively. Similarly,

define z
′π to be z′ restricted to the alternating path π.

Case I. alternating path starting at s1. This case is entirely the same as Case I. of |Ωx| = n.

Case II. alternating path starting at b0. If the alternative path starts from b0, let d0 be the

courier who are willing to deliver the order (b0, s1) with the lowest tip d0 = arg mind cd(b0, s1) + ūd(x).
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Use CΩx(GD) and CΩx(GD\d0) to denote the cost of minimum cost matching in GD that covers Ωx

with and without d0 respectively. As x is the welfare-optimal allocation, CΩx(GD) is also the total

courier cost for x. Let y\d0 be the minimum cost matching in GD that covers Ωx without d0.

Let x′ be the minimum-cost allocation that satisfies
∑

d x
′
bs = z

′π
bs + z

\π
bs . To deliver the orders

in z
′π + z\π, one possible way is to have courier d0 deliver (b0, s1) and all other buyers’ orders

being delivered by the same couriers as in y\d0 , that is, a buyer b receives delivery from a courier

d that satisfies y
\d0
od = 1 for o = (b, s) ∈ Ωx. The courier–buyer part of the cost of this matching

is cd0(b0) + [CΩx(GD\d0)−
∑

bs:zbs=1 c(b, s)]. So total courier cost in x′ is weakly smaller than the

above stated way of matching couriers.

W (x′) ≥
∑

bs:z
′π
bs=1

[vb(s)− c(b, s)] +
∑

bs:z
\π
bs =1

[vb(s)− c(b, s)]− cd0(b0)− CΩx(GD\d0) +
∑

bs:zbs=1

c(b, s)

We also write out the total welfare of W (x\π) by expressing the courier cost indirectly through the

courier cost of xπ.

W (x\π) =
∑
bs:z

\π
bs

vb(s)− [CΩx(GD)−
∑

bs:zπbs=1

c(b, s)−
∑

bd:
∑

s x
p
bsd=1

cd(b)]

Putting the two inequalities together

W (x′)−W (x\π) ≥
∑

bs:z
′π
bs=1

[vb(s)− c(b, s)]− cd0(s1)− [CΩx(GD\d0)− CΩx(GD)]−
∑

bd:
∑

d x
π
bsd=1

cd(b)

By x having larger welfare than x′

∑
bs:zπbs=1

[vb(s)− c(b, s)]−
∑

bd:
∑

s x
π
bsd=1

cd(b) = W (xπ) = W (x)−W (x\π) ≥W (x′)−W (x\π)
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So Si

s1

s2

b1s1

b2s1

b3s2

b4s2

d1

d2

d3

−vb1(s1)

−vb3(s2)

−vb2(s1)

−vb4(s2)
cd3(b4,s2)

cd1(b1,s1)

Store Buyer–Store Courier

Figure B.5: An example min-cost flow network for a market where each buyer only values one store.
There is a vertex bs for each buyer b that values store s.

Combining the last two inequalities and simplifying

∑
bs:zπbs=1

vb(s) ≥
∑

bs:zπbs=1

[vb(s)− c(b, s)] ≥
∑

bs:z
′π
bs=1

[vb(s)− c(b, s)]− cd0(s1)− ūd0(x)

≥
∑

bs:z
′π
bs=1

[vb(s)− tbs] =
∑

bs:z
′π
bs=1

vxb (s)

In the last inequality, we used tbs ≥ c(b, s) for (b, s) /∈ Ωx. So for any alternating path p that starts

from b0, z
π have weakly larger welfare than any other matching z′π on p.

The proof for courier costs being divisible to buyer–store and store–courier part cd(b, s) =

cd(s)+c(b, s) is quite similar to the proof above for cd(b, s) = cd(b)+c(b, s). One just goes through all

four types and alternating paths and cycles, and swapping out the buyer-courier cost to store-courier

cost in the proof. So we omit that proof.

Theorem 3.5.4. When each buyer only has a positive valuation for one store, there always exists a

with-tip equilibrium that achieves the optimal welfare. However, there exists a market with such

buyer valuations, where every without-tip equilibrium has welfare lower than the optimal welfare.

Proof. Let x be a feasible allocation that achieves the optimal welfare W (x) = OPT . If |Ωx| = l,
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Corollary B.5.2 shows x is in some equilibrium. We focus on the case where |Ωx| < l. Let z be the

buyer allocation induced by x in Gx. We prove that z is a maximum weight matching in Gx, and

by Lemma 3.4.3, x is indeed in an equilibrium.

For a store s0 that is valued by some buyer b0 but not matched in x, let d0 be the courier

who is willing to deliver order (b0, s0) with the lowest tip d0 = arg mind{cd′(b0, s0) + ūd(x)}. By

Lemma 3.3.1, courier d0’s utility is written as ūd0(x) = CΩx(GD\d0) − CΩx(GD). Here CΩx(GD)

is the minimum cost of delivering all orders in Ωx, also the total courier cost for x because x is

optimal. CΩx(GD\d0) is the cost of the minimum cost matching that covers Ωx without courier d0

in the bipartite graph GD = (O,D). Let y\d0 be the courier allocation in GD that covers Ωx with

the minimum cost without courier d0.

Consider an allocation where d0 delivers the order (b0, s0), and all buyer–store pairs in (b, s) ∈

Ωx, b ̸= b0, s ̸= s0 are delivered by the same couriers as in y\d0 . As x is welfare-optimal,

vb0(s0)− cd0(b0, s0) +
∑

bs:zbs=1

vb(s)− CΩx(GD\d0) ≤W (x) =
∑

bs:zbs=1

vb(s)− CΩx(GD)

vb0(s0)− cd0(b0, s0) ≤ CΩx(GD\d0)− CΩx(GD) = ūd0(x)

vb0(s0) ≤ tb0s0

This shows all edges connecting to an unmatched store s0 has weight weakly smaller than zero in

Gx.

For a store s0 that is matched to a buyer b0 and delivered by a courier d0 in x, but also valued

by some buyer b1, we now show that vb1(s0)− tb1s0 ≤ vb0(s0). Similar as the above case, one feasible

allocation x′ is to replace the buyer–store pair (b0, s0) by (b1, s0), and have courier d0 deliver for

(b1, s0). All other orders in Ωx are delivered as the same way as y\d0, which have a total cost weakly

smaller than CΩx(GD\d0) because the order (b0, s0) no longer needs to be delivered.

W (x) = vb0(s0) +
∑

bs:zbs=1,b̸=b0

vb(s)− CΩx(GD)

≥W (x′) ≥ vb1(s0)− cd0(b1, s0) +
∑

bs:zbs=1,b̸=b0

vb(s)− CΩx(GD\d0)

vb0(s0) ≥ vb1(s0)− cd0(b1, s0)− ūd0(x) = vb1(s0)− tb1s0
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This shows for any store s0 already matched in x, its matched edge has weakly larger weight than

any edges not matched in Gx. This completes the proof that x is the maximum weight matching in

Gx.

B.7 Missing Lemmas and Proofs in Section 3.6

We first write the formal statement that the platform profit is weakly higher in with-tip equilibrium

compared to without-tip equilibrium. The proposition automatically follows from Proposition 3.3.5

so we omit the proof.

Proposition B.7.1. For any without-tip equilibrium profit, there exists a with-tip equilibrium that

achieves the same profit.

Theorem B.7.2. It is NP-hard to determine whether the maximum profit of with-tip equilibrium is

at least k. The same hardness result holds for without-tip equilibrium in markets where the number

of couriers is weakly larger than the minimum number of buyers and stores.

Proof. We use the same construction as in the proof for Theorem 3.4.1.

If there exists a perfect matching of size l, then consider an allocation x that corresponds to the

perfect matching, purchase price p = 1, courier compensation w = 0. This constitutes a without-tip

equilibrium with profit l. For couriers, delivering or not delivering both provides utility zero. For

buyers, purchasing means paying price one and having zero utility, while deviating also means zero

utility. Furthering specifying t = 0 gives a with-tip equilibrium with profit l as well, because buyers

deviating need to pay positive tips as well as a price of one. The equilibrium brings profit equal to l.

On the other direction, if there exists some equilibrium with profit k, then this equilibrium

defines a matching. For each trade in the matching, the maximum profit the platform can extract is

one. So the profit of the equilibrium is no larger than the size of the matching it facilitates.

We have proved that there exists a perfect matching in the 3DM instance if and only if the

maximum profit is l. Now given the 3DM instance, we can set k = l and find the maximum profit.

If the max-profit is at least l, then a perfect matching exists, otherwise not. This shows determining

whether the maximum profit is at least k is also NP-hard.
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Theorem 3.6.1. In markets where each courier can deliver orders from only one store and each

store has at least one available courier, there exists a polynomial-time algorithm to find the profit-

maximizing without-tip equilibrium.

Proof. We first present the algorithm. Let ϵ be a small value such that ϵ
∑

b,s,d cd(b, s) ≤ minbs{vbs|vbs >

0}. Define a new buyer-seller bipartite market where buyer valuation is modified by the cost

v′bs = vbs + ϵmaxb,s,d cd(b, s) − ϵmind cd(b, s) ≥ 0. The walrasian equilibrium allocation z in the

new buyer-seller market is the profit-maximal buyer-store orders in the three-sided market, where

couriers with the minimum cost delivers for orders. Formally, the profit maximum without-tip

allocation x and courier compensation is given by

xbsd =


1 if zbs = 1 and ∀d′, cd(b, s) ≤ cd′(b, s)

0 otherwise

, wbs =


mind cd(b, s) if zbs = 1

0 otherwise

Buyer prices is the maximum walrasian price in the buyer-seller market with unaltered valuation.

As calculating max-weight matching in bipartite graph, or a walrasian equilibrium takes polynomial

time, the above procedure takes polynomial time.

We then explain why the algorithm produces the max-profit without-tip equilibrium. When

buyers cannot specify tips, the set of allocations that satisfy buyer incentives must be the same set

of allocation in the walrasian equilibrium of the buyer-store two-sided market. Since all walrasian

equilibrium have the same highest price by the lattice structure [Gul and Stacchetti, 1999], the

maximum prices the platform can charge to buyers is fixed in the three-sided market. Since each

courier only deliver for one store, equilibrium requires that the courier with minimum costs deliver

the order, and minimum compensation equal to costs. The ϵ modification to values serves to select

the walrasian equilibrium in the two-sided market in the new buyer-store market with the minimum

courier costs.

B.7.1 Proof of Theorem 3.6.2

Similar to D’Amico-Wong et al. [2024] and Guruswami et al. [2005], we prove NP-hard by reducing

from a version of the vertex cover problem. Given a graph (V,E) where vertices have maximum

degree K ≥ 3, the problem to find the minimum set of vertices to cover all edges is known to be
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NP-hard. Given a graph (V,E), we construct the following instance of profit maximization problem

for the case when each store is served by one unique courier. (parenthesis points out the difference

in proofs where each courier can only deliver for one store-buyer pair).

• For each vertex v ∈ V , create a vertex store sv and a vertex buyer bv.

• For each edge (u, v) ∈ E, create an edge buyer b(u,v), two edge stores su,(u,v) and sv,(u,v), and

two dummy buyers bu,(u,v) and bv,(u,v).

• Each vertex buyer bv values sv and sv,(v,u) at M + 1 for all u satisfying (v, u) ∈ E; each edge

buyer b(u,v) values sv,(u,v) and su,(u,v) at M ; each dummy buyer bu,(u,v) only values su,(u,v) at

M + 2. Here M > |V | is a constant and all other valuations are zero.

• For each store, create a courier that only delivers for this store: dv for sv and du,(u,v) for su,(u,v).

A vertex courier dv has cost zero for delivering for store sv. An edge courier dv,(u,v) has cost

M + 2 for delivering from sv,(u,v) to dummy buyer bv,(u,v), and cost zero for delivering to bv

and b(u,v). A courier cannot deliver for any other store than its designated one, or equivalently

all other costs are positive infinity. Note this cost can be decomposed into a courier-store

part which is 0 or positive infinity, and a store-buyer part which is 0 or M + 2. (For each

buyer-store pair with positive valuation, create a courier that only serves this buyer-store pair.

The cost for delivering to dummy buyer is M + 2. The cost for delivering to other buyers from

the designated store is zero. All other costs are positive infinity.)

Lemma B.7.3. For a vertex cover of size k, there exists a with-tip equilibrium with profit |V |+

M(|V |+ |E|)− k.

Proof. For a vertex cover Q of size k, the following constitutes a with-tip equilibrium. Set tip to be

zero t = 0, vertex stores prices and compensation to be

psv =


M if v ∈ Q

M + 1 otherwise

; wbv ,sv = 0;
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For edge stores for every edge (u, v), if u ∈ Q, v /∈ Q then

psu,(u,v) = M ; psv,(u,v) = M + 2; w·,su,(u,v) = 0; wb,sv,(u,v) =


M + 2 if b = bv,(u,v)

0 otherwise

If u ∈ Q, v ∈ Q, then randomly select one of the two vertex, say v to set a high buyer price and

courier compensation

psu,(u,v) = M ; psv,(u,v) = M + 2; w·,su,(u,v) = 0; wb,sv,(u,v) =


M + 2 if b = bv,(u,v)

0 otherwise

For the allocation, a vertex buyer bv always purchase from the vertex store sv; an edge buyer s(u,v)

always buys from the edge store su,(u,v) where u ∈ Q and psu,(u,v) = M ; an dummy buyer bu,(u,v)

buys from su,(u,v) if and only if s(u,v) doesn’t buy from su,(u,v). The only courier associated with

each store delivers for the store. (Couriers associated with the buyer-store order delivers for that

order.)

Now we show the above constitutes a with-tip equilibrium. First, the allocation is feasible

and all stores are allocated, with compensation and tips in undelivered orders being zero, and

compensation being none-zero only for orders delivered to dummy buyers. Next we analyze the

incentives. All couriers have zero utility in delivering and does not have beneficial deviations. For

vertex buyer bv, if v ∈ Q, then it faces price M at sv, and price M or M + 2 at at the edge stores

sv,(u,v) so it is happy to purchase from sv with utility of 1; if v /∈ Q, then it faces price M + 1 at sv

and any edge stores sv,(u,v) that it has valuation for so it is indifferent to purchase from sv with

utility of 0. For edge buyer b(u,v), as it always buy from the edge store priced at M , while the other

edge store it values have price M + 2, it is indifferent to have utility zero. For dummy buyer bu,(u,v),

if u ∈ Q and psu,(u,v) = M then by the construction wbu,(u,v),su,(u,v) = 0 so it needs to tip M + 2

to secure delivery. Thus, this dummy buyer does not deviate to buy from su,(u,v), instead su,(u,v)

is sold to the edge buyer b(u,v). For dummy buyer bu,(u,v), if u /∈ Q or psu,(u,v) = M + 2, then by

construction the platform covers courier compensation wbu,(u,v),su,(u,v) = M + 2 so the dummy buyer

is indifferent to purchase at utility zero.
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In the above with-tip equilibrium, dummy buyer generates zero profit for the platform, each

edge buyer generates profit M , each vertex buyer in the vertex cover generates profit M , each vertex

buyer not in the vertex cover generates profit M+1. Total profit is |E|M+kM+(|V |−k)(M+1) =

−k + |V |+M(|V |+ |E|).

Lemma B.7.4. If the maximum with-tip equilibrium profit is |V |+M(|V |+ |E|)− k, then there

exists a vertex cover of size no larger than k.

Proof. As dummy buyers have delivery cost equal to its valuation, the platform cannot extract any

profit from dummy buyers. Vertex buyers can generate at most profit |V |(M + 1). Each edge buyer

generate profit at most M . If there exists even one edge buyer who is not matched in the equilibrium,

then the maximum profit is bounded by M(|E|−1)+ |V |(M +1) < −k+ |V |+M(|E|+ |V |) because

M > |V | ≥ k. So every edge buyer must be matched.

(When each courier can only deliver for one store-buyer pair: As every edge buyer is matched

to an edge store and each buyer-store pair can only be served by one courier, the maximum

profit requires that compensation of delivering from the edge store to be zero because a higher

compensation doesn’t affect the minimum tip other buyers needed to attain delivery from the

store. The max profit also requires that buyer prices for these edge stores to be M . Otherwise,

by increasing the buyer prices, not only platform profit is increased, but also further dampens the

incentives for the vertex buyers to deviate to these edge stores.)

When each store is served by one unique courier, we also show that the profit extracted from

each edge buyer is M by showing that without loss of profit 1) the price the edge buyers pay are M ;

2) the courier compensation associated with edge buyer orders are zero.

For 1) suppose that an edge buyer b(u,v) pays price M − ϵ, 0 < ϵ ≤ M for store su,(u,v). We

discuss the three cases for sv,(u,v)

• unmatched at price 0. The courier dv,(u,v) does not deliver and has utility zero. Then buyer

b(u,v) can deviate to buying from sv,(u,v) and have a utility of M , which is strictly larger than

her current utility. So this case cannot occur.

• matched to bv at price 0 because bv could have buy from sv at price 0. To prevent b(u,v) from

deviating to sv,(u,v), the courier utility has to be at least M − ϵ, paid by the platform. This

means in this case the platform loses profit by M − ϵ at least.
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• matched to bv,(u,v). The platform can post a price of M + 2 for sv,(u,v) and compensate the

courier the same amount to have profit zero. For this case, the platform can also set a price

psv,(u,v) < M , but that will only weakly increase the courier compensation required to prevent

b(u,v) and sv from deviating. So without loss of profit psv,(u,v) = M + 2 = wbv,(u,v),sv,(u,v) .

From these three cases, decreasing ϵ keeps buyer b(u,v) utility weakly above zero, while reducing the

incentives for bu to deviate. So without loss psu,(u,v) = M .

For 2) suppose that an edge buyer b(u,v) pays price M for store su,(u,v) with courier compensation

w > 0. As the courier cost for delivery is zero, the positive compensation exists only to decrease the

incentive for other buyer to deviate to su,(u,v). As dummy buyer has valuation equal to cost equal

to M + 2, we only consider deviation by buyer bu. The minimum tip for bu to attain delivery from

su,(u,v) is w, so the deviation utility for bu is 1− w. If psu ≤M , then bu has utility 1 buying from

su and no incentives to deviate so w > 0 is not profit maximal. If M < psu ≤M + 1, then buyer bu

having no incentive to deviate in the equilibrium means that M + 1− psu ≥ 1− w ⇔ w ≥ psu −M .

Now consider setting w = 0 and p′su = psu −w. With the new compensation and price buyer bu still

doesn’t deviate because M + 1− psu +w ≥ 1⇔ w ≥ psu −M . Note total profit remains unchanged

as well.

From the above, without loss of profit each edge buyer contributes profit M . For each edge

(u, v), one of the two store sv,(u,v) and su,(u,v) has price M and 0 courier compensation. To prevent

vertex buyer deviation, at least one of the two stores between su and sv must have price no larger

than M , otherwise one of the two buyers bu and bv would deviate to buy from su,(u,v) or sv,(u,v)

at price M and zero tip. Let Q = {v|psv ≤ M}. Then the maximum profit the equilibrium can

attain is |Q|M + (|V | − |Q|)(M + 1) + |E|M , which must be larger than |V |+M(|V |+ |E|)− k, so

|Q| ≤ k. Also Q is a vertex cover because every edge is covered by it.

Now a reduction from the vertex problem follows. If the maximum with-tip equilibrium profit is

weakly larger than |V |+M(|V |+ |E| − k), then by Lemma B.7.4 there exists a vertex cover of size

no larger than k. If the maximum with-tip equilibrium profit is smaller than |V |+M(|V |+ |E|)− k,

by Lemma B.7.3 there cannot exists a vertex cover of size no larger than k. This gives the reduction

and the NP-hardness follows.

212



B.8 Zero Store Costs and Store Incentives

Throughout the paper we made two statements on stores. First, we assume stores charge the

platform its product price, which is equal to its cost. Second, we normalized the store costs to zero,

and in doing so normalized the product prices to zero as well. In Appendix B.8.1, we show that

it is without loss to assume zero store cost and product price. In Appendix B.8.2, we formulate a

competitive equilibrium following the literature on multilateral contracting [Hatfield and Kominers,

2011] and on competitive equilibrium in trading networks [Ostrovsky, 2008, Hatfield et al., 2013].

This competitive equilibrium definition addresses store incentives, satisfies the first welfare theorem.

But it is NP-hard to determine its existence.

B.8.1 Generalizing to Nonzero Store Costs

All our results generalize to nonzero costs, under the first assumption that every store charges the

platform its product price equaling its cost. We will illustrate the case for with-tip equilibrium. The

without-tip equilibrium follows suit.

Consider a market M ′ with store cost, where each store s has cost cs > 0, a buyer has valuation

v′b(s), and a courier has cost cd(b, s) delivering the order (b, s). Welfare associated with a trade

(b, s, d) is v′b(s) − c′s − cd(b, s). The purchase price p′ includes the stores’ product prices and the

platform’s delivery fee, where the product price is set to store cost. Hence, ∀s, p′s ≥ cs. Now define

the store cost version of with-tip equilibrium the same way as the with-tip equilibrium, with the

only difference that stores not bought from (i.e.,
∑

bd xbsd = 0) have purchase price equaling its cost

p′s = cs.

Given M ′, we can construct another market M without store cost. A buyer b has valuation

vb(s) = v′b(s) − cs for store s, and a courier has cost cd(b, s) delivering the order (b, s). Welfare

associated with a trade (b, s, d) in M ′ is equal to vb(s)− cd(b, s).

Similarly, given a market M without cost, we can construct a market M ′ with cost by setting

v′b(s) = vb(s) + cs for some store cost cs.

Proposition B.8.1. (p,w, t,x) is a with-tip equilibrium in M if and only if (p′,w, t,x) is a store

cost version of with tip equilibrium in M ′, where p′s = ps + cs.

This is very easy to check from the definition of equilibrium. Couriers incentives do not change
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because delivery compensation and tips remains the same. For a buyer, we can show the following

two equivalence


vb(s)− ps − tbs ≥ vb(s′)− ps′ − tbs′ ⇔ v′b(s)− p′s − tbs ≥ v′b(s′)− p′s′ − tbs′

vb(s)− ps − tbs ≥ 0 ⇔ v′b(s)− p′s − tbs ≥ 0

So given a market M ′ with tip, we can first solve for the with-tip equilibrium in M , then transfer it

back to M ′.

B.8.2 Store Incentives through Competitive Equilibrium

In this section, we follow the standard definition of competitive equilibrium in the multilateral

contracting literature. This competitive equilibrium definition includes stores’ incentives, but does

not permit tips. We write out the first and second welfare theorem, and show that a competitive

equilibrium does not always exist. In fact, it is NP-hard to determine the existence of a competitive

equilibrium. Since this is a separate part from the main body of paper, it is easier to redefine

notations.

Let B,S,D denote the set of unit demand buyers, unit supply stores, and unit capacity couriers

where |B| = |S| = |D| = n, denoted by i, j, k respectively. The sets of all trades is denoted by

Ω = B × S × D, where wijk means the trade where buyer i purchase from store j, delivered by

courier k. An agent a ∈ B ∪ S ∪ D has valuation va(wijk) ∈ R for trade wijk concerning this

agent a ∈ {i, j, k} and 0 for trades that do not concern her. va(wijk) can be positive or negative,

representing a buyer’s valuation, or a store or courier’s cost. Each trade is associated with prices

pω = (piω, p
j
ω, pkω) denoting the payments agents make, where piω ≥ 0 is the amount the buyer

pays, pjω ≤ 0 is the amount the store pays, or the negation of what the store receives, and pkω ≤ 0

being the negation of what the courier receives. A pricing scheme assigns a price for all trades

in Ω and is budget balanced if piω + pjω + pkω = 0. An agent a participating in trade ω has utility

ua(ω) = va(ω) − pa(ω). A competitive equilibrium (ψ⋆, p⋆) is a set of trades that occur ψ⋆ ⊆ Ω,

and a pricing scheme p⋆, such that (i) no agent participates in more than one trade in ψ⋆, (ii) the

pricing scheme is budget balanced, and (iii) agents participate in their favorite trades in ψ⋆ at p⋆,

with an outside option of utility zero. As is common in the multilateral matching literature, the
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vital difference from competitive equilirbium(CE) in two sided is that we do not require trades that

do not take place have price zero. We require budget balance instead.

B.8.3 Existence of Competitive Equilibrium

Just like CE in two sided markets, we can write out the primal integer program (PIP) and the dual

of the linear program relaxation (DLPR) of the central planner’s welfare maximization problem.

max
∑
ijk

xijk(v
i(wijk) + vj(wijk) + vk(wijk))

xijk ∈ {0, 1} ∀i, j, k∑
jk

xijk ≤ 1 ∀i;
∑
ik

xijk ≤ 1 ∀j;
∑
ij

xijk ≤ 1 ∀k

min
∑
i

ui +
∑
j

uj +
∑
k

uk

ua ≥ 0 ∀a ∈ B ∪ S ∪D

vi(wijk) + vj(wijk) + vk(wijk) ≤ ui + uj + uk ∀i, j, k

Proposition B.8.2 (First Welfare Theorem). The competitive equilibrium trades ψ⋆ maximizes

welfare, even over fractional solution of the primal linear program relaxation.

Proof. The proof is almost the same with that in two-sided markets. Let ψ⋆a be the trade that agent

a takes part in ψ⋆, and x be any feasible solution to the primal linear program relaxation (PLPR).

vi(ψ⋆i )− pi(ψ⋆i ) ≥
∑
jk

xijk(v
i(ωijk)− pi(ωijk))

The results follow by summing the left and right hand side of the inequality, and noting that all

prices sum to zero
∑

a p
a(ψ⋆a) = 0, and agents not trading has vi(ψ⋆) = 0.

Proposition B.8.3 (Second Welfare Theorem). Given an integral solution x⋆ to PLPR, and a

solution u⋆ to DLPR, there exists a competitive equilibrium with trades ψ⋆ as directed by x⋆, and a
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pricing scheme p⋆, where p⋆a(wijk) = −u⋆a + va(wijk) + qijk/3 where qijk = (u⋆i +u⋆j +u⋆k − vi(wijk)−

vj(wijk)− vk(wijk))

Proof. It is easy to verify that prices sum to zero p⋆i (wijk) + p⋆j (wijk) + p⋆k(wijk) = −u⋆i − u⋆j − u⋆k +

vi(wijk) + vj(wijk) + vk(wijk) + qijk = 0. Now by complementary slackness, if xijk = 1 > 0, qijk = 0.

So u⋆i = vi(wijk)− p⋆i (wijk). For any other trades xij′k′ = 0, u⋆i = vi(wij′k′)− p⋆i (wij′k′) + qij′k′/3 ≥

vi(wij′k′)− p⋆i (wij′k′) so indeed the trade (i, j, k) is preferred.

Combining the first and the second welfare theorem, we have

Corollary B.8.4. A competitive equilibrium exists if and only if the PLPR admits an integral

optimal solution.

Proposition B.8.5. It is NP-hard to determine if a competitive equilibrium exists in a three-sided

markets.

Proof. It is well known that three dimensional matching problem is NP-hard. Given a subset of

hyperedges T ⊆ V1 × V2 × V3 where |V1| = |V2| = |V3| and each vertex in V1 ∪ V2 ∪ V3 has degree

three, it is NP-complete to determine whether there is a perfect matching that each vertex is covered

exactly once. Given an instance of such a three dimensional matching problem, construct a market

where |B| = |S| = |D| = n and va(wijk) = 1 if a ∈ {i, j, k} for wijk ∈ T . If in polynomial time one

can determine a CE exists, then an integer solution to PLPR exists. One can check if the value of

PLPR equals to 3n and tell if a perfect matching exists. If in polynomial time one determines no

CE exists, then PLPR has a fractional solution. This fractional solution cannot have value larger

than 3n because of the PLPR constraints. So any solution to the PIP has value strictly less than 3n.

So no perfect matching exists. Thus determining if a CE exists is harder than 3DM matching.

There is another version of second welfare theorem, which we append it here.

Proposition B.8.6 (Another Second Welfare Theorem). If (ψ⋆, p⋆) is a competitive equilibrium, and

ϕ⋆ indicates another set of trades that is welfare efficient, then (ϕ⋆, p⋆) is a competitive equilibrium.
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Proof.

∑
a

ua(ϕ
⋆
a, p

⋆) =
∑
a

va(ϕ
⋆
a)− p⋆a(ϕ⋆a) =

∑
a

va(ϕ
⋆
a)

≥
∑
a

va(ψ
⋆
a) =

∑
a

va(ψ
⋆
a)− p⋆a(ψa) =

∑
a

ua(ψ
⋆
a, p

⋆)

where the inequality is because ϕ⋆ is welfare maximizing. But by (ψ⋆, p⋆) being a CE, we know

ua(ψ
⋆
a, p

⋆) ≥ ua(ϕ⋆a, p⋆), ∀a. This with the inequalities above implies ua(ϕ
⋆
a, p

⋆) = ua(ψ
⋆
a, p

⋆), ∀a.

As even determining the existence of a competitive equilibrium is NP-hard, we move away

from this definition. In Section 3.2, we instead define an equilibrium that allows the platform to

subsidize delivery, breaking the budget balance requirement. This guarantees equilibrium to exist

but sacrifices the first and the second welfare theorem.

We abstract away stores’ incentives, while still keeping the stores’ capacity constraints. We

further require prices to be nondiscriminatory, instead of having a unique price for each trade in the

definition for competitive equilibrium. With this altered notion of equilibrium, we ask how much

welfare can be attained.
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Appendix C

Appendix to Chapter 4

C.1 Missing Proofs in Section 4.3

C.1.1 Proof of NP-Hardness (Lemma 4.3.2)

Lemma 4.3.2. There is a valid assignment to the original CNF if and only if the optimal revenue

for the platform is at least D := kZ + q(t− 1)(2Z + 1) +H(2tq − k).

Proof. Suppose there is a valid assignment to the original CNF φ. Then there exists a matching

between buyers Ui and items αi,j , τi,j such that no buyer Ui is matched to an item αi,j where xi is

false or an item τi,j when xi is true. Connect these as platform edges. For each buyer Ai,j , Ti,j , add

platform edges to items γi,j and δi,j respectively. Finally, add platform edges between each dummy

item and a single unsold item so that all items are sold on platform.

The maximum weight matching assigns buyers Ui their corresponding items via the platform

edges. Each Ai,j gets item γi,j and each Ti,j gets item δi,j . Finally, the dummy buyers are matched

to the remaining (2tq − k) items that have not already been sold.

The total revenue of this matching is D. Each buyer Ui pays price Z, resulting in revenue

kZ. All dummy buyers pay price H, resulting in revenue H(2tq − k). If xi is true, αi,0 is sold to a

buyer Ui, so buyer Ai,j pays price Z as it has an opportunity path Ai,j — αi,0 → Ui to this buyer.

However, for Ti,j , both τi,0 and τi,j are sold to dummy buyers – thus, Ti,j only has opportunity

paths to buyers with weakly higher values and must pay Z + 1. Thus, ∀j, Ai,j has price Z and

Ti,j has price Z + 1. The converse holds when xi is False. In conclusion, from each Ai,j and

Bi,j , we get revenue (t − 1)Z + (t − 1)(Z + 1) = (t − 1)(2Z + 1). Thus, in total we get revenue

kZ + q(t− 1)(2Z + 1) +H(2tq − k) = D as desired.

Now, suppose that there exists a set of platform edges and a matching that generates revenue

at least D. Then it must be the case that each buyer Ui gets an item as otherwise we could have

maximal revenue (k − 1)Z + 2q(t − 1)(Z + 1) + H(2tq − k) < D. For each Ui corresponding to
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clause di = (xi ∨ x̄i), they must receive either αi,0 or τi,0. We construct our satisfying assignment as

follows:

• If Ui receives αi,0, set xi to True.

• If Ui receives τi,0, set xi to False.

It suffices to show that this is a satisfying assignment. To do this, we show that no buyer Uk receives

an item αi,j when xi is False or an item τi,j when xi is True.

If xi is True, each Ai,j has an opportunity path to buyer Ui, so we can get at most revenue Z from

them. Similarly, if xi is False, each Ti,j has an opportunity path to buyer Ui, so we can get at most

revenue Z from them. Thus, the platform makes revenue at most Z from each buyer Ai,j or Bi,j that

corresponds to the q true literal. For the q false literals, note that the platform has to get maximal

revenue Z+1 from the corresponding buyer because D−kZ−H(2tq−k)−q(t−1)Z = q(t−1)(Z+1).

If Uk receives an item corresponding to the false literal, then the buyer Ai,j or Ti,j that corresponds

to the false literal will have an opportunity path to this Uk, meaning they will only pay price Z,

contradicting the above. It follows that our assignment is indeed a satisfying assignment as desired,

concluding the proof.

C.1.2 Proof of APX-Hardness (Theorem 4.3.3)

The APX-hardness proof is similar to that in Guruswami et al. [2005] for revenue maximizing

envy-free pricing, and reduces from a version of the vertex cover problem. Given a connected graph

G = (V,E) where vertices have maximum degree K, the problem asks to find the minimum set

of vertices to cover all edges. This problem is known to be APX-hard for K ≥ 3. Given G, we

construct the following instance of the platform’s problem:

• For each vertex v ∈ V , we create a vertex buyer Bv and item Sv. We also create items αv,i for

i ∈ {1, . . . , deg(v)}.

• For each edge (u, v) ∈ E, we create an edge buyer B(u,v).

• Finally, we add |E| dummy buyers D1, . . . , D|E|.

• Each buyer Bv has value 2 for items Sv, αv,·. Each buyer B(u,v) has value 1 for items αu,· and

αv,·. Each dummy buyer Di has value H ≥ 2 for all α items.
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• We add world edges from Bv to all αv,·.

We complete the reduction by showing the following.

Lemma C.1.1. The optimal revenue is given by 2|V |+ (H + 1)|E| − q where q is the size of the

smallest vertex cover.

Proof. Suppose there is a vertex cover Q of size q. We add platform edges from Bv to Sv for each

v ∈ V . Additionally, for each B(u,v), if u ∈ Q, we add a platform edge to some αu,i. Otherwise –

note that this implies that v ∈ Q – we add a platform edge to αv,i. We do so such that each B(u,v)

is matched via a platform edge to a different item. Finally, we add a platform edge from each Di to

an α item that is not incident on any already added platform edges. Thus, the platform edges act

as a perfect matching between buyers and items.

The platform then picks all the platform edges as the max weight matching and get revenue

2|V | + (H + 1)|E| − q. All dummy buyers pay full price H and all edge buyers B(u,v) pays full

price 1 because they are not connected to any other buyers through opportunity path. Buyers Bv

where v ∈ Q has an opportunity path Bv — αv,i → Bv,u to some edge buyer B(u,v) and pays price

1. Buyers Bv where v /∈ Q pays full price 2 because they are connected through opportunity path

to dummy buyers. So total revenue from vertex buyers is q + 2(|V | − q) = 2|V | − q.

Now, we show the optimal revenue is bounded above by 2|V |+(H+1)|E|−q when the minimum

vertex cover has size q. By Lemma 4.4.1, if an edge buyer B(u,v) is matched, it must be matched

to some item αu,i or αv,i that it has positive value for. If B(u,v) is not matched, Lemma 4.4.2 says

all items αu,i and αv,i are matched with vertex buyer Bu, Bv or some dummy buyers. No matter

which buyer αu,i and αv,i are matched with, the platform can always match Bv to Sv, Bu to Su,

and the dummy buyers to some other α buyers because the number of buyers and sellers are equal.

In doing so, the platform gain revenue 1 from Bu,v, and loses at most revenue 1 from Bu or Bv. So

we can assume there is a revenue-optimal matching where all edge buyers B(u,v) are matched with

the corresponding α seller.

As the minimum vertex cover is of size q, edge buyers are matched to some items αu,i with

at least q different vertex u. Thus, from each corresponding vertex buyer Bu, we can attain at

most revenue 1 because they are connected through opportunity path to B(u,v). It follows that the

220



maximum revenue we can achieve is given by 2|V |+ (H + 1)|E| − q, concluding the proof.

Theorem 4.3.3. The decision version of the platform’s problem is APX-hard, even when buyers

value all desired goods equally (vij ∈ {0, vi}).

Proof. We have assumed the graph that we reduce from is connected. So |E| ≥ |V | − 1. Further

because of maximum degree K, |E| ≤ |V |K/2. So |E| = Θ(|V |). Again because of maximum degree

K, the minimum vertex cover has size q at least |E|/K = Ω(|V |).

Let Rev⋆ be optimal revenue and q⋆ be the minimum vertex cover. By Lemma C.1.1, Rev⋆ =

2|V |+(H+1)|E|−q⋆. Then a constant factor approximation for Rev⋆ translates into a constant factor

approximation for q⋆, yielding a PTAS reduction and concluding the proof of APX-hardness.

C.2 Missing Proofs in Section 4.4.2

C.2.1 Proof of Theorem 4.4.7

Here, we provide the proof of Theorem 4.4.7, characterizing the optimal platform matching in SWSH

markets.

Theorem 4.4.7. In any SWSH market, there exists a set of revenue-optimal platform edges that,

through the largest buyers in each seller subgraph, connects seller subgraphs into contiguous cycles

of length at most 3, and at most one contiguous chain.

We start with the following lemma, which places a constraint of the length of any cycles in the

optimal solution.

Lemma C.2.1. There exists an optimal set of transactions that can be decomposed into chains

and/or cycles. Furthermore, there exists an optimal solution where all such cycles are of length at

most 3.

Proof. Suppose that we had a cycle of length at least 4. Then we could always split this cycle into

smaller cycles of length at most 3 (note that we can represent every integer larger than 3 as a sum

of multiples of 2 and 3). Furthermore, these cycles can only result in weakly higher revenue among

sellers included in the original cycle as we are decreasing the number of opportunity paths. Finally,

any chain connected to the original cycle can now be attached to the same subgraph in this new
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split set of cycles – again, there are fewer opportunity paths, so each seller in the chain also obtains

weakly higher revenue.

It follows that there always exists an optimal solution where all cycles have length at most

3.

We make the following simple observation about the optimal configuration of such cycles and

chains.

Remark 4. The cycle on k subgraphs that yields optimal revenue connects the highest buyer in

each subgraph together. The optimal-revenue chain connects subgraphs from smallest to largest in

terms of their max-value bidder. The chain and cycle that yields optimal revenue is constructed by

attaching the optimal chain to the largest second-highest bidder in any subgraph in the optimal cycle.

In fact, we can also show that there exists an optimal solution with only a single chain.

Lemma C.2.2. There exists an optimal solution with only a single chain. Additionally, this optimal

solution can still restrict the cycle length to at most 3.

Proof. Suppose we had two chains, each attached to a different cycle, or potentially attached to the

same cycle. We could always consolidate these two chains into a single chain and attach it to the

cycle that yields the largest minimum opportunity path – all sellers in the chain now receive weakly

more revenue than they were before. This is doable because each seller subgraph has at least one

seller and one buyer to be connected into a chain. Note that this doesn’t affect the restriction on

cycle length.

To conclude the discussion of the structure of chains in the optimal solution, we show that these

chains must be contiguous and moreover, chains “fill out” the rest of the subgraphs once started.

Lemma C.2.3. If Si is part of a chain in the optimal solution, then Sj is also part of this chain,

for j > i, provided that Sj is not part of the cycle that the chain attaches to.

Proof. Suppose otherwise. Consider the optimal solution with at most one chain. Since Sj is not

part of a chain, it must be part of a cycle. As this solution is optimal, it must be the case that adding

this whole cycle to the chain decreases the overall revenue. That is, the minimum opportunity path

in Sj ’s cycle is larger than the minimum opportunity path in the cycle that Si’s chain is attached to.
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However, this implies that we could add Si to Sj ’s cycle, increasing the revenue generated

from the seller in Si without affecting the revenue from any of the sellers in Sj (as Si has a larger

max-value buyer than Sj), which is a contradiction.

Lemma C.2.4. Suppose that there is a chain in the optimal solution that connects to a cycle C,

and let Smin,C be the smallest subgraph belonging to C. Then there exists an optimal solution where

no subgraph larger than Smin,C is part of the chain.

Proof. Suppose otherwise. If there are two or more such subgraphs, then we could always connect

them in a cycle, and their minimum opportunity path would be weakly larger than that obtained

by placing them in the chain. If there is a single such subgraph, we could add it to C – note that

this does not affect the minimum opportunity path of the chain or of the sellers in C and weakly

increases the revenue obtained from this subgraph. If at any point during this process, we obtain a

cycle with more than three subgraphs, we can simply split it up into smaller cycles, preserving our

desired property.

Note that this implies that once a subgraph is part of a chain, all smaller subgraphs (in terms

of max bidder value) must also be part of this chain. We make one final observation regarding the

structure of the optimal solution – namely, all cycles in the optimal solution can be made to be

contiguous.

Lemma C.2.5. There exists an optimal solution where all cycles are contiguous.

Proof. Suppose we have an optimal solution satisfying all the above properties where at least one

cycle is non-contiguous. Let Sm be the smallest subgraph that belongs to a non-contiguous cycle

(clearly Sm ̸= S1).

Firstly, if Sm is a part of a three-cycle Sa−Sb−Sm. If a < b− 1, then we can connect Sb−Sm

in a two cycle. By Lemma 4.5, Sb−1 cannot be in the chain otherwise Sb and Sm would be in the

chain. Thus, Sb−1 is in a cycle. We attach Sa to the cycle that Sb−1 is in. This weakly increases

Sa’s revenue because Sb−1 only connects to larger seller subgraphs.

Now we can focus on non-contiguous two-cycles Sa − Sm and three-cycles Sa − Sa+1 − Sm.

Again, by Lemma 4.5, Sm−1 cannot be a part of the chain otherwise Sm would have been in the

chain as well. There are two cases. Suppose that the second highest bidder in Sm−1 has a weakly
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higher valuation than the highest bidder in Sm. Consider the following alternative configuration.

Connect Sm to Sm−1 as a chain. (If a chain is already connected to Sm−1, add Sm to this chain.)

Combine the two cycles that Sm−1, Sm belonged to (save for Sm, works also if Sm−1 is in a 1-cycle.)

Additionally, keep any existing chains that were connected to any of the subgraphs involved in the

two cycles.

Note that all subgraphs that were previously connected to Sm via a cycle now have weakly

increased revenue – the minimum opportunity path in the new cycle is now Sm−1 rather than Sm.

All subgraphs that were previously connected to Sm−1 have the same revenue; all such subgraphs

still have Sm−1 as their smallest opportunity path within the cycle. It is easy to verify that all

chains also have weakly higher revenue.

Now, consider the second case where the second highest buyer in Sm−1 has a smaller valuation

than the highest bidder in Sm, or Sm−1 does not have a second world buyer. There are now a couple

of possible cases:

• Two or more subgraphs were previously connected to Sm, Sm−1. Connect Sm, Sm−1 in a

two-cycle. In this case, connect all the subgraphs that were previously connected to Sm, Sm−1

together into a single cycle. Note that we lose v(Sm−1)− v(Sm) in revenue from connecting

Sm and Sm−1 together, but we gain at least v(Sm−2)− v(Sm) from the other subgraphs.

• Sm belonged to a 2-cycle and Sm−1 belonged to a 1-cycle. If the other subgraph in the Sm

cycle was Sm−2, then connect Sm−2, Sm−1 together and leave Sm as a 1-cycle. Note that we

get weakly more revenue from Sm−2 in this case, and a 1-cycle with Sm is less costly than a

1-cycle with Sm−1.

• Sm belonged to a 2-cycle and Sm−1 belonged to a 1-cycle. Connect Sm, Sm−1 in a two-cycle.

If the other subgraph in the Sm cycle was not Sm−2, connect the other subgraph in Sm’s cycle

to the cycle that Sm−2 is currently a part of. Note that we gain v(Sm) from connecting Sm

and Sm−1 together, and at least v(Sm−2)− v(Sm) from the other subgraphs.

In all the above cases, we keep all existing chains as they are – they are weakly better off under this

new configuration because the second highest buyer in Sm−1 is smaller than v(Sm). We continue

this process until there are no non-contiguous cycles, at each step weakly increasing our revenue. If
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at step t, the smallest subgraph belonging to a non-contiguous cycle is Sm, then at step t+ 1, the

process ensures that the smallest possible subgraph belonging to a non-contiguous cycle is Sm−1,

meaning that this process must terminate.

Combining the above lemmas, we have proved Theorem 4.4.7, which we restate below for

completeness.

Theorem 4.4.7. In any SWSH market, there exists a set of revenue-optimal platform edges that,

through the largest buyers in each seller subgraph, connects seller subgraphs into contiguous cycles

of length at most 3, and at most one contiguous chain.

C.2.2 Proof of Theorem 4.4.9

Here, we complete the proof of Theorem 4.4.9, which states that there exists a polynomial-time

algorithm to maximize the platform’s revenue in general SWSH markets.

Theorem 4.4.9. There exists a polynomial-time algorithm to maximize platform’s revenue in

general SWSH markets.

We prove the above theorem through two lemmas, addressing the case where n > m and n < m

respectively. Note that the case in which n = m is addressed by Theorem 4.4.8.

Lemma C.2.6. When n = |B| > |S| = m, sort buyers by their valuation, and denote the set of the

m largest buyers by Bm = {b1, b2, ..., bm}. Then perform the revenue-optimal matching on S,Bm

while ignoring B \Bm. This is revenue optimal.

Proof. By Lemma 4.4.2, there exists a revenue-optimal transaction where all sellers trade. Otherwise,

all sellers connecting to this non-trading seller through an opportunity path have a price of zero. By

adding an edge between this seller and a non-trading buyer (guaranteed to exist as n > m), other

sellers’ prices weakly increase.

Further, no buyer in B \ Bm trades. Suppose otherwise and take any configuration where

a buyer in B \ Bm trades. Let bmin be the smallest trading buyer, and let bmax be the largest

non-trading buyer, noting that v(bmin) < v(bmax). Suppose that bmin currently transacts with seller

s.
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As the market clears according to the maximum weight matching, it must be that s is not

connected to bmax – otherwise, matching them would yield a strictly higher welfare matching. Thus,

we can add a platform edge from s to bmax, ensuring that they transact in the new matching. Note

that bmin no longer transacts as it was the minimum value transacting buyer, and thus the maximum

welfare matching can no longer include it.

We claim that all sellers’ prices weakly increase. The only modified opportunity paths that

previously existed are those which previously went through bmin – as previously mentioned, there

are no opportunity paths that terminate at a non-trading seller, so this was the minimum possible

opportunity path. Now, no opportunity paths terminate at bmin (as they no longer trade), meaning

that the minimum opportunity path weakly increased (in the event of a tie with bmin).

We can continue this process until no buyers in B \Bm trade. Buyers not trading will not be in

any opportunity path hence not affect the characterization results nor optimality of the procedure

in Theorem 4.4.8.

Lemma C.2.7. When n = |B| < |S| = m, discard m − n of the sellers who do not have world

edges, and perform the revenue-optimal matching on the induced graph. This is revenue optimal.

Proof. By Lemma 4.4.2, note that there exists a revenue optimal matching in which all buyers

transact. Suppose that there is a seller s who has at least one adjacent world edge who does not

transact. Consider any buyer b who is in seller s’s subgraph.

Clearly, buyer b must transact with some seller s′ via a platform edge (as they do not transact

with the seller in their subgraph). Consider eliminating this platform edge (b, s′). No revenue is lost

from b as they had an opportunity path to s, who did not transact, so they paid price 0. Secondly,

any sellers who previously had opportunity paths to b also received price 0, so removing this edge

does not decrease their price either.

It follows that there exists a revenue optimal matching where all sellers with an adjacent

platform edge transact, which implies that we can eliminate m− n sellers with no adjacent world

edges, as they would not transact in this revenue optimal matching regardless.

Together, Lemmas C.2.6 and C.2.7 show that general SWSH markets can be reduced to the

case in which n = m. Combining this with Theorem 4.4.8 concludes the proof of Theorem 4.4.9.
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C.3 Missing Proofs in Section 4.4.3

C.3.1 Proof of Lemma 4.4.11

Here, we prove Lemma 4.4.11, connecting the maximum revenue attainable in an identity-good

market to the problem of finding buyer sets of non-positive surplus.

Lemma 4.4.11. In SHGB markets, there exists a set of platform edges generating revenue x if and

only if there exists a set of buyers Bv of non-positive surplus such that

min{|Bv|, |S|} − |N(Bv)|+ kv = x,

where kv is the cardinality of the maximum matching between Bv and N(Bv) using platform edges.

We begin by first proving the following lemma, which characterizes the revenue attainable

between a particular set of buyers and a set of sellers.

Lemma C.3.1. Given k buyers and sellers Bk = {b1, b2, ..., bk}, Sk = {s1, s2, ..., sk} where Bk and

Sk have a perfect matching through only platform edges, total revenue k can be attained if and only

if Bk belongs to a Hall violator Bvk for graph G−k = (S \ Sk ∪B,E) of deficiency at least k.

Proof. Assume that Bk belongs to a Hall violator Bvk for graph G−k = (S \Sk ∪B,E) of deficiency

at least k. Since Bvk has deficiency at least k, there exists a set of platform edges such that in

the final maximum weight matching, Sk transacts with Bk and all sellers in N(Bvk) transact with

buyers in Bvk. In this case, all of the buyers in Bk only have opportunity paths to those sellers in

N(Bvk), who all transact, so the platform obtains revenue 1 from all these buyers, yielding revenue

k in total.

Now, suppose that total revenue k can be attained from Bk and Sk. Let G−k
P denote the

corresponding platform graph, with the set of sellers Sk removed. Let Bvk be the set of all buyers

on an opportunity path from any of the buyers in Bk. Note that all the sellers in NG−k
P

(Bvk) must

transact as otherwise at least one buyer in Bk would transact at price zero, thus yielding less than

k revenue in total. Additionally, all these sellers must transact with a buyer in Bvk as they are

reachable via an opportunity path from Bk. Furthermore, all the sellers in Bk transact with Sk.

Thus, we have that |Bvk| ≥ |NG−k
P

(Bvk)|+ k. By Lemma 4.4.2, all platform edges transact, so it is
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also the case that |Bvk| ≥ |NG−k(Bvk)|+ k, concluding the proof.

Given Bk, Sk, finding such a Hall violator is equivalent to the max difference hall violator

problem defined in Definition C.4.5. The question for a revenue-optimizing platform is then to pick

the sets Bk, Sk. The platform can first identify the buyers as follow.

Corollary C.3.2. The platform can extract revenue k from a set of buyers Bk if and only if

there exists a buyer group Bv where Bk ⊆ Bv that satisfies the following two conditions. Let E¬

be the complement edges of the world graph, let kv ≤ k be the value of maximum matching for

(Bk, N(Bv), E
¬).

1. Enough sellers to match with Bk buyers |S| − |N(Bv)| ≥ k − kv

2. Bv has deficiency at least k − kv

Proof. If direction. Match the kv sellers in N(Bv) through platform edges to kv buyers in Bv. For

the rest of the k− kv buyers, match them with arbitrary sellers outside of N(Bv). Denote the union

of these two sets of sellers by Sk. Then Bv is a Hall violator for graph G−k = (S \ Sk ∩ B,E) of

deficiency at least k. This satisfies Lemma C.3.1.

Only if direction. Given a seller set Sk that sells to Bk, let Bv be the set of buyers reachable

through opportunity paths from Bk, unioned with Bk itself. Bv satisfies the first criterion: at

most kv buyers from Bk can be matched with sellers from N(Bv), the rest of the sellers are from

S \N(Bv). All sellers in N(Bv) transact with a unique buyer in Bv. If only k′ such sellers transact

with k′ buyers in Bk, the rest of the k − k′ buyers must transact with sellers in S \N(Bv). Thus,

|Bv| = |N(Bv)|+ (k − k′) and Bv has deficiency k − k′. As k′ ≤ kv, Bv has deficiency weakly larger

than k − kv in the platform graph. This does not change in the original world graph.

Corollary C.3.3. Given a buyer set Bv with non-positive surplus in G, let E¬ be the complement

edges of the world graph, and let kv be the value of maximum matching for (Bv, N(Bv), E
¬). The

platform can extract

k = kv + min{|Bv|, |S|} − |N(Bv)|

revenue from the buyers in Bv, and this is the maximum possible revenue achievable from the buyers

in Bv.
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Proof. Firstly, note that the stated revenue is weakly smaller than the number of buyers in Bv: k ≤

kv+|Bv|−|N(Bv)| ≤ |Bv| since kv ≤ |N(Bv)|. We pick the buyer set Bk as follows: 1) Take kv buyers

in the maximum matching in (Bv, N(Bv), E
¬), 2) Additionally, take min{|Bv|, |S|} − |N(Bv)| ≥ 0

buyers in Bv besides the kv ones. We show that Bk satisfies the two conditions in Corollary C.3.2.

k − kv = min{|Bv|, |S|} − |N(Bv)| = min{|Bv| −N(Bv), |S| −N(Bv)}

The first and second terms in the min correspond to the first and second conditions of Corollary C.3.2

respectively. Additionally, a larger k will violate at least one of the conditions so k is the maximum

attainable revenue.

Combining the above results, we state and prove Lemma 4.4.11.

Lemma 4.4.11. In SHGB markets, there exists a set of platform edges generating revenue x if and

only if there exists a set of buyers Bv of non-positive surplus such that

min{|Bv|, |S|} − |N(Bv)|+ kv = x,

where kv is the cardinality of the maximum matching between Bv and N(Bv) using platform edges.

Proof. Suppose that the optimal revenue is k and the platform matches Sk to Bk. Corollary C.3.2

states that there is a set Bk ⊆ Bv with non-positive surplus. Corollary C.3.3 gives the max revenue

from Bv. As k is the optimal revenue in the entire graph, it is also the maximum revenue from

Bv. Thus, k = kv + min{|Bv|, |S|} − |N(Bv)|. If k ≥ x, then kv + min{|Bv|, |S|} − |N(Bv)| ≥ x.

Conversely, if for all buyer sets Bv with non-positive surplus, kv + min{|Bv|, |S|} − |N(Bv)| < x,

then the optimal revenue is given by k < x.

C.3.2 Proof of Lemma 4.4.12

In this section, we give the proof of Lemma 4.4.12, simplifying the platform’s problem in SHGB

markets to the problem of finding the maximum cardinality set of buyers with non-positive surplus.

To do so, we first show in sparse graph with buyer degree at most 2, any set of buyers Bv with

non-positive surplus satisfies kv = |N(Bv)|, except for certain special cases.
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Lemma C.3.4. Consider any set of buyers Bv with non-positive surplus in SHGB markets. if

|Bv| ≥ 3 and there are more than 2 degree-two buyers in Bv, then kv = |N(Bv)|.

Proof. Construct the flow network G¬
∞ from the complement graph G¬ = (Bv, N(Bv), E

¬) in such

a way that there are edges of capacity 1 from the source p to every vertex in N(Bv) and from

every vertex in Bv to the sink q, and of capacity +∞ from s to b for any (s, b) ∈ E¬. The size

of the maximum matching in G¬ equals to that of the max flow/min cut in G¬
∞. Let (P,Q) be

a min cut and C ≤ |N(Bv)| be the cut value. Let N(Bv) = Np ∪ Nq, Bv = Bp ∪ Bq, such that

Np, Bp ⊂ P,Nq, Bq ⊂ Q. The minimum cut is composed of edges going from p to Nq and from Bp

to q, as any edges between Nq, Bp and Np, Bq would make the size of the cut infinite.

We proceed by casework:

• Firstly, note that if any degree-zero buyer is in Bq, then it must be that Np = ∅ as degree-zero

buyers are adjacent to all sellers in N(Bv) in the complement graph. Thus, C ≥ |Nq| = |N(Bv)|.

• If |Bq| = 0, then we have that C ≥ |Bv| ≥ |N(Bv)|.

• Suppose that |Bq| = 1. As all buyers have degree at most 2, it must be that |Np| ≤ 2. thus,

we have that C ≥ |Nq|+ |Bp| ≥ (|N(Bv)| − 2) + (|Bv| − 1) ≥ |N(Bv)| since |Bv| ≥ 3.

• Suppose that |Bq| = 2. In any case, it must be that |Np| ≤ 1 since either we have a degree-one

buyer present in Bq or two degree-two buyers (in which case they cannot share the same two

sellers). Thus, C = |Nq|+ |Bp| ≥ (|N(Bv)| − 1) + 1 = |N(Bv)|.

• Suppose that |Bq| ≥ 3. If there are at least 3 degree-two buyers in Bq, then since a pair

of sellers knows at most one common buyer, it follows that |Np| = 0. Thus, we have that
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C ≥ |N(Bv)|.

Otherwise, there must be at least one degree-one buyer in Bq so |Np| ≤ 1. Additionally, at

least one degree-two buyer must be excluded from Bq. Thus, we have that C = |Nq|+ |Bp| ≥

(|N(Bv)| − 1) + 1 = |N(Bv)|.

Thus, if |Bv| ≥ 3 and there are more than 2 degree-two buyers in Bv, it follows that kv = |N(Bv)|,

concluding the proof.

We need one more lemma before proving Lemma 4.4.12. Lemma C.3.5 shows that there exists

an optimal set of buyers Bv, in the sense of Lemma 4.4.11, in which all buyers of degree zero and

degree one are included.

Lemma C.3.5. There exists a set of buyers Bv maximizing

min(|Bv|, |S|)− |N(Bv)|+ kv

such that all buyers of degree zero and degree one are included in Bv.

Proof. Clearly, any degree-zero buyers can only contribute positively to the above expression. Thus,

all buyers of degree zero are WLOG in the optimal set Bv.

Turning to the case of buyers of degree one, consider any alternative set of buyers B′
v. There

are two cases for the change in the above expression when adding a buyer of degree one. Let sj be

the seller adjacent to this buyer. If sj ∈ N(B′
v), note that the above expression can only increase.

If sj ̸∈ N(B′
v), then there are again two cases. If |B′

v| < |S|, then the above expression can

again only increase – there is an increase of 1 from the first term and a decrease of 1 from the

second term. If |B′
v| ≥ |S|, then since sj ̸∈ N(B′

v), we claim that the kv term must strictly increase.

Consider any previous maximum matching between B′
v and N(B′

v). Take an arbitrary buyer b′

in B′
v (note that one must exist since |B′

v| ≥ |S|) and match them to sj while matching the new

buyer to the seller b′ was matched to in the maximum matching (if one exists). This increases the

cardinality of the maximum matching by 1, so it follows that the value of above expression does not

decrease. This concludes the proof.

Given the above lemma, we now prove Lemma 4.4.12.
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Lemma 4.4.12. In SHGB markets, the platform can find the set of revenue-optimal platform edges

by finding the maximum set of buyers with non-positive surplus.

Proof. Restricting our search to sets of buyers Bv that satisfy the conditions of Lemma C.3.4, we

have that kv = |N(Bv)|. This corresponds to a set of Bv such that |Bv| ≥ 3 and there are more

than 2 degree-two buyers in Bv. By Lemma 4.4.11, the revenue from this given set of buyers Bv is

given by

min(|Bv|, |S|)− |N(Bv)|+ kv = min(|Bv|, |S|)− |N(Bv)|+ |N(Bv)| = min(|Bv|, |S|)

so maximizing the platform’s revenue over these sets is equivalent to finding the maximum cardinality

such set of buyers.

Now, consider the sets of buyers Bv that do not satisfy the conditions of Lemma C.3.4. These

are sets of buyers with non-positive surplus Bv such that either |Bv| < 3 or there are no more than

2 degree-two buyers in Bv. Clearly, we can enumerate all Bv such that |Bv| < 3 and check the

revenue attainable from each of these sets. For those Bv containing no more than 2 degree-two

buyers in Bv, Lemma C.3.5 proves that it is WLOG to begin with all degree zero and degree one

buyers in Bv. Thus, we can simply ennumerate over all O
((
n
2

))
choices of two degree-two buyers to

add, check the revenue attainable from each of these sets. This brute force check takes polynomial

time, concluding the proof.

C.3.3 Proof of Theorem 4.4.13

Here, we provide the proof of Theorem 4.4.13, showing that we can maximize the platform’s revenue

in SHGB markets in polynomial time. We begin with the following lemma, which will form the crux

of our proof.

Lemma C.3.6. Consider a world graph where all buyers are of degree two and for every pair of

sellers, at most one buyer knows them both. The maximum cardinality set Bv of buyers with surplus

at most k – that is, |N(Bv)| − |Bv| ≤ k – can be identified in polynomial time.

Proof. Note that such world graphs are in direct correspondence with general graphs G = (V,E)

where each buyer corresponds to an edge and each seller corresponds to a vertex. Specifically, bi
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corresponds to an edge (si, sj) between the vertices representing sellers si, sj whom bi is connected

to in the original world graph.

Restated in these terms, finding the maximum cardinality set Bv of buyers with surplus at

most k is equivalent to finding the maximum cardinality set of edges Ẽ ⊆ E such that the induced

subgraph of G corresponding to Ẽ has at most |Ẽ|+ k vertices.

We claim that Ẽ must correspond to a union of connected components of G. Suppose that Ẽ

contained only a subset of edges within a given connected component C of G. By adding all the

edges in C, the number of vertices in the induced subgraph can increase by at most the number of

additional edges, not harming the surplus of the induced subgraph in the process. It follows that Ẽ

must correspond to a union of connected components of G as desired.

Thus, our algorithm to find the maximum cardinality set of edges Ẽ ⊆ E such that the induced

subgraph of G corresponding to Ẽ has at most |Ẽ|+ k vertices proceeds as follows:

• Find all the connected components of G. If a connected component is not a tree, it contributes

more edges than vertices, so we can add it to Ecur.

• Having added all non-tree connected components, compute the difference between the number

of edges and number of vertices in the induced subgraph of Ecur. Call this difference ℓ.

• Take the k + ℓ largest (in terms of the number of edges) connected components of G that are

trees and add their edges to Ecur. Return the final set as Ẽ.

We now prove the correctness of our algorithm below. Clearly, Ẽ must contain all connected

components of G that are not trees. Given this fact, the remaining edges in Ẽ must correspond

to connected components of G that are trees. Our algorithm takes precisely those trees with the

largest number of edges, completing the proof.

Theorem 4.4.13. There exists a polynomial-time algorithm to solve the platform’s problem in

SHGB markets.

Proof. It suffices to show that we can find the maximum cardinality set Bv of buyers of non-positive

surplus in polynomial time in SHGB markets, which together with Lemma 4.4.12 implies the desired

result.
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All buyers of degree zero and degree one contribute at most one to |N(Bv)| while contributing

at least one to |Bv|. Thus, they must all be included. Upon including all these buyers, consider the

induced subgraph obtained by removing all sellers adjacent to a buyer of degree one or zero. This

induced subgraph may have more buyers of degree one or zero, which by the same argument as

above, must be included in Bv. We can repeat this process until we are left with a current set of

buyers B′
v which must be included in Bv as well as a graph in which all buyers are of degree two

and for every pair of sellers, at most one buyer knows them both.

Thus, our problem reduces to finding the maximum cardinality set of these buyers with surplus

at most |B′
v| − |N(B′

v)|. Lemma C.3.6 shows that this is solvable in polynomial time, concluding

the proof.

C.4 Missing Proofs in Section 4.6

C.4.1 Proof of Theorem 4.6.3

Here, we provide the proof of the following theorem, giving a min{n,m} approximation algorithm

for revenue in general homogeneous-goods markets.

Theorem 4.6.3. In homogeneous-goods markets, there exists a polynomial-time algorithm that

yields a min{n,m}-approximation of the optimal revenue.

In order to guarantee this approximation ratio, we consider a buyer-seller pair (bi, sj) and

aim to find the maximum possible revenue the platform could extract from the single transaction

between these two agents. Asking this same question for all possible pairs, we are guaranteed

to obtain the maximum possible revenue the platform could attain from any single transaction.

As there at most min{n,m} transactions conducted via the platform, being able to achieve this

maximum transaction in polynomial time would prove Theorem 4.6.3.

We begin by noting that we can restrict our attention to transactions involving buyers among

those with the top min{n,m} highest valuations.

Lemma C.4.1. Up to ties, the buyer-seller pair (bi, sj) from which the platform can extract the

maximum revenue always involves a buyer among those with the top min{n,m} highest valuations.

Additionally, the maximum revenue is either zero or at least vmin{n,m}, where this is the min{n,m}th

234



largest valuation.

Proof. The statement is trivial if m ≥ n. Otherwise, if n > m, then either the top m buyers already

have all possible world edges, in which case we can extract 0 revenue from the market or there exists

a buyer among the top m buyers that is missing at least one world edge. In this case, we can add

this as a platform edge and match off the remaining top m− 1 buyers, guaranteeing us a revenue of

at least v(m), where this is the mth largest valuation. As we can extract at most vi from buyer bi, it

follows that the revenue-optimal pair (bi, sj) must include one of the top m buyers.

We will show that the maximum price for a (bi, sj) pair is closely connected to the notion of

Hall violators, most notable for their use in matching theory [Lovász and Plummer, 2009].

Definition C.4.2 (Hall violator). A set Bv of buyers is a Hall violator if |Bv| > |N(Bv)|, where

N(Bv) is the set of sellers connected to any buyer in Bv via a world edge.

Next, we state the relationship between Hall violators and the maximum price attainable from

a buyer-seller pair. Let B̃ denote the set of buyers who have one of the top min{n,m} valuations.

Let v(min{n,m}) denote the min{n,m}th largest valuation. By Lemma

Lemma C.4.3. Consider a buyer-seller pair (bi, sj), where bi ∈ B̃ is not connected to sj via a world

edge. There exists a set of platform edges the platform can add such that sj sells to bi at a positive

price k ≥ v(min{n,m}) if and only if bi belongs to a Hall violator Bvi ⊆ B̃ for G−j = (S \ {sj}∪ B̃, E)

where k ≤ minbi∈Bvi
vi.

Proof. Suppose there exists a set of platform edges such that bi transacts with sj at a positive price

k ≥ v(min{n,m}). Consider the set of all buyers reachable via an alternating/opportunity path from

bi. As k > 0, this set of buyers Bvi forms a Hall violator in G−j ; otherwise, there would be an

opportunity path from bi to an unsold item. Additionally, sj transacts at price minb∈Bvi
v(b) by

Theorem 4.2.6. Since k ≥ v(min{n,m}), Bvi cannot contain any buyers outside of B̃.

Now, suppose we have some Hall violatorBvi ⊆ B̃ ofG−j that includes bi, where k ≤ minbi∈Bvi
vi.

We claim that the platform can add edges EP and induce platform graph GP = (S ∪B,E ∪ EP )

such that in the max weight matching:

• Sellers in NGP
(Bvi) all transact.
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• The sellers in NGP
(Bvi) only transact with the buyers in Bvi \ bi.

• sj transacts with bi.

Consider the graph G−j . As we have a Hall violator Bvi ⊆ B̃ of this graph, it follows that

|NG−j (Bvi)| < |Bvi| =⇒ |NG−j (Bvi)| ≤ |Bvi \{bi}|. Note that any matching that perfectly matches

the top min{m,n} buyers to the top min{m,n} sellers is a maximum weight matching.

Thus, we add the following set of platform edges: connect bi to sj , connect the largest

|NG−j (Bvi)| buyers in Bvi \ {bi} to NG−j (Bvi), and connect any extra buyers in B̃ arbitrarily to the

remaining sellers not in NG−j (Bvi). We can then arbitrarily break ties in favor of the max weight

matching that matches bi with sj , that matches NG−j (Bvi) with the buyers in Bvi \ {bi}, and that

matches the rest of the buyers in B̃ arbitrarily to sellers such that everyone in B̃ transacts. Note

that this matching does indeed match the top |S| buyers to the top |S| sellers, so it must be a

maximum weight matching.

By construction, since bi ∈ Bvi and NG(Bvi) only transacts with the largest buyers in Bvi, it

follows that the minimum opportunity path must point to a buyer in Bvi and the price is thus

bounded below by minbi∈Bvi
vi ≥ k.

As a subroutine that will be used in our final algorithm, we show that we can efficiently decide,

given a graph G, whether there exists a Hall violator containing a buyer b. To begin, we define the

following graph-theoretic problems.

Definition C.4.4 (vertex Hall violator problem). Given a bipartite graph G = (B ∪ S,E) and a

vertex b ∈ B, is there a Hall violator that contains b?

Definition C.4.5 (max-difference Hall violator problem). Given a bipartite graph G = (B ∪ S,E)

and a positive integer k, is there a Hall violator Bv ⊂ B such that |Bv| − |NG(Bv)| ≥ k?

Lemma C.4.6. There is a polynomial-time reduction from the vertex Hall violator problem to the

max-difference Hall violator problem.

Proof. We show that the vertex Hall violator problem can be reduced in polynomial time to the

max-difference Hall violator problem. Given an instance (G, b) of the vertex Hall violator problem,

let G′ = (B \ {b} ∪ S \ {NG(b)}, E) and k = |NG(b)|. Then, solve the max-difference Hall violator
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problem on the instance (G′, k). If there is a yes-certificate Bv ⊆ B \ {b} for the max-difference

Hall violator problem, then Bv ∪ {b} is a Hall violator that includes b in G. This is because by the

yes-certificate

|Bv| − |NG′(Bv)| ≥ k = |NG(b)|

|Bv ∪ {b}| − 1 ≥ |NG′(Bv)|+ |NG(b)| = |NG(Bv ∪ {b})|

If (G′, k) is a no-instance of the max-difference Hall violator problem, then there does not exist a

Hall violator that contains b in G. Otherwise, if Bv ∪ {b}, b /∈ Bv were such a Hall violator, then

|Bv ∪ {b}| − 1 ≥ |NG(Bv ∪ {b})| = |NG′(Bv)|+ |NG(b)|

|Bv| − |NG′(Bv)| ≥ |NG(b)| = k

which contradicts with (G′, k) being a no-instance.

Finding the maximum-difference Hall violator is closely related to the notion of the deficiency

of a graph, defined below.

Definition C.4.7. Define the deficiency of a subset Bv as def(Bv) = max (|Bv| − |NG(Bv)|, 0).

Similarly, define the deficiency of B as def(G;B) = maxBv⊆B def(Bv).

For bipartite graphs, we have the following well-known fact about the deficiency of a graph G.

Lemma C.4.8. Let m be the size of the maximum-matching on G. Then

def(G;B) = |B| −m

Moreover, one can find the subset of maximum deficiency in polynomial time.

Theorem C.4.9. There is a polynomial-time algorithm to find the max-difference Hall violator (or

equivalently, the subset of B with maximum deficiency).

Proof. Note that finding the max-difference Hall violator is precisely equivalent to finding the subset

of maximum deficiency. Start with a maximum matching M on G, and let Bunmatched be the subset
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of vertices in B that are not saturated by M . If Bunmatched = ∅ then Hall theorem says there are

no Hall violator. So we only consider Bunmatched ≠ ∅. Let Bmax be the set of all vertices that are

reachable via an alternating path from Bunmatched.

We claim that the set NG(Bmax) is fully saturated by M . Consider any s ∈ NG(Bmax). By

construction, s is reachable from some unmatched vertex via an alternating path. If s were not

saturated by M , this would represent an augmenting path, which is a contradiction since M is

maximal.

Additionally, we have that every s ∈ NG(Bmax) is matched to a vertex in Bmax, again by

construction of Bmax by the opportunity path. Thus, there is a bijection between matched vertices

in Bmax and NG(Bmax), so by Lemma C.4.8, it follows that |Bmax| − |NG(Bmax)| = |Bunmatched| =

def(G;B), and Bmax is the max-difference Hall violator.

As a corollary of Lemma C.4.6 and Lemma C.4.1, we can solve the vertex Hall violator problem

in polynomial time.

Corollary C.4.10. The vertex Hall violator problem can be solved in polynomial time.

Proof. By Lemma C.4.6, the vertex Hall violator problem can be reduced to the max-difference

hall violator problem, which can be solved in polynomial time using the algorithm described in

Lemma C.4.1.

Finally, we have all the tools necessary to conclude the proof of Theorem 4.6.3. We restate the

theorem, along with the proof below.

Theorem C.4.11. Given a buyer-seller pair (bi, sj) not connected via a world edge, with bi ∈ B̃, we

can find the set of platform edges that maximizes the revenue generated from this pair in polynomial

time.

Proof. By Lemma C.4.3, we simply need to find the Hall violator Bvi ⊆ B̃ containing bi of

G−j = (S \ {sj} ∪ B̃, E) that maximizes the minimum valuation among all buyers in Bvi.

Note that sj sells to bi at one of |B̃| prices. To find the max revenue, we can simply check these

candidate prices by iteratively checking if there is a Hall violator Bvi for G−j = (S \ {sj} ∪ B̃, E)

such that bi ∈ Bvi, removing the lowest-value bidders from the graph at each round.
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That is, we look for a Hall violator containing bi, allowing all buyers in B̃ to be used. We repeat

this process, allowing all buyers except for b(m) to be used. Next, we allow all buyers except for

b(m), b(m−1) to be used, continually removing the buyers with the smallest values until no such Hall

violator exists. Note that this will indeed find us the Hall violator that includes bi with optimal

maximin value.

After finding the Hall violator with the optimal maximin value, the second statement of

Lemma C.4.3 gives a way to construct platform edges to sell sj to bi at such price, concluding the

proof.

Theorem 4.6.3. In homogeneous-goods markets, there exists a polynomial-time algorithm that

yields a min{n,m}-approximation of the optimal revenue.

Proof. The revenue optimal platform matching has at most min{n,m} edges that transact. One of

the edges will generate more than 1
min{n,m} . By Lemma 13.8, the platform can iterate through all

buyer-seller pairs (bi, sj) and check for the maximum revenue attainable from this pair. The best

pair guarantees a 1
min{n,m} -fraction of the optimal revenue.
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Appendix D

Appendix to Chapter 5

D.1 Subscription-Level Decision

Calculations for Subscription Effect Estimation We first describe the subscription effect

estimates for each type of the agents. To recap, these estimates, denoted ξk+1, are conducted based

on the new platform fees and world transaction friction, under the same set of queries submitted or

received in the last epoch (i.e., epoch k) and the same subscription decisions made by other agents.

• A buyer b, on-platform in epoch k. We denote the estimate of epoch surplus if buyer b

does not subscribe to the platform as ξwb,k+1. For this, given each query of b in epoch k, the

choice in the world under new friction µk+1 (Section 5.2.2) is reevaluated

ξwb,k+1 =
∑
t∈k

uwb,t(µk+1) =
∑
t∈k

max{uB(qb,t, s
∗
w)− µk+1, 0},

where we denote uwb,t(µ) the world matching surplus for buyer b at t under the world friction

µ, i.e., uwb,t(µ) = max{uB(qb,t, s
∗
w)− µ, 0}. Similarly, we denote ξpb,k+1 the estimate of epoch

surplus if buyer b remains on platform. The new friction may affect the choice between a

platform seller and a world seller. This surplus is estimated based on updated decisions under

µk+1, with

ξpb,k+1 = −PB,k+1 +
∑
t∈k

max{uwb,t(µk+1), u
p
b,t}.

• A buyer b, off-platform in epoch k. The surplus estimate of remaining off-platform

depends on the new friction, i.e., ξwb,k+1 =
∑

t∈k u
w
b,t(µk+1). For ξpb,k+1, we need to estimate

the epoch surplus if b subscribes to the platform. We assume that buyer b can observe

platform-recommended sellers, e.g., this can be from trial periods to gain platform experience

or a platform’s estimate based on past orders. For a query sequence {qb,t}t∈k, denote the

corresponding best platform-recommended sellers as {sp∗b,t}. The estimated surplus if subscribing

to the platform is

ξpb,k+1 = −PB,k+1 +
∑
t∈k

max{uwb,t(µk+1), uB(qb,t, s
p∗
b,t)}.
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• A seller s, on-platform in epoch k. For ξws,k+1, we need to estimate the epoch surplus if s

does not subscribe to the platform, by reasoning about (1) how many more world transactions

would happen if s is not on the platform, and (2) how buyers’ transaction decisions may be

affected by the epoch k + 1 world friction. To facilitate a precise estimate, we assume that

seller s can observe the sequence of query and seller candidate tuples {(qb,t, s, spb,t)}t∈k in which

seller s is chosen as the best world option. Given qb,t, Sk\s, and a fixed platform matching

strategy used in epoch k, we denote the updated, best-platform seller as sp∗b,t. For this modified

sequence {(qb,t, s, sp∗b,t)}, we consider the choices buyers will make under the new friction µk+1,

and estimate the number of transactions seller s will receive without being on the platform,

denoted nw
′

s,k. Thus, the estimated surplus if seller s is off platform is ξws,k+1 = nw
′

s,kv
1
s(1− ωs).

For ξps,k+1, we reason about how the new friction affects the number of transactions. Given

the sequence {(qb,t, swb,t, s)}t∈k where s is picked as the best platform seller, we consider each

buyer’s choice and estimate the number of platform visits under µk+1, denoted np
∗

s,k. Given

the sequence {(qb,t, s, spb,t)} where s is picked as the best world seller, we estimate the number

of world transactions under µk+1 (even if seller s chooses to stay on the platform), denoted

nw
∗

s,k. Thus, the estimated surplus that seller s would receive by subscribing to the platform is

ξps,k+1 = −PS,k+1 + np
∗

s,kv
1
s(1− ωs − PR,k+1) + nw

∗
s,kv

1
s(1− ωs).

• A seller s, off-platform in epoch k. For ξps,k+1, we reason about the surplus from

subscribing to the platform, e.g., by asking the platform for an estimate on the number

of platform transactions. Given the sequence of queries on the platform, i.e., {qb,t}b∈Bk,t∈k,

the platform can update the matches it would suggest s also on-platform by following its

matching strategy. Denote the sequence of query and updated seller matches with tuples

{(qb,t, swb,t, s
p∗

b,t)}b∈Bk,t∈k. With µk+1, we estimate the numbers of platform transactions np
∗

s,k

and world transactions nw
∗

s,k. The estimated surplus if seller s subscribes to the platform is

ξps,k+1 = −PS,k+1 + np
∗

s,kv
1
s(1− ωs − PR,k+1) + nw

∗
s,kv

1
s(1− ωs).

Seller s also adjusts the surplus that they would get by remaining off platform, reasoning

about how buyers’ transaction decisions will be affected by the new world friction. Given

the sequence of query and matched seller tuples {(qb,t, s, spb,t)}b∈B,t∈k in which seller s was
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chosen as the best world seller, we re-evaluate each buyer’s choice to get nw
′

s,k. The estimated

off-platform surplus is

ξws,k+1 = nw
′

s,kv
1
s(1− ωs).

Calculations for Agent-Specific Decision Inertia There is a rich body of literature that

establishes decision inertia, modeling the presence of such inertia across different markets (see

Section 5.2.4). In our setting an agent, either a buyer or seller, in subscription state Ipk ∈ {0, 1}, is

prone to stay in the same state in epoch k + 1, due to habit formation, loyalty, or inattention. We

treat buyers and sellers in the same way and illustrate the concept with a buyer b for simplicity.

Each buyer starts with an initial preference in regard to adopting the platform or not, denoted by

an integer χb,0 ∼ U [−χ, χ] for some integer χ. If the initial χb,0 is positive, the buyer subscribes at

the warm-up epoch, otherwise they do not. The inertia χb,k maps into an additive bonus to either

the surplus for joining the platform or remaining in the world through the functional form:

σpb,k+1 := Ipb,k log (χb,k) , σwb,k+1 := (1− Ipb,k) log (−χb,k) . (D.1)

That is, the longer an agent sticks to their decision, the larger the bias term gets, which increases in a

concave way (logarithmically) over time. Such interpretation of decision inertia as an additive bonus

is common in the literature [MacKay and Remer, 2021, Dubé et al., 2009, Farrell and Shapiro, 1988].

Based on this adjusted utility, agents decide whether to subscribe or not according to probabilities

inferred by the standard discrete-choice logit model [MacKay and Remer, 2021, Dubé et al., 2009],

where the probability of subscribing to the platform is

δpb,k+1 :=
exp

(
ξpb,k+1 + σpb,k+1

)
exp

(
ξpb,k+1 + σpb,k+1

)
+ exp

(
ξwb,k+1 + σwb,k+1

)
The inertia is updated after each decision in the following way. If χb,k > 0 and the buyer

subscribes, then χb,k+1 := χb,k + 1, and otherwise χb,k+1 := −1 (i.e., it resets for off-platform).

Similarly if χb,k < 0 and the buyer decides to stay off-platform, then χb,k+1 := χb,k−1, and otherwise

reset χb,k+1 := 1.
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D.2 The Platform Matching POMDP

Based on the fee-setting POMDP (Section 5.3.1), we make the following adjustments to define the

matching POMDP:

• We define xk ∈ X for epoch k as the state of the market after the platform has set fees and

agents have chosen to subscribe, but still before the first query is submitted. That is, the

state includes agent-subscription states IpB,k and IpS,k and platform fees, i.e., PB,k, PS,k, PR,k,

for the upcoming epoch k. We also include the matching utility threshold adopted in the

previous epoch, ηk−1, to state xk. All other elements of the state remain the same.

• Here, the platform’s action ak chooses (i) the matching utility threshold for epoch k, and (ii)

the matching rule for the epoch, whether seller-aware or profit-driven. For the threshold, we

consider ηk that takes discrete values in [0, 1].

• Different from the fee-setting POMDP, the state transition for platform matching starts with

buyer queries: (1) a buy agent generates a query, (2) if the buyer is on platform, the platform

recommends a seller based on ηk and its matching rule, and (3) the buyer selects a seller with

whom to transact (Section 5.2.2). This gives the full sequence of queries, Qk. At the end

of epoch k, buyers and sellers observe the new fees PB,k+1, PS,k+1 and PR,k+1, as given by a

fixed fee schedule, and decide whether or not to subscribe to the platform for the next epoch.

• The reward rk ∼ R(xk, ak) of the platform for epoch k includes both the referral fees from

epoch k and the subscription fees collected from buyers and sellers, reflecting the decision in

regard to whether or not to join the platform for epoch k + 1. This avoids delayed reward

for the platform, as the registration decisions, and thus registration fees for the next epoch,

are influenced by the platform’s matching strategy (i.e., action ak) during epoch k.

• The platform’s observability of information in the state follows the same as for the fee-setting

POMDP.
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Figure D.1: Three types of latent locations of buyers and sellers.

Figure D.2: Buyer and seller surplus in markets without a platform across the 12 epochs with a full
cycle of economic shock.

D.3 Deferred Materials for Section 5.4

D.3.1 Market Environments

Figure D.2 red line plots the average shock of two-hundred simulation runs. Each run includes a

pre-shock stage (epoch 1-3) with µ = 0.1, a shock stage (epoch 4-9) where we sample the shock

intensity I ∼ U [0.8, 1] and the world transaction frictions according to Section 4.1, and a post-shock

stage with µ = 0.1 (epoch 9-12).
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D.3.2 Implementation Details

Observation features. Following our POMDP formulation, we make the following observations

available to the platform:

• On-platform buyers and sellers, represented by two binary vectors, and their latent locations,

• Summary statistics of on-platform agents, including the number of platform transactions and

platform surplus accumulated so far within an epoch,

• The platform matching and transaction matrices between on-platform buyers and sellers for

the past epoch,

• The platform fees, the matching rule and utility threshold (if learn matching), and the current

epoch’s world friction.

Neural network structure and training parameters. Based on preliminary explorations, we

design the actor and critic to share a fully-connected layer, LSTM cells of size 128, and again a

fully-connected layer to recover sufficient statistics of the history, using this to in effect infer the

knowledge structure of buyers and the demand elasticity of agents to platform fees. Each network

also has its own two fully-connected layers. The critic outputs the value Vψ(o) of an observation

o, and the actor gives policy πθ for an observation o. For the fee-setting actor, this includes three

separate output layers, with each returning a vector of probabilities for one type of platform fee.

For the matching actor, this is a vector of probabilities over the matching utility thresholds that

are applicable to both matching rules. Figure D.3 illustrates the neural network structure we

implement. Besides the policy gradient loss, we apply entropy regularization to the policy network

to encourage exploration. The respective losses for the policy network and the value network are,

Lπ = − log π(ak|ok;θ)(Rk −Vψ(ok))−βH(π(Ak|ok;θ)) and LV = (Rk −Vψ(ok))2, where H denotes

the entropy over learned action probabilities.

We tune the platform agent with various combinations of learning rates {0.0001, 0.0005, 0.001},

batch sizes {4, 16, 32, 64, 128}, and entropy weights {0.001, 0.01, 0.05}, and select hyperparameters

that maximize the objective function. We report detailed training parameters in the supplemental

material.
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Figure D.3: Neural network structure for the platform policies.
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Appendix E

Appendix to Chapter 6

E.1 Missing lemmas and proofs in Section 6.2

We show it here with Lemma E.1.1 and Lemma E.1.2 that an optimal price exists for Z with unit

variance and a density function.

Lemma E.1.1. For any zero mean, unit variance random variable Z with a density function f and

tail distribution F , and any µ, σ > 0, there exists p∗ ∈ [0,∞) such that

p∗F [
p∗ − µ
σ

] = sup
p
pF [

p− µ
σ

]

Proof. Since Z has a density f , the tail function F [·] and pF [p−µσ ] is continuous. Let η = p−µ
σ . By

Z having unit variance and Chebyshev’s inequality

∀η > 0, P r[Z ≥ η] ≤ Pr[|Z| ≥ η] ≤ 1

η2

Thus, for any η > 0

0 < (µ+ ση)F [η] ≤ µ+ ση

η2

This means that

lim
p→∞

pF [
p− µ
σ

] = lim
η→∞

µ+ ση

η
= 0

Since pF [p−µσ ] is contiguous, and tends to 0 at infinity, there exists P̄ > 0 such that

∀p > P̄ , pF [
p− µ
σ

] < 1

On the compact interval [0, P̄ ], continuity implies that pF [p−µσ ] attains a maximum: there exists

p∗ ∈ [0, P ] such that

p∗F [
p∗ − µ
σ

] = max
p∈[0,P ]

pF [
p− µ
σ

] = sup
p≥0

pF [
p− µ
σ

]
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where the latter equality follows from ∀p > P̄ , pF [p−µσ ] < 1 and limp→∞ pF [p−µσ ] = 0.

Lemma E.1.2. For any zero mean, unit variance, i.i.d. random variables {Z}Ni=1 with a common

density function f and tail distribution F , and any positive {µ}Ni=1, σ, there exists p∗ ∈ [0,∞) such

that

p∗Pr

∑
i∈[N ]

µi + σZi ≥ p

 = sup
p
pPr

∑
i∈[N ]

µi + σZi ≥ p


Proof. Define

Z ′ =

∑
i∈[N ] σZi√∑
i∈[N ] σ

2
, µ′ =

∑
i∈[N ]

µi, σ′ =

√∑
i∈[N ]

σ2

By Zi being i.i.d. with zero mean, unit variance with a density function, it follows that Z ′ is of zero

mean and unit variance, and with some density function. Then

pPr

∑
i∈[N ]

µi + σZi ≥ p

 = pPr

[
Z ′ ≥ p− µ′

σ′

]

As the proof for Lemma E.1.1 did not impose any assumption on the tail distribution of F , the

same proof as Lemma E.1.1 follows.

Lemma E.1.3. When Z is a standard normal random variable, for any µ, σ > 0, Rev(µ, σ) =

µRev(1, σµ) = σRev(µσ , 1).

Proof. For any buyer valuation v = µ+ σZ, let v′ = v/µ. When Z is a standard normal random

variable, v ∼ N (µ, σ2) and v′ = X/µ ∼ N (1, (σµ)2). For any price p, let p′ = p/µ and Pr[v ≥ p] =

Pr[µv′ ≥ µp′] = Pr[v′ ≥ p′]. The optimal revenue can be written as

Rev(µ, σ) = max
p≥0

pPr[X ≥ p] = max
p′≥0

µp′Pr[v′ ≥ p′] = µmax
p′≥0

p′Pr[v′ ≥ p′]

But then as Rev(1, σµ) = maxp′≥0 p
′Pr[v′ ≥ p′], this means that Rev(µ, σ) = µRev(1, σµ).

Similarly we can set v′′ = v/σ ∼ N (µσ , 1) and for any price p, let p′′ = p/σ. Then Pr[v ≥ p] =

Pr[v′′σ ≥ p′′σ] = Pr[v′′ ≥ p′′]. So the revenue can be written as

Rev(µ, σ) = max
p≥0

pPr[v ≥ p] = max
p′′≥0

p′′/σPr[v′′ ≥ p′′] =
1

σ
Rev(

µ

σ
, 1)
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Lemma 6.2.1. The optimal revenue function Rev(µ, σ) is convex in (µ, σ) and weakly increases in

µ.

Proof. Any price p can be parameterized as p = µ+ ση where η denotes the normalized price. As

Lemma E.1.1 shows the supremum exists and is attained at some optimal price,

Rev(µ, σ) = max
p
pPr[µ+ σZ ≥ p] =


maxη(µ+ ση)F [η] if σ > 0

maxη(µ+ ση) if σ = 0

= max
η

(µ+ ση)F [η]

Fixing η, (µ+ση)F [η] is convex in (µ, σ). As maximum of convex function is convex, hence Rev(µ, σ)

is convex in (µ, σ).

Take two means µ ≥ µ′. For the same price p, Pr[µ+ σZ ≥ p] ≥ Pr[µ′ + σZ ≥ p]. Therefore

for all p ≥ 0, p · Pr[µ+ σZ ≥ p] ≥ p · Pr[µ′ + σZ ≥ p]. Taking the maximum over p ≥ 0 on both

sides yields Rev(µ, σ) being weakly increasing.

In the paper, we also make use of the following lemma on Rev(µ, σ) when deriving proofs for

normal buyer valuations.

Lemma E.1.4 (Schmalensee [1984]). With buyer valuations normally distributed with mean µ and

standard deviation σ, it holds that

F [z∗(α)−α] = z∗(α)f(z∗(α)−α); 0 < z∗α(α) =
dz∗(α)

dα
=
z∗(z∗ − α)− 1

z∗(z∗ − α)− 2
< 1;

dF [z∗(α)− α]

dα
> 0

The first and the second partial derivatives of Rev(µ, σ) satisfy:

∂Rev(µ, σ)

∂µ
= F [z∗(α)− α] > 0;

∂2Rev(µ, σ)

∂µ2
> 0

∂Rev(µ, σ)

∂σ
= (z∗(α)− α)F [z∗(α)− α];

∂2Rev(µ, σ)

∂σ2
> 0
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There exists a threshold α0 ≈ 1.253 such that

z∗(α)− α ≥ 0 if and only if α ≤ α0

Proof. Schmalensee [1984] explicitly writes out the proof except the second order derivatives. For

completeness we provide the proof. Expanding the optimal revenue Rev(µ, σ) = p∗F [z∗(α)− α] =

σz∗(α)F [z∗(α) − α]. As z∗ being the optimal solution to revenue maximization, the first order

condition requires that

σF [z∗(α)− α)]− σz∗(α)f(z∗(α)− α) = 0

Differentiating the above with regards to α and using the derivative of standard normal distribution

f ′(x) = −xf(x) yields the expression for z∗α(α). Using the second order condition for revenue

maximization determines the sign of z∗α(α). For the first and second order derivative,

∂Rev(µ, σ)

∂µ
=
∂σz∗(α)F [z∗(α)− α]

∂α

dα

dµ
= z∗α(α)F [z∗(α)− α]− z∗(α)f(z∗(α)− α)(z∗α(α)− 1)

= z∗α(α)[F [z∗(α)− α]− z∗(α)f(z∗(α)− α)] + z∗(α)f(z∗(α)− α) = F [z∗ − α] > 0

∂2Rev(µ, σ)

∂µ2
=
∂F [z∗ − α]

∂α

dα

dµ
= −f(z∗ − α)[z∗α(α)− 1]/σ > 0

∂Rev(µ, σ)

∂σ
= z∗(α)F [z∗(α)− α] + σ

dz∗(α)F [z∗(α)− α]

dα

dα

dσ
= (z∗(α)− α)F [z∗(α)− α]

Letting y(α) := z∗(α)− α

∂2Rev(µ, σ)

∂σ2
=
dy(α)F [y(α)]

dy

dy

dα

dα

dσ
= (F [y]− yf(y))(z∗α(α)− 1)(− µ

σ2
)

= [z∗(α)f(z∗(α)− α)− (z∗(α)− α)f(z∗(α)− α)](z∗α(α)− 1)(− µ

σ2
)

=
µ

σ2
(1− z∗α(α))αf(z∗(α)− α) > 0
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E.2 Missing Proofs in Section 6.3

Theorem 6.3.2. Consider N sellers indexed so that µL ≤ µ1 ≤ µ2 ≤ . . . ≤ µN ≤ µH . Buyer

valuations satisfy

vi = µi + σZi

Then any profit-maximizing bundle is contiguous in quality: if seller i and j are selected with i < j,

then every seller k with i < k < j is also selected.

Proof. For any seller bundle S, buyer valuation for the bundle is
∑

i∈S vi =
∑

i∈S µi + σ
∑

i∈S Zi.

Denote the tail distribution of
∑

i∈S Zi as Ψ, and µS =
∑

i∈S µi. Any price can be expressed as

p = µs + ση where η is the normalized price. The demand at normalized price η is

Pr

[∑
i∈S

Zi ≥ η

]
= Ψ(η)

And the revenue at normalized price η is (µS + ση)Ψ(η). Let Π(S, µS + ση) be the platform’s profit

for selling S at normalized price η, and it is written as

Π(S, µS + ση) = Ψ(η)ησ +
∑
i∈S

[µiΨ(η)−Rev(µi, σ)]

Fixing η and size of the bundle S, Ψ(η)ησ is fixed because Ψ(·) only depends on the size of the

bundle. We show for any fixed η and fixed size of the bundle, the profit-maximizing set of sellers is

contiguous in quality, with the same technique as in the proof for Theorem 6.3.1.

Define a function G(µ) = Rev(µ, σ)− µΨ(η). By Lemma 6.2.1, Rev(µ, σ) is convex in µ, so is

G(µ). Assume the profit-maximizing bundle has size |S| = N − 1 and define S−k = {1, 2, ..., k −

1, k + 1, ..., N}. Then

Π(S−k, µS−k
+ ησ) = Ψ(η)ησ +

∑
i∈[N ]

[µiΨ(η)−Rev(µi, σ)] +G(µk)

Π(S−k, µS−k
+ ησ) is the profit of size-N − 1 bundle excluding seller k, at normalized price η. This

function only depends on the parameter k. For any η, as G(µ) is convex, Π(S−k, µS−k
+ ησ) takes

maximum value when k ∈ {1, N}, which means it is optimal to select all but sellers i ∈ {1, N}. As
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this analysis is general for any fixed size of S (not only limited to |S| = N − 1) and η, the optimal

bundle is contiguous in µ.

E.3 Missing Lemmas and Proofs in Section 6.4

Example E.3.1. Let Z = Z′
√
3
where Z ′ is a drawn from a student’s t distribution with parameter

ν = 3. Since E[Z ′] = 0 and V ar[Z ′] = ν
ν−2 = 3, it holds that E[Z] = 0, V ar[Z] = 1. It is well

known that a student’s t distribution is heavy-tailed, with a polynomial decay rate, and it does not

have a moment generating function. This means that there does not exists any h > 0, such that for

all λ satisfying −h < λ < h, E[eλZ
′
] exists, or

∀λ ̸= 0, E[eλZ
′
] =∞

So E[eλZ ] also diverges for any λ, meaning Z is not sub-exponential.

Lemma E.3.1. For any zero mean, unit variance random variable Z with a density function f and

tail distribution F that satisfies

η − F [η]

f(η)

being strictly increasing in η, then the optimal price p∗ = arg maxp pF [p−µσ ] is unique, and the

optimal revenue Rev(µ, σ) is differentiable in µ

∂Rev(µ, σ)

∂µ
= F

[
p∗ − µ
σ

]

Proof. Lemma E.1.1 shows that some optimal price p∗ exists. We now show that it is unique.

Denote an optimal price p∗ = µ+ση∗. As p∗ > 0, it is an interior optimizer, the first order condition

for p∗ maximizing Rev(µ, σ) requires that

F

[
p∗ − µ
σ

]
=
p∗

σ
f

(
p∗ − µ
σ

)
⇔ p∗

σ
=
F
[
p∗−µ
σ

]
f
(p∗−µ

σ

) ⇔ η∗ − F [η∗]

f(η∗)
= −µ

σ

As η − F [η]
f(η) being strictly increasing, there is at most one solution to η − F [η]

f(η) = −µ
σ . This shows

uniqueness.
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For differentiability, we invoke Theorem 2 and Corollary 4 in [Milgrom and Segal, 2002], which

presents a version of the envelop theorem. The following conditions are satisfied, listed in the order

of conditions in the Theorem 2 of [Milgrom and Segal, 2002].

• pF
[p−µ

σ

]
is absolute continuous in p and µ because there exists a density function.

• The optimal price p∗ is taken in a compact space: In the proof of Lemma E.1.1, we showed

that for unit variance Z, the optimal price p∗ for Rev(µ, σ) is attained at some compact space

[0, P̄ ] for any µ, σ > 0. The compactness means the ”integrable bound” condition of Theorem

2 in Milgrom and Segal [2002] is satisfied.

• pF
[p−µ

σ

]
is differentiable in µ for all p, and is equal to

dpF
[p−µ

σ

]
dµ

=
p

σ
f

(
p− µ
σ

)

• There is a unique optimal price p∗, so the following set is a singleton

{dp∗F [p∗−µσ ]
dµ

| p∗ ∈ arg max
p

pF

[
p− µ
σ

]}

Given all these conditions are satisfied, Corollary 4 in [Milgrom and Segal, 2002] reads Rev(µ, σ) is

differentiable and satisfies

∂Rev(µ, σ)

∂µ
= F

[
p∗ − µ
σ

]

Lemma 6.4.1. Myerson’s Lemma [Myerson, 1981]

• For any x, there exists a payment rule π such that the mechanism (x, π) satisfies IC if and

only if it is monotonically non-increasing in µ: for µ ≥ µ′, x(µ) ≤ x(µ′).

• If x is monotonically non-increasing, then there exists a unique payment rule π such that (x, π)

satisfies the IC constraint, subject to a normalization term that sets the utility of a seller of

quality µH .
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• When the utility of a µH-quality seller is set to zero, the above payment rule is given by

π(µ) = Rev(µ, σ)x(µ) +

∫ µH

θ=µ
x(θ)dRev(θ, σ)

Proof. First prove monotonicity. For any seller of quality µ, IC requires that


π(µ)− x(µ)Rev(µ, σ) ≥ π(µ′)− x(µ′)Rev(µ, σ)

π(µ′)− x(µ′)Rev(µ′, σ) ≥ π(µ)− x(µ)Rev(µ′, σ)

⇒ Rev(µ, σ)
[
x(µ)− x(µ′)

]
≤ π(µ)− π(µ′) ≤ Rev(µ′, σ)

[
x(µ)− x(µ′)

]
(E.1)

∀µ ≥ µ′, Lemma 6.2.1 shows that Rev(µ, σ) ≥ Rev(µ′, σ), the above inequality requires that

x(µ′) ≥ x(µ), proving the monotonicity in allocation. The above inequality also requires that

π(µ) ≤ π(µ′), meaning the sellers with higher quality gets paid weakly less.

To prove the second statement and for ease of exposition, we assume the allocation rule x and

payment rule π are both differentiable, although the proof idea can be applied to non-differentiable

ones.

By dividing each side of Equation (E.1) by µ− µ′ where µ ≥ µ′ there is

Rev(µ, σ)
x(µ)− x(µ′)

µ− µ′
≤ π(µ)− π(µ′)

µ− µ′
≤ Rev(µ′, σ)

x(µ)− x(µ′)

µ− µ′

Taking the limit as µ′ goes to µ yields

Rev(µ, σ)
dx(µ)

dµ
=
dπ(µ)

dµ
≤ 0

So

π(µH)− π(µ) =

∫ µH

θ=µ
Rev(θ, σ)

dx(θ)

dθ
dθ = [Rev(θ, σ)x(θ)] |µHµ −

∫ µH

θ=µ
x(θ)dRev(θ, σ)

π(µ) = π(µH)−Rev(µH , σ)x(µH) +Rev(µ, σ)x(µ) +

∫ µH

θ=µ
x(θ)dRev(θ, σ)

For payment minimization, since π(µH) is the lower bound on payments made to any seller, it is
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best to set π(µH) = Rev(µH , σ)x(µH). So we can write

π(µ) = Rev(µ, σ)x(µ) +

∫ µH

θ=µ
x(θ)dRev(θ, σ)

Now checking if the (x, π) indeed satisfy the IC condition. A seller of type µ reporting µ′ have

utility

uµ(µ′) = π(µ′)−Rev(µ, σ)x(µ′) = (Rev(µ′, σ)−Rev(µ, σ))x(µ′) +

∫ µH

θ=µ′
x(θ)dRev(θ, σ)

For µ′ > µ, the difference of seller’s utility is

uµ(µ′)− uµ(µ) = (Rev(µ′, σ)−Rev(µ, σ))x(µ′)−
∫ µ′

θ=µ
x(θ)dRev(θ, σ) ≤ 0

because the monotonicity of allocation rule ∀θ ∈ [µ, µ′], x(µ′) ≤ x(θ). Similarly, for µ′ < µ, the

difference of seller’s utility is

uµ(µ′)− uµ(µ) = (Rev(µ′, σ)−Rev(µ, σ))x(µ′) +

∫ µ

θ=µ′
x(θ)dRev(θ, σ) ≤ 0

also because of the monotonicity of allocation rule ∀θ ∈ [µ′, µ], x(µ′) ≥ x(θ).

Lemma 6.4.2. A mechanism’s expected payment to a seller is given by

Eµ∼Φ [π(µ)] = Eµ∼Φ [φ(µ)x(µ)]

where

φ(µ) = Rev(µ, σ)

(
1 +

Φ(µ)

ϕ(µ)p∗(µ)

)
and p∗(µ) = arg maxp{pPr[µ+ σZ ≥ p]} is the unique optimal price for Rev(µ, σ).
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Proof.

Eµ∼Φ[π(µ)] =

∫ µH

θ=µL

π(θ)ϕ(θ)dθ =

∫ µH

θ=µL

[Rev(θ, σ)x(θ) +

∫ µH

µ=θ
x(µ)dRev(µ, σ)]ϕ(θ)dθ

=

∫ µH

θ=µL

Rev(θ, σ)x(θ)ϕ(θ)dθ +

∫ µH

µ=µL

[∫ µ

θ=µL

ϕ(θ)dθ

]
x(µ)dRev(µ, σ)

=

∫ µH

θ=µL

Rev(θ, σ)x(θ)ϕ(θ)dθ +

∫ µH

θ=µL

Φ(θ)x(θ)dRev(θ, σ)

=

∫ µH

θ=µL

Rev(θ, σ)x(θ)ϕ(θ)

[
1 +

∂Rev(θ, σ)

∂θ

Φ(θ)

Rev(θ, σ)ϕ(θ)

]
dθ

=

∫ µH

θ=µL

x(θ)ϕ(θ)Rev(θ, σ)

(
1 +

Φ(θ)

p∗(θ)ϕ(θ)

)
dθ

Where the last equality follows from Lemma E.3.1 that ∂Rev(θ,σ)
∂θ = F

[
p∗−µ
σ

]
.

Lemma 6.4.3. Define the set function Rev(S) := Rev(vS). Even when buyer valuations are

normally distributed with identical variance, Rev(S) is neither monotonic, submodular, supermodular,

subadditive, nor superadditive.

Proof. For none-monotonicity, consider two sellers where µ1 = 5, µ2 = 0.1, σ = 1. Their revenue can

be written as Rev(µ1, σ) ≈ 3.37, Rev(µ2, σ) ≈ 0.19. Then Rev(µ1 + µ2,
√

2) ≈ 3.13 < Rev(µ1, σ).

The reduction in revenue arises because bundling with seller µ2 increases the combined mean

valuation only marginally, while substantially increasing the dispersion of buyer valuations. Since

higher dispersion does not necessarily raise optimal revenue (see Figure 6.1(b)), the net effect of

bundling can be negative.

For none-submodularity, consider two sellers with the same µ = 1, σ = 0.5. Then

Rev({s1}) = Rev(µ, σ) ≈ 0.525

Rev({s1, s2})−Rev({s1}) = Rev(2µ,
√

2σ)−Rev(µ, σ) ≈ 0.618

So Rev({s1}) < Rev({s1, s2}) − Rev({s1}) and that Rev(S) does not satisfy submodularity. For

none-supermodularity, consider two sellers with the same µ = 1, σ = 1. Then

Rev({s1}) = Rev(µ, σ) ≈ 0.507

Rev({s1, s2})−Rev({s1}) = Rev(2µ,
√

2σ)−Rev(µ, σ) ≈ 0.497
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So Rev({s1}) > Rev({s1, s2})−Rev({s1}) and that Rev(S) does not satisfy supermodularity. For

none-subadditive, again for µ = 1, σ = 0.5, it holds that Rev(2µ,
√

2σ) ≈ 1.143 > 1.05 ≈ 2Rev(µ, σ).

For none-superadditive, again for µ = 1, σ = 1, it holds that Rev(2µ,
√

2σ) ≈ 1.004 < 1.014 ≈

2Rev(µ, σ).

E.3.1 Missing Proofs in Section 6.4.2

We formally write out the proof for Theorem 6.4.6 using similar steps as the proof for profit-

maximizing mechanisms.

Theorem 6.4.4. There exists an IC and IR mechanism that maximizes expected surrogate profit,

characterized by a threshold t ∈ R, where

x(µ) =


1 if µ ≤ t

0 else

; π(µ) =


Rev(t, σ) if µ ≤ t

0 else

The proof follows from the similar structure as Fu [2017] on myerson’s revenue-optimal mecha-

nism.

Step 1: Decomposition of x into weighted-combination of posted-price mechanism

Consider a posted price mechanism of price Rev(µ, σ). The allocation rule of this posted price

mechanism is a decreasing step function where the step occurs at µ. We use µ to index this

posted-price mechanism with a slight abuse of notation use ϖ(µ) to represent the expected surrogate

profit of this posted price mechanism, which is given by

ϖ(µ) = −Rev(µ, σ)Φ(µ) +

∫ µ

θ=µL

θg(θ)dθ

Given any monotone non-increasing allocation rule x, we use these posted-price mechanism

allocation rules of different µ as basis to construct the allocation rule x. For our proof we will focus

on allocation rule x that is differentiable, and the proof for none-differentiable x shares the same

idea. Construct the following weighted-sum mechanism. For each posted-price mechanism µ, give it

weight −dx(µ). Further give weight 1 to another another constant mechanism that always allocate

with probability x(µH) and pays x(µH)Rev(µH , σ). For any quality µ, the weighted total allocation
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probability is

−
∫ µH

θ=µL

I[µ ≤ θ]dx(µ) + x(µH) = −
∫ µH

θ=µ
dx(µ) + x(µH) = x(µ)

which is the same as the allocation probability of rule x. Then by Lemma 6.4.1, the expected

surrogate profit of x is the same as the expected surrogate profit of the weighted-sum-mechanism,

which can be expressed as

ϖ(x) = −
∫ µH

µ=µL

ϖ(µ)dx(µ) + x(µH)Eµ[µ]− x(µH)Rev(µH , σ)

= [x(µ)Rev(µ, σ)Φ(µ)|µHµL ]−
∫ µH

µ=µL

(−x(µ))(−dRev(µ, σ)

dµ
Φ(µ)−Rev(µ, σ)ϕ(µ))dµ

−
∫ µH

µ=µL

∫ µ

θ=µL

θϕ(θ)dθdx(µ) + x(µH)Eµ[µ]− x(µH)Rev(µH , σ)

= E[x(µ)µ− x(µ)Rev(µ, σ)(1 +
Φ(µ)

ϕ(µ)Rev(µ, σ)

dRev(µ, σ)

dµ
)] = E[x(µ)(µ− φ(µ))]

The second equality is through change of integration order. Note how exactly this equals to our

previously derived revenue of x.

Step 2: Quantile space We transfer µ into quantile space. Define q(µ) = Φ(µ) and y(q) =

x(Φ−1(q)). Clearly y is monotone non-increasing as well. Give weight −dy(q) = −dx(µ) to each

post-price mechanism indexed by q. Let ϖ′(q) denote the expected surrogate profit of the post-price

mechanism of q, where the ′ sign denotes operating in the quantile space. The constant mechanism

which allocates with probability x(µH) and always pay x(µH)Rev(µH , σ) has expected surrogate

welfare x(µH)[Eµ[µ]−Rev(µH , σ)], which is equal to y(1)ϖ′(1) in quantile space. This is because

ϖ′(1) = ϖ(µH) = Eµ[µ] − Rev(µH , σ) and y(1) = x(µH). Further note the expected surrogate

profit for posted-price mechanism which posts Rev(µL, σ) is zero, or ϖ′(0) = 0.

Combining weight 1 of the constant mechanism and weight −dy(q) of the post-price mechanisms

yields expected surrogate profit of x equaling w, expressed in quantile space as

−
∫ 1

q=0
ϖ′(q)dy(q)+ϖ′(1)y(1) = [−ϖ′(q)y(q)|10]+

∫ 1

q=0
y(q)dϖ′(q)+y(1)ϖ′(1) =

∫ 1

q=0
y(q)

dϖ′(q)

dq
dq

(E.2)

From the left-hand side of the equality, fixing allocation rule y, the mechanism that operates on a
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higher point-wise ϖ′ will attain higher expected surrogate profit. Examining the right-hand side of

the equality

ϖ′(q) = −qRev(µ−1(q), σ) +

∫ q

θ=0
µ−1(θ)dθ

dϖ′(q)

dq
= µ−1(q)−Rev(µ−1(q), σ)− q dRev(µ−1(q), σ)

dµ−1(q)

dµ−1(q)

dq

= µ−Rev(µ, σ)(1 +
Φ(µ)

ϕ(µ)Rev(µ, σ)

dRev(µ, σ)

dµ
) = µ−1(q)− φ(µ−1(q))

So we can express in quantile space the expected surrogate profit as

ϖ′(y) =

∫ 1

q=0
y(q)(µ−1(q)− φ(µ−1(q)))dq

Step 3: Ironing If µ−1(q)− φ(µ−1(q)) is monotone non-increasing in q, then we can specify a

monotone non-increasing allocation rule y(q) that maximizes ϖ(y). Such a y will take a threshold

form, such that y(q) = 1 iff µ−1(q)− φ(µ−1(q)) ≥ 0. Note that µ−1(q)− φ(µ−1(q)) being monotone

non-increasing means that dϖ′(q)
dq is monotone non-decreasing, or ϖ′(q) is concave. Now define the

ironing procedure

• Define ϖ′(q) as the concave hull of ϖ′(q)

• Define the ironed virtual surplus function as ϱ(q) = dϖ′(q)/dq

The ϱ(q) is the ironed value of µ−1(q)− φ(µ−1(q)), which is monotone non-increasing.

Lemma E.3.2. For any monotone non-increasing allocation rule y(q) and any function µ−1(q)−

φ(µ−1(q)), the expected surrogate profit is upper bounded by the expected ironed virtual surplus

ϖ′(y) = E
[
y(q)(µ−1(q)− φ(µ−1(q)))

]
≤ E [y(q)ϱ(q)]

Furthermore, this inequality holds with equality if the allocation rule y satisfies dy(q)
dq = 0 for all q

where ϖ′(q) > ϖ′(q).

Proof. Since ϖ′ is the concave hull of ϖ′, it holds that ϖ′ ≥ ϖ′ and ϖ′(1) = ϖ′(1). Using
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Equation (E.2) to expand the terms

E
[
y(q)(ϱ(q)− µ−1(q) + φ(µ−1(q)))

]
= −

∫ 1

q=0
(ϖ′(q)−ϖ′(q))dy(q) ≥ 0

The second statement in the theorem follows naturally.

Now we are ready to finally prove Theorem 6.4.4. Define the threshold t to be

t =


µH if ϱ(1) > 0

any value smaller than µL if ϱ(1) ≤ 0 and ϱ(0) ≤ 0

max{µ|ϱ(q(µ)) > 0} otherwise

For BIC: Since ϖ′(q) is concave, ϱ(q) is monotone non-increasing. Thus x defined as in Theorem 6.4.4

is a reverse step function and monotone non-increasing. The π defined satisfies the Myerson’s lemma

in Lemma 6.4.1 so (x, π) is BIC. For profit-maximizing: Lemma E.3.2 says any IC mechanism has

expected surrogate profit upper bounded by the expected ironed virtual surplus. As x achieves the

maximum ironed virtual surplus, (x, π) achieves the maximum expected surrogate profit.

E.3.2 Missing Proofs in Section 6.4.3

Lemma 6.4.5. Assume Z is a subexponential random variable Z ∈ SE(γ2, ξ) with parameter

γ, ξ > 0 :

E[eλZ ] ≤ e
λ2γ2

2 , ∀λ : |λ| < 1

ξ

For any buyer valuation v = C + σ
∑

i∈[N ] aiZi where C, σ are constants and ai ∈ [0, 1], let

A =
∑

i∈[N ] a
2
i . Then

|Rev(C + σ
∑
i∈[N ]

aiZi)− C| ≤ max{σγe−
1
2A

1
2 ,

8σξ

3e
,
√

2σA
1
2 , 2σ

2
3 (CA)

1
3 }

Proof. Denote A =
∑

i∈[N ] a
2
i and J =

∑
i∈[N ]

aiZi√
A

. Then buyer’s valuation can be written in the

form

v = C + σ
∑
i∈[N ]

aiZi = C + σ
√
AJ
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Since Zi are independent random variables, and for any |λ|√
A
< 1

ξ ⇔ |λ| <
√
A
ξ , then |λ|ai√

A
< 1

ξ so

E[eλJ ] = E[e
λ√
A
a1Z1 × . . .× e

λ√
A
aNZN ] = E[e

λ√
A
a1Z1 ]× . . .× E[e

λ√
A
aNZN ]

≤ e
λ2γ2a21

2A × . . .× e
λ2γ2a2N

2A = e
λ2γ2

2

Applying Chernoff bound yields

Pr[J ≥ η] ≤ inf
λ>0

E[eλJ ]e−λη ≤ inf
0<λ<

√
A
ξ

e−λη+
λ2γ2

2

Let η̄ = γ2
√
A

ξ . When 0 < η < η̄, we can set λ = η
γ2

which satisfies that 0 < λ <
√
A
ξ , and

∀0 < η < η̄, Pr[J ≥ η] ≤ e−
η2

2γ2

This is the tail region where subexponential distributions share similar behavior with sub-gaussian

distributions. When η ≥ η̄, we can set λ =
√
A

2ξ . Further note that for any η ≥ η̄, it satisfies that

1
4

√
A

2ξ η ≥
1
4

√
A

2ξ
γ2

√
A

ξ = Aγ2

8ξ2
, so there exists the following bound

∀η ≥ η̄, P r[J ≥ η] ≤ e−
√
A

2ξ
η+Aγ2

8ξ2 ≤ e−
3
4

√
A

2ξ
η

First prove an upper bound on Rev(v)− C. Any price can be written as p = C + σ
√
Aη

Rev(v)− C = sup
η

(C + σ
√
Aη)Pr

[
C + σ

√
AJ ≥ C + σ

√
Aη
]
− C ≤ σ

√
A sup

η
ηPr [J ≥ η]

Without loss, we can focus on η > 0. From the above analysis on Pr[J ≥ η],

sup
η
ηPr[J ≥ η] ≤


ηe

− η2

2γ2 if 0 < η < η̄

ηe
− 3

√
A

8ξ
η

if η ≥ η̄
≤


γe−

1
2 if 0 < η < η̄

8ξ

3
√
A
e−1 if η ≥ η̄

the maximizer of the two cases are respectively given by η = γ when 0 < η < η̄ and η = 8ξ

3
√
A

when

η ≥ η̄. Note the maximizer might not be attained in the two feasible regions, which only makes the

261



upper bound more valid. This gives an upper bound on Rev(v)− C as follow

Rev(v)− C ≤ σ
√
Amax{γe−

1
2 ,

8ξ

3
√
A
e−1}

Then prove an upper bound on C −Rev(v) through proving a lower bound on Rev(v).

As it is sufficient to find one price that lowers bound Rev(v), we use a different technique than the

above. Denote any price p = C − σ
√
Aη. For any η, it satisfies that

Rev(v) ≥ (C − σ
√
Aη)Pr[C + σ

√
AJ ≥ C − σ

√
Aη] = (C − σ

√
Aη)(1− Pr[J < −η])

C −Rev(v) ≤ σ
√
Aη + (C − σ

√
Aη)Pr[J < −η] ≤ σ

√
Aη + CPr[J < −η]

As the bound holds for any η, we can restrict attention to the value of η such that 0 < η ≤ C
σ
√
A

so

that 0 ≤ p < C. Since V ar(J) = 1, E[J ] = 0, by Cantelli inequality,

∀η > 0, P r[J < −η] ≤ 1

1 + η2
<

1

η2

Directly applying this to the above for η ∈ (0, C
σ
√
A

] means that C − Rev(v) ≤ σ
√
Aη + C

η2
. Let

η∗ = ( 2C
σ
√
A

)
1
3 . If η∗ > C

σ
√
A

, then

C −Rev(v) ≤ C < σ
√

2A

If η∗ ≤ C
σ
√
A

, then

C −Rev(v) ≤ σ
√
Aη∗ + C/(η∗)2 = C

1
3 (σ
√
A)

2
3 (2

1
3 + 2−

2
3 ) ≤ 1.89σ

2
3 (CA)

1
3

Note that this is a crude bound that doesn’t rely on the properties of subexponential distribution.

Theorem 6.4.6. Consider buyer have valuation µi + σZ towards seller i, where Z is any subex-

ponential random variable Z ∈ SE(γ2, ξ) with mean zero and standard deviation 1. If ϖ(x̃∗) > 0,

then

Π(x∗)

Π(x̃∗)
≤ 1 +O(N− 1

3 )
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Proof. We decompose the difference between Π(x∗) and Π(x̃∗) into two parts. The first part captures

the expected difference in profit due to the random realization of I ∼ Bernoulli(x(µ)), and in the

second part bounds the expected difference in profit due to replacing the Rev(vS) by its mean

valuation. Besides Π(x) defined in Equation (6.1) and ϖ(x) in Equation (6.2), define an intermediate

surrogate profit ϖ′(x) that doesn’t depend on the random realization of I.

ϖ′(x) = Eµ∼Φ

Rev
∑
i∈[N ]

x(µi)(µi + σZi)

− ∑
i∈[N ]

x(µi)φ(µi)


For any mechanism allocation rule x, we first provide a bound on |Π(x)−ϖ′(x)|. For any x and

realization I(µ), denote

Y(I,µ) =
∑
i∈[N ]

Ii(µi)µi, Υ(x,µ) =
∑
i∈[N ]

x(µi)µi

Since Ii(µi) ∼ Bernoulli(x(µi)), it satisfies that

EI [Y(I,µ)|µ] = Υ(x,µ) V ar(Y(I,µ)|µ) ≤ µ2H
∑
i∈[N ]

x(µi)(1− x(µi)) ≤ µ2HN

Eµ,I [(Y(I,µ)−Υ(x,µ))2] = Eµ[EI [(Y(I,µ)−Υ(x,µ))2|µ]] = Eµ[V ar(Y(I,µ)|µ)] ≤ µ2HN

Then by the definition of variance,

EI,µ[|Y(I,µ)−Υ(x,µ)|] =
√
EI,µ[(Y(I,µ)−Υ(x,µ))2]− V ar(|Y(I,µ)−Υ(x,µ)|) ≤ µH

√
N

(E.3)

The above corresponds to the difference in Π(x) and ϖ′(x) due to the different mean quality of

the set S(µ, I). We now bound the difference due to the dispersion of buyer valuation. Apply

Lemma 6.4.5 with C =
∑

i∈[N ] Ii(µi)µi, ai = Ii(µi), A =
∑

i∈[N ] Ii(µi)
2, then

∣∣∣∣∣∣Rev
∑
i∈[N ]

Ii(µi)(µi + σZi)

− ∑
i∈[N ]

Ii(µi)µi

∣∣∣∣∣∣ ≤ max{σγe−
1
2A

1
2 ,

8σξ

3e
,
√

2σA
1
2 , 2σ

2
3 (CA)

1
3 }} = O(N

2
3 )
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Similarly
∣∣∣Rev (∑i∈[N ] x(µi)(µi + σZi)

)
−
∑

i∈[N ] x(µi)µi

∣∣∣ = O(N
2
3 ). For any realization of I(µ)

∣∣∣∣∣∣Rev(vS(µ,I))−Rev

∑
i∈[N ]

x(µi)(µi + σZi)

∣∣∣∣∣∣ =

∣∣∣∣∣∣Rev
∑
i∈[N ]

Ii(µi)(µi + σZi)

−Rev
∑
i∈[N ]

x(µi)(µi + σZi)

∣∣∣∣∣∣
≤

∣∣∣∣∣Rev
∑
i∈[N ]

Ii(µi)(µi + σZi)

−Rev
∑
i∈[N ]

Ii(µi)µi

+Rev

∑
i∈[N ]

Ii(µi)µi

−Rev
∑
i∈[N ]

x(µi)µi


+Rev

∑
i∈[N ]

x(µi)µi

−Rev
∑
i∈[N ]

x(µi)(µi + σZi)

∣∣∣∣∣ ≤ |Y(I,µ)−Υ(x,µ)|+O(N
2
3 )

We are now ready to analyze |Π(x)−ϖ′(x)|.

∣∣Π(x)−ϖ′(x)
∣∣ =

∣∣∣∣∣∣Eµ,I

Rev(S(µ, I))−Rev

∑
i∈[N ]

x(µi)(µi + σZi)

∣∣∣∣∣∣
≤ Eµ,I

∣∣∣∣∣∣Rev(S(µ, I))−Rev

∑
i∈[N ]

x(µi)(µi + σZi)

∣∣∣∣∣∣


≤ Eµ,I [|Y(I,µ)−Υ(x,µ)|] +O(N
2
3 )

Referring to Equation (E.3) there is |Π(x) − ϖ′(x)| = O(N
2
3 ). We can now proceed to bound

|ϖ′(x)−ϖ(x)|.

|ϖ(x)−ϖ′(x)| =

∣∣∣∣∣∣Eµ

Rev
Υ(x,µ) + σ

∑
i∈[N ]

x(µi)Zi

−Υ(x,µ)

∣∣∣∣∣∣
≤ Eµ

∣∣∣∣∣∣Rev
Υ(x,µ) + σ

∑
i∈[N ]

x(µi)Zi

−Υ(x,µ)

∣∣∣∣∣∣


Directly applying Lemma 6.4.5 with C = Υ(x, µ), ai = x(µi) yields |ϖ′(x) − ϖ(x)| = O(N
2
3 ).

Combined with |ϖ′(x)−Π(x)| = O(N
2
3 ) means that

Π(x∗) ≤ ϖ(x∗) +O(N
2
3 ) ≤ ϖ(x̃∗) +O(N

2
3 ) ≤ Π(x̃∗) +O(N

2
3 )

Finally, by the definition of ϖ(x) = NEµ[x(µ)(µ− φ(µ))] in Equation (6.2), if ϖ(x̃∗) > 0, it holds

that ϖ(x̃∗) = Θ(N). And from our previous analysis, |Π(x̃∗)−ϖ(x̃∗)| = O(N
2
3 ) so Π(x̃∗) = Θ(N).

264



Then

Π(x∗)

Π(x̃∗)
≤ 1 +O(N− 1

3 )

E.4 Missing Lemmas and Proofs in Section 6.5

Denote platform’s decision is to produce mL units of µL and mH = m−mL units of µH . As mL

and m uniquely determines SM , we use Π(π,mL,m) := Π(x, SM ) to represent the platform’s profit.

Lemma 6.5.1. Suppose the platform produces m items in-house where 0 < m ≤ M . Then the

profit-optimal choice of quality is to either always produce low-quality items µL, or always produce

high-quality items µH . Conditional on including some sellers in the bundle, a sufficient condition

for the platform always producing high-quality items is

min{F [
√
NL +m

µL
σ

], F [
(NL +m)µL +NHµH√

N +mσ
]} > Rev(µH , σ)−Rev(µL, σ)

µH − µL
.

Conditional on including some sellers in the bundle, a sufficient condition for the platform always

producing low-quality items is

max{F [
NLµL +mµH√

NL +mσ
], F [

NLµL + (NH +m)µH√
N +mσ

]} < Rev(µH , σ)−Rev(µL, σ)

µH − µL
.

Proof. We examine Π(πL,mL,m) first

Π(πL,mL,m) = Rev((NL +mL)µL + (m−mL)µH ,
√
NL +mσ)

− (NL +mL)Rev(µL, σ)− (m−mL)Rev(µH , σ)

∂Π(πL,mL,m)

∂mL
= (µL − µH)F [z∗(αL)− αL]−Rev(µL, σ) +Rev(µH , σ)

∂2Rev(pL)

∂m2
L

= −(µL − µH)f [z∗(αL)− αL][z∗αL
(αL)− 1]

µL − µH√
NL +mσ

> 0

where αL =
(NL +mL)µL + (m−mL)µH√

NL +mσ
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Now examine Π(πH ,mL,m)

Π(πH ,mL,m) = Rev((NL +mL)µL + (NH +m−mL)µH ,
√
N +mσ)

−mLRev(µL, σ)− (N +m−mL)Rev(µH , σ)

∂Π(πH ,mL,m)

∂mL
= (µL − µH)F [z∗(αH)− αH ]−Rev(µL, σ) +Rev(µH , σ)

∂2Π(πH ,mL,m)

∂m2
L

= −(µL − µH)f [z∗(αH)− αH ](z∗αH
(αH)− 1)

µL − µH√
N +mσ

> 0

where αH =
(NL +mL)µL + (NH +m−mL)µH√

N +mσ

and finally at posted price 0

Π(π0,mL,m) = Rev(mLµL + (m−mL)µH ,
√
mσ)−mLRev(µL, σ)− (m−mL)Rev(µH , σ)

∂Π(π0,mL,m)

∂mL
= (µL − µH)F [z∗(α0)− α0]−Rev(µL, σ) +Rev(µH , σ)

∂2Π(π0,mL,m)

∂m2
L

= −(µL − µH)f(z∗(α0)− α0)(z
∗
α0

(α0)− 1)
−µH√
mσ

> 0

where α0 =
mLµL + (m−mL)µH√

mσ

Thus for either prices, Π(π,mL,m) is convex in mL. This means the optimal quantity mL ∈ {0,m},

and the platform either always produce low-quality or high-quality items.

We now give sufficient conditions on when mL = 0 is preferred over mL = m. When the

platform posts πL, a sufficient condition for setting mL = 0 is that ∂Π(πL,mL,m)
∂mL

< 0 for mL ∈ [0,m].

As ∂Π(πL,mL,m)
∂mL

increases with mL, the sufficient condition further becomes

∂Π(πL,mL,m)

∂mL
|mL=m < 0 ⇔ F [z∗(

(NL +m)µL√
NL +mσ

)− (NL +m)µL√
NL +mσ

] >
Rev(µH , σ)−Rev(µL, σ)

µH − µL
(E.4)

Similarly when the platform posts πL, a sufficient condition for setting mL = m is that ∂Π(πL,mL,m)
∂mL

>

0 for mL ∈ [0,m]. As ∂Π(πL,mL,m)
∂mL

increases with mL, the sufficient condition further becomes

∂Π(πL,mL,m)

∂mL
|mL=0 > 0 ⇔ F [z∗(

NLµL +mµH√
NL +mσ

)− NLµL +mµH√
NL +mσ

] <
Rev(µH , σ)−Rev(µL, σ)

µH − µL
(E.5)

Clearly these two conditions cannot hold simultaneously, as (NL+m)µL√
NL+mσ

< NLµL+mµH√
NL+mσ

. In the same
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way, we can write out the sufficient conditions when the platform posts πH . A sufficient condition

for setting mL = 0 is that ∂Π(πH ,mL,m)
∂mL

< 0 for mL ∈ [0,m]. As ∂Π(πH ,mL,m)
∂mL

increases with mL, the

sufficient condition becomes

∂Π(πH ,mL,m)

∂mL
|mL=m < 0⇔ F [z∗(

(NL +m)µL +NHµH√
N +mσ

)−(NL +m)µL +NHµH√
N +mσ

] >
Rev(µH , σ)−Rev(µL, σ)

µH − µL
(E.6)

A sufficient condition for setting mL = m is that ∂Π(πH ,mL,m)
∂mL

> 0 for mL ∈ [0,m]. As ∂Π(πH ,mL,m)
∂mL

increases with mL, the sufficient condition becomes

∂Π(πH ,mL,m)

∂mL
|mL=0 > 0⇔ F [z∗(

NLµL + (NH +m)µH√
N +mσ

)−NLµL + (NH +m)µH√
N +mσ

] <
Rev(µH , σ)−Rev(µL, σ)

µH − µL
(E.7)

Then when the platform must in-house produce m units, sufficient condition for always setting

mL = 0 (produces µH) is that both Equations (E.4) and (E.6) satisfies; a sufficient condition for

always setting mL = m (produces µL) is that both Equations (E.5) and (E.7) satisfies.

Lemma E.4.1. With buyer valuations normally distributed, for any ϵ > 0, there exists a threshold

αϵ such that whenever α > αϵ, the optimal demand satisfies F [z∗(α)− α] > 1− ϵ.

Proof. Let t(α) = z∗(α)−α. By Lemma E.1.4 define r(t(α)) = F [t(α)]
f(t(α)) = F [z∗(α)−α]

f(z∗(α)−α) = z∗(α) = α+t(α)

to be the inverse hazard rate function. It is known that the normal distribution has strictly increasing

hazard rate function or strictly decreasing r(t) = F (t)
f(t) [Baricz, 2010, Sampford, 1953].

For any ϵ ∈ (0, 1), pick tϵ < 0 such that F (tϵ) > 1− ϵ. Let αϵ = r(tϵ)− tϵ. Then ∀α > αϵ, if

t(α) ≥ tϵ, then by r(t)− t being strictly decreasing in t, r(t(α))− t(α) < r(tϵ)− tϵ = αϵ < α, which

forms a contradiction. So t(α) < tϵ. Then F (t(α)) > F (tϵ) > 1− ϵ.

Theorem 6.5.2. There exists a threshold N0 on the market size N , such that when the number of

sellers is larger than this threshold N > N0, platform’s profit-maximizing posted price is equal to

• If µL > Rev(µL, σ) 
πH if τ ≤ µH−Rev(µH ,σ)

µH−Rev(µL,σ)

πL otherwise
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• If µL −Rev(µL, σ) ≤ 0 but µH −Rev(µH , σ) > 0


πH if τ ≤ µH−Rev(µH ,σ)

µH−µL

π0 otherwise

• If µH −Rev(µH , σ) ≤ 0, then profit-maximizing posted price is equal to π0 = 0.

In these large markets, the platform never in-house produces low-quality items. If the profit-

maximizing posted price is πL or πH , the platform in-house produces high-quality item if and only

if µH > Rev(µH , σ). If the profit-maximizing posted price is π0, the platform in-house produces

high-quality item if and only if

∃ 1 ≤ m ≤M, Rev(mµH ,
√
mσ)−mRev(µH , σ) > 0

Proof. First prove the optimal posted price. We write down the platform’s profit when in-house

producing m unit of item with quality µ, when bundling every seller, only low-quality sellers, and

no seller respectively. Since we are fixing the in-house production, let Π(π) denote the platform’s

profit.

lim
N→∞

1

N
Π(πH) = lim

N→∞

1

N

[
Rev(NLµL + (N −NL)µH +mµ,

√
N +mσ)−NRev(µH , σ)−mRev(µ, σ)

]
= lim

N→∞
Rev

(
τµL + (1− τ)µH ,

σ√
N

)
−Rev(µH , σ)

= −τ(µH − µL) + µH −Rev(µH , σ)

lim
N→∞

1

N
Π(πL) = lim

N→∞

1

N

[
Rev(NLµL +mµ,

√
NL +mσ)−NLRev(µL, σ)−mRev(µ, σ)

]
= lim

N→∞
Rev

(
τµL,

√
τσ√
N

)
− τRev(µL, σ) = τ(µL −Rev(µL, σ))

lim
N→∞

1

N
Π(π0) = 0

Define

∆L(τ) = τ(µL −Rev(µL, σ))

∆H(τ) = −τ(µH − µL) + µH −Rev(µH , σ)
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The platform chooses among {∆L(τ),∆H(τ), 0}. We can thus discuss the three cases

Case 1 If µL−Rev(µL, σ) > 0. By Lemma E.1.4, µH −Rev(µH , σ) > µL−Rev(µL, σ) > 0. So

∆L(τ) monotonically increases from ∆L(τ = 0) = 0 to ∆L(τ = 1) = µL −Rev(µL, σ). And ∆H(τ)

monotonically decreases from ∆H(τ = 0) = µH −Rev(µH , σ) to ∆H(τ = 1) = µL −Rev(µH , σ) <

∆L(τ = 1). So in this case, optimal posted price is


πH if τ ≤ µH−Rev(µH ,σ)

µH−Rev(µL,σ)

πL otherwise

Case 2 If µL−Rev(µL, σ) ≤ 0 but µH −Rev(µH , σ) > 0, then ∆L(τ) monotonically decreases from

0, and ∆H(τ) decreases from ∆H(τ = 0) = µH −Rev(µH , σ) > 0 to ∆H(τ = 1) = µL −Rev(µH , σ).

The optimal posted price is 
πH if τ ≤ µH−Rev(µH ,σ)

µH−µL

π0 otherwise

Case 3 if µH −Rev(µH , σ) < 0, then both ∆L(τ) and ∆H(τ) < 0. So optimal posted price is to

post π0.

Now, for the in-house production part of the theorem. We first show that when in-house

producing, the profit-maximizing strategy always produces high-quality items.

Whenever π0 being the profit-maximizing posted price, it has to be in the above Case 2 or 3,

which means that µL −Rev(µL, σ) ≤ 0⇔ 1 ≤ Rev(1, σ
µL

). Then the platform producing in-house

item of quality µL has profit

Rev(mµL,
√
mσ)−mRev(µL, σ) = mµL(Rev(1,

σ√
mµL

)−Rev(1,
σ

µL
)) ≤ 0

The last inequality is because from Figure 6.1(b) and Lemma E.1.4, Rev(1, σ), when Rev(1, σ
µL

) ≥ 1,

any further reduction in buyer valuation harms optimal revenue. This means the platform never

in-house produces low-quality items at π0 = 0. The condition for in-house producing m units of

high-quality items is given by

Rev(mµH ,
√
mσ)−mRev(µH , σ)
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the sign of which depends on m,µH , and σ.

When profit-maximizing posted price is πL or πH , let ϵ := 1 − Rev(µH ,σ)−Rev(µL,σ)
µH−µL . By

Lemma E.1.4,

Rev(µH , σ)−Rev(µL, σ) =

∫ µH

µ=µL

∂Rev(µ, σ)

∂µ
dµ < µH − µL

so ϵ ∈ (0, 1). Let αϵ be the threshold value satisfying Lemma E.4.1, that is ∀α > αϵ, F [z∗(α)− α] >

1− ϵ. Now choose N(τ) = ⌈( σ
τµL

αϵ)
2⌉. Then for N ≥ N(τ) and any unit m of items that platform

in-house produces,

√
NL +m

µL
σ
≥
√
τN

µL
σ
> αϵ and

(NL +m)µL +NHµH√
N +mσ

> τ
√
N +m

µL
σ
> αϵ

Invoking Lemma E.4.1,

F [z∗(
√
NL +m

µL
σ

)−
√
NL +m

µL
σ

] >
Rev(µHσ)−Rev(µL, σ)

µH − µL

F [z∗(
(NL +m)µL +NHµH√

N +mσ
)− (NL +m)µL +NHµH√

N +mσ
] >

Rev(µH , σ)−Rev(µL, σ)

µH − µL

These are the sufficient condition for producing high-quality items when the platform bundles some

sellers, given in Lemma 6.5.1. So in large markets when the platform posts price πL or πH , the

platform always in-house produces high quality items if it in-house produces. As the market is large

and the platform bundles some sellers, producing m units of high-quality items increase platform

revenue by mµH and costs the platform mRev(µH , σ). The platform produces high-quality items in

house if and only if µH > Rev(µH , σ).

Example E.4.1. The following is a market where it is profit-maximizing to produce low-quality

item in house. N = 4, NL = 3,M = 1, µL = 1, µH = 20, σ = 0.5. In this market, profits are

• 0.242 when only bundling low-quality seller with no in-house production

• -54.066 when bundling all sellers with no in-house production

• 0 for just in-house produce high or low-quality seller because the max capacity is 1

• 0.428 for bundling low-quality sellers and in-house producing 1 unit of low-quality item

• 0.303 for bundling low-quality sellers and in-house producing 1 unit of high-quality item
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• -53.849 for bundling all sellers and in-house producing 1 unit of low-quality item

• -54.247 for bundling all sellers and in-house producing 1 unit of high-quality item

So the profit-maximizing strategy is to bundle low-quality sellers and in-house produce 1 unit of

low-quality sellers.

Lemma 6.5.3. It can never be profit-maximizing to only in-house produce low-quality items without

sourcing from external sellers. A necessary condition for producing low-quality items to be profit-

maximizing is that

µH
µL

>
NL√

m+NL −m
and NL > m(m− 1)

where m is the number of items the platform in-house produce.

Proof. For any platform’s bundling decision to include a set of sellers S, let µS be the mean of the

bundle. We show that regardless of the bundling decision, producing low-quality items is dominated

by producing high-quality items. By switching from producing m units of low-quality to m units of

high-quality item, the revenue gain in the bundle is equal to

Rev(µS+mµH ,
√
m+ |S|σ)−Rev(µS+mµL,

√
m+ |S|σ) =

∫ µH

µ=µL

mF

[
z∗

(
µS +mµ√
m+ |S|σ

)
− µS +mµ√

m+ |S|σ

]
dµ

where we used Lemma E.1.4 to write out the derivative of optimal revenue to mean for normal

valuations. The lost due to opportunity cost is given by

mRev(µH , σ)−mRev(µL, σ) = m

∫ µH

µ=µL

F
[
z∗
(µ
σ

)
− µ

σ

]
dµ

So the total change in profit switching from producing low-quality to high-quality seller becomes

m

∫ µH

µ=µL

F

[
z∗

(
µS +mµ√
m+ |S|σ

)
− µS +mµ√

m+ |S|σ

]
− F

[
z∗
(µ
σ

)
− µ

σ

]
dµ

If producing low-quality item is profit-maximizing, it cannot be that for all µ

µS +mµ√
m+ |S|σ

>
µ

σ

across all three cases of S being an empty set, S being all low-quality sellers, and S being all sellers.
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Otherwise, by Lemma E.1.4, dF [z∗(α)−α]
dα > 0 and the change of profit is always positive by switching

to high-quality in-house production, so producing low-quality item is no longer profit-maximizing.

When S = ∅, µS = 0. The above inequality indeed holds

√
mµ

σ
>
µ

σ

This means that if the platform doesn’t source from external sellers S = ∅, then producing high-

quality items in-house have higher profit than low-quality items. Now we continue with the proof of

the necessary condition. If producing low-quality item in-house is beneficial, then it is required that

for some value of µ

NLµL +mµ√
m+NLσ

<
µ

σ
or

NLµL + (N −NL)µH +mµ√
m+Nσ

<
µ

σ

⇔ NLµL < (
√
m+NL −m)µ or NLµL + (N −NL)µH < (

√
m+N −m)µ

A necessary condition for the above is that


√
m+NL > (m+NL)−NL

µH
µL

> NL√
m+NL−(m+NL)+NL

or


√
m+N > (m+N)−NL

µH
µL

> NL√
m+N−(m+N)+NL

as
√
x− x is decreasing when x ≥ 1, the above necessary condition is equivalent to


√
m+NL > m

µH
µL

> NL√
m+NL−m

Example E.4.2. The following is a market where the profit in jointly bundling and producing is

smaller than that of bundling alone plus producing alone. NL = 3,m = 2, µL = 1, µH = 20, σ = 1.

In this market, profits respectively are
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• Producing high-quality items in-house and bundling low-quality sellers

Rev(mµH +NLµL,
√
m+NLσ)−mRev(µH , σ)−NLRev(µL, σ) ≈ 0.952

• Producing high-quality items

Rev(mµH ,
√
mσ)−mRev(µH , σ) ≈ 0.018

• Bundling low-quality items

Rev(NLµL,
√
NLσ)−NLRev(µL,

√
NLσ) ≈ 1.196

So it satisfies the “sub-modularity” effect where the profit in jointly bundling and producing is smaller

than that of bundling alone plus bundling alone.
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Jean-Pierre Dubé, Günter J Hitsch, and Peter E Rossi. Do switching costs make markets less
competitive? Journal of Marketing research, 46(4):435–445, 2009.
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