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Abstract

Distillation transfers knowledge from a large model trained on broad data to a smaller,
more efficient model suitable for deployment. In structured prediction settings, prior knowledge
about the task can guide the choice of a target architecture that is algorithmically aligned
with the underlying problem. Building on recent learning-theoretic analyses of decision-tree
(DT) distillation (Boix-Adsera, 2024), we study when distillation succeeds for combinatorial
optimization tasks. We focus on the case where the target model is a graph neural network whose
architecture is aligned with a dynamic programming (DP) algorithm for the task. Assuming
that the source model is sufficiently rich, formalized through the linear representation hypothesis
(LRH) (Elhage et al., 2022; Park et al., 2024), we show that the distillation problem can be
solved efficiently in the complexity parameters of the DP transition function, represented as a
DT. Our results provide a rigorous sufficient condition for successful distillation in the flavour of
algorithmic alignment.

1 Introduction
Modern machine learning often benefits from incorporating useful structure into the learner, as
demonstrated by a wide range of models, from convolutional architectures in vision to graph neural
networks (GNNs) for relational data (Krizhevsky et al., 2012; LeCun et al., 2015; Goodfellow et al.,
2016; Gilmer et al., 2017; Kipf and Welling, 2017). At the same time, the success of general-purpose
models has made it natural to ask whether such structure can instead be learned from data and
subsequently transferred to smaller models (Bachmann et al., 2023; Brehmer et al., 2025; Hinton
et al., 2015; Jiao et al., 2020). The “learn first, distill later” paradigm offers a middle ground: train
a large source model, then distill its knowledge into a target model whose architecture embodies the
desired inductive bias.

In this work, we ask when the knowledge learned by a large neural network on graph algorithmic
tasks can be distilled into a smaller graph model whose architecture is aligned with the underlying
algorithm. We answer this question affirmatively for a class of local-iteration graph algorithms,
a dynamic-programming abstraction that encompasses simple reachability-type computations. In
particular, we show that if the learned source representation linearly exposes the elementary
components of the algorithm, then PAC-distillation (Boix-Adsera, 2024) into an algorithmically
aligned GNN is tractable in the complexity parameters of the local transition rule, under the
restricted parameter regime made explicit below. This provides a rigorous sense in which the target
architecture not only compresses the source model, but also leverages the algorithmic structure of
the task.
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Algorithm 1 Local-iteration algorithm Al[g]
Input Initialization vector Init, graph G = ([n], E)
Output {0, 1} classification

for all v ∈ [n] do
hv,0 ← Init(v)

end for
for t = 1 to l do

for all v ∈ [n] do
hv,t ← g((hu,t−1)u∈N (v), G, v) ▷ hv,t denotes state of v after iteration t

end for
end for
return hn,l

1.1 Contribution of this paper

We focus on the setting in which the ground truth is computed by a local-iteration algorithm
(Algorithm 1). This is a dynamic programming (DP) algorithm whose states are indexed by pairs
(t, v) ∈ [l]× V , where t denotes an iteration of message-passing and v is a vertex of the input graph
G = (V = [n], E). We assume that the DP transition function is represented by a small decision
tree of depth r, for instance, in the DP that solves graph reachability.

The central question that we address in this paper is as follows:

Suppose the local transition rule of a local-iteration graph algorithm is given by a decision
tree g. Can a large model trained on tasks generated by this algorithm be tractably distilled
into a smaller graph model, with complexity controlled by the complexity of g?

We make the following contributions:

1. We give a sufficient condition, based on a LRH for the source network, that enables distillation of
certain local algorithms. This condition, which we call local-iteration alignment (Theorem 3.3),
requires the source representation to linearly represent simple functions of the form Al[b],
where b is a single conjunction (Figure 1, right).

2. We prove that under this condition, distillation from the large source network to a GNN
is tractable in a restricted structural regime (Theorem 4.2). In contrast, efficiency is not
guaranteed under algorithmic mismatch, such as when learning the same local-iteration
computation with ordinary decision trees (Theorem 4.1).

3. We give an explicit (ϵ, δ)-distillation algorithm for the framework (Algorithm 2). It draws
poly(1/ϵ, log(1/δ), n, l, r) samples and runs in time poly(sn, 2nlr, 1/ϵ, log(1/δ)) where n is the
size of the graph, s and r are the size and depth of the true inner tree and l is the number of
rounds of message-passing.

We complement our theoretical results with experiments that primarily examine whether the
proposed LRH assumption emerges in a learned source model, together with a small end-to-end
implementation of the proposed distillation algorithm.
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Figure 1: Illustration of Algorithm 1. (Left) A GNN that aggregates neighboring information at
each iteration. Its architecture reflects the inductive bias of our local-iteration algorithms. (Middle)
In our setting, the aggregation function g is represented by a decision tree. (Right) A root-prefix
path in the decision tree. The path in this example can be viewed as a degenerate decision tree
that outputs 0 (the leaf constant) iff ¬x2 ∧ x1 (x2 is negated because it takes the edge with label 0,
x1 takes the edge labeled 1 and thus not negated). Our hypothesis requires the source model to
be rich enough to linearly represent simple local-iteration algorithms whose aggregation functions
correspond to such root-prefixed paths

1.2 Related works (See Extended Background Section A for more details)

Distillation. Model distillation asks whether the behavior of a large trained model can be transferred
to a smaller target model (Hinton et al., 2015; Jiao et al., 2020). We adopt the PAC-distillation
framework of Boix-Adsera (2024), which assumes that the source model exposes useful latent features
through a LRH (Elhage et al., 2022; Park et al., 2024). This hypothesis is motivated by the empirical
observation that neural representations often encode meaningful concepts as linear directions, as
seen for example in word embeddings and debiasing applications (Mikolov et al., 2013; Bolukbasi
et al., 2016; Manzini et al., 2019; Liang et al., 2020; Chuang et al., 2023). In our setting, the relevant
linear features are not arbitrary concepts: they are simple local-iteration subroutines.

Neural Combinatorial Optimization. Many graph optimization algorithms, such as Bellman-
Ford, iteratively propagate local information across the graph, much like the layers of a message-
passing GNN. An aligned model can therefore reuse this algorithmic scaffold and focus on learning the
local update rule (Xu et al., 2020). This perspective has motivated theoretical work on algorithmic
alignment (Valiant, 1984; Dudzik and Veličković, 2022; Dudzik et al., 2024) as well as practical
neural heuristics (Kahng et al., 2024; Nerem et al., 2025; He and Vitercik, 2025; Gasse et al., 2019).
We study the same principle in a distillation setting: rather than asking whether a GNN can learn
an algorithm from scratch, we ask when a trained source model can be efficiently distilled into a
GNN.

2 Preliminaries
In general, we denote by X the input set and by Y the label set. In this paper, we focus on binary
classification, i.e., Y = {0, 1}. We will write [n] := {1, 2, . . . , n}. We define G = Gn as the space of
all simple labeled graphs on n vertices. For some dimension m, we say that a neural network defines
an (abstract) latent representation φ : X → Rm.

Following standard PAC-learning notation, we will usually denote by C the concept class (class
of possible ground truths), H the hypothesis class (output range of the learning algorithm), and
Dc ∈ P(X × Y) the input distribution for some ground truth c ∈ C. When there is a vector of
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many inputs elements S ∈ XN we apply c pointwise and write c(S) := (c(Si)i∈[N ]). In the setting of
distillation, we have a source class F and a target class H.

PAC learning In the traditional PAC learning framework (Valiant, 1984), the concept class is
(ϵ, δ)-learnable with n samples if there is an algorithm A such that for any distribution D over the
input and any concept in c ∈ C,

Pr
S∼Dn

[errorc,D(A(S, c(S)) ≤ ϵ] ≥ 1− δ. (1)

Here, the error function is the 0-1 population risk: errorc,D(f) := PrD[f(x) ̸= c(x)].

PAC-distillation PAC-distillation (Boix-Adsera, 2024) is a relaxation of PAC learning in which
one assumes access to a successful source model class F to train a target class H by finding an
algorithm A such that for any distribution D on X , any source f ∈ F ,

Pr
S∼Dn

[errorf,D(A(S, f)) ≤ ϵ] ≥ 1− δ. (2)

Such an algorithm is said to (ϵ, δ)-distill F → H. Note that since the algorithm has access to the
successful model f , giving a PAC distillation algorithm is easier than giving a PAC algorithm since
one can just use f to query labels and simulate PAC learning. The advantage of this framework is
to sidestep some of the hardness results of PAC learning by leveraging structures in the class F ,
such as the LRH that is widely observed in practice (Elhage et al., 2022; Bolukbasi et al., 2016).
Concretely, Boix-Adsera (2024) was able to obtain a PAC-distillation algorithm for decision trees in
time poly(d, 2r) (Theorem A.2) even though it is open whether they are PAC-learnable in less than
dO(r) time (Bary-Weisberg et al., 2020)

In practice, F can be thought of as large, pre-trained neural networks that have achieved low
errors on some tasks, and the target class H can be understood as a function class with inductive
bias that can more efficiently represent the ground truth, for example, invariant neural networks
such as CNNs or GNNs. Distillation then asks if there are efficient algorithms to find a good
representation of the ground truth in the target class.

Algorithmic alignment and LRH In this paper, we view algorithmic alignment through the
lens of the LRH, formally defined as follows:

Definition 2.1 (τ -LRH (Boix-Adsera, 2024)). Fix a source neural network f : X → Y and let
φ : X → Rm be the latent representation of f . Let Z be a set of functions z : X → Y. For any
τ > 0, we say that f satisfies τ -LRH for features Z if for all z ∈ Z, there exists w ∈ Rm such that
∥w∥ ≤ τ and ⟨w, φ(x)⟩ = z(x) for all x ∈ X .

In our setting, we think of f as a large foundation model and aim to train a small structured
model, specifically a GNN, given minimal access to f , under a guaranty that their abstract latent
representation1 is rich enough to capture the target ground truths (a combinatorial optimization
task) with just another linear layer. Surprisingly, we show that distillation is theoretically possible
in this setting.

1The penultimate layer of a neural net, or the collection of all its activations, can act as the network’s latent
representation. Since the latent dimension m appears in the complexity bounds, one should choose the smallest latent
representation that still satisfies τ -LRH in order to optimize these bounds.
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3 Structured distillation framework
All graphs in this section are labeled and have n vertices; we denote this collection by G. For
notational convenience, we assume n is a power of 2.

We begin by giving precise definitions of some concepts informally discussed earlier:

Definition 3.1 (Neural networks that compute graph algorithms). A neural network ν : X ×G → Y
computes the graph algorithm A if ν agrees with A on all inputs of size n. It is efficient if it can be
evaluated in polynomial time in n.

Definition 3.2 (Local-iteration algorithm). Denote by M({0, 1}) the set of multisets of elements
in {0, 1}. For any multiset-function g :M({0, 1})×G × [n]→ {0, 1}, let Al[g] : {0, 1}n×G → {0, 1}
be the graph-input algorithm that computes Algorithm 1.

For the remainder of the paper, we assume that the stopping time l is fixed and known a priori.
In this setting, each vertex has a one-bit hidden representation, which is updated by g at each round
of aggregation. Although some of our results extend to multi-bit hidden representations, we focus
on the one-bit case for simplicity.

We will consider the following specialization of τ -LRH, which is intuitive in the context of graph
algorithms:

Definition 3.3 (Local-iteration alignment). Fix a source neural network ν ∈ F and let φ : X → Rm

be the latent representation of ν. Let Z be a set of ‘key features’ z : {0, 1}n × G → {0, 1}. For any
τ > 0, we say that ν satisfies τ -local-iteration alignment for Z if for all z ∈ Z, there exists a w ∈ Rm

with ∥w∥ ≤ τ and ⟨w, φ(x)⟩ = Al[z](x) for all inputs x.

Lastly, we define decision trees and root-prefix paths:

Definition 3.4. A decision tree T : {0, 1}d → {0, 1} is a labeled rooted binary tree with leaves
labeled 0 or 1 and internal vertices labeled by literals2 of its input variables x1 . . . xd. For each input
x ∈ {0, 1}d, x takes a root-prefix path to arrive at some leaf that specifies the output of the tree on
that input.

Definition 3.5. In a decision tree T of depth r rooted at root, a root-prefix path S is a clause,
i.e., a tuple of literals, S = (p1, . . . , pr′) for some r′ ≤ r, where each pi ∈ {x1, . . . , xd,¬x1, . . . ,¬xd},
such that p1 = root and S forms a path from the root to some vertex in T . The path need not
reach a leaf.

3.1 Concept class, source class and target class

We consider the following concept class, i.e., the collection of possible ground truths:

Cs,r = {Al[T ] | T is a decision tree with depth r and size s} (3)

We address the conditions that ensure that T is a well-defined aggregator, as well as how different
choices of T generalize the setting of Algorithm 1, in the next subsection.

To define the source class, we first specify which features are linearly represented by the source
functions. Following Boix-Adsera (2024), for a decision tree T , we take the features of T to be its
root-prefix path conjunctions: Z ′

T := {∧pi∈S pi | S is a root-prefix path in T}.
2a literal of a Boolean variable xi is either xi or ¬xi
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The corresponding features for local-iteration algorithms are then

ZT :=
{
Al[b] | b ∈ Z ′

T

}
. (4)

We postulate that these loops over prefix-path conjunctions are simply representable by the neural
network’s latent representation.

Let Fτ
s,r denote the class of source networks that implicitly compute Al[T ] for some decision

tree T of size s and depth r satisfying τ -local-iteration alignment with features ZT :

Fτ
s,r = {f | ∃T such that f implicitly computes Al[T ]}. (5)

The target class is the same as the concept class. In practice, this class is a subset of GNNs, so
the distillation process can be viewed as distilling learned neural networks into GNNs. Conceptually,
Cs,r is the class of possible ground-truth functions, not the architecture itself. In our setting the two
coincide operationally because every element of Cs,r is computed by a local-iteration procedure that
can be represented by the aligned GNN target class.

On the aggregation function T . When using a decision tree T as an aggregation function,
some well-definedness issues must be addressed.

First, by Theorem 3.2, the input to the aggregator g may have variable length, since different
vertices can have different numbers of neighbors. Because the graphs are simple, g takes at most n
inputs. This can be handled in several ways. For example, one can define n different trees T i, for
i ∈ [n], one for each input length, and pass an additional log n bits indicating which subtree T i to
use. This increases the depth by at most an additive log n factor over the maximum depth of the
trees T i.

Second, Theorem 3.2 requires a multiset function, whereas decision trees take ordered tuples as
input. In practice, this corresponds to using node-ids to break symmetry, making our problem more
general to study from a statistical learning perspective (Kiani et al., 2024).

Third, our setup also applies to the more general case in which T is non-local; for example,
T : {0, 1}d × G × [n] may take as input the full list of hidden representations h, together with the
current node-id. In this global setting, one can decouple d from n by allowing Algorithm 1 to include
extra input bits that are passed through to T . This lets us fix n without also fixing the complexity
parameters of the decision tree T .

Finally, by the law of currying, our set-up in Algorithm 1 works even without parameter sharing
restriction. In other words, we can have a separate tree Tv for each vertex v, and compose these
per-vertex trees with a vertex selector tree of size n and depth log n (Figure 2). Therefore, although
using bounded depth (and size) T as an aggregator loses some expressivity compared to using a
neural network, our setting allows for other generalizations, namely symmetry breaking with node-id
and the use of per-vertex aggregators.

On the key-features ZT . The ‘simple’ features that are linearly representable by the source
network (Equation (4)) take the form of the template Al applied to a conjunction ∧s′

i=1 pi for
some root-prefix path p = (p1, . . . , ps′). A conjunction can be viewed as a degenerate decision
tree that is a single path: it outputs 1 exactly when all literals on the path are satisfied. By our
parameterization in the previous remark, if s′ ≤ log n, then the hidden representations h are all a
partition of the vertex set; otherwise, the feature checks a specific conjunction of bits in the previous
hidden representation. Such functions are expected to be learnable by our source class in the aligned
regime, and we experimentally test this in Section 5 ‘Validating the LRH’.
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4 Efficient distillation

4.1 GNNs are more efficient than decision trees

The following simple fact gives a separation between GNNs and decision trees:

Lemma 4.1. There exists a simple decision tree T : {0, 1}n×{0, 1}(
n
2) → {0, 1} that can be evaluated

in polynomial time in n such that, for some constant l, Al[T ] can be evaluated in polynomial time,
but it cannot be represented by decision trees of polynomial size.

The proof considers the 2-reachability DP: Given a graph on n ≥ 2 vertices, is there a path of
length at most 2 that connects the vertex labeled 1 and n? The full proof is in Appendix B. As a
result, without the for-loop structure, one cannot just convert the concept class Cs,r into the class of
efficient decision trees. This forms a type of algorithmic mismatch which we resolved in the next
section, using GNNs.

4.2 Distillation under τ-LRH

We are now ready to state the main theorem.

Theorem 4.2. For any ϵ, δ ∈ (0, 1), there is an algorithm that (ϵ, δ)-distills from Fτ
s,r to Cs,r

and runs in time polynomial in sn, m, 1/ϵ, d, 2nrl, log(1/δ), τ, B and uses a number of source-model
samples polynomial in 1/ϵ, s, n log(d/δ), log(τB), where m is the latent representation dimension
and B = maxx ∥φ(x)∥.

Efficiency. The sample complexity analysis of the algorithm follows from a Hoeffding bound
and is polynomial in the stated parameters. The time complexity should be interpreted more
narrowly. The algorithm is efficient only in the restricted regime where (i) the number of GNN
iterations l is a constant, (ii) the depths of the true decision trees are logarithmic or otherwise
small, and (iii) the number of vertices n is fixed. Thus the theorem is a complexity-theoretic
positive result for a structured setting, not a claim of practical scalability for arbitrary graph sizes
or combinatorial instances. This restriction is nevertheless meaningful in comparison with a naive
reduction to ordinary decision-tree distillation: unrolling the local-iteration computation and then
applying Theorem A.2 would lead to a dependence exponential in the depth of the unrolled tree,
on the order of 2rl in the worst case. Our algorithm instead uses the local iterative structure
directly. Removing the fixed-n dependence, or reducing it under symmetry, parameter sharing, or
equivariance constraints, is an important open direction; such restrictions are also motivated by
evidence that learning under invariances can yield exponential savings (Kiani et al., 2024).

Improvement over (Boix-Adsera, 2024). Comparatively, a naive way to use the decision-
tree distillation algorithm of Boix-Adsera (2024) in our setting is to first unroll the entire l-step
local-iteration algorithm into a single ordinary decision tree, and then apply their algorithm to this
flattened tree. Indeed, if the inner decision tree has depth r, each rounds of unrolling adds r depths
per node to the unrolled tree. Thus the fully unrolled computation have depth O(rl) and their
algorithm naively runs in time 2O(rℓ), which is not polynomial even with our restricted setting. We
exploit the iterative structure directly in the proof to circumvent this issue.

In the remainder of this section, we describe a GNN distillation that admits the complexity
guarantees in Theorem 4.2. A full proof of the theorem can be found in Appendix C.
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Figure 2: The global decision tree T
can be decomposed into a vertex Selec-
tor, followed by per-vertex subtrees at
its leaves. This generalizes traditional
GNNs by allowing for different aggrega-
tion schemes based on node statistics
or id.

Figure 3: The dynamic program that optimizes for the in-
ner decision in the second phase of Algorithm 2. Circles
represent decision-tree nodes while triangles represent
subtrees. The base cases are root-prefix path candidates
collected in the first phase; the DP then optimizes sub-
trees of increasing sizes rooted at the ends of candidate
root-prefix paths.

GNN distillation algorithm Algorithm 2, operates in two phases. It first builds a set of paths
(conjunctions) that is a superset of all root-prefix paths in the true tree T , with high probability.
This is done using LRH-type assumptions to linearly probe which paths would be likely to appear
in the true decision tree. Then it stitches these paths together efficiently using a modification of a
classical tree building DP (Mehta and Raghavan, 2002).

The algorithm has two key subroutines. The LinearProbe(q, φ, B, τ, ϵ, δ,D) subroutine comes
from Lemma 3.7 of (Boix-Adsera, 2024). It runs in polynomial time and draws polynomially many
samples. Intuitively, it tests whether the candidate Boolean function q is easy to read out linearly
from the source representation φ. It returns true w.p. ≥ 1− δ if there is a w ∈ Rm with ∥w∥ ≤ τ
and Ex[(⟨w, φ⟩− q)2] ≤ 2ϵ, and returns false w.p. ≥ 1− δ if for all such w, the expectation is at least
2ϵ. Maximization over decision trees in the final step is done with a DP modified from (Guijarro
et al., 1999; Mehta and Raghavan, 2002). After Phase 1, we know a pool of plausible root-prefix
path fragments, but not how to connect them into a tree. This DP stitches the fragments into the
tree that optimizes the objective val; the objective is chosen so that maximizing it corresponds to
minimizing the 0-1 risk of the candidate local-iteration algorithm. In details:

Phase 1. We start by initializing the collection S with root-prefix paths of the vertex selector
tree selector of size n and depth log n (as discussed in Section 3.1). The loop in Lines 2–4 adds the
selector prefixes that identify which per-vertex subtree Tu is used. Since the selector decides which
of the n per-vertex subtrees T1, . . . , Tn processes the input, each such prefix is a root-prefix path of
the global true tree T . After this initialization, we recursively grow each surviving path by one valid
literal at a time. For a candidate path S, the ∧p∈S p computes the conjunction of all literals in S.
If the corresponding local-iteration feature Al[∧p∈S p] cannot be linearly represented by the source
network with a low-norm coefficient vector, as checked by LinearProbe, then the path is pruned.
The key technical analysis is to prove both sides of this filtering step: all true root-prefix paths
pass with high probability, while not too many spurious paths can pass. The latter is a packing
argument showing that the source representation cannot simultaneously contain too many low-norm
linear readouts for unrelated candidate Boolean functions.

Phase 2. We set up a DP algorithm that builds up our estimated inner decision tree. This step
is more involved than that of (Boix-Adsera, 2024), because the same input to Al[T̂ ] can traverse
the global tree T̂ along different paths depending on which vertex u is being updated. To resolve
this issue, we build each of the n per-vertex subtrees T1, . . . , Tn simultaneously. Finally, before
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Algorithm 2 GNN distillation algorithm
Input Neural network ν, random samples from D, depth bound R ∈ N, error parameters ϵ, δ > 0
Output A GNN that computes Al[T̂ ]

1: /* Phase 1: Collecting root-prefix paths */
2: S0 ← ∅
3: for u = 1 to n do
4: S0 ← S0 ∪ {p | p is a root-prefix path of Selector leading to u}
5: end for
6: for i = 1 to R do

7: Pi−1 ←
{

S ∈ Si−1
∣∣∣LinearProbe

(
Al
[∧

p∈S p
]

, φ, B, τ, 2−il−3, δ
2|Si−1|R

)
= true

}

8: Si ←
⋃

S∈Pi−1

d⋃
j=1
{S ∪ {xj}, S ∪ {¬xj}}

9: end for

10: S ←
R⋃

j=0
Sj

11: /* Phase 2: Estimate the true tree using paths from S */
12: S := ⊔n

u=0 Su decomposing paths by the per-vertex subtree Tu identified by their selector prefix
13: for all S1 ∈ S1, . . . , Sn ∈ Sn do
14: v̂S1,...,Sn ← Ey∼D

[(∏n
u=1

∏
p∈Su

p(y)
)

(2ν(y)− 1)
]
± ϵ/|S|

15: end for
16: return arg max

T̃1,...,T̃n
val(T̃1, . . . , T̃n, v̂), where T̃i ranges over decision trees with Z ′

T̃i
⊆{∧

p∈S p
∣∣∣ S ∈ Si

}
.
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setting up the DP objective, recall that each root-prefix path S of size more than log n contains
a log n-length selector prefix that identifies which subtree Tu the path comes from. Thus, Line 11
decomposes S := ⊔n

u=0 Su, where S0 contains the selector-only paths and Su contains paths from
per-vertex subtree Tu. Lines 12–14 then estimate local correlation statistics v̂S1,...,Sn for tuples of
retained paths, one from each candidate set. The tree-building DP uses these statistics to jointly
infer all per-vertex trees.

Valuation function. Now we can set up the DP objective. For a candidate tree T̃ of depth r
and size s with per-vertex subtrees T̃i for each i ∈ [n] and for any weight function u : ⊗i Si → R,
define the valuation function:

val(T̃1, . . . , T̃n, u) :=
∑

Si∈Leaves(Ti),i∈[n]
(2T̃ (S1, . . . , Sn)− 1)uS1,...,Sn , (6)

where T̃ (S1, . . . , Sn) is computes A[T̃ ] after replacing T̃i with Si only in the first layer. Using u := v–
the exact expectation in Line 15, we claim to get: val(T̃1, . . . , T̃n, v) = Ex

[
(2ν(x)− 1)(2T̃ (x)− 1)

]
,

which negatively correlates with the 0-1 loss for the estimated trees. In Algorithm 2, one uses a
Hoeffding bound to obtain v̂ as an empirical approximation to v. We can now describe the DP that
estimates our tree. The states of the DP are indexed by tuples (S′

1, . . . , S′
n, s′

1, . . . , s′
n) ∈ Sn × [s]n

where s is the size upper bound for the true decision tree. At state (S′
i, s′

i), the transition computes
the optimal subtree of size s′

i rooted at the end of path S′
i for each i ∈ [n]. The tree that optimizes

0-1 loss can then be queried at the final DP state. A simplification of this procedure is shown in
Figure 3.

5 Experiments
We fix the number of vertices to be n = 6 and the number of message passing rounds to be l = 6.
For each depth r ∈ {2, 3, 4, 5}, we generate an independent uniformly random decision tree Tu of
depth r for each vertex u. These per-vertex trees, together with a fixed vertex selector, define the
ground truth local-iteration algorithm Al[T1, . . . , Tn]. We use a 5-layer ResNet with width 1000 as
our large unstructured source model and train it on uniformly sampled Boolean graph inputs under
classification loss using stochastic gradient descent. We choose these dimensions so that the largest
task in the experiment, depth-5 per-vertex trees, can be fit by the source model.

Validating the LRH. After training the source model, we collect all hidden activations as
the representation φ. For every root-prefix conjunction b appearing in the true per-vertex trees, we
train a linear probe w so that ⟨w, φ⟩ approximates Al[b]. The probe is trained for 100 iterations
with Adam on squared loss using uniformly sampled graph inputs. To test the low-norm form of the
assumption, we also run projected gradient descent with a prescribed norm bound on w. Table 1
reports the resulting train and test errors. Low error under the norm constraint is evidence that the
trained source model satisfies the local-iteration alignment condition used by

End-to-end distillation. We next evaluate the full algorithmic pipeline by implementing a
heuristics of Algorithm 2. For each depth r ∈ {2, 3, 4, 5} and each probe number k ∈ {10, 50, 100, 200},
Phase 1 starts from the vertex-selector prefixes and probes candidate clauses of the form Al[∧p∈Sp].
We use a practical top-k probe search: at each depth, we keep the k clauses with lowest validation
probe error and branch only from those clauses. Phase 2 then ranks the collected clauses by probe
error, keeps a bounded number per vertex, and runs the tree-building DP over this pruned set.
Because explicitly materializing v̂S1,...,Sn has size ∏u |Su|, which is already prohibitive for n = 6,
the implementation estimates the phase-2 objective by Monte Carlo agreement with the source
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depth
(norm)

# of
conj. source acc. average

training err
average

testing err
2 (∞) 42 1.000 0.1982 0.2058

2 (0.001) 42 1.000 1.898 1.935
3 (∞) 90 1.000 0.3155 0.3298

3 (0.001) 90 1.000 1.258 1.270
4 (∞) 186 0.885 0.0875 0.0971

4 (0.001) 186 0.885 0.4680 0.4690
5 (∞) 378 0.784 0.0526 0.0602

5 (0.001) 378 0.784 0.2164 0.2177

Table 1: Linearly probing Al[b] where b is a
single conjunction in the true tree. First column
includes the true depth, and a norm upper bound
for projected descent.

depth k source acc. distil. acc. # probes probe frac.
2 10 1.000 0.754 360 0.208
2 50 1.000 0.745 1041 0.600
2 100 1.000 0.736 1508 0.870
2 200 1.000 0.757 1734 1.000
3 10 1.000 0.909 557 0.045
3 50 1.000 0.898 2002 0.163
3 100 1.000 0.911 3355 0.273
3 200 1.000 0.900 5198 0.423
4 10 0.881 0.652 736 0.012
4 50 0.881 0.646 2856 0.048
4 100 0.881 0.634 5096 0.085
4 200 0.881 0.679 8642 0.144
5 10 0.791 0.667 894 0.004
5 50 0.791 0.686 3665 0.017
5 100 0.791 0.661 6649 0.031
5 200 0.791 0.675 11729 0.055

Table 2: End-to-end Algorithm 2. Here k is the
top-k probe size used in Phase 1.

network. We report the accuracy of the pipeline in Table 2 and some more detailed diagnostics in
the Appendix (Table 3).

6 Conclusion and discussion
In this paper, we extend the work of Boix-Adsera (2024) in PAC-distillation to study the well-known
‘learn first, distill later’ paradigm, where a large multipurpose model is trained on a variety of tasks,
then distilled to more structured models that have built-in algorithmic alignment properties, such
as GNNs for learning DP algorithms. We showed that although some DP algorithms have a local
transition rule representable by a small decision tree, the full DP computation cannot itself be
represented by an efficient decision tree – a case of misalignment. On the other hand, the local
iteration structure of a GNN with decision tree aggregation allows for distillation from a large,
learned neural network that exhibits a certain kind of linear representability. We also propose an
algorithm that is tractable when the number of GNN iterations is fixed, the depth of the inner
decision tree is small, and the number of vertices in the input graphs is fixed.

Several exciting questions and future directions arise from this work. We conjecture that in a
setting as general as ours (as described in Section 3.1), an exponential lower bound in the number
of vertices n could be proven. One can also study more restricted settings, such as shared transition
trees or equivariant parameterizations, to obtain a better dependence on n. Finally, one could
analyze distillation algorithms that are popular in practice, such as reinforcement learning or
teacher-student supervised learning.
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A Extended Background
Graph machine learning Graph machine learning is a testbed for graph-based inductive biases
that may allow for exponential gains in learning efficiency. Informally, symmetry constraints of graph
functions, in terms of vertex permutations, induce certain sparsity structures in the function space,
making learning more data-efficient (Bietti et al., 2021; Elesedy, 2021; Tahmasebi and Jegelka, 2023).
However, learning graph neural networks and other equivariant networks is still computationally
hard in the worst case, requiring, for example, exponentially or superpolynomially many queries
in the correlation statistical queries model of learning (Kiani et al., 2024). Understanding which
settings exactly give rise to quantitative benefits for learning is an important and active area of
research.

More specifically for graphs, a graph neural network (GNN) (Gilmer et al., 2017; Kipf and
Welling, 2017) is a deep-learning parameterization of the space of functions on graphs, potentially
of different sizes.

Graph neural networks The main architecture we consider as the target class is that of graph
neural networks with strong inductive bias for graph datasets. In particular, we are interested in
message passing neural network (MPNN) (Theorem A.1), in which each node aggregates neighboring
information and processes them with a neural network to form a new latent representation in each
round. After a fixed number of rounds, the network outputs a learned representation for each
vertex of the graph, or combines them together to form a single representation for the whole graph,
depending on the specific tasks. While we will only consider decision tree aggregators, neural
networks can (arguably efficiently) emulate decision trees, since they are universal approximators.

Definition A.1 (Message-passing neural network). Let G = (V, E) be a graph with node features
xv ∈ X for v ∈ V . An l-layer message-passing neural network (MPNN) consists of an initialization
map ι : X → Rd0 , message maps Mt : Rdt−1 × Rdt−1 → Rqt , update maps Ut : Rdt−1 × Rqt → Rdt ,
and a permutation-invariant aggregation operator AGGt on multisets. It computes hidden states

h(0)
v = ι(xv), m(t)

v = AGGt
(
{Mt(h(t−1)

v , h(t−1)
u ) : u ∈ N (v)}

)
,

h(t)
v = Ut(h(t−1)

v , m(t)
v ), t = 1, . . . , l.

A node-level MPNN outputs ρnode(h(L)
v ), while a graph-level MPNN outputs

ρgraph
(
READOUT({h(L)

v : v ∈ V })
)
,

where READOUT is permutation invariant. If the message, update, and readout maps are neural
networks, we call the resulting architecture an MPNN.

Combinatorial optimization with graph ML One proposed area where GNNs could have
strong inductive bias with the learning task is that of using neural networks to learn combinatorial
optimization. It is observed (Xu et al., 2020) that the loop structure of an MPNN closely follows
that of local graph algorithms, such as Bellman-Ford for shortest path. As such, Xu et al. (2020)
argues that the neural network used in the aggregation operation of an MPNN only had to learn
a simple function of its inputs, and not the actual for-loop structure, thus decreasing the sample
complexity of learning from supervised examples produced by such algorithms. Although the
original paper provided a theoretical justification for this phenomenon through PAC learning
(Valiant, 1984), a tighter analysis of what constitutes such algorithmic alignment has drawn many
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follow-up investigations (Dudzik and Veličković, 2022; Dudzik et al., 2024). Nevertheless, the idea
that learning architecture should be built to resemble a potential algorithmic paradigm, such as
dynamic programming, is intuitive and has been the inspiration for many neural heuristics that are
widely successful in practice (Kahng et al., 2024; Nerem et al., 2025; He and Vitercik, 2025; Gasse
et al., 2019).

PAC-distillation keystone result To give a taste of the results that can be obtained from
this framework, we restate a result from Boix-Adsera (2024). Recall that in the Boolean setting, a
decision tree has vertices labeled by some literals of the input bits and each vertex is only reachable
by inputs that satisfy the conjunction of literals on the path from the root to said vertex.

Theorem A.2 (Theorem 3.6 of (Boix-Adsera, 2024)). Let F be the set of neural networks f that
implicitly compute a decision tree T : {0, 1}d → {0, 1} of depth r and size s such that f satisfies τ -
LRH for features ZT := {∧p∈S p : S is a path of literals from the root of T to any of its vertices}.
Let H be the set of decision trees with depth r and size s. Then for any ϵ, δ ∈ (0, 1), there is an
algorithm that (ϵ, δ)-distills from F to H that runs in polynomial time in d, m, 1/ϵ, s, 2r, log(1/δ), τ
and B and takes polynomially many samples in 1/ϵ, s, log(d/δ), log(τB) where B ≥ maxx ∥φ(x)∥.

Remark A.3. This is an unexpected result, as it is unknown if PAC-learning a decision tree can
take less than dO(r) time (Bary-Weisberg et al., 2020). On the other hand Theorem A.2 shows that
PAC-distillation takes only poly(d, 2r) time.

B Proof of Lemma 4.1
Proof. Consider the combinatorial problem of deciding, for a labeled graph, whether the first and
last vertex is connected with a path of length at most 2, or 2-reachability.

The classic dynamic programming (DP) algorithm for this problem runs in time O(n) (Tarjan,
1971).

However, any decision tree that correctly solves this problem on all labeled graphs of size n must
have exponential size. To see this, we bound the number of leaves of a correct tree (which in turn
bounds the order of its size since a decision tree is binary).

Consider the subset of graphs on the n vertices labeled by [n] where the only possible edges are
(1, n) and (1, v), (v, n) for all v ∈ V \{1, n}. There are 22(n−2)+1 such graphs. Among them, graphs
that fail to have a path of size at most 2 between 1 and n does not have the (1, n) edge and for
each other v, have one of the 3 configurations out of 4 possible choices of presence/absence of the
pair (1, v), (v, n). This counts to (3/4)n−2/2 fraction of the total number of graphs.

Now, each 0-leaf (leaf that outputs 0 for the DT) of a correct DT on these inputs fixes a certain
presence/absence of some edges on the path from the DT’s root to it. Once certain variables are
fixed, all other variables are free to range between 0 and 1 and the output of the DT is still 0. This
means that (1, n) must always be included in the fixed variables, and so is at least one in each pair
(1, v), (v, n). Thus, each 0-leaf accounts for at most a fraction of 2−(n−1) of the total number of
graphs.

Therefore, the number of leaves must be at least (3/4)n−2/2/2−(n−1), which is exponential in
n.
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C Proof of Theorem 4.2

C.1 Notations and definitions

We will set up some notation for this particular proof and also remind the readers of previously
defined notation:

• The input space: Since we are using a graph neural network to emulate an algorithm of
the form Al[T ] for some decision tree T , there is a difference between the input of Al[T ] and
that of T . The former takes as input an initialization feature in {0, 1}n a graph adjacency
matrix {0, 1}n×n and we write XA for this input space. T itself has an input consisting of
the previous representation of each layer {0, 1}n, a graph adjacency matrix {0, 1}n×n and
additionally the index of a vertex v and we reserve X := {0, 1}d where d = Ω(n2).

• Logical notation: for some input bit xj , j ∈ [d], a literal is xj or its negation ¬xj . A
clause S = (p1, . . . , ps) is an ordered tuple of s literals and we define ANDS(x) := ∧

p∈S p the
conjunction of literals in S. A non-degenerate k-clause is a clause S such that |S| = k and
each variable appears at most once in S.

• Decision trees: Given a decision tree T , recall that Z ′
T is the set of clauses each corresponds

to a path in T with one end-point being the root (i.e. a root-prefix path). We include the
trivial path ∅ with AND∅ = true in this collection. We also denote by ZT the collection of
all Al[ANDS ] functions for each S ∈ Z ′

T .

In our algorithm, which is an extension of that in (Boix-Adsera, 2024), we use some subroutines
from the original paper.

Lemma C.1 (Lemma 3.7 (Boix-Adsera, 2024)). Given a function g : X → [−1, 1], a representation
map φ : X → Rm with norm bounded by B ≥ maxx ∥φ(x)∥, τ, ϵ, δ > 0 and an input distribution D,
there is a subroutine LinearProbe(g, φ, B, τ, ϵ, δ,D) that runs in time poly(1/ϵ, log(1/δ), τ, B, m)
and draws poly(1/ϵ, log(1/δ), τ, B) samples from D such that:

• If there is a w ∈ Rm with ∥w∥ ≤ τ and E[(w · φ(x)− g(x))2] ≤ ϵ, then LinearProbe returns
true with probability 1− δ.

• If there is no w ∈ Rm with ∥w∥ ≤ τ and E[(w ·φ(x)− g(x))2] ≤ ϵ, then LinearProbe returns
false with probability 1− δ.

C.2 Proof of Theorem 4.2

We are now ready to start the proof. Assume that there is a true decision tree T . We first show
that the paths collection from the distillation algorithm contains all root prefix paths in the true
tree: S ⊇ ZT with high probability.

S contains all root-prefix paths of the true tree From the guarantees of Theorem C.1, it
suffices to show that any clause S ∈ Z ′

T is checked by LinearProbe and thus added to S with high
probability. Assume to the contrary that this is not true; in other words, there is a root-prefix path
S ∈ Z ′

T of length i that was not added to Si. Recall that whenever LinearProbe accepted a clause
S′, we added all possible extension of S′ to our collection S. The fact that S was not included
means that either it was not checked by LinearProbe or it was checked and then rejected. In
the former case, this means that S ≠ ∅ (since the ∅ is always checked) and the root-prefix path
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corresponds to S’ parent was not included in the previous set Si−1. We can then use induction on
this parent node instead. In the latter case, S was checked but LinearProbe returns false, which
occurs with probability 1− δ

2|Si|R because of our linear representation hypothesis and Theorem C.1.
A union bound at each layer suffices to argue that all length i clauses in Z ′

T are in S with
probability 1 − δ

2R for each i. Another union bound over all i then concludes that Z ′
T ∈ S with

probability 1− δ/2.
Now we argue that |Si| ≤ poly(2Θ(il), τ, B, d)

Si size is upper-bounded The key way we control Si size is by arguing that only the Al[ANDS ]’s
that can be linearly represented by the source network are kept while the rest are pruned. Further-
more, there cannot be too many of these Al[ANDS ] kept, at the same time. A naïve approach uses
the following lemma from (Boix-Adsera, 2024).
Lemma C.2 (Lemma 3.8 (Boix-Adsera, 2024)). Let S be a collection of non-degenerate k-clauses.
Let G = {ANDS | S ∈ S}. If φ approximately satisfies τ -LRH w.r.t. G:

∀g ∈ G,∃w ∈ Rm, ∥w∥ ≤ τ and Ex∼U[{0,1}d][(w · φ(x)− g(x))2] ≤ 2−k−2, (7)

then |S| ≤ 23k+4τ2Ex∥φ(x)∥2

We want to strengthen this to the following:
Lemma C.3 (Packing with for-loops). Let S be a collection of non-degenerate k-clauses. If φ
approximately satisfies local iteration alignment w.r.t. S:

∀S ∈ S, ∃w ∈ Rm, ∥w∥ ≤ τ and Ex∼U[{0,1}d][(w · φ(x)−Al[[ANDS ]](x))2] ≤ 2−Θ(kl), (8)

then |S| ≤ 2Θ(kl)τ2Ex∥φ(x)∥2 .

Proof. To demonstrate the structure of Al[ANDS ], we will perform a loop unrolling. Recall that
the input to the inner tree has three parts: some bits to specify the vertex, which we will denote
xv,1 . . . xv,log n; some bits to query the graph adjacency matrix xe,1 . . . xe,(n

2) and some bits to query
the DP table xdp,1 . . . xdp,n. Fix a k-clause S. Let its index set be {v1, . . . , va; e1, . . . , eb; dp1, . . . , dpc}
where a + b + c = k and denote by zI the literal for xI for some I in the index set. We have, for
some initialization vector and graph adjacency A:

Al[ANDS ](Init, A) := hn,l(Init, A) (9)
=
∧

i∈[a]
zvi(n) ∧

∧
j∈[b]

zej (A) ∧
∧

u∈[c]
zdpu,l−1(Init, A) (10)

Now, the conjunctions ∧i∈[a] zvi defines a bipartition of the vertex set into two parts,. Denote
by cS,v ∈ {0, 1} the indicator function for the set carved out by ∧i∈[a] zvi and remark that we know
cS,v even before seeing any input (and thus they are constants w.r.t. Al[ANDS ]). Furthermore, we
write ∧j∈[b] zej (A) as S(A) since this quantity depends only on the input graph. Thus:

Al[ANDS ](Init, A) = cS,n ∧ S(A)
∧

u∈[c]
zdpu,l−1(Init, A) (11)

= cS,n ∧ S(A) ∧
∧

u∈[c]+
cS,dpu ∧ S(A) ∧

∧
u2∈[c]

hdpu2 ,l−2(Init, A)

∧
∧

u∈[c]−
¬

cS,dpu ∧ S(A) ∧
∧

u2∈[c]
hdpu2 ,l−2(Init, A)

 (12)
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At layer i of the for-loop, evaluating an entry asks for c evaluation of the previous layer, naïvely
giving us cl evaluations when completely unrolling all l layers of Al. However, because the evaluations
are only at the indices dp1, . . . , dpc which are determined by S, we do not need to fill out the whole
DP table but only at these c points. Thus, Al[ANDS ](Init, A) depends on Init only through the c
bits and on A only through S(A) which looks at the b bits of A. Thus, Al[ANDS ] is a function of
(b + c) bits (≤ k bits) of its input, i.e., a (b + c)-junta.

Having established that Al[ANDS ] are functions of at most k bits, we can use the same packing
bound based on Fourier-analytic arguments of (Boix-Adsera, 2024).

Recall that τ -local-iteration alignment implies that: for every S ∈ Z ′
T , there is a wS ∈ Rm with

∥wS∥ ≤ τ such that, ⟨w, φ(x)⟩ = Al[ANDS(x)] for all x ∈ {−1, 1}d (note that here we use the
domain {±1}d that works better with Fourier analytic arguments of boolean functions). Collect
all such w into the rows of a matrix W ∈ R|S|×m and φ(x) into the columns of some Φ ∈ Rm×2d .
We can derive the packing bound from the fact that orthogonal projection to the row span of
V ∈ R(d

k)×2d
, VA,x = χA(x) for all A ∈

([d]
k

)
and χA being the parity function of indices in A, has

large norm. Let P ∈ R2d×2d be the orthogonal projection to this subspace of low degree polynomials
in L2({±1}d) and P ⊤ the projection to the orthogonal subspace

First, we want to compute the coefficient of the degree k term of Al[ANDS ](Init, A) when
written as {±1}d-polynomial gives:

Al[ANDS ](Init, A) = hn,l (13)
= 2−(c+2)+1(1 + cS,n) · (1 + S(A)) ·

∏
u∈[c]

(1 + σhdpu,l−1(Init, A)))− 1 (14)

where σ is either 1 or −1 depending on the sign of the literal. Thus the leading term is of degree k
has coefficient ±2−Θ(kl). Therefore,

[WΦPk]S,x = ±2−Θ(kl)χI(S), (15)

where I(S) is the set of indices of the input that appears in literals of S.
Therefore,

WΦΦ⊤W ⊤ ⪰WΦPP ⊤Φ⊤W ⊤ = 2d−Θ(kl)I, (16)

and one conclude that |det(WΦΦ⊤W ⊤)| ≥ 2(d−Θ(kl))|S|.
Using τ -local-iteration alignment, we get the following for free:

Lemma C.4 (Claim B.4 (Boix-Adsera, 2024)). We have: det(W ΦΦ⊤W ⊤) ≤ (2d(E∥φ∥2)2τ2/|S|)|S|.

Combining the two gives:

2(d−Θ(kl))|S| ≤ (2d(E∥φ∥2)2τ2/|S|)|S|, (17)

which gives |S| ≤ 2Θ(kl)(E∥φ∥2)2τ2.
Finally, we give details on the DP procedures that stitch together all the root-prefix paths to

find the true tree based on 0-1 loss.
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Dynamic programming algorithm to infer final tree For this section, recall that the concept
class dictates that the decision tree can be different when processing different vertices of the graph.
To this end, we let ti be the true decision tree for vertex i and treat them as a different decision
tree. To get back the full tree, we simply add a log n-depth index selector at the beginning of the
estimated tree.

The problem is reduced to inferring ti’s simultaneously. Recall that the set of possible clauses
for tree i is Si. For some weight function u : ⊗i Si → R, define the valuation function:

val(T̃1, . . . , T̃n, u) :=
∑

Si∈Leaves(Ti),i∈[n]
(2T̃ (S1, . . . , Sn)− 1)uS1,...,Sn , (18)

where T̃ (S1, . . . , Sn) is defined as the computation of the template function A[T̃ ] by replacing T̃i

with Si in only the first layer. In other words, even though we do not have any input x to evaluate
A[T̃ ] at, we can still use the leaf node of the paths S1, . . . , Sn to determine the hidden representation
hv,1 of the first layer, for each v’s. Determining all hv,1 allows us to compute A[T̃ ] by passing it to
the next layers.

Recall that the weight function for our dynamic program is:

v :
⊗

i

Si → R, vS1,...,Sn := Ex∼D

[
(2fθ(x)− 1)

∏
i

AND(Si)
]

. (19)

Using this weight function, one gets a negative correlation of the 0-1 loss:

val(T̃1, . . . , T̃n, v) =
∑

Si∈Leaves(Ti),i∈[n]
(2T̃ (S1, . . . , Sn)− 1)Ex∼D

[
(2fθ(x)− 1)

∏
i

AND(Si)
]

(20)

= Ex∼D

(2fθ(x)− 1)

 ∑
Si∈Leaves(Ti),i∈[n]

(2T̃i(Si)− 1)
∏

i

AND(Si)

 . (21)

Since for each input x in the domain, by the definition of a decision tree, exactly one path Si is
traversed for each tree at node i. For these correct path, T̃ (S1, . . . , Sn) = T̃ (x). Thus we have:

val(T̃1, . . . , T̃n, v) = Ex∼D
[
(2fθ(x)− 1)(2T̃ (x)− 1)

]
, (22)

which is the 0− 1 loss for the estimated trees.
In our algorithm, we use Hoeffding inequality to approximate v with random sampling. Note that

this step requires, in the worst case, with probability at least 1− δ/2, approximating |S|n entries of
v naively with error at most ϵ/

∏
i si where si is a bound on the number of leaves of ti (naively |S|),

and runs in time poly(m′, n) where m′ = poly(1/ϵ, log(|S|n/δ)) is the number of draws to obtain
the Hoeffding bound. When choosing R = r in the algorithm, |S| is of order 2O(lr)(E∥φ∥)2τ2 based
on the previous bound on |S| and the approximation of v is done in poly(n, l, r, 1/ϵ, log(1/δ)).

Finally, we can run the dynamic program that computes for each S1 ∈ S1, each tree size
s′

1 = 0..s1, for each S2 ∈ S2, each tree size s′
2 = 0..s2, etc. the best subtrees T̃i of size s′

i

rooted at the end of the clause Si, for all i ∈ [n]. The runtime of this DP is computed as
|S|n · sn · poly(n, l, r, 1/ϵ, log(1/δ)) = poly(2nlr, (E∥φ∥)2τ2, sn, n, l, r, 1/ϵ, log(1/δ)).

D Experiments
We report more detailed diagnostics and statistics for our end-to-end implementation of the algorithm
in Table 3.
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depth k paths / vertex candidate trees
/ vertex source agreement

2 10 68/47/88
107/25/25 2/2/2/2/2/2 0.753

2 50 174/159/214
189/201/68 3/3/3/3/3/2 0.748

2 100 200/200/200
200/200/126 2/3/2/2/3/2 0.755

2 200 200/200/200
200/200/210 2/2/2/2/2/2 0.755

3 10 127/86/147
147/25/25 1/1/1/1/1/1 0.903

3 50 235/223/250
247/252/125 1/1/1/1/1/1 0.906

3 100 302/281/293
242/295/209 1/1/1/1/1/1 0.900

3 200 342/313/336
294/312/319 1/1/1/1/1/1 0.907

4 10 180/104/219
183/25/25 2/1/1/1/1/1 0.645

4 50 246/258/345
254/324/212 1/1/1/1/1/2 0.649

4 100 432/391/399
330/294/255 1/1/1/2/1/2 0.652

4 200 424/477/377
424/476/347 1/1/1/2/1/2 0.701

5 10 212/120/277
209/25/25 2/2/2/2/2/2 0.736

5 50 276/303/330
278/368/217 2/3/3/3/3/2 0.740

5 100 444/434/413
319/305/275 3/3/6/2/3/2 0.748

5 200 535/526/475
416/490/379 4/4/5/3/3/2 0.739

Table 3: Diagnostic statistics for Phase 2. “Paths / vertex” is the number of clauses retained for
each per-vertex subtree after the validation-error pruning step, and “candidate trees / vertex” is the
number of candidate trees generated by the phase-2 DP before the final product search. Source
agreement is the agreement between the reconstructed local-iteration algorithm and the trained
source network.
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D.1 Details on Experimental Setups

All experiments were implemented in Python (v3.12.13). Neural-network models were built using
PyTorch (v2.10.0+cu128), graph construction and synthetic benchmark generation handled through
NetworkX (v3.6.1). Numerical computation and data processing used NumPy (v2.2.6), SciPy
(v1.15.2). We also use tqdm (v4.67.3) and graphviz (v0.21). Models were trained using the
optimization and initialization routines provided by the default PyTorch stack, with Adam used as
the optimizer in our learned pipelines.

We ran the experiments on Google Colab, and the hardware configuration used is summarized
in Table 4.

Table 4: Hardware specifications.

Component Specification
Architecture x86_64
OS Ubuntu 22.04.5 LTS
CPU Intel(R) Xeon(R) CPU @ 2.20GHz
GPU NVIDIA A100-SXM4-40GB
GPU memory 40960 MiB (approximately 141 GB)
RAM 83.47 GiB

Table 5 lists the licenses of the main software libraries used in the experiments.

Table 5: Main software licenses.

Software License
PyTorch BSD-3-Clause
NetworkX BSD-3-Clause
NumPy BSD-3-Clause
SciPy BSD-3-Clause
tqdm MPL-2.0 and MIT
graphviz Eclipse Public License - v 2.0

E LLM Usage Disclosure
We used an LLM to help with code writing and with polishing the paper text.
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