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Abstract

Uncertainty quantification (UQ) is critical for the deployment of machine learning predictors
in real-world scenarios where the data distribution may shift over time (i.e., data may not be
exchangeable). Online conformal prediction (OCP) methods address this issue at the expense
of either (i) group-wise error control or (ii) learning-rate independent implementation. Group-
conditional coverage is essential for fairness across different collections of data points and for
providing finer UQ guarantees. Parameter-free optimization is crucial for robustness to adver-
sarial and unknown data shifts. We propose a parameter-free algorithm for group-conditional
OCP and demonstrate that it achieves the best group-conditional coverage guarantees. We eval-
uate our algorithm on synthetic and real-world data, demonstrating that our method not only
improves the reliability of existing parameter-free OCP methods but also provides prediction
intervals that are comparable in size to well-tuned group-conditional approaches. By unifying
group-conditional coverage with parameter-free online algorithms, our work lays a foundation
for fair and robust uncertainty quantification in shifting environments.
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1 Introduction

Machine learning (ML) models are increasingly deployed in high-stakes domains, such as supporting
patient assessment in hospitals [15, 23], informing loan decisions in banking [9], and enabling real-
time perception and control in autonomous vehicles [21]. These models affect consequential decision-
making, and it is critical that we can rigorously quantify the uncertainty in their predictions.

Conformal prediction (CP) is a versatile methodology for constructing prediction sets that con-
tain the unknown label of a test point with finite-sample, distribution-free guarantees [3, 12, 32,
39, 44, 45, 50, 51]. More precisely, given a fixed predictor and a user-specified miscoverage level
α ∈ (0, 1), CP produces prediction sets that contain the true label with probability 1 − α. This
guarantee, however, only holds when the data is exchangeable, an assumption rarely satisfied in
practice. In medical triage, for example, patient populations are affected by a number of factors
that impact the incoming streams of patients, including seasonal events such as the flu [1] and large
transportation accidents that can cause surges in patient admission [43].

Online conformal prediction (OCP) methods [2, 6–8, 17, 18, 33, 40, 54] address this limitation by
generating a sequence of prediction sets (It)t≥1 that provide coverage for the labels of a potentially
adversarial stream of data ((Xt, Yt))t≥1 = (X1, Y1), (X2, Y2), . . . . Most OCP methods target a
marginal coverage guarantee: as the time horizon T grows, the sets achieve a coverage rate close to
1−α, i.e. 1

T

∑T
t=1 1 {Yt ∈ It} ≈ 1−α. However, this guarantee does not capture the heterogeneity

of subpopulations in the data. Going back to the triage example, if the prevalence of a minority
group is approximately α, an OCP method could systematically fail to cover the minority group
while satisfying the marginal guarantee.

This lack of group-conditional coverage can lead to harmful decisions. Accordingly, previ-
ous works have proposed OCP algorithms with group guarantees [7, 41]. However, they are not
parameter-free: their performance depends on the choice of a learning rate—which can be problem-
atic in online adversarial settings, where little to no assumptions are made about the data stream.
Since the data may be adversarial, one cannot rely on a validation set to tune the learning rate [33].
Moreover, even if one commits to a “good” learning rate, the data could be modified arbitrarily
at any point to render such choice inappropriate [36]. While there has been a growing call for
parameter-free OCP methods, existing methods only achieve marginal coverage [33, 40, 55]. Thus,
it remains unclear how to design parameter-free OCP methods that provide both marginal and
group-conditional coverage guarantees.

Contributions. To address this gap, we develop a parameter-free algorithm for group-conditional
OCP. Formally, consider grouping functions cj(X) ∈ [0, 1] that tell us whether (and to what degree)
a sample Xt belongs to group j. Following prior works [41], we consider k potentially intersecting
groups, c1, . . . , ck ∈ [0, 1], and provide an algorithm that constructs a sequence of prediction sets
(It)t≥1 which provides online coverage conditionally on every group, namely

lim
T→∞

∣∣∣∣∣ 1Tj

T∑
t=1

1 {Yt ∈ It} cj(Xt)− (1− α)

∣∣∣∣∣ = 0 for all j = 1, 2, . . . , k, (1)

where Tj is the number of times group j appeared up to time T . Specifically, our contributions are:

1. We introduce the first parameter-free algorithm for group-conditional online conformal predic-
tion, that we dub Portfolios for Online Group Conformal (POGO).
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2. We establish rigorous coverage guarantees for POGO, which represent the best finite-time
group-coverage results available.

3. Through extensive experiments on both synthetic and real-world datasets, we show POGO con-
sistently outperforms existing approaches by providing adaptive and small prediction intervals
at the prescribed coverage.

1.1 Related Work

Closest to our work are two lines of research drawing on classical and parameter-free online learning:
marginal OCP and group-conditional coverage in stochastic settings. We discuss each of them.

Online conformal prediction. Gibbs and Candès [17] introduced Adaptive Conformal Inference
(ACI) for marginal OCP, constructing prediction sets by maintaining a single parameter governing
the sets’ width and updating the parameter via Online Subgradient Descent (OSD) on the quantile
loss. To address ACI’s sensitivity to its step size, Bastani et al. [7] introduced MultiValid Predictor
(MVP), which provides long-term coverage but cannot rapidly adapt to changes in the data sequence.
Since these methods require manual tuning of the step size, subsequent approaches—including
Aggregated ACI [54], Strongly Adaptive OCP [8], and Dynamically-Tuned ACI [17]—looked to
to overcome this limitation by employing adaptive online learning methods to automatically adjust
ACI’s updates. A few works explore related settings. For example, Angelopoulos et al. [5] introduced
an algorithm that satisfies the adversarial guarantee in OCP as well as convergence guarantees in
stochastic settings, along with an analysis of OSD with arbitrary step sizes. Building on this,
Areces et al. [6] developed algorithms that guarantee coverage for a broader class of stochastic
processes, including those with temporal dependence. Complementary approaches recast OCP as a
feedback-control problem using ideas from control theory [2, 52]. Despite these advances, all these
methods require a choice of step sizes and sometimes other hyperparameters. To address this, Zhang
et al. [55] and Podkopaev et al. [40] used parameter-free online learning algorithms [26, 27, 37, 38]
for OCP. Most recently, Liu et al. [33] improved on Podkopaev et al. [40] by proposing Universal
Portfolio OCP (UP-OCP), a parameter-free algorithm that utilizes ideas of portfolio optimization
and provides the best known finite-time marginal coverage guarantee. The concepts introduced in
Liu et al. [33] serve as the foundation for our method, and we will discuss this more in Sec. 3.

Group-conditional coverage. The goal of providing group-conditional coverage, as opposed to
just marginal, was introduced in the traditional CP setting with stochastic, i.i.d data. Vovk et al.
[49] and Romano et al. [42] proposed algorithms with coverage guarantees for disjoint groups and,
shortly after, Foygel Barber et al. [16] provided a conservative method with guarantees for inter-
secting groups. Numerous works followed. Jung et al. [28, 29] developed methods that produce
smaller prediction sets and provide coverage conditional on group membership and the threshold
used to produce the prediction set [29]. Gibbs et al. [19] provided more improvements, giving tighter
finite-sample coverage, allowing for discrete outcomes, and providing richer conditional guarantees.
These approaches provided the foundation for group-conditional algorithms for online settings. The
method of Gupta et al. [22] yields multivalid predictions in an online setting, including prediction
sets with guarantees conditional on group membership and the prediction set itself, satisfying a
calibration-like guarantee. This was improved on by Bastani et al. [7]. Ramalingam et al. [41]
generalized ACI to provide group-conditional guarantees by using parameterized prediction sets
and showing that minimizing the quantile loss with a “follow the regularized leader” (FTRL) algo-
rithm—which requires learning rates—achieves group coverage. Many of these works parameterize
prediction sets as linear functions of group memberships, an idea our method employs as well.
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2 Problem Setting

We observe a stream of data ((Xt, Yt))t≥1 where, at each time t, Xt ∈ X ⊂ Rd is a d-dimensional
feature vector, and Yt ∈ R is a univariate outcome. We make no assumptions on the data stream,
which may be arbitrarily changing. Let ft be a predictor that only depends on the data up to time
t− 1, and let Ŷt = ft(Xt) denote its prediction on Xt. Then, for a sequence of radii (τt)t≥1, τt ∈ R,
we define the prediction intervals1 It(τt) = [Ŷt− τt, Ŷt + τt] with the convention that the interval It
is empty if τt < 0.

Marginal OCP. The objective of OCP is to construct prediction intervals that control the em-
pirical coverage rate at level 1 − α ∈ (0, 1) so that, as the time horizon T grows, 1

T

∑T
t=1 1{Yt ∈

It} ≈ 1− α. Concretely, let St = |Yt − Ŷt| be non-conformity scores, such that a large St indicates
an inaccurate prediction of Yt by ft. Then, noticing that 1{Yt ∈ It} = 1{St ≤ τt}, the goal of
(marginal) OCP becomes to learn a sequence of radii (τt)t≥1 that satisfies

lim
T→∞

∣∣∣∣∣ 1T
T∑
t=1

1 {St ≤ τt} − (1− α)

∣∣∣∣∣ = 0. (OCPM)

It should be noted that the condition in (OCPM) implies marginal coverage, which doesn’t
preclude the sequence of τt systematically miscovering Yt for inputs belonging to certain groups.
This can lead to systematic under-coverage for some groups, raising fairness and safety concerns,
which motivates the need for group-conditional OCP (G-OCP).

Group-conditional OCP. Suppose the feature domain X can be divided into k potentially
overlapping groups. In the hospital triage example, groups may refer to biological sex, age, insurance
status, past medical history, or other risk factors. To account for uncertainty in group assignments,
consider a collection C = {cj : X → [0, 1] | j ∈ [k]} of soft indicator functions, such that cj(X)
represents the likelihood of input X belonging to group j, with [k] := {1, . . . , k}. Then, Tj =∑T

t=1 cj(Xt) is the soft count of samples that belong to group j up to time T . G-OCP naturally
extends the objective of marginal OCP, requiring that the learned sequence of radii (τt)t≥1 satisfies2

lim
T→∞

∣∣∣∣∣ 1Tj

T∑
t=1

1{St ≤ τt}cj(Xt)− (1− α)

∣∣∣∣∣ = 0 for all j ∈ [k]. (OCPG)

In this work, we develop a parameter-free algorithm with the best known finite-time group-
conditional coverage guarantee. We begin by providing a brief overview of a parameter-free approach
for standard OCP [33], serving as a methodological basis for our method.

3 Marginal Coverage via Portfolio Optimization

Similarly to conformal prediction [3, 45], the marginal guarantee in (OCPM) can be achieved by
learning the (1−α)-quantile of the non-conformity scores (St)t≥1 sequentially, i.e., as data is received
from a stream. A common approach is to use quantile regression (via the pinball loss) [20, 31] of

1We will hide the dependence of It(τt) on τt when clear from context.
2We assume Tj > 0 ∀j.
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the residuals between the non-conformity scores and the radii, St− τt . That is, at each time t, one
defines the loss lt to be

lt(τt, St) = max{(1− α)(St − τt), α(τt − St)}, (2)

and uses classic online learning methods [10, 11, 36] to update τt. Interestingly, as noted by An-
gelopoulos et al. [4], Gibbs and Candès [17], the subgradients of lt (with respect to the first argument)
quantify the miscoverage error. In particular, note that

gt(τt) = 1{St ≤ τt} − (1− α) (3)

is a subgradient of lt at τt. Then, the miscoverage rate after time T can be expressed as

MisCovT =

∣∣∣∣∣ 1T
T∑
t=1

1{St ≤ τt} − (1− α)

∣∣∣∣∣ =
∣∣∣∑T

t=1 gt(τt)
∣∣∣

T
. (4)

Thus, ensuring that the sum of the subgradients grows slowly enough suffices to control miscoverage.

3.1 A Parameter-Free Method for OCP via Universal Portfolio

Liu et al. [33] proposed UP-OCP, a portfolio optimization-based algorithm for OCP. UP-OCP learns
radii (τt)t≥1 such that the growth of |∑T

t=1 gt(τt)| is controlled, thus providing marginal coverage.
Noting that the subgradients gt equal α (when τt provides coverage) or α − 1 (when τt does not
cover), UP-OCP reduces OCP to portfolio optimization. Namely, UP-OCP defines a market of two
stocks which yield returns of w1 = 1− (gt/α) and w2 = 1+ gt/(1−α), respectively. The first stock
generates a very high return wt = 1/α when τt does not cover while the second produces a modest
return w2 = 1/(1− α) when τt does cover.

These returns allow one to define a wealth process (Wt)t≥1

Wt = Wt−1

(
λtw1 + (1− λt)w2

)
, W0 = 1

where λt ∈ [0, 1] is the learnable “portfolio” that can depend on all information up to time t − 1
(including gt). The key result in Liu et al. [33] is that learning a sequence of portfolios (λt)t≥1

that maximizes wealth (Wt) over time can directly yield a sequence of radii such that
∣∣∣∑T

t=1 gt

∣∣∣
grows slowly. Fortunately, the former can be achieved by well known online learning algorithms for
portfolio optimization.

Specifically, UP-OCP employs Universal Portfolio (UP) [13, 14] to learn portfolios (λt)t≥1 that
maximize the logarithmic growth rate of the wealth and defines the radii for OCP as τt =

(
λt−α

α(1−α)

)
Wt−1.

With these choices, and assuming the non-conformity scores satisfy a mild growth condition3, UP-
OCP yields a bound on

∣∣∣∑T
t=1 gt(τt)

∣∣∣, ensuring that MisCovT = O
(
(lnT )/T +

√
(α lnT )/T

)
. No-

tably, UP-OCP does not have any fixed parameter that needs to be set (such as a learning rate)
unlike most the methods outlined in Section 1.1; thus, it is parameter-free.

While UP-OCP only provides marginal coverage (and not group-conditional guarantees), it does
demonstrate that casting OCP as a portfolio optimization problem leads to a OCP method that does
not require learning rates. In the next section, we will show how these ideas of portfolio optimization
can be employed to provide group-conditional guarantees as well.

3Liu et al. [33] assume a polynomial growth condition i.e. St ≤ Dtq for D > 0 and q ≥ 0.
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4 Online Group Conditional Conformal via Portfolio Optimization

We now present POGO, a parameter free algorithm that provides the group coverage guarantee in
(OCPG). POGO relies on ideas of portfolio optimization and wealth maximization, similar to those
employed by UP-OCP, but brings these to bear in group conditional settings.

In standard OCP, there is a single coverage objective (OCPM), thus the radii τt are scalars in
R updated over time. However, in G-OCP, the radii we desire must satisfy k coverage guarantees,
one for each group (OCPG). Naturally, this suggests parameterizing τt with k parameters and
learning them sequentially. We let τt depend explicitly on the group membership of Xt. Formally,
consider all the grouping functions c1, . . . , ck and define the vector c = (c1, . . . , ck)

T ∈ [0, 1]k. We
parameterize the radii τt(Xt) as a linear function of c:

τt(Xt) = ⟨θt, c(Xt)⟩, θt ∈ Rk. (5)

As a result, the goal will now be to learn a sequence of parameters (θt)t≥1 that ensures the radii
provide group coverage. Such linear parametrization has been adopted in many works [6, 29, 41]
due to its simplicity and utility: a sample Xt with different group memberships can be assigned
radii of different sizes, as determined by the entries of θt. Importantly, we always obtain a single
radius for each Xt (as opposed to multiple radii for each Xt corresponding to multiple groups–see
the discussion below in Sec. 4.2).

Furthermore, this linear model provides a direct connection between subgradients and miscov-
erage. Denoting ct = c(Xt), let lt(θt, St) := max{(1 − α)(St − ⟨θt, ct⟩), α(⟨θt, ct⟩ − St)} be the
quantile loss at θt (i.e., the loss incurred by the radius τt(Xt) at time t). Then, a subgradient vector
gt ∈ Rk of lt at θt is

gt = [1{St ≤ ⟨θt, ct⟩} − (1− α)] ct. (6)

Thus, analogous to marginal OCP, these subgradients quantify the group miscoverage errors. Namely,
the jth entry of the vector

∣∣∣∑T
t=1 gt

∣∣∣ quantifies the miscoverage error of group j:

MisCovT (j) :=

∣∣∣∣∣ 1Tj

T∑
t=1

1{St ≤ ⟨θt, ct⟩}ct,j − (1− α)

∣∣∣∣∣ =
∣∣∣∑T

t=1 gt,j

∣∣∣
Tj

. (7)

Therefore, by learning θt so that each entry of
∣∣∣∑T

t=1 gt

∣∣∣ grows slowly, we can provide group
coverage. What remains is a method for optimizing this quantity. Drawing from the discussion in
Sec. 3.1, we employ parameter-free online learning tools. Recall that UP-OCP learns scalar radii
that ensure a slowly growing sum of subgradients by considering a wealth process and perform-
ing portfolio optimization. POGO generalizes UP-OCP by constructing k wealth processes and
performing portfolio optimization on each one to learn the k-dimensional parameters (θt)t≥1 that
provide group coverage.

4.1 Group Online Conformal via POGO

POGO learns the parameters (θt)t≥1 which yield slowly growing
∣∣∣∑T

t=1 gt

∣∣∣ by controlling each
entry individually, and in parallel. Formally, POGO defines two stocks for every entry gt,j of the
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Algorithm 1 Portfolios for Online Group Conformal: POGO
Input: Target miscoverage level α.
Initialize: Wealths W0,j ← 1/k for all j ∈ [k] and Jeffrey prior µ(λ̄) = 1/

√
λ̄(1− λ̄)

1: for t = 1, . . . do
2: for j = 1, . . . , k do
3: Define w : R→ R as w(λ̄) =

∏t−1
i=1 λ̄

(
1− gi,j

α

)
+ (1− λ̄)

(
1 +

gi,j
1−α

)
4: Update λt,j with Universal Portfolio: λt,j ←

∫ 1
0 λ̄w(λ̄)dµ(λ̄)∫ 1
0 w(λ̄)dµ(λ̄)

5: Update jth entry of θt: θt,j ←Wt−1,j ·
(

λt,j−α
α(1−α)

)
6: end for
7: Observe features, labels, and group membership vector: (Xt, Yt, c(Xt))
8: Compute radius with linear model: τt ← ⟨θt, c(Xt)⟩
9: Compute non-conformity score: St ← |Yt − Ŷt|

10: Compute subgradient of pinball loss: gt ← [1{St ≤ τt} − (1− α)]ct
11: for j = 1, . . . , k do
12: Update individual wealth processes: Wt,j ←Wt−1,j

(
1−

(
λt,j−α
α(1−α)

)
gt,j

)
13: end for
14: end for

subgradient gt:

wt,j,1 = 1− gt,j
α

and wt,j,2 = 1 +
gt,j
1− α

. (8)

Here, for every group j ∈ [k], wt,j,1 and wt,j,2 are the returns of two stocks: when Xt belongs in group
j (cj(Xt) ≈ 1) and τt(Xt) miscovers, gt,j = α− 1 and wt,j,1 yields a very high return. When τt(Xt)
covers, gt,j = α and wt,j,2 provides a modest return. Lastly, if group j is not present, i.e., cj(Xt) ≈ 0,
then gt,j ≈ 0. Consequently both returns are approximately 1, so λt,jwt,j,1 + (1 − λt,j)wt,j,2 ≈ 1,
and the wealth remains approximately unchanged, Wt,j ≈Wt−1,j .

POGO employs UP to learn the portfolios (λt,j)t≥1 that maximize the growth of the k wealth
processes

Wt,j = Wt−1,j (λt,jwt,j,1 + (1− λt,j)wt,j,2) , W0,j = 1/k. (9)

The parameters (θt)t≥1 we require for G-OCP are defined with entries θt,j = Wt−1,j

(
λt,j−α
α(1−α)

)
, for

all j ∈ [k]. By learning θt via maximizing k wealth processes, POGO ensures that each entry of
|∑T

t=1 gt| remains small, directly controlling MisCovT (j) for all j ∈ [k]. We summarize the complete
algorithm in Algorithm 1, and Theorem 4.1 presents its coverage guarantee.

Theorem 4.1 (POGO coverage guarantee). Let α ∈ (0, 1), and let (St,gt, ct)
T
t=1 be the sequences

of non-conformity scores, subgradients, and group membership vectors observed by Algorithm 1,
respectively. Let D > 0 and q ≥ 0, and assume St ≤ Dtq, ∀t ≥ 1 and Tj > 0. For every integer
T ≥ 1, define

UT (k) = ln

(
1 + (1− α)

D(T + 1)q+1

q + 1

)
+

1

2
ln(π(T + 1)) + ln(k). (10)

Then, POGO guarantees MisCovT (cj) ≤ 1
Tj

[
UT (k) +

√
2Tjα(1− α)UT (k)

]
.
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Table 1: Summary of type and rate of coverage across OCP methods (Tj ≍ ρjT for some constant
ρj > 0). Note that group-conditional coverage implies marginal coverage with k′ = k + 1.

Method Parameter-Free Type of Coverage Coverage Rate

UP-OCP [33] ✓ marginal (lnT )/T +
√
(α lnT )/T

GCACI [41] ✗ group-conditional
√
ηT (1− α)(ηk(1− α) + 1)/(ηT )

POGO ✓ group-conditional (ln kT )/T +
√
α ln(kT )/T

It is instructive to compare this result with the current standard G-OCP algorithm, GCACI [41],
which requires a fixed learning rate η and guarantees

MisCovT (cj) ≤
√
T

Tj

√
kmax{1− α, α}2 + 2(1− α)/η. (11)

To expand on this comparison, consider the typical regime where α is small and each group
appears with non-vanishing frequency, i.e., Tj ≍ ρjT for some constant ρj > 0. In this regime,
predictably, both bounds approach 0 as T → ∞, i.e. they provide asymptotically exact coverage.
However, they exhibit different dependencies in k and α.

Fixed α and varying k. POGO yields MisCovT (cj) = O(
√

(1/T ) ln(kT )), while GCACI with
fixed η gives MisCovT (cj) = O(

√
(1/T )(k + (1/η))). POGO’s dependence on k is only logarithmic,

whereas GCACI scales with
√
k (and also depends on η). Note, however, when k is very small (set,

k = 1) GCACI may exhibit a better dependence in T . On the other hand, when k is moderate and
larger, POGO provides better guarantees.

Fixed k and α → 0. When k is fixed and α → 0, POGO’s guarantee reads MisCovT (cj) =
O((lnT )/T ). By contrast, for fixed η, the GCACI bound behaves as O(1/√ηT ). Thus, as α → 0,
POGO achieves exact asymptotic coverage at a faster rate than GCACI. Moreover, POGO’s rate
achieves the fastest known rate for time-averaged constraint violation (up to log factor) [53].

The key difference between POGO and GCACI is that the latter relies on a learning rate η,
whereas POGO is parameter-free. For small time T , with careful tuning of η, it is possible for
GCACI to provide faster covera than POGO. However, tuning learning rates in an online setting
is difficult given that the data stream can change arbitrarily, making whatever previous choice of η
inappropriate (we also verify this experimentally in Section 5, Figs. 1a and 1b).

4.2 Alternative Naive Approaches

Before presenting our experimental results, we address a natural question: why employ POGO rather
than simply running UP-OCP, separately for each group, to obtain group conditional coverage?

Concretely, for any group j, one can parameterize a radius as τt,j = θt,j cj(Xt), for θt,j ∈ R.
Since cj is fixed, learning (τt,j)t≥1 to provide coverage reduces to learning (θt,j)t≥1, which can be
done with UP-OCP. Formally, one can consider the pinball loss lt(θt,j , St) = max{(1 − α)(St −
θt,j cj(Xt)), α(θt,j cj(Xt)− St)} and observe that a subgradient, denoted gt,j , of lt at θt,j is

gt,j = [1{St ≤ θt,jcj(Xt)} − (1− α)] · cj(Xt). (12)

These subgradients quantify the miscoverage error of group j: that is 1
Tj

∣∣∣∑T
t=1 gt,j

∣∣∣ is precisely
the miscoverage error of group j. Thus, one can employ UP-OCP to learn a sequence of (θt,j)t≥1

8



(thus (τt,j)t≥1) which directly yield a fast decreasing bound (in T ) on 1
Tj

∣∣∣∑T
t=1 gt,j

∣∣∣ and hence a
finite-time and asymptotic coverage guarantee for group j.

However, running UP-OCP separately for each group will produce k sequences of radii {(τt,j)Tt=1}kj=1.
This is impractical: given a new sample Xt belonging to multiple groups, which of the resulting
radii should be used to provide coverage? Returning the maximum radius will likely over cover [16],
and returning all complicates downstream decision-making. Moreover, group-specific radii may leak
sensitive group membership, raising fairness and privacy concerns. We therefore seek algorithms
that return a single sequence of radii (τt)t≥1 that provide coverage for all groups j ∈ [k]. Moreover,
if the algorithm is parameter free, we overcome common issues with tuning learning rates in online
settings. POGO satisfies these requirements, making it well-suited for G-OCP.

5 Experiments

We support our theoretical results with experiments on synthetic and real-world datasets. Code for
reproducing all of the experiments is available at github.com/beepulbharti/pogo.

Baselines. In all experiments we compare with GCACI [41] (the current standard GOCP method).
We exclude another GOCP method MVP [7], as GCACI outperforms MVP both theoretically and
empirically [41]. For the real-data experiments, we additionally compare with POGO’s marginal
counterpart UP-OCP. The synthetic experiments, however, are designed to ensure that marginal
OCP methods will fail to provide group-coverage (e.g., UP-OCP achieves group-wise coverage rates
of ≤ 70%), and hence we omit comparison to UP-OCP in the synthetic settings.

Metrics. As stressed by Liu et al. [33], asking for 1−α group coverage alone is insufficient, since it
can be achieved with large (uninformative) radii. For a target level 1−α, a reliable G-OCP method
should (i) attain 1−α coverage for every group, (ii) do so with small radii, and (iii) adapt quickly to
changes in the data. We summarize these trade-offs with Pareto-frontier plots of observed coverage
versus radius size and adaptivity [33]. We quantify adaptivity by computing, for each group, the
longest consecutive run of miscoverage events {St > τt}, and reporting the maximum over groups
(lower is better). We also report the lowest observed coverage (across all groups)4 against the target
coverage to show how well each method meets the specified coverage requirement.

5.1 Synthetic experiments

Groups are modeled to have different frequencies. Denote U ⊂ [k] to be the set of under-represented
groups. At each time t, we generate a group vector c(Xt) = (c1(Xt), . . . , ck(Xt)) ∈ {0, 1}k, where
cj(Xt) ∼ Bernoulli(pj) independently across j ∈ [k] with pj = 0.05 if j ∈ U and 0.25 if j ∈ [k] \ U .
Thus, groups in U appear infrequently, making it challenging to ensure their coverage.

Following prior work [2, 33], we directly generate non-conformity scores. We model the scores as

St = Sbase
t + ⟨b(t), c(Xt)⟩+ ⟨ϵt, c(Xt)⟩ . (13)

Here, Sbase
t ∼ Beta(1, 20) and ϵt = (ϵt,1, . . . , ϵt,k) is zero-mean uniform noise, ϵt,j ∼ Unif(−1, 1).

The vector b(t) = (b1(t), . . . , bk(t)) introduces time-varying, group-dependent shifts. Specifically,
4The correct metric to report would be the group coverage rate that deviates the most in absolute value from

the target level. However, all of the methods either cover or undercover. Hence, reporting the lowest group coverage
rate suffices.
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(a) Results for synthetic setting with bounded, gradually varying scores.
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(b) Results for synthetic setting with bounded scores with a changepoint.
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(c) Results for synthetic setting with unbounded, growing scores (A = 25 in (16)).

Ideal

Ideal ±3%

POGO

GCACI (η = 0.01)

GCACI (η = 0.05)

GCACI (η = 0.10)

GCACI (η = 0.25)

GCACI (η = 0.50)

GCACI (η = 0.75)

GCACI (η = 1.0)

Figure 1: Algorithms across three performance criteria for target coverage levels 1−α ∈ [0.75, 0.99].
Left: lowest observed group coverage rate vs. target coverage rate. Dashed line denotes perfect
performance, dotted lines show ±3% tolerance band. Middle-Right: Pareto frontiers (curves
closer to the top-left indicate better performance; results for observed coverage rates in [0.75, 0.95]
are displayed). Middle: lowest achieved group coverage rate vs. average radius length. Right:
lowest achieved group coverage rate vs. maximum length of consecutive miscovers (across groups).
Error bars represent the standard error of the mean (SEM) of the variable along the x-axis.

b(t) is modeled as a first-order autoregressive (AR(1)) process with bounded uniform noise:

bj(t) = (1− γj) bj(t− 1) + γj mj + µj + σj ξt,j , bj(0) = 0, ξt,j
iid∼ Unif(−1, 1), (14)

At a high level, µj controls the overall drift, σj controls the volatility, and γj governs persistence.
When γj = 0, (14) reduces to a random walk, whereas γj > 0 yields a shift that stabilizes toward
mj . With this model, scores belonging to different groups exhibit different time-varying shifts.
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For the following experiments, we set mj = 0.2 and σj = 10−2, yielding stochastic shifts that
start at 0 and fluctuate around 0.2. We vary the persistence and drift parameters, λj and µj , to
model different shifts. Time-varying biases are applied only to the under-represented groups: for
j ∈ U , bj(t) follows (14), whereas for j /∈ U , bj(t) = 0 for all t. We set |U| =

⌊
1
10k
⌋

and run all
methods for target coverage rates 1 − α ∈ [0.75, 0.99] and T = 50,000. Results reported are for
k = 50 groups (other k are in Appendix C.1), and presented as averages over 50 independent runs.

Bounded, gradually varying scores. We set λj = 0.25 and µj = 0 so that group shifts remain
controlled with no systematic drift. For this setting, to ensure a fair comparison, all algorithms are
run with bounded non-conformity scores, S̃t = min{1,max{0, St}}, as assumed by GCACI. Fig. 1a
(left) shows that all methods, including POGO, always achieves the target 1 − α coverage rate
for all groups within a range of 3%. Additionally, in Fig. 1a (middle) we see POGO is the most
efficient, yielding the smallest average radii at all levels of observed coverage. Moreover, POGO is
highly competitive with various GCACI methods in terms of adaptivity: the longest sequence of
miscoverage events across any group for POGO is at most 2 more than the best performing GCACI
algorithm (Fig. 1a (right)).

Bounded scores with a shift. From the previous setting, we see that, besides POGO, GCACI
with η = 0.01 offered favorable tradeoffs between coverage and radius size, and between coverage
and the longest miscoverage sequence. This may suggest choosing η = 0.01 generally. We now
evaluate performance under an abrupt shift, illustrating the risk of committing to η = 0.01 (or any
choice of η, for that matter) after a long stable period and how POGO handles this. The scores
follow the same model until a shift at t = ⌊T/3⌋ that increases the scores of a single group j∗ ∈ U .
Specifically,

St = Sbase
t + ⟨b(t), c(Xt)⟩+ ⟨ϵt, c(Xt)⟩+ 0.6 · 1{t ≥ ⌊T/3⌋}cj∗(Xt). (15)

All methods achieve group coverage within ±3% of the target (Fig. 1b (left)). Under this shift,
POGO again provides the best coverage–radius tradeoff, outperforming GCACI (η = 0.01). More-
over, GCACI (η = 0.01) adapts poorly after the shift (right most curve Fig. 1b (right)), exhibiting
longer consecutive miscoverage sequences—an effect that becomes more pronounced at lower cov-
erage levels. In contrast, POGO maintains short miscoverage runs while remaining competitive
with the best-performing GCACI variants in this respect. Overall, this highlights the advantage
of parameter-free methods like POGO: tuning η in a no-shift regime can lead to poor adaptivity.
POGO, in contrast, remains robust across coverage, radius, and miscoverage-sequence metrics.

Unbounded growing scores. Finally, consider a setting with unbounded non-conformity with
quadratic growth for a group. We select a single group j∗ ∈ U and generate scores according to

St = Sbase
t + ⟨b(t), c(Xt)⟩+ ⟨ϵt, c(Xt)⟩+A(1 + νt)

(
t

T

)2

cj∗(Xt), (16)

where νt ∼ Unif(−1/2, 1/2). Thus, the scores of samples in group j∗ grow quadratically in time (up
to multiplicative noise 1+ νt), with A > 0 controlling the growth amplitude for the non-conformity
scores of group j∗. Reported results are for A = 25. In Fig. 1c (left), we observe that even after
T = 50,000, nearly all GCACI variants fail to achieve the target group coverage rate within ±3%,
except for GCACI (η = 1). POGO performs best overall, achieving coverage closer to the target
levels, particularly at higher target coverages 1 − α ∈ [0.9, 0.95]. Moreover, compared to GCACI
(η = 1), POGO exhibits a better tradeoff between group coverage and the radius size, at the cost
of a slightly worse tradeoff between group coverage and the longest miscoverage streak.
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UP-OCP POGO GCACI (η = 1.0)

Figure 2: Lowest group coverage vs. average radius length. Left: Delta (DAL). Right: MIMIC-IV.

5.2 Real World Data

For our real data experiments, we first learn a base model Ŷ = f(X) (training) and then compare
POGO, UP-OCP 5, and GCACI (setting η = 1 following [41]) on the remaining data (testing).

Length-of-Stay in the Intensive Care Unit. We perform G-OCP for a model that predicts
the length of stay in the intensive care unit. We use the MIMIC-IV dataset [25], a de-identified
dataset of patients at BIDMC, collected within 24 hours of admission. Our model is an MLP
trained on 70% of the data, and our testing is performed on the remaining 40%. We define groups
using self-reported race, insurance status, and biological sex. Additional details are provided in
Appendix C.3.

Stock Market. We perform G-OCP for a model that predicts the daily opening price of a stock.
We use stock data of Apple (APPL), Delta Airlines Inc (DAL), and Boeing (BA) from the last 15 years
[34]. Our model is Prophet [46], a popular method to produce daily opening-price forecasts, trained
on the logarithm of the opening prices of the first 100 trading days and then refit daily on the most
recent year of trading data [35]. We define groups using market-indicators such as volatility relative
to a rolling median, calendar-year markers such as day-of-week, and by indexing trading days from
the first Monday, grouped by the index [7, 41]. Additional details are provided in Appendix C.4.

Fig. 2 demonstrate that POGO is competitive with GCACI, consistently yielding smaller radii for
observed coverage rates ranging from 75-95% (figures for other stocks are provided in Appendix C.2).
In Table 2 we report additional results when asking a target coverage rate of 90%. We observe that
UP-OCP, POGO, and GCACI are comparable in both experiments. For the DAL stock, we observe
that UP-OCP, POGO, and GCACI achieve maximum miscoverage streaks of 6, 5 and 2, respectively,
over T ≈ 2500 trading days. Similarly, for the MIMIC-IV dataset, these methods obtain 2, 5 and 4
as the maximum miscoverage streak over T ≈ 26000 days. Results are reported in Table 2.

5Recall that UP-OCP only provides marginal coverage – to compute group quantities, we run UP-OCP at a target
level α to generate a sequence of radii (τt)t≥1. Then, for each group j ∈ [k], we compute

∣∣∣ 1
Tj

∑T
t=1 1{St ≤ τt}cj(Xt)

∣∣∣.
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Table 2: Results on Delta (DAL) stock and MIMIC-IV for target coverage 1− α = 0.90.

DAL (T ≈ 2,500) MIMIC-IV (T ≈ 26,000)

Method Lowest Coverage (↑) Set Size (↓) Max. Miscovers (↓) Lowest Coverage (↑) Set Size (↓) Max. Miscovers (↓)
UP-OCP 85.2% 4.12 6 86.4% 4.91 5
GCACI 88.9% 5.80 2 89.8% 6.50 4
POGO 84.4% 4.09 5 87.0% 4.94 5

6 Conclusion

We introduced POGO, the first parameter-free algorithm for group-conditional online conformal
prediction. By combining ideas from online conformal prediction, parameter-free online learning,
and multivariate betting, POGO provides rigorous coverage guarantees for all groups without tun-
ing learning rates. Our analysis establishes the strongest known finite-time group-coverage bounds,
and experiments on synthetic and real-world data show that POGO consistently attains the target
coverage level for every group while maintaining competitive prediction set sizes and adaptivity rela-
tive to non–parameter-free baselines. Looking ahead, it remains unknown if stronger group-coverage
guarantees are possible using richer models for the radius beyond the current linear specification. Ex-
tending our theory and tools to other forms of online uncertainty quantification, such as calibration,
is also an interesting direction. Finally, studying how POGO can support online decision-making in
safety-critical applications like clinical decision support systems is a promising avenue for impact.
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A Proofs

A.1 Proof of Theorem 4.1

Theorem 4.1 (POGO coverage guarantee). Let α ∈ (0, 1), and let (St,gt, ct)
T
t=1 be the sequences

of non-conformity scores, subgradients, and group membership vectors observed by Algorithm 1,
respectively. Let D > 0 and q ≥ 0, and assume St ≤ Dtq, ∀t ≥ 1 and Tj > 0. For every integer
T ≥ 1, define

UT (k) = ln

(
1 + (1− α)

D(T + 1)q+1

q + 1

)
+

1

2
ln(π(T + 1)) + ln(k). (10)

Then, POGO guarantees MisCovT (cj) ≤ 1
Tj

[
UT (k) +

√
2Tjα(1− α)UT (k)

]
.

Proof. Recall ct = (ct,1, . . . , ct,k) ∈ [0, 1]k and the subgradient vector gt at time t is defined as

gt = Ztct, where Zt = 1{St ≤ ⟨θt, ct⟩} − (1− α). (17)

Let gt,j denote the jth entry of the subgradient vector gt, which, by definition above, is gt,j = ct,jZt.
Define wt,j,1 = 1 − gt,j

α and wt,j,2 = 1 +
gt,j
1−α to be the returns of two stocks and the jth wealth

process

Wt,j = Wt−1,j (λt,jwt,j,1 + (1− λt,j)wt,j,2) with W0,j =
1

k
. (18)

where (λt,j)
T
t=1 is a sequence of portfolios in [0, 1]. By this recursive definition of Wt,j , it is clear

that WT,j =
1
k

∏T
t=1 (λt,jwt,j,1 + (1− λt,j)wt,j,2). As a result,

ln(WT,j) = ln

(
1

k

T∏
t=1

(λt,jwt,j,1 + (1− λt,j)wt,j,2)

)
(19)

= ln

(
T∏
t=1

(λt,jwt,j,1 + (1− λt,j)wt,j,2)

)
+ ln

(
1

k

)
. (20)

Since the λt,j are determined by Universal Portfolio [13, 14] with Jeffrey’s prior, we have

ln

(
T∏
t=1

(λt,jwt,j,1 + (1− λt,j)wt,j,2)

)
≥ max

λ∈[0,1]
ln

(
T∏

s=1

(λwt,j,1 + (1− λ)wt,j,2)

)
− 1

2
ln(π(T + 1)).

(21)

By the definitions of wt,j,1 and wt,j,2, along with noting that gt,j = ct,jZt, where ct,j ∈ [0, 1] and
Zt ∈ {α− 1, α}, by Lemma B.1

max
λ∈[0,1]

ln

(
T∏
t=1

(λt,jwt,j,1 + (1− λt,j)wt,j,2)

)
≥

(∑T
t=1 gt,j

)2
2Tjα(1− α) + 2

3

∣∣∣∑T
t=1 gt,j

∣∣∣ , (22)

where Tj =
∑T

t=1 ct,j . Therefore,

ln(WT,j) ≥

(∑T
t=1 gt,j

)2
2Tjα(1− α) + 2

3

∣∣∣∑T
t=1 gt,j

∣∣∣ + ln

(
1

k

)
− 1

2
ln(π(T + 1)). (23)
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Applying exp(·) to both sides and summing the k wealth processes (Wt,1)
T
t=1, . . . (Wt,k)

T
t=1, gives

k∑
j=1

WT,j ≥
k∑

j=1

1

k
√
π(T + 1)1/2

exp


(∑T

t=1 gt,j

)2
2Tjα(1− α) + 2

3

∣∣∣∑T
t=1 gt,j

∣∣∣
 . (24)

Thus we have a lower bound on
∑k

j=1WT,j .

Now, we have that for any j ∈ [k], by the definitions of wt,j,1 and wt,j,2,

λt,jwt,j,1 + (1− λt,j)wt,j,2 = λt,j −
λt,j

α
gt,j + 1− λt,j +

1− λt,j

1− α
gt,j (25)

= 1−
(
λt,j

α
− 1− λt,j

1− α

)
gt,j (26)

= 1−
(

λt,j − α

α(1− α)

)
gt,j . (27)

By defining θt,j = Wt−1,j

(
λt,j−α
α(1−α)

)
, we have

WT,j = WT−1,j(λt,jwt,j,1 + (1− λt,j)wt,j,2) (28)

= WT−1,j

(
1−

(
λt,j − α

α(1− α)

)
gt,j

)
(29)

= WT−1,j − θT,jgT,j (30)
= WT−2,j − θT−1,jgT−1,j − θT,jgT,j (31)

= W0,j −
T∑
t=1

θt,jgt,j =
1

k
−

T∑
t=1

θt,jgt,j . (32)

Summing the individual WT,j , we obtain

k∑
j=1

WT,j =
k∑

j=1

(
1

k
−

T∑
t=1

θt,jgt,j

)
(33)

= 1−
k∑

j=1

(
T∑
t=1

θt,jgt,j

)
(34)

= 1−
T∑
t=1

k∑
j=1

θt,jgt,j = 1−
T∑
t=1

⟨θt,gt⟩, (35)

where we define (θt = (θt,1, . . . θt,k)). By Lemma B.2, and the assumption St ≤ Dtq for D > 0 and
q ≥ 0, we obtain

1−
T∑
t=1

⟨θt,gt⟩ ≤ 1 + (1− α)
T∑
t=1

St ≤ 1 + (1− α)
D(T + 1)q+1

q + 1
, (36)

where we have used the integral inequality
∑T

t=1 t
q · 1 ≤

∫ T+1
0 tqdt = (T+1)q+1

q+1 . Therefore, we have
an upper bound for

∑k
j=1WT,j .
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Comparing the upper and the lower bounds,

T∑
j=1

1

k
√
π(T + 1)1/2

exp


(∑T

t=1 gt,j

)2
2Tjα(1− α) + 2

3

∣∣∣∑T
t=1 gt,j

∣∣∣
 ≤ 1 + (1− α)

D(T + 1)q+1

q + 1
(37)

Every term in the left hand side equation is non-negative. Therefore, for any j ∈ [k],

1

k
√
π(T + 1)1/2

exp


(∑T

t=1 gt,j

)2
2Tjα(1− α) + 2

3

∣∣∣∑T
t=1 gt,j

∣∣∣
 ≤ 1 + (1− α)

D(T + 1)q+1

q + 1
. (38)

Multiplying both sides of (38) by k
√
π(T + 1)1/2 and then applying ln(·) to both sides, we obtain(∑T

t=1 gt,j

)2
2Tjα(1− α) + 2

3

∣∣∣∑T
t=1 gt,j

∣∣∣ ≤ UT (k), (39)

where we define

UT (k) := ln

(
1 + (1− α)

D(T + 1)q+1

q + 1

)
+

1

2
ln(π(T + 1)) + ln(k). (40)

Equivalently, (
T∑
t=1

gt,j

)2

− 2

3
UT (k)

∣∣∣∣∣
T∑
t=1

gt,j

∣∣∣∣∣− 2UT (k)Tjα(1− α) ≤ 0. (41)

The inequality above is of the form z2+Q|z|+R ≤ 0, and the LHS might be non-convex depending
on Q,R. Fortunately, we only require an upper bound on |z|, and we can look at the part of the curve

in z ≥ 0, which is a quadratic, and remains non-positive in 0 ≤ z ≤ z⋆, where z⋆ =
−Q+
√

Q2−4R
2 .∣∣∣∣∣

T∑
t=1

gt,j

∣∣∣∣∣ ≤ 1

3
UT (k) +

√
2UT (k)Tjα(1− α) +

1

9
UT (k)2 (42)

≤ UT (k) +
√
2Tjα(1− α)UT (k), (43)

where we have used the inequality
√
Q+R ≤ √Q+

√
R, with Q = 2Tjα(1−α)UT (k), R = 1

9UT (k)
2.

Finally, dividing both sides by Tj obtains the desired result.

B Useful Lemmas and Inequalities

In this section, we present results that are used throughout the proofs in Section A. For cited results,
their proofs can be found in the referenced works; otherwise, proofs are provided here.

Lemma B.1. Let α ∈ (0, 1). Consider any integer T ≥ 1 and a sequence (ctZt)
T
t=1 where ct ∈ [0, 1]

and Zt ∈ {α− 1, α}. Define Tc =
∑T

t=1 ct. Then

max
λ∈[0,1]

ln

(
T∏
t=1

λ

(
1− ctZt

α

)
+ (1− λ)

(
1 +

ctZt

1− α

))
≥

(∑T
t=1 ctZt

)2
2Tcα(1− α) + 2

3

∣∣∣∑T
t=1 ctZt

∣∣∣ . (44)
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Proof. First, observe

λ

(
1− ctZt

α

)
+ (1− λ)

(
1 +

ctZt

1− α

)
= λ− λ

α
ctZt + 1− λ+

(1− λ)

1− α
ctZt (45)

= 1−
(
λ

α
− 1− λ

1− α

)
ctZt (46)

= 1−
(

λ− α

α(1− α)

)
ctZt. (47)

Then, rearrange to obtain

1− λ− α

α(1− α)
ctZt = 1− ct + ct −

λ− α

α(1− α)
ctZt (48)

= 1− ct +

(
1 +

λ− α

α(α− 1)
Zt

)
· ct (49)

= 1− ct + ut · ct, (50)

where ut =
λ
α when Zt = α− 1, and ut =

1−λ
1−α when Zt = α.

Since ct ∈ [0, 1], by the concavity of ln(x),

ln((1− ct)(1) + ctut) ≥ (1− ct) ln(1) + ct ln(ut) = ct ln(ut). (51)

Therefore, for any λ ∈ [0, 1]

max
λ∈[0,1]

ln

(
T∏
t=1

λ

(
1− ctZt

α

)
+ (1− λ)

(
1 +

ctZt

1− α

))
(52)

≥ ln

(
T∏
t=1

λ

(
1− ctZt

α

)
+ (1− λ)

(
1 +

ctZt

1− α

))
(53)

=
T∑
t=1

ln (1− ct + ctut) (54)

≥
T∑
t=1

ct ln(ut) (55)

=
∑

t:Zt=α

ct ln(ut) +
∑

t:Zt=α−1

ct ln(ut) (56)

= ln

(
1− λ

1− α

)
T1 + ln

(
λ

α

)
T2, (57)

where T1 =
∑

{t : Zt=α} ct and T2 =
∑

{t : Zt=α−1} ct. Recall that Tc = T1 + T2.

The lower bound in (57) holds for any λ ∈ [0, 1]: we instantiate it for λ∗, which is the maximizer
of (57). To maximize (57), set the partial derivative with respect to λ to 0, to obtain that

λ⋆ =
T2

Tc
∈ [0, 1]. (58)

Now T1 = (1− λ⋆)Tc and T2 = λ⋆Tc. Substituting this, (57) can be rewritten as

Tc

(
(1− λ∗) ln

(
1− λ∗

1− α

)
+ λ∗ ln

(
λ∗

α

))
= Tc ·KL (Ber(λ∗)||Ber(α)) . (59)

21



Further, we can express λ⋆ as a function of α and
∑

ctZt using (58):

T∑
t=1

ctZt = αT1 + (α− 1)T2 = αTc − T2 = αTc − λ⋆Tc. (60)

Thus

Tc ·KL (Ber(λ∗) ||Ber(α)) = Tc ·KL

(
Ber

(
α−

∑T
t=1 ctZt

Tc

)∣∣∣∣∣∣∣∣ Ber(α)

)
(61)

By Lemma B.3

Tc ·KL

(
Ber

(
α−

∑T
t=1 ctZt

Tc

)
||Ber(α)

)
≥ Tc

(∑T
t=1 ctZt

Tc

)2
2α(1− α) + 2

3

∣∣∣∑T
t=1 ctZt

Tc

∣∣∣ (62)

=

(∑T
t=1 ctZt

)2
2Tcα(1− α) + 2

3

∣∣∣∑T
t=1 ctZt

∣∣∣ (63)

Thus we have shown the result

max
λ∈[0,1]

ln

(
T∏
t=1

λ

(
1− ctZt

α

)
+ (1− λ)

(
1 +

ctZt

1− α

))
≥

(∑T
t=1 ctZt

)2
2Tcα(1− α) + 2

3

∣∣∣∑T
t=1 ctZt

∣∣∣ (64)

B.1 Upper bound on the wealth process

Lemma B.2. Let α ∈ (0, 1). Consider any integer T ≥ 1 and let (St)
T
t=1 and (ct)

T
t=1 be a sequence

of non-conformity scores and group membership vectors. At every time t consider a vector θt ∈ Rk

and define

gt = [1{St ≤ ⟨θt, ct⟩} − (1− α)]ct. (65)

Then

1−
T∑
t=1

⟨θt,gt⟩ ≤ 1 + (1− α)
T∑
t=1

St. (66)

Proof. It suffices to show

−⟨θ,gt⟩ ≤ (1− α)St, ∀t ≥ 1 (67)

because, if true, then −∑T
t=1⟨θ,gt⟩ ≤ −

∑T
t=1(1− α)St, and the result is immediate.

By definition of gt, we have

⟨θt,gt⟩ = ⟨θt, ct⟩ · [1{St ≤ ⟨θt, ct⟩} − (1− α)]. (68)

The range of ⟨θt,gt⟩ is [−∞,∞]. We will analyze the three exhaustive cases of where this quantity
is less than 0, in between 0 and St, and greater than zero. We will show that no matter the scenario,
the inequality ⟨θ,gt⟩ ≤ (1− α)St holds ∀t ≥ 1.
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Case 1: Suppose ⟨θt, ct⟩ < 0. Then, since St ≥ 0 because its a non-conformity score, we have

[1{St ≤ ⟨θt, ct⟩} − (1− α)] = −(1− α). (69)

Thus, −⟨θt,gt⟩ = ⟨θt, ct⟩(1− α) ≤ 0 ≤ (1− α)St.

Case 2: : Suppose 0 ≤ ⟨θt, ct⟩ < St. Then,

[1{St ≤ ⟨θt, ct⟩} − (1− α)] = −(1− α) (70)

and, as a result, −⟨θt,gt⟩ = ⟨θt, ct⟩(1− α) ≤ (1− α)St.

Case 3: Suppose ⟨θt, ct⟩ ≥ St. Then,

[1{St ≤ ⟨θt, ct⟩} − (1− α)] = α. (71)

Thus, −⟨θt,gt⟩ = −⟨θt, ct⟩α ≤ 0 ≤ (1− α)St.

B.2 A lower bound on the KL divergence between two Bernoulli random vari-
ables

Lemma B.3 ([33] Lemma F.1). Let p, q ∈ [0, 1], then

KL(Ber(p) ||Ber(q)) = p ln
p

q
+ (1− p) ln

1− p

1− q
≥ (p− q)2

2q(1− q) + 2
3 |p− q| . (72)

Proof. See Liu et al. [33] Appendix F.1.
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C Additional Experiments

C.1 Additional synthetic experiment results

Results for k = 25 number of groups.
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(a) Results for synthetic setting with bounded, gradually varying scores.
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(b) Results for synthetic setting with bounded scores with a changepoint.
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GCACI (η = 0.75)

GCACI (η = 1.0)

Figure C.3: Algorithms across three performance criteria for target coverage levels 1 − α ∈
[0.75, 0.99]. Left: lowest observed group coverage rate vs. target coverage rate. Dashed line
denotes perfect performance, dotted lines show ±3% tolerance band. Middle-Right: Pareto fron-
tiers (curves closer to the top-left indicate better performance; results for observed coverage rates in
[0.75, 0.95] are displayed). Middle: lowest achieved group coverage rate vs. average radius length.
Right: lowest achieved group coverage rate vs. maximum length of consecutive miscovers (across
groups). Error bars represent the standard error of the mean (SEM) of the variable along the x-axis.
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Results for k = 25 number of groups (continued).
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(a) Results for synthetic setting with unbounded, growing scores (A = 5 in (16)).
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(b) Results for synthetic setting with unbounded, growing scores (A = 25 in (16)).
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(c) Results for synthetic setting with unbounded, growing scores (A = 100 in (16)).
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Figure C.4: Algorithms across three performance criteria for target coverage levels 1 − α ∈
[0.75, 0.99]. Left: lowest observed group coverage rate vs. target coverage rate. Dashed line
denotes perfect performance, dotted lines show ±3% tolerance band. Middle-Right: Pareto fron-
tiers (curves closer to the top-left indicate better performance; results for observed coverage rates in
[0.75, 0.95] are displayed). Middle: lowest achieved group coverage rate vs. average radius length.
Right: lowest achieved group coverage rate vs. maximum length of consecutive miscovers (across
groups). Error bars represent the standard error of the mean (SEM) of the variable along the x-axis.
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Additional results for k = 50 number of groups.
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(a) Results for synthetic setting with unbounded, growing scores (A = 5 in (16)).
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(b) Results for synthetic setting with unbounded, growing scores (A = 5 in (16)).
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Figure C.5: Algorithms across three performance criteria for target coverage levels 1 − α ∈
[0.75, 0.99]. Left: lowest observed group coverage rate vs. target coverage rate. Dashed line
denotes perfect performance, dotted lines show ±3% tolerance band. Middle-Right: Pareto fron-
tiers (curves closer to the top-left indicate better performance; results for observed coverage rates in
[0.75, 0.95] are displayed). Middle: lowest achieved group coverage rate vs. average radius length.
Right: lowest achieved group coverage rate vs. maximum length of consecutive miscovers (across
groups). Error bars represent the standard error of the mean (SEM) of the variable along the x-axis.
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Results for k = 100 number of groups.
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(a) Results for synthetic setting with bounded, gradually varying scores.
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(b) Results for synthetic setting with bounded scores with a changepoint.
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Figure C.6: Algorithms across three performance criteria for target coverage levels 1 − α ∈
[0.75, 0.99]. Left: lowest observed group coverage rate vs. target coverage rate. Dashed line
denotes perfect performance, dotted lines show ±3% tolerance band. Middle-Right: Pareto fron-
tiers (curves closer to the top-left indicate better performance; results for observed coverage rates in
[0.75, 0.95] are displayed). Middle: lowest achieved group coverage rate vs. average radius length.
Right: lowest achieved group coverage rate vs. maximum length of consecutive miscovers (across
groups). Error bars represent the standard error of the mean (SEM) of the variable along the x-axis.
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Results for k = 100 number of groups (continued).
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(a) Results for synthetic setting with unbounded, growing scores (A = 5 in (16)).
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(b) Results for synthetic setting with unbounded, growing scores (A = 25 in (16)).
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(c) Results for synthetic setting with unbounded, growing scores (A = 100 in (16)).
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Figure C.7: Algorithms across three performance criteria for target coverage levels 1 − α ∈
[0.75, 0.99]. Left: lowest observed group coverage rate vs. target coverage rate. Dashed line
denotes perfect performance, dotted lines show ±3% tolerance band. Middle-Right: Pareto fron-
tiers (curves closer to the top-left indicate better performance; results for observed coverage rates in
[0.75, 0.95] are displayed). Middle: lowest achieved group coverage rate vs. average radius length.
Right: lowest achieved group coverage rate vs. maximum length of consecutive miscovers (across
groups). Error bars represent the standard error of the mean (SEM) of the variable along the x-axis.
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C.2 Additional results: Stock Market & Length-of-Stay in the ICU.

2× 101 3× 101 4× 101

Average Radius Length

75%

80%

85%

90%

95%

L
ow

es
t

O
b

se
rv

ed
G

ro
u

p
C

ov
er

ag
e

Group Coverage vs. Radius Length

1016× 100 7× 100 8× 100 9× 100

Average Radius Length

75%

80%

85%

90%

95%

L
ow

es
t

O
b

se
rv

ed
G

ro
u

p
C

ov
er

ag
e

Group Coverage vs. Radius Length

4× 100 5× 100 6× 100 7× 100

Average Radius Length

75%

80%

85%

90%

95%

L
ow

es
t

O
b

se
rv

ed
G

ro
u

p
C

ov
er

ag
e

Group Coverage vs. Radius Length

UP-OCP POGO GCACI (η = 1.0)

Figure C.8: Lowest observed group coverage rate vs. average radius length for stock opening price
data. Left: Boeing (BA). Middle: Apple (AAPL). Right: Delta (DAL).

C.3 Additional experimental details: Length-of-Stay in the ICU.

Data pre-processing. We selected ICU stays that were at least one day long, and whose patient’s
date of death was unknown or after discharge (≈ 66 × 103 total stays). As features, we used the
precomputed MIMIC-IV first day concepts including labs, vital signs, the SOFA score [48], and the
GCS score [47] (169 features total). We imputed missing values with the mean and standardized
each feature.

Training details. We trained a 4-layer MLP with hidden size of 128 and dropout rate of 0.3 on
50% of the data for 500 epochs. We used the Huber loss [24] on the log-transformed ICU LOS (in
days) and Adam optimizer [30] (learning rate of 10−4, weight decay of 10−3). We used 10% of the
data for model selection, and left the remaining 40% (≈ 26× 103 stays) for online calibration. The
trained network achieves an MAE (in days) of 2.23 on the test set, which is compatible with the
difficulty of the task using information collected during the first day only.

Group definitions. We define groups in the following manner:

• Race (8 groups). Given the heterogeneity of self-reported race data in MIMIC-IV, we grouped
entries as described in Table C.1.

• Insurance (5 groups). We kept 4 original MIMIC-IV entries as groups: Medicare, Medicaid,
Private, No charge, and mapped Other to an “unknown” group.

• Biological sex (2 groups). We kept the original binary F, M entries in MIMIC-IV.

C.4 Additional experimental details: Stock Market

Group definitions. We define groups in the following manner:

• Market-regime groups (computed from past returns; no leakage)

First, we compute the following quantities.
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Table C.1: Mapping between race groups and raw self-reported race in the MIMIC-IV dataset.

Race group MIMIC-IV Entries

Unknown UNKOWN, OTHER, UNABLE TO OBTAIN, PATIENT DECLINED TO ANSWER
Hispanic HISPANIC OR LATINO, PUERTO RICAN, DOMINICAN, GUATEMALAN, SALVADORAN,

COLUMBIAN, CUBAN, MEXICAN, HONDURAN, CENTRAL AMERICAN, SOUTH AMERICAN
White WHITE, OTHER EUROPEAN, RUSSIAN, EASTERN EUROPEAN, BRAZILIAN, PORTUGUESE
Asian ASIAN, CHINESE, SOUTH EAST ASIAN, ASIAN INDIAN, KOREAN
Black AFRICAN AMERICAN, CAPE VERDEAN, CARIBBEAN ISLAND, AFRICAN
Mult MULTIPLE RACE/ETHNICITY
AIAN AMERICAN INDIAN/ALASKA NATIVE
NHPI NATIVE HAWAIIAN OR OTHER PACIFIC ISLANDER

Table C.2: Group proportions in the train (≈ 39, 000 stays) and test (≈ 26, 000 stays) splits of
MIMIC-IV.

Proportion

Race Train Test

White 67.55% 67.50%
Unknown 14.34% 14.46%
Black 10.73% 10.68%
Hispanic 4.01% 3.87%
Asian 2.94% 3.07%
AIAN 0.21% 0.22%
NHPI 0.13% 0.11%
Mult 0.09% 0.09%

Proportion

Insurance Train Test

Medicare 54.30% 54.26%
Private 27.08% 26.79%
Medicaid 14.95% 15.09%
Unknown 3.66% 3.85%
No charge 0.01% 0.02%

Proportion

Biological sex Train Test

Male 56.79% 57.20%
Female 43.21% 42.80%

– Daily returns rt =
Yt−Yt−1

Yt−1
(we use lagged returns Yt−1 to not use data from time t)

– Over a rolling window of length W (with full-window requirement), we compute

∗ Volatility: σt = Std
(
rt−1, rt−2, . . . , rt−W

)
∗ Trend: µt = Mean

(
rt−1, rt−2, . . . , rt−W

)
– The rolling median volatility over a window of length Wm: σ̃t = Median

(
σt−1, . . . , σt−Wm

)
.

Then, we define binary groups for each time t

– is_high_volt = I{σt > σ̃t}, is_low_volt = I{σt ≤ σ̃t}
– is_uptrendt = I{µt > 0}, is_downtrendt = I{µt ≤ 0}

• Calendar groups (derived from the forecast date).

– Day-of-week one-hot indicators: is_monday, . . . , is_friday.

– Quarter one-hot indicators: is_q1, . . . , is_q4.

– Month one-hot indicators: is_january, . . . , is_december.
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D Algorithms

Algorithm D.1 UP-OCP
Input: Target miscoverage level α.
Initialize: Wealth W0 ← 1

1: for t = 1, . . . do
2: Define w : R→ R as w(λ̄) =

∏t−1
i=1 λ̄

(
1− gi,j

α

)
+ (1− λ̄)

(
1 +

gi,j
1−α

)
3: λt ←

∫ 1
0 λ̄w(λ̄)dµ(λ̄)∫ 1
0 w(λ̄)dµ(λ̄)

4: τt ←Wt

(
λt−α

α(1−α)

)
5: Observe Yt
6: St ← |Yt − Ŷt|
7: gt ← [1{St ≤ τt} − (1− α)]
8: Wt ←Wt−1(1− λt−α

α(1−α)gt)
9: end for
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