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Abstract—We present an architecture-algorithm co-design
study of the Optimistic Quantum Fourier Transform (OQFT)
under a surface-code fault-tolerant execution model for reconfig-
urable neutral-atom hardware. Analyzing the OQFT structure—
particularly its reliance on phase-gradient resources and small-
scale blocks—highlights architectural requirements for resource
mobility and parallel execution. Guided by that, we introduce a
hot-zone architecture that decouples data storage from process-
ing and dynamically routes mobile resource packages (magic-
state factories, bridge qubits, and phase-gradient registers) to
stationary data regions. To expose dominant costs, we route
rotation insertions via catalytic phase-gradient addition and
heuristically micro-schedule ripple-carry adders to patch-level
moves. Under this model, leading Gidney [1] and Cuccaro [2]
adders are found to exhibit similar space-time volume but
require different levels of parallelism. At the algorithm level,
the five-layer OQFT shows a tunable parallelism/latency trade-
off: two hot zones match serial-QFT latency, four hot zones
roughly halve runtime, and additional hot zones asymptotically
approach constant-time execution at substantial resource cost.
Across 256-2048-bit instances, the requirements for half-time
performance converge to about 500 additional logical ancillae and
a peak parallelism of 128 logical qubits. We also identify broader
algorithm-architecture bottlenecks, including endianness mis-
matches between phase-gradient and data registers, which we
address via cyclic phase-gradient swaps and alternating QFT re-
flections. Scoped to surface codes and cultivation-only magic-state
factories, our analysis identifies reaction-limited operation and
parallelism demand as primary drivers of resource estimation
and establishes a generalizable foundation for primitive-based
architectural studies.

Index Terms—quantum Fourier transform, neutral atoms,
surface codes, quantum architecture, magic-state cultivation,
transversal fault tolerance, resource estimation

I. INTRODUCTION

A simple heuristic to estimate the duration of a fault-tolerant
quantum algorithm takes the form

Talgo = max (Treach Tmagic) . (1)

Here, Tieaet denotes the reaction-limited algorithm time— the
integral time to run the protocol with a direct concatenation
of operations in units of the reaction time ¢,, the minimum
time between co-dependent adaptive measurements—while
Thagic denotes the time required to generate all the magic
states needed by the algorithm. The former sets the fastest

possible execution time given the limits of a system’s classical
control stack, while the latter reflects the requirement that
the algorithm cannot complete until all non-Clifford resources
have been produced. The role of these time scales has been
extensively studied, both jointly and independently, particu-
larly because high-quality magic-state generation has histori-
cally remained a major bottleneck for fault-tolerant quantum
computation [3], [4]. However, Eq. E] omits several important
factors, including the relative balance between Clifford and
non-Clifford gates, the complexity of information routing,
and the cost of parallelism. Recent advances in magic-state
generation [5]—[8] and studies of architectural connectivity [9],
[10], both at the logical and physical levels, are beginning to
highlight the importance of a more fine-grained analysis of the
interaction between algorithms and quantum hardware.

Careful accounting of Clifford and non-Clifford gate counts,
scheduling constraints, and information routing within realistic
system layouts has already led to substantial improvements in
resource estimates for large-scale quantum protocols such as
Shor’s algorithm [9]], [11]]-[17]. These studies also demon-
strate how architectural constraints can feed back into algo-
rithm design, introducing examples that include transversal
measurement-based gadgets for long-distance CNOT fanout
and lattice-surgery-aware adder constructions. Such careful co-
design remains difficult to automate, as it typically requires
detailed considerations specific to a given hardware platform,
compilation strategy, and error-correction framework. In this
work, we focus on one concrete instance of that challenge:
a procedural co-evaluation of a relevant routine and an ex-
plicit architectural model, aimed at identifying the hardware
conditions under which the algorithmic trade-off is practically
beneficial.

As our example we consider the optimistic quantum Fourier
transform (OQFT), currently the principal example of an op-
timistic quantum circuit [[18]]. This class of circuits introduces
controlled ““algorithmic error” [19] in order to reduce circuit
resources, accepting bounded average error over the Hilbert
space under the Frobenius metric. In the case of the OQFT,
this approximation reduces the depth of the standard linear-
depth QFT to logarithmic depth, at the cost of additional
Clifford and non-Clifford operations. The primary proposed
application of the OQFT is in reducing the depth of fast
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quantum multipliers [20]. The OQFT offers opportunities for
increased parallelism and simplified gadgetization, advantages
whose practical value may depend strongly on the availability
of independent control over many degrees of freedom and the
supply of resource states (e.g., magic factories and catalytic
states). The features above make the OQFT a particularly good
example for our study, though the methodology we adopt in
this work can be deployed to more general algorithms. The
central question we address in this work is therefore: under
which architectural requirements can the OQFT trade-off be
made beneficial?

We concretely consider a reconfigurable neutral-atom plat-
form implementing the surface code with transversal fault
tolerance [10]. While architectures based on high-rate qLDPC
codes are gaining significant, due, attention [[17]], [21]]-[24], we
conduct our analysis using the aforementioned surface-code-
based architecture as it offers a concrete and operationally
well-understood baseline for co-design exploration, which has
also been shown to support large-scale algorithm execution on
neutral-atom platforms [[11]]. At the same time, this architecture
exhibits operational speed constraints that motivate exploration
of strategies for faster algorithmic primitives. Moreover, pre-
vious architectural studies merit to be revisited in light of
recent advances in magic-state cultivation [5]—[7]. In this work,
we leverage this setting to develop and exercise a procedural
co-design approach, uncovering how architectural constraints
shape algorithmic structure and performance. In doing so,
we characterize the interplay between parallelism, ancilla
provisioning, magic-state supply, subroutine selection, and
pipelining allowing up to a 2x reduction in OQFT execution
time relative to standard implementations while remaining
within realistic, though intensive, hardware bounds.

In what follows, we review the structure of the OQFT and
present a scaffolded analysis of how to deploy it efficiently.
We identify algorithmic properties that are particularly relevant
for neutral-atom platforms, highlight opportunities for efficient
routing, and explore strategies for reducing operations and im-
proving pipelining. Our analysis connects high-level resource
estimates with more detailed microscheduled models. Along
the way, we highlight several practical techniques for routing
and scheduling, including: (1) using ancillas as factories in
Gidney-style adders [1]]; (2) saving time steps in logical-AND
constructions via swaps; and (3) pipelining sequential QFT
blocks using cyclic swaps of phase-gradient (PG) adders and
alternation with QFTT blocks to maintain resource alignment
and minimize atom movement. A final observation is that the
practical performance gap between leading adder constructions
may be smaller than commonly reported [4]]. When other
factors are comparable, the degree of parallelism required to
sustain performance may instead become the decisive factor
in determining algorithmic viability.

II. OQFT OVERVIEW

Figure [[{a) illustrates the sequential steps in defining the
OQFT circuit. Starting from a regular QFT applied to a
register, we break the register into blocks of size m =

logn/e', where n is the register size and €' is the target
error bound uniformly averaged across the Hilbert space [18]].
The result is a set of intra-block log-sized QFTs together
with “block-phased rotations” (BPR)—Z-phase rotations of
the form 27 XY/ 22m, where X and Y are the m-bit binary
representations of the control and target block contents [[18].
Approximate commutations are then performed by inserting
additional log-sized QFT blocks that act as phase estimators,
yielding independence between blocks and thus enhanced
parallelism at smaller depths. These phase estimations fail,
however, at the edges of the represented value range, because
m-bit binary arithmetic wraps around modularly. The resulting
failures are severe but confined to a small region of the Hilbert
space. Targeting register sizes between n = 256 and 2048,
with error bounds ¢ < 107%, fixed to target percent-level
chance of failure in a factoring protocol, we settle for m = 32
throughout this work, rounding m up towards the closest
relevant power of 2 to ensure divisibility in n/m and avoid
“ragged tail” small blocks.

Besides depth reduction, this strategy has other desirable
consequences. Notably, the smaller registers of the log-sized
QFT and BPR blocks naturally eliminate a large fraction of
the irrelevant phase rotations present in the textbook QFT—
that is, rotations with phases /2% for large k, cf. Fig. b),
top panel; obtained via Qualtran [25]]. Despite an increase in
the number of larger rotations—namely the blue points below
k = 32, arising from the extra inserted small QFTs (yellow
in Fig. [T(a))—substantial savings in T-counts relative to the
textbook QFT emerge as the register size grows, as shown
in Fig. [[(b), bottom panel (grey vs. pink). Ultimately, these
savings stem from the fact that the number of rotations in the
textbook QFT scales as O(n?), whereas the OQFT rotation
count scales as O(nm) ~ O(nlogn).

Naturally, this is not a fair comparison, as we are allowing
the OQFT to incur approximation errors but not the textbook
QFT. Approximating the textbook QFT by removing angles
below an error target is a well-documented procedure [26].
Because the OQFT incurs roughly 44% more rotations due
to the extra small QFT blocks, the approximated textbook
QFT consistently outperforms the OQFT in T-counts. In what
follows, we consider a particular variant in which explicit
rotation synthesis is replaced by catalytic additions into a
phase-gradient (PG) state [27|]-[29]]. Specifically, the k-qubit
phase-gradient state |V,) = 27/2 Zi:)l e2™iw/2" |2 satis-
fies the catalytic identity ADD(a)|V};) = e~27a/2" |y, )
verifiable by sending * — x + a in |Vj) and reordering the
sum. So, adding an integer a (quantum or classical) into the
register applies a Z-rotation of angle 27a/2* while leaving
the state intact. Each rotation that would otherwise require
O(log1/e) T gates for direct synthesis is replaced by an
addition into the PG register, whose Toffoli cost is independent
of the rotation angle; BPRs are themselves made of a series
of controlled phase gradients, so the same technique extends
to BPR rotations. The circuit for an 8-bit QFT with rotations
truncated at Z'/% is shown in Fig. c) (using subtractions
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Fig. 1. Logic and resource structure of Optimistic Quantum Fourier Transforms. (a) An n-qubit QFT is truncated and decomposed into m ~ logn
sub-blocks and block-phased rotations (BPR) e?XY/ sz’ where X and Y are the register contents of the blocks involved. Approximately commuting the
blue sub-circuits past the red ones—at the cost of extra yellow log-sized QFT blocks—yields the log-depth OQFT [[I8]. (b) Rotation spectra (top) and
T-counts (bottom) for different QFT and OQFT implementations. The OQFT naturally truncates small rotations relative to the textbook QFT, but introduces
~44% additional rotations. Catalytic additions into a truncated phase-gradient (PG) state, as shown in (c), eliminate exponentially small rotations from both
implementations. With PG, the approximated textbook QFT has slightly lower T-counts than the OQFT; moreover, a single PG state re-serializes the OQFT,
raising the question of how to realize its log-depth promise in practice. OQFT block sizes are 32 bits, and angles are truncated at 27/232 throughout.
(c) PG-based QFT circuit for an 8-bit register with rotations truncated at Z 1/8_ A indicates the adder input values in superposition on corresponding register.
This technique make controlled additions the main computational bottleneck of implementing the protocol.

rather than additions; equivalent up to register negation and
a unit increment, with negligible magic cost). The blue and
yellow curves in the lower panel of Fig. [[(b) confirm that the
PG implementation achieves considerably lower T-counts than
the textbook implementations of both the regular QFT and
the OQFT. However, although the PG state helps eliminate
remaining irrelevant BPR rotations, the additional rotations
inherent to the OQFT result in a T-count systematically above
that of the approximated linear QFT.

It is worth considering these gate counts in the context of
the main proposed use case of the OQFT: fast multipliers for
factoring [20]]. These multipliers perform arithmetic over quan-
tum rotation phases, reusing techniques from efficient classical
multipliers such as Karatsuba and Toom-Cook. Reference [20]
estimates roughly 0.9 x 106 Toffolis and 0.1 x 108 rotations per
invocation of the fast phase-based multiplier (for n = 2048)
using QFTs, which appear at the boundaries of the multiplier
circuit and limit its depth, assumed to use PG implementations.
We opt for a 4T per Toffoli decomposition [30] and, under a
per-rotation synthesis error budget of € = ¢'/n = 1075 /n—
yielding 85-90% factoring success for n = 1024 and 2048

respectively—Qualtran’s synthesis model gives about 40 T
gates per rotation [25]. The full standard Shor pipeline for
factoring requires 2n controlled modular multiplications for
the phase-estimation resolution; accounting for the controlled
operations overhead (a factor of two in non-Clifford cost),
the total T-count reaches the order of 10°-101°. Inverting this
count gives a per-T error target of roughly 10~10-10~',
Following literature, we assume physical error rates of
Pphys ~ 1073 , which make the per-T error target above
challenging for magic-state cultivation alone. State-of-the-
art fold-transversal cultivation at fault distance f = 5
reaches per-T errors of roughly 107'° and would suffice
for executing Shor’s factoring algorithm on registers up to
n ~ 512 with “fast multipliers”. It becomes, however, only
marginally sufficient for that at n 1024, and surely
insufficient at n 2048. In principle, a single round of
8T — CCZ distillation quadratically suppresses the input error
and restores comfortable margins at all register sizes, but it
also introduces additional factory footprint and latency [15].
This extra complexity would furthermore compound with the
inevitable practical tensions the use of PG also introduces. A



TABLE I
SYSTEM AND ERROR-CORRECTION PARAMETERS.
Parameter Value Ref.
Physical error rate pppys 10=3 (L1
Code distance d 15 —
Site spacing £ 12 pm [11]
Acceleration a 5500 m/s? [11]
Physical gate time tgate 1 ps [11]
Measurement time tmeas 500 pus [11]
Decoding time tgec 500 us [11]
Reaction time ¢, = tqrc 1 ms —
Cultivation fault distance f 5 171
Avg. cultivation attempts ~8 171
Successful cultivation period ¢y 10 ms —

PG register, despite being catalytic, is a single resource that
must be shared across the system. If only one copy is deployed
in an OQFT setting, the protocol is effectively re-serialized—
with the added disadvantage of carrying extra rotations. A
performant architecture must therefore be able to replicate
such resources while managing them efficiently.

We therefore scope our architectural analysis to cultivation-
only factories, accepting that the results apply directly only to
registers of up to ~ 512 bits in the factoring with “T-heavy fast-
multipliers” context. Results for 1024 and 2048 are reported
as well, but would only matter for validation experiments on
the OQFT. This scope is nevertheless rich enough to expose
the key architectural trade-offs we wish to study, allowing
us to consider perspectives on register alignment, efficient
pipelining, and a thorough revision of adder performance
comparisons as shown below.

III. MACRO LEVEL ARCHITECTURE

To evaluate compilation strategies for the OQFT, we must
fix a hardware architecture and a fault-tolerance framework.
We consider a neutral-atom system with surface codes and
transversal operations under the transversal fault-tolerance
(TFT) paradigm [10], [11]. Each logical gate is followed
by a single syndrome-extraction (SE) round and decoded via
correlated decoding across entangled code patches [10], [24].
The surface-code framework provides a well-established basis
for layout and microschedule design, and its patch geometry
aligns naturally with the spatial requirements of magic-state
cultivation [[7]. A key consequence of TFT is that the QEC
cycle time coincides with the reaction time, topc = t,—a
relation that will matter when we compile the most resource-
intensive sub-routines. We pick representative physical and
error correction parameters from typically accepted values in
the literature; Table [I] collects them and the corresponding
references of origin.

Code distance and error budget: Under TFT, the per-gate
logical error rate is modestly elevated relative to pure memory
due to the more complex correlated decoding problem. Using
the numbers from Ref. [11], the transversal CNOT, the least
performant Clifford gate in this setting, incurs a per-operation
error of pr.enor & 7 x 1072 at d = 15 and pppys = 1073,
On the non-Clifford side, we take fold-transversal cultivation

at f = 5 yielding ~10719 error per T state. While embedding
the OQFT in a full Shor pipeline would require slightly larger
distances and magic state distillation, Fig. [T(b) suggests that
our choice suffices to validate OQFTs with PG cutoffs even as
large as 2048 bits. With improvements, e.g. in decoders, these
numbers could also be pushed down to d = 13 or below, at
least for validation purposes. Finally, the reaction time ¢, =
tmeas + tdee = 1 ms sets the fundamental clock of the system,
the rate at which non-Clifford operations can proceed. We pick
a high-level estimate of the cultivation period as t¢y = 10 ms,
reflecting the ~8 average post-selection attempts required at
f = b; at ~10 reaction ticks per T state, factory throughput
will be a central scheduling constraint in what follows.
Shuttling and processing dynamics: Atom transport times
are derived from the ballistic formula tpoe = 2+/L/a [|L1],
where L is the physical distance; for a single code-patch span
(L = d¢ = 180 pum) this gives tyove ~ 360 us, comfortably
within one reaction tick. Conversely, inverting the formula
for tmove = 1 ms yields a reach of ~ 7 patch spans per
reaction tick, beyond which a qubit in ballistic transit must
pause for syndrome extraction. Our engine shifts all move
times by a constant value due to qubit pick and drop times,
currently estimated at 400 us [31]-[34]. This shift, however,
does not affect our simulations strongly, getting absorbed by
the reaction-limited operation of our adders described below.
Hot/data zoning: At this stage, we are ready to state our
architecture of choice. We adopt a top-down approach: first a
macro-level layout, then detailed microschedules for most rele-
vant sub-routines. At the highest level, we partition the system
into functionalized zones: stationary data zones and mobile
hot zones, each dedicated to a specific role. Figure Eka,b)
illustrates the layout. Data qubits are grouped in blocks of
m = 32—a power of two close to the optimal OQFT block
size for the register sizes we target—and arranged in vertical
pairs, mirroring the structure of the BPR and small-QFT
operations. A hot zone sits between a pair of data blocks and
comprises of all resources needed for the efficient operation of
the algorithm of choice, in our case the magic-state factories,
adder ancillas, and a PG register; it can operate on the data
registers immediately above or below. The design principle is
that resources and magic move to data, not the reverse: the
hot zone hops vertically from pair to pair while data registers
remain stationary. With appropriate routing and pipelining, this
enables for shorter individual shuttling distances, as well as
fewer routing conflicts. Naturally, further dynamics happen
inside a hot zone once it is parked close to its data targets.
We layout the hot zones and adjust the number of ancillas
and factories as needed specifically for our main process
of interest: addition into phase gradients. A high-level (HL)
modelling alternative, previously considered in the literature
e.g. in Ref. [4], is to treat magic-state factories as abstract
and freely available resources that can serve any part of a
circuit. While this successfully captures HL details, this can
overcount effective throughput and neglects the complexity of
routing magic and resources for efficient computing, such as
bridge qubits [3]], to where they are needed—an issue that is
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Fig. 2. Coarse-grained architecture overview and reaction-limited adder resource analysis review. (a) Macro-scale architecture: the system register is
organized into m = 32 data blocks (blue), paired vertically. Here four pairs are displayed side by side. Surface-code logical qubits are assumed throughout.
Resources (dark yellow) form a mobile gadget that, when docked to data blocks above or below, defines a hot zone as shown in (b), which can drive processing.
(b) Anatomy of a hot zone: rows of ancillae (red-edged squares), magic-state factories (yellow, black-edged; fold-transversal cultivation), and phase-gradient
registers. The buffer space is occupied by data qubits as needed. (c) Revisited circuit volume for a comprehensive set of adders under Gidney’s high-level
(HL) resource model [4]]; with neutral-atom time scales and modern cultivation factors, the crossover to lookahead adders shifts to ~ 128-bit registers, though
ripple-carry remains favorable. (d) Bridge-qubit interleaving in logical-AND-driven MAJ and UMA adder blocks: Bell pairs enable semi-parallel execution with
up to a t, shift between consecutive operations. (e) Footprints for no-stall, reaction-limited operation of Gidney-style (logical-AND with measurement-based
uncomputation) and Cuccaro-style (71" Toffoli synthesis) adders. Green red-edged squares are bridge-qubit ancillae; yellow red-edged ancillae in Gidney’s
layout correspond to logical-AND ancillae. Cuccaro’s higher magic demand requires an additional factory row to avoid stalling, ultimately equalizing the

register footprints of the two protocols at the sizes of interest.

compounded in the OQFT, where the PG states must also be
shared through data blocks. Conversely, one may argue that
our approach model is too tightly coupled to a particular sub-
routine to generalize across an entire application, and may
still waste resources in part of a computation. Finding the
right balance between specificity and generality is an open
challenge in quantum systems integration; in this work, we
pursue designs that are as aligned as possible with the sub-
routine of interest.

Aligning the data as a long horizontal strip minimises the
hot-zone travel distance per hop, but field-of-view limitations
in optical systems may force the strip to be split into side-by-
side columns. This incurs a limited number of inter-column
moves whose distance scales logarithmically with the register
size. As we determine below, vertical hops between the data
and factory rows traverse about ~6 patch spans (~890 us,
likewise within one QEC cycle). When internal dynamics
lead to moves that take longer than a QEC cycle, logical
patches must stop mid movement for a syndrome-extraction
round before computation resumes; we account for that by
effectively doubling the cost of such movement times in units
of reaction ticks. In our simulations, we only consider the
situation where the system is aligned on a long strip; since
a more square form-factor can be obtained with a couple of
divisions of that strip for any sizes of interest, the number
of log-long horizontal moves, however, is always order O(1)

for our protocol. Those can be batched in groups of about
7 logical qubits and, overall would lead to irrelevant extra
costs. Likewise, our model purposefully does not account
for space for qubit measurement; due to flexibility on form
factors for that, we don’t expect that to considerably change
conclusions. Technology alternatives might also allow for in-
situ measurement schemes that could negate the need of such
considerations [35]).

IV. MICRO LEVEL ARCHITECTURE

The implementation of an OQFT reduces to sequential
controlled additions onto a PG register. Performance is a
function of the addition strategy, where many options arise.
With advances in magic-state production, it is worth revisiting
conclusions from earlier adder analyses. In Figure 2] we
reproduce the HL cost model of Ref. [4] with production
rates and parameters updated to our neutral-atom model with
magic-state cultivation. Several quantum adder circuits are
compared, falling broadly into two categories: carry-lookahead
and ripple-carry adders. The cost metric is the protocol volume
in (logical) qubit-seconds including factory counts, assumed
to scale with the addition register size. In this volume cost
model, adding factories increases both the qubit footprint
and the magic production rate in a way that the two effects
partially cancel in the volume metric: doubling the factory
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Fig. 3. Fine-grained adder scheduling and simulated performance. (a) Microscheduled routing for one iterative block of Gidney’s controlled adder. Face
and edge colors identify qubit roles. Yellow patches with black edges are T factories, grey patches are reset after measurement, and purple shading marks
single-qubit gates. Green operations are classically controlled and count at half depth in our cost model. The logical-AND ancilla is assumed to start with a
cultivated T state. The ~10 steps of a logical-AND operation roughly match the T-state re-cultivation time, facilitating factory pipelining. Relative to Ref. 1],
we eliminate one CNOT via a near-free SWAP during MAIJ. (b) Performance comparison of our microscheduled Gidney (controlled and uncontrolled) and
Cuccaro adders against the high-level (HL) requirements of Fig. |ch), adapted to our cost model. With resources sized for stall-free, reaction-limited operation,
all microscheduled adder variants achieve near equal circuit volume; discrepancies with the HL analysis matter more at smaller registers. (c) Average degrees
of freedom (DOF) moved per tick, move distances, and move counts a bit experiences break the performance degeneracy. Cuccaro’s deeper MAJ and UMA
blocks keep more qubits simultaneously in flight on average, resulting in higher parallelism requirements.

count roughly doubles the footprint but also halves the T-
limited execution time.

The conclusions of Ref. [4] still hold: ripple-carry adders
outperform lookahead adders, as magic remains a scarce
resource. However, the crossover point in register size has
shifted down by an order of magnitude, while the volume
gap between the two families remains about one order of
magnitude. Ultimately, lookahead adders struggle due to their
extra magic resource requirements. Although the high-level
nature of this cost model may overestimate the performance
gap, these observations gives us sufficient confidence to focus
on ripple adders, which, although considered in the context
of neutral-atom transversal architectures, have not yet been
analyzed with state-of-the-art cultivation-style factories [7]],
(L1

Key limitations of the cost model of Ref. [4] include the
absence of routing constraints, the omission of ancilla registers
needed to improve the reaction depth of adders, and an indirect
accounting of factory footprint. We revise the model following
the design philosophy of our specialized hot zone, including
in the footprint the exact resources needed for optimized adder
operation from 2 up to 32 bits. We consider Gidney’s [1] and
Cuccaro’s [2] ripple-carry adders, which are technically the
same algorithm differing only in how they implement the AND
operations. By Gidney’s adder we mean Toffoli implementa-
tion via an ancilla and 4 T gates with measurement-based
uncompute, while by Cuccaro’s we mean the direct Toffoli
implementation with 7 T gates and no ancilla—specifically

the synthesis shown in Fig. 3b of Ref. [36] El We incorporate
Bell pairs for time-optimal computation [3], [[11], cf. Fig. |de).
This allows compressing the interleaving of majority (MAJ)
and unmajority-and-add (UMA) blocks with a single reaction
tick delay, at the cost of two extra qubits—bridge qubits—
per register bit. Our model does not explicitly account for
the frame-update costs of operating bridge qubits, nor for
other reaction-limited gadgets such as auto-T/CCZ [38]]. Our
volume, is simply the total footprint multiplied by the total
estimated time of the algorithmic primitive of interest.
Several observations are worth highlighting. First, our model
suggests that stall-free operation of these adders at register
sizes of interest requires the same footprint (Fig. Pfe)). While
Gidney’s adder requires an extra ancilla per bit (blue squares,
red-lined), Cuccaro’s is about twice as T-gate intensive, requir-
ing more factory patches (yellow squares, black-lined). These
factors offset each other, yielding identical hot-zone footprints.
At the microschedule level, Gidney’s logical-AND (LAND)
operations offer several optimization opportunities. Highlights
of our proposed microschedules, summarized in Fig. [3(a), in-
clude (i) the removal of a CNOT gate from the original LAND
via a swap operation, which on neutral atoms incurs only an
extra pick-and-drop of logical qubits, reducing the step count
by one (step 3); (ii) the observation that cultivation provides
one factory per patch, so LAND ancillae can be initialized
directly with cultivated T states, saving one teleportation step;

ITechnically, Cuccaro’s adder does require one carry-in ancilla. This is a
negligible cost that can be absorbed in our T-factory ancillas without generat-
ing meaningful stalling. Truly ancilla-independent linear adder constructions
also exist and may be directly considered if desired [37]



and (iii) the coincidence that the ~8 steps of the LAND
operation approximately match the T-gate regeneration time,
facilitating factory pipelining.

The circuit depths of the MAJ and UMA blocks are also
important. While bridge qubits allow displacing these blocks
by a single reaction depth regardless of adder variant, the depth
of the semi-parallelized blocks determines how many are si-
multaneously in flight, and thus how many bridge qubits must
be active. Deeper blocks imply more concurrent initializations
before any one resolves. The total depths suggested by our
model are 15.5 reaction ticks for Gidney (MAJ: 11, UMA: 4.5)
and 24 for Cuccaro (MAIJ: 12, UMA: 12), computed assuming
classically-controlled operations count at half depth (since
they are not always implemented). We find that bridge-qubit
recycling is not beneficial at the sizes considered: deep MAJ
blocks require so many bridge qubits that by the time a pair
becomes free, transporting it ahead is not worthwhile. Overall,
stall-free operation of adders from 2 to 32 bits (and slightly
beyond) requires two complete 32-patch rows of bridge qubits,
plus one row of magic factories and one row of ancillae for
Gidney, or two rows of factories for Cuccaro—yielding the
matched footprint noted above. The smaller register adders
could naturally perform well with fewer resources, but the
convenience of our layout given the algorithm of interest
remains.

Figure [3[b) summarizes the comparison across volume,
footprint, and time. Both protocols operate at the reac-
tion limit and, with the matched footprints noted above,
achieve comparable—though not identical—volumes. Cuc-
caro’s deeper blocks cost ~20% more time, but its smaller
data-register footprint (2n vs. 3n) increasingly compensates:
the Cuccaro-to-Gidney volume ratio drops from ~1.8x at
n = 8 to ~1.2x at n = 32, crossing unity near n = 64—
128. Our adapted HL model (Fig. c)) already hinted at
this convergence but predicted the crossover at n = 32 and
underestimated absolute volumes by 2-5x at small sizes,
where routing overhead and factory idle time dominate. In
practice, register sizes beyond 32 bits are rarely encountered in
monolithic form: windowing [39]] and the OQFT itself [18]] de-
compose typical arithmetic circuits into 5—32 bit sections [|12],
[16], [40], [41], placing the regime of interest squarely where
the two adders are hardest to distinguish by volume alone.
Because LAND ancillae are cleaned after uncompute and
reused, the same conclusion extends to the controlled adder
(Fig. B[b), top left), which is our actual primitive of interest.

Where the two protocols do differ is in their parallelism
demands. Like any depth-reducing technique, bridge qubits
demand a capacity to control and move more concurrent
degrees of freedom (DOF). We quantify this via the number of
DOF per tick of the computation clock (one QEC cycle). Im-
portantly, the number of simultaneously active bridges scales
with the depth of the blocks being stitched. To approximately
avoid stalling on both models, we provision a cap of 40 DOF
per tick, and monitor the average number of active logical
qubits. As Fig. B(c) shows, DOF analysis breaks the volume
degeneracy decisively: Gidney’s shallower MAJ and UMA

blocks require considerably fewer average DOF per tick than
Cuccaro’s. From a hardware implementation perspective, this
extra requirement is key due to the footprint required by light
deflection technology, both in physical real state and optical
path. We should also note that while we evenly provisioned
our simulations with a cap of 40 DOF per tick on both adders,
Gidney’s version has a smaller peak DOF requirement for no-
stalling operations, and actually caps at only 32 DOF.

Move distances become relevant only at larger sizes and,
owing to the ripple-carry structure and randomized nature
of cultivation-based factories, are dominated by factory-to-
compute transfers; these average about 12 patch spans for
n = 32 bits (though under only 5 spans for n = 8)
indicating that magic injection could frequently require mid-
move syndrome extraction. That may be avoided as long
as idling errors are subleading, so one might not need to
refresh qubits at each cycle; determining whether this is the
case would require detailed noisy simulations we leave for
future studies. The number of moves per bit follows similar
trends. The parallelism requirements for the controlled adder
interpolate between those of Gidney’s and Cuccaro’s, settling
at around 15 DOF per tick at n = 32, with comparable average
move distances. Weighing all factors, we select the controlled
Gidney adder for integration into the OQFT protocol, though
we stress that this choice is not clear-cut.

V. INTEGRATED PERFORMANCE

We now compile the full OQFT protocol and evaluate its
integrated performance. A first issue concerns the alignment
of endianness between the PG state and the data registers,
most clearly visible in the small-QFT blocks. As shown in
Fig. 4] the data qubit serving as the most-significant-bit target
changes at each controlled PG rotation, yet the PG state
is spatially ordered with its most significant bit (the Z'/2
rotation) at a fixed position. Consequently, as the addition
register size grows sequentially, the input for a given rotation
drifts farther from its PG target, creating long-distance routing
requirements. Our solution is a progressive cyclic swap of the
PG state as the calculation evolves (Fig. [d{(b)). This keeps input
and target aligned while minimising long-distance moves. The
cycling requires short shifts of the PG register, which can be
batched in groups of 67 logical patches and completed in at
most five or six iterations for the largest adders—a negligible
overhead.

PG cycling has a further consequence when the full algo-
rithm is considered. While BPR operations commute (they
require no interleaved Hadamards), the sequential small-block
QFTs impose an ordering on additions from 2- to 32-bit regis-
ters. An endianness conflict arises because cycling pushes the
large-angle rotations away from the most-significant data bit
when additions always start at 2 bits. The solution is to reflect
alternate QFT sub-blocks (Fig. [fa), right panel), replacing
additions with subtractions into the PG register. This costs only
a register negation and a unit increment, negligible in magic.
Alternating the QFT direction as small sub-blocks progress
through the OQFT keeps addition inputs and targets aligned
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Fig. 4. Mesoscale routing analysis. (a) Two near-equivalent realizations
of a QFT: reversing the addition order requires only a register negation and
a unit increment. In both cases the most-significant target bit shifts as the
protocol progresses. (b) Cyclic swapping of the phase-gradient register (red
edges) keeps addition inputs and targets aligned. At our distance and time
scales, swaps can be batched in groups of seven within a single QEC cycle.
Note that PG additions within a QFT block have a fixed most-significant bit
in—1 = 0, not displayed. Most reverse operations can be commuted through
the OQFT resulting in a single group of rearrangements in the beginning or
end of protocol.

while maintaining qubit-shuttling requirements under control.
We note that this endianess mismatch problem is generic and
architecture-independent. Our cyclic permutation and pipeline
routing-scheme however are specific to the architecture of
choice and highlight the power of reconfigurable technology.

With these alignment issues resolved, our architecture al-
lows us to “gadgetize” the OQFT implementation, exploit-
ing its high parallelism while managing ancillae and magic
resources. We integrate the full protocol into our model,
parameterized by the number of hot zones (hz). A single hot
zone yields a serialized baseline; adding more hot zones up
to the architectural maximum (hz = max, set by the number
of block pairs) unlocks the OQFT’s parallelism. For example,
a 256-bit OQFT has four pairs of 32-bit blocks, admitting at
most hz = 4; this maximum doubles with the register size.

When the hot-zone count is not saturated, the OQFT time
to solution scales polynomially with system size, as does the
regular QFT (Fig. [5[a)). The fixed slopes indicate a constant
multiplicative speed-up that nearly halves the time each time
the hot-zone count doubles. For sizes ranging from 256 to
2048 bits, hz = 2 suffices to break even with the regular
QFT, compensating the extra magic cost through a somewhat
significant increase in parallelism requirements. Saturating the
hot-zone count yields constant-time scaling. That is a natural
consequence of the fixed five-layer OQFT structure and fixed
32-bit sub registers. Unfortunately, achieving this performance
also incurs a steep cost in ancillae and factories (Fig. [5(b)).
Conversely, at a fixed hot-zone count the ancilla overhead as a
fraction of the data register diminishes with scale and remains
manageable. The overall circuit volume showcases that four
hot zones leads to advantageous performance of the OQFT at
sizes around 512 bits (Fig. [Bfc)).

Finally, we address parallelism constraints. Because magic
consumption and pipelining are stochastic, the number of si-

Time to solution (s)
Total logical qubits
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Volume (qubit's)
3
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Fig. 5. Integrated OQFT performance as a function of register size for
varying hot-zone counts. Yellow diamonds mark the regular (serial) QFT
baseline. (a) Time to solution. Saturating the hot-zone count (hz = max) yields
constant-time execution at the cost of a ~6X increase in logical qubits; at
fixed counts, hz = 2 suffices to match the regular QFT, while hz = 4 halves
the execution time. (b) Qubit footprint. (c) Combined protocol volume as
product of footprint-time. (d) Average concurrent degrees of freedom (DOF).
At hz = 4, the overhead is roughly 500 logical ancillae and average 46
concurrent logical operations.

multaneously active qubits (DOF) varies over time. Figure[5(d)
reports the average concurrent DOF at each system size.
At sub-maximal hot-zone counts, the DOF increase over the
regular QFT is again a constant multiplicative factor. Nearly
regardless of system size, hz = 4 requires on average about 46
concurrent operations. Aggregating the peak DOF requirement
per hot zone for no-stalling Gidney adders, we find the total
requirement of peak 128 concurrent DOFs for hz = 4. The
gap between these peak and average DOF control values can
be used as a design space for trading off control for time
via stalling acceptance. For comparison purposes, the peak
concurrent DOFs needs for the regular QFT would be of 32
DOF in our model.

Overall, we find that roughly 500 logical ancillae and
a 4x increase in parallelism are needed to extract a sub-
stantial benefit (about 2x lower runtime) when operating
OQFTs relative to QFTs. These numbers persist across system
sizes, defining parallelism increase as a meaningful hardware-
integration target. Current atom shuttling technology relies
on pairs of crossed acousto-optical deflectors (AODs) [42]]
which, from a bandwidth perspective, is compatible with
transporting distance-d = 13 surface-code patches required
here [31], [43[]. Scaling to sustained ~ 128 concurrent logical
transport channels motivates continued co-design across atom-
moving technology and QEC layouts to fully realize OQFT
advantages; for example emerging technologies for large-
scale atom control, once paired with coherent shuttling, could
alleviate this challenge [44]]. Alternatively, one could relax the



reaction-limited assumptions and trade peak throughput for
simpler, but slower, implementations. That, however, may limit
the application opportunities for OQFTs.

VI. METHODS - SIMULATION MODEL AND VALIDATION

Our quantitative results rest on two complementary models.
At the micro level, a tick-by-tick simulator advances one QEC
cycle (t, = 1 ms) at a time, tracking the full state of a single
adder invocation: qubit positions on a grid layout, bridge-qubit
lifecycles (initialization, entanglement, consumption, reset),
and magic-state availability. Factory output is stochastic, with
parameters as described in Sec. [[I| leading to randomized T-
state delivery across ticks. Every qubit in transit consumes
one degree of freedom (DOF) per tick, with moves whose
ballistic time exceed ¢, incurring an extra syndrome-extraction
round. The simulator enforces a hard DOF cap per tick,
and any operation that would exceed it is deferred. After
the adder completes, total footprint, wall-clock time, per-
tick DOF profile, and move-distance statistics are recorded.
Multiple seeds per bit width yield mean and standard-deviation
estimates.

At the macro level, the OQFT evaluator composes full
protocol schedules from a lookup table of per-bit-width adder
statistics generated by the micro simulator. Given a system size
n and hot-zone count, the evaluator assigns hot zones to block
pairs via a barrier scheduler, sums adder invocation times
and inter-pair hop costs, and reports total time, footprint, and
peak DOF for the complete OQFT or regular QFT. Because
both adder variants are designed for stall-free, reaction-limited
operation—factory patches are always either cultivating or
holding a ready state, and data qubits remain stationary—
the volume metric V' = Qo X tiora faithfully captures the
space—time cost without idle-space discounting, providing a
direct and micro-analyzed volume estimate in contrast with
the high-level volume evaluation strategy used previously in
Ref. [4]].

We validate the micro simulator through animated visualiza-
tions of individual adder runs, which confirm physically plau-
sible routing, absence of deadlocks, and correct bridge/factory
pipelining. Statistical consistency across independent seeds
further confirms robustness. Validation animations and data
necessary to reproduce our figures are available in Zen-
odo [45].

VII. CONCLUSIONS AND OUTLOOK

This work set out to answer a concrete co-design ques-
tion: under which architectural requirements can the OQFT’s
depth-for-resources trade-off be made beneficial? By jointly
developing the algorithm’s compilation and the underlying
hardware model, from macro-level layout down to individual
patch moves, we arrive at a clear answer for the surface-
code, neutral-atom baseline studied here. The OQFT be-
comes beneficial once three architectural conditions are met:
(1) reaction-limited operation, achieved through bridge-qubit
interleaving and factory pipelining so that non-Clifford gates
proceed at one per QEC tick; (ii) resource mobility, realized

by mobile hot zones that bring magic, ancillae, and phase-
gradient registers to stationary data; and (iii) a considerable
increased parallelism, quantified at roughly 500 additional
logical ancillae and 128 peak concurrent degrees of freedom to
halve the execution time of a serial QFT. These requirements
motivate further attention on control technology development
by the community. Although these quantitative requirements
are specific to the relatively resource-intensive OQFT, the
underlying conditions above are more general. Any block-
structured fault-tolerant routine using catalytic resource states
faces the same three constraints, making the lessons broadly
relevant to algorithm—architecture co-design.

Several findings reinforce the value of micro-schedule-
aware analysis. At the adder level, Gidney’s and Cuccaro’s
ripple-carry constructions achieve comparable space—time vol-
ume once routing, bridge qubits, and factory footprint are
jointly accounted for, contrasting with high-level models
which may underestimate these by 2-5x at relevant register
sizes. For us, the deciding factor is not volume but paral-
lelism: Gidney’s shallower MAJ and UMA blocks require
substantially fewer concurrent degrees of freedom. At the
protocol level, we observe a generic endianness mismatch
challenge between the phase-gradient state and data registers.
We resolve it here through cyclic PG swaps and alternating
QFT reflections, techniques enabled by the reconfigurability of
the neutral-atom platform. The five-layer OQFT structure then
admits a clean trade-off: saturating the hot-zone count yields
constant-time execution, while sub-maximal counts provide a
predictable, near-linear speed-up per additional hot zone.

A recurring theme is the centrality of reaction-limited
operation. Under transversal fault tolerance [10]], the QEC
cycle coincides with the reaction time, and achieving this
limit in practice demands coordination of magic delivery,
bridge preparation, and qubit movement—details invisible at
the circuit level but decisive for performance. Incorporating
frame-update costs and gadgets such as Auto-T/CCZ [3]], [38]]
more explicitly is a natural next step, moving toward the
prepare—interact—resolve synthesis advocated in Ref. [46] as
a design principle for very-large-scale quantum integration.

Our analysis is scoped to cultivation-only magic-state facto-
ries and surface codes, limiting the directly applicable regime
to OQFT registers up to ~2048 bits for validation, and up
to ~512 bits for RSA factoring. Extending beyond would
require distillation or lower physical error rates, each reshaping
factory footprint and latency. Validating large OQFT instances
is itself non-trivial: performance is conditioned on errors
in the Frobenius metric, requiring sampling across the full
Hilbert space; at our estimated ~10s per OQFT at n = 256,
direct validation is feasible only for modest sizes, and larger
instances may be best tested inside a full multiplier pipeline
or small factoring demonstrations.

More broadly, this work is intended as a case study in
procedural routine—architecture co-design at a stage where
systematic very-large-scale quantum systems integration is
still emerging. Just as early classical VLSI benefited from
accumulating bespoke design exercises before crystallizing



reusable abstractions [47]-[49], we believe the quantum com-
munity needs more such case studies where specific rou-
tines are tightly coupled with a concrete architectural model.
This will enable the community to build the empirical base
from which general design rules can eventually be extracted.
The surface-code, neutral-atom setting we use is one well-
understood baseline; repeating this exercise with high-rate
qLDPC codes, alternative hardware platforms, and different
fault-tolerance strategies is essential to identify which of
the patterns we observe (reaction-limited bottlenecks, hot-
zone mobility, parallelism as the adder differentiator) are
fundamental and which are artifacts of the code or platform.
Several concrete directions follow. Our hot-zone model can
be refined with measurement-zone footprints [S0], continuous
atom reloading [51]], and explicit syndrome-extraction budgets.
Recent STAR architectures [[52]] offer an alternative rotation-
compilation strategy worth evaluating against the PG approach
for early fault-tolerance demonstrations. On the adder front,
our finding that reaction-limited operation narrows the volume
gap between protocol families suggests that, with modestly
higher magic-production rates, lookahead adders could be-
come competitive—particularly attractive given their struc-
tured parallelism which can be tied qLDPC-efficient batching
techniques available [23]. More broadly, the native reconfig-
urability of atom arrays is well suited to the non-local con-
nectivity that qLDPC codes demand; realizing this potential
requires systematizing the gadgets for magic generation and
injection, and establishing code families whose architectural
implications can be analyzed with the same rigor that surface
codes currently afford. Finally, integrating the full OQFT into
a complete multiplier evaluation, and asking whether the fixed
five-layer structure can be exploited for batched transversal
operations under high-rate codes, are natural next steps toward
end-to-end performance assessment.
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