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Abstract

The Daydreaming algorithm has been recently proposed in Ref. [1] as a learning rule that
simultaneously reinforces stored patterns and suppresses spurious attractors to improve
the storage capacity of the Hopfield model. Its effectiveness has been reported for both
uncorrelated and correlated data. However, the existing formulation has mainly assumed
unbiased patterns, and the formulation for biased patterns has not yet been sufficiently
established. Biased patterns are known to be much more problematic for models of
associative memories.

In this study, we reformulate Daydreaming for biased patterns motivated by the
underlying rationale of the pseudo-inverse rule. Specifically, we introduce the retrieval
dynamics and an energy function based on the centered representation, and we derive a
corresponding update rule for centered Daydreaming. We compare the centered
pseudo-inverse rule with centered Daydreaming for biased patterns and examine the
retrieval maps and eigenvalue distributions of the coupling matrices.

As a result, the centered Daydreaming yields larger basins of attraction than the centered
pseudo-inverse rule, and such a beneficial property seems to be due to the broadness of the
eigenvalue spectrum of the coupling matrix. To better understand this connection, we
construct modified coupling matrices whose spectra interpolate between a
pseudo-inverse-like spectrum and the Daydreaming one. The results clearly indicate that
the broader spectrum generated by Daydreaming contributes to the enlarged basin of
attraction.

1 Introduction

The Hopfield model is the best-known example of an attractor neural network [2,3]. The model
embeds desired memory patterns as stable fixed points of the retrieval dynamics by appropriately
designing the coupling matrix J. The original Hopfield model has neurons that take binary values
s; € {+1,—1} and evolve according to the following retrieval dynamics rule

SEHI) = sign ZJijsgt) . (1)
i

If the initial state lies within the basin of attraction of a stored pattern, the retrieval dynamics
converge to that pattern. Therefore, when designing the coupling matrix, not only the stability of a
pattern as a fixed point but also the size of its basin of attraction are important measures. The
most classical learning rule for coupling matrices is the Hebb rule [4]. Such a rule defines the
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coupling matrix J for P patterns {5“}/‘:1_“ p with & € {+1, -1}, as follows

P
1 e
JijZNZQHfJH if i # j, Jii =0 (2)
p=1

The Hebb rule has long served as the standard form of the Hopfield model because it is biologically
plausible [5] and tractable to theoretical analysis [6]. However, the Hebb rule has inherent
limitations. First, its storage capacity remains limited for a network with N neurons, as the critical
load is approximately a. = P./N =2 0.138 [6]. Second, as the load increases, mixed states and
spurious attractors other than the stored patterns become more numerous, and retrieval success
depends strongly on the initial condition. Therefore, a central challenge in the Hopfield model is to
increase storage capacity and enlarge the basin of attraction while preserving biological plausibility.

Many learning rules have been proposed to address this challenge. A representative analytical
approach is the pseudo-inverse rule [7,8]. This rule has a major advantage in that it can construct
fixed points without retrieval errors, even for correlated patterns. On the other hand, this approach
requires the inversion of the pattern correlation matrix, which makes it non-local and not always
suitable for the sequential addition of new memories. It is also known that the basin of attraction
becomes small as the load approaches the theoretical capacity. Iterative learning rules, such as
unlearning or dreaming, have also been proposed [9]. These methods remove undesirable stable
states by progressively weakening spurious memories. These learning rules consist of local updates,
which also make them biologically plausible. However, classical dreaming can suffer from
catastrophic forgetting, in which excessive iterations deteriorate even the memories the network
should retain.

Recently, a lot of research activity has explored the dreaming mechanics, and generalizations of
it, with the aim of better understanding how it manages to increase the network capacity [1,10-15].

The algorithm that at present is the most effective in increasing the capacity of the network and
the size of the basin of attraction is the Daydreaming algorithm proposed in Ref. [1]. Daydreaming
is a learning algorithm that maintains good performance even after long learning by combining
Hebbian updates that repeatedly reinforce the patterns to be stored with anti-Hebbian (i.e.,
unlearning or dreaming) updates that weaken spurious attractors reached from random initial
conditions. Although Daydreaming has similarities to Boltzmann machine learning in that it
combines positive and negative updates, it differs fundamentally in that the states to be unlearned
are sampled via zero-temperature dynamics from random initial states, rather than by equilibrium
finite-temperature sampling, so that Daydreaming is intrinsically an out-of-equilibrium process.
The authors of Ref. [1] showed that Daydreaming not only performs well for uncorrelated patterns,
but also forms large basins of attraction for correlated patterns generated by the random features
model [16,17]. It has been further reported that Daydreaming also works effectively on more
realistic data, like the MNIST dataset. These results show that Daydreaming provides a promising
approach to improve the performance of the Hopfield model.

However, the existing formulation of Daydreaming has mainly focused on unbiased patterns,
where each element has zero mean, or on structured data consistent with that assumption, and a
formulation for biased patterns has not yet been fully established. We define biased patterns as a
set of patterns whose elements satisfy E [¢'] = m # 0. These kinds of settings naturally arise when
we consider neural representations with low activity rates [18], and theory has long dealt with them
as important problems [19].

Previous studies showed that a naive application of the Hopfield model to biased random
patterns fails because the crosstalk noise generated by other stored patterns has a non-zero mean,
which can destabilize the stored patterns even at low load [19]. They further showed that
subtracting the pattern bias when constructing the coupling matrix restores the local stability of
retrieval states, but is not, by itself, sufficient to ensure reliable retrieval. Therefore, for biased
patterns, the essential issue is not only how to modify the coupling matrix but also how to define
dynamics consistent with the prescribed mean activity. This issue becomes central when we extend
Daydreaming for biased patterns. A naive extension of Daydreaming is to introduce a local field
that controls the bias, in addition to a centered coupling matrix obtained from subtracting the
pattern means. We believe this formulation is reasonable in itself. However, when evaluating
performance on biased patterns, learning rules such as the pseudo-inverse rule require additional
hyperparameter tuning to control the mean activity, making a fair comparison difficult.

In this study, we reformulate Daydreaming for biased patterns inspired by the pseudo-inverse
rule. Specifically, we first revisit the centered pseudo-inverse rule for biased patterns and then
clarify the corresponding retrieval dynamics and energy function that naturally derive from it.
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Next, we introduce a Daydreaming update rule for the centered coupling matrix that is consistent
with this framework. As a result, the centered Daydreaming we introduce in this paper is not an ad
hoc modification for biased patterns, but a learning rule defined on the same centered
representation as the pseudo-inverse rule. Moreover, the conventional Daydreaming is one of the
special forms of centered Daydreaming proposed in this study.

In the remainder of this paper, we first describe the setting of biased patterns. We then
formulate centered dynamics from the pseudo-inverse rule for biased patterns. On this basis, we
propose the centered Daydreaming algorithm. Finally, through numerical experiments on biased
patterns, we compare centered Daydreaming with the centered pseudo-inverse rule in terms of
retrieval maps, basin sizes, and spectral properties. We further investigate how the eigenvalue
spectrum affects retrieval performance using modified coupling matrices.

2 Problem Setting and Formulation
In this section, we first describe the setting considered in this study and then formulate centered
Daydreaming for biased patterns.

2.1 Problem Setting and Centered Representation

We consider a Hopfield model composed of N binary neurons, and we denote its state by

s € {+1,—1}". The stored patterns are {€"},—1.p where each element &' € {+1,~1}. In the
unbiased patterns, each element has a zero mean. In this study, we consider patterns that follow
the distribution shown below, which includes unbiased patterns as a special case.

¢ = +1 with probability p; ,
© | =1 with probability 1 — p; .

When p; # 0.5, the mean of each element is generally non-zero, and the set of patterns has a
uniform bias. We define the mean of each element across the pattern set as

1 P
mi = P Zfﬁi (4)
pn=1

Here, m = (myq,...,my)T denotes the neuron-wise mean. When we deal with biased patterns, it is
natural to work not with the original pattern &* itself, but with a centered representation obtained
by subtracting the mean. This representation plays an important role in defining both the
pseudo-inverse rule and Daydreaming consistently for biased patterns.

=g m ®)

2.2 Pseudo-Inverse Rule for Biased Patterns
For unbiased patterns, the pseudo-inverse rule defines the coupling matrix by using the pattern
matrix E = (El, ...,£P) € {+1,—1}¥*F and the correlation matrix C = %ETE € RP*P as follows

1
J= NEC*ET. (6)

Now, the relation 2 = JE, together with &' € {41, —1}, guarantees that each pattern & satisfies
the fixed-point condition of the asynchronous retrieval dynamics. For biased patterns, we use the
following centered representation matrix rather than the original pattern matrix

[
[

==2-m1T. (7)
Here, 1 denotes the P-dimensional vector whose elements are all equal to 1. Since the centering is
performed with the empirical mean over the stored patterns, the centered representation matrix
satisfies 21 = 0. Therefore, the corresponding centered correlation matrix is generally singular. We
denote the effective rank of the centered representation matrix by

r = rank (é) = rank (C~'> . (8)
The empirical centering condition E1=0 implies < min(N, P — 1). For independently generated

random patterns with 0 < p; <1 and P — 1 < N, this centering condition is typically the only
linear dependence among the columns of E, and hence the typical rank is r = P — 1. We thus
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define the centered correlation matrix C and the centered pseudo-inverse coupling matrix J for
biased patterns as

t

C=+ETE, (9)
J=LlE2CtE", (10)

where C* denotes the Moore-Penrose pseudoinverse of C. Although CtCisa projector rather
than the identity matrix, the following relation still holds:

E=JE. (11)

Eq. (11) implies that the following equation is satisfied for each pattern &

g—m=JE'-—m) = ¢ =JE'—m)+m. (12)
The important point here is that J contains information not on the pattern itself but on its
deviation from the mean.

2.3 Retrieval Dynamics and the Corresponding Energy Function
Motivated by Eq. (12), and following the standard Hopfield convention of excluding self-couplings,
we define the retrieval dynamics for biased patterns as

sl(-tﬂ) = sign Zj“ (sg-t) - mj) +m; | . (13)
JF#i
This dynamics extends the retrieval dynamics for unbiased patterns to the centered representation
obtained by subtracting the mean m from the state s, and then considers the shift from the mean
afterward. Indeed, when m; = 0 holds for all ¢, this equation reduces to the standard update rule
Eq. (1).
From the update rule in Eq. (13), we derive the corresponding energy function

N

H(S) = _%Z‘]ij(si —mi)(sj —m]—) —Zmlsl (14)
i#j i=1

The first term represents the pairwise interaction for the centered representation s — m, and the

second term provides an effective field induced by the bias.

This perspective is important because it allows us to treat both the pseudo-inverse rule and
Daydreaming on the same basis. If we were to apply the pseudo-inverse rule to biased patterns in
the same way as Ref. [19], we should first construct the centered coupling matrix and then we
should tune the hyperparameter g that controls the mean activity, which makes a fair comparison
with Daydreaming difficult. To avoid this complication, we formulate the problem by specifying
only the centered coupling matrix J for biased patterns.

2.4 Centered Daydreaming
Daydreaming is an iterative learning rule that simultaneously reinforces the patterns to be stored
and unlearns the fixed points reached from random initial states. In Daydreaming, at each step u,
we randomly select a stored pattern £€4(*), run the retrieval dynamics from a random initial state
and acquire a fixed point o(®, and then update the coupling matrix J as follows

W) _ g b Cp)en) ) (w)
The parameter 7 is the inverse learning rate, and can be fixed without any particular effort [1].

The update rule of the centered Daydreaming we propose in this study is given as follows

Futl) _ 7 1

=35 (- m) ) ) -m)]
Here, o™ is the fixed point obtained by running the centered retrieval dynamics introduced in
Eq. (13) from a random initial state until convergence. Algorithm 1 presents the pseudocode for
the complete numerical procedure.

Thus, the centered Daydreaming proposed in this study is not an empirical variant obtained by
just adding a bias-correction term, but a learning rule derived from the centered pseudo-inverse
rule. In the numerical experiments that follow, we apply this centered Daydreaming to biased
patterns and compare it with the centered pseudo-inverse rule to show how bias affects retrieval
performance, the basin of attraction, and the spectral structure of the coupling matrix.
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Algorithm 1 centered Daydreaming learning algorithm

Require: patterns {£"}/_

1: my % 25:1 34 > Calculate the bias of each element
2 Jij ¢ & 25:1 (& —my) (& —my) > Initialization with the centered Hebb rule
3: j:” +~— 0

4: fort=1,...,F do > Do E epochs
5 foru=1,...,N do > Do N steps in each epoch
6 w <+ Unif({1,..., P}) > Pick a pattern at random
7: o; « Unif({+1,—-1}) Vi > Initialize state at random
8 while not converged do

9 0; 4 sign (Z#i jij(crj —m;)+ mi) > Run the retrieval dynamics
10: end while
11: Jij = Jij + =5 (€ = ma) (& —my) — (00 — mi) (o5 — my)]
12: _ > Update the centered coupling matrix
13: Jii <0
14: end for

15: end for

3 Experimental Setup
In this section, we describe the numerical experiment setup to evaluate the performance of the
centered pseudo-inverse rule and centered Daydreaming for biased patterns.

3.1 Pattern Generation

In this study, we use biased random patterns, where each element is generated independently, as
defined in Eq. (3). The case p; = 0.5 corresponds to unbiased patterns, while p; > 0.5 means
biased patterns in which the positive element is dominant. In this study, we systematically vary p;
as a control parameter to examine how the strength of the bias affects retrieval performance.

3.2 FEwvaluation Metrics
We evaluate the performance of each learning rule by using the magnetization m*, which is the
overlap between a stored pattern &£* and the state s

| X
_ b
mh = N Eﬂ Els; . (17)

This quantity measures how the state matches the stored pattern. When m#* = 1, the state s
matches the pattern £ exactly. By contrast, when m* = 0, the state s is orthogonal to the pattern
&, which means that it contains no information about that pattern.

An important measure is the size of the basin of attraction. Specifically, for each pattern &, we
prepare an initial state sj,;; with an initial overlap mﬁlit and we run the centered retrieval
dynamics shown in Eq. (13) until it converges to a fixed point. We then compute the final overlap
mk ., from the converged state sgnai. We can interpret a learning rule as having a larger basin of
attraction when it exhibits a wider plateau in m/, ;. such that m{ ., ~ 1. Many studies have used

this measure, and we also use it as a key indicator for comparison in this study.

3.8 Ezxperimental Details

Throughout all numerical experiments, including the retrieval map and spectral analyses, we
followed the standard Hopfield-network convention of excluding self-couplings by setting the
diagonal elements of coupling matrices to zero, J; = 0. Since the exact projector relation of the
centered pseudo-inverse matrix Eq. (11) is defined for the matrix before removing diagonal terms,
we examine the effect of retaining self-couplings in Appendix B. As a representative example, we
fixed N = 500 and a = 0.4, varying the bias parameter p; to study the effect of the bias. We
compared the centered pseudo-inverse rule with centered Daydreaming. For centered Daydreaming,
we fixed the inverse learning rate at 7 = 256, a value shown to be sufficiently large for unbiased
patterns in Ref. [1], and examined how the performance changed over epochs. We initialized J in
centered Daydreaming by using the centered Hebb rule. To draw the retrieval map, we generated
five initial states sini; with overlap m/; .. for every pattern £“. We performed numerical experiments
on 20 instances for each value of the bias parameter p;.
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Figure 1: Retrieval maps obtained using the centered pseudo-inverse rule: each curve corresponds
to a different bias strength.

4 Results

In this section, we present numerical results for the centered pseudo-inverse rule and the centered
Daydreaming applied to biased patterns. We first present the retrieval maps and the basins of
attraction for each learning rule. Next, we compare the spectral structure of the coupling matrix J.
Finally, we show retrieval maps of modified coupling matrices to probe how the broadness of the
leading eigenvalue spectrum affects retrieval performance.

4.1  Retrieval Maps and Basin of Attraction Size

First, we show the retrieval maps for the centered pseudo-inverse rule in Figure 1. For p; = 0.5,
which corresponds to unbiased patterns, a clear plateau with mgna =~ 1 appears in the region with
relatively large initial magnetization, minit = 0.75. It confirms that the pseudo-inverse rule
successfully retrieves the stored patterns. However, as we increase the bias, the shape of the
retrieval map changes. At p; = 0.6, the map still exhibits a similar plateau, but at p; = 0.7, the
network requires a larger initial overlap to reach mgna =~ 1. At p; = 0.8, the plateau with

Mfinal = 1 has shrunk a lot, min;y = 0.9, making pattern retrieval a very inefficient and practically
impossible task even for a moderate level of noise in the data.

One may be surprised that, in this unfavorable case (p; = 0.8), the retrieval map in Figure 1
shows a rather large value mgpna ~ 0.6 at very low values of mjni;. However, this value is what one
gets if the matrix J provides no information at all and centered retrieval dynamics in Eq. (13)
bring the system to a state where every neuron is given by s; = sign(m) = 1. Indeed, in this case,
one has mana = 2p1 — 1, but this value brings no information on the pattern to be retrieved.

Next, we present the retrieval maps for the centered Daydreaming in Figure 2. At p; = 0.5
(upper left panel), the retrieval map improves monotonically with the number of learning epochs,
and after a sufficiently long learning, a plateau with mgpna ~ 1 emerges for myn;; = 0.7, in
agreement with the results of Ref. [1]. The key observation is that the same plateau (mgna = 1 for
Minit =, 0.7) is reached after learning by centered Daydreaming for any bias strength
(0.5 < p; <0.8) that we have studied. This means the centered Daydreaming algorithm is robust
with respect to the bias in the data to be stored in a Hopfield model. This finding makes the
centered Daydreaming algorithm a general and robust procedure to train a Hopfield network with
realistic data. Notice that the centered Daydreaming algorithm has just one parameter, 7, which
can be fixed without any particular effort (as in the original Daydreaming algorithm). So, centered
Daydreaming is a ready-to-use, general and robust algorithm.

We also checked the dependence on the load, & = P/N. The results reported in Appendix C
show that centered Daydreaming retains plateaus even when « is increased, both for unbiased and
biased patterns. This confirms that the robustness to bias observed at o« = 0.4 is not restricted to a
single load value.

4.2 Spectral Properties of the Coupling Matriz
The eigenvalue distributions of J obtained from the centered pseudo-inverse rule and the centered
Daydreaming differ for every value of p; as shown in Figure 3.
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Figure 2: Retrieval maps obtained by training the coupling matrix by the centered Daydreaming
algorithm: each panel differs in the value of bias parameter py.

The spectrum of the centered pseudo-inverse rule is concentrated in two spectral sectors: the
leading » = P — 1 modes are associated with the subspace spanned by the centered representations
of the P patterns and are responsible for bringing the retrieval dynamics towards one of the
patterns; the remaining N — r modes correspond to the null space (recall that the coupling matrix
has rank » = P — 1 because of the centering condition). The double-peak shape of the spectrum is
preserved for all p; values.

The spectrum of the matrix learned via the centered Daydreaming algorithm is different: the
negative peak (corresponding to the null space) is still very narrow, but the distribution of positive
eigenvalues is much broader, with a maximum eigenvalue that is more than twice that of the
pseudo-inverse and a tail extending down to the origin. What we observe in Figure 3 for
Daydreaming is consistent with the picture reported in previous studies on dreaming-based
learning, where the learning process selectively reshapes the upper part of the spectrum of the
coupling matrix [14].

Given that the coupling matrix obtained by Daydreaming shows better statistical properties in
terms of basins of attraction and, consequently, in terms of maximum capacity, it is worth trying to
relate this better performance to the broadness of the spectrum shown in Figure 3. In both cases,
pseudo-inverse and Daydreaming, the leading r eigenvectors are expected to span the subspace _
defined by the centered representations of the P patterns. Thus, the application of the matrix J to
the centered state vector s — m during the retrieval dynamics in Eq. (13) tends to project the
centered state into this subspace. What differs between the two rules is that, in the pseudo-inverse
case, all these leading modes have approximately the same weight, while in the Daydreaming case,
the weights used to project the centered state vector are very diverse. This induces a sort of
hierarchy among eigenvectors in the Daydreaming case, such that the centered state vector is first
projected towards the eigenvectors with the largest eigenvalues, almost ignoring the other
eigenvectors; these are considered in later stages of the dynamics. This observation suggests that
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Figure 3: Eigenvalue distributions for the pseudo-inverse rule and Daydreaming. For Daydreaming,
we plot the eigenvalue distribution at epoch ¢ = 512 for a representative instance.

the enlarged basin of attraction is related not only to the subspace spanned by the leading r
eigenvectors, but also to the non-uniform weights assigned to these modes by the first r
eigenvalues. To evaluate this point quantitatively, in the next subsection, we construct modified

coupling matrices that keep the eigenvectors fixed while controlling the broadness of the leading r
eigenvalues.

4.8  Retrieval Maps of Modified Coupling Matrices
We probe how the broadness of the leading » = P — 1 modes discussed in the previous subsection
affects retrieval performance. Specifically, we construct modified coupling matrices that interpolate
between the broad leading spectrum generated by Daydreaming and a pseudo-inverse-like
spectrum. We then use these modified coupling matrices to draw retrieval maps and quantify the
relationship between spectral broadness and retrieval performance.

First, we perform a spectral decomposition of the coupling matrix learned by Daydreaming and
obtain its eigenvalues and eigenvectors. We use the Daydreaming coupling matrix at ¢t = 512 as the

original coupling matrix to be spectrally decomposed. We denote this matrix by Jpaydreaming and
write its spectral decomposition as

N

jDaydreaming - Z)‘iviviTa )\1 2 A2 Z e 2 AN- (18)
=1

Here, we assume that the eigenvalues are sorted in descending order. Next, for the leading r
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Figure 4: Designed eigenvalue spectra parametrized by § and used to construct the modified coupling
matrices, shown for a representative instance: each panel differs in the value of bias parameter p;.
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Figure 5: Retrieval maps of the modified coupling matrices for p; = 0.5 and p; = 0.8. The parameter
0 controls the broadness of the leading eigenvalue spectrum, with § = 1 corresponding to the original
Daydreaming spectrum and 6 = 0 to the pseudo-inverse-like spectrum.

eigenvalues associated with the subspace spanned by the centered representations of the P
patterns, we introduce a transformation parameterized by ¢ € [0, 1]. Defining the mean value
A =30_1 Au/r, we have

Aa(0) = (1= &)X+ 0y, pw=1,...n (19)

The case § = 1 corresponds to the original Daydreaming spectrum, whereas § = 0 corresponds to a
pseudo-inverse-like setting in which all leading r modes have equal weights. The remaining N — r
eigenvalues and all eigenvectors are kept unchanged. We show specific examples of modified spectra
for p; = 0.5 and p; = 0.8 in Figure 4. Using the spectrum characterized by J, we construct the
modified coupling matrix as

r N
Jnodiied () = Y _ A (vl + Y Awyv). (20)

p=1 v=r+1

We examine the retrieval maps obtained by varying d in the modified coupling matrix . For
each of p; = 0.5 and p; = 0.8, we construct the modified coupling matrices for all 20 instances and
draw the corresponding retrieval maps. We show the results in Figure 5. As a result, for both
p1 = 0.5 and p; = 0.8, we observed that the plateau region with mgna = 1 remains unchanged

1Before using the modified coupling matrices Jmodified (8) in the retrieval dynamics, we apply the same zero-diagonal
convention as in the other experiments.
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going from § = 1 to § = 0.5, while it clearly shrinks at § = 0. Thus, we conclude that the spectral
broadness (keeping eigenvectors fixed) certainly contributes to the enlargement of the basins of
attraction in the retrieval dynamics.

5 Conclusions

In this study, we have introduced a centered version of the Daydreaming algorithm that can work
effectively in the tested biased settings. Increasing the bias in the data, the coupling matrix trained
by the centered Daydreaming algorithm presents larger basins of attraction with respect to the
centered pseudo-inverse and to the original Daydreaming algorithm. Training by centered
Daydreaming, the size of the basin of attraction stays almost constant in a broad range of biases
(0.5 < p; <0.8). These results make the centered Daydreaming algorithm of practical use in
realistic situations where data can be structured and biased.

We have also shown that the coupling matrix learned by centered Daydreaming has a broader
eigenvalue spectrum than that obtained with the centered pseudo-inverse rule. Experiments with
modified coupling matrices, in which the leading r eigenvalues were averaged out toward their
mean while the eigenvectors were kept fixed, provide evidence that the broadness of the
weights/eigenvalues of the leading modes is associated with enlarged basins of attraction. They
show that a pseudo-inverse-like leading spectrum shrinks the retrieval plateau, indicating that the
non-uniform weighting of the leading r» modes affects retrieval performance and contributes to
enlarging the basin of attraction. This finding suggests that centered Daydreaming shapes a richer,
possibly hierarchical, energy landscape that helps retrieval dynamics.

Supplementary experiments (shown in the Appendices) further support the effectiveness of
centered Daydreaming. The load-dependence shows that the robustness to bias is not restricted to
the representative load. The biased Random-Features Hopfield Model experiment provides an
additional example in which centered Daydreaming forms retrieval plateaus for structured biased
patterns. However, the slight degradation after long learning epochs and the behavior of feature
magnetization indicate that the mechanism in correlated biased data is not yet fully understood.

Future work will include a more precise analysis of how the breadth of the leading eigenvalue
spectrum affects retrieval performance, and a deeper understanding of centered Daydreaming for
more structured, biased patterns, such as biased Random-Features Hopfield Model across a wider
range of @ and ap.

Appendix A. Original Daydreaming for Biased Patterns

For completeness, we also present in Figure 6 the results obtained by applying the original
Daydreaming algorithm of Ref. [1] with biased patterns. With respect to the results obtained by
the centered version and reported in Figure 2, when the bias parameter p; becomes large, we
observe that (i) the plateau with mgpa & 1 is smaller and (ii) the time required by the learning
process to converge is larger. For example, in the p; = 0.8 case (lower right panel), at time ¢t = 512
the learning process has still not reached convergence, and indeed the plateau with mgp. ~ 1 is
still not formed. Clearly, the centered version of the Daydreaming algorithm introduced in the
present work has much better performance than the original Daydreaming algorithm.

Appendix B. Effect of self-couplings in the centered pseudo-inverse rule

In the main text, we evaluated the retrieval performance of the centered pseudo-inverse rule,
excluding the effect of self-couplings. However, the exact projector relation of the centered
pseudo-inverse matrix is defined for the matrix before the diagonal interactions are removed.
Therefore, to clarify the role of the diagonal interactions, we also evaluate the centered
pseudo-inverse dynamics with self-couplings included:

N
S = sign [ 30 (47 m) +me ). ey
j=1

This dynamics preserves the exact fixed-point property of the full centered pseudo-inverse matrix.
We show the retrieval map at o = 0.4 in Figure 7. Despite the exact fixed-point property, retaining
self-couplings does not improve the retrieval performance drastically. This result indicates that
exact stability of the stored patterns does not necessarily imply a large basin of attraction. We can
understand this behavior from the form of the self-coupled local field. Including self-couplings, the

retrieval dynamics differ from the one in Eq. (13) by the additional term j” (sgt) - mi). This term

depends on the current neuron value and therefore acts as an inertia-like contribution because
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Figure 6: Retrieval map for the original Daydreaming algorithm: panels differ by the value of bias
parameter p;.

typically j” > 0. It stabilizes neurons that are already aligned with a stored pattern, but it can
also hold erroneous neurons in noisy initial states. Consequently, restoring the exact fixed-point
property by retaining self-couplings does not necessarily enhance the dynamics’ error-correction
ability. These results suggest that the superiority of centered Daydreaming over the centered
pseudo-inverse rule cannot be attributed simply to the removal of self-couplings from the centered
pseudo-inverse matrix.

Appendix C. Load dependence with respect to «

In the main text, we fixed the load at « = P/N = 0.4 to clearly compare the effect of the bias
parameter p;. In this Appendix, we present additional experiments in which « is varied to examine
whether the robustness of centered Daydreaming against bias observed in the main text is specific
to this particular load value.

The experimental setup is the same as in the main text. We set N = 500 and used P = alN
stored patterns. For each set of patterns, we computed the neuron-wise mean m; and learned the
coupling matrix using centered Daydreaming. We fixed the inverse learning rate to 7 = 256, as in
the main experiments. We considered o = {0.05,0.2,0.6,1.0}, and examined both the unbiased
case with p; = 0.5 and the strongly biased case with p; = 0.8. We set the number of learning
epochs to t = 512 for a« = 0.05,0.2, and 0.6. For @ = 1.0, we needed a longer learning time ¢t = 8192
because the convergence of learning becomes slower. We performed numerical experiments on 20
instances for each setting.

We show the retrieval maps in Figure 8. In the case with p; = 0.5, when « is small, the system
reaches the plateau with mgna =~ 1 even from small initial magnetizations. As « increases, the
initial magnetization required for the retrieval to appear becomes larger. This behavior reflects the
shrinkage of the basin of attraction as the number of stored patterns increases. For the case with
p1 = 0.8, a similar load dependence is observed. For biased patterns, the non-zero value of mgpa in

11
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Figure 7: Retrieval maps obtained using the centered pseudo-inverse rule with self-couplings Jii:
each curve corresponds to a different bias strength.
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Figure 8: Load dependence of the retrieval maps obtained by centered Daydreaming. The left and
right panels show the results for p; = 0.5 and p; = 0.8, respectively.

the low initial magnetization region includes the overlap induced by the bias. Therefore, it cannot
be interpreted as a correct retrieval. On the other hand, the right panel of Figure 8 shows that,
even in the biased case, centered Daydreaming can retrieve stored patterns from finite initial
overlaps. In particular, for o < 1, mgna; & 1 is achieved in this retrieval region, indicating that the
high-capacity behavior of original Daydreaming for unbiased patterns near a,. ~ 1 is preserved for
biased patterns. These results support the conclusion that the robustness of centered Daydreaming
against bias, as shown in the main text, is not specific to the single load value a = 0.4.

Appendix D. Biased Random-Features Hopfield Model

In the main text, we focused on biased random patterns whose elements are generated
independently. However, actual memory patterns are not necessarily independent random patterns,
and they may have correlations induced by underlying low-dimensional features. In this Appendix,
we present supplementary experiments that extend the Random-Features Hopfield Model

(RFHM) [17] to the biased case to examine whether centered Daydreaming also works for
correlated biased patterns.

In the standard RFHM, structured stored patterns are generated from feature vectors and
random coefficients through a linear projection and component-wise sign nonlinearity. We append
a special feature vector whose components are all equal to +1 to introduce a global bias.
Specifically, we set f;; = 1 for all ¢ and ¢f = VDB. For k=2,---,D +1, the feature vectors have
iid. uniform binary entries f;, € {+1,—1}, and the coefficients ¢}, are i.i.d. standard Gaussian
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variables. Using these feature vectors and coefficients, the stored patterns are generated as

1 D+1 1 D+1
&Y =sign (\/5 kZ:l chik> = sign <B + ﬁ kZ:g CZfik) . (22)

Here, B is a parameter that controls the strength of the global bias. In particular, when B = 0, this
model reduces to the standard RFHM. The contribution from the non-bias features can be written
as

D+1
1

"= k; ci fie ~ N(0,1). (23)
The probability that each component of patterns takes the value +1 is given by
pr=Pr(gl = +1) = Pr(B -+ > 0). (24)
Therefore,
P = /_: %exp (—;zQ) = % [1 + erf (\%)} : (25)
B=+2erf '(2p; —1). (26)

In the experiments, we determine B from the above relation for a given p;. After learning, we
evaluate the retrieval performance by the magnetization with respect to the stored patterns. We
also measure the overlap between the state s and the feature vector f to examine the feature
structure of the RFHM.

ml/

M=

= > (27)

W

H
M= 1

=N fikSi (28)

Il
=

In particular, for the special feature f;; = 1, the quantity u' is given by

N
1 .
B= E_l Si. (29)

We call this quantity global feature magnetization.

In the experiments, we set N = 500, « = P/N = 0.5, and ap = D/N = 0.1. We investigate
both the standard RFHM with p; = 0.5 and the strongly biased case with p; = 0.8. The inverse
learning rate was fixed at 7 = 256 as in the main text. We performed numerical experiments on 20
instances for each setting.

We first examine the case with p; = 0.5. In the case of B = 0, there is no global bias. Therefore,
this case corresponds to the conventional REFHM. We show the results in Figure 9. The left panel
shows the retrieval map for pattern magnetization m”, while the right panel shows the results for
the feature magnetization p* with k > 2. After learning, retrieval plateaus with mgua ~ 1 and
pk .1~ 1 are formed from finite initial overlaps. These results are consistent with the previous
study [1] on the RFHM and confirm that the experimental setup properly reproduces the standard
RFHM.

Next, we examine the biased case with p; = 0.8. In this case, B > 0, and the stored patterns
contain a strong global bias. Therefore, even in the low initial overlap region, a non-zero pattern
magnetization appears due to the bias. Figure 10 shows the results for the pattern magnetization.
As shown in the figure, even in the presence of a strong global bias, centered Daydreaming forms a
retrieval plateau. However, at t = 2048 and ¢t = 4096, we observe a small degradation in the
retrieval performance compared with shorter learning epochs. This result implies that retrieval
performance does not necessarily improve monotonically and converge in the biased RFHM. Figure
11 shows the results for the feature magnetization. The left panel shows the global feature
magnetization p! corresponding to the special feature fi;; = 1 for all 4. The right panel of Figure 11
shows the feature magnetization p* for non-bias features with k > 2. As shown in the figure, for
p1 = 0.8, we do not observe either feature magnetization approaching 1. These results suggest that,
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Figure 9: Retrieval maps for stored patterns and feature vectors in the standard RFHM with p; = 0.5.
The left and right panels show retrieval maps for the pattern magnetization m” and the non-bias
feature magnetization p* with k > 2, respectively.
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Figure 10: Retrieval map for patterns of the biased RFHM with p; = 0.8.
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Figure 11: Retrieval maps for feature magnetization of the biased RFHM with p; = 0.8. The left
panel shows the global feature magnetization p', which corresponds to the global magnetization of
the state. The right panel shows the feature magnetization p* for non-bias features with k& > 2.
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in the biased RFHM, attractors are formed mainly around the stored patterns rather than
spontaneously around feature vectors.

Overall, these results confirm that, under a representative setting (a, ap) = (0.5,0.1), centered
Daydreaming can form retrieval plateaus toward stored patterns even for correlated patterns such
as the biased RFHM with a global bias. These results imply that the effectiveness shown in the
main text is not limited to independently generated biased random patterns. However,
understanding the mechanism behind the slight degradation in retrieval performance after long
learning epochs and a more detailed verification of different settings («, «p) remain important
topics for future work.
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