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Quantum catalysts can overcome otherwise impossible quantum state transformations without
being consumed, and allowing them to become correlated with the output makes this assistance
substantially more powerful. This raises a fundamental question for entanglement theory: which
limitations on state manipulation remain when such correlated catalysts are freely available? We
answer this question in the positive-partial-transpose (PPT) resource theory, which allows a sub-
stantially broader class of operations than local operations and classical communication (LOCC).
We identify general conditions under which regularized relative-entropy measures become strongly
superadditive, and use them to construct monotones that constrain correlated catalytic PPT trans-
formations without any knowledge of the catalyst. In particular, we prove that the regularized PPT
relative entropy is fully additive and strongly superadditive, resolving an open problem in entan-
glement theory. Most importantly, these constraints show that even arbitrary correlated catalysts
cannot restore asymptotic reversibility: for an explicit state, the optimal entanglement distillation
rate remains strictly smaller than the entanglement cost. Thus, substantial catalytic assistance does

not remove some of the fundamental limitations of mixed-state entanglement manipulation.

Introduction. Quantum entanglement is a central re-
source in quantum information processing. A basic goal
of entanglement theory is not only to determine whether
a state is entangled, but also to quantify the amount of
entanglement it contains and to characterize which state
transformations are possible under a prescribed class of
operations [1-5]. Resource monotones provide a natu-
ral tool for both purposes: because they cannot increase
under the allowed operations, they impose necessary con-
straints on state conversion and quantify limitations on
resource manipulation [3, 6, 7]. Two particularly use-
ful properties concern how a resource monotone behaves
when systems are combined. For independent systems,
one may require that the resources of the subsystems to
add exactly to the totoal resource; when correlations are
present, one may require the total resource to remain at
least as large as the sum of the resources of the individ-
ual subsystems. These properties are known as additivity
and strong superadditivity, respectively [8].

Catalysts provide an additional way to assist quantum
state transformations. A catalyst is an auxiliary quan-
tum state that can enable an otherwise impossible trans-
formation while being recovered at the end of the pro-
cess [9, 10]. Correlated catalysis allows greater freedom:
the catalyst must still be recovered, but it may become
correlated with the transformed system [11, 12]. This
enlarges the class of possible catalytic transformations.
But, in general, the catalyst enabling a given transfor-
mation may not be known in advance. Therefore, it is
especially useful to identify resource monotones that de-
pend only on the initial and final states of the system
and can rule out transformations without specifying the
catalyst.

A natural question is then what properties allow a re-
source monotone to provide such catalyst-independent
constraints. A recent result [12] gives a simple answer:

under mild continuity assumptions, additivity and strong
superadditivity are sufficient for a resource monotone to
remain monotone under correlated catalysis. Before the
transformation, additivity allows the resource of the inde-
pendent system and catalyst to be evaluated separately.
After the transformation, strong superadditivity provides
a lower bound in terms of the system and catalyst even
when they have become correlated. Since the catalyst is
returned in the same state, its contribution cancels, leav-
ing a constraint that depends only on the initial and final
states of the system.

Resource monotones with all of the properties required
above are, however, remarkably scarce. Even for entan-
glement manipulation under local operations and clas-
sical communication (LOCC), only a few examples are
known,such as the squashed entanglement [13] and con-
ditional entanglement of mutual information [14]. This
raises a broader question: rather than searching for such
monotones one by one, can one identify general condi-
tions that guarantee strong superadditivity? We answer
this question for a broad class of regularized relative-
entropy measures. We identify general structural con-
ditions under which strong superadditivity follows. To-
gether with known additivity results [15, 16], this pro-
vides a systematic route for constructing resource mono-
tones that remain valid under correlated catalysis.

We develop this idea in the resource theory based on
positive partial transpose (PPT). A bipartite state is
PPT if it remains positive under partial transposition
[17, 18], and the corresponding free operations are com-
pletely PPT-preserving maps. These operations form a
larger class than LOCC, so impossibility results estab-
lished in this more permissive setting also apply to LOCC
transformations. PPT-based quantities have moreover
played a central role in bounding entanglement distilla-
tion and entanglement cost. Yet, despite this long his-
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tory, no systematic family of additive and strongly su-
peradditive monotones was known in this setting.

We apply the aforementioned conditions to PPT entan-
glement using the hierarchy introduced by Wang et al.,
in [19] and further studied in [16]. The basic idea is to
replace the PPT states by a sequence of larger reference
sets that are easier to handle mathematically while still
retaining information about PPT entanglement. We de-
note these sets by PPT}; they contain all PPT states, and
the first level PPT; coincides with the Rains set [20]. At
every level k, the conditions applies and produces a reg-
ularized relative-entropy monotone that is additive and
strongly superadditive. Therefore, we obtain a family of
monotones that can constrain correlated catalytic trans-
formations.

The hierarchy also allows us to resolve an open ques-
tion about the regularized PPT relative entropy. This
quantity is known to be weakly additive: when indepen-
dent systems are prepared in the same state, the resource
assigned to the joint system is simply the sum of the re-
sources of the individual systems [21]. What remained
open was full additivity, where the independent systems
may be in different states, as well as strong superaddi-
tivity when correlations are present. We consider the set
PPT. and prove that its regularized relative entropy is
exactly equal to the regularized PPT relative entropy.
This identity establishes full additivity and strong su-
peradditivity of the regularized PPT relative entropy for
arbitrary bipartite states, and hence its monotonicity un-
der correlated catalysis.

After we obtain a family of monotones that can con-
strain correlated catalytic transformations, we turn our
attention to the reversibility. Reversibility is a basic ques-
tion in asymptotic entanglement manipulation. Start-
ing from many copies of a state, one may first distill
maximally entangled states and then use them to pre-
pare the original state again. The process is reversible
if the amount that can be distilled matches the amount
required for preparation; a strict gap between the distilla-
tion rate and the entanglement cost means that some en-
tanglement is inevitably lost. Whether this loss can be re-
moved by enlarging the allowed operations or by supply-
ing additional resources has therefore been studied exten-
sively. Lami and Regula showed that irreversibility per-
sists even under the broad class of non-entangling opera-
tions, and later established a strong form of irreversibil-
ity under dually non-entangling operations [22, 23]. In-
terestingly, sufficiently general probabilistic transforma-
tions can instead restore reversibility [24], showing that
the answer depends sensitively on what additional free-
dom is allowed. For catalytic assistance, Lami, Regula,
and Streltsov proved that even correlated catalysts can-
not restore reversibility under LOCC: PPT bound en-
tangled states remain undistillable while having nonzero
entanglement cost [25]. This argument, however, does
not establish irreversibility in the PPT resource theory,

because PPT states are free in that setting.

We show that irreversibility nevertheless persists un-
der completely PPT-preserving operations even when ar-
bitrary correlated catalysts are allowed. Using the state
introduced by Wang and Duan to demonstrate PPT irre-
versibility [26], we show that finite-level monotone from
our hierarchy gives an upper bound on the correlated-
catalytic distillation rate, while the regularized PPT rel-
ative entropy gives a lower bound on the correlated-
catalytic entanglement cost. Both bounds coincide with
the corresponding rates achievable without a catalyst.
The optimal distillation rate therefore remains strictly
smaller than the entanglement cost: allowing arbitrary
correlated catalysts does not remove the irreversibility of
PPT entanglement manipulation.

Definitions. Let A and B denote finite-dimensional
quantum systems held by Alice and Bob, respectively,
with associated Hilbert spaces H4 and Hp. The com-
posite system AB is associated with the Hilbert space
Hap :=Ha®@Hp. We denote by L(AB) := L(Hap) the
space of linear operators on H g, and write

D(AB) == {pap € L(AB) : pap >0, Trpap =1} (1)

for the set of density operators of the composite system
AB. The set of states with positive partial transpose
(PPT) is

PPT(A: B) := {O’AB € D(AB) : 0% > o}, 2)

where I'p denotes the partial transpose on subsystem B
with respect to a fixed orthonormal basis of Hp [17, 18].
A quantum channel Ay /g is completely PPT-
preserving if I'gr o A o ' is completely positive.
We consider the sequence of comparison sets
{PPTj(A : B)}i>1 introduced by Wang, Jing, and Zhu
[19]. The first member is the Rains set [27],

< .
<)oo
For k > 2, PPTy (A : B) are defined recursively by [19]

PPT (A : B) := {TAB >0: HT};%

PPT(A: B) := {TAB >0: dnap € PPT_1(A: B)
such that —nap < ig < 77AB}~ (4)
These sets satisfy [19]
PPT(A: B) CPPTy1(A: B) CPPTx(A: B). (5)
We define

PPT.(A: B):= (| PPTx(A: B). (6)
E>1

For p € D(AB) and a positive semidefinite operator 7,
the relative entropy is defined as [2§]
{Tr[p(logz p —logy )], suppp C suppr,

D(p|T) :=
(pli7) otherwise.

+00,

(7)



The PPT}, relative entropy of entanglement is [16, 19|

Dppr, (p) = min D(p||7), (8)

TEPPT(A:B)

and its regularization is [16]

o0 : 1 n
Dfpr, (p) = lim —Dppr, (anpm (0°7). (9)
We also consider the regularized PPT relative entropy of
entanglement [29],

Dpr(p) := lim — min D(p®"||oy).  (10)

n—oo N o,cPPT(A":B")

We say that a state pap can be transformed into o 4/

with a correlated catalyst if, for every € > 0, there exist

a bipartite catalyst state 7ocp, with AA’C held by Alice

and BB’D by Bob, and a completely PPT-preserving
channel [11, 25]

A:AC:BD — A'C:B'D
such that, for

warpecp =Apap ® Tep),

one has

Wep = TCD; lwars —oapll; <e.

5|

Main Results. With the definitions out of way, we can
now proceed to the results.

Theorem 1. For every finite k, the reqularized PPT}-
relative entropy of entanglement Dgpr, is monotone un-
der correlated catalytic transformations implemented by
completely PPT-preserving maps.

Finding resource monotones that remain valid under
correlated catalysis is highly nontrivial. Such a resource
monotone is required to be additive on tensor-product
states, strongly superadditive on arbitrary correlated
states, and lower semicontinuous [12]. Very few resource
measures are known to satisfy these three properties si-
multaneously.

To the best of our knowledge, no such monotone was
previously known for the resource theory in which PPT
states and completely PPT-preserving maps are free.
Even in entanglement theory under LOCC, only two ex-
amples are known: the squashed entanglement [13] and
the conditional entanglement of mutual information [14].
No separation between these two quantities is known, and
whether they coincide on all quantum states remains an
open problem.

Theorem 1 therefore provides a family of correlated-
catalytic monotones for PPT entanglement theory. Since
every LOCC map is completely PPT-preserving, all the

quantities Dppp, are also monotone under correlated cat-
alytic LOCC transformations.

The different ingredients entering Theorem 1 have dis-
tinct origins. Once the relevant tensor conditions for
PPT) are verified, tensor-product additivity follows di-
rectly from Ref. [15, Proposition 9]. Asymptotic continu-
ity, which in particular implies lower semicontinuity, fol-
lows from the standard continuity argument for relative-
entropy distances to convex sets of positive operators [30].
The main new ingredient is strong superadditivity on ar-
bitrary correlated states. We establish it through the
following general criterion.

Lemma 1. Let F assign to every finite-dimensional bi-
partite system A : B a monempty compact convex set
F(A : B) of subnormalized positive semidefinite opera-
tors. Suppose that:

(i) F(A: B) contains a full-rank state;

(i) for every n > 1, the set F(A™ : B") is invariant
under permutations of the n copies of AB;

(iii) for arbitrary bipartite systems A: B and A’ : B/,

F(A:B)® F(A': B') C F(AA": BB');
(iv) for arbitrary bipartite systems A : B and A’ : B’,
F(A:B)°®@F(A": B')° C F(AA": BB")°,
where the positive polar of a set F is defined as
Foi={X>0:Tr(X7) <1 forallTe F}.

Then the reqularized relative entropy associated with F
is strongly superadditive. Namely, for every waa pp €
D(AA'BB’),

DF (waapp) > DF (wap) + DF (warp).

The proof of Lemma 1 is given in the supplemental
material. For every finite k, the comparison sets PPTy
satisfy conditions (i)—(iv). Their tensor-product closure
and the tensor-product closure of their positive polars
were established in Refs. [15, 16], while the remaining
conditions follow directly from their definition. Lemma 1
therefore implies that Dppr, is strongly superadditive
for every finite k. A further application to the resource
theory of magic is given in the supplemental material.

We now turn to proving that D% is additive under
tensor products and strongly superadditive for general
states. The key step is to identify it with the regular-
ized relative entropy associated with the comparison set
PPT. Asshown in Eq. (5), the comparison sets become
increasingly restrictive as k increases, while continuing to
contain all PPT states. This motivates considering the
regularized relative entropy associated with PPT .

Theorem 2. For every finite-dimensional bipartite state
pap € D(AB),

DI%OPTOO (paB) = Dppr(paB)- (11)



Furthermore, Db 15 additive on tensor-product states
and strongly superadditive on arbitrary correlated states.
Consequently, it is monotone under correlated cat-
alytic transformations implemented by completely PPT-
preserving maps.

This result is nontrivial because the positive polar of
the PPT set is not closed under tensor products, pre-
venting the existing criterion from establishing either ad-
ditivity on product states or superadditivity on corre-
lated states. The set PPT,, however, satisfies the re-
quired tensor and positive-polar tensor conditions. This
allows the general criterion to be applied to Dgpr_, then
Eq. (11) transfers the resulting properties to D% .

The monotones established above can be used to ad-
dress a basic question in asymptotic entanglement ma-
nipulation: whether correlated catalysts can restore re-
versibility. Given many copies of a state, one may dis-
till maximally entangled states from them or, conversely,
consume maximally entangled states to prepare the state.
Asymptotic manipulation is reversible when the optimal
distillation rate equals the entanglement cost, and irre-
versible when these two quantities differ. Since correlated
catalysts enlarge the set of possible transformations while
being returned at the end, it is natural to ask whether
they can make the two rates coincide.

Let Egppr and E.ppr denote, respectively, the opti-
mal asymptotic distillation rate and entanglement cost
under completely PPT-preserving protocols assisted by
correlated catalysts. Precise definitions are given in the
supplemental material.

Theorem 3. Asymptotic entanglement manipulation
under completely PPT-preserving operations remains ir-
reversible in the presence of arbitrary correlated catalysts.
In particular, let

1 1
pv = §|Ul><’01\ + §\U2><7J2|a

01) — |10
1) = >\/§|>7 (12)
v} = |02) — |20)
Vg) = 7\/5 .
Then

CC 1 CC
Egppr(py) = logy <1 + \/5) <1=Eppr(py). (13)

Wang and Duan previously established a strict gap be-
tween PPT entanglement distillation and entanglement
cost without catalytic assistance [26]. More broadly, the
fate of reversibility is known to depend sensitively on
how far the allowed operations are enlarged. Brandao
and Plenio proposed a reversible entanglement theory un-
der asymptotically non-entangling operations, with the
regularized relative entropy of entanglement governing
asymptotic conversion [31, 32]. The original argument

4

relied on the generalized quantum Stein lemma [33],
whose proof was later found to contain a gap [34]; this
lemma and the associated second-law framework have
since been re-established [35]. By contrast, Lami and
Regula showed that entanglement remains irreversible
under non-entangling operations [22]. More recently,
Lami, Regula, and Streltsov showed that irreversibil-
ity under LOCC persists even in the presence of cor-
related catalysts [25]. Their argument, however, re-
lies on PPT bound entangled states that remain undis-
tillable while having nonzero entanglement cost under
correlated-catalytic LOCC. It therefore does not estab-
lish correlated-catalytic irreversibility under completely
PPT-preserving operations, for which PPT states are free
and have zero entanglement cost. Theorem 3 shows that
irreversibility nevertheless persists in this different oper-
ational setting even when arbitrary correlated catalysts
are allowed.

The proof also illustrates why it is useful to have more
than one catalytic monotone. The general correlated-
catalytic rate bounds of Ref. [25] allow Dgp to con-
trol distillation and Dy to control formation. For the
state p,, the ordinary PPT rates and these two relative-
entropy quantities are known exactly [26]. Consequently,

Eappr(py) < Egppr(py) < Dppr, (pv) = Eaprr(po),
14)

(
EC,PPT(Pv) > EE,CPPT(PU) > DI%OPT(Pv) = EC,PPT(/’U)-
(15)

The outer inequalities simply use the fact that a trivial
catalyst is always allowed, while the inner inequalities
are the catalytic monotone bounds [25]. Both preceding
theorems enter essentially in this argument. Theorem 1,
specialized to k = 1, yields the correlated-catalytic bound
Dgpr, on distillation, whereas Theorem 2 yields the cor-
responding D% bound on formation. Together, these
two bounds establish the irreversibility in Eq. (13). The
details are given in the supplemental material.

Moreover, taking nontrivial convex combinations of the
squashed entanglement with each of Dppr, , k> 1, and
Dppp further yields a family of faithful, additive, and
strongly superadditive LOCC entanglement monotones.

Discusston. We have established a general criterion
for strong superadditivity of regularized relative-entropy
measures and applied it to PPT entanglement. This
yields correlated-catalytic monotones from the PPT}, hi-
erarchy, establishes full additivity and strong superaddi-
tivity of D%, and shows that PPT entanglement ma-
nipulation remains irreversible even with arbitrary cor-
related catalysts.

An important open question is whether the monotones
Dppr, s k > 1, together with Dppr, form a complete fam-
ily of monotones for correlated catalytic transformations
under completely PPT-preserving maps. More broadly,
Lemma 1 provides a general mechanism for constructing



additive and strongly superadditive regularized relative-
entropy measures from comparison sets satisfying suit-
able conditions. It remains to identify and classify further
comparison sets with these properties, which may yield
large new families of correlated-catalytic monotones in
other quantum resource theories.

Another natural direction is to ask whether probabilis-
tic transformations can restore reversibility in the PPT
resource theory. Probabilistic protocols can restore re-
versibility under asymptotically resource-non-generating
operations [24]. Whether probabilistic transformations
can also restore reversibility when the allowed operations
are required to be completely PPT-preserving remains
open. An especially interesting question is how proba-
bilistic transformations should be combined with cataly-
sis. One natural formulation requires the catalyst to be
recovered with certainty in every branch of the protocol,
while only the transformation of the system is allowed
to fail with some probability. Determining whether PPT
entanglement becomes reversible under such probabilis-
tic correlated-catalytic transformations would clarify how
much additional freedom is actually required to overcome
the irreversibility established here.
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Supplemental material

PROOF OF LEMMA 1

For every bipartite system X : Y, define the n-copy comparison set
Fo(X:Y):=F(X":Y"), n>1. (S1)
Consider the composite hypothesis-testing problem
Hy: €33, Hi: 1€ Fp(X 1Y) (S2)

For a test 0 < T, < I, the outcome corresponding to 7,, means that Hj is accepted. Its type-I error and worst-case
type-1II error are

an(TnleY) = Tr[(] -T,) %?/] ) (S3)
B (Tp| Fr(X :Y)) := sup  Tr(Th7)
TnEFn(X:Y)
= h,F,L(X:Y) (Tn)7 (S4)
where
he(M) := sup Tr(MT) (S5)
TeC

is the support function of C. Thus, «,, is the probability of rejecting Hy when Hj is true, whereas (3, is the largest
probability of accepting Hy over all alternatives in F,, (X : V).

We first verify that the generalized quantum Stein lemma [33-36] is applicable. For any fixed bipartition X : Y,
conditions (iii) and (iv), applied respectively to X™ : Y™ and X" : Y, give

-Fm(XY)®]:n(XY) gfm+n(XY)a (SG)
Fn(X :Y)° @ Fn(X 1Y) C Frugn(X 1 Y)C. (S7)

By the standing assumptions, every F,(X :Y) is compact and convex, while condition (i) ensures that F;(X :Y)
contains a full-rank state. The latter implies the support condition

supp{xy C supp 7xy (S8)

for some 7xy € Fi(X :Y) and every state {xy. Finally, condition (ii) gives invariance of F, (X : Y) under
permutations of the n copies. Consequently, the sequence {F,,(X : Y)},>1 satisfies Assumptions 1-3 of Ref. [15].

The generalized quantum Stein lemma [33-36], in the form stated as Theorem 5 of Ref. [15] and proved in Ref. [36],
therefore gives

D%O(X;Y)(gXY) SHP{TZOS H{Tn}nZM OSTn SIa
Oén(Tn | fXY) — 07 (Sg)

o 1
hnn—1>1<>%f_ﬁ logy Bn(Th| Fn(X : Y)) > r}.

We shall also use the support-function consequence of condition (iv). By Ref. [15, Lemma 1, Eq. (21)], the inclusion
FX:Y)oF(X :Y)CFXX :YY')° (510)

is equivalent to
hrxxiyyy(M @ N) < hrx.y)y (M) hrxryy(N) (S11)

for all M, N > 0.



Now let wa,4,B,B, be arbitrary, and denote its marginals by

Wi = WA,;B;, 1 =1,2.
Set
i = DF a,.5,)(Wi), 1=1,2, (S12)
and fix § > 0. Applying (S9) to the two marginal bipartitions, we can choose tests 0 < T; ,, < I such that
an (T | wi) — 0, 1=1,2, (S13)
and
linrggff% logy Bn(Tin| Fn(Ai : By)) > 1 — 6, 1=1,2. (S14)
After canonically regrouping tensor factors as
(A1 As)" : (ByBy)" = AT A : BY B, (515)
consider the product test
T, =T, T ,. (S16)

Since
I — TLn ® T27n = (I - TLn) ® 1+ Tl,n & (I - T2,n)
SU-Tin)@T+10 (- Ta), (s17)

and the corresponding marginals of w®” are wi@" and wgzm, we obtain

an (T |w) = Tr[([ — Tn)ou@”}
< Tr[((I = Tin) @ 1w®"
+Tr[(I @ (I = Top))w®"]
=an(Thn | w1) + an(Top | we) — 0. (S18)

Thus, {T,,},>1 is an admissible test sequence for the joint null hypothesis w®". Notice that this step does not require
w to be a product state.
On the alternative side, condition (iv) applied to A} : B} and A%} : BY, together with (S11), gives

Bn(Th|Frn(A1As : B1Bs))
= hrarayByy) (11,0 ® To,)
< hrayppy)(T1in) hrag.sy) (Ton)
= Bn(T1 0| Fn(A1 2 B1)) Bn(Ton| Fn(Az2 : Bs)). (S19)

It follows that

- 1
hnIgloI(l}f _E 10g2 ,Bn(Tn|]:n(A1A2 : BlBg))

> lim inf [1 logy Bn(Th n|Fn(Ay : Bl))]
n

n— oo

n—roo

+ lim inf [—; logy Bn(To,n| Fn (A2 : Bz))]
>y 4 re — 20, (S20)
Finally, applying the Stein characterization (S9) to the bipartition A; Ay : By Bs, and using (S18) and (S20), yields
DFa a8y By (W) =11 +12 —26
= DFa,.5,)(W1) + DF4,.p,)(wa2) — 26. (S21)
Since § > 0 is arbitrary,
DF 4y a5:8:85) (@) = DF 4,y (W1) + DF 4.8, (W2), (S22)

which proves the lemma.



PROOF OF THEOREM 1

For k = 1, the Rains sets satisfy the assumptions of Lemma 1 by Ref. [15, Example 3]. For every k > 2, compactness,
convexity, permutation invariance, and the tensor and positive-polar tensor conditions follow from Ref. [16, Lemma 25|,
while the maximally mixed state belongs to PPT(A : B) C PPTy(A : B) by Ref. [19, Proposition S4]. Thus, Lemma 1
proves strong superadditivity of Dgpp, for every finite k.

Tensor-product additivity follows from Ref. [15, Proposition 9]. For k = 1, the required Assumption 4 is verified
in Ref. [15, Example 3]. For k > 2, Assumption 4 follows from the tensor and positive-polar tensor constructions
of Ref. [16, Lemma 25|, together with permutation invariance of the defining constraints and the fact that PPT}
contains the maximally mixed state.

Monotonicity under completely PPT-preserving channels follows from Ref. [37, Proposition S13] and data processing
of the relative entropy; regularization preserves this monotonicity. Asymptotic continuity follows by applying the
continuity argument of Ref. [30, Lemma 7] to Dppr, and repeating the telescoping argument in the proof of Ref. [30,
Corollary 8]. As in that proof, the variation required in the telescoping step is bounded uniformly in the spectator
system by monotonicity under partial trace, tensor-product subadditivity, and the fact that PPT; contains the
maximally mixed state.

Combining monotonicity, tensor-product additivity, strong superadditivity, and lower semicontinuity with the
correlated-catalysis criterion of Ref. [12, Sec. IV, Lemma 6] proves Theorem 1.

PROOF OF THEOREM 2

Define
PPTo(A: B) := (| PPT4(A: B). (S23)
E>1
For k > 0 and X > 0, define [37]
&(X) := min {TrSk —Se < XTE < Sy, —S; < STE <8, 1<i< k} (S24)

Unrolling the recursive definition of PPT}, gives

PPTy(A: B)={r>0: xp-1(7) < 1}. (525)
The quantities x, satisfy
Xk (tX) = txx(X), t>0, (S26)
and are nondecreasing in k [37],
Xk (X) < Xpt1(X). (S27)

Let ng?ﬁ%(a) denote the zero-error asymptotic entanglement cost of o under completely PPT-preserving channels.
Moreover, for every bipartite state o, Ref. [37, Theorem 1] shows that

Tim log, xu(7) = B (o), (528)
— 00 !
or equivalently,
lim yx(o) = 2BeFEn (@), (S29)
k—o0
For any nonzero 7 > 0, write
T = to, t="Trr, o € D(AB). (S30)

By Egs. (S25) and (S26), 7 € PPTo (A : B) if and only if

txr(o) <1 for every k > 0. (S31)
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Since x, (o) is nondecreasing, Eq. (529) shows that this is equivalent to

t < 2~ E¥pr(o), (S32)
Hence
PPT.(A: B) = {to . 0 €D(AB), 0<t<2" Ecxﬁﬁ%w)} (S33)
We next relate PPT o, to the regularized PPT-relative entropy.
Lemma S1 (Exact-cost domination). For all bipartite states p and o,
DEpr(p) < D(pllo) + EZEpm(0). (S34)
Proof. The claim is trivial if D(p||o) = co. Otherwise, fix R > Efgh (o). Let
Doy = |Pa)®or], | Pus) \ﬁ Z |it) (S35)

denote the maximally entangled state of Schmidt rank M. By the definition of the exact PPT entanglement cost, for
all sufficiently large n there exist a completely PPT-preserving channel A,, and an integer M, satisfying

log, M,, < nR, Ap (@) = 0@ (S36)
Define
1M
G =57 Z; )i (837)
Since (s is separable and
Cm = %‘I)M, (S38)
the state
wn = AulCar,) (330)
is PPT and satisfies
Wy > M 1o®m, (S40)
Operator monotonicity of the logarithm gives
Dpprian:gn)(p®™) < D(p®"||wn)
< D(p®™||o®™) + logy M, (S41)
<n(D(pllo) + R).
Dividing by n and taking n — oo gives
Dgr(p) < D(pllo) + R. (842)
Taking the infimum over all R > EZ{g% (o) proves Eq. (S34). O
Using Eq. (S33) and
D(pllto) = Dipllo) —logyt, >0, (543)
we obtain
Dppr_(a:m)(p) = 06%1(123) O<t<2H}51§1P§’T(U) {D(pllo) —logyt}
(S44)
— min_{D(pllo) + E58(0)} -

0c€D(AB)
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Lemma S1, applied to p®", therefore gives

DPPToo(A"rB")(P®n) > DI%OPT(p®n) = nDppr(p)- (S45)
Dividing by n and taking the regularization yields
Depr. (p) = Dppr(p). (546)
Conversely, since
PPT(A™ : B") CPPT (A" : B") (S47)
for every n,
Depr (p) < Dppr(p). (548)
Thus
Depr., (p) = Dgpr(p)- (549)

It remains to verify the tensor conditions for PPT,,. By Eq. (S33), tensor closure follows from the full tensor
additivity of the exact PPT entanglement cost [37]. If

toc € PPT(A: B), sn € PPTo (A" : B), (S50)
then
ts < 2~ Eopr(0)—ECBEr(n) — Q—Eﬁf‘ﬁﬁ%(o@n)’ (S51)
and hence
(to) ® (sn) € PPT(AA" : BB'). (S52)

For the positive-polar condition, recall that PPTo, = (,~; PPT). Since the PPT}, form a decreasing sequence of
compact sets, for every X > 0, -

hppr (a:B)(X) = kli_g)lo hppr, (a:B)(X). (S53)

Indeed, let 7, € PPTy(A : B) attain hppr, (a:5)(X). By compactness of PPT;(A : B), a subsequence 7, converges
to some 7,.. For every fixed r, 74; € PPT,(A : B) for all sufficiently large j; hence, since PPT,.(A : B) is closed,
T« € PPT,(A: B). Thus 7, € PPT (4 : B), which proves Eq. (S53).

Using the finite-level positive-polar tensor condition and Eq. (S53), for X,Y > 0 we obtain

hppr_(aa:Bp) (X ®Y) = klgrolo hppr, (aa:BB)(X ®Y)
< klgrolo hepr, (a:8)(X)hppr, (451 (Y) (S54)
= hppr (a:B)(X)hppr (a5 (Y).
By Ref. [15, Lemma 1], the above support-function inequality is equivalent to
PPT.(A: B)° @ PPTo (A : B')° C PPTo(AA : BB')°. (S55)

The remaining assumptions of Lemma 1 are immediate: PPT, is compact and convex as an intersection of the PP Ty,
contains every PPT state and hence a full-rank state, and is permutation invariant. Lemma 1 therefore implies that
Dppr__ is strongly superadditive.

Tensor-product additivity follows from Ref. [15, Proposition 9]. To apply that result, consider finite-dimensional
bipartite systems A; : Bj, j =1,...,r, and the family

Fr =PPTy ®A§”f :®B;.”f , m = (mi,...,m,). (S56)
j=1 j=1
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We verify Assumption 4 of Ref. [15]. Assumption 4.A follows from compactness and convexity of PPTy,. Assump-
tions 4.B and 4.C follow by repeated application of the tensor closure and positive-polar tensor closure established
above. Assumption 4.D holds because the maximally mixed state belongs to PPT C PPT,, and is full rank. Finally,
Assumption 4.E follows from permutation invariance of PPT.,. Hence the complete Assumption 4 is satisfied, and
Ref. [15, Proposition 9] gives

DPor_ (4,481 B2) (P @ 0) = DPpr__(a,:8,)(P) + DBpr__ (45:8,)(0)- (S57)

Together with ordinary monotonicity under completely PPT-preserving maps and lower semicontinuity, the tensor-
product additivity and strong superadditivity established above imply, by Ref. [12, Lemma 6], that D} is monotone
under correlated catalytic transformations implemented by completely PPT-preserving maps. This completes the
proof.

PROOF OF THEOREM 3

It was shown in Ref. [25] that any normalized, additive, strongly superadditive, and asymptotically continuous
monotone M yields the correlated-catalytic rate bounds

Egppr(p) < M(p) < ECpr(p)- (S58)
Here
37, and a completely PPT-preserving channel A,, such that
Eifppr(p) i=sup Q R > 0: = AnlpPt @, e = T 7 (859)
and

37, and a completely PPT-preserving channel A,, such that
®[Rn
cppr(p) =inf R>0: “n = A (@, g n), Wn,cat = Tn, . (S60)

1
2 [wn,sys = %" ||} ——0

n— oo

Here wy, sys and wy, car denote the system and catalyst marginals of the final state, respectively; no product structure
between them is required.

Applying Eq. (S58) to Dgpr, for distillation and to Dgp for formation, whose required properties were established
above, gives

Egppr(p) < DEpr, (p)s Dppr(p) < Ecppr(p)- (S61)

For the state p,, Wang and Duan proved [26]

1
Ey, w) = Dpy w) =logy 14+ — |,
a,pPT(Pv) prT, (Pv) gz( \/§> (S62)
Dgpr(ps) = Ecppr(py) = 1.
Since every ordinary PPT protocol is a correlated-catalytic PPT protocol with a trivial catalyst,

EcCi,CPPT(pU) > Eaqppr(pv), Eg,CPPT(pv) < Ecppr(po)- (863)

Combining Eqs. (S61)—(S63) yields

1
E<S v) = lo 1+ —= | <1=E$] v), S64
d7PPT(p ) g2< \/§> 7PPT(p ) ( )

which proves the claim.
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APPLICATION TO RESOURCE THEORY OF MAGIC

The lemma 1 applies beyond entanglement theory, in particular to the resource theory of magic for systems composed
of qudits of odd dimensions equipped with the discrete Wigner representation. Define the comparison set

W(A) :== {74 > 0:||7allw1 < 1}, (S65)
where || - |lw,1 denotes the Wigner trace norm [38]. The corresponding relative-entropy distance is known as the
thauma, with regularization

D3(p) = lim lDW(p®") (S66)
w n—o00 M

[38, 39].

The sets W satisfy the relevant tensor and positive-polar tensor conditions [15, Example 4]; hence Lemma 1 implies
that D5y is strongly superadditive. Its tensor-product additivity follows from Ref. [15, Proposition 9 and Example 4],
while its monotonicity under completely positive Wigner-preserving channels follows from Ref. [39]. Moreover, the
sets W are compact and convex, contain the maximally mixed state, and are closed under tensor products. Applying
Ref. [30, Lemma 7] together with the telescoping argument in the proof of Ref. [30, Corollary 8] therefore establishes
asymptotic continuity of Dy;,. These properties imply that Dy, is monotone under correlated catalytic transformations
implemented by completely positive Wigner-preserving channels, and hence in particular under correlated catalytic
stabilizer operations. To the best of our knowledge, the strong superadditivity and the resulting correlated-catalytic
monotonicity of the regularized thauma have not been observed previously.
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